N

N

Separation of scales: a quantum-classical approach for
complex systems and a system-bath ansatz
Irene Burghardt, Rémi Carles, Clotilde Fermanian Kammerer, Benjamin

Lasorne, Caroline Lasser

» To cite this version:

Irene Burghardt, Rémi Carles, Clotilde Fermanian Kammerer, Benjamin Lasorne, Caroline Lasser.
Separation of scales: a quantum-classical approach for complex systems and a system-bath ansatz.
2020. hal-03064636v1

HAL Id: hal-03064636
https://hal.science/hal-03064636v1

Preprint submitted on 14 Dec 2020 (v1), last revised 19 Aug 2021 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03064636v1
https://hal.archives-ouvertes.fr

SEPARATION OF SCALES: A QUANTUM-CLASSICAL
APPROACH FOR COMPLEX SYSTEMS AND A SYSTEM-BATH
ANSATZ

IRENE BURGHARDT, REMI CARLES, CLOTILDE FERMANIAN KAMMERER,
BENJAMIN LASORNE, AND CAROLINE LASSER

ABSTRACT. We consider quantum-dynamical systems that consist of two dif-
ferent parts as in system-bath Hamiltonians, and assume that each of these
parts is described by a set of parameters. We investigate régimes of inter-
system couplings that are partially flat because they vary slowly with respect
to one set of variables (those of the bath, for example). We also study the
situation where one of the sets of variables is semiclassically scaled; this case
effectively leads to a quantum-classical formulation, due to the classical pa-
rameter evolution. In both situations, we propose two kinds of schemes of
dimension reduction : one based on the Taylor expansion and the other one
based on partial averaging. We analyze the error estimates in terms of appro-
priate norms of the coupling both for the wave function and for the action of
observables, showing that the choice between an approach by Taylor expansion
or by average is more a question of numerical convenience than a matter of
errors, since both approaches lead to comparable estimates.

1. INTRODUCTION

We consider quantum-dynamical systems that consist of two different parts and
investigate various régimes of intersystem couplings as well as effective dynamical
descriptions, that simplify the original, fully quantum-mechanical formulation. The
time-dependent Schrodinger equation

(1.1) i0p = Hep 5 =0 = o,
is governed by a Hamiltonian of the form
(1.2) H=H,+ H,+W(z,y), where

1 1
H, = _§Az + Vl(x), H, = _§Ay + V2(y)a

where the potentials Vi (x), Va(y) and the coupling potential W (z, y) are all smooth
functions, that satisfy subquadratic estimates. Such a set-up guarantees existence
and uniqueness of the solution to the Schrodinger equation (L)) for a rather general
set of initial data, see Assumption 2] for precise statements of our assumptions, as
well as Remark 2.2] for other possible frameworks. The overall set of space variables
is denoted as (z,y) € R™ x R? such that the total dimension of the configuration
space is n + d. The wave function depends on time ¢ > 0 and both space variables,
that is, ¢ = (t,x,y). We will abbreviate the Lebesgue spaces for the different
variables z, y, and (z,y) by

2 _ 12 n 2 _ 12 d 2 _ 12 n+d
L2=L[*R") , L2=L*RY) , L[*=L*R"Y).
1
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We suppose that initially scales are separable, that is, we work with initial data of
product form

(1.3) ¥(0,2,y) = vo(z,y) = ¢ (x)eg(y),

where the functions ¢f € L2 and ¢ € L72J are square-integrable and satisfy addi-
tional growth and regularity assumptions as given in Section 2] (typically, Schwartz
class). In the simple case without coupling, that is, W = 0, the solution stays sep-
arated, ¥(t, z,y) = " (t, )Y (t,y) for all time, where

100" = Hop" 5 P10 = %0,
iat‘Py = Hy(Py 5 Spﬁgzo = 9037

and this is an exact formula. Here, we aim at investigating the case of an actual
coupling with 9,0,W # 0 and look for approximate solutions of the form

Yapp (L, ,y) = " (8, 2)" (t,y),
where the individual components satisfy evolution equations that account for the

coupling between the variables. We investigate the size of the difference between
the true and the approximate solution in the L2-norm

[9() = Yapp (t) |2,
and in Sobolev norms. We present error estimates that explicitly depend on deriva-
tives of the coupling potential W (z, y) and on moments of the approximate solution.
As an additional error measure we also consider the deviation of true and approxi-
mate expectation values

(W(), Ap(t)) = (app (1), Aapp (1)) ,
for self-adjoint linear operators A. Roughly speaking, the estimates we obtain
for observables depend on one more derivative of the coupling potential than the
norm estimates. This means that in many situations expectation values are more
accurately described than the wave function itself.

1.1. Partially flat coupling. In the first part of our paper we will investigate
the accuracy, when the full Hamiltonian H is replaced by an approximate one,
Hopp = Hy + Hy + Wapp(2,y), that keeps the factored form of the wave function.
We consider a brute-force approach, where we collocate partially at the origin and
set
Wapp(2,y) = W(z,0) + W(0,y) — W(0,0).

A possible criterion for choosing a collocation point different from the origin is
presented in Remark Bl In comparison, following the more conventional time-de-
pendent Hartree approach, we perform partial averages of the coupling potential,

W), = [ Wanleenla/ [ ek,

= x 2(t,)|* dx (¢, )| da
W= [ Weplewolds/ [ o)

and the full average

Wy= [ W) e () (1) dedy / / It ) P dady,

Rn+d



We then set
Wapp(tvxvy) = <W>y (t,z) + <W>x (ty) — (W) (t).
This approach will be referred to as mean-field approximation in the following.

For both approximations, the brute-force and the mean-field approximation, we
derive various types of estimates for the error in L?-norm. Our key finding is that
both methods come with error bounds that are qualitatively the same, since they
draw from either evaluations or averages of the function

5W($,$/, yvy/) = W(Ia y) - W(Ia y/) - W(.I/,y) + W(.I/,y/).

Depending on whether one chooses to control the auxiliary function W in terms
of VW, V,W or V,V, W, the estimate requires a balancing with corresponding
moments of the approximate solution, see Proposition .4l The extension of the
L2-results to first order Sobolev norms is given in Proposition In addition,
we analyse the deviation of the true and the approximate expectation values in a
similar vein. For the expectation values, we again obtain qualitatively similar error
estimates for both methods. The upper bounds differ from the norm bounds in so
far as they involve one more derivative of the coupling potential W and low order
Sobolev norms of the approximate solution, see Proposition

We may therefore summarize that from the perspective of approximation accu-
racy, the brute force and the mean-field approach differ only slightly. Therefore,
other assessment criteria are needed for explaining the prevalence of the Hartree
method in many applications. Specifically, the time-dependent Hartree approxi-
mation (with its partial averages) stems from the time-dependent Dirac—Frenkel
variational principle applied to the manifold of product functions, see for example
[23, §3.2], and thus automatically conserves energy with the same energy as the
original system. We provide a non-variational proof of this crucial conservation
property in Lemma

1.2. Dimension reduction via semiclassical analysis. In the second part of the
paper we turn to a specific case of the previous general class of coupled Hamiltonians
H® = H, + H; + W (z,y) and consider for one part of the system a semiclassically
scaled Schrodinger operator

2
HE = —%Ay 1 Valy), &> 0.

The initial data are still a product of the form (I3)), but the y-factor is chosen as

wY(y) = (y_—\/gqo) ¢ipo-(y=m0)/=.

that is, ¢ is a semiclassical wave packet with a smooth and rapidly decaying
amplitude function a € S(R?), and an arbitrary phase space center (go,po) € R%.
We will choose a semiclasical wave packet approximation for ¢¥(¢,y) exploring two
different choices for the center (¢(t), p(t)). As a first option we consider the classical
trajectory
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and as a second option the corresponding trajectory resulting from the averaged
gradient of the potential V5,

Vi) (0= [ TVl dy/ [ el

Correspondingly, the approximative factor ¢® (¢, x) is evolved by the partial Hamil-
tonian H, + Weg with

Wes (t, ) = W(x,q(t)) or

Weg (t,2) = /W:cyw7 ty|2dy// Y(t,y)? dy.

We obtain error estimates in L2-norm, see Proposition E4] Sobolev norms, see
Remark [4.6] and expectation values, see Proposition[£.9] These estimates are given
in terms of the semiclassical parameter ¢ and derivatives of the coupling potential.

1.3. Relation to earlier work. The first motivation for our investigation came
from the variational treatment of mixed quantum-classical molecular dynamics
in [28]. To the best of our knowledge, the rather general mathematical analysis
of scale separation in quantum systems we are developing here is new. Previous
mathematical work we are aware of is concerned with rather specific coupling mod-
els, as for example the coupling of Hartree-Fock and classical equations in [6], or
the time-dependent self-consistent field equations in [18], or with adiabatic approx-
imations which rely on eigenfunctions for one part of the system, see for example
32, 26]. In the chemical physics literature, related approaches to dimension re-
duction have been proposed in the context of mean-field methods [13] [14], and the
quantum-classical mean-field Ehrenfest approach [12], 2]. Also, quantum-classical
formulations have been derived in a Wigner phase space [25] [19] setting and a quan-
tum hydrodynamic setting [I5, [B [30]. The present formulation circumvents formal
difficulties of these approaches [9] [31] 29], by preserving a quantum wavefunction
description for the entire system.

1.4. Outline of the paper. In the next Section 2] we present the main assump-
tions we will work with (Section X)) and the type of arguments we will use (Sec-
tion 23]). We also develop the example of system-bath Hamiltonians with anhar-
monic couplings that has motivated our study (Section 222)). Then, in Section [3]
we present the reduction of dimension that can be achieved by taking advantage of
a flat coupling. We discuss both the brute-force (Section Bl) and the mean-field
approach (Section [3.2)), and give error estimates, for the wave function (Section B.3])
and for observables (Section B, paying special attention to initial data presenting
higher Sobolev regularity (Section [B4]), and to energy conservation (Section B.6]).
Finally, in Section @ we consider initial data which fit with a semiclassical setting
and present the semiclassical approach that we motivate by a scaling procedure
(Section [1)). We introduce two types of ansatz (Section [2]), one obtained by
Taylor expansion (Section [3)) and the other one by partial averaging (Section [4]),
the convergence of which we study in both cases for the wave function and for ob-
servables that only act on the semiclassical variable. These results are stated in
Section and proved in Sections and [L7] respectively.



2. ASSUMPTIONS AND TECHNICAL PRELIMINARIES

We describe here the mathematical setting that will be ours, discuss it in the
context of system-bath Hamiltonians [34, [3], and provide the main technical lemma
that we will use for deriving precise error estimates.

2.1. Assumptions on regularity and growth of the potentials. The regu-
larity and the growth of the potential is an important feature of the subject. We
choose a very classical set of assumptions since our focus is more on finding appro-
priate ways to approximate the solution in a standard framework than on treating
specific situations.

Assumption 2.1. All the potentials that we consider are smooth, real-valued, and
at most quadratic in their variables:

Vi € C®°(R™R), Vo € C°R%4LR), W e C°(R":R),
and, for o € N*, 3 € N¢,
0SVy € L™ provided that |a| > 2,
35‘/2 € L™ provided that |B| = 2,
3?351/[/ € L™ provided that |o| + |8| = 2.

2
2

All the initial date we consider are smooth and rapidly decaying, that is, Schwartz
class functions:

05 € S(R™;C), ¢f € S(RYC)  (hence v € S(R™C)).

Under the above assumption, it is well-known that H,, H, and H are essentially
self-adjoint on L2(RY), with N = n,d and n + d, respectively (as a consequence of
Faris-Lavine Theorem, see e.g. [27, Theorem X.38]).

The assumptions on the growth and smoothness of the potentials and the regu-
larity of the initial data call for comments.

Remark 2.2. (1) Concerning the growth of V1, V5 and W, the assumption that
they are at most quadratic concerns the behavior at infinity and could be
relaxed, up to suitable sign assumptions. Local behavior is rather free, for
example a local double well is allowed, as long as it is not too confining at
infinity. We choose to stick to the at most quadratic case, since bounded
second order derivatives simplify the presentation.

(2) Concerning the smoothness, most of our results still hold assuming only
smoothness of W, as long as the operators H, and H, are essentially self-
adjoint on an adequate domain included in L*(RY), with N = n,d. For
example, V7 and V5 could both present Coulomb singularities, and the
results of Proposition 3.4] would still hold. In the semiclassical régime, we
can also allow a Coulomb singularity for V7 and prove Proposition 4] and
Proposition

(3) Concerning the smoothness and the decay of the initial data, most of our
results still hold, if the initial data are contained in one of the spaces ¥*(R'V)
containing functions f whose norms

(2.1) I fllss = sup  [|z°00 f| 12

z€RN
lal+18I<k
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are bounded. Note that S(RY) = NyenX*. For example, Proposition 341
still holds for initial data in 3!, while Proposition 4] requires initial data
in a semiclassically scaled ¥3 space.

2.2. System-bath Hamiltonians. An important class of coupled quantum sys-
tems are described by system-bath Hamiltonians [34] [3].

1 1
Hsb = _§Aw - §Au + V;(JJ) + Vb(y) + V;b(.’li,y)

These are naturally given in the format required by (L2]). In the present discussion,

we specify that the bath is described by a harmonic oscillator, V4 (y) = $k3|y|? (or
a set of harmonic oscillators in more than one dimension) and the system-bath

coupling Vi, (z,y) = W(x,y) is of cubic form, such that we obtain in the notation

of @2),

Hy= A+ Vilw) o Hy=—30+ 5Bl . Wiay)= 3oyl
where k9 > 0 and 77 € R?. The cubic, anharmonic coupling W (z,y) is a non-trivial
case, which is employed, e.g., in the description of vibrational dephasing [22} [16] and
Fermi resonances [4]. Tt is natural to assume smoothness and subquadratic growth
for Vi(z). However, the coupling potential W (x,y) clearly fails to satisfy the growth
condition of Assumption 2.1l In the following, we will therefore also provide slight
extensions of our estimates to accomodate this specific, but interesting type of
coupling.

2.3. Estimation lemma. We shall consider two families of estimates, regarding
the wave function itself on the one hand, and regarding observables on the other
hand. Of course, error estimates on the wave function yield error estimates of
observables, since

(), Ap(8)) = (app (1), Aapp (1))
<P () = app (@) llz2 ([AY@) |22 + | Ahapp ()| 22) -

However, it turns out that the averaging process, involved in the action of an
observable on a wave function, allows to prove better estimates than those stemming
from the norm estimates. Our first tool will be the following standard lemma that
will be applied with either h = 1 or h = € a small parameter.

Lemma 2.3. Let N > 1, A be self-adjoint on L*(RYN), and 1 solution to the
Cauchy problem

ihdyp = A+ 5 5 = = vo,
where Yy € L2(RY) and ¥ € LL (RY; L2RY)). Then for all t > 0,

1 t
9Ol < Wollaam + 5 [ 126 zagamyds.

Proof. In view of the self-adjointness of A, we have

IO S0 = - w(r), w(6) = Re(ub(t), = (A(r) + 2(1)
1

FIm((0), 5(0),



and therefore, by the Cauchy—Schwarz inequality,

Tiwol < IS0

Integrating in time, we obtain

t d 1 t
9@ = lloll +/O Zev()lds < lvoll + 5 ; 1X(s)[|ds.
(]

In the context of observables, refined error estimates will follow from the appli-
cation of the following lemma.

Lemma 2.4. Let N > 1, Ay, Aa, B be self-adjoint on L*(RY), and ARTICN

solutions to the homogeneous Cauchy problems
ih0? = A @ 5 o) =,
where 1o € L*>(RN). Then, for allt >0

(60w, B 0) ~ (620, B )] < & [ 106,01 as,
with
p(s,1) = (¥ (s), lexp(iAx(t — )/)Bexp(~ids(t — 5)/h), Ay — A5 ¥ (s) )

Proof. We denote the unitary evolution operators by U;(t) = exp(—iA;t/h) and
calculate

(600, BYO ) = (w2(1), BE@ (1))
= (U1(t)vo, BUL(t)bo) — (Uz(t)ho, BU2(t)v0)

:/0 (Y0, U1(8)"Ua(t — 8)" BUx(t — 5)U1(s)vho) ds

d

ds

1
_h/ 1/)0,U1 Uz(t—S) BUQ(t—S),Al —AQ]U1(5)1/)0> dS
1
IAG

), [Ua(t — 8)*BUs(t — 5), Ay — A2]¢<1>(s)> ds.

3. PARTIALLY FLAT COUPLING

In this section, we do not assume special features in the scaling of the equation,
except that W is flat in, say y. This flatness can be expressed mathematically as the
smallness of ||V, W/ e (or of ||[V;V,W| ). Depending on the regularity of the
data that is considered, it could be relaxed on the smallness of ||(y) PV, W||1 for
some p > 0 (see Remark [3.6). We also emphasize that strictly speaking, V, W need
not be bounded under Assumption 2l We present the ideas and error estimates
under the assumption that V, W and its derivatives are bounded (and small), and
explain in Remark B.61how to adapt the results when V, W is unbounded.
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If V,W is small, we show that the coupling in (z,y) is negligible at leading
order. We present two strategies to approximate the exact solution: brute-force
approach, based on Taylor expansion, and the more standard approach, based on
spatial averages. In each case, we provide an estimate measuring the error generated
by the approximation. Throughout this section, ¥ = (¢, z,y) denotes the solution
to the initial value problem (I)—(T3)).

3.1. Brute-force approach. Set ., (t,z,y) = ¢*(t, )Y (t,y), where

{i@tcpw = H," + W(2,0)0" ;5 ¢fi—0 = ¥

3.1 .
3-1) i0pp” = Hy@? + W(0,9)¢" 5 ¢}, = ¥0-

In view of Assumption 21 these equations have unique solutions ¢* € C(R; L2),
¢¥ € C(R; L), and higher regularity is propagated, ¢* € C(R; ¥R, o¥ € O(R; E;j),
for all k € N, where we recall that $* has been defined in (ZI)). The approximate
solution solves
iOtapp = Hibapp + (=W (@,) + W (x,0) + W(0,9)) Yapp-
This is not the right approximation: if W varies very little in y,
=—-W(z,0) =~ —W(0,0).

itW(0,0)

This term is removed by considering instead ¥app = Pappe . It solves

Z'875"/1%)@)9 = Htpapp — (W(‘Tv y) - W(‘Tv O) - W(07 y) + W(07 0)) Yapp -

::Ew

The last term controls the error 1) — .y, as we will see more precisely below.
Saying that the coupling potential W is flat in y means that V,W is small, and we
write

W(x,y)—W(x,0)—=W(0,y)+W(0,0) =W(z,y) — W(z,0)— (W(0,y) — W(0,0)).

~y-V, W(x,0) ~y-V,W(0,0)

In the case where W is flat both in z and in y, it might be useful to write

W(a:,y) - W(a:, O) - W(O, y) + W(O, 0)
1 1 1
—y / Oy W (. ) — 8, W (0, ) iy = / / y - 0,0, W (B, ) & dndo.

Remark 3.1. For choosing another collocation point than the origin, one might use
the matrix

M(I5 y) = 8I8yW(Ia y) = (813 8ykW($7 y))léjén, 1<k<d
We have for (z,y) = (0,0),

corresponding to the standard normal mode expansion. Adopting polar decompo-
sition, it is possible to write M (0,0) = OQ with O a n x d matrix of maximal rank
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and Q = /M(0,0)tM(0,0) a d x d non-negative and symmetric. Then, in a basis
where the matrix @ is diagonal, with diagonal elements \; > 0, we have

W(z,y) — W(x,0) — W(0,y) + W(0,0)
~ Z)\ '0x);y,; = Z % (((tO:v)j +yj)2 —(("Ox); — yj)Q) .

One then sees that it can be valuable to choose the collocation point as a point
where the largest singular value of M (xg,yo) is minimal, that is, the quantity

(w0, 0) > max Vz - M(zo, yo) "M (20, y0)z,

attains a minimum.

3.2. Mean-field approach. Instead of pointwise evaluations of the coupling po-
tential, we might also use partial averages for an approximation. We consider

10,07 = Hoo" + (W), ()" 5 ofig = 93
000 = HyoV + (W), (0¥ 5 o = b,

where we have denoted

(3.2)

_ o J W@yt y)Pdy [ Wz, y)" (¢ y)*dy
Wiy =W,y 0 = = By~ Tty

B fW x,9)|¢% (t, ) |*dx B fW x,y)|¢% (¢, z)|*dx
(W), =(W), (t,y) = TlortoBde Tt @Rde

where we have used the fact that the L?-norms of ¢* and ¢ are independent of
time, since W is real-valued. Note that (8:2) is a nonlinear system of equations.
Contrary to the brute-force approach, L? regularity does not suffice to define partial
averages in general. In view of Assumption 2] a fixed point argument (very similar
to the proof of e.g. [7, Lemma 13.10]) shows that this system has a unique solution
(¢",¢Y) € C(R; X} x 1), and higher regularity is propagated, ¢* € C(R;X%),
ov € C(R; EZ), for all £ > 2. The approximate solution is then

Gapp (£, T, y) = ¢°(t, )p¥ (£, y)e' Jo W)ds,

with the phase given by the full average

J W (@, y)|¢" (¢, x)¢" (¢, y)|*dzdy

W) = W0 = e )l o) Py

It solves the equation

i01bapp = Hupp = Tor T 1= (W= (W), = (W), + (W) dupp.

Remark 3.2. The correcting phase e’ J3W)ds seems to be crucial if we want to

compute the wave function. On the other hand, since it is a purely time dependent
phase factor, it does not affect the usual quadratic observables.

In the case where W (x,y) = Wi (z)Wa(y), the above formulas become
(W), (t,z) = Wiz) (Wa), (8), (W), (ty) = (W), (HW2(y),
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with
_ I Wa@)le¥(t,y)Pdy [ Waly)|e¥ (t,y)*dy
(3.3) o) = {2l (0 = [ le¥(t,y)2dy I 1t () 12dy
' _ [ Wi@)|oe(t,2))de [ Wi(2)]e* (¢, 2)[2da
<Wl> - <W1>x( ) - J" |¢w t,(E |2d$ - J" |S00 |2d$ )

and the residual is
Ly = (W1 — (W) (Wa — (W2)) Gapp-
3.3. Error estimate and approximation result. Denote by
Ty =1 = happ, Ty =1 — Papp,
the errors corresponding to each of the previous two approximations. They solve
(3.4) 10y = Hry + %y 5 00y = Hry+3g 5 Ty=o = rgjt=0 = 0.

We note that both approximations and their components are norm-conserving for
all times ¢ > 0, that is,

16"z = Ne"@llz = lletlizz 5 67Oz = 0?2 = llellLz-

e In the case of the brute-force approach, according to the Taylor expansion that
we consider:

2[[VyWllLoe lytappllLz = IVy WLl L2 lye? |l 2,
35) Sl < : - . ’ v

[VaVy WL lze® |2 [ye? | L2

e In the mean-field approach, we note that for (¢,z,y) € R x R*4,

([lesrebwasay) (W= (), = (), + (W) (t..9)

- / (W (,9) = We,y') = W) + W) 67 ()6 (0, Pda' ]
Rn+d
=: W (z,z',y,y")

Like we did in the brute-force approach, we may use either of the estimates
20y — y'| < [VyWllze,

0W (z,2",y,y")| <
[z — 2| x|y =y X [VaVy W] Lo

In the first case, we come up with
1Z4ll7> < 41V WL llgllZ2 %
2
<[ (L= ol Pay ) 1o Palegl.
Rd Rd
Now we have
[ = vlewsiPar < [ o+ D le)Pdy
R R
< lyllledllzz + lye? ()llzz e8|l e,

where we have used Cauchy-Schwarz inequality for the last term. We infer

2
([, lo=vllovesPar ) < 2P leblis + 21 @)1 bl
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hence
IZ6122 <8IV, W2 5 12 ( / PRIy + |y¢y<t>||%5) ,
and finally
(3.6) 15gllL2 < AV WllLe<lyd? ()l zzllet 22
In the case of the second type approximation for W, we find similarly
1Z6llL2 < 4V VWil 26" ()] 22 lye” ()| L2

Remark 3.3. If V4 is confining, Vi (z) 2> |z|? for |z| > R (for instance, V; (x) = c|z|?*,
¢ > 0 and k a positive integer, a typical case where V; may be super-quadratic while
H, and H remain self-adjoint), then we can estimate [|z¢"[/z2 uniformly in time.
If V4 = 0, or more generally if V4 (z) — 0 as |z| — oo, we must expect some linear
growth in time

2™ ()2 S (t),
and the order of magnitude in ¢ is sharp, corresponding to a dispersive phenomenon.

Invoking Lemma 23] we readily obtain:

Proposition 3.4. Under Assumption[21, we have the following error estimates:
e Brute-force approach: for apy(t, x,y) = " (¢, )Y (¢, )W 0 “yhere o®
and @Y are given by

t
2V, Wl lles | loe?(o)legds,
16(6) = Yapp @]z < t
VT Wl [ a6zl ().

0

e Mean-field approach: for
Gapp (£ 2, y) = ¢° (t, 2)p¥ (L, y)e' Jo W)ds
defined by (B.2)-B3),

t
VWbl | 1vs"(o)lszds,
”w(t) _¢app(t)||L2 < . 0
4V Vy Wl|ze /0 26" ()|l 2 [ly6 (5) || L2 ds.

We see that the smallness of ||V, W || guarantees that the error between the
exact solution ¢ and the approximate solution (¢app Or @app) is small.
Ezample 3.5. (1) In the case W(x,y) = Wi(z)Wa(y), we obviously have
[VyWillLee = Wil [[VyWal Lee,
[VaVyWllLee = VoWl [[VyWa| e,
and Proposition [3.4] yields error estimates provided that the above norms
are finite.
(2) An important class of examples consists of those where W is slowly vary-

ing in y: W(z,y) = w(z,ny) with n < 1 and w bounded, as well as its
derivatives. In that case

IVyW Lo =0l Vywll oo
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Remark 3.6. (1) Suppose we are in case (1) of the preceding examples, and
Wa(y) = n|y|?, with 7 small: VW is not bounded, but we can adapt the
above lines to get

IZellze < 89v2Willzeellgl 2 lyl?6¥ Iz

that is, the extra power of y is transferred to the ¢¥ term.
(2) In the same spirit, with a flat coupling W (x, y) such that e.g. ||{y) PV, W1
is small for some p > 0, we could get an estimate of the form

1S4l < 41y) PV Wilzo @Gl | (w)" ¢ 2.

3.4. Error estimates at higher regularity. Proposition B.4] provides L2-error
estimates. To prove error estimates in H'(R"*%), we differentiate ([3.4)) in space,
and two aspects must be considered:

e The operator V, , does not commute with H (in our framework),
e We must estimate V, >3y and V ,34.

Indeed, we compute
iatvaw = HV,ry + [VI, H]Tw + Va2,

and
Vi, H =V,H—HV, =V, Vi + V., W.

In the typical case where V; is harmonic, V;V; is linear in z, and so a1, appears as
a source term. Note that in the general setting of Assumption[ZT] |V, Vi ()| < ().

Remark 3.7. If V., V4 and V,W are bounded, then Lemma 23] yields

t
IV @]z < / (Cllro(3)]122 + V2 ()] 2) ds.

The term ||ry(s)| 12 is estimated in Proposition B4, and ||V;Xy(s)|| 2 is estimated
below.

Multiplying (34]) by x, we find similarly
10y (xry) = H(ary) + [z, H|ry + 2Xy = H(zry) + Vary + 25.

Energy estimates provided by Lemma applied to the equation for V,r, and
xry then yield a closed system of estimates:

t
IVaro@)llz2 + s (0)]1: < / (I(VaVi + Ve W )r(s) 122 + [Vars ()] 12) ds
t
+ / (VoS ()l 2 + 25 (5)]12) ds
t
<c / (27 ()]l 22 + [ Varp(s)]z2) ds

+ / (930 (3)l2 + [250(5) 1 12) ds.
0

where we have used the estimate |V, Vi + VW] < C(1+ |z|), and the uncertainty
principle (uncertainty in 2, Cauchy-Schwarz in y),

2
11z < ~IIVafllzlf] 2.
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The Gronwall Lemma then yields

t
[Vary (@)ll2 + |27y (2)] 22 </0 e (IIVaZy(5)ll 22 + |22y ()| 22) ds,
for some C' > 0. We compute
VoZy = (Vo Wiz, y) — VoW (2,0)) Yapp + W (2,0,y,0)V 4 thapp.

The first term in controlled by |y|||V4Vy W] Lo |tapp|- The second term is con-
trolled like in Section B3] by replacing ¢app with Vi1bapp. We can of course resume
the same approach when considering V,ry, and the analogue of the above first term
is now controlled by |z|||VoVyW|| Lo [¢app|. Finally, in the case of rg, computa-
tions are similar (we do not keep track of the precise dependence of multiplicative
constants here), and we have (using the second family of estimate from Proposi-

tion BA)):
Proposition 3.8. Under Assumption[21], there exists a constant C > 0 such that
we have the following error estimates:
e Brute-force approach: for Yapy(t, z,y) = ¢ (t, z)@¥ (t,)e™ (0.0 yhere o
and @Y are given by (B

[Vatp(t) — sz/’app(t)HLQ + [|z3p(t) — xwapp(t)HLQ < CvavyWHL""X

t
< [ el g (e Doz + 192" 9z + ol Vg (5)2) s,

[Vy s (t) = Vytapp ()l L2 + 1y (t) — ytbapp ()l 2> < ClIV2Vy Wl Lo X

t
< [ e lap @z (I @z + 19676z + V2"l ds.
e Mean-field approach: for

Gapp (£ 2, y) = ¢ (t, 2)p¥ (L, y)e' Jo W)ds
defined by B2)-B3), then (t) — ¢app(t) satisfies similar estimates.

Remark 3.9. The approach presented above can be iterated to infer error estimates
in Sobolev spaces of higher order, H*(R"*9) for k > 2, provided that we con-
sider momenta of the same order, that is, provided that we consider <x>k Ty and
<y>k 7y, which explains the interest in the functional spaces ¥¥. Error estimates
in such spaces can also be obtained by first proving that ¢ and the approximate
solution(s) remain in $*, and then interpolating with the L? error estimate from
Proposition 341

3.5. Error estimates for quadratic observables. For obtaining quadratic esti-
mates, we consider observables such as the energy or the momenta, that is, operators
that are differential operators of order at most 2 with bounded smooth coefficients.
These differential operators have their domain in H?(R"*%), as the operator H.
More generally, we could consider pseudo-differential operators B = op(b) associ-
ated with a smooth function b = b(Z) with Z = (2,¢) € R?®*9) whose action on
functions f € S(R"*?) is given by

op(b)f(2) = (2m)~ () /

R

i
b (z te ,<> 6= £V dCdz'
2(n+d) 2
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We assume that b satisfies the Hormander condition
(3.7) Va, 8 € N"*, 3C05 >0, [00080(2, )| < Cap(¢)* 1,

that is, b is a symbol of order 2, see e.g. [I, Chapter 1.2]. We shall also consider
observables that depend only on the variable x or the variable y. Let B = op(b) be
such an observable satisfying 7). We focus on a posteriori estimates and work
first on the difference for the brute force approach

e (t) = (W(1), BU()) — (app (1), Bibapp (1))
We use Lemma [2.4] for the operators H and the approximate Hamiltonian Hy,
(3.8) Hiy = Hy + H, + W (x,0) + W(0,y) — W(0,0),
to obtain
ealt) < [ o)l as,
where
P (t.8) = (app(8), [B(t — 8), H — Hyg app(s)) . B(o) = e Be 1

By Egorov Theorem, see [35] Theorem 11.1], the operator B(o) is also a pseudo-
differential operator, that is, B(c) = op(b(c)) for some function b(o) that satisfies
the growth condition (7). We have

H — Hype = W(z,y) — W(z,0) — W(0,y) + W(0,0) = 6W(z,0,y,0) =: §W(x,y),
with the notations of Section Then, by the direct estimate of Lemma [A.T]
I[B(0), 0W]tbapp ()| 2 <
Coto) (IVOW ) happ ()21 + Co(6W)l[thapp(s)]l12 ),

where Cy(,) > 0 depends on derivative bounds for the function b(c) and

Co0W) = > [|0%6W ||

2<]a|<Nna

We therefore obtain
190 (t,5)] < Coa—s) (IVOW)happ(3) e+ Ca(6W) 1|22 ) 1ol 22

Using the rectangular n x d matrix M (z,y) introduced in Remark B, the gradient
of W (z,y) can be written as

VoW () = VW, o>> _ (f; M(z, ny)ydn>

V(W)(z,y) = <vyw(a:, y) — V,W(0,y) [} 1M (0, y)z df

We estimate the Sobolev norm by
IVOW)app (s) 2 < VM| Lo ([[2%app(s)[[ 2 + [ytapp(s)l£2)
+ [[M]| L (IV (@app ()| 22 + IV (y¥app(s))ll22) ,
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so that integration in time provides

t
ley (8)] < Ob|VM||L°°|1/)0”L2/O (lzapp ()l L2 + [lytapp (s)l|L2) ds

+CblIJV—’llLooHonL?/0 IV (@app ()2 + [V (y¢app(s))llL2) ds

+ Cy Co (W) t[|¢ho |7 2,

where the constant Cj, = max,¢[o,; Cp(s) depends on derivatives of b. In the mean-
field case, the approximate Hamiltonian is time-dependent,

(3.9) Hine(t) = Hy + Hy + (W), (t) + (W), (£) = (W) (£).

The difference of the Hamiltonians is also a function, which is now time-dependent,
H — Hine(t) = W+ (W)(t) = (W)a(t) — (W)y(1).

However, it is easy to check that a similar estimate can be performed, leading to

an analogous conclusion. We sum up these results in a statement.

Proposition 3.10. Under Assumption[2d], for b € C>(R"*4) satisfying B.1) and
B = op(b), there exists a constant Cy > 0 such that we have the following error
estimates:

e Brute-force approach: for Yapy(t, z,y) = ¢ (t, z)¥ (t,)e™ (0.0 yhere p*
and @Y are given by BI)), the error

ey (t) = (P(t), BY(t)) — (Yapp(t), Bapp(t))

satisfies
lew()| < Cp sup VM| =[]l 2 (N (app) + tllvbol|22) ,
|5 <N7l+d
where

t t
M) = 68l [ e (6)gs + bz [ o @)lzzds
t t
T lellzs / IV (" () 2 ds + 168 12 / IV (2% (5))ll 3 ds

t t
+ [ e @l Ve Olagds + [ 1967z e ()23

and M (z,y) = 0,0,W (x,y), while Np+q > 0 depends on n+ d.
e Mean-field approach: for

Gapp (£ 2, y) = ¢° (t, )Y (L, y)el Jo W)ds
defined by B32)-B3), then ()(t), BY(t)) = (Gapp (), Boapp(t)) satisfies sim-

ilar estimates.

Remark 3.11. We point out that the error is governed by derivatives of second
order in W, involving a derivative in the y variable that is supposed to be small.
Besides, note that the direct use of an estimate on the wave function itself would
have involved H? norms of t,pp(s), while this estimate only requires H' norms.
This first improvement is due to the averaging process present in Egorov Theorem.
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3.6. Energy conservation. In comparison with the brute-force approximation,
the mean-field approximation has the advantage to be both norm-preserving and
energy-preserving, even though the mean-field Hamiltonian H,,¢(t) depends on time
(see (B3)). If one derives the mean-field approach from the time-dependent Dirac—
Frenkel variational principle, then energy conservation is immediate, see |24, Chap-
ter I1.1.5]. Here we give an elementary ad-hoc proof.

Lemma 3.12. Under Assumption[2.1] and considering the mean-field approach:
Gapp (b, ,y) = &7 (8, 2) @ (¢, y)e' Jo W) (s
defined by B.2)-B.3), then

<¢app(t)a Hmf(t)¢app(t)> = <7/}0a H7/)0> for allt > 0.

Proof. A first observation is that

<¢app(t)a Hmf(t)¢app (t)> = <1/10, Hmf(0)1/)0> for all ¢ > 0.

Indeed,

2 (Gupn (1), Hunt ()5 1)
= (app(t), O Hm (t) dapp (1)) = (Papp(t), O Wapp (1) Papp (1))
with Wapp(t) = W)y (t) + (W), (t) — (W) (t). We deduce

2 (Gap(0). Hnt (1) (1)
= [ W) (@6 () 160 + 16 10 D1l () P) dody
- / W (e, 9)0, (167 (£, ) [6¥(t, 9)|?) didy = 0.

where we have used the self-adjointness of Hy,¢(f) and norm-conservation in the
multiplicative components. Secondly, since

(Yo Wapp (0)80) = (w0, (W), (0) + (W), (0) = (W) (0) ) v )
= 2(W) (0) = (W) (0) = (W) (0),

the approximate energy coincides with the actual energy, and we obtain the result
of Lemma .12 0

Remark 3.13. In the brute-force case, Hyy, defined by (B8], is time-independent,
and we have

<1/)app(t), Hbf’l/)app(t)> = <1/)0, Hbt'1/10> fOI‘ all t 2 O

However this conserved value does not correspond to the exact energy of (ILI]), but
only to an approximation of it.
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4. DIMENSION REDUCTION VIA SEMICLASSICAL ANALYSIS
In this section, we consider coupled systems, where one part is governed by a
semiclassically scaled Hamiltonian, that is, H, = H, with

€ 52
H, = _?Ay + Va(y).

Y

First we motivate such a partial semiclassical scaling in the context of system-bath
Hamiltonians and introduce wave packets as natural initial data for the semiclassical
part of the system. We explore partial semiclassical wave packet dynamics guided
by classical trajectories and by trajectories with averaged potentials. Thus, the
partially highly-oscillatory evolution of a PDE in dimension n+d is reduced to a less-
oscillatory PDEs in dimensions n, and ODEs in dimension d. The corresponding
error estimates in § [.5] compare the true and the approximate product solution in
norm and with respect to expectation values.

4.1. Semiclassical scaling. We reconsider the system-bath Hamiltonian with cu-
bic coupling of §2.21 now formulated in physical coordinates (X,Y), that is,

h? h?

Hg, = QMAX + Vs(X) 20

where the coordinates X and Y of the system and the bath part are prescaled,

resulting in the single mass parameters p, uo for each subsystem and one single

harmonic frequency ws for the bath (noting that, alternatively, several harmonic

bath frequencies ws ; could be introduced, without modifying the conclusions de-
tailed below). The corresponding time-dependent Schrodinger equation reads

ihd- (7, X,Y) = HeU(r, X,Y).

We perform a local harmonic expansion of the potential V;(X) around the origin
X = 0 and assume that it is possible to determine a dominant frequency w;. We
then define the natural length scale of the system as

h
a = .
H1wi

Rescaling coordinates as (z,y) = 2(X,Y’), we obtain

1 g2 1 w? 1
Hay =t (~50 + Vi) = S8, + 5 ZoblP 4 37 -abl?).

w? 1
Ay + 2|V 4 27 XY,

2

where we have introduced the dimensionless parameters
/ [w
£ = ﬂ y w = _2 5
H2 w1
1

Vi(z) = —Vi(az) , 7 = 2

and denoted

The rescaling of the system potential V;(X) and the coupling vector 7 do not alter
their role in the Hamiltonian, whereas the two dimensionless parameters € and w
deserve further attention. We now consider the régime where both the mass ratio ¢
between system and bath and the frequency ratio @ between bath and system are
small, that is, where the system is viewed as “light” and “fast” when compared to
the “heavy” and “slow” bath.
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Example 4.1. For the hydrogen molecule Ho, where the electrons are considered
as the quantum subsystem while the interatomic vibration is considered as the
classical subsystem, we have u; = m. and puo = 918.6m,. Further, the characteristic
electronic energy is of the order of hwy = 1Ej while the first vibrational level is
found at hws = 0.02005F,. Hence the dimensionsless parameters are both small,
€ =0.03299 and w = 0.1416.

Example 4.2. As a second example, we consider coupled molecular vibrations, ex-
emplified by the Hy molecule in a “bath” of rare-gas atoms, here chosen as krypton
(Kr) atoms. The Hy vibration is now considered as a quantum system interacting
with weak intermolecular vibrations. The reduced masses are given as g (H-H)
= 0.5 u = 911.44 m, (where u refers to atomic mass units), pe (Kr-Kr) = 41.9
u = 76.379 x 103 me, and pz (He-Kr) = 1.953 u = 3560.10 m,.. The vibrational
quanta associated with these vibrations are hw;(H-H) = 4159.2cm™! = 0.0189E},,
hwe(Kr-Kr) = 21.6cm~' = 9.82 x 1075 Ej, and hws(Hy-Kr) = 26.8cm™! =
1.22 x 107* E}, (see Refs. [I7, 33]). The resulting dimensionless mass ratios are
given as €12 = \/u1/pe = 0.109 and €13 = \/u1/ps = 0.51, and the corresponding
frequency ratios are wis = \/m = 0.072 and w3 = \/m = 0.080. In the
case of the Ho-Kr relative motion, note that the frequency ratio w3 is indeed small
whereas the mass ratio is €13 ~ 0.5; this shows that the quantum-classical boundary
is less clearly defined than in the first example of coupled electronic-nuclear mo-
tions. In such cases, different choices can be made in defining the quantum-classical
partitioning.

In an idealized setting, where € is considered as a small positive parameter whose
size can be arbitrarily small, we would say that
w=0() as £—0,

and view the system-bath Hamiltonian Hgp, as an instance of a partially semiclassical
operator

1 2
H® = =20y 4 Vi(2) - %Ay +Va(y) + Wiz, y),

whose potentials Vi (z) and Va(y) are independent of the semiclassical parameter &
and satisfy the growth conditions of Assumption 2] (see also Remark 22). As
emphasized in §2.2] the cubic coupling potential does not satisfy the subquadratic
estimate, but can be controlled by additional moments of the approximate solution.

A corresponding rescaling of time, t = 7/(swy), translates the time-dependent
Schrédinger equation to its semiclassical counterpart
(4.1) i)™ (t, ,y) = H Y (L, 2, ),

where the physical and the rescaled wave functions are related via
Vet x,y) = a"TD2 (1) (ewr), a X, aY).

4.2. Semiclassical initial data and ansatz. As before, the initial data separate
scales,

(4.2) V0,2, y) = @5 (v)g" (v),

where we now assume that g® is a semiclassically scaled wave packet,

1 - .
(4.3) & W) = 0 (y \/qu> eipo(y=a0)/<
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with (go, po) € R??, a rapidly decreasing, i.e. a € S(R%; C) = NgenXF (a is typically
a complex Gaussian but not necessarily).

We now seek an approximate solution of the form
(44) ¢§pp(taxay) = 1/)T(t,$)1/)§(t,y),

where 15 is a semiclassically scaled wave packet for all time,

1 Y=\ ipt)-(y—a(t))/e+iS()/
(45) 1/)§(t,y) = MUQ <t, 7 e p Yy—q 5 5'

Here, (q(t),p(t)) € R??, the phase S(t) € R, and the amplitude us(t) € S(R?,C)
must be determined. Denote by

y—q(t)

T e

the space variable for ug, or, equivalently, y = ¢(t) + zy/c. Set

(4.6) g (t, @, 2) = 5 (t, x)ua(t, 2)

the part of the approximate solution that just contains the amplitude. With this
notation,

(t,x, Z)eip(t)'Z/\/EJriS(t)/a

1
wgpp(tu xz, y) = mugpp .

_y—a®’

Ve
The analysis developed in the two next sections allows to derive two different ap-
proximations, based on ordinary differential equations governing the semiclassical
wave packet part, which are justified in Section L (see Proposition [4]).

Remark 4.3. We note that our approximation ansatz ([@4]) differs from the adiabatic
one, that would write the full Hamiltonian as H® = —5—22Ay + H¢(y), where

Hely) = — 500 + Vi) + Valy) + Wz, )

is an operator, that parametrically depends on the “slow” variable y and acts on
the “fast” degrees of freedom z. From the adiabatic point of view, one would then
construct an approximate solution as ¥5 (¢, z,y) = ®(x,y)v5(t,y), where &(z,y)
is an eigenfunction of the operator H¢(y); here, the subscript “bo” stands for Born-
Oppenheimer. The result of Corollary 4.8 emphasizes the difference between these
two points of view.

4.3. Approximation by partial Taylor expansion. Plugging the expression
of Y5, (¢, x,y) into (@I, and using Taylor expansions

Va(y) = Va(q(t) + 2vE) = Va(q(t)) + Vez - VVa(q(t) + % (2, V21 (q(t)z) + O(*/?),
W(z,y) = W(x,q(t) + 2ve) = W(x,q(t)) + Vez - VW (2,q(t)) + O (e),
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we find:

iedp)t ip(1)-2/VE+IS(1) /2 o

app

1
+3 A 1/}dpp + Aywapp (Ia y) ipp = me

((p-q'—s' WL i)~ Vatw) - Wia)) sy

+ Ve (=i Vaug,, —p-zugp, +ip - Vaug,, — 2 - VVa(qug,, — 2 - VyW(z, q)ug,,)

1 1 1
+e€ <18tu + —Agui + —Aul  — 3 <z, V2Va (q) z> ugpp>

app 2 Tapp 2 app
+O( 3/2))

where the argument of u:__ and its derivatives are taken in z = y7—‘§”. To cancel

app
the first four terms in the /2 line, it is natural to require

(4.7) ¢=p, q0)=q, p=-VVa(qg), p(0)=npo.

Now cancelling the first four terms in the first line of the right hand side yields

(45) S(t) = / ("’(;'2 Valals) ) s

In other words, (q(t), p(t)) is the classical trajectory in y, and S(t) is the associated

classical action. At this stage, we note that the term 2z - V,W(z,q)ug,, is not

compatible with decoupling the variables « and z (or equivalently, x and y). Using
that ||V, W|/ 1~ is assumed to be small, the above computation becomes

1 . )
Z'Eaﬂ/ls + Agﬂ/) —|— Ayi/) (:p7y) gpp = _elp(t)'z/\/ngzS(t)/sx

app app app 5d/4
(zs@tuapp + - A eUppp T 5 A SUspp — (5 (2,V?V3(q) 2) + Vi(z) + W (z, q)) u
+0 (53/2 + \/gnvywnm) )

In view of (6], we set

(4.9) g0 + Aw% Vi(z) + W(z, ) Y1 5 Ym0 = ¥0
and

. 1 1 9
(4.10) Wz + 58:u2 = 35 (2, VW2 (q) z)us 5 ugu—g = a.

Equation (£I0Q) is a Schrodinger equation with a time-dependent harmonic poten-
tial: it has a unique solution in L? as soon as a € L?(R?). In addition, since a € %

for all k € N, up € C(R; %%) for all k € N. The approximate solution Yapp SOlves

1
€0y + 5 A +Vapp + Aywapp Viapp = d—/4€w FIVETS)e (ri+7r3),

where the remainder 7§ is due to the Taylor expansion in Va, and satisfies the
pointwise estimate

1
15t 2, 2)] < = x €32 VPVR|| oo 955 (8, @) X |2]P|ua(t, 2)],

(=}
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while the remainder 75 is due to the Taylor expansion in W, and satisfies the
pointwise estimate

r5(t, @, 2)] < Ve [IVy WL [ (t, )] x |2]|ua(t, 2)].

To summarize, the approximate solution obtained by Taylor expansion is given by

L ip(6)-(y—aq(t) Je+iS(t y—q(t)
Vopp(ts @, y) = me Pl ly=ali)/eist /ey, (¢, T Uit ),

3 N (> 1 g g € X
with €0y + S 8.y = (Vi(@) + Wz, @) ¥T ;5 ¥ij—0 = ¥0

1
and i0;uz + EAzuz = (2, VVa(qQ) 2)us 5 ugp—o=a,

N =

i=pa® =, 5= %) 90 = 50~ [ (L vigee)) s

The validity of this approximation is stated in Proposition 4] below. Note that
if a is a Gaussian state, then us too and its (time-dependent) parameters — width
matrix and center point — can be computed by solving ODEs (see e.g. [24] [7, 1] 21]
and references therein).

4.4. Approximation by partial averaging. Following e.g. [10], we write
€
Va(y) = Va(a(t) + 2vE) = (Va)y(t) + vVez - (VVa)y(8) + 5 2+ (VZVa)y (8)z + Vi,
Wi(x,y) =Wz, q(t) +2ve) = (W(w, )y (t) + va,
2

where the averages are with respect to |[1)5(¢,y)|*. For example,

(4.11)
2 2
<W%M”:ﬂ?%%ﬁﬁgwhﬂqiw>WWWW“+ﬁ@W“”W%
1

WG,y (t) = 1 Wz, q(t) + V=) |uat, 2)|"dz,

|a||%2(Rd) Rd
where we anticipate the fact that the L2-norm of 15(¢) is independent of time. We

almost literally repeat the previous argument and find that

app

; L e? L ip(t)- i
Zgathpp + §Az¢€ + 3Ay¢§pp —V(z, y)wgpp — We p(t)-z/VE+iS(t) /e o

(i85 )y~ i) — (Wi, ), Yo
FVE(=iG- Vol —p-zul,, +ip- Vaus, — 2 (VVa)yus,)

app app app app
. 1 1 1
+e (zatugpp + Q—EAwujpp + 5Azu;pp - 5% <V2V2>y zujpp)

+ 7 +75),

with 75 = vjug,,, j = 1,2, and z is taken as z = (y — q(t))/+/e. To cancel the first
four terms in the /¢ line, it is natural to require

g=p, q0)=q, p=—(VVa)(t), p(0)=po.
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Now cancelling the first four terms in the first line of the right hand side yields

Dl

s =P8 i), 0.

With these choices the above equation becomes

. 1 g2 1 i -z %
lEatl/Jgpp + §Aaﬂ/’§pp + 5Aywzpp - V(‘Tu y)wgpp = me p()-2/ Vet S(t)/EX

) - 1 - € - € e
(za@tuapp + §Amuapp + EAzuapp - (5 Z: <V2V2>y 2+ Vi(z) + (W (z, )>u) u

app

+ 75+ 75)

_y—a®)’
2=

We see that we can now define the approximate solution by:

1
(412) o + 5805 = (Vi) + (Wl D), (0) ¥ 5 im0 = 6,

. 1 1

i0pug + 5AZU2 =3 % <V2V2>y(f) Zuz 3 Ugjp=g = G
Since the matrix <V2Vg>y(t) is real-valued, we infer that the L2-norm of us(t)
is independent of time, hence [[¢2(t)||r2 = [luz(t)|[z2 = [lallr2. The equation in

us is now nonlinear, and can be solved in X!, since VV5 is at most linear in its
argument: up € C(R;¥!), as higher X¥ regularity is propagated. To sum up, the
approximation obtained by partial averaging reads:

T i ; —qlt
Ui (t01) = e OO0z (1 L0 e ),
o 1 P
with 10 + 5.0 = (Va(@) + (Wia, D), (0) ¥ 5 o = 6,
1

1
and i0yug + §AZU2 =54 <V2V2>y(t)z Uy 3 Usgp—o = G,

p(t)[?
2

i=p, q(0)=q, p=—(VVa)y(t), p(0)=po, S(t)=

— (Va)y (1)

Here again, if a is a Gaussian, then so is us and its width and center can be
computed by solving ODEs (see [24] [7], [TT]). Note also that, differently from the

previous setting, ug is now € dependent via the quantity <V2V2>U (t) (see (EII)).

However, this dependence is very weak since a Taylor expansion in ([IT]) shows
that us is close in any ¥* norm from the solution of the equation

1 1
10y + §Azu =5 % VVa(q(t)zu ;  up— = a
For this reason, we do not keep memory of this e-dependence and write us. By

contrast, the e-dependence of 97 is strong since it implies oscillations features in
time.

4.5. The approximation results. The main outcome of the above approxima-
tions can be stated as follows, and is proved in Section
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Proposition 4.4. Let 1)° be the solution to [@I)-[2), with g& given by @3J).
Then with 5, given either like in Section [£.3 or like in Section [{.4} there exist
constants Ko, K1 independent of € such that for all t > 0,

v W oo
I65() = (Ol < i (VE+ Il e
Corollary 4.5. Assume 1 := ||V, W||r~ < /€, then for all T > 0,

e .
S 10 = Ui Ol O<\/E+ ﬁ>.

Remark 4.6. Using the same techniques as in Section B.4] one can prove estimates
on higher regularity norms, using e-derivatives in y and standard ones in x. For
example, if a € ©*, then there exists Ky, K; independent of ¢ such that

1eVy Y= (t) = eVyhap, ()llL> + lyd™(t) — yiapp (£l 2
t t
V., WL
< 6o (V2 [ e uatolmeas + I [ ooe s
0 Ve 0
We refer to [8] (see also [T, Chapter 12]) for more detailed computations.

Note that, in both approximations, the evolution of uy corresponds to the stan-
dard quadratic approximation. In particular, if a is Gaussian, then us is Gaussian
at all time, and solving the equation in us amounts to solving ordinary differential
equations. However, the equation ([@3]) solved by 1 (t) is still quantum, however a

reduction of the total space dimension of the quantum system has been made from
n+d to n.

The latter equations (£9) and [@I2) can be written as an adiabatic problem:
€0 (1) = h(t)yi(t), ¢1(0) = ¢5,
where h(t) is one of the time-dependent self-adjoint operators on L?(R™)
1 1

bee(t) = —5A + Vi(z) + W(z,q(t)) and bpa(t) = =5 A + Vi(z) + (W(z, )y ().
We assume here that h(¢) has a compact resolvent and thus, that its spectrum
consists in a sequence of time-dependent eigenvalues

Al(t) < Ag(t) <o <K Ak(t) — OQ.
k—-+oo

We also assume that some eigenvalue A;(t) is separated from the remainder of the

spectrum for all ¢ € R and that the initial datum ¢ is in the eigenspace of §(0) for
the eigenvalue A;(0):

(4.13) h(0)e5 = A (0)¢g.
Then adiabatic theory as developed by Kato [20] states that 7(¢) stays in the
eigenspace of A;(t) on finite time, up to a phase.

Proposition 4.7 (Kato [20]). Assume we have [I3) and that A;(0) is a simple
eigenvalue of h(0) such that there exists &g > 0 for which

d({A;(1)},Sp(h()) \ {A;(8)}) = do.

Denote by ®%(t) a family of normalized eigenvectors of h(t) such that
©5(0) = 95, (®5(1), 25(t)) = 0.
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Then, for all T > 0, there exists a constant Cp > 0 such that

Hﬁ(ﬂ e il Aj(s>d5q)?(t7$)HL2 < Cpe.
Corollary 4.8. We then obtain the following approximate solution

LA (s)ds+L i (y— T —q(l
Vipp(t 2,y) = e # Jo MBSO GO (1, )y (t’ qu‘“> |
One then sees the difference with the Born-Oppenheimer approach recalled in
Remark [£.3]

Of course, other methods can prove to be adequate for solving equation (@12
depending on the specific context of the studied problem.

Let us now discuss the approximation of observables that we choose as acting
only in the variable y. Due to the presence of the small parameter ¢, we choose
semiclassical observables and associate with b € C2°(R2?) (b smooth and compactly
supported) the operator op_(b) whose action on functions f € S(R?) is given by

/
2d 2

0. (01 (w) = (272) " [

R
As usual, the error estimate is better when quadratic observables are considered,
instead of wave functions. More specifically, the error estimate from Proposition 4.4l
is improved by a factor \/e. We apply Lemma 24 with now h = e. Like in

Section [3.5] we note that 97 solves an equation of the form

ieOpps, = HE 1)F

app app 7app*

We prove the following result.

Proposition 4.9. Let 9)° be the solution to [@I)-(L2), with g& given by @3]).
Then with b € C=(R?) and Yapp given either like in Section [{.3 or like in Sec-
tion[{4) there exist a constant K independent of € such that for all t > 0,

[{op (D)1° (1), %°(£)) — (0. (D)5 (1), Yipp ()| < K t (e + IV, Wl|zov) -

Remark 4.10. Of course, we could have considered a mixed setting consisting of
pseudodifferential operators as in Section in the variable z, and semiclassical
as above in the variable y. One would then obtain estimates mixing those of
Proposition and Proposition Our interest here was in emphasizing the
unmixed semiclassical aspect.

4.6. Error estimates for the wave function. In this section, we prove Propo-
sition 4] and make comments on the constants Ky, K1, which may be analyzed
more explicitly in some cases.

4.6.1. Approximation by partial Taylor expansion. As we have seen before,

£3/2

I @)llze < == IV*Valleg 951 2 lll=Puz(®)ll e,

Ir5()llze < VENVyWlLoellp 22 lzua ()]l 2
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Lemma then yields, with now h = ¢,

[%°(t) = Yapp ()l 22 < £||V3V2|L°°|<P0|L2/ 12 ua(s)l L2 ds

\/— HSDOHL |||Z|u2 \des

According to the signature of V2V5(q(t)), the quantities H |2[3u2(s)|| L2 and ||[z|ua(s)| 2
may be bounded uniformly in s > 0 or not. For instance, they are bounded if V2V,
is uniformly positive definite, or at least uniformly positive definite along the tra-
jectory g. On the other hand, we always have an exponential bound, even if it may
not be sharp,

elPus(s)llzz + lzlua(s)llzz < Coc®,

for some constants Cy,C; > 0. This control is sharp in the case where V2V5 is
uniformly negative definite. See e.g. [T}, Lemma 10.4] for a proof of the exponential
control, and [7, Section 10.5] for a discussion on its optimality. In particular, for
bounded time intervals, the (relative) error is small if ||V, WL~ < /2 < 1.

Remark 4.11. If V,W is not bounded, e.g. V,W(x,y) = n(z)”, then we can
replace the previous error estimate with

[%°(t) = Yapp (D)l 22 < £||VSVQ|L°°|<PO|L2/ 12 ua(s)ll 2 ds

[ ot bz

In other words, the cause for the unboundedness of V, W is transferred to a weight
for ¢7. Similarly, if V,W is unbounded in y, we may change the weight in the
terms |||z|*usz| 2, after substituting y with ¢ + z/z.

4.6.2. Approxzimation by partial averaging. To estimate the size of 71 and 7o, we
might argue again via Taylor expansion. Indeed, we have

lalls Va), = [ Valalt) + V&) lua(t, )Pt
— Va(alt) + VEVVala(t) - [ slua(t, )Pz + r50)

where -
2
Ir5(t)] < §IIV2V2||L<>O l[lz[ua(t, )72 -

Hence, we have for all averages f = Vo, VVa, V2Va, W (x, ) that
(£, @)= f(a) +0\e),

where the error constant depends on moments of |uz|?. In particular, if us(0) is
Gaussian, the odd moments of |uz(t, 2)|? vanish, and the above estimate improves
to O(e). Hence, the L%norm of 71 is O(y/€) close to the L?-norm of 71, and the
L2-norm of 73 is O(ny/2), n = ||[VyW| L=, close to the L?-norm of ry (with each
time an extra /¢ gain in the above mentioned Gaussian case). In particular, the
order of magnitude for the difference between exact and approximate solution is
the same as in the previous subsection, only multiplicative constants are affected.
We emphasize that the constants Cy and C; from the previous subsection are in
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general delicate to assess. On the other hand, in specific cases (typically when wus
is Gaussian and V2V; is known), they can be computed rather explicitly.

4.7. Error estimates for quadratic observables. The proof of Proposition [£.9]
is discussed in the next two sections.

4.7.1. Approzimation by Taylor expansion. In that case, the time-dependent Hamil-
tonian HZ, is Hy,, = Hg, with

1 g2
Hi, = —§Az - 3Ay + Vi(z) + W(z,q) + Va(q) + (y — q) - VVa(q)

i % (y—a,VVala)ly —a)),

where ¢ = ¢(t). In particular, the difference H¢ — HE, is a function,

H® — Hi, = W(z,y) — W(z,q) + Va(y) — Va(q) — (y —q) - VVa(q)

- % (y— ¢, V*Valq)(y — q)) =: W (t, z,y).

In view of Lemma 24 if B = op.(b) with b € C°(R??), it yields (a posteriori
estimate)

090 B (0) = (00 B ()] < £ [ 16° (1)l
where

p° (1) = (Ui (5), [B(t = ), W ()]0 (), Blo) = '8 Be 21,

app app

By Egorov Theorem [35], B(c) = cop.(b(c)) for a function b(c) € C=(R9).
Therefore, by semiclassical calculus,

(Bt~ ),6W (s)] = op. ({b(t — 5), 5 ()}) +<op, (r*(s,1)

where [[op. (7°(s,t))||z(z2) is bounded uniformly in €, whence the estimate of Propo-
sition

4.7.2. Approximation by partial averaging. In that case, the time-dependent Hamil-

tonian Hy,, is Hy,, = H, with

HEy =~ = S0, 4 VA() + (e ), + (V) () + (v — 0) - (V) (1)
50 (VT ),

2

where ¢ = ¢(t). In particular, as in the preceding case, the difference H® — HF, is
a time-dependent function

H® — Hy, = W(z,y) — (W(z,-))y + Valy) — (Va)y (1)

—(y—q) - (VVa)y(t) - %(y —q) - (V2Va), () (y — q) =: SW (1, 2,y),

and the arguments developed above also apply.
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APPENDIX A. COMMUTATOR ESTIMATE

We provide a direct proof of the commutator estimate used for our analysis of
quadratic observables.

Lemma A.1. Let N > 1 and b = b(2,¢) be a smooth function on R?N satisfying
the Hérmander growth condition [B0). Let W be a smooth function on RN with
bounded derivatives. Then, there exist constants Cy, > 0 and My > 0 such that

lfon(®), sW]ellzz < Gy (IV@W)0lm + > 10°(6W)llli¥llz)

2<|a|<My
for all p € HY(RY).
Proof. We explicitly write the commutator as

op(0), W]y (=) =
N z+7 ei(~(zfz’) ) . ! !
en [ o(555) (W () — W (=) w() ded'

5
We Taylor expand the function W (z) around the point z’, so that
SW(2) =W (') =V(EW) (') - (2 = 2")+ (2 = 2') - 6Ra(2, 2") (2 — &)
with )
ORy(z,2) = / (1 =)V2(EW)(2' + (2 — 2)) do.
Corresponding to the above dgcomposition, we write
[lop(b), W]y (2) = fi(2) + fa(2)

and estimate the two summands separately. We observe that (z — 2/)ei¢(==%) =
—ngeiC'(z*z,) and perform an integration by parts to obtain

[ (B35 e VoW - o - )l e
]R2N

z+ 2

=i /R N V(W) (2') - Veb ( ,<> e CE= () deds!

Therefore,
1f1llz> < Co [VOOW)| g,

where the constant C;, > 0 depends on derivative bounds of the function b. For the
remainder term of the above Taylor approximation we write

/ b (z +2 - ,C) G2 (2 = 2') - 5Ry(2,2') (2 — 2') (') dCd2’
R2N

/
:/ tr (5R2(z,z’)v§b (%,g))é“zZ’>¢(z’)dcdz’,
R2N
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and obtain that

fallz <Gy Y0 10°(6W) oo 9] 2,

2<|a|< My

where C} > 0 depends on derivative bounds of b, while My > 0 depends only on
the dimension N. O
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