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SEPARATION OF SCALES: DYNAMICAL APPROXIMATIONS
FOR COMPLEX QUANTUM SYSTEMS

IRENE BURGHARDT, REMI CARLES, CLOTILDE FERMANIAN KAMMERER,
BENJAMIN LASORNE, AND CAROLINE LASSER

ABSTRACT. We consider complex quantum-dynamical systems that can be
partitioned into weakly interacting subsystems, similar to system-bath type
situations. Using a factorized wave function ansatz, we mathematically char-
acterize dynamical scale separation. Specifically, we investigate a coupling
régime that is partially flat, i.e., slowly varying with respect to one set of vari-
ables, for example, those of the bath. Further, we study the situation where one
of the sets of variables is semiclassically scaled and derive a quantum-classical
formulation. In both situations, we propose two schemes of dimension reduc-
tion: one based on Taylor expansion (collocation) and the other one based
on partial averaging (mean-field). We analyze the error for the wave function
and for the action of observables, obtaining comparable estimates for both
approaches. The present study is the first step towards a general analysis of
scale separation in the context of tensorized wavefunction representations.

1. INTRODUCTION

We consider complex quantum-dynamical systems that can be partitioned into
weakly interacting subsystems, with the goal of developing effective dynamical de-
scriptions that simplify the original, fully quantum-mechanical formulation.

Typical examples are small reactive molecular fragments embedded in a large
molecular bath, namely, a protein, or a solvent, all being governed dynamically by
quite distinct energy and time scales. To this end, various régimes of intersystem
couplings are considered, and a quantum-classical approximation is explored. A
key aspect is dimension reduction at the wave function level, without referring to
the conventional “reduced dynamics” approaches that are employed in system-bath
theories.

1.1. The mathematical setting. The quantum system is described by a time-
dependent Schrodinger equation

(1.1) i0p = H 5 =0 = o,
governed by a Hamiltonian of the form

where the coupling potential W(x,y) is a smooth function, that satisfies growth

estimates guaranteeing existence and uniqueness of the solution to the Schrodinger

equation (II)) for a rather general set of initial data, as we shall see later in Sec-

tion @l The overall set of space variables is denoted as (z,y) € R" x R? such that

the total dimension of the configuration space is n + d. The wave function depends
1
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on time ¢ > 0 and both space variables, that is, ¢ = ¥ (¢, x,y). We suppose that
initially scales are separable, that is, we work with initial data of product form

(1.2) $(0,2,y) = vo(z,y) = @5 ()04 ().
In the simple case without coupling, that is, W = 0, the solution stays separated,
Ytz y) = @ (t,x)pY (¢, y) for all time, where

0" = Hoo" 5 @lio =10, 10w = Hyp" 5 @f_o =0,

and this is an exact formula. Here, we aim at investigating the case of an actual
coupling with 9,0,W # 0 and look for approximate solutions of the form

wapp(tv €, y) =¢° (tv ‘T)(py (tv y)v

where the individual components satisfy evolution equations that account for the
coupling between the variables. The main motivation for such approximations is
dimension reduction, since ¢* (¢, z) and ¢¥(¢,y) depend on variables of lower dimen-
sion than the initial (z,y). Of crucial importance is the choice of the approximate
Hamiltonian Happ = Hy + Hy + Wapp(t, 2, y), that governs the approximate dy-
namics. We consider two different approximate coupling potentials: One is the
time-dependent Hartree mean-field potential, the other one, computationally less
demanding, is based on a brute force single-point collocation. Time-dependent
Hartree methods have been known for a long time and have earned the reputation
of oversimplifying the dynamics of real molecular systems. We emphasize, that our
present study does not aim at rejuvenating but at deriving rigorous mathematical
error estimates, which seem to be missing in the literature. Surprisingly, our er-
ror analysis provides similar estimates for both methods, the collocation and the
mean-field approach. We investigate the size of the difference between the true and
the approximate solution in the L?-norm

”w(t) - 1bapp(t)HL?

and in Sobolev norms. We present error estimates that explicitly depend on deriva-
tives of the coupling potential W (z,y) and on moments of the approximate solution.
As an additional error measure we also consider the deviation of true and approxi-
mate expectation values

((t), AY(t)) — (Yapp(t), Athapp(t)) ,

for self-adjoint linear operators A. Roughly speaking, the estimates we obtain for
observables depend on one more derivative of the coupling potential W (z,y) than
the norm estimates. This means that in many situations expectation values are
more accurately described than the wave function itself. Even though rigorous
error estimates that quantify the decoupling of quantum subsystems in terms of
flatness properties of the coupling potential W (z,y) are naturally important, our
results here seem to be the first ones of their kind.

1.2. Relation with previous work. Interacting quantum systems have tradition-
ally been formulated from the point of view of reduced dynamics theories, based
on quantum master equations in a Markovian or non-Markovian setting [3]. More
recently, also tensorized representations of the full quantum system have been con-
sidered, as for example by matrix product states (MPS) [33] [34] or within a mul-
ticonfiguration time-dependent Hartree (MCTDH) approach [5l 15 29, 39]. Both
wavefunctions (pure states) and density operators (mixed states) can be described
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in this framework, and wavefunction-based computations can be used to obtain
density matrices [36]. In the chemical physics literature, dimension reduction for
quantum systems has been proposed in the context of mean-field methods [14], [16],
and the quantum-classical mean-field Ehrenfest approach [13, 2]. Also, quantum-
classical formulations have been derived in Wigner phase space [27, 21] and in a
quantum hydrodynamic setting [I7, [6, 35]. Our present mathematical formulation
circumvents formal difficulties of these approaches [10} [37,[32], by preserving a quan-
tum wavefunction description for the entire system. Previous mathematical work
we are aware of is concerned with rather specific coupling models, as for example
the coupling of Hartree-Fock and classical equations in [7], or the time-dependent
self-consistent field equations in [20], or with adiabatic approximations which rely
on eigenfunctions for one part of the system, see for example [38] 28]. To the best
of our knowledge, the rather general mathematical analysis of scale separation in
quantum systems we are developing here is new.

1.3. Partially flat coupling. For a first approximate potential, we consider a
brute-force approach, where we collocate partially at a single point, for definiteness
we choose the origin, and set

In comparison, following the more conventional time-dependent Hartree approach,
we set

Wit (8, ,y) = (W), (t,2) + (W), (t,y) — (W) (1),

where we perform partial and full averages of the coupling potential,

/W:z:y|<p t:z:|2d3:// “(t, )| da,
/Wﬂ:ylwtyl2dy// Y(t, )| dy,

= T x 2dx z)pY 2 dzdy.
W) = RMW( ) @™ (8 )Y (,y)] ddy//w+ Tt @)Y (t, y)|” dedy

For both approximations, the brute-force and the mean-field approximation, we
derive various types of estimates for the error in L?-norm. Our key finding is that
both methods come with error bounds that are qualitatively the same, since they
draw from either evaluations or averages of the function

5W(‘I7$/a yvy/) = W(Ia y) - W(Ia y/) - W(‘Ilvy) + W(‘Ilvy/)'

Depending on whether one chooses to control the auxiliary function W in terms
of VW, V,W or V,V,W, the estimate requires a balancing with corresponding
moments of the approximate solution. For example, Proposition B3] provides L2-
norm estimates of the form

t
const [V, W~ 12 | (o) o3
0
”d’(lf) - ¢app(t)||L2 < t
const [V, Wz [l (s) iz lo? (93,
0
where const € {1,2,4}, depending on whether 9., (t) results from the brute-force

or the mean-field approximation. Example [3.4] discusses important variants of this
estimate using different ways of quantifying the flatness of the coupling potential.
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Proposition B8 gives analogous estimates in Sobolev norms. In addition, we ana-
lyze the deviation of the true and the approximate expectation values in a similar
vein. For the expectation values, we again obtain qualitatively similar error esti-
mates for Wys and Wiye. The upper bounds differ from the norm bounds in so
far as they involve one more derivative of the coupling potential W and low order
Sobolev norms of the approximate solution, see Proposition 3.0l Hence, from the
perspective of approximation accuracy, the brute force and the mean-field approach
differ only slightly. Therefore, other assessment criteria are needed for explaining
the prevalence of the Hartree method in many applications, as we will discuss in
Section

1.4. Dimension reduction via semiclassical analysis. In the second part of the
paper we turn to a specific case of the previous general class of coupled Hamiltonians
H® = H, + Hy + W (z,y) and consider for one part of the system a semiclassically
scaled Schrodinger operator

2
e
H =~ A, +Valy), <>0.

We will discuss in Section [5.1] system-bath Hamiltonians that can be recast in this
semiclassical format. The initial data are still a product of the form (2], but the
y-factor is chosen as

Uiy = e—d/4, (Y90 Lipo-(y—ao)/e
900 (y) =£ a ( \/g ) € )
that is, g is a semiclassical wave packet with a smooth and rapidly decaying
amplitude function a € S(R?), and an arbitrary phase space centre (go,po) € R?%.
We will choose a semiclassical wave packet approximation for ¢¥ (¢, y) exploring two
different choices for the centre (¢(t), p(t)). As a first option we consider the classical
trajectory

and as a second option the corresponding trajectory resulting from the averaged
gradient of the potential V5,

Vi) (0= [ Vvl ay/ [ e

Correspondingly, the approximative factor ¢® (¢, ) is evolved by the partial Hamil-
tonian H, + Weg with

Wea(t,2) = W(z,a(t) or
Warltoo) = [ Wia) P dy/ [ 16

We obtain error estimates in L2-norm, see Proposition [5.5 and expectation values,
see Proposition 0.8l These estimates are given in terms of the semiclassical pa-
rameter ¢ and derivatives of the coupling potential. Again, both choices for the
effective potential differ only slightly in approximation accuracy. Measuring the
coupling strength in terms of n = ||V, W| L, we obtain two-parameter estimates
of order \/z 4+ n/+/¢ in norm, while the ones for the expectation values are of order
€ +n. Hence, again the accuracy of quadratic observables is higher than the one
for wavefunctions.
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2. ASSUMPTIONS

We describe here the mathematical setting that will be ours, and discuss it in
the context of system-bath Hamiltonians [41] [3]. Our Hamiltonian is of the form

1 1
Hy = —5A; + Vi(z), Hy=—5Ay+Va(y),

where the potentials Vi (x), Va(y) and the coupling potential W (z, y) are all smooth
functions, that satisfy growth conditions as given in Assumption[ZIl We will denote
V(z,y) = Vi(z) + Va(y) + W(x,y) and abbreviate the Lebesgue spaces for the
different variables z, y, and (z,y) by

2 _ 12 n 2 _ 12 d 2 _ 12 n+d
L2=L[*R") , L2=L*RY) |, L[*=L*R"Y).

The initial data o (z,y) in ([L2) are products of functions ¢f € L2 and ¢f € L2,
that are square-integrable and typically, Schwartz class, see below.

2.1. Assumptions on regularity and growth of the potentials. We choose a
very classical set of assumptions on the regularity and the growth of the potential,
since our focus is more on finding appropriate ways to approximate the solution in
a standard framework than on treating specific situations.

Assumption 2.1. All the potentials that we consider are smooth, real-valued, and
at most quadratic in their variables:

Vi € C®°(R™R), Vo € C°(R%4R), W e C°(R"T:R),
and, for o € N*, B € N9,
O2Vi € L™ for|a| =2, 9PV e L™ for |B| =2, 0200W € L™ for|a| + 8] > 2.

We also assume that V,W € L°°, but note that this condition can easily be relaxed,
see Example[34) All the initial date we consider are smooth and rapidly decaying,
that is, Schwartz class functions:

oF € SR™;C), ¥ € SMR%:C)  (hence 1 € S(R™;C)).

Under the above assumption, it is well-known that H,, i, and H are essentially
self-adjoint on L2(RY), with N = n,d and n + d, respectively (as a consequence of
Faris-Lavine Theorem, see e.g. [30, Theorem X.38]).

Example 2.2. Since Assumption 2] involves similar properties for Vi, Vo or W,
we present examples for V; only, which can readily be adapted to Vo and W. For
instance, we can consider

n n
Vilw) = Yo wiad 4+ 3 Bre N 4 Vo (),
j=1 j=1
with w; > 0 (possibly anisotropic harmonic potential), 5, € R, A; € R™*™ positive
definite symmetric matrices (Gaussian potential), and Vje, a smooth potential,
periodic along some lattice in R™.

The assumptions on the growth and smoothness of the potentials and the regu-
larity of the initial data call for comments.
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Remark 2.3. Concerning the growth of Vi, Vo and W, the assumption that they
are at most quadratic concerns the behavior at infinity and could be relaxed, up to
suitable sign assumptions. Local behavior is rather free, for example a local double
well is allowed, as long as it is not too confining at infinity. We choose to stick
to the at most quadratic case, since bounded second order derivatives simplify the
presentation.

Remark 2.4. Concerning the smoothness of our potentials, most of our results still
hold assuming only smoothness of W, as long as the operators H, and H, are
essentially self-adjoint on an adequate domain included in L?(RY), with N = n, d.
For example, V7 and V5 could both present Coulomb singularities, and the results
of Proposition 3.3 would still hold. In the semiclassical régime, we can also allow a
Coulomb singularity for V; and prove Proposition and Proposition 0.8

Remark 2.5. Concerning the smoothness and the decay of the initial data, most of
our results still hold, if the initial data are contained in one of the spaces %*(RY)
containing functions f whose norms

(2.2) Ifllsx = sup |20 fl| 2

z€R
lal+]BI<k

are bounded. Note that S(RY) = NienX*. For example, Proposition B3l still holds
for initial data in X', while Proposition [5.5] requires initial data in a semiclassically
scaled ¥3 space.

2.2. System-bath Hamiltonians. An important class of coupled quantum sys-
tems are described by system-bath Hamiltonians [4T], [3].

1 1
Hgy, = —§Az - §Ay + Va(z) + Vi (y) + Van (2, 9)

These are naturally given in the format required by (2.1). In the present discussion,

we specify that the bath is described by a harmonic oscillator, V4 (y) = $k3|y|? (or
a set of harmonic oscillators in more than one dimension) and the system-bath

coupling Vi, (z,y) = W(x,y) is of cubic form, such that we obtain in the notation

of @),

He= =30+ Vi) Hy= 30+ 3Kl . Wiey) = 5i-alyl,
where k9 > 0 and 7 € R%. The cubic, anharmonic coupling W (z,y) is a non-trivial
case, which is employed, e.g., in the description of vibrational dephasing [24] 18]
and Fermi resonances [4]. It is natural to assume smoothness and subquadratic
growth for Vi(z). However, the coupling potential W (x,y) clearly fails to satisfy
the growth condition of Assumption Il Moreover, it is not clear that in such a
framework the total Hamiltonian H is essentially self-adjoint. On the other hand,
adding a quartic confining potential,

1 1 1
Hy, = _EAy + 5k3|y|2 + Zk2|y|4a kg >0,

guarantees that H is essentially self-adjoint. Indeed, Young’s inequality for prod-
ucts yields

1/1
Wia) >~ (schiPleP +calyl') . Voo >0
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so choosing ¢y = k, we have, for the total potential V(z,y) = Vi(x) + Vi(y) +
W(z,y),
> _ P e > —Ch|z|? = C
Viz,y) 2 [Vs(2)| = giglel” = —Cilel” = Cs,

4
for some constants Cq,Co > 0. Hence, the Faris-Lavine Theorem implies that
H,,H, and H are essentially self-adjoint. In the following, we will therefore also
provide slight extensions of our estimates to accommodate this specific, but inter-
esting type of coupling (see Remark B.7]).

3. PARTIALLY FLAT COUPLING

In this section, we present error estimates that reflect partial flatness properties
of the coupling potential W (z,y) in the sense, that quantities like ||V, W /|| or
IV4V, W e are small. Depending on the regularity of the initial data, the small-
ness of these norms could also be relaxed to the smallness of || (z) =" (y) ¥V, W|| 1
for some o, 0y > 0, see Example[34l We investigate two approximation strategies,
one that is based on brute-force collocation, the other one on spatial averaging. In
each case, we prove that the coupling in (z,y) is negligible at leading order with
respect to V,W. Throughout this section, ¢ = (¢, z,y) denotes the solution to
the initial value problem (I)—(T2).

3.1. Brute-force approach. We consider the uncoupled system of equations
{iat()ox = Hp" + W(x,0)p" ; SD\zt:O = %0,

3.1 .
(3.1) 0" = Hyp" + W(0,9)¢" 5 ¢} = ¥0-

In view of Assumption 2] these equations have unique solutions ¢* € C(R; L2),
¢¥ € C(R; L), and higher regularity is propagated, ¢* € C(R; ¥F), o¥ € O(R; ZZ),
for all k € N, where we recall that ¥* has been defined in (Z2). The plain product
solves

10 (p"¢") = H(p"¢¥) + (=W (z,y) + W(2,0) + W(0,y)) (¢"¢").
This is not the right approximation, since the residual term is not small: Even if
W varies very little in y, then W(x,y) — W (z,0) — W(0,y) ~ W(z,0) — W(x,0) —
W(0,0) = —W(0,0). This term is removed by considering instead
Yapp(t, 2, y) = VOO Gt 1)V (1, ).

It satisfies the equation

i0tYapp = Hbapp — (W (2, y) — Wapp (2, y)) Yapp -

::Ew

with approximative potential Wapp (2, y) = W(z,0) + W(0,y) — W (0,0). The last
term X, controls the error ¥ — 1,5, as we will see more precisely below. Saying
that the coupling potential W is flat in y means that V, W is small, and we write

W(z,y) = Wapp(z,y) = W(z,y) - W(z,0)) = (W(0,y) — W(0,0)).

~y-Vy,W(z,0) ~y-V,W(0,0)

This suggests that partial flatness of W implies smallness of the approximation
erTor.
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Remark 3.1. For choosing another collocation point than the origin, one might use
the matrix

1<j<n, 1<k<d

The Taylor expansion ([2]) implies for (z,y) &~ (xq, yo) that
Wiz, y) = W(z,y0) = W(zo,y) + W(zo, y0) = (x - M(zo,y0)y),

which corresponds to the standard normal mode expansion. Hence, choosing (zo, yo)
such that the maximal singular value of M(zg,yo) is minimized, we minimize the
error of the brute-force approach.

3.2. Mean-field approach. Instead of pointwise evaluations of the coupling po-
tential, we might also use partial averages for an approximation. We consider

{iatd)x =Hy¢" + (W), (1) 0" 5 &m0 = ¥

(32) 08 = Hyo" + (W), (00" 5 g = ol

where we have denoted

_ o = S W@ le'(ty)Pdy _ [ W(x,y)lo¥ (L y)Pdy
Wy =Wy 00) = =0y~ TPy

_ S Wz, y)|¢” (¢, x)|*de [ W(z,y)|o"(t,x)|*dx
We =(W)e (t:3) [ o= (t,z)|2dx - [t (z)[2da ’

where we have used the fact that the L?-norms of ¢* and ¢¥ are independent of time,
since W is real-valued. Note that (32 is the nonlinear system of equations of the
time-dependent Hartree approximation. Contrary to the brute-force approach, L?
regularity does not suffice to define partial averages in general. In view of Assump-
tion[ZT] a fixed point argument (very similar to the proof of e.g. [8, Lemma 13.10])
shows that this system has a unique solution (¢*, ¢¥) € C(R; X} x X} ), and higher
regularity is propagated, ¢* € C(R;XF), ¢¥ € C(R; E’;), for all k > 2. The approx-
imate solution is then

Dapp (t,2,9) = ¢ (1, 2)¢ (1, y)e' 5 VI,
with the phase given by the full average

_ W, y)lg" (t,2)¢¥ (¢, y) *dady
[l ()i (y) |2 dady '

(W) = (W)(#)
It solves the equation
iO1bupp = Houpp = Zo, B 1= (W = (W), = (W), + (W) bupp.
Remark 3.2. The correcting phase e’ J3W)ds seems to be crucial if we want to
compute the wave function. On the other hand, since it is a purely time dependent

phase factor, it does not affect the usual quadratic observables. The same applies
for the phase e (9.9 of the brute-force approximation.
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3.3. Error estimates for wave functions. We begin with an approximation
result at the level of L?-norms only. For its proof, see Section [B.11

Proposition 3.3. Under Assumption[21, we have the following error estimates:
Brute-force approach: for happ(t, ,y) = @ (t, )Y (t,y)e™™ 0 defined by B.1)),

t
2V, Wl ez | loe?(o)legds
16(8) = Yapp @]z < t
VTl [ a6zl ().

0

Mean-field approach: for ¢app(t,x,y) = ¢*(t, x)d¥ (t,y)e’ J5 (W)ds defined by (B.2),

t
AV Wl lzs | 190" (5) ]y,
16(6) — Gupp®) 122 < t
VT W w267 ()12 o6 ()3
0

We see that the smallness of ||V, W]~ controls the error between the exact and
the approximate solution in both approaches.

Ezample 3.4. In the case W (xz,y) = Wi (x)Wa(y), the averaged potentials satisfy
(W), (t,z) = Wiz) (Wa), (8), (W), (t,y) = (W), (HW2(y),

with
_ S Wa@)le¥(t,y)Pdy _ [ Waly)|g¥ (t,y) Pdy
53 (Wa) =(Wa), (t) = TIov(t, y)2dy T 1ot () 2dy
' _ JWi()|g" (8, 2)Pdz_ [ Wa@)|¢" (t, o) Pde
<Wl>_<Wl>m() J"M)m t,:Z? |2d33 f|</70 |2d:ZZ .

The L°°-norms, that provide the upper bounds in Proposition B3] separate as
[VyWillLe = Wil [ VyWal e,
[VaVyWlLee = [VaWillLe [VyWa| e,

and it is ||V, Wa]| L~ that controls the estimates. Suppose we have W(y) = n]y|?
with 1 small: VI, is not bounded, but we can adapt the proof of Proposition [3.3]
to get

t
[9(t) = Gapp ()]l L2 < 1677HW1HL;°H<p§HLg/O Ily[*¢" (s)]l £z ds,
that is, the extra power of y is transferred to the ¢¥ term. In the same spirit, in

terms of 1 := || (x)” 7" (y) vV, W]||p, for some o,,0, = 0, we get:
y y

t
[9(t) = Gapp ()2 < 877/0 1{2)7 &" ()l 2 I1(w) ¥ ly|” () 2 ds.
See Section [Bl for details of the argument.

Example 3.5. An important class of examples consists of those where W is slowly
varying in y: W(z,y) = w(z,ny) with n < 1 and w bounded, as well as its
derivatives. In that case |V W | e = n||Vyw| poe.
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Remark 3.6. If Vy is confining, Vi (z) 2> |z|? for |z| > R (for instance, V; (x) = c|z|?*,
¢ > 0 and k a positive integer, a typical case where V; may be super-quadratic while
H, and H remain self-adjoint), then we can estimate ||x¢%||z2 uniformly in time.

If V4 = 0, or more generally if Vi(z) — 0 as |z| — oo, we must expect some
linear growth in time [[z¢®(¢)z2 < (t), and the order of magnitude in ¢ is sharp,

corresponding to a dispersive phenomenon.

Remark 3.7. The framework of a cubic system-bath coupling W (z,y) = 37 - z|y|*
as described in Section is recovered by taking o, = o, = 1 in Example B4
In addition, in the presence of a quartic confinement with k] > 0, in view of
Remark 3.6] we also know that ||(y)|y|¢¥(t) 2 is bounded uniformly in ¢.

Adding control on the gradients of the functions ¢ (t), @Y (t) respectively ¢”(t), ¢¥(t),
allows also error estimates at the level of the kinetic energy. For a proof, see Sec-
tion

Proposition 3.8. Under Assumption[21), there exists a constant C' > 0 depending
on second order derivatives of the potentials such that we have the following error
estimates:

Brute-force approach: for tapp(t, 2, y) = ¢ (t, 2)Y (t,4)e™™ (00 defined by B,
V2t (t) = Vatbapp ()l 22 + [|29(t) — 2¢app ()| 2 < Cl|VaVy W[ x

t
x / e llye? () (0" ()12 + IVae" (8)ll e + |2 Vaio® (5) 1 2) ds,
0
IV8(8) = Vythapp (D)l 2 + lyb(t) — ytbapp(®)l 22 < ClIVaVy W[ x
t
x / e llag® (9)lz (Ilye” ()13 + 1Vy" (9)lzz + 1191V 40" (3)ll13 ) ds.

Mean-field approach: for ¢app(t,x,y) = ¢ (t, x)d¥ (¢, y)e’ Jo{W)ds defined by (B2,
analogous estimates for (t) — gapp(t) hold.

Remark 3.9. The strategy used to prove Proposition can be iterated to infer
error estimates in Sobolev spaces of higher order, H*(R"*+4) for k > 2, provided
that we consider momenta of the same order k, which explains the interest in
the functional spaces ¥*. Error estimates in such spaces can also be obtained
by first proving that 1 and the approximate solution(s) remain in ¥*, and then
interpolating with the L? error estimate from Proposition [3.31

3.4. Error estimates for quadratic observables. For obtaining quadratic esti-
mates, we consider observables such as the energy or the momenta, that is, operators
that are differential operators of order at most 2 with bounded smooth coefficients.
These differential operators have their domain in H?(R"*%), as the operator H.
More generally, we could consider pseudo-differential operators B = op(b) associ-
ated with a smooth real-valued function b = b(Z) with Z = (z,¢) € R2*+4) whose
action on functions f € S(R"*9) is given by

op(b) () = (2m) " [ ( = <) e f () dgdz .

R
We assume that b satisfies the Hormander condition

(34) Va, B € N**, 3Cas > 0, [02080(2,0)] < Cap(Q)*™),
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that is, b is a symbol of order 2, see e.g. [I, Chapter 1.2]. We shall also consider
observables that depend only on the variable x or the variable y. The following
estimates are proven in Section [B.3

Proposition 3.10. Under Assumption[Zd), for b € C=(R"*?) satisfying B.4) and
B = op(b), there exists a constant Cy, > 0 such that we have the following error
estimates:

Brute-force approach: for app(t,x,y) = (L, x)p¥ (t,y)e™ OO0 defined by
@I, the error
ey(t) = (¥(t), BY(t)) = (Yapp(t), Btbapp(t))

satisfies

lew(t)| < Cp  sup  [[VPM | < lvboll> (N (Yapp) + tlollz2)
[B1<Nnta

where Nyq > 0 depends on n+d, M(x,y) = 0,0,W (z,y), while
t t
N (app) = I8 12 / e ()13 ds + Il oz / J?(s) | 2 ds
t t
et [ IV D ligds + et [ 1VGe(s)lzds
t t
[ e @l lTe G lugds + [ 196l e (o) 3.
0 0

Mean-field approach: for ¢app(t,x,y) = ¢*(t, x)d¥ (¢, y)e’ J5(W)ds defined by (B2,
the error (1(t), Bi)(t)) — (@app(t), Béapp(t)) satisfies a similar estimate.

Remark 3.11. The averaging process involved in the action of an observable on a
wave function allows to prove estimates like the one in Proposition B.10, that are
more precise than the standard ones stemming from norm estimates,

lew ()] < N(t) = Yapp ()]l 22 (1B @) 22 + [1BYapp (t)ll2) -

Remark 3.12. We point out that the error is governed by derivatives of second
order in W, involving a derivative in the y variable that is supposed to be small.
Besides, note that the direct use of an estimate on the wave function itself would
have involved H? norms of t,pp(s), while this estimate only requires H' norms.
This first improvement is due to the averaging process present in Egorov Theorem.

3.5. Energy conservation. The error estimates of Proposition[3.3, Proposition[3.8],
and Proposition BI0 do not allow to distinguish between the brute-force single
point collocation and the mean-field Hartree approach. However, in computational
practice most of the employed methods are of mean-field type. Why? Our previ-
ous analysis, that specifically addresses the coupling of quantum systems, does not
allow for an answer, and we resort to a more general point of view. Both approx-
imations, the brute-force and the mean-field one, are norm-conserving. However,
the mean-field approach is energy-conserving with the same energy as (L1]). At first
sight, this is surprising, since the mean-field Hamiltonian H,,¢(t) depends on time.
In a more general framework, where the time-dependent Hartree approximation is
considered as application of the time-dependent Dirac—Frenkel variational principle
on the manifold of product functions, energy conservation is immediate, see [25]
§3.2] or [26] Chapter I1.1.5].
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Lemma 3.13. Under Assumption [Z1] and considering the mean-field approach
Gapp(t, T, y) = (b””(t,x)¢y(t,y)eif0t<w>(s)ds defined by B.2), we have
(Papp (t), Hunt (t)Papp(t)) = (1o, Hipo) ~ for all t >0,
where the mean-field Hamiltonian is given by Hwe(t) = Hy + Hy + (W), (t) +
(W), (t) = (W) (#).
Below in Section we give an elementary ad-hoc proof of Lemma

Remark 3.14. In the brute-force case, the approximate Hamiltonian Hyns = H, +
Hy, +W(z,0) + W(0,y) — W(0,0) is time-independent, and we have
<wapp(t)u Hbf¢app(t)> = <¢07 Hbf¢0> for all ¢ 2 0.

However this conserved value does not correspond to the exact energy of (ILI]), but
only to an approximation of it.

4. AN EXEMPLARY PROOF

Here we discuss our basic proof strategy and apply it for the norm estimate of
Proposition B3] The norm estimates of Example [3.4] Proposition [3.§ and Propo-
sition and the observable estimates of Proposition and Proposition are
carried out in Section [Bl and Section

Lemma 4.1. Let N > 1, A be self-adjoint on L*(RY™), and 1 solution to the
Cauchy problem

ihopy = Ay + 5 5 b= = vo,
where o € L2(RY) and ¥ € LL _(RT; L2(RY)). Then for all t > 0,

1 t
[P 2@y < HwO”L?(RN)"’E/O I2(s) ]| 2 rv)ds.

This standard lemma is our main tool for proving norm estimates. It will be
applied with either h = 1 or h = € as parameter. Its proof is given in Section [Al
Now we present the proof of Proposition [3.3

Proof. Denote by ry, = 1% — Y,app and ry = 1 — @app the errors corresponding
to each of the two approximations presented in Sections [B.1] and B.2] respectively.
They solve

(4.1) 1Oy = Hry +3y 5 i0irg = Hrg +X4 5 Tyi=0 = Tgjt=0 = 0.

We note that both approximations and their components are norm-conserving for
all times ¢t > 0, that is,

16" (Ollz = lle" Oz = llgllez » [6Y Oz = 19?2z = ll98]l L2
e In the case of the brute-force approach, we consider the Taylor expansions
W(:Evy) - WHPP(Ia y) = W(:Evy) - W(Ia O) - W(Oa y) + W(Oa O)
(4.2)

1 1 1
= y/ (O, W (2, my) — 9, W (0,my)) dn :/ / y - 0.0, W (0z,ny) = dndf.
0 0 0

and derive the estimates
(13) 12 e < 2([VyWLellyvapplizz = 2[Vy WL l0* 22 lye? |l L2,
. L2
S VIV W ool | 2 Ny 2.
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e In the mean-field approach, we note that for (¢,z,y) € R x R4,
([ies@raeRaray) (w = ), - (), + 00) t.2.0)

_ / W(ay) = Way) = W' y) + W' y)) |67 (1 2)6" () Pda’dy’
Rn+
=:6W (2,2’ ,y,y")

Like we did in the brute-force approach, we may use either of the estimates
20y =y | x [VyWllz~,
[0W (z,2",y,")| < ) .y
|z —2'[ X [y —¢'| X [VeVy W]l L.

In the first case, we come up with

IZ6llZ2 < 41V WIZee I 172 %

2
<[ (L=l Par ) 1o Paiati.
Rd Rd v
Now we have
| =l Pay < [ ol+ Do) Py

< lylllegllze + lye* ()llzz e8|l e,

where we have used Cauchy-Schwarz inequality for the last term. We infer

2
([ = vloneaiay) < 2Pl + 2o @l 181,
where we have used Young inequality (o + 3)? < 2(a? + 3?), hence

1Z6122 <8IV, W3 5 122 < / P16t ) Py + |y¢y<t>||ig) ,
and finally
(4.4) 1Zgll2 < 4IVyWllLellyd? )l zzllepl 2z
In the case of the second type approximation for W, we similarly find
1Zollze < 4V W [Leo|l2d™ ()] L2 lys¥ (1) L2
Proposition [3.3] then follows from Lemma [£.1] with h = 1. O

5. DIMENSION REDUCTION VIA SEMICLASSICAL ANALYSIS

In this section, we consider coupled systems, where one part is governed by a
semiclassically scaled Hamiltonian, that is, H, = H, with

52
Hy = =52y + Va(y).

First we motivate such a partial semiclassical scaling in the context of system-bath
Hamiltonians and introduce wave packets as natural initial data for the semiclas-
sical part of the system. We explore partial semiclassical wave packet dynamics
guided by classical trajectories and by trajectories with averaged potentials. Thus,
the partially highly-oscillatory evolution of a PDE in dimension n + d is reduced
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to a less-oscillatory PDEs in dimensions n, and ODEs in dimension d. The cor-
responding error estimates in Section compare the true and the approximate
product solution in norm and with respect to expectation values.

5.1. Semiclassical scaling. We reconsider the system-bath Hamiltonian with cu-
bic coupling of Section P22 now formulated in physical coordinates (X,Y), that
is,
2 2
o=~ A Vi) — 2oy + B2y 4 L
211 210 2"l

where the coordinates X and Y of the system and the bath part are prescaled,
resulting in the single mass parameters p1, pe for each subsystem and one single
harmonic frequency ws for the bath (noting that, alternatively, several harmonic
bath frequencies ws ; could be introduced, without modifying the conclusions de-
tailed below). The corresponding time-dependent Schrédinger equation reads

ih0, (1, X,Y) = HpU(r,X,Y).

We perform a local harmonic expansion of the potential V3(X) around the origin
X = 0 and assume that it is possible to determine a dominant frequency w;. We
then define the natural length scale of the system as

h

H1wi

a =

Rescaling coordinates as (z,y) = 1(X,Y), we obtain

1 g2 1 w? 1
Hg, = hwy | —=A, + V, — Ay |y + =7 2
=t (=580 ale) = S8, + 5T+ 37 alyl)
where we have introduced the dimensionless parameters
e= 2 | == /2
H2 w1
and denoted Vi(z) = $1- -Vi(ax) and i 1‘1}2 7. The rescaling of the system
1

potential Vi and the couphng vector 77 do not alter their role in the Hamiltonian,
whereas the two dimensionless parameters € and w deserve further attention. We
now consider the régime where both the mass ratio € between system and bath and
the frequency ratio w between bath and system are small, that is, where the system
is viewed as “light” and “fast” when compared to the “heavy” and “slow” bath.

Ezxample 5.1. For the hydrogen molecule Hs, where the electrons are considered
as the quantum subsystem while the interatomic vibration is considered as the
classical subsystem, we have ;1 = m, and puo = 918.6m,. Further, the characteristic
electronic energy is of the order of hwy; = 1E} while the first vibrational level is
found at Awy = 0.02005E}. Hence the dimensionless parameters are both small,
e =0.03299 and w = 0.1416.

Example 5.2. As a second example, we consider coupled molecular vibrations, ex-
emplified by the Hy molecule in a “bath” of rare-gas atoms, here chosen as krypton
(Kr) atoms. The Hy vibration is now considered as a quantum system interacting
with weak intermolecular vibrations. The reduced masses are given as g (H-H)
= 0.5 u = 911.44 m, (where u refers to atomic mass units), pe (Kr-Kr) = 41.9
u = 76.379 x 10% m,, and pz (Ho-Kr) = 1.953 u = 3560.10 m,.. The vibrational
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quanta associated with these vibrations are hw;(H-H) = 4159.2cm™! = 0.0189E),,
hwa(Kr-Kr) = 21.6ecm™t = 9.82 x 107° Ej,, and hwz(Hz-Kr) = 26.8cm™! =
1.22 x 107* Ej, (see Refs. [19, [40]). The resulting dimensionless mass ratios are
given as €12 = y/p1/pe = 0.109 and €135 = \/p1/pus = 0.51, and the corresponding
frequency ratios are wis = \/m = 0.072 and w3 = \/m = 0.080. In the
case of the Ho-Kr relative motion, note that the frequency ratio wi3 is indeed small
whereas the mass ratio is €13 ~ 0.5; this shows that the quantum-classical boundary
is less clearly defined than in the first example of coupled electronic-nuclear mo-
tions. In such cases, different choices can be made in defining the quantum-classical
partitioning.

In an idealized setting, where € is considered as a small positive parameter whose
size can be arbitrarily small, we would say that

w=0() as e—0,

and view the system-bath Hamiltonian Hgp, as an instance of a partially semiclassical
operator

1 2
H® = =20, 4 Vi(2) - %Ay +Va(y) + Wiz, y),

whose potentials V;(z) and V5 (y) are independent of the semiclassical parameter &
and satisfy the growth conditions of Assumption[ZIl As emphasized in Section PR.2]
the cubic coupling potential W (z,y) does not satisfy the subquadratic estimate,
but can be controlled by additional moments of the approximate solution. A corre-
sponding rescaling of time, ¢t = 7/(cw1 ), translates the time-dependent Schrédinger
equation to its semiclassical counterpart

(5.1) €0 (t, x,y) = HY (L, 2, y),
where the physical and the rescaled wave functions are related via
Vit y) = a"TD2W(7/(ewr), a X, aY).

Remark 5.3. Criteria for justifying a semiclassical description are somewhat versa-
tile in the literature. Our scaling analysis shows, that for system-bath Hamiltonians
with cubic coupling the obviously small parameter ¢, that describes a ratio of re-
duced masses, has to be complemented by an equally small ratio of frequencies w.
Otherwise, the standard form of an e-scaled Hamiltonian, as it is typically assumed
in the mathematical literature, does not seem appropriate.

5.2. Semiclassical initial data and ansatz. As before, the initial data separate
scales,

(5.2) P50, 2, 9) = ¢5(x)g" (y),
where we now assume that g® is a semiclassically scaled wave packet,
1 Y=0q0\ ipy-(y—
€(y) = ipo-(y—qo)/e
(53) g (y) - Ed/4a( \/E > € ’

with (qo,po) € R%¢, a smooth and rapidly decreasing, i.e. a € S(R%; C) = NgenXF.
In the typical case, where the bath is almost structureless (say, near harmonic), the
amplitude a could be chosen as a complex Gaussian, but not necessarily. We now
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seek an approximate solution of the form g (t,x,y) = ¥5(t, 2)y5(t,y), where 5
is a semiclassically scaled wave packet for all time,

1 Y=aO)\ ip(t)-(y—q(t))/e+iS(t
(5.4) ¢;(t,y)_mw<t, ) ot anverisiore,

Here, (q(t),p(t)) € R??, the phase S(t) € R, and the amplitude us(t) € S(R?,C)
must be determined.

Remark 5.4. We note that our approximation ansatz differs from the adiabatic one,
that would write the full Hamiltonian as H® = —%Ay + Hi(y), where

Hely) = — 580 + Vi) + Valy) + Wz, )

is an operator, that parametrically depends on the “slow” variable y and acts on
the “fast” degrees of freedom x. From the adiabatic point of view, one would then
construct an approximate solution as ¥ (¢, z,y) = ®(x,y)¥5(t,y), where &(z,y)
is an eigenfunction of the operator H¢(y); here, the subscript “bo” stands for Born-
Oppenheimer. The result of Corollary [C.3] emphasizes the difference between these
two points of view.

We denote by
y—q(t)
Ve

the part of the approximate solution that just contains the amplitude. With this
notation,

(5.5) Ugpp(t, @, 2) = Y5 (t, 2)ua(t,2) with 2=

1 ip(t)-z +iS(t
¢§pp(ta €T, y) = cd/4 ugpp(t,x, Z)e p(t)-=/ve ®)/e z:y,\qu .

The analysis developed in the next two sections allows to derive two different ap-
proximations, based on ordinary differential equations governing the semiclassical
wave packet part, which are justified in Section @55 (see Proposition [B.3]).

5.3. Approximation by partial Taylor expansion. Plugging the expression

of ¥5,,(t,,y) into (BI) and writing y = ¢(t) + 21/ in combination with the

Taylor expansions

Va(y) = Va(q(t) + 2vE) = Va(q(t)) + vez - VVa(g(t)) + % (2, V*Va(q(t)2) + O(E"/?),
W(a,y) = Wz, qlt) + 2v3) = W (2, q(t) + vEz - V, W (2, 4()) + O (&),

we find:

) 1 62 1 3 -z 2
’Laathpp + §Azq/}§pp + EAyU);pp — V(I‘, y)q/}gpp — me p(t)-z//e+iS(t)/e >

2
(i %2 o)~ i) - Wi )y,
+ Ve (—ig - Vapp = D 2Ugp, +ip - Voug,, — 2 - VVa(q)ug,, — 2 - VW (z, q)u

. 1 1 1
+e (z@tuipp + 2—€Amugpp + §Azugpp -3 (2,V?Va (q) 2) uipp>

pp)

+0(E")),
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. . . . — t
app and its derivatives are taken in z = %. To cancel

the first four terms in the /¢ line, it is natural to require

where the argument of u

(5.6) ¢=p, q0)=q, p=-VVaqg), p(0)=npo.

Now cancelling the first four terms in the first line of the right hand side yields
2
. p(s
6.7 s = 2O _viq(s)), s10) =o0.

In other words, (¢(t), p(t)) is the classical trajectory in y, and S(t) is the associated
classical action. At this stage, we note that the term z - V,W(z, q)ug,, is not
compatible with decoupling the variables  and z (or equivalently, x and y). Using
that ||V, W|| L~ is assumed to be small, the above computation becomes

. 1 g2 1 g -z i
l€5t¢§pp + §Aww2pp + 3Ay¢§pp - V(JI, y)wgpp = me p(t)-=/VEtiS(t)/e X

(iaatu?

app

+O (53/2 + \/EHVyWHLoo) )

In view of (B3, we set

1 € €
+ gAzupr + gAzuipp - (5 (2, V*Va (q) 2) + Vi(z) + Wz, q)) Ugpp

1
(5.8) g0 + iﬁziﬁf =Vi(@) + Wiz, 9)¥i Y=o = ¢0

. 1
(5.9) 10sus + §Azu2 = <z, V2V, (q) z> Uy 3 Ugjp— = a.

N =

Equation (£.9) is a Schrodinger equation with a time-dependent harmonic potential:
it has a unique solution in L? as soon as a € L?(R%). In addition, since a € ©* for
all k € N, up € C(R; X¥) for all k € N. The validity of this approximation is stated
in Proposition below. Note that if a is a Gaussian state, then us too and its
(time-dependent) parameters — width matrix and centre point — can be computed
by solving ODEs (see e.g. [20] 8, 12 23] and references therein).

5.4. Approximation by partial averaging. Following e.g. [I11 [31] or |23 Sec-
tion 2], we write

Va(y) = Va(q(t) + 2ve) = (Va)y(t) + ez - (VVa)y(t) + % 2+ (V2Va)y ()2 + i,
W(I,y) = W(x7Q(t) + Z\/g) = <W(.”L‘, )>U(t) + Va2,

where the averages are with respect to [15(¢,y)|*dy. For example,

(5.10)
2 2
(VW) (1) = LY ﬁ&‘f};gj' W _ |a|%12(Rd) [ Vst + V) [l )
1

W (2,0, (1) = W q(t) +VEz) [ua(t. =)z,

||a||%2Rd R
(R)
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where we anticipate the fact that the Lfl—norm of 15(t) is independent of time. We
almost literally repeat the previous argument and find that

. 1 e? L ip(t)= i
’Laaﬂ/}ipp + EAzd}pr + ?Ayd)ipp - V(I; y)q/};pp = We p(t)-z/ Vet S(t)/sx

. € 1 € € € £ €
(12005 + 5 Aty + At — (5 2+ (VW) 24 VA@) + (W(a, )y )

app app

+ 75475

_y—a(t)
sz

with 75 = vjug,,, j = 1,2, and z is taken as z = (y — ¢(t))/y/e. The parameters
satisfy the equations of motion

i=p. dO=am p=—V0. p0)=r 0= 150, s0)=0

We see that we can now define the approximate solution by:

(511) 0w+ 5 Ai = (Vi) + (W, (0) 05 5 Yeco = 40

) 1 1
10puo + §AZU2 ==z <V2V2>y(t) Zuz ;  Ug— = a.

2
Since the matrix (V2Va),(t) is real-valued, we infer that the L2-norm of us(t) is
independent of time, hence [[¢2(t)||zz = [luz(t)zz = [lallrz. The equation in

uy is now nonlinear, and can be solved in X!, since VV5 is at most linear in its
argument: uz € C(R; X1), and higher ¥ regularity is propagated. Here again, if a
is a Gaussian, then so is us and its width and centre can be computed by solving
ODEs (see [26 8]). Note also that, differently from the previous setting, us is now
e-dependent via the quantity (V2Va),(¢) (see (EI0)). However, this dependence is
very weak since a Taylor expansion in (5I0) shows that us is close in any ¥ norm
from the solution of the equation (B9)). For this reason, we do not keep memory
of this e-dependence and write us. By contrast, the e-dependence of ¢ is strong
since it involves oscillatory features in time.

5.5. The approximation results. The main outcome of the approximations can
be stated as follows, and is proved in Section [(JC. 1]

Proposition 5.5. Let ¢ be the solution to (BI)-(E2), with g° given by (B3).
Then with 13, given either like in Section 0.3 or like in Section[Jp.4} there exist
constants Ko, K1 independent of € such that for all t > 0,

R Y N

Corollary 5.6. Assume 1 := |[|[V,W||L~ < /¢, then for all T > 0,

€ € y — i
S 100 = Ui Ol O<\/E+ ﬁ>.

Remark 5.7. Using the same techniques as in Section [BIB.2] one can prove estimates
on higher regularity norms, using e-derivatives in y and standard ones in z. For
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example, if a € ©#, then there exists Ky, K; independent of & such that
1eVyY=(t) = eVyhapp (0)llL2 + lyd™(t) — yiapp (t)l] 2

VoW~ [
< Ko <f / T >|z4ds+% / eKIS|u2<s>||zzds).

We refer to [9] (see also [8, Chapter 12]) for more detailed computations.

Note that, in both approximations, the evolution of uy corresponds to the stan-
dard quadratic approximation. In particular, if a is Gaussian, then us is Gaussian
at all time, and solving the equation in us amounts to solving ordinary differential
equations. However, the equation (L8] solved by 1 (t) is still quantum, however a
reduction of the total space dimension of the quantum system has been made from
n+d to n.

Let us now discuss the approximation of observables that we choose as acting
only in the variable y. Due to the presence of the small parameter £, we choose
semiclassical observables and associate with b € C2°(R2?) (b smooth and compactly
supported) the operator op_(b) whose action on functions f € S(R?) is given by

o, 0f(0) = 2ne)* [ (157 ) e

As before, the error estimate is better for quadratic observables than for the wave
functions. More specifically, the following result, that is proved Section [(C.2]
improves the error estimate from Proposition 5.5 by a factor /z.

Proposition 5.8. Let )¢ be the solution to [BI)-[E2), with g& given by ([E3).
Then with b € C°(R*) and 45, given either like in Section or in Sec-
tion[J0.]), there exist a constant K independent of € such that for all t > 0,

[(0°(1), 00 (B (£)) — (W5 (£), 0P (D)5, ()| < K t (e + IV, W|zov) -

Remark 5.9. Of course, we could have considered a mixed setting consisting of
pseudodifferential operators as in Section B4 in the variable x, and semiclassical
as above in the variable y. One would then obtain estimates mixing those of
Proposition and Proposition

6. CONCLUSION AND OUTLOOK

We have presented quantitative error bounds for the approximation of quan-
tum dynamical wave functions in product form. For both considered approaches,
a brute-force single point collocation and the conventional mean-field Hartree ap-
proximation, we have obtained similar error estimates in L?-norm (Proposition 3.3]
Example34)), in H'-norm (Proposition B.8), and for quadratic observables (Propo-
sition BI0). To our knowledge, such general estimates, that quantify decoupling in
terms of flatness properties of the coupling potential, are new. The corresponding
analysis for semiclassical subsystems (Proposition[5.5] Proposition[5.8)) confirms the
more general finding, that error estimates for quadratic observables provide smaller
bounds than related norm estimates. The single product analysis, as presented
here, provides a well-posed starting point for the investigation of more elaborate
approximation methods. If the initial data satisfy

¢(Oa$ay) ¢0 T y Z@Og SDOJ
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then we may invoke the linearity of (II)) to write ¥ (¢, x,y) = ijl Ytz y),
where each t; solves i0y); = Hp;, with ;-0 = ¢(; ® gagj. We approximate each
Y; & 1P} app individually in one of the ways discussed in the present paper and use
the triangle inequality for

J J
) = " bamn ] € D2 15 (0) = im0

where the norm can be an L? or an energy norm, for instance. However, working
on each 1); instead of 1 directly, seems to prevent control of the limit J — oc.
Multi-configuration methods therefore use ansatz functions of the form

1/)app t x y Zaﬂ t ‘T) 90?) (tay)v

where the families (gpgm)( ))j>1 and (@5 )( t))e>1 satisfy orthonormality or rank con-

ditions, while gauge constraints lift redundancies for the coeflicients ax,(t) € C. We
view our contributions here as an important first step for a systematic assessment
of such multi-configuration approximations in the context of coupled quantum sys-
tems. A numerical companion paper, that explores the dynamics of system-bath
Hamiltonians with cubic coupling, is currently in preparation.
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APPENDIX A. GENERAL ESTIMATION LEMMAS
Here we provide the proof of the standard energy estimate, Lemma [£T1

Proof. In view of the self—adjointness of A, we have

IO S0 = 3 w(t), w(0)) = Re(b(r), - (Ap() + (1) = +Im{is (1), S(1),

and therefore, by the Cauchy-Schwarz inequality, 4 [|(¢)| < £||(¢)||. Integrating
in time, we obtain

t d 1 t
Y@ = ol +/ 25 [0()llds < lvoll + 5 [ 115(s)ds.
0 0
O

In the context of observables, refined error estimates will follow from the appli-
cation of the following lemma.

Lemma A.1. Let N > 1, Ay, Ay, B be self-adjoint on L*(RY), and ™M), ?),
solutions to the homogeneous Cauchy problems

ih0? = A @ 5 o) =,
where 1o € L2(RYN). Then, for allt >0

(600, B 0) ~ (620, B2 0] < 1 [ 10650 as,
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with p(s,1) = (60 (s), [exp(is(t — 5)/h)Bexp(—iAa(t — )/h), Ay — As] pD(s)),
where we have denoted by [A, B] = AB — BA the standard commutator.

Proof. We denote the unitary evolution operators by U,(t) = exp(—iA;t/h) and
calculate

(v, BV 1) — (v (), BE@ (1))
(Ur(t)ho, BUL(t)tbo) — (Uz(t)bo, BU2(t)tbo)

0
1
ih
1
ih

(Yo, Ur(s)"Us(t — 5)*BUx(t — s)U1(s)vho) ds

td

ds

/ ’lﬁo,Ul Ug(t—s) BUQ(t—S),Al —AQ]Ul(S)’t/JQ> dS
/ ,[Us(t — s)*BUs(t — ), A1 — A2]¢<1>(s)> ds.

APPENDIX B. PROOF OF ERROR ESTIMATES: PARTIALLY FLAT COUPLING

In this section, we prove error estimates in L?-norm (Proposition B3] and Ex-
ample 3.4)), in H'-norm (Proposition B.8)), and for quadratic observables (Proposi-

tion BI0I).
B.1. Proof of Example [3.4
Proof. To prove the estimates of Example [3.4] recall that we have denoted
n=1{z)"" {y) VW= < 0.
The Fundamental Theorem of Calculus yields
Wi(a,y) = W(zy) =@y —-y) /01 VW (y' +0(y —y')) db,
so we have
W o) = W) <l o107 [ 0+

<y —y'| (@) max ((y), ()" n,

and we replace the pointwise estimate of 6W with

[6W (2, 2", y,9)| < ly — /' ((2)7 + ()7) max ((y), (4')"" 0.

The estimate on X, becomes
2
186l2: <o / ( / (<x>“1+<x'>”f)|¢w<t,x'>|2dx') 167 (¢, @) P/ 5 142 x
2
<[ (L =m0 ) 16 P,

=iy (1)
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and we conclude by resuming the same estimates as above:

L (L G ) anpas ) 1ot e <@ o0l

and, in view of the inequality

ly—y/|max ((y)™, (¥")7) < 2max ()7 [yl, W)™ V') <2 (W) [yl + &) 1W])
we find
ey(t) < 16| (y)7 |y|¢y(f)|\%g'

B.2. Proof of Proposition 3.8

Proof. To prove error estimates in H'(R"*%), we differentiate (ZI]) in space, and
two aspects must be considered: (i) In our framework, the operator V, , does not
commute with H. (ii) We must estimate V, >, and V, 4. Indeed, we compute

0V oy = HV 31y + Vo, Hrg + Vi Sy,

and
Vi, H =V,H—-HV, =V, Vi + V., W.

In the typical case where V; is harmonic, V;V; is linear in z, and so a1, appears as
a source term. Note that in the general setting of Assumption[ZT] |V, Vi ()| < ().

Remark B.1. If V, V7 and V,W are bounded, then Lemma [T yields
t
IVare@ls < [ (Cllrg(e)les + 1V:Zg(0)]1) ds

The term ||ry(s)] 12 is estimated in Proposition B3} and ||V;Xy(s)|| 2 is estimated
below.

Multiplying (£I]) by «, we find similarly
10y (xry) = H(ary) + [z, H|ry + 22Xy = H(zry) + Vary + 5.

Energy estimates provided by Lemma [A.1] applied to the equation for V,ry and
xry then yield a closed system of estimates:

t
IVaro@)llze + s (8)] 12 < / ((VaVh + VW) ()22 + [V (5)] 12) ds
t
4 / (9250 (5) |22 + 555 ()| 12) ds
t
<c / (27 ()]l 22 + [ Varp(s)]z2) ds

+ / (950 (3) 12 + [250(5) 1 12) ds.
0

where we have used the estimate |V, Vi + VW] < C(1+ |z|), and the uncertainty
principle (uncertainty in z, Cauchy-Schwarz in y),

2
11z < lIVafllezlf] 2.
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The Gronwall Lemma then yields

t
IVary ()lz2 + l|ry ()] 22 </0 e (| VaZy(5)] 2 + [y (s)| £2) ds

for some C' > 0. We compute
Vady = (VIW(I’ y) - VmW(x, 0)) 1/)app + 5W(‘T7 0,9, O)Vﬂ/)app-

The first term in controlled by |y|||V4Vy W] Lo |tapp|- The second term is con-
trolled like in Section B3] by replacing ¢app with V1bapp. We can of course resume
the same approach when considering V,ry, and the analogue of the above first term
is now controlled by |z|||VoVyW|| Lo [¢app|. Finally, in the case of rg, computa-
tions are similar (we do not keep track of the precise dependence of multiplicative
constants here). O

B.3. Proof of Proposition [3.10]

Proof. We use Lemma [A]] for the operators H and the approximate Hamiltonian
Hbfv

(B.1) Hye = Hm-i-Hy-i-W(fL',O)-i-W(O,y) — W(0,0),
to obtain

ealt) < [ ot )l as,
where

py(t,s) = (Yapp(s), [B(t — 5), H — Huf] $app(s)) . B(o) = "7 Be !,
By Egorov Theorem, see [42] Theorem 11.1], the operator B(o) is also a pseudo-
differential operator, that is, B(c) = op(b(o)) for some function b(o) that satisfies
the growth condition (34). We have

o - Hbf = W(.’L',y) - W(.’I,',O) - W(Ovy) + W(0,0) = 6W(:E707y70) = 5W(£L',y),

with the notations of Section [B-l Then, by the direct estimate of Lemma
below,

I[B(7), W ]tapp(s)llL2 < Co(o) (IIVOW)app(s) | 1 + C2(6W)|[¢app(s)L2) »
where Cy(,) > 0 depends on derivative bounds for the function b(c) and
Co0W) = > [|0%6W ||
2<]al <Ny pa

We therefore obtain
19w () < Coasy (IVOW)app(s) 20+ Ca(6W) [t 22 ) 190l 22

Using the rectangular n x d matrix M (z,y) introduced in Remark Bl the gradient
of 6W (z,y) can be written as

V. W(z,y) — V.W(z,0) fo (z,my)y dn
V,W(z,y) = V,W(0,y) fl M (O, y)2 db
We estimate the Sobolev norm by

V(W) tapp ()|t < VM [ ([[9app (s)]| 22 + [[ytapp(s) | £2)
+ 1ML ([IV (2¢app ()| 22 + [V (y¢app(s)) ] 22)

VOW)(z,y) = (
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so that integration in time provides

t
ley (8)] < Ob|VM||L°°|1/)O||L2/O (lzapp ()l L2 + [lytapp (s)l|L2) ds

+CblIJV—’llLooHonL?/0 IV (@app ()2 + [V (y¢app(s))l| L2) ds

+ Cy Co (W) t[|¢ho |7 2,

where the constant Cj, = max,¢[o,; Cp(s) depends on derivatives of b. In the mean-
field case, the approximate Hamiltonian is time-dependent,

(B.2) Hui(t) = Hy + Hy + (W), (1) + (W), (t) = (W) (2).

The difference of the Hamiltonians is also a function, which is now time-dependent,
H — Hpe(t) =W + (W) (t) — (W) (t) — (W), (t). However, it is easy to check that
a similar estimate can be performed, leading to an analogous conclusion. O

B.4. Commutator estimate. We now explain the commutator estimate used in
the previous subsection:

Lemma B.2. Let N > 1 and b = b(2,¢) be a smooth function on R?N satisfying
the Hormander growth condition B3.4)). Let SW be a smooth function on RN with
bounded derivatives. Then, there exist constants Cy, > 0 and My > 0 such that

llop(8) aWI¥llze < Co (IVOW)olm + >2 07 @W) ool 2

2<|a|<MN
for all p € HY(RY).
Proof. We explicitly write the commutator as

op(8), W] (=) =
N z+72 ei(~(zfz’) ) . ! !
en [ o(555) (W () — W (=) w(E) ded'

We Taylor expand the function W (z) around the point z’, so that
SW(2) =W () =V(EW) (') (2 = 2") + (2 = 2') - 6Ra (2, 2") (2 — &)
with
dRs(z,2") = /01(1 — NV2OW) (2 +9(z — ")) do.

Corresponding to the above decomposition, we write [op(b), W]y (z) = f1(2)+ f2(2)
and estimate the two summands separately. We observe that (z — 2/)e’¢*=%) =
—ngeiC'(z_z/) and perform an integration by parts to obtain

[ ( iz <) e GEW () - (2 — ) (') dCd
]R2N

- i/w VEW)() - V<b<

z+ 2

, <> ey () dgd!

Therefore,
1f1llz> < Co [VOW)| g,
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where the constant Cj > 0 depends on derivative bounds of the function b. For the
remainder term of the above Taylor approximation we write

/RZN ’ (z 7 ) ¢CET (2 o) SRz, ) (2 = 2) (=) dCd!

2 )
i
:/ tr <5R2(z,z’)v§b (%,g))dﬁ@:’)wz’) d¢dz’,
R2N

and obtain that
Ifollze < C5 D 110%(6W)loollll 22,

2< || <My

where C; > 0 depends on derivative bounds of b, and My > 0 depends on the
dimension N. O

B.5. Proof of energy conservation. Here we provide an elementary ad-hoc proof
for energy conservation of the time-dependent Hartree approximation, Lemma 313

Proof. A first observation is that
<¢app(t)a Hmf(t)¢app (t)> = <1/10, Hmf(0)1/)0> for all ¢ > 0.
Indeed,
% <¢app(t)v Hmt'(t)¢app(t)> - <¢app(t)a 8thf(t)¢app(t)> - <¢app(t)a atWapp(t)¢’app(t)>
with Wapp(t) = (W) (t) + (W), (t) — (W) (t). We deduce

& Gap(1). Hint (1) (1)
= [ W) Qo0 169 () + 16 (1.0 016 (t.)) dody
= [ W (6.0 167(0,) ) dady =0,

where we have used the self-adjointness of Hy,¢(f) and norm-conservation in the
multiplicative components. Secondly, since

(o, Wapp (0)t0) = (o, (W), (0) + (W), (0) = (W) (0)) o)
= 2(W)(0) = (W) (0) = (W) (0),

the approximate energy coincides with the actual energy, and we obtain the aimed
for result. O

APPENDIX C. PROOF OF ERROR ESTIMATES IN THE SEMICLASSICAL REGIME

Here we present the proofs of the semiclassical estimates given in Proposition 5.5
and Proposition

C.1. Error estimates for the wave function. In this section, we prove Propo-
sition .5 and comment on the constants Ky, K1, which may be analyzed more
explicitly in some cases.
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C.1.1. Approzimation by partial Taylor expansion.

Proof. Section [5.3] defines an approximate solution of the from
L ip()-(y—q(t) Je+iS(t y—q(t)
¢§pp(tvxay) = d—/4€ P(e)- (=) /iS5 ( )/EU2 t, T Yi(t, ),
with iedy)] + Am‘/’l Vi(x) + W(z,q)v5 1/)%15:0 = 5>

<Zv Vz‘/Q (q) Z> Uz 5 U2it=0 = @,

N =

and z'8tu2 + EAZUQ =

. . K s)|?
i=poa0) =a, ==Vl p0) = 50 = [ (ZEE “vaga(en) as.
0
It solves the equation

1
€0 app + 5 A zYapp +° Aiﬂ/’app Vibape = d—/elp IVERISIE (15 4 15)

where the remainder r{ is due to the Taylor expansion in V3, and satisfies the
pointwise estimate

1
it 2, 2)] < & % 2 VPVal L 91 (8, 2)] x |2 |ua(t, 2)]

while the remainder 5 is due to the Taylor expansion in W, and satisfies the
pointwise estimate

r3(t, @, 2)] < VE [IVy WL [ (t, 2)] x |2]|ua(t, 2)].

This implies for the L?-norm,
32 . X
[EGIIEES —||V Valloge llegll oz lllz ua ()]l L2,
IEAGIIERS \f||VyW||Loo||<Po||LgI|ZU2( ez

Lemma [T] then yields, with now h = ¢,

19°(8) = Yapp ()l 22 < £||V3V2IIL°<>II<POIIL2/ 21 uz(s)]| L2ds

4 IV Wiz~
e

According to the signature of V2V (q(t)), the quantities [||z[*uz(s)| L2 and |||z|ua(s)]| 12
may be bounded uniformly in s > 0 or not. For instance, they are bounded if V215

is uniformly positive definite, or at least uniformly positive definite along the tra-
jectory g. On the other hand, we always have an exponential bound, even if it may
not be sharp,

||sao|L2/ I12uas) | 2 ds.

l12Pua(s)llzz + lzlua(s)l L2 < Coe™?,

for some constants Cy,C; > 0. This control is sharp in the case where V2V5 is
uniformly negative definite. See e.g. [8] Lemma 10.4] for a proof of the exponential
control, and [8] Section 10.5] for a discussion on its optimality. In particular, for
bounded time intervals, the (relative) error is small if |V, W]~ < e < 1. O
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Remark C.1. If V, W is not bounded, e.g. V, W (x,y) = n(z)”, then we can replace
the previous error estimate with

e - '
1= () = Y (Dllz < G IV Vallsellet oz | 12 ua(s)l L2 ds

+ / 142y 5 (9)l| 2 2w (s) | 2ds.

In other words, the cause for the unboundedness of V, W is transferred to a weight
for ¢7. Similarly, if V,W is unbounded in y, we may change the weight in the
terms |||z|*us| 2, after substituting y with ¢ + z4/z.

C.1.2. Approzimation by partial averaging.

Proof. The semiclassical approximation obtained by partial averaging reads:

L i) (y—qt +iS(t y—qt)
Vi (1 7,8) = Zge OISO e (1, T ) i1,

with 2005 + 58005 = (Vi) + (W0, (0) U5 5 m0 = o,

—_

1
and 10;us + EAZ'LLQ =3 z - <V2V2>U(t)z uz 3 Ugjp—o = @,

i=p a0 = 5=—TV0. p0)=p. 50 =200 w0,

To estimate the size of 71 and 75 introduced in Section 5.4 we might argue again
via Taylor expansion. Indeed,

lall2 (Va), = / Va(qlt) + vE2) [uat, 2)|2dz
— Valg(t)) + VEVVa(qt)) - / elus(t, ) 2dz + 75 (1),

where
€ 2
Ir5(t)] < §IIV2V2||L<>O [[lz[ua(t, )72 -

Hence, we have for all averages f = Va, VVa, V2Vo, W(z,-) that
(£), ®) = f @) +O0We),

where the error constant depends on moments of |uz|?. In particular, if us(0) is
Gaussian, the odd moments of |uz(t, 2)|? vanish, and the above estimate improves
to O(e). Hence, the L%-norm of 71 is O(y/¢) close to the L?-norm of 71, and the
L2-norm of 73 is O(ny/e), n = ||[VyW| =, close to the L?-norm of ro (with each
time an extra /¢ gain in the above mentioned Gaussian case). In particular, the
order of magnitude for the difference between exact and approximate solution is
the same as in the previous subsection, only multiplicative constants are affected.
We emphasize that the constants Cy and C; from the previous subsection are in
general delicate to assess. On the other hand, in specific cases (typically when wus
is Gaussian and V2V; is known), they can be computed rather explicitly. 1

C.2. Error estimates for quadratic observables. The proof of Proposition [5.§]
is discussed in the next two sections.
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C.2.1. Approzimation by Taylor expansion.

Proof. Taylor expansion yields a time-dependent Hamiltonian Hy, = Hg, with

82
HE = =58 = S0, 4 Vila) + W(o,0) + Vala) + (v — ) TVa(0)
(Y- 0.V Vala)(y - 0)).

2

where g = ¢(t). In particular, the difference H¢ — HE, is a function,
H® — Hi, = W(z,y) — W(z,q) + Valy) — Valq) — (y — q) - VV2(q)

- % (y—q¢.V*Valq)(y — q)) = dW (t, z,y).

In view of Lemma [A] if B = op.(b) with b € C(R??), it yields (a posteriori
estimate)

0 (0), B (0)) = (Wi (), Bup )] < £ [ 15 (1 )l

where
a

pF (1) = (Ui (5), [B(t = ), 6W ()]0 (), Blo) = '8 Be 21,

app app

By Egorov Theorem [42] Theorem 11.1], B(o) = eop,.(b(c)) for a function b(c) €
C°(R?). Therefore, by semiclassical calculus,

l[B(lf —5),0W (s)] = op. ({b(t — 5),6W (s)}) + €”op. (r°(s, 1)),

1€
where [[op. (7°(s,t))[|z(z2) is bounded uniformly in €, whence the estimate of Propo-
sition 0O

C.2.2. Approzimation by partial averaging.

Proof. The time-dependent Hamiltonian is Hy,, = Hp, with

HEy =~ 18, = A, 4 VA() + (W), + (V) () + (= 0) - (VVa), (1)
50— a) (VT (O~ 0),

2

where ¢ = ¢(t). In particular, as in the preceding case, the difference H® — H7, is
a time-dependent function

HE — Hy = W(a,y) — (W, )y + Valy) — {V2)y(0)
(= 0) (Ve 0) — 50— @) (VVay () — ) = W (1,,),

and the arguments developed above also apply. O
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C.3. Time-adiabatic approximation. The evolution equations for the quantum
part of the system, equations (5.8) and (G.I1l), can be written as an adiabatic
problem:

iy (t) = h()Yi(t), ¥i(0) =g,

where h(t) is one of the time-dependent self-adjoint operators on L?(R™)
1 1
bee(t) = —5A + Vi(z) + W(z,q(t)) and bpa(t) = —5A + Vi(z) + (W(z, )y ().

We assume here that h(¢) has a compact resolvent and thus, that its spectrum
consists in a sequence of time-dependent eigenvalues

Ai(t) < Aalt) <+ < Awlt), — oo,

We also assume that some eigenvalue A;(t) is separated from the remainder of the
spectrum for all ¢ € R and that the initial datum ¢ is in the eigenspace of §(0) for
the eigenvalue A;(0):

(C.1) h(0)¢5 = A;(0)5-
Then adiabatic theory as developed by Kato [22] states that () stays in the
eigenspace of A;(t) on finite time, up to a phase.

Proposition C.2 (Kato [22]). Assume we have (CI) and that A;(0) is a simple
eigenvalue of H(0) such that there exists 69 > 0 for which

d ({A;(8)},Sp(h(®) \ {A;(t)}) = do.
Denote by ®%(t) a family of normalized eigenvectors of h(t) such that
Then, for all T > 0, there exists a constant Cp > 0 such that

Hd’f(t) et AJ(S)dstb?(t,w)Hm < Cre.

In contrast to the Born-Oppenheimer point of view recalled in Remark [5.4] we
obtain the following time-adiabatic extension for our wave-packet approximation:

Corollary C.3. In the setting of Proposition [5.0 and Proposition [C.3, we obtain
the following approzimate solution

=i A (s)ds+ES()+Lp(t)-(y—q(t) y —q(t)
1/)§pp(t7:p7y)_e c Jo Ai(s) 2S(t)+2pt)-(y—a( ))(bj(t,fE)UQ (t77 )
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