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NONPARAMETRIC ADAPTIVE INFERENCE OF BIRTH AND DEATH
MODELS IN A LARGE POPULATION LIMIT

ALEXANDRE BOUMEZOUED, MARC HOFFMANN AND PAULIEN JEUNESSE

ABSTRACT. Motivated by improving mortality tables from human demography databases, we
investigate statistical inference of a stochastic age-evolving density of a population alimented by
time inhomogeneous mortality and fertility. Asymptotics are taken as the size of the population
grows within a limited time horizon: the observation gets closer to the solution of the Von Fo-
erster Mc Kendrick equation, and the difficulty lies in controlling simultaneously the stochastic
approximation to the limiting PDE in a suitable sense together with an appropriate parametri-
sation of the anisotropic solution. In this setting, we prove new concentration inequalities that
enable us to implement the Goldenshluger-Lepski algorithm and derive oracle inequalities. We
obtain minimax optimality and adaptation over a wide range of anisotropic Holder smoothness
classes.
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1. INTRODUCTION

1.1. Setting. Suppose one wishes to recover a probability density g over the nonnegative real
line Ry = [0,00) from a N-sample aq,...,ayn, where the a; are not necessarily independent.
If zZN = N1 vazl 0q; denotes the empirical distribution of the N-sample, designing a good
statistical estimator of g requires a fine quantitative control of the fluctuations in the convergence

1) vla)2% (o)~ [ " Y(a)g(a)da
0

Ry

(at least in probability) as N grows, for a large enough class of test functions ¢. Moreover,
the performance of such a procedure depends on the smoothness properties of the function g,
typically quantified by a smoothness parameter, like a (possibly fractional) number of derivatives
in any reasonable sense and is usually unknown by the practitioner. For suitable ¢ (possibly
data-dependent), optimal estimators can be found provided good concentration inequalities are
available for (1), following the broad guiding principle of Lepski’s method [30, 17, 18] or other
adaptive methods like model selection or wavelets, see for instance the comprehensive textbooks
of Giné and Nickl [16] or Hérdle et al. [19] or Tsybakov [44]. In this paper, we generalise the
classical situation described above by adding a time variable. We investigate statistical inference
of a time-evolving particle system governed by stochastic dynamics: for every ¢t € [0, 7], we observe
the state of a population of (approximately) N particles, encoded by its empirical measure Z% =
(ZN (cla))O <t<T Informally, Z% is solution to a certain stochastic differential equation (SDE)
g{é\fu (Z N) =0,

constructed in (7) below; 3}, is parametrised by two functions b and p and Z{(da) represents
the state of a population structured in age a € R, alimented by a time-inhomogeneous fertility
rate b(t,a) and decimated by a mortality rate u(¢,a). Moreover, we are given an initial empirical
age distribution Z}" at time ¢ = 0. Under appropriate regularity conditions we have a convergence
U{ZJ)\)'M — Hy,,, in a large population limit N — oo, where 3 ,,(g) = 0 is an inhomogeneous version
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of the classical McKendrick Von Foerster renewal equation [35, 46], given by
deg(t,a) + Oag(t,a) + p(t,a)g(t,a) = 0

(2)
9(0,a) = go(a), g(t,0) /bta, (t,a)da.

and that reveals the interplay between the limiting solution g and the model parameter b and pu.
In particular, we have a convergence

(3) / tha dadtﬁ// W(t,a)g(t,a)dadt

(at least in probability) as N grows for a rich enough class of functions 4, and this situation gen-
eralises (1) in a time-dependent framework.

Informally, our statistical problem takes the following form: estimate g or the parameters of the
model b, ;1 from data ZV in the limit N — co. In this setting, it is crucial to understand: (i) the
quantitative properties of the convergence ( ) and in particular, how concentration inequalities can
be obtained (with a view towards an adaptive estimation scheme in the idea of Lepski’s principle)
and (ii) what is the structure of the equation H; ,(g) = 0 in terms of identification and interplay
between the parameters b, u, g and their smoothness properties. In particular, the anisotropic
smoothness of g viewed as a graph-manifold can benefit from the structure 3, ,(g) = 0 and lead
to better approximation properties in certain directions along the characteristics of the transport.

1.2. Motivation. Of primary interest for us is human demography through the recent efforts
and contributions for improving mortality estimates, see [8, 4, 5] among others and the references
therein. In particular, the recent development of large human datasets like the Human Mortality
Database (HMD) and Human Fertility Database (HFD) [21, 20] — in open access — allows one
to process fertility and mortality data simultaneously, and subsequently addresses demographical
issues such as the anomalies of cohort effects that have long fascinated demographers and actuaries
[41, 7]. In this rejuvenated context, it becomes reasonable to study the estimation of population
density or mortality rate in the enriched dynamical framework provided by birth-death particle
systems that converge to the classical McKendrick Von Foerster equation in a large population
limit, and revisit classical studies like e.g. [24, 38] for statistical estimation of the death rate; see
the detailed literature review in next section. In this setting, we consider the idealised model where
we can observe the (renormalised) evolution of the state of the population Z continuously for
t € [0, 7], where t = 0 is the starting date for the observation of the population and ¢t = T a terminal
time horizon, fixed once for all. We are interested in identifying or estimating the parameters of
the model. Of major importance is the inhomogeneous death rate p(t,a). In our framework, we
cannot recover the birth rate since we are not given any genealogical input: mathematically, this
simply expresses the lack of injectivity of the mapping b +— g. Still, our observation enables us
to identify the functions (¢,a) — g(t,a) and (¢,a) — u(t,a) in the limit N — oo and establish a
thorough nonparametric estimation program, in the methodology of adaptive minimax estimation.

1.3. Link with literature on death rate inference. The main difficulty in establishing a
consistent theory to estimate mortality rates comes from two key points: (i) incorporate the
fact that the death rate depends on both age and time (non-homogeneous setting) and (ii) use
as observables the outcome of a stochastic population dynamics (birth-death process). In the
literature, we argue that each point is treated separately. The inference of a time-dependent
death rate also related to a time-dependent covariate (possibly age), which relates to the first
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point has been addressed from a nonparametric perspective by e.g. [1, 12, 24, 34, 39, 6, 11]
and the references therein. From [24], ”One way of understanding the difficulties in establishing an
Aalen theory in the Lexis diagram is that although the diagram is two-dimensional, all movements are
in the same direction (slope 1) and in the fully non-parametric model the diagram disintegrates into a
continuum of life lines of slope 1 with freely varying intensities across lines. The cumulation trick from
Aalen’s estimator (generalizing ordinary empirical distribution functions and Kaplan € Meier’s (1958)
nonparametric empirical distribution function from censored data) does not help us here.” On the other
side, the inference of an age-dependent death rate in an homogeneous birth-death model (or similar)
- oluyr second point - has been addressed in [9, 13, 22] among others. To the best of our knowledge,
no statistical method deals with the usual problem faced by demographers related to the inference of
a time and age-dependent death rate table based on the observation of population dynamics. Note
that in this paper, the observation of the population is assumed to be continuous over time, whereas
in practice the information on population exposure is extracted from census (point observation);
these practical considerations are discussed in a companion paper, see [5].

1.4. Results and organisation of the paper. In a first part of the paper, Section 2, we con-
struct the SDE that describes the state of the population ZY by means of a birth-death process
characterised via a stochastic differential equation — given in (7) — driven by a random Poisson
measure. We recall its convergence in a large population limit to the solution of the McKendrick
Von Foerster equation g based on classical results of [43, 36]. Our next step consists in quantifying
the stability of the convergence ZV — g. To that end and anticipating the subsequent statistical
analysis, we introduce two pseudo-distances:

WY (5), = sup / ws(t — a)f(t,a) (2 (da) — g(t, a)da)
fer Jr,

and its integrated version

t
W2 @)= sup [ wns) [ wals @) f(s,0)(22 (da) - g(s. a)da) s,
fexJo Ry

where w; and wy are two bounded weight functions and F a rich enough class of function with
complexity measured in terms of entropy conditions. Note that formally Wgz (F): is a degenerate
version of WY ., (F);. Taking wy = wy = 1 is reminiscent of the 1-Wasserstein distance if F
consists of 1-Lipschitz functions. However, for the statistical analysis, we must be able to handle
approximating kernels that do not have bounded Lipschitz norms, hence the presence of the weights
wy and wy that can accomodate such kernels. The main result of this section, Theorem 6 states
that under appropriate regularity conditions on b and p, if |7u)2|1_io\/\7fi\f2 (F)o is of (small) order ry,
S0 are

_ —1
|wa] o Way (D)7 and - (Jwi |10 wal1,00) ~ WA, w, (F)7-

w1, w2

1/2 and the result holds in terms of expo-

1/2

The rate of decay ry possibly inflates by an order N~
nential decay of the fluctuation probabilities. The functional control | - 1,00 = (|| - ||£1] - |[z)
interpolates between L' and L>-norms, and is sufficient to handle the behaviour of statistical
kernels in an optimal way, since it can therefore be compared to the usual L2-norm that appears in
variance terms. The concentration of W1 (F)r expresses a kind of stability of the particle system
from t = 0 to t = T, while the more intricate control of WY 1w, (F)7 18 crucial to control variance
terms in bi-variate kernel estimators for the nonparametric estimation of g(¢,a) and pu(¢,a). The
proof relies on a combination of martingales techniques in the spirit of Tran [43], a central reference
for the paper, combined with classical tools from concentration of processes indexed by functions
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under entropy controls, following for instance Ledoux-Talagrand [28].

In a second part, Section 3, we construct nonparametric estimators of ¢(t,a) and u(t,a) by
means of kernel approximation: we consider estimators of the form

9n (t.a) = Ky« 2" (a)

for g(t,a), where x denotes convolution and K;, = h™'K(h™!.), with |K|; = 1, is a kernel nor-
malised in L' with bandwidth A > 0. It is noteworthy that for estimating the population density
g(t,a) at time t, the information Z} is sufficient and we do not need the data (ZN,s # t). The
situation is very different for estimating p(t,a) the main parameter of interest. We constuct a
quotient estimator, inspired from a Nadaraya-Watson type procedure, and use

(th ® Khz o 90) * FN(du7 dS)
Gn, (t.a)

where T'V(du, ds) is the point process of the death occurences in the population lifetime that can
be extracted from ZV and that converges to m = ug, see (17) in Section 3.2 for the details. In (4),
we consider a bivariate kernel H ® K with bandwidth (hq, he) and ¢(t,a) = (¢,t — a) is a certain
change of coordinates that enables one to benefit from the smoothness along the characteristics of
the transport. The choice of the bandwidths hi, ha, hs is chosen according to the data ZV itself,
in the spirit of Lepski’s principle [17, 18]. In Theorems 11 and 13, we derive oracle inequalities
that control the pointwise risk of gp (£,a) and fiy’ ha.hs (> @) in terms of optimal balance between
the error propagation of Theorem 6 and the linear approximation kernels.

(4) ﬁth,hQ,hg (t,a) =

Section 4 is devoted the adaptive estimation of g and p for the pointwise risk under smoothness
constraints. In a first part, we study the smoothness of g when b and p belong to anisotropic
Hélder spaces (and for simplicity, we assume that the initial condition gq is sufficiently smooth).
Thanks to the relatively explicit form of the solution of the McKendrick Von Foester equation,
we establish in Proposition 16 that when parametrised via ¢, the function g in the representation
g = g o ¢ has explicitly quantifiable improved smoothness over g, suggesting to consider the ap-
proximation kernel Hy,, ® K}, o ¢ for estimating = via the quotient estimator (4) that implicitly
uses the representation of p = 7/g. We establish in Theorem 18 minimax lower bounds for esti-
mating g(t, a) and p(t, a) and prove in Theorems 19 and 20 that these bounds are optimal in some
cases, thanks to the oracle inequalities established Theorems 11 and 13. In particular, we achieve
minimax adaptation over anisotropic Holder smoothness constraints, up to poly-logarithmic terms.

The techniques developed in this paper have at least two possible lines of extensions for consider-
ing more general models than (2): (i) first, when we replace the constant transport by an arbitrary
aging function solution to dX; = v(X;)dt if X; denotes the age evolution of an individual, and (ii)
if we allow for interacting particle system in the following sense: we replace u(t, a) by a population
dependent mortality rate f(t,a) + f]R<+ Ul(a,a’)ZN (da’), as already studied for instance by Tran [9]
for some baseline mortality rate i(¢,a) affected in a mean-field sense by a kernel U(a,a’). Under
appropriate regularity assumptions, the limiting model takes the form

Org(t,a) + 0a(v(a)g(t,a)) + (A(t,a) + f5, Ula,a')g(t,a’)da’)g(t, a) = 0

9(0,a) = go(a), g(t,0) = /0 h b(t,a)g(t,a)da.
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We intend to describe the extension to this situation in a forthcoming work. Sections 6 is
devoted to the proof of the main concentration result of Theorem 6 and auxiliary stability results
of Section 2. In Section 7, we give the proofs of the statistical results of 3 and 4. The Appendix
Section 8 contains some useful technical and auxiliary results.

2. THE MICROSCOPIC MODEL AND ITS LARGE POPULATION LIMIT
2.1. Notation.
The function spaces. We fix once for all a terminal time 7' > 0 and D = [0,7] x R;. We work
with the set of (measurable) functions

S={f:D-=R, stup\f(t,a)\<00}’

implicitly continuated on R X settin t,a) =0 for (t,a and also introduce
implicitly continuated on R x R by setting f(t,a) = 0 for (t,a) ¢ D and also introd
L5 = {f: [0,T] = R, sup|f(1)] < oo}, L3 = {/: Ry = R, sup|f(a)] < oo},

with natural embeddings £{™¢ C £5 and also £35° C L5 for appropriate arguments. For p = 1,2,
we set

5)  |flo=( /D Fta)Pdtda)"?, |fle = sup |£(6a)l, [Flie = (1] Floe) 2.

(t,a)eD

We obviously have | f|2 < |f|1,00, but also the following interesting stability property under dilation:
for every 7 > 0,

[Flol7 2 F () 100 = (72 F(7) 2] 11,00
For 0 < s <1, we denote by Cj, the set of s-Holder continuous functions f on D that satisfy
(6) [f(t,a) = f(t',a)| < e(|t = ¥']° + |a = a']?)
for every (t,a), (t',a’) € D and some ¢ > 0.
The random measures. Mp denotes the set of finite point measures on Ry = [0,00) and Mg, the

set of positive finite measures on Ry. Any Z € Mp admits the representation Z = Y . | d,, for
some ordered set {ai,...,a,} C Ri. For a real-valued function f defined on R, we write

n
(Z,0)= | fl@)Z(da)=> f(a).
Ry i=1
In particular n = (Z,1). For Z = > I | 6,, € Mp, abusing notation slightly, we define the
evaluation maps a;(Z) = a; and for ¢ > 0, the shift %2 = > | dq,4+.

2.2. Construction of the model. The basic assumptions on the model are the following:

Assumption 1. We have
(i) be LF and p e LF,
(ii) NZY € Mg is random and satisfies' supy (Z{V,1) < 1 almost-surely; moreover Z{¥ — &
narrowly, for some deterministic & € My,
iii) & (da) = go(a)da for some go € L5 such that [ go(a)da < co.
g g D 0o 9

Lwhere an < by means supysg aNbE1 < 00.
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For t € [0,T], consider the equation

t
N __ N —1 .
Z =mdy + N /0 /Nxﬂh Q=5 (AN (oo hioauz vz 2y} 915, dis dY)

t
—1 .
(7) - N /0 /NX]RJr 6‘“(2;\]—)+t_5(da)1{0§19§u(s,ai(zsl\’_)),ig{NZiV_ ’1>}Qg(d8, dl, d’l9),

where Q;, i = 1,2 are independent Poisson random measures on Ry x N\ {0} x Ry with intensity
measure ds( Dok 5k(di))d19. In this setting, the distribution Z}¥ describes the renormalised state

of the population at time ¢ = 0 and N(Z}¥,1) its size.

Under Assumption 1 (i), we have existence and strong uniqueness of a solution to (7) in
D([0,T], M), the Skorokhod space of cadlag processes with values in M. Under Assumption
1 (i) and (ii)?, we even have the narrow convergence of Z¥ in D([0,T], M) to a deterministic
limit £ € C([0,T], M), see e.g. [43, 15]. Under Assumption 1 (iii), the limit £ = (&(da))o<i<T is

at a

Nz (da)

Y

0 ot 0

FIGURE 1. Sample path of NZ} (da) and its evolution without births (left), sam-
ple path of (NZN (da))o<i<r (right).

smooth in the following sense: we have that &;(da) = g(¢, a)da, where g is a weak solution to the
McKendrick Von Foerster equation (2) defined in Section 1.1 above (see [35, 46] and the compre-
hensive textbook of Perthame [40]). With the notation of Section 1.1, the equation f]fi\"u(ZN) =0
is given by (7) while 3, (g) = 0 is given by (2).

2.3. Stability of the model.

Preliminaries. The stability of Z} (da) relative to its limit g(¢,a) will be expressed in terms of
weighted quantities of the form

W2 (), = sup / ws(t — a) fy(a) (2 (da) - g(t,a)da)
feF Jr,
and also

N = Su tUJ1S Wa2(s —a)fsla I,\[a— S, a)aa S
wwl,wmt—;eg/o <>/R+ (s — a) fu(a) (27 (da) — g(s. a)da)ds,

2Actua11y, the condition of the almost-sure bound sup (Zév ,1) < 1 can be relaxed to the significant weaker
moment condition supy s E[(Z{,1)!T¢] < oo for some € > 0.
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where w;, 1 = 1,2 are two bounded weight functions (possibly taking negative values). For
notational simplicity, we write f;(a) = f(¢,a) for f € £ when no confusion is possible. Implicitly,
we assume that F is well-behaved in the sense that WY (F); and WY (), are measurable, as
random variables on the ambient probability space over which ZV is defined.

The structure of . We describe the minimal structure we need to put on F so that the subsequent

concentration properties hold for WY (F); and WY, (F);. In particular, we must be able to

control the complexity of F measured in terms of entropy. Let s;, t; and u; be the operators on
L3 defined by

si(f) = ((s,a) = f(t7a+t))v t.(f) = ((Sva) = f(tvt_s))v u(f) = ((s,a) = f(tvt"_a_s))'

Assumption 2. We have 0,cq,cob,cop € F for some constant cg > 0. Moreover, for every
t €10, T, the class F is stable under the following operations:

(8) fe=F (Fg) = fo. [osdf), fulf), foudf)

Let diam|.| _(F) = sup; jeq |f — gloo and write N(F, | - |, €) for the minimal number of e-balls
for the | - |oo-metric that are necessary to cover .

Proposition 3. Let F be the minimal set satisfying Assumption 2 for some ¢y > 0 such that
c1 = comax(|bloo, |tloc) < 1. If moreover b, € C3, for some s > 0 (C° is the set of Holder
continuous functions defined in (6)), then

1

(9) e(F) = / log (1 +N(TF,| - s, €))de < 0.
0

Concentration properties.

Definition 4 (mild concentration). A sequence of nonnegative random variables (X™)n>1 has a
mild concentration property of order 0 < ry — 0 if for large enough N, we have

P(XY > (1+u)ry) < - 1

— for every u > 0.

Assumption 5. The sequence
lwo|TL, max WY (F)o
’ h:1,w2
has a mild concentration property of order ry for some 0 < ry — 0.

Theorem 6. Work under Assumptions 1, 2 and 5. Assume moreover diam _(F) <1 and

e(F) = /0 log (14+N(F,| - |oo, €))de < 0.

If wo has compact support with length support bounded in N by some u > 0 and satisfies an estimate
of the form

(10) lwaloo < max(NY2 1M wsly,
then
—1 _
(|w1 1,00|W2 Loo) Wl’l\[)l,wz (F)r and |w2|1,<1x>w£2 (Pr

share both a mild concentration property of order C max(ry, Nfl/z), for an explicitly computable
C = C(u,e(F),T,|bloo, |ttloos 90, w11, |wa]1) > 0 continuous in its arguments. In particular, if
|wil1, i = 1,2 is uniformly bounded in N, then C can be chosen independently of N.
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Several remarks are in order: 1) If the initial condition Z3 is close to its limit gg in W, (F)o-
norm of order ry, Theorem 6 states that the error inflates in W, (F)¢-norm by a factor no worse
than N=1/2 for ¢ € [0,T]. In particular, whenever ry < N~1/2 the error propagation is stable.
2) The order of magnitude of the error propagation is max (N -1/2, rn), as one could expect. As
for the order in terms of w; or ws, the ideal order would be the integrated squared-error norm
|w;|2 as a variance term in a central limit theorem for instance. Here, we obtain the slightly worse
interpolation quantity |w;|1,0 Which is always bigger than |w;|o. However, for statistical purposes,
when w; is replaced by a kernel w; = hfle(thL) for some kernel K such that |K|; = 1, the order
is sharp, since in that case

—1/2
\w¢|1700 ~ hN ~ ‘wl‘g
and moreover |w;|; is uniformly bounded in N. The fact that we have here the correct order for
dilating kernels is crucial for nonparametric estimation and is the main purpose (and difficulty)
of Theorem 6. This seems to be a standard situation for nonparametric estimation in structured
populations, where such effects are also met, see [13, 22, 3]. 3) If ws is not compactly supported
or if (10) does not hold, we still have that

(Jwi]1,00 w2 ]o0) WY, oy (F)r and  fun| WL, (F)r

w1, Wwa s}

share both a mild concentration property of order C max(ry, N -1/ 2), as explicitly obtained in
the proof. However, such a result is not sufficient for nonparametric estimation: picking we =
hit K(hy') yields |wa|s = hy' which is dramatically worse than the expected h&l/ ? in kernel
estimation. 4) The constant C' also depends on the length of the support of ws, but that may be
considered as fixed once for all for later statistical purposes. 5) Assumption 5 implies the moment
estimate

(11) E[ max Wy (F)F] < |walf ork for every p > 0.

h=1,ws
6) We finally give a reasonable and sufficient condition for Assumption 5 to hold.
Proposition 7. If F is uniformly bounded (in particular if F is the minimal set of Proposition 3)

and if if NZ{¥(da) consists of a N-drawn of independent random variables with common distribu-
tion go(a)da (with the normalisation assumption fR+ go(a)da = 1), we have Assumption 5.

The proof is based on a concentration inequality of Klein and Rio [25] and is developed in a
statistical setting in Comte et al. [10] and is delayed until Appendix 8.2

We end this section by giving a global stability result for the propagation of the error Z} (da) —
g(t,a)da, given a preliminary control on Z{'(da) — g(0,a)da, which relies on the techniques de-
veloped in Theorem 6, but with a weaker moment condition for the initial control of the particle
system.

Proposition 8. Work under Assumptions 1 and 2. If

(12) E[ max W (F)] < wall ooy

for somery >0 and p > 1, and if wy is compactly supported and satisfies an estimate of the form
lwa|eo < max(NY2, ) |wali, then

(13) E[W, (V5] S [walf o max(N7P2,1R)

and

(14) E[W3, ()] S (lw1]1,00[w2]1,00 )7 max(N 272, 1%,).

w1, w2
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3. NONPARAMETRIC ESTIMATION OF g AND

3.1. Kernel approximation.

Definition 9. A kernel K of (integer) order £y > 1 is a bounded function with compact support
in Ry such that

/OOO KTIK(K)di = 1g—yy, for £=1,... 6y — 1.
For a bandwidth h > 0, we set K;(k) = h™1K(h~'k) so that |Ky|1 = |K|;. In order to
approximate functions of £, we use bivariate kernels defined by
H®K(t,a) = H(t)K(a) for (t,a) € D,
with H € £3me K € L£78°. For a bivariate bandwidth h = (hy, ho) with h; > 0, let
(H & K)n(t,a) = Hy, (£)Kpy ()

and define the linear approximation

T o)
(15) (H® K)p* f(t,a) :/0 /0 f(s,u)(H®@ K)p(t — s,a — u)dsdu.

We may also approximate f in another system of coordinates: if ¢ : D — D is invertible,
reparametrise f via

f(tva) = fow(taa)

and define the ¢-skewed linear approximation
T ')
(H@ K)pow)x f(t,a) = / / f(s,u)((H® K)pop)(s—t,u—a)dsdu
o Jo

so that ((H® K)po)* f(t,a) = (HRK)p *f(cp(t, a)). The p-skewed approximation potentially
has better approximation properties for f in the viscinity of ¢ (¢, a) than f in the viscinity of (¢, a),
as will become transparent in Section 4 below.

3.2. Construction of estimators of ¢ and u.

Construction of an estimator of g. Let K € L1 be a kernel of order ¢, > 0. For (¢t,a) € D, we
consider the family of estimators

(16) G (ta) = K ZN(a) = [ Ki(u—a)Z¥ (du), h> 0.
Ry

Remark 10. At first glance, it may seem slightly suprising to build an estimator of the bivariate
function g(t,a) by means of (16) that uses data Z only and discards the observation (ZN s # t).
For instance, one may consider estimators of the form

((H®K)ho<p)*ZN(t7a):/ / ((H@K)hogp)(s—t,u—a)Zév(du)
0o JRy

Formally g (t,a) = (Hp,—o ® Kp) x ZN(t,a) without any specific change of coordinates and we
will see that such a simple procedure already achieves minimax optimality, see Section 4.3 below.
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Construction of the process of death occurences. We first extract from the data (Z} (da))o<i<r the
random measure
TN (dt,da) = 6z,.4,)(dt,da) on [0,T] x Ry
i>1

associated with the successive times T; of the death occurences of the population during the
observation period [0, 7], together with the corresponding ages A; of the individuals that die at
time T;.

Remember that the evaluation mappings a;(Z}) in the representation Z¥ = N=1>" ., 0a,(2ZN)
are ordered:

al(Z ) < ag(ZN) < ...

and that t — a;(Z;) is increasing with slope one unless a birth or a death occurs, in which case we
have a non-negative or a negative jump. It follows that

(17) TN (dt, da) =) L{is=inf{i>1,80,(2)>0} <00} O(s,a; (2. ) (L, da)
s>0

on [0, T] xR, where we set Aa;(Z)) = a;(ZY)—a;(ZY ) and with the usual convention inf § = oo.
This second representation in terms of the jump measure of the processes a;(Z}) gives an explicit
construction of T'V(dt, da) as a function of (Z}¥ (da),t € [0,T]).

Construction of an estimator of u. Let H € L™ and K € L3° be two kernels. For (t,a) € D
and ¢(t,a) = (¢t,t — a), consider the family
T
(18)  #@N(t,a) = / (H® K)pow)(s—t,u—a)lN(ds,du), h=(hi,hs) with h; >0,
R+

that estimate the function m = ug. An estimator of u(t, a) is obtained by considering the ratio

7N (t,a)
19 N (¢ W_L
( ) N’h,h( 7a) ) (t a) N

for some threshold w > 0, and is thus specified by the bandwidths & > 0, h = (hq, ho) with h; > 0
and w > 0.

3.3. Oracle inequalities.

Estimation of g, data-driven bandwidth. Pick a lattice GV included in [N~'/2 (log N)~'] and
such that Card(GY) < N. The algorithm, based on the Lepski’s principle as defined in the
Goldenshluger-Lepski’s method [17, 18] requires the family of linear estimators

(a0 tannesy)

defined in (16) and selects an appropriate bandwidth h = EN(t, a) from the data (Z} (da))o<i<r-
For (t,a) € D, writing {z}+ = max(z,0), define

Aflv(t,a) = h/<2ng)é9N {(gfl\[(t,a) — @\fl\{(t, a)) Vh + V }+,
where
(20) VY = (4(log N)C*N~V2| K|y o)

and C* is a (known) upper bound of the constant C' of Theorem 6. (Remember that the constant
C' depends on the parameters of the model via |b|s, |tt|co and go.) Let
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N (t,a) € argming ¢ g (AN (t,a) + V}Y).
The data-driven Goldenshluger-Lepski estimator of g(¢,a) is defined as

(21) AN () =GN, (ta).

Oracle estimate. We need some notation. Given a kernel K}, the bias at scale h of g at point (¢, a)
is defined as

(22) BN(g)(t,a) =  sup ‘ /00 Kp(u—a)g(t,u)du — g(t,a)|.
h'<h,h’egy ' JO

We are ready to give our first estimation result for every (t,a) € D_ =D\ {t = a}.

Theorem 11. Work under Assumptions 1, 2 and 5 with ry < N=Y/2 and some F that satisfies
e(F) < oo. For (t,a) € D_, specify g~ (t,a) with a bounded and compactly supported kernel K.
The following oracle inequality holds true
N 2 .
B[(@Y(t0) —g(t.))'] S inf, (B (9)(t,a)* + Vi) + 0y

1

for large enough N, with 65 = N~! and up to a constant that depends on C* and K.

Some remarks: 1) The fact that we measure the performance of gV at point (,a) in pointwise
squared-error loss is inessential here. Other integrated norms like |- |, would work as well, following
the general proof of Lepski’s principle [29, 17, 18]. However, if we need a fine control of the bias
in terms of smoothness space, this is no longer true and is linked to the anisotropic and spatial
inhomogeneous smoothness structure of the solution g. This will become transparent in Theorems
19 and 33 below. 2) In (20), the choice of C* has to be set in principle prior to the data analysis
and is of course difficult to calibrate. It depends on upper bounds on many quantities like e(F)
that appear in the constant of Theorem 6 or supremum of norms of the unknown parameters b
and p. Moreover, the explicit value C* obtained by tracking the constants in the computations
of Section 6 is certainly too large. In practice, we need to inject some further prior knowledge
and calibrate the threshold by some other method, possibly using data. Such approaches in the
context of Lepski’s principle have been developed lately in [26]. 3) The proof relies on Theorem 6
which requires e(F) to be finite. However, this requirement is not heavy, as soon as b and p have
a minimal global Holder smoothness, as stems from Proposition 3.

Estimation of u, data-driven bandwidth. Analogously to the bandwidth-selection method for es-
timation of ¢ following Lepski’s principle, we pick a discrete set G < [N~1/2, (log N)~']? with
cardinality CardGY < N. The construction is similar to that of g~ (¢,a), given in addition the
family of estimators
(%ibv(t,a%h € 99’)

defined in (18). For (t,a) € D, let

AN (t,a) = max {(FY(t,a) — 7 (t,a LV RV ,

h (t,a) h,egé\,{(h( ) = R (t,a))” = (Vi + Vi) ),
where
* NT— 2

(23) Vi = (4(log N)C* N Y2\ Hy, 100 iy |1,00)

and C* is a (known) upper bound of the constant C' of Theorem 6. Let

~N

h (t,a) € argming gy (AN (t,a) + Vi (t,q)).
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The data-driven Goldenshluger-Lepski estimator of p(t, a) is defined as

(29) A (t a)er = “gN(t,a)ﬁN(t,a)(t’a)w'

Oracle estimates. In order to estimate p in squared-error loss consistently with the quotient esti-
mator (24), we need a (local) lower bound assumption on g(t,a). Let

Dy ={(t,a) € D,a > t},
Dy ={(t,a) € D,a < t},

and D~ =D\ {t = a} so that D~ = Dy U Dy. A sufficient condition is given by the following

Assumption 12. For every (t,a) € D~ there exists an open set U q) such that

(25) i&lf b(t —a,t —a+u)go(u) >6 if (t,a) € D
uEU(t,a)

and

(26) gO(t - a) Z 4] Zf (taa) S DU7

for some § > 0.

We need some notation. For h = (hy, hy) and b’ = (), h}) in GY, we say that h < b if hy < b}
and hs < b} hold simultaneously. Given a bivariate kernel H ® K, the bias at scale h of m = ug
at point (¢,a) in the direction ¢ is defined as

(27) BN (ug)(t,a) =  sup ‘ / (H® K)p o p)(s—t,u—a)r(s,u)duds — w(t,a)|.
h'<hhegh ' JD

Theorem 13. Work under Assumptions 1, 2, 5 with rny < N~Y2 and some F that satisfies
e(F) < oo together with Assumption 12. For (t,a) € D~ specify 1Y (t,a)w with kernels H, K. The
following oracle inequality holds true
2 . .
E[(w(t,a)w = plt,a)’] 5 inf_ (By'(9)(8,0)* + Vi) + inf (By/(ug)(t,0)* + Vi) + by
1 2

for large enough N and small enough w > 0, with 65 = N~! and up to a constant that depends
on C* and the kernels H, K.

Some remarks: 1) Similar to the case of Theorem 11, other loss functions can be chosen. 2)
We see that the performance of i (t,a) is similar to the worst performance of the estimation of
the product m = pg and the estimation of g, as is standard in the study of quotient estimator in
the classical Nadaraya-Watson (NW) sense [2, 37]. However, the situation is quite different here
than what is customary in standard nonparametric regression with NW: the estimation of g(¢, a) is
actually equivalent to the estimation of a univariate function, while 7 (¢, a) is related to a genuinely
bi-variate estimation problem that suffers from a dimensional effect. Therefore, there is good
hope to obtain here an optimal procedure, as will become transparent under Holder anisotropic
smoothness scales in the subsequent minimax theorems 18 and 20 below. 3) The same remark
about the choice of C* (and also the threshold w) as in Theorem 11 above are valid in the context
of the estimation of u(t,a).
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4. ADAPTIVE ESTIMATION UNDER ANISOTROPIC HOLDER SMOOTHNESS

4.1. The smoothness of the McKendrick Von Foerster equation.

Definition 14. Let oo > 0, o € R and U, be a neighbourhood of xo. We say that f: U, = R
belongs to H(xg) if* for every x,y € Uy,

(28) 1f™(y) = (@) < Cly — 2|t
having o = n + {a} for a non-negative integer n and 0 < {a} < 1.

We obtain a semi-norm by setting |f|sca(ze) = supPeu,, /(@) + Cu,, (f), where Cy, (f) is the
smallest constant C' for which (28) holds. The extension to multivariate functions is straightfor-
ward:

Definition 15. The bivariate function f belongs to the anisotropic Holder class H**2(xg,yo) if
| flacor oz @o,yo) = [F (5 90)|3co1 (20) + | f (@0, ) |3002 (49) < 0.
We write f € 3 if for every (t,a) € D, we have f € H"(t,a).
Assumption 16. For some «,3,7,0 > 0,v > max(vy,d) + 1 and for every (t,a) € D, we have
be H¥P(t,a), pe I (ta), go < H(a).

We give two results about the pointwise smoothness of the solution of the McKendrick Von
Foester equation on D~ = D\ {¢t = a}, depending on the choice of coordinates. The smoothness
of g differs on Dy where only mortality affects the population and Dy, where both mortality and
birth come into play. Introduce also the change of coordinates ¢(t,a) = (¢,t — a) that maps

Dy — ¢(Dy) =Dy ={(t,a’) € D,0< t < T,d' <0}
Dy =Dy =¢(Dp)={(t,d)eD,0<t<T,0<a <t}
onto smoothly. This defines in turn
G:DyUDL — Ry via g(t,a) =gop(ta).

Proposition 17. Work under Assumptions 1, and 16.
(i) We have

g€ :]_Cmin(ozﬁ,'y+1,5),min(a,ﬂ,’y+1,5) on DL and ge j_fmin('y+l,5),max(’y/\(&—i—l),é) on DU-

(ii) We have the following improvement of the anisotropic smoothness when the parametrisation
18 given by g:

ge gemin(y+1,0+1),min(a,,7+1.8) @L and § € Femin(y+1,6+1),max(yA(5+1),0) @U.

The proof of Proposition 17 is relatively straightforward, given explicit representations of the
solution ¢ in terms of b, u and gg, and is given in Appendix 8.3.

3The definition depends on Uz, further omitted in the notation.
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a 4

£o(da) = go(a)da | &r(da) = g(T,a)da

Dy =Dy,

|
0 ‘Tt
Dy

FIGURE 2. g c g{min("H—1,5+1),min(a,[3,'y+1,5) on @L and 'g c j_cmin('y+l,5+l),min('y,5+1) on 51].

4.2. Minimax lower bounds. For o, > 0 and L > 0, we set

557 (t,0) = {f € L5, floe + [Flscos(t) < L,
where the semi-norm | - |g¢a.5(¢,4) is defined after Definition 15. We also set, for € > 0,

D= e LF, inf t,a) >
Be=1{f D(t,lar)leﬁf( a) > €}

Remember that under Assumption 1, any point (b, i, go) with b, u, go € £5 defines a unique
solution g to the McKendrick Von Foester equation (2). Let
_ - _ 1y -1
5qens = Max(y,0) and s = (7 Yy 1) .

Under a non-degeneracy condition of the form p € £5
bound:

Theorem 18. Work under Assumptions 1 and 12. Let o, B,7,6 > 0,v > max(v,d)+1 and L > 0.
For every (t,a) € D, we have

¢» we obtain the following minimax lower

(29) inf sup E[|F — g(t,a)|] 2 N~ %aens/ @sacnst1)
b,1,90

and

(30) inf sup E[|F — u(t,a)|] 2 N~%acan/ Sacanth),
b,,90

where the infimum is taken over all estimators and the supremum over
be J{%’ﬂ(t,a), e U{Z’ﬁ(t, a)NLE . and go € H(t,a).

Some remarks: 1) As for the previous estimation results in Theorems 11 and 13, a glance at the
proof shows that the lower bound actually holds for a wider class of loss functions, including loss in
probability. We keep up to the statements (29) and (30) in expected pointwise absolute value for
simplicity. 2) If we take v = ¢ for simplicity, we see that sj_ . =~ while s; .., = v/2. Therefore,
although we are estimating bi-variate functions, the estimation difficulty for g(¢,a) is really that
of a 1-dimensional function while the estimation of u(t,a) remains that of a genuinely bivariate
function. Heuristically, there is no information about the population density g(¢,a) captured by
(ZN s # t) while the estimation of the death rate p(t,a) requires dynamical knowledge from the
process I'V (ds, du) for which a truly 2-dimensional information domain around (¢, a) is required in
order to identify u(t, a).
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4.3. Adaptive estimation under anisotropic Hoélder smoothness. Our next result shows
the performance of g¥ (¢, a) defined in (21) and gives optimal up to inessential logarithmic factors
in some cases. Moreover, g (t,a) is nearly smoothness adaptive. More precisely, let

(31) S(jiLens<t7 a) = HlaX(’)/ A (6 + 1)7 6>1DU (t7 CL) + min(aa ﬂ7 v+ 1, 6)1DL (t7 (L),
and note that si_ (t,a) < sy, (¢ a) always.

Theorem 19. Work under Assumptions 1, 2, 5 with rny < N~Y2 and some F that satisfies
e(F) < oo, and Assumption 12. Specify G (t,a) with a compactly supported kernel of order £y > 0
and pick

G = (@l <2l <...<2})
a subdivision of [N~Y/2, (log N)™!] with maxi<;<y—1(zX, — ) < N7! so that CardGY < N.
For every (t,a) € D_ and large enough N, we have

. 291 1/2 log N)?\ Sdens ()AL /(253 (t.a) ALo+1)
@) sw EE 60 o)) < (B
sH>90

)

where the supremum is taken over b € H%’B(t,a), JTRS %Z’é(t,a), go € HY(t,a) with o, B,7,0 >
0,v > max(y,d) + 1 and L > 0.

Some remarks: 1) Comparing with the minimax lower bound of Theorem 18, we see that both
upper and lower bounds (29) and (32) agree on Dy if § <y <d+landon Dy if §—1 <y <6
(and if @ and S are sufficiently large too), provided the order ¢y of the kernel K is sufficiently large.
The rates are tight up to an inessential logarithmic factor. We do not know about the optimality
in g beyond this domain, but we see that the difficulty of the estimation of g(¢,a) is equivalent
to the difficulty of the univariate function a — g¢(t,a) for which the time variable ¢ is simply a
parameter: it suffices to piece together the estimators g2 (¢, a) for every ¢ in order to estimate the
graph (t,a) — g(t,a). 2) While we already know that a logarithmic payment is unavoidable for
a smoothness adaptive estimator (see the classical Lepski-Low phenomenon, [29, 33]) we do not
know whether the order we find in the log term is correct (i.e. (log N)? versus the classical log N
payment). This stems from Theorem 6 and the mild concentration property as we define it, where
exponential tail are obtained versus subgaussian tails, but this order seems genuinely linked to the
Poissonian behaviour of the noise and it is not clear that we can extend our statistical result in
order to remove the extra log N error-term in (32).

Similarly, ¥ (¢, a) defined in (24) also shares near optimality in some cases. Define
si(a,8,7,6) = (min(y,6) " + min(a, 8,7+ 1,8)7) 7,
su(7,0) = (min(y,8) ™! +57) 7,

and

(33) S(Teath@» a) = SU("Y» 5)1'.DU (ta a) + SL(a, ﬁ7 v 6)]‘DL (t, (l).

Note that s, (t,a) < s, always.

Theorem 20. Work under Assumptions 1, 2, 5 with ry < N~Y2 and some F that satisfies

e(F) < oo, and Assumption 12. Specify u (t,a) with kernels H, K of order oy > 0 and pick
GY =GN x GY so0 that Card GY < N2. For every (t,a) € D~ and large enough N, we have

—~ 29\1/2 log N )2\ Seasn (1:0) A0/ (25344, (1) Alo+1)
(34) sup (B[N (t,a) — p(t,a))?])""* < ((T))

b,it,90

)
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where the supremum is taken over b € ﬂ{%’ﬁ(t,a), e U{Z’J(t,a), go € HY (t,a), with o, B,7,6 >
0,v > max(y,d) + 1 and L > 0.

Some remarks: 1) The same remark as 2) after the statement or Theorem 19 holds here. 2)
The minimax optimality situation is somewhat clearer for estimating p: we see that we have near
optimality on Dy as soon as v < §, while the upper and lower bounds only agree if v < 6 < vy+1 on
Dy, (and if @ and g are sufficiently large too), provided the order ¢y of the kernel K is sufficiently
large. Thus situation is somewhat similar to the estimation of g on Dy, see Theorem 19 above.
3) The rate of estimation is triggered by the smoothness of m = pg since the estimation of the
quotient g will always be better, for

sz{eath(t, a) < sjens(t, a) for every (t,a) € D_

always. However, in order to achieve optimality, we need to optimise the approximation property
of m by looking at the smoothness of T = fig, with 1 = z o ¢. This benefit is obtained thanks to
Proposition 17 and is given in details in the proof. We would lose by a polynomial order in the
rate of convergence given in (34) if we used a kernel of the form (H ® K)p, instead of (H ® K)p 0@
for the estimation of the numerator 7 in the representation u = 7/g.

5. NUMERICAL ILLUSTRATION

We briefly explore the performance of our estimators on simulated data. We use the following
parameters:

(i) The initial condition gg is taken as the density of Gaussian random variable centred in 40
with variance of 152 (i.e. a standard deviation of approximately 12 years), conditioned on
living between 0 and 120.

(i) We pick b(t, a) = 1{120<a<a0}- Although b is not globally Hélder continuous, we still have
(and can prove) similar results for such simple piecewise constant functions.

(iii) We pick p(t,a) =4-10"2exp(7.4-1073a) exp(—5 - 1073t). We pick a relatively high death
rate in order to guarantee sufficiently many events of death for the estimation of u(t,a)
and avoid artefacts.

We consider the domain D = [0,20] x [0, 120] which means 7' = 20 and a maximal possible age
of 120. We estimate g on the grid §9 = J9 x A9, with 79 = {k x 1.005,0 < k < 20} and
A9 = {k x 0.2002,0 < k < 600}. We estimate the functions p and # = p - g on the grids
Gt = TH x A* with T# = T9 and A* = {k x 1.0008,0 < k < 120}.

We first estimate g and m = p - ¢ and obtain consistent results in the regime N = 4000.
We end this section by exploring the estimation of p via our quotient estimator.

6. PROOF OR THEOREM 6

This section is devoted to the proof of the concentration properties of the model stated in
Theorem 6. Recall that wy € £5™ and wy € L5 are two continuous weight functions. We
introduce two fundamental processes for which we will establish concentration properties:

9

Y, 0 (3 = sp| / wi ()M (wa(s — ) f.)ds

where MM (f) is defined in (36) below and
J\/[g2 (F)¢ = sup |MtN (wz(t — )ft) |
fex
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FIGURE 3. Left: true population density g. Right: §£IN with N = 4000 over a single
simulation of Z¥. X-axis, Y-axis: units in years.
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FIGURE 4. Left: true # = p- g. Right: implementation of %,]A:]N with N = 4000. X-axis,
Y-axis: units in years.

6.1. A first stability result.

Proposition 21. Work under Assumptions 1 and 2. Then WY (F)r is bounded above by

w1, w2

T
\meﬁz(ff“)wcal/o w1 ()1 (Wa, 1 (e + Wi, (o) dt + M, L, (T,

where cg is defined in Assumption 2.

Proof. By (7), the action (Z}, fi) of Z} (da) for f € L3 can be written as
@ 1= [ e+ 02 )

(35) / / b(s,a)fi(t —s) — (s,a)ft(athfs))Zév(da)derMtN(ft),
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FIQURE 5. For fixed ¢t = 10, and N = 4000, comparison between the true function (solid
black) and a (pointwise) 95% confidence interval based on 50 Monte-Carlo simulations.
Oracle estimator in green and our adaptative estimator in yellow. Left: Estimation of
a +— ¢g(10,a). Right: Estimation of a — 7(10,a) = 1(10,a)g(10,a). X-axis: units in
years, Y-axis: rate per unit of time.

Dy Point T :16.08 A :20.82 D, Point T:19.10 A :0.40 Dy Point T :14.07 A :86.07 D, Point T:11.06 A :0.00
0.0 —— Oracle :-0.64
~—— GL:-0.64
—— Théorique : -0.66
=051 ® Oracle
e GL
-1.01

-1.51
)
°

4 4 -2.01 1

— Oracle : -0.80 — Oracle : -0.75 —— Oracle : -0.62

—— GL:-0.79 —— GL:-0.51 —— GL:-0.33 °
7 —— Théorique : -0.80 7 —— Théorique : -0.80 ° -2.51 1 —— Théorique : -0.66

@ Oracle L @ Oracle ® Oracle °

4 ® GL 4 ® GL e GL

T T T T T T T T T T -3.04 T T T T T T T T T T

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

FIGURE 6. log,,-integrated error of pointwise estimation against approximatively
log,y N based on 50 Monte-carlo simulations. We compare the theoretical line given
by the minimax theory (green) with a linear regression given by the oracle estima-
tion (blue) and our estimation method (orange) for different values of log,, N at
two given points in Dy and Dy respectively. Left: estimation of g(¢,a) at (t,a) =
(16.08,20.82) and (¢,a) = (19.10,0.40). Right: estimation for 7(t,a) = pu(t,a)g(t,a) at
(t,a) = (14.07,86.07) and (¢t,a) = (11.06,0.00). X-axis: integers 0 to 5 correspond to
N =10%5-10%,10%,2-10%,4 - 10%,8 - 103.
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t
(36) MtN(ft):N_l/ /{< - (fit=)Lgp<py— filai(ZX ) +t—8)1p<o<irny) Qds, di, db).
0 z‘_ni‘ﬂ xR

In the above formula, n) = N(Z}N,1) is the size of the population at time ¢, the functions b
and g in the indicators are evaluated at points (s,a;(ZN)) and Q(ds,di,df) = Q(ds, di,dd) —
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0.10 0.10
0.08 0.08 1
0.06 0.06 4
0.04 0.04
0.02 0.02
0.00 0.00

FIQURE 7. For fixed t = 10, and N = 4000, comparison between the true function (solid
black) and a (pointwise) 95% confidence interval based on 50 Monte-Carlo simulations.
Oracle estimator in green and our adaptative estimator in yellow. Estimation of a —
1(10,a). Left: w = 1072. Right: w = 5-1073. X-axis: units in years, Y-axis: rate
per unit of time. In order to improve on these results, one must either lower down w or
expect to be in a more favourable regime N >> 4000.

ds( D k1 6 (di))dV is the compensated measure of the Poisson measure Q.

Apply now (35) to the test function a — wy(t — a) fi(a) with f € F, substract ¢g(¢,a)da in the
equation above, noting that g(¢,a) solves (2), set nl¥ (da) = Z (da) — g(t, a)da and obtain

[ wat - s do) = [ wa-arfit + anf (da)
R, R,
t
[ (el fule = )bl 0) ~ wa(s — a)ila+ ¢ = s)u(s.a))n (da)ds + M walt — ) o).
0o Jry
Multiplying each term by wi (¢), integrating from 0 to T' and taking absolute values, we also have

T
|/ wl(t)/ wg(t—a)ft(a)nfv(da)dﬂ ST+ IT+IIT+ 1V,
0 Ry

with

)

= [ ) [ s+

b

IT = ‘/0 wl(t)/o /]R wo () fo(t — s)b(s, a)n™ (da)dsdt
T ¢
117 = |/0 wl(t)/o /R wg(s—a)ft(a—i—t—s)u(s,a)név(da)dsdﬂ,

T
v = / wi (M (ws(t — ) f)dt|.
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By Assumption 2, we have f;(t+ a) € F therefore I < W2 (F)o. Using that cofi(t — s)b(s,a) € F,
we also have

] [ waoste—pto.on? oy <57 7 [ watonts - e @aas
= ¢y Wy 1 (F)s,

Therefore IT < 5! fOT |w1 ()| Wy 1(F)edt. In the same way,

t
|/0 /R+w2(s—a)ft(a+t—s) (s, a)nS (da) ds|<c0 sup‘/ /R+ s)wa(s —a)fi(a 775 dads{

fexF
—1
= Cp Wy wz( t

and ITT < cy* fo |w1 (£)| W1, (F)edt follows likewise. Finally,

[TV] < sup |/ wy () MY (wa (t — ) ) dt| = Mg, W(?)t.

Summing up the estimates, we obtain the conclusion noting that

Sup}/ ’lU1 /]R w?(t_a)ft( )775 da’ dS’ wl,wg(?)T

fex
since J is stable under f +— —f by Assumption 2. O
Proposition 22. Work under Assumptions 1 and 2. We have

WY (P S |’w1|1(gl‘c}cx)lkl\Ll([o,T])Wﬁ(?) +(lmaX 1|2 o, 2l o, r MY 1, (F) 7,
1,~k2

1s- ;4

where (k1,k2) and (11, . ..,14) range over permutations of (1,ws) and (1,1, w1, ws) respectively. The
symbol < means inequality up to an explicitly computable constant depending on T and cy from
Assumption 2.

Proof. Apply first Proposition 21 with w; = 1 and ws = 1 to obtain

WY (F)r < TWY (Fo + 2¢5 / WY (F)edt + MY (F)r

< (TW{V( )0+M1,1(?>T)€QC° o
= 5N (@),

say, by Gronwall lemma. Next, by Proposition 21 applied to (ws, 1), we obtain

T
Wa, 1 ()7 < Jwa| £ 0,0y W (Fo + 2061/ w2 (8) Wy (F)edt + M, 1 ()7
0

< Jwa| 1o,y (WY (F)o + 2¢5 SN (F)r) + MY, 1 (F)r
= ggg)’N(?)Tﬂ
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say. Apply now Proposition 21 with (1, ws) so that

T
Wi (@) < TWY @+ 65t [ (W1 W, (9)0)d +3Y,, ()
0

T
<TWY (F)o + g " TSE N (F)r + / WY, (F)edt + MY, (F)r
0

< (TWY (F)o + CTSDN (F) g + MY, (F)r)ee T
=S5 N(F)r

say, by the previous estimate and Grénwall lemma again. By Proposition 21 and the two previous
bounds, we infer that WY (F)7 is less than

wi1,W2
w121 0,71 Wiy (Fo + ¢ Hwi Lo,y (SN (F)r + S50 N (F)r) + MO,y (F)r

Expanding the estimates 9(32) N(F) and 9(3)’ (F)r in terms of their appropriate arguments con-
cludes the proof. O

By Proposition 22, we see that the stability of the system is controlled by the initial approxi-
mation WY (F)o (mcludmg wy = 1) and the propagation of the stochastic term M} . (F)r. We
now turn to that latter term.

6.2. Stability of the stochastic term. For f € L7, let

MY () = / wn ()M (ws(s — ) f)ds
0

and
MY, (F)e = MY (wa(t — ) f).

In particular, since ¥ is stable under f — —f, we have

(37) sup MY,y (F)r = sup (MY (F)7| = MY, (F)r
fe feg
and _
supr2(f)T:sup|M | = w2
feg feF
For k > 0, consider the event
(38) ={ sup (Z],1) < exp(|b|oT)(1+ 1)},

0<t<T
and for A > 0, set

791]51 wo (f)x= 2NT|w1|;01 eXp(|b‘ooT)(‘b|oo + |N|00)p(N_1>‘|w1w2|00|f|00)’
where p(z) =e* —z — 1.

Proposition 23. Work under Assumptions 1. For large enough N, we have

(39) /OOIP((AHN)“)e“dﬁ <1
0
and for A > 0,
(40) E[exp (AMY, o, (F)r = MY 0, (9)7]) Lar] < 2exp (Jwi|i (1 + )93, 0, (f = 9)a)-

Moreover, (40) remains true with JVEJX,Q (f)r — JVEIX& (9)r, replacing formally wy by 1 in the right-
hand side of the inequality.
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Proof. We first prove (39), namely

/ e"P( sup (Z}',1) > exp(|b|ocT)(1 + &))drk < L.
0 0<t<T

Step 1) Consider the equation

t
ZN — 17N +N—1/ / 51 o(da)L oy iz 10y @ (ds, di, d)
NxR == =
defined on the same probability space as (Z;(da))o<i<r. Applying (35) with b = |b|s, ¢ = 0 and
ft =1, we obtain
t
(ZX 1) = (2 1)+ Pl [ (ZY,1)ds MY 1),

0
and for every A > 0, by Itd’s formula:

t
e (ZY 1) = exp (VZY 1) + NN 1) [ (22, 1) exp (2N 1)ds 46,
0
where (& )o<i<r is a local martingale. By localisation, one can prove that E[¢] = 0. Writing
f(t,A) =Elexp (M2}, 1))], it follows that
(a) FE) = F0.)+ Mo (¥ = 1) [ 0010500

The solution of the transport equation (41) at time ¢t = T with initial condition f(0,\) = fo(A) is
given by

N N=[bloT N N=blooT
f(T,N) = fo (NIOg 1-(1— e—\b|wT)e)\/N) < exp (qN log 1—(1— 67|b|wT)e/\/N)’
where the last inequality stems from fo(A) = Elexp(MZY,1))] = Elexp(A(ZY,1))] < e?* for some

g by Assumption 1 (ii).

Step 2) With the notation r = exp(—|b|ocT"), the usual Chernoff bound argument yields
7 - - 'I"SA/N
1OgIP)(<Zf1]y,1>>’I" 1(1—"-/‘6)) S —A\r 1(1+K)+qN10gW
S _NT (1+’i) log(( m+1)1ir) +quog Htlfirrq
<logCy — C3Nk

for the choice A = Nlog ((1 — ’Lfl)ﬁ) and for two constants C; = C;(q,r) > 0 that do not

depend on N. Noting that by construction, sup,<,(Z}",1) < (ZTJY, 1), we finally obtain

/OO e"P( sup (Z),1) > (1 +k&))dk < /oo e’ﬂP((ZJTV, 1) >r (1 +k))ds

0<t<T

INIE

oo C
< (1-CaNywge — _ Y1
= 01/0 ‘ "GN -17
for N > (1+2C1)/Cs, and (39) is proved.

Step 3) We now turn to (40). For ¢p € [0,7] and f € £75°, define

(42) B, (f) N/ O/R b(s,a)p(N~'f(to — s)) +p(s,a)p(N71f(a+t0fs)))Ziv(da)ds.
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Lemma 24. For every to € [0,T] and f,g € L5°, there exists a nonnegative random variable

AR (f —g) with B[AY , (f —g)] =1 such that

E[exp (MY (f) — M} (9))] = E[AN ., (f —9)exp BY . (f — 9)].

Proof. Fix to € [0,T] and for f € L35, define the random process

. tAto ~

MY, (f) = N_l/ /{ . (f(to—s)1gp<oy — f(ai(ZY) +to — $)1p<o<prpny) Qds, di, db),
0 i<n®_ }xRy

obtained by keeping ¢t = ty fixed in the integrand of Mﬁto (f) defined in (36). By construction,

(]\Z,to(f))ogth is a martingale. In turn, a simple consequence of It6’s formula, see e.g. Tran [43]
shows that the random process

t = A, (f) = exp (MY, (f) = B, (f))
is a martingale such that E[A], (f)] = 1. Noting that M (f) = ]\Zﬁto (f) at t = tg, we also have

E[exp (MY (f) = MY (9))] = E[exp (MY (f — 9))]
=E[exp (]\ZJ(Y,tO (f—9)]
= E[A 1, (f —9) exp By 4, (f = 9)].

O

Let A > 0. We substitute f — g by a — Awi(to)wa(to — a)(f(a) — g(a)) and look for an upper
bound for

Bl . (dws (to)wa(to — ) (f — g)).

age

Step 4) Observe first that p(z) = e — 2 — 1 implies that for any nonnegative function ¢ € £5°°,
we have

A

PN (@) = 9(@) < NS — e [ (expleN 101l = o) — 1)
- m‘:p(szmu gl

Therefore, with i (a’) = wy (tg)wa(to — a’) and @’ =ty — s, we derive

w1 (to)wz(s)

p(N""Awiws|oo|f — gloc)
|w w2 oo

p(N = hwi (to)wa(s)(f(to — s) — glto — 5))) <

and

wy (to)wa(s — a)

P(N_l)\uu (to)wa(s —a)(f(a+to—s)—gla+to _S)>) = |wiws|

p(N_l)\‘wlw2|00‘f_g|00)
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with @’ = a + to — s follows likewise. Plugging these two estimates in the definition (42) of Btlg tor
we infer on AY = {supg<;<7(Z},1) < exp(|b|oT)(1 + )} the chain of inequalities

Bl o (Awi (to)wa(to —)(f — 9))

01l0)_ (NI Nwywsloclf — o) /0 /R (w2(s) + wa(s — a)) Z;" (da)ds

<N (bl + ) o ¢

wi(t _
N(Iblooﬂuloo)il( O)p(N "Nwiwa|sol f = gloo)2T sup (Z]Y,1)
w 0<t<T

| l‘oo

< N(|b|os + u|m)T’1(t:3 p(NT Nwiwa|oo|f = gloo) exp(|blocT) (1 + £)2T
=w1(to)(1+ K)IY, w, (f — 9)a-

We derive

(43) exp (Aws (to) My (wa(to — ) (f — 9))) 1axy

<exp (wi(to)(1+ KON, wy (f = @) ALY 1o Awi(to)wa(to — ) (f — g))Lan.

Step 5) For every integer n > 1 and A > 0, f € L5, define
AN (f =g =exp (ATn "> wi (iTn )M, o (wa(iTn ™" = )(f = g))).-
i1

Applying repeatedly (43) with to = iT'n~" and integrating with respect to E 4 [-] = P(AY) ' E[-1,4x],
we obtain

Ean [AN",,(f —9)2] < exp (In™"! Zwl i) (1 + KON, 4, (f — 9)a) X

< Epy [HAgn_l,iTn_l(ATw1<to>w2<to ~) -]

i=1
< exp Zwl (iTn= (1 + lﬁ)’ﬁﬁi w, (f — g),\)IP’(A;V)_l,

where we used the fact that the geometric mean is controlled by the arithmetic mean:

HAzTnfl iz O (to)wa(to —)(f —9))/" <! ZAmrl irn—1 (Awi (to)ws (to — ) (f — 9))

and the fact that
Eay [A%ﬂnq,m% o (to)wa(to — )(f ~ 9))]
< P(AY) B AN s s O (o) wa(to = )(f — 9))] = P(AN) ™!

since AlTn_1 irn—1(Awi(to)wz(to — -)(f — g)) has expectation 1 by Lemma 24. Using

T
hm 1nf Awl "y (f = 9)x = exp ()\/0 wi (s)M Y (wa(s — ) (f — 9))ds)
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by convergence of Riemann sums, letting n — oo, we obtain by Fatou lemma

T
(@4) By [exp (0 [ 162 (wn(s=) (7)) < P(AY) ™ exp (1 h(100)98, o, (F=0)1):

Noting that Lemma 24 also holds for —M2X (f) and applying (44) to — M (wa(s — -)(f — g)), we
infer

Eqn [GXP ()\{/0 wy () MY (wa(s — ')(f—g))dSD} < 2P(Ag)_1exp(|w1\1(1 + R0,y (F = 9D,

but since [ wi (s)MY (wa(s —)(f — g))ds = MY, o, (f)r = M, . (9)7, the estimate (40) is es-
tablished.

Step 6) It remains to prove (40) for MY (f — g)r. We first integrate (43) for w; = 1 at tq = T so

2

that |wy|; = T and proceed exactly as in Step 5) to obtain
Eax [exp (AM7 (w2 (T —)(f = 9)))] < PAY) exp (T(L + k)97, (f — 9)x).
Applying the same argument for —MZ¥ | we also have

Eqn [exp (A|MF (wo(T =) (f — 9))|)] < 2P(AY) exp (T(1+ k)07, (f — 9)r)
which is the desired result.
O

Proposition 23 is the main ingredient to obtain a concentration inequality for the processes
(J\/[%2 (f)r) feg and (J\/[]l\’ul’w2 (f)7) fes, and in turn, a deviation bound for My, w, (F)1 and My, (F)r

thanks to (37). The proof is given in Section 6.4 below.

More precisely, consider the apparently more general situation where we have a real-valued
process £(f) ey indexed by some metric set (F,d) and a family of events A(k).>o satisfying the
following properties:

(45) /000 P(A(K)c)e”’d/@ < %,
and
(46) E[exp (ME(f) = £(9))) L] < 2exp (er(1 4 k)plead(f, 9)N)),

for every A > 0 and some ¢y, co > 0.

Proposition 25. Assume that {(f)feg and A(k)x>o satisfy (45) and (46) and that £(fo) =0 for
some fo € F. Then there exists a choice w = w(cy,ca) > 0 such that for every u > 0:
diam 3(J) _ ) 1
P((sup ()] = 8(u +/ log (1+N(F,d,e))de) ) < (/4 — 1),

fes 0
where d = wd, diamz(F) = sup; e d(f,g) and N(F,d, €) is the minimal number of balls of d-size
€ > 0 that are necessary to cover F.

Remark 26. We show in Remark 36 at the end of the proof of Proposition 25 that if ¢ > 308,
we may pick w(cy,c2) = ky/crca, with k = 2V/77.

The proof of Proposition 25 relies on standard concentration techniques and goes back to Dudley
[14]. We use the classical textbook of Ledoux-Talagrand [28] and detail the computations in the
Appendix section 8. Combining Proposition 23 and 25, we obtain the following
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Theorem 27. Work under Assumptions 1. Assume diam|,| F <1 and

e(F) = /0 log (14+N(F,| - |so, €))de < 0.

For large enough N, there exists an explicit choice of C' = C(e(F), T, |bloo, [ttlec) > 0, given in the
proof below, such that for every u > 0:

(47) PV, 0y ()7 = (1+ w)ON T2 wn |1 o |wa]os) < (e — 1)~
and
(48) P(MY_(F)r > (1 +u)ON"2|ws|o) < (e"P) — 1)L

Proof. We plan to apply Proposition 25 with £(f) = MY (f)r, having £(fo) = 0 for fo = 0.

w1, w2

We take A(k) = AL defined in (38) and notice that (45) is satisfied by (39). Also, we have (46)
by (40) with

(49) c1 = 2NT|wi|1|w1 | exp([blocT)([blos + |ptloc) and 2 = [wiws|o N7,

for the metric d(f,g) = |f — gleo. Setting d = wd with @ taken from Proposition 25, we have
diam3(F) = wdiamy(F) < @ by assumption and also N(F,d,e) < N(F,d,e/w). It follows that

diam +(F) _ w
/ a log (1+N(F,d, €))de < / log (1+N(F,d, e/w))de = we(F),
0 0

which is finite by assumption. Since MY (F)r = sup;cq [€(f)| = supseq &(f), remember (37),

w1, w2
we may apply Proposition 25 and obtain, for every u > 0,

IF’(MN (F)r > 8(we(F) +u)) < (/= —1)71,

w1, Wa
or equivalently
P(Mﬁl,wQ(Sf)T > 8we(F)(1+ u)) < (e“e(f’t) -1~
By Remark 26 (see also Remark 36), we pick w = w(ci, c2) = ky/cica with k = 2/77, assuming
¢1 > 308 which is satisfied for sufficiently large N by (49). Using (49) again, it follows that
1
8ky/creae(F)(1+u) = (1+u)8ke(F)e2"=" VAT (|blos + ploe) />N 72 (Jwy |1 [w1]oe) /w2l

= (1 + u)CN’1/2|w1|1,oo|w2|oo,

say, with
Lot 1/2
(50) C = C(e(F), T, [bloo, |1loc) = 8k e(F)e2 =" V2T'(|boo + [p]o0)
and (47) follows. The proof of (48) is obtained in the same way and is omitted. O

Remark 28. (i) Up to inflating the constant C by a multiplicative factor max(1,e(F)), we see
that Theorem 27 implies a mild concentration property for

(w1100 [w2]00) MY,y (F) 7 and fwa| M, (F)r

w1, W2

with rate CN~1/2,

(i1) The initial bound |wa|1,00 of Assumption 5 inflates to |wa|eo tn (48). This defect actually
has dramatic consequences when applied to subsequent statistical estimation: wo becomes a kernel
depending on N that mimicks a Dirac mass which is not stable for the |- |~ metric. Improving on
this estimates is actually the key difficulty in the proof of Theorem 6.
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6.3. Proof of Theorem 6. The weakness of Theorem 27 lies in the use of Proposition 23, where
the control (40) somehow needs to be improved. This improvement however uses the results of
Theorem 27 that we are going to iterate.

Step 1) By Proposition 22, we have WY (F)p < T+ I1, with

w1, w2

I = |wi|y (nax, 1| L1 o, Wi (Fo

and

Il = (lma)lc ) |ll|L1([0,T])‘12|L1([07T})Mg$l4(3’)T.

Since |w1]1 max(, k) k1]01 (0, WhL (Fo S maxg—1,w, Wi (Fo up to a constant that only de-

~

pends on T, |wi| and |w2|r1([0,77), we have by Assumption 5 that (Jw; 100|Waloo) 7' has a mild
concentration property (actually, we can even replace |wz|oo by |wal|1,00). Next, by Theorem 27,
the mild concentration property also holds for

(Jwi 1,00 [w2]oe) "W (F)r, with (k1) € {(1,1), (w2, 1), (1, w2)}

up to an appropriate change in the constants, and therefore it carries over to (|w1 1 co|w2|ec) " 1T
since max, ., ‘ll|L1([0,T])|l2|L1([O,T])M{§7[4 (F)r < Z(k,l) ch\fl(ﬁr)T where the summation holds
over {(1,1), (wz,1),(1,w2)}. In turn,

(Iwi]1,00|w2loo) T" WAL o (P

has a mild concentration property of order ¢’ max(ry, N~1/2), for some C’ > 0 that depends on
co of Assumption 2, T, |wi|1, |wa|p1(o,r)) and the constant C(e(F), T, [b|oo, [11]oo) of Theorem 27
defined in (50).

Step 2) We next carefully revisit Step 4) of the proof of Proposition 23. We have

BN . (Awi(to)wa(to — )(f — 9))
T
mp(N—l)\w1w2|oo|f - g|oo) /0 /R+ (wg(s) + wa(s — a))ZSN(da)dS.

Adding and substracting the limit g(t, a)da, we also have

T
/ / (wa(s) +wa(s — a)) ZY (da)ds
0o Jry

SN (bl + [1loc)

T %)
< / / (wg(s) + wa(s — a))g(s, a)dads + Wgz’l(ff)T + W{sz (F)r
o Jo
<|waly + WE (F)r + W, (P,

wa,1 1,ws

where, for f € F° we set

(&9}
1) £y =flurory sup [ gtt.a)da+ 71 hlgloe A1 lclgl
0<t<T Jo

This bound is tighter than the estimate 2|ws|oT supg<;<7(Z{,1) that we used in Step 4) of the
proof of Proposition 23. Introduce now the family of events

By = {Wﬁz,l(ff);p < 5C" max(ry, N2 |wal1 o (1 + n)}, K >0,
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and
el = { Wi, () < 5C max(ry, N2V T wsloo(1+ 1)}, k>0,
where C' is the constant of Step 1). On BY N €Y, we now have
By 1o (Mwi(to)wa(to — )(f = 9))

wl(tO) p(Nfl)\|w1w2‘oo|f*g‘oo)(|w2|g +C7]1>]2)(1+H)

|wiws oo

= wi (o) (1+ K)IY, 0, (f = 9,

S N(Jbloo + [plo0)

say, with
(52) Ch = 5C" max(ryn, N~V?)(|wal1,00 + 2| VT)
and
~ |w2| +CUJY _
O (F = 9)x = N([bloo + |1loo) 2 p(N " Awiwe|se|f = glsc)-
|w1w2|oo

We thus have established that (40) of Proposition 23 holds with 5{2’1711}2 (f — g)x instead of
O, w0, (f — 9)x and BY N €Y instead of AY.

Step 3) We now prove an analogous bound as (39) replacing AY by B¥NECY. Applying Theorem 27
with (w1, ws) = (we, 1) up to an inflation of C by max(e(F), 1) with the substitution 1+u = 5(1+«),
we obtain

P((BY)) = P(Wasa

(F)r > 5C" max{ry, N2} wa|1 o0 (1 + K))
=P(WL, 1(F)r = (1 +u)C" max(ry, N72)|wa1,0)
< (exp(u) — 1)7' = (exp(4 + k +4K) — 1)t <e™5",

It follows that

/0 P((Bg)c)e“dﬁg/o e dr = 1.

In the same way, applying Theorem 27 with (w;,ws) = (1, ws) and up to an inflating the constant
C' again, we obtain

P((€Y)e) = P(WY,,(F)r > 5C" max(ry, N~/2)|wa| o VT (1 + K)) < 75"

Hence [, P((€Y)¢)e"dr < 1 follows likewise and (39) is proved with BY N €Y in place of ALY

Step 4) We may now reproduce the proof of Theorem 27 with our new estimates from Step 2) :
the estimate (49) now becomes

lwi |1

|w1w2|oo

and thanks to Step 3), we may apply in this new setting Proposition 25 to obtain

¢ = N(lbloo + lulo) (lwsly +C,) and ¢ = e = N7 wywsoo,

P(MY, . ()7 > 8w (c), ) e(F) (1 +u)) < (e"@) — 1)~

w1,wW2
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Again, we may pick w = w(d], c5) = k\/c| ¢, with k = 2/77, assuming ¢; > 308 which is true for
N is large enough, and it follows that

8k+/c; che(TF)
= 8k e(F)(1bloc + [1]o0) 2N Y2 wn |y o a2 (fual, + C)'?
< C'NTV2Jwn |1 sows| Y2 (Jwa]y + CN )2
say, with
C" = C"(e(F), T, |bloo, |1t]oo) = 8k max(1,e(F))(|bloo + |ttloc )/ max(5C’VT, 1)Y/2,
For f € L3¢, define now

[F15% = 1122 (1F1g + en (1 fl100 + If1o0)) 2.

We have proved that for ey = max(ry, N~/2), the sequence

N
(lw 1,00 [w2)75) T M, o ()
has a mild concentration property with rate C” N~/2. Applying the same argument as for Step
1) above, the mild concentration property carries over to

(Jwr 100 [w2]T2%) "W, 1, ()7

wi, w2

with rate C” max(ry, N~/2), possibly up to inflating the constant C” > 0.

Step 5) We finally show that [ws]{%, < |w|1,00 up to a constant that only depends on |b|007 4] o0

|90]0e and T', under the additional assumption that ws has compact support and |ws|ee < exy'|wals.
By definition of |ws|y in (51), we have

oo
fwaly < fwals ( sup / gt a)da + |glso) < sy
0<t<T Jo

by the estimates of Lemma 38 in Appendix 8.4. Moreover, the compact support of wy implies
[wal1.00 < |Wa|oolsupp(w2)*/? < waso. Tt follows that

1/2
[wa]§%e S Jwa] 2 (Jws]s + enlwaloo) 2 S a1 e0-

Let us note that the constant may possibly depend on |supp(ws)| which is bounded above by u by
assumption.

Step 6) It remains to prove a mild concentration property for ([ws]7%,) *WA (F)r with rate
C" max(ry, N~'/2). The property holds for
([wa] %) T MY, (F)r

with the same proof as for (w1 c0[w2]{% )~ 1M%1 wy (F)7. We omit the details. Next, reproducing

the beginning of the proof of Proposition 21 and applying (35) to the test function a — wq(t —
a) f:(a) with f € F, we obtain
WL (F)r < Wi, (Flo + g - (Wi, 1 (F)r + Wi, (F)r) + Moy, (F)r.
By Proposition 22, we further have
Wao 1 (F)r S WY (F)o + max M (F)r

wa,1 h,k=1,ws
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and

~

max WY (3")0—&— max Mh o ()1,

k=1,ws h,k=1,ws

up to a constant that only depends on T, ¢o, |wi|y and |wa|p1(jo,7)), therefore W (F)r is of order

max WY (F)o + j nax Mﬁk(?)T + ML (F)r.
=L,wo

k=1,w2

The mild concentration property of ([w2]7%,) ™ MY, (F)r and (Jw: |1 00[wa]i%) WA, o, (F)7 en-
ables us to control the last two terms. The first term has the correct order by Assumption 5. The

proof of Theorem 6 is complete.
6.4. Remaining proofs of Section 2.

Proof of Proposition 8. We repeat the argument of Step 6) in the proof of Theorem 6 above. By
Proposition 22, we have
W (F)r S max WY (Fo+ max My (F)r

~ k=1,wo h, k=1, w2

and thus

N N N
E[WY,(3)4] S B[ max WY (8] +E[ | max MYL(94] +EDC, @)4],
up to a constant that depends on p, T, co, |wi|1 and |wa|z1(jo,77). The first term is of order
|w2|’1”oo7"N by Assumption. For the two other terms we use the identity IE[ZP} = pfooo 2PTIP(Z >
x)dz for a nonnegative random variable Z and conclude with the mild concentration property of
([wa]7%) ™ ME, (F)7 and ( [w2]T%) T W,y (P

w1, w2

Proof of Proposition 3. Let Fy denote the minimal set that contains 0, ¢g, cop, cob and that is stable
under the operations defined in (8) except for the pointwise product (f,g) — f-g. We also set,
for f € £55:

A = ((s,0) = f(tr,to + ka —1s))
with t1,%2 € [0,7] and k,1 =0, 1.
Step 1) We claim that
(53) Fp C {07:|:co,:|:cou, :tcob,:l:L(cob)glf:ii,:I:.A(cou)glf:,g, for every t1,t5 € [0, T],k,1 =0, 1}.
Indeed, one can check the following stability properties:

so(AN)D) (s,a) = AP (8t + a) = f(tr,to+ bt + ka —18) = AR (s,0),

Kl k,l 0,k
(A ) (5.0) = AL (11— ) = fltr b — Ut + ha —ks) = ALY 4y, (5.0)
k.l k.l kok

U (A (5,0) = AL (1t = s+ a) = [t ta + kt — ks + ka— 1) = ALY 4 (s.0).
This proves (53).
Step 2) We now prove that if b, u € €* for some 0 < s < 1 with Holder constant L > 0, then

(54) N(Sj(), | : |OO)€) 5 6_2/87
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up to a constant that only depends on s, T and L. Indeed, if f € C° with Holder constant L > 0,
we have

LN = £ | =sup (b1, ta + ka —Is) = f(t1, ta + ka — Is)|
< Lt — ]+ Itz — 1)),

therefore, for fixed (k,1) and f € €%, the e-covering number of {L(f)glfii t1,t2 €10, 7]} in || is the
same as that of [0,T]? equipped with the metric d((t1,t2) — (¢],t5)) = L([t1 —t}|* + [t —t5]*). Since
N([0,T],¢,L| - |Y) = TN([0,T), (¢/L)"/*,| - |) = TLY*¢= /%, we have that N([0,T)?,¢,d) < e~ 2/¢

and (54) is established.

Step 3) We now counsider the class ?grOd that contains JF( and that is stable under the operation

(f,9) = fg. Since si(fg) = si(f)se(9), te(fg) = te(f)se(9), ur(fg) = ue(f)se(g), the class T4
contains the minimal class F.

Let f =[[, f¢ € ?grOd, with f, € Fo. For every ¢, we have |fy|eo < ¢1 < 1, with ¢; =
co max(b|oo, |ft]oo) < 1 by assumption. Therefore, if m > loge/logec; = m(e), we have |f| =
|f — 0|oe < €. Now, let g; be N(Fg,em(e)™1,| - |o) functions in Fy such that, for every f € Fo,
there exists an index i(f) such that |f — g;(f)lc < em(e)™!. If m < loge/logco, we have

\F=TT ool =TT fe =Tl 90| < " mem(e)™ <e.
=1 =1 =1

As a result, the family {0, Hif:l ge,k=1,...,m(e)} is a family of centers of balls of radius at most
€ that are sufficient to cover F2™°%. Tt follows that

NEIEY e, ] o) < N(Fo,ml)e, | - |oo)™OH < (eme)) >

Step 4) We have established F C ?grOd and therefore

1 1
e(EF):/ log(1+N(3",|-|oo,e))de§/ log (1 + N(F2°% ¢, | - |.0))de
0 0

1 1
< / log (em(e))_zm(€)/sde < / (log €)%de < <.
0 0

The proof of Proposition 3 is complete.

7. PROOFS OF SECTION 3 AND 4

7.1. Proof of Theorem 11. Remember that the condition ry < N—1/2 ig in force in this section.

Preliminaries. We first write a standard bias-variance decomposition in squared-error loss, based
upon the stability result of Corollary 8.

Lemma 29. Let h € GV. If 'g\}JLV is specified with a bounded and compactly supported kernel K, we
have

. 2
E[(g4'(t,a) = g(t,a))"] < B (9)(t, a)* + Vi,
where By(g)(t,a) and Vi are defined in (27) and (20) respectively.
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Proof. Write g (t,a) — g(t,a) = I + I1, with

1= /000 Kp(u—a)g(t,u)du — g(t,a)

and
I = Kp(u—a)(Z) (du) — g(t, u))du.
Ry
We have 1% < By,(g)(t,a)?. For the stochastic term, we have
(55) [T <WE, (t—ay(F)t
Moreover
(56) [Kn(t —a =)o < [Kn(t —a— )| = h7 K| S |Kp(t —a— )L N2

as soon as h™! < N2 since |Kj,(t —a —-)|1 = |K|1 = 1. This condition is true for any h € GV
using the fact that K is bounded and compactly supported. We may then apply Corollary 8 and
obtain

E[I1%) S |Kn(t—a— ) N1 (C"N 2Ky 0) = VY.
O
Completion of proof of Theorem 11. We essentially repeat the main argument of the Goldenshluger-

Lepski method (see e.g. [17, 18] for the pointwise risk) in a setting that we need to adapt to our
context.

Step 1) For any h € GY, forcing g7’ (t,a) in the risk decomposition and by definition of A} (¢, a)
and AN (t,a), we successively have

IE[@‘Nta - ta))Q]

SE[(@( < )] +E[(@G (¢, a) — gt 0))"]

< ]E[{(ghN(t ot =GN (@) =V =VE A VY VN THE[GY (a) - g(ta)) ]
SEA) (BN (¢, )h)(t a) + Vi +V;LVN(t )} +E[(93' (t, a) —9(t>a))2]

SE[AY (1a)] + VY +E[AN,, o +Vik, o] +E[@ (ta) = g(t,a))’]

N ]E[Afzv(@a)] + Vi + B (9)(t,a)?
where we applied Lemma 29 to obtain the last line.
Step 2) We first estimate AY (t,a). Write gy (¢, a) for fR+ Kp(u—a)g(t,u)du. For h,h' € G with
h' < h, since
N —~ 2
(gilzv(t7 CL) - gh’(t7 a))
5 2 2 2 N 2
< 4(9}11\[(t7 a) - gh(tv CL)) + 4(gh(t7 CL) - g(t, a)) + 4(gh/ (t7 a) - g(tv a)) + 4(9;5(75’ a) — g (t, a)) )
we have
N —~ 2
(@n (t,a) =g (t,@)” = Vi = Vi
< 8By (9)(t,a)* + (4(gy (t,a) — gn(t,a))* = Vi) + (4(gpr (t.a) — g (t,a))* = V).
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using k' < h in order to bound (g (¢,a) — gns(t,a))? by the bias at scale h. It follows that

~ ~ 2
(@h (t,a) = Gu (t, )" = Vi = Vi
~ 2 . 2
< 8B (9)(t,a)® +4(g8 (t,a) — gn(t,a))” — Vi +4(gn(t,a) — gn(t,a))” — Vi,

and taking maximum over h’ < h, we obtain
~N _ N
(57) max {@N (t,a) = g (ta))* = VI =N}
N ~ 2
< 8B (9)(t, ) + {4(3) (t.@) = gn(t. )" = VI'} | + max {4(G (t.0) — gw (t,@))" = ViV } .

Step 3) We estimate the expectation of the first stochastic term in the right-hand side of (57).
Since [g (t,a) — gn(t,a)| < W%h(t_a_,), we successively have

E[{4(3 (t:0) = gn(t.))" - Vit = /OOO]P’(4(§fZL\,(t,a) —gn(t,a))* = VI > k)dx
— /OOOIP(@lJzV(t,a) — gn(t,a)| > L(VN + £)/?)dr

< /0 ]P(W%h(tfaf.) > %(Vév + ﬁ)l/Q)dm.

We may apply Theorem 6 with wy = K, (t — a — ) since K is compactly supported and having
(56) of Lemma 29 above. By the change of variable

SV R = (1 +w)C" | Kp e N2,

we then obtain
E[{4(@Y (t.a) - gn(t,0)* = VI'} ]

o0
< 80"|Kh|1,OON_1/2/ (1 + w) min ((e“ — 1)_1, 1)du
57 (VY2 K |1 o N2 =1

S exp (= 5w (Vi)2IKnl S NV2) < N2

by definition of V,Ilv .

Step 4) For the second stochastic term, we use the rough estimate

E[max {43 () — g (t,0))" =V h;lE {4(G (t.0) = g (t,0)* =V} ]

< Card(GY N2 < N!

where we used Step 3) to bound each term E[{4(g (t,a) — gn’ (t,a))2 — Vi'}, ] independently

of h together with Card(GY) < N. In conclusion, we have proved through Steps 2)-4) that
E[A} (t,a)] < dn. Therefore, from Step 1), we conclude

E[(GN(t,a) - g(t,0))?] S BN (9)(t,a)® + Vi + by

for any h € GV. The proof of Theorem 11 is complete.

7.2. Proof of Theorem 13.
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Preliminaries. We first study the behaviour of the process I'V(dt,da) of death occurences intro-
duced in Section 3.2 and represented via (17).

Lemma 30. With the notation of Section 2.2, we have

(58) FN(dt’da) = N—1 (0} 6(1,-(2;\77)(da)]‘{ofﬂfu(s,ai(Z:’;)),ig(NZi\L,l)}QQ(dt’di’d,l?)7
XIS 4

where Qs is a Poisson random measure on Ry x N\ {0} x Ry with intensity dt( D k1 65 (di))dv.
Moreover, for nonnegative weights wy € L™ and wy € L75°, we have

T
(59) | /0 /]R wi ($)wa(s — u) (I‘N(ds, du) — ,u(s,u)g(s,u)dudsﬂ < ng,wz (F)r + |(Aﬁhw2)T|,

where t — (Aghw)t s a square integrable martingale with predictable compensator

N =N t U}S2’LU28—'LL2 s, W) ZN (du)ds.
(60) (AN =N //R 1 (5)2wa(s — w)2p(s, u)ZY (du)d

Proof. The representation (58) is straightforward. We add and substract in the left-hand side of
(59) the term fOT Jo 7 wi(s)wa(s — u)u(s, u) ZN (du)ds and obtain the desired inequality with

N = t wy (8)ws(s — u) (TN (ds, du) — u(s,u)ZN (du
<Aw1,w2>t—/0/ﬂh (s)ws(s — w) (T (ds, du) — pu(s, u) Z" (du))

t
= N_l/ / wl(S)wQ(S — u)éai(zNi)(da)l{ogﬁgﬂ(&ai(zl\i)),i§<NzN771>}QQ(dS,di,dﬁ),
0 JN\{0} xR+ s s s

where Qy(ds, di, d¥) = Qy(ds, di, dv)) — ds( > k>1 0k (di))d¥ is the associated compensated measure.
Thus (AY . ); is a martingale and (60) follows. O

w1, w2

We next study the deviation of (AY . )p. Define

w1, w2
(61) Vi s = (4C*<10gN>N_1/2|w1|1,00|w2|1,oo)2-

w1, w2

where C* is the constant defined in (23) in Section 3.3. Let also

Xghwz = N_l‘w1|00|w2|00|,“|oo

and
(62) Wy ws = 16N loolgloclwn [Blwal3 (Vi) ,,) ™1/ (log N)
Lemma 31. Foru>27°VN  (logN)~2, we have

ul/2

]P’(|(AN )T’ Zul/z) < 2exp (f

wi, w2

-1 1¢N 1/2
Q(XIJXDIUQ +€711Y17w2))+2]?(N |'ul|ooww%1w§ (?)T Z 2£w17w2u )
Proof. We plan to apply a classical deviation inequality for martingales (see e.g. Lemma 2.1 in

van de Geer [45] or the classical textbook by Shorak and Wellner [42]), namely:

2

(63) P((AY, o)1 > v, (AN Vp < w) < exp ( . m)
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for every v,w > 0, where xJ ., = N7 wi |so|w2]os|t] oo is an almost-sure bound of the size of the
jumps of (AN )p. With v = u'/? and w = &Y u'/?, inequality (63) gives

w1 ,Wa w1 ,Wws2
ul/?
Z(le w2 + 511)1 wg)

Inserting the term N ! fot fR w1 (8)%wo(s — u)?g(s,u)duds in (60), we obtain

(A )T < N7 ttloo ([ 31w2]319lo0 + Was w3 (F)7)

(‘(AN ’Zu1/2)§2exp(_

’LU1,’LU2

)+2P(<AN b >N Lt

w1, W2 w1, w2

therefore
P((AY, )7 2 €0, 1y 0"?) < PN ptloa Wz 3 (P = 360, 1yu'?)
as soon as
(64) N‘l\uloolgloo|w1|§|w2|§ < 360wt
but by definition of & ,, in (62), this condition is equivalent to u > 27V, (log N)~2. O

Under Assumption 12, we have a uniform lower bound on g¢(t, a).

Lemma 32. Work under Work under Assumptions 1 and 12. Then, there exists € > 0 depending
on §(t,a) defined in (25) and (26) and |pu|eo and T such that g(t,a) > e.

The proof uses an explicit representation of g(¢, a) established in Proposition 17 and is delayed
until Appendix 8.4.

7.2.1. Completion of proof of Theorem 13. Let (h,h) € G x GY and set 7(t,a) = u(t,a)g(t,a).

Step 1) We plan to use the following decomposition
ﬁhN,h(tv a)w - :U'(tv a) =I+11,

with
I = m(t,a) (g(t a) — Z]\;Ilv(t,a) v w)
g(t,a)gh (t,a) Vw
and
I = (7?}]1\[(75’ a) — W(t,a))g(ta).

9(t,a)gy (t,a) V@
First, we have

1] < (ew) ™ |uloolgloclg(t @) = G (8, 0) V @] < (ew) ™ |uloolgloolg(t, a) — G5 (t, a)
thanks to Lemma 32 as soon as w < € < ¢g(t,a). In the same way,

11| < (ew) gl [7R (8, @) — 7 (t, )]

A

~ ~N
follows. Picking h = h™(t,a), h = h (t,a) and taking square and expectation, we have thus
established

(65)  E[(AY (1, a)w — p(t,0)"] SE[(§, 0 (0 0) — 9(t.0) T+ E[ERN ,  (1a) = 7(t,0))]

as soon as w < €. By Theorem 11, we already have the desired bound for the first term in the
right-hand side of (65).
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Step 2) We study the second term in the right-hand side of (65). For any h € G¥', repeating Step
1) of the proof of Theorem 11, we have

E[(7) (t,a) — 7(t,a))°] SE[AN (t,a)] + VN + BN (7)(t, a)?.
In order to estimate E[A} (t,a)], we repeat Step 2) of the proof of Theorem 11 and obtain

(66) max {GN(t.a) = Fn(ta))* = VN VI,
S BN (1)(t,a)? + {4(7N (8, a) — m(t, a))Qfolv}++’rlr}g>’i{4(%,]X(t,a)fﬂh/(t,a))ZfVﬁ/}Jr.

Step 3) We estimate the expectation of the first stochastic term in the right-hand side of the last
inequality. Using the same trick as in (55), we have by (59) that

{4(7?h (t,a) — ﬂh(t,a)) - VN}Jr ST+,
with

I'= {SWHh (—t) Ky (- (t— INCIEEEA N
and

IT = {8( AH (=1, Ky (- (tfa)))% - %Vg}+~
We bound each term separately. First, we have

E[I] :A P(Swghl (<7t),Kh2(-7(t7a))(3~)% — %Vi,‘v Z K/)dﬁl

- /0 B(WH,, (0,800, (a7 = 55 (aVi +,)2)ds S N2

applying Theorem 6 with w; = Hp, (- — t) and wy = Kp,(- — (t — a)) in the same way as Step 3)
in the proof of Theorem 11. As for 11, we have

Y N 1 ,1/2
(67) E[11] = /1VN P(1AR,, (—0). g (—(-a)7| = 575" )dr
5Vh
and we plan to apply Lemma 31 with wy = Hp, (-—t) and wy = Kp, (-—(t—a)). Setting u = §r, the

condition of Lemma 31 is fulfilled as soon as k > 8 - 2~ GVHh Kn, (logN)=2 =1 VI%I,K@ (log N)=2
which is the case here since the integral in (67) above is taken for £ > LV§ = %V}JI\LI,K’Q. It
follows that

E[II| <III+1V,

with

00 H1/2
III:Q/ exp(— )dli
%Vljiv 4\/§(XJP\IIh17Kh2 + gﬁhlyKhQ)

and _
1V = 2/l N P(N71|IU|OOW(Hh1)27(Kh2)2 (S:)T > ﬁfg}q,}(b Hl/Z)dlﬁ:.
2'h
First, we write

0o __k_
e 4(x§¥h1,Kh2 +5gh1,z<h2)2 / ke V2 dk

uN
with
N N N -
UN = ?(Vh )1/2(XHh1,Kh2 +&H,, Kn,) g
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Note that
(VA )% = by 20y AN T2 (log NYAC™ [ H]y oo K |y -
It follows that

N N
XHh17K;L2 +§Hh17Kh2
= N_1|Hh1 |oo [ K |oo| oo + 16N_1‘/‘|00|g|00|Hh1|§|Kh2|§(V\ghl|,mh2|)_l/2(bg N)

— — 2 2
= N o [ o Koo + N 720y 20 240" ] g e B

By definition of G we have h; > N~'/2 hence

H2|K|? 2
(X, R 00,02 < (1l oo [ H oo Koo + 4C™ | ptoo i alide )

follows and the term in front of the integral in 11 is bounded. Moreover,
_ V2 (logN)4C*|H|1,OO\K|1)OO

UN =3 —1/2, —1/2 H[3|K 3
N2 2052 ] o H o | K oo + AC |1t oo g0 i 2el—
> Y2 C A oo K100 (log N) = C® log N

2 H2|K|?
[loo (1H |oo | K |oo + 4C* g0 rar 27— )
say. Since

oo _K_ 1
/ ke W2dr Soye V2 < (log N)N_C(S)
uN
it suffices to check that C®) > 2 in order to have that I is smaller in order than N~2 and thus
asymptotically negligible. We finally bound the term IV. Applying Theorem 6 with (wq,ws) =
(Hj ,K}.), by the change of variable

ﬁggh& 1Kh2 /11/2 = (1 + U)CN|H}211 |1’°°|K’%2 ‘1700N71/2
we obtain that IV is of order

YN /00(1 + u) min ((exp(u) — 1), 1)du,

ZN
with
N3/2§N (VN)1/2
_ N —1y 172 2 —3/2\2 _ Hpy Kpg \"h
o = (€0, 0, ) R oo K 1,00 NT2) and 2y = e e -

Straightforward computations show that yy < hf2h§ 2N—2 <1 by construction of G3'. Finally

_ 8lgloo| H2| K2 log N

= o 1/2;1/2 n_
C"|Hloo|Kloo h1/2pY/2N-1/2

ZN —126’(4)logN—1.

say. One can check that C*) > 2 and we can therefore conclude that IV also has a negligible order.

Step 4) The control of the second term in the right-hand side of (66) is done in the same way as
in Step 4) of the proof of Theorem 11 and only inflates the previous bound by a factor or order
Card(G)) < N2. In turn E[AY(t,a)] < N~! and we have established by Step 2) that for any
he gy,

(68) E[7N (t,a) — 7(t,a))°] < BN (7)(t,a)> + VY + on

holds true with §5 < N~1. Putting together Step 1) and Theorem 11 completes the proof.
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7.3. Proof of Theorem 18.

Preliminaries. We let (Z;)o<i<7 denote the canonical process on® D([0,7], Mp.) endowed with
the weak topology and equipped with its Borel sigma-field. If T is a probability measure on Mg
and if b, p € L, we write IP’ZIXN’T for the (necessarily unique) probability measure on D([0, T], Mg )
under which (Z;)o<i<7 is a weak solution to (7) with £(Zy) =Y.

Proposition 33. For i = 1,2, let b;, i; € LF such that supp(be) C supp(b1) and supp(usz) C
supp(p1). For any initial condition £(Zy) = Y, we have

HPZI)\LM,T - Pé\;,uz,T”TV S N1/2(|b;1b2 - 1|2 + ‘MIIM? - 1’2)7

where || - ||rv denotes total variation distance, up to an explicitly computable constant that only
depends on p1 and by.

Proof. The proof is classical, and we only sketch it. Thanks to the Doléans-Dade exponential for
semimartingales (see e.g. [23] or Locherbach [32, 31] in the context of birth and death processes)
and abbreviating f(s,a;(Z;)) by fi(s), we have

dPé\g p2, T -1 ’ N
W =N / / (bg(s, a) — b1(sq) + p2(s,a) — (s, a))ZS (da)ds
by,p1, T 0 JRy

b(s) Nz( ) .
—|—/ / 1 N 1 o log =25 1y Q4 (ds, di, d¥),
o Doy en, HUS0VE: 3 (Lpozozsyion bi(s) T L e<rsuy 1o ul(s)> i )

where Q; is a Poisson random measures on R, x N\ {0} x R with intensity ds( > k>1 0k (di))dv
under ]P’{)\lf u1,x- By Pinsker’s inequality, it follows that

”Pb1 w1, T szyuz,TH%V

N
Pbl#‘fl"r

1
B |:1 P -
? Pé\;,m,r g dPlI?\g w2, Y

IN

_1R.x [ dez,uz,T}
2T dPé\i w1, T

b
= Ny { (by — by + piz — i1 — by log 22 — 113 log 22 (s, a)zf(da)]
b L [ R, b1 M1

T
o [ @07 1) et s = 1)(5,0) 22 @)
1:H1 s 0 +

with ¢(z) = 2 —log(1 + z) < 22 for > 0. Therefore

T
||Pb1,m, szm,THTV 33 EIPQ; - /0 /R (b7 b2 = 1) + (g ' p2 — 1)2)(3,a)Z§V(da)}
+

SN(by b — 13 + |yt — 103)

and Proposition 33 is proved. g

4remember that Mg denotes the set of positive finite measures on R
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Representation of g in terms of (go, b, ). We need some notation. Let

t
Lyu(t,a) = b(t,a) exp (— / (s, s —t+a)ds) for (t,a) € Dy,
t—a

00 t
My, ;1,90 () :/O b(t,t +u)go(u) exp ( —/0 p(s,u+ s)ds)du, for t e [0,T],

and define By, 4, : [0,7] — Ry as the solution to the integral equation

¢
(69) Bt ji.g0(t) = My g, (1) + / By ji,g0(@)Lp u(t,t — a)da for every t e [0,T].
0
Note that Assumptions 1 and 16 ensure the existence and uniqueness of (69). Define next

go(a—t)exp (— fot p(s,a—t+s)ds) on Dy
(70) ot a) = t

By .90 (t — a) exp ( — [ m(s,a+s— t)ds) on Dy
and set for instance g(t,a) = 0 on {a = t}. One can check that g defined in (70) is a weak solution
to the McKendricks Von Voester equation (2).

Completion of proof of Theorem 18. We follow a classical two-point lower bound argument using
Le Cam’s lemma: if P;, i = 1,2 are two probability measures defined on the same probability space
and ¥(P;) € R is a functional of P;, we have

(71) inf max Ep, [[F = W(B:)]] > 5[¥(P1) — W(P2)|(1 — [Py = Paflrv),
where the infimum is taken over all estimators of U(IP;), see e.g. [27] among many other references.

Step 1) To prove (29), we pick
go € Ky (a), bo € HYP(t,a), m € HP (ta)NLS,

arbitrarily, together with a sequence Y% such that N(Z},1) < 1 almost-surely under YV and
YN (da) — go(da) weakly as N — oco. Next, define

Mév(sa u) = /1'1(3’ u) (1 + ’(/Ji\ia(s, u))7
where
o (s,u) = eN TR (ry (s — u = (1 - @),
with 7y = NV(Z%acantl) = N1/@max(%,.0)+1) and an infinitely many times differentiable nonnega-
tive function ¢ with compact support that satisfies 9(0) = 1, |4|3 = 1. Finally, pick ¢ > 0 small
enough so that the property
py € 30 (ta) N LT,
holds, uniformly in N. This is possible since
- 1/2
Y (ot = a)|3evy = N V2 T hlaer ey < elPlaeney < elPlaer e,
and

_ §
01 ot Mocs 1-a) = N2 s uay < elblocs ) < €ltlacs a-
By Proposition 33, we have

(72) Pog. o tn = Pog v o lov S N2 ity =1, = N2 [ = ! /2|y[3 <

say, for large enough N and sufficiently small c.

1
2
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Step 2) Let (¢,a) € Dy. We let

t/
\I’(Pé\fu,r) =g(t,a) =g(t',a’) = go(—a’) exp ( — / (s, s — a’)ds)
0
by (70) above, with (¢',a’) = (t,t — a) = ¢(t,a). It follows that
[Py Ly ) = (PR )]

t’ t
—waon(— [ mlss - agis)|esp (~ [ oo i) -1

t/
> go(—a’) exp (= (|pu1]oo + 17 o)1) /0 N (s,5 — a')ds

> Lgo(—a’) exp(—|p oot )eN 20 > (0)¢
(73) > N~ Saens/ (25qens 1)

using |e”* — 1| > ze~® for x > 0 and the fact that et 1varlos > = say, for sufficiently large N.

1
2
Step 3) Let (¢t,a) € D. We now have

t/

\II(P{)\,T;L,T) = g(ta a) = g(t/a a/) = Bb”u-,go (al) €xp ( - / M(Sv s — a/)ds)»

a’

by (70) and where By, 4, is defined in (69). It follows that

N N
[Py oy ) = PPy, 1)

t’ t’
= | By v g0 (a') exp (= / (13 (s,8 — a')ds) — By iy g0 (@) exp (— / pi(s, s —a')ds)|
! a

a /

> | 1] = |11,
with
t’ t
I = By, g0 (a) (exp / (5,5 — a')ds) —exp (- / (s, —a)ds)

a

and
t/

II = (Bbo,p,év,gg(a’/) - Bbmlh,go (a/)) exXp ( - /, Mév(sa §— al)ds)'

a
To bound I from below, we proceed as in Step 2). For simplicity, we assume moreover here that
bo(t,a) = by is constant. We have By, 1, .g0(a’) > Myy 100 (t) > bolgolre™1#11=%" and in the same
way as for (73) one can check that

t’ t’
| exp (— / b (s, s — a')ds) —exp (— / u1(s, s — a')ds’
> %eflmloo(t'*a')(t/ — @' )N~ Saens/ (25aens+1)
for large enough N hence
(74) 1] > Sbolgolae™ 1= (¢ = a)oN s/ Bt

In order to bound I7 from above, we use the following technical facts that are checked in the same
way as before: for every (¢,a) € Dy, we have
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[ Mg 11y 60 (0") = Mgy g0 (0)] < bolullooT/O 9o (u){y,q) (—u)du

< bolpr oo Tlgolsol 5L a1
(75) = bolp1]oo T|gol0eN 275 2|ihly <& N~ Saons/ (2aens 1)
and
(76) |Lb07“5790(a’, a' —a) — Ly jy g0 (a’ a — a)| < b0|u1|oocN71/27i,/2¢(7'N(u — a’))(a’ —u)
and since By, 1,90 () < bolgo|1 + bo fot B9 (5)ds for every t € [0,T], we infer

(77) B 90 (t) < b0|90|1eb0T

by Gronwall lemma. It follows that

Bbo,pé\’,go (a’,) - Bbo»uh!]o (a/) = Mbo,pév,go (al) - MbmHl,go (CL,)

’

a
+ /0 By 11,90 (@) (Lbo,uév,go (a'ya" —a) — Ly g0 (a’ya" — a))da

/

a
+ /O Lbowé\’,go (a/7 a — a’) (Bbo,ué\’,go (CL) - Bbo,m,go (a))da"
Taking absolute values and using (75), (76) and (77), we derive

_ —-1/2
By iy 00(@") = Boo s g0 (0)] < bolpan e TlgoloceN =275 2 00y

+Blgoh e T oweN 20 [ (- @) @~ w)du
0

’

+ bO/O |Bb0’“§790(8) — By, 111,90 (5)|d5

Using 7']1\,/2 foa/ Y(ra(u—d))(a —u)du < T§1/2T|1/)|1, we derive

— —1/2 ’
| By 1 90 (@) = Brgr.g0(@)] < bolpi|ooTlgolsccN =27y P214p]1 (1 + boeboT)eboc

by Gronwall lemma again. We conclude

(78) 71| < N~Saens/ Coaens 1),
Comparing (74) and (78), we see that
(79) (U@ oy ) = OB )| 2 N7 oens/ BaentD),

Step 4). Combining (73) or (79) with (71) and (72), we successively obtain
F =gt a)l] > gmaxEey [|F = W(B, n)

2i=12 Tbgumsr

sup Ep

N
bp,go U

1 N N N N
> LN o)~ UEY o) (1= BN v —BY o el

> N_S;each/(QS;eachJ"l)

and (29) follows.
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Step 5) To prove (30), we proceed as in Step 1), considering now the perturbation

/jév(su ’LL) = Ml(sa ’LL) (1 + wé\,fa(sa ’U/))7
with
() = N7V 2 (v (s — ) (Fn) 20 (P (u — a)
and 78 = (Ty)) = N3(:9/2s(1:0)+1) and an infinitely many times differentiable function 1 with
compact support that satisfies ¥(0) = 1, |4|3 = 1. Finally, we pick ¢ > 0 small enough so that the
property
€ 30 (ta) N LT,

holds, uniformly in N. This is possible since

Wi s < eN T2 ) 2 o] S @
and

— 1/2 /~

‘w(l\t[7a)‘f]‘f‘s(a) <cN 1/27'1\// (TN)1/2+5|¢|W(Q)| Sc
likewise. Finally, we note that
(80) w3 (t.a) = pu(t,a)] = I (t, @)l (b a)| 2 eeN V272 ()17 2 N7 oo/ Cacun )
and
(B) BN ew =B ol € N2 = 1], = NVl = o2 < 4
say, for sufficiently small ¢ > 0, by Proposition 33, which conditions are satisfied since y; and pud’

are bounded below. The end of the proof is similar to that of Step 4) with \I/(]P’é\'# y~) = u(t,a)
together with the bounds (80) and (81). Therefore (30) is proved and Theorem 18 folllows.

7.4. Proof of Theorem 19. By (i) of Proposition 17 the smoothness assumptions on (b, i, g)
imply

(82) wis gt u) € HEBITLD 4y for (t,a) € Dy,
and
(83) wi gt u) € HPONHD0) (@) for (t,a) € Dy

for some L’ that depends on L and the smoothness parameters only. For any h € G, by standard
kernel approximation, see e.g. [44] the smoothness properties (82) and (83) together with the
definition (31) of s imply

oo
| [ Knlw - a)glt.updu = g(t,0)|  heien,
0
up to a constant that depends on K, sﬁens and L’ only. It follows that

BY (g)(t, 0)? < h2dens o,
We also have
VY < (log N)>?N~th™!
up to a constant that depends on C” of Theorem 6 and K. By Theorem 11, we conclude

E[(/g\iv(t,a) — g(t, a))2] 5 hl’élél’]l\/ (h2sj{ens/\éo + (log N)QN_lh_l) + 6N
1

< ( (log N)2 ) 25} Ao/ (25dens AMo+1)
~ N



44 ALEXANDRE BOUMEZOUED, MARC HOFFMANN AND PAULIEN JEUNESSE

using the definition of G&¥. Moreover, this estimate is uniform in (b, i, go). The proof of Theorem
19 is complete.

7.5. Proof of Theorem 20. Define i via = 1o ¢ and set 7 = i g.

Step 1) Write p(t,a) = p(t',a’) = p(t', ¢ — ') with (',a’) = p(t,a) = (t,t — a). The property
e J{Z’é(t,a) for every (t,a) € D implies j1 € J‘f?,m(%é)’é(t',a') for every (¢,a’) € p(D) = D, for

some other constant L’ that depends on L. By (ii) of Proposition 17 it follows that
T € ?C?,in('y’a)’min(aﬁﬁﬂﬁ) (t,a) for (t,a) € Dy
and
TE f]{zlfn(%é)’é(t, a) for (t,a) € Dy.
Let (t,a) € Dy, so that ¢(t,a) € Dy. By standard kernel approximation again, we infer
|(H® K)p o) xn(t,a) —n(t,a)|
=|(H @ K)n) x7(p(t,a)) — T(o(t,a))|

_ ’ /OT /0“ H, (91(t,a) — 8)Kn, (9a(t, a) — u)i(s, u)dsdu — 7 (p(t, a))‘

< thin(%t?)/\fo + hglin(a,ﬁﬁﬂﬁ)/\fo

up to a constant that depends on H, K, L’ and the smoothness parameters only and where we
have set ¢(t,a) = (p1(t,a), 2(t,a)). Similarly, if (¢,a) € Dy, we have
H® K)pog)*n(t,a) —n(t,a)| < pmmOONo 4 ponto,
14 ~ 2
It follows that

(84) BN(w)(t a)2 _ h? m%n(%é)/\fo + hg min(a,By+1,8)Alo (t,a) € D1
h 9 ~ h? mln(ﬂﬁé)/\&) + hgé/\eg if (t’ a) c DU.

We also have
(85) Vi S (log N)>N~'hythyt
up to a constant that depends on C” of Theorem 6 and H, K.

Step 2) By Theorems 13 and 19, we have

(log N)? ) 25 s MO/ (28 Mo H1)

(86) E[(1 (. 0)w—n(t,0))"] S (5

~ +min (BE (7)(t,a)*+V3 ) +n.

hegly
Moreover, by definition of sj, involved in (33), we have

(M) 251 Ao/ (25 L Alo+1)

min (h?min('y,é)/\éo + hgmin(a,,ﬁ’,’y—i-lﬁ)/\@o + (log N)2N71h1—1h2—1) S ~

hegy
and likewise, by definition of sy involved in (33), we have

(M> 25y Ao /(25U Ao+1)

min (RN 4 OO 4 (log NN TR Ty ) S (o

hegy
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Therefore, putting together (84) and (85) and using the definition of Sqeatn in (33) we obtain
logN)Q sjeath(t,a)/\fg/(Zs;reath(t,a)/\ZoJrl)
min (B t,a)2 + V& <((7> .
min (B (.02 + Vi) 5 (%
Since sgcns > Sdeath, inequality (86) becomes
2 logN 2 sdcath(t,a)/\éo/(2sdcath(t,a)/\20+1)
B[ (ta) — n(t.))?] < (BN

Since the estimate is uniform in (b, i1, go) and 6y < N~ this completes the proof of Theorem 20.

+ On.

8. APPENDIX
8.1. Proof of Proposition 25.
Preliminaries. For x > 0 and ¢ > 1, define ¢4(x) = exp(z?) — 1. Let also
I€(£) 1w, = inf {e> 0, Blvy(c™"6())] < 1}

and
D = diamy(F) = sup d(f,g).
f.9€F

Proposition 34 (Theorem 11.2, Eq. (11.4) p. 302 in [28]). In the setting of Proposition 25, if
D ,_
1€Cf) = €@y, < d(f,9) and E = [ 47" (N(TF,d, €))de < oo, then

P(;‘lelg\ﬁ(f)l > 8(E +u)) < 1)y(u/D)",

provided &(fo) = 0 for some fo € F.

We also recall the following bound based on a classical Chernoff bound argument, proof of which
we omit. For z > 0, let p(z) = (14 z)log(l + z) — «.
Lemma 35. Let X be a non-negative random variable on some probability space equipped with a
probability measure Q. If, for some k1, ks, ks > 0, we have
Eq [e)‘X] < kyexp (kap(ksX)) for every A >0,
then, for every u > 0,
Q(X Z u) S ]{71 exp ( — kgﬁ(u/kgk:;))

Proof of Proposition 25. Thanks to Proposition 34, all we need is an upper bound for ||£(f) —
&(9)lly,- Let kK > 0. We plan to apply Lemma 35 with Q = P(- |A(k)), X = [£(f) — £(9)],
ki =2P(A(k)), k2 = c1(1 + k), ks = c2d(f, g) and using (46). It follows that for every u >0

(87) P(IE(f) = &(9)l = u) < 2exp (= (1 + K)p(u/cr(l + k)e2d(f, g))) + P(A(K)°).

Now, let ¢ > 0. We have

E[v1(cHE(S) — &(a))]

E[exp(c|€(f) - €(g)])] - 1
/ (exp(c |E(f) — £(g)]) > w)dr

—&(g)| = cr)e"dr

IN

2/ exp(—cl(1+/<;) pcr/ci(1+ K)ead(f, )))e“d/iJr%,
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where we applied (87) with u = ¢« and used (45) for bounding the second term. It suffices then
to pick w = w(cy, c2) > 0 such that

(88) 2/0 exp (— (1 + K)p(w(er, c2)k/ci (14 K)eo))edr < 4.
Using (88) in the previous estimate with ¢ = wd(f, g), we obtain

R [ (wd(f,9) " 1E(F) = E(g)))] <1
and therefore

1€(f) = &, < @d(f,9) = d(f,9),
say. We may then apply Proposition 34 with d instead of d and Proposition 25 follows.
Remark 36. In (88), we may choose w(cy,c2) = ky/cica for some k > 0 that does not depend on

1 nor ca. Indeed, since p(x) > 122 for x € [0,1], given the ansatz w(cy,c2) = ky/cica in (88), it
suffices to show the existence of k satisfying k < \/c1 and

oo k2 K)2
- ks <
(89) /0 exp ( 1 1+H+/<;) <

One can check that (89) holds for large enough k. A rough bound is k = 2/77, and therefore
c1 > 308 ensures the requirement k < \/cy.

%\H

8.2. Proof of Proposition 7. We have Z}¥ = N~! Zivzl 04,, where the A; are independent with
common distribution go(a)da. Define F,, = {f = wa(—-)g,9 € F}. We claim that

(90) sup [ floo < |walso,
€F gy
(91) E[ sup [(Zg',f) —E[Z, P} S N~ [wale,
FEF
and
(92) N~! sup Var ) < |wal3.

The estimates (90) and (92) are stralghtforward. We turn to (91). Write f = wa(—-)g for f € Fy,,
with ¢ € F. Adding and substracting fooo wa(—a)g(A;)go(a)da, we have

(93) (25", f)-E[Z5', )] = 12 wa(=Ai) —Efwa(=A; )])g(Ai)+(/Ooo wa(—a)go(a)da) vy, (9),

with v (9) = N~! 21:1 (9(A;) — Ey,[g(A;)]) and where E,, denotes expectation under a bias
sampling proportional to we(—-). Since F is stable under g — —g and uniformly bounded, we have

sug’N 12 (wa(— Elws(—A4;)])g(A)| S N~ IZ wa(— Elws(—A;)]).
ge
By Cauchy-Schwarz 1nequahty, it follows that

ElopIN” 12 ws(=41) ~ Blua(=A))g(A0)] < N~/2Var (wa(=49) > £ N7 s
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In the same way as in the proof of Proposition 25, with iy (z) = e — 1, we show using the tools
in [28]], p.322, that for g1, 9> € F, we have [, (1) — v, (92) [ S N7'?|91 — g2 by Hoeffding

inequality. It follows that E[sup,cq vay, (9)] < N~—1/2. Noticing that the term Iy~ wa(—a)go(a)da
in front of v (g) in (93) is of order |ws|2 enables us to conclude the proof of (91). Noting that

W, (Flo = SUPjey,, (Z¥ | f), the proof of Proposition 7 is now a consequence of Lemma 6.1. in
Comte et al. [10] on the concentration properties of (Z, f), based on the bounds (90), (91) and
(92). We omit the details.

8.3. Proof of Proposition 17. The behaviour of the solution & (da) = g(¢,a)da of the McK-
endricks Von Voester transport equation is studied in numerous textbooks, see e.g. [40]. The proof
goes along a classical representation of g in terms of an auxiliary function solution to a certain
renewal equation that enables one to study the pointwise smoothness of (t,a) — g(t,a).

Preliminaries. We start with the following technical result, which is merely an observation:

Lemma 37. If for some o,7 > 0 and for every (t,a) € D we have f € H?"(t,a), then, for every
(t',a') € D,

(i) ur— fou f(s,u)ds € Hmin(o+1,7) (a'),

(ii) uw fot, f(s,u+ s)ds € Hmax(ENT+H).7) (g7,
Proof. Property (i) is straightforward. To obtain (ii), we first write

/

utt’ utt’

Gurlu) = /Otlf<s,u+s>ds: | femusis= [ flsws

with f(s,u) = f(s —u,s), so that f € H™™7)o (' Lo/ a') for every (t',a’) € D. Writing

/u““' fs,u)ds = /0u+t’ f(s,u)ds — /Ou F(s,u)ds

an applying (i), we obtain u — [ f(s,u)ds € Fmin(min(o.m)+1.0) (/) — gmin(e.m+1) (g/) for every
a’ € Ry. Similarly, u — f5+tf(s,u)ds € Hmin(@7+) (') therefore Gy € H7(a') € H™in(em+1),
But since Gy € H7(a') trivially holds, we have in fact Gy € H7(a’) N H™nlTHD(¢) =
g_(max(a/\(r—&—l),-r)(a/). O

Completion of proof of Proposition 17. For o,7 > 0, we write f € H?7 if f € H*7 (¢, a) for every
(t,a) € D.

Step 1) For fixed a, we have (s,t) — pu(s,a —t + s) € H"% hence by (i) of Lemma 37 we have
t fg w(s,a —t+ s)ds € FHWn((VA)+1.0) — gemin(y+1.9) - For fixed t, (s,a) — u(s,a —t) € HO
holds true, hence a — fot w(s,a —t+ s)ds € H™(IFIVI By (i) of Lemma 37. It follows that

t
(t,a) — exp ( — / u(s,a—t+ s)ds) € Hmin(y+1,0),max(yA(6+1),0)
0

Also (t,a) — go(a —t) € H¥Y C Hmin(+L)max(A(G+1):9) gince v > max(y,d) 4+ 1 hence the
result on Dy. In the same way, on Dy, we have ¢t — fot u(s,a —t + s)ds € Hmin(v+1,6) 4nd
t fotia p(s,a—t+ s)ds € H™O+L9) by (i) of Lemma 37 hence

t
(94) t— / ﬂ(57 a—1t+ S)ds c g_cmin(erl,é)'
t—a
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Moreover, fttfa p(s,a+s—t)ds = — [ u(s +t,a+ s)ds and (s,a) — u(s,a+s —t) € H" for
fixed t, therefore

¢
(95) a / (s, a —t+ s)ds € H™ROFL)
by (i) of Lemma 37 likewise. Putting together (94) and (95), we conclude

¢
(96) (t,a) — exp ( — / p(s,a—t+s)ds) € Fmin(y+1,6),min(y+1,9),

t—a
The property b € H*? together with (96) entail Lj,, € FHmin(e:7+1,0)min(8:5+1.9) hence
(t, a) — Lb #(t,t . a) c g_cmin(a,'erl,6),min(a,5,w+1,6)
and
t .
(97) ts / B gy (@) Lu,pu(t,t — a)da € Hmm(Ba L),
0

follows by (i) of Lemma 37. Plainly,
(98) b My g, (1) € FOP(OBTHLIFY
and putting together (97) and (98), we conclude
(99) t > By g (t) € FRI(@BAHLE),
hence (t,a) = By, 40 (t—a) € Fmin(®fy+1.0)min(@,8,3+1,9) " The result of Proposition 17 (i) follows.
Step 2) Writing (¢',d’) = ¢(t,a) = (t,t — a), the representation (70) now becomes

go(—a’)exp (— fo (s,s —d)ds) on Dy
(100) g(t,a) =gt ,ad') =

By g0 (a’) exp (— fat, (s, s —a')ds) on Dy

On Dy, we have t/ f(f/ (s, s —a')ds € H™(+1 and o — fot/ (s, s —a')ds € FHRax(YA(E+1),9)
by (ii) of Lemma 37 for the second case, hence

t/
(t',a’) > exp ( _ / ,U(S, s — a')ds) c j_cmin('y—&-l,é—&-l),min('y,é-&-l).
0

Since (¢, a’) — go(—a’) € H>* hence the result since v > 4. Similarly, on Dy, by (99), we have
(t',a") = By g0 (a’) € Fomn(@F7H1.0) and the same arguments as before yield

t a '_>/ S—CL ds6g_cmin('y+1,5+1),max(’y/\(6+1),6)'

Combining these two properties gives the result on D 1, and completes (ii) of Proposition 17.
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8.4. Further estimates on the McKendricks Von Foerster equation. The following result
is a classical estimate of the renewal equation, see for instance [40].

Lemma 38 ([40], Theorem 2.2. in Chapter 2). Work under Assumptions 1. We have

o0 oo
sup / g(t,a)dag/ go(a)da el=H=T
0<t<T Jo 0

and

o0
19le < max (|golsos [bloe sup / o(t, a)da)
0<t<T Jo

Proof of Lemma 32. On Dy, by (70) in the proof of Proposition 17, we have

g(t,a) = gola —t)exp (— /O p(s,a—t+s)ds) > 8(t, a)eH=T

by (26) of Assumption 12. On Dy, (70) yields the representation

a

g(t,a) = By ., (t — a) exp ( - / u(s,a+s— t)ds) > Bpj,go(t — a)e*\u\oot

t—a
and by (69), we further have
Bb»li:go (t - a) Z Mbv“vgo (t - a’)

o t—a
= / b(t—a,t—a—!—u)go(u)exp(—/ (s, u+ s)ds)du
0 0
> (5|U(t7a)|e_‘“‘°°(t_“)
by (25) of Assumption 12. The proof of Lemma 32 is complete.
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