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SEPARATION OF SCALES: DYNAMICAL APPROXIMATIONS
FOR COMPOSITE QUANTUM SYSTEMS

IRENE BURGHARDT, REMI CARLES, CLOTILDE FERMANIAN KAMMERER,
BENJAMIN LASORNE, AND CAROLINE LASSER

ABSTRACT. We consider composite quantum-dynamical systems that can be
partitioned into weakly interacting subsystems, similar to system-bath type
situations. Using a factorized wave function ansatz, we mathematically char-
acterize dynamical scale separation. Specifically, we investigate a coupling
régime that is partially flat, i.e., slowly varying with respect to one set of vari-
ables, for example, those of the bath. Further, we study the situation where one
of the sets of variables is semiclassically scaled and derive a quantum-classical
formulation. In both situations, we propose two schemes of dimension reduc-
tion: one based on Taylor expansion (collocation) and the other one based
on partial averaging (mean-field). We analyze the error for the wave function
and for the action of observables, obtaining comparable estimates for both
approaches. The present study is the first step towards a general analysis of
scale separation in the context of tensorized wavefunction representations.

1. INTRODUCTION

We consider composite quantum-dynamical systems that can be partitioned into
weakly interacting subsystems, with the goal of developing effective dynamical de-
scriptions that simplify the original, fully quantum-mechanical formulation. Typi-
cal examples are small reactive molecular fragments embedded in a large molecular
bath, namely, a protein, or a solvent, all being governed dynamically by quite dis-
tinct energy and time scales. To this end, various régimes of intersystem couplings
are considered, and a quantum-classical approximation is explored. A key aspect
is dimension reduction at the wave function level, without referring to the conven-
tional “reduced dynamics” approaches that are employed in system-bath theories.

1.1. The mathematical setting. The quantum system is described by a time-
dependent Schrédinger equation

(1.1) i) = HY 5 Y=o = o,
governed by a Hamiltonian of the form

where the coupling potential W (z,y) is a smooth function, that satisfies growth
estimates guaranteeing existence and uniqueness of the solution to the Schrédinger
equation for a rather general set of initial data, as we shall see later in Sec-
tion |2l The overall set of space variables is denoted as (z,y) € R™ X R¢ such that
the total dimension of the configuration space is n 4+ d. The wave function depends

Key words and phrases. Scale separation, composite quantum systems, quantum dynamics,
system-bath system, quantum-classical approximation, dimension reduction.
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on time ¢ > 0 and both space variables, that is, ¥ = ¥(t,x,y). We suppose that
initially scales are separable, that is, we work with initial data of product form

(1.2) $(0,2,y) = Yo(z,y) = ©5(2)p4(y)-
In the simple case without coupling, that is, W = 0, the solution stays separated,
Y(t,x,y) = ¢"(t,x)pY(t,y) for all time, where

0" = Hy 0" 5 li—o = %0,
iOpp” = Hyp? 5 @iy =0,

and this is an exact formula. Here, we aim at investigating the case of an actual
coupling with 9,0,W # 0 and look for approximate solutions of the form

Yapp (t, 2, y) = 9" (t, 2)9" (t,y),

where the individual components satisfy evolution equations that account for the
coupling between the variables. The main motivation for such approximations is
dimension reduction, since ¢ (¢, x) and ¥ (¢, y) depend on variables of lower dimen-
sion than the initial (z,y). Of crucial importance is the choice of the approximate
Hamiltonian Ha.pp, = Hy + Hy + Wapp(t, 2, y), that governs the approximate dy-
namics. We consider two different approximate coupling potentials: One is the
time-dependent Hartree mean-field potential, the other one, computationally less
demanding, is based on a brute force single-point collocation. Time-dependent
Hartree methods have been known for a long time and have earned the reputation
of oversimplifying the dynamics of real molecular systems. We emphasize, that our
present study does not aim at rejuvenating but at deriving rigorous mathematical
error estimates, which seem to be missing in the literature. Surprisingly, our er-
ror analysis provides similar estimates for both methods, the collocation and the
mean-field approach. We investigate the size of the difference between the true and
the approximate solution in the L?-norm,

[6(6) = Yapn (812 = \/ | 10(t0.9) = gyt dody

and in Sobolev norms. We present error estimates that explicitly depend on deriva-
tives of the coupling potential W (z, y) and on moments of the approximate solution.
As an additional error measure we also consider the deviation of true and approx-
imate expectation values (¥(t), AY(t)) — (Yapp(t), Ahapp(t)), for self-adjoint linear
operators A. Roughly speaking, the estimates we obtain for observables depend
on one more derivative of the coupling potential W (z,y) than the norm estimates.
This means that in many situations expectation values are more accurately de-
scribed than the wave function itself. Even though rigorous error estimates that
quantify the decoupling of quantum subsystems in terms of flatness properties of
the coupling potential W (z,y) are naturally important, our results here seem to be
the first ones of their kind.

1.2. Relation with previous work. Interacting quantum systems have tradition-
ally been formulated from the point of view of reduced dynamics theories, based
on quantum master equations in a Markovian or non-Markovian setting [3]. More
recently, also tensorized representations of the full quantum system have been con-
sidered, as for example by matrix product states (MPS) [33] [34] or within a mul-
ticonfiguration time-dependent Hartree (MCTDH) approach [5l [15, 29, [39]. Both
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wavefunctions (pure states) and density operators (mixed states) can be described
in this framework, and wavefunction-based computations can be used to obtain
density matrices [36]. In the chemical physics literature, dimension reduction for
quantum systems has been proposed in the context of mean-field methods [14], [16],
and the quantum-classical mean-field Ehrenfest approach [13, 2]. Also, quantum-
classical formulations have been derived in Wigner phase space [27, 2I] and in a
quantum hydrodynamic setting [I7, [6, 35]. Our present mathematical formulation
circumvents formal difficulties of these approaches [10}[37,[32], by preserving a quan-
tum wavefunction description for the entire system. Previous mathematical work
we are aware of is concerned with rather specific coupling models, as for example
the coupling of Hartree—Fock and classical equations in [7], or the time-dependent
self-consistent field equations in [20], or with adiabatic approximations which rely
on eigenfunctions for one part of the system, see for example [38] 28]. To the best
of our knowledge, the rather general mathematical analysis of scale separation in
quantum systems we are developing here is new.

1.3. Partially flat coupling. For a first approximate potential, we consider a
brute-force approach, where we collocate partially at a single point, for definiteness
we choose the origin, and set

Wit (2, y) = W(z,0) + W(0,y) — W(0,0).

In comparison, following the more conventional time-dependent Hartree approach,
we set

Wing (8, 2, y) = (W), (1, ) + (W), (t,y) = (W) (¢),

where we perform partial and full averages of the coupling potential,

/ny|<p tx|2dx// (t, x)|? de,
/ny|<p ty\2dy// * dy,

Wy= [ W)l 2)e (1) |2dxdy/ / “(t,2)g¥ () dady.

Rn+d

For both approximations, the brute-force and the mean-field approximation, we
derive various types of estimates for the error in L?-norm. Our key finding is that
both methods come with error bounds that are qualitatively the same, since they
draw from either evaluations or averages of the function

oW (x,z',y,y") = W(x,y) — W(x,y') = W(',y) + W', y).

Depending on whether one chooses to control the auxiliary function §W in terms
of VW, V,W or V,V,W, the estimate requires a balancing with corresponding
moments of the approximate solution. For example, Proposition provides L?-
norm estimates of the form

2 t
1500 P (lLe < {const IV Wl 822 o llve? ()l ds.
app X

t €T
const [Va ¥, Wz J¢ o ()] 22 ¥ (5)]| 3 ds,
where const € {1,2,4}, depending on whether ¢, (t) results from the brute-force

or the mean-field approximation. Example [3.5] discusses important variants of this
estimate using different ways of quantifying the flatness of the coupling potential.
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Proposition [3.9] gives analogous estimates in Sobolev norms. In addition, we ana-
lyze the deviation of the true and the approximate expectation values in a similar
vein. For the expectation values, we again obtain qualitatively similar error esti-
mates for Wy and Wiye. The upper bounds differ from the norm bounds in so
far as they involve one more derivative of the coupling potential W and low order
Sobolev norms of the approximate solution, see Proposition Hence, from the
perspective of approximation accuracy, the brute force and the mean-field approach
differ only slightly. Therefore, other assessment criteria are needed for explaining
the prevalence of the Hartree method in many applications, as we will discuss in

Section [B.51

1.4. Dimension reduction via semiclassical analysis. In the second part of the
paper we turn to a specific case of the previous general class of coupled Hamiltonians
H® = H, + H; + W(x,y) and consider for one part of the system a semiclassically
scaled Schrodinger operator

2
)
Hy =~ 58, +Valy), >0,

We will discuss in Section [5.1] system-bath Hamiltonians that can be recast in this
semiclassical format. The initial data are still a product of the form but the
y-factor is chosen as

Y — —d/4 Y =490\ ipo-(y—q0)/c
eoly) =¢ a(\/g>6 :
that is, g is a semiclassical wave packet with a smooth and rapidly decaying
amplitude function a € S(R?), and an arbitrary phase space centre (go,po) € R??.
We will choose a semiclassical wave packet approximation for ¢¥(t,y) exploring two
different choices for the centre (¢(t), p(t)). As a first option we consider the classical
trajectory

and as a second option the corresponding trajectory resulting from the averaged
gradient of the potential V3,

Va0 = [ TVl lay/ [ e

Correspondingly, the approximative factor ¢® (¢, ) is evolved by the partial Hamil-
tonian H, + W.g with

Wea(t,2) = W(z,q(t)) or
Weat.a) = [ Wl ol ar/ [ 100 du

We obtain error estimates in L2-norm, see Proposition and expectation values,
see Proposition [5.8] These estimates are given in terms of the semiclassical pa-
rameter € and derivatives of the coupling potential. Again, both choices for the
effective potential differ only slightly in approximation accuracy. Measuring the
coupling strength in terms of n = ||V, W||L~, we obtain two-parameter estimates
of order /e + n/+/¢ in norm, while the ones for the expectation values are of order
€ +n. Hence, again the accuracy of quadratic observables is higher than the one
for wavefunctions.
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2. ASSUMPTIONS

We describe here the mathematical setting that will be ours, and discuss it in
the context of system-bath Hamiltonians [41} [3]. Our Hamiltonian is of the form

(2.1) H=H, + H, +W(z,y), with

Hm:_%Ax'i‘Vl(x)a Hy:_%Ay""/Q(y)a
where the potentials Vi (z), V2(y) and the coupling potential W (z, y) are all smooth
functions, that satisfy growth conditions as given in Assumption[2.1] We will denote

V(z,y) = Vi(z) + Va(y) + W(x,y) and abbreviate the Lebesgue spaces for the
different variables z, y, and (z,y) by

2 _ r2(mn 2 _ r2(md 2 _ 12(mntd
2=I*R") , L}=I*RY) , L*=L*R").
The initial data ¢o(x,y) in (L.2) are products of functions ¢f € L2 and ¢f € L2,

that are square-integrable and typically, Schwartz class, see below.

2.1. Assumptions on regularity and growth of the potentials. We choose a
very classical set of assumptions on the regularity and the growth of the potential,
since our focus is more on finding appropriate ways to approximate the solution in
a standard framework than on treating specific situations.

Assumption 2.1. All the potentials that we consider are smooth, real-valued, and
at most quadratic in their variables:

Vi € C®°(R™R), Vo € C®(R4ER), W e C°(R":R),

and, for « € N*, B € N4,
Vi € L™ for || =22, 0Va € L™ for ||
0208w € L™ for |a| + |3

We also assume that V,W € L, but note that this condition can easily be relaxed,
see Example[3.8. All the initial date we consider are smooth and rapidly decaying,
that is, Schwartz class functions:

05 € S(R™;C), ¢f € S(R%C)  (hence 1 € S(R™T C)).

2,

2
> 2.

Under the above assumption, it is well-known that H,, H, and H are essentially
self-adjoint on L2(R™), with N = n,d and n + d, respectively (as a consequence of
Faris-Lavine Theorem, see e.g. [30, Theorem X.38]).

Ezxample 2.2. Since Assumption [2.1] involves similar properties for Vy, V5 or W,
we present examples for V7 only, which can readily be adapted to V5 and W. For
instance, we can consider

Vi(z) = wasz + Zﬁj67<m"4jx> + Vper(2),
j=1 j=1

with w; > 0 (possibly anisotropic harmonic potential), 5; € R, A; € R™*"™ positive
definite symmetric matrices (Gaussian potential), and Vje, a smooth potential,
periodic along some lattice in R™.

The assumptions on the growth and smoothness of the potentials and the regu-
larity of the initial data call for comments.
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Remark 2.3. Concerning the growth of Vi, V5 and W, the assumption that they
are at most quadratic concerns the behavior at infinity and could be relaxed, up to
suitable sign assumptions. Local behavior is rather free, for example a local double
well is allowed, as long as it is not too confining at infinity. We choose to stick
to the at most quadratic case, since bounded second order derivatives simplify the
presentation.

Remark 2.4. Concerning the smoothness of our potentials, most of our results still
hold assuming only smoothness of W, as long as the operators H, and H, are
essentially self-adjoint on an adequate domain included in L?(RY), with N = n, d.
For example, V7 and V5 could both present Coulomb singularities, and the results
of Proposition [3.3 would still hold. In the semiclassical régime, we can also allow a
Coulomb singularity for V; and prove Proposition [5.5{ and Proposition [5.8

Remark 2.5. Concerning the smoothness and the decay of the initial data, most of
our results still hold, if the initial data are contained in one of the spaces %*(RY)
containing functions f whose norms

(2.2) Ifllsx = sup (12702 f| 2

z€R
la|+]8I<k

are bounded. Note that S(RY) = NienX*. For example, Proposition still holds
for initial data in X!, while Proposition requires initial data in a semiclassically
scaled X3 space.

2.2. System-bath Hamiltonians. An important class of coupled quantum sys-
tems are described by system-bath Hamiltonians [4], 3].

1 1
Hy, = _§A’” - §Ay + Vi(z) + Vo (y) + Van(z,9)

These are naturally given in the format required by (6.1]). In the present discussion,

we specify that the bath is described by a harmonic oscillator, Vi, (y) = 2k9|y[* (or
a set of harmonic oscillators in more than one dimension) and the system-bath

coupling Vi (z,y) = W(x,y) is of cubic form, such that we obtain in the notation

of (6.1),
1 1 1 1.
Hy= =58+ Vi(e) , Hy=—gAy+5kalyl® o Wiwy) =57l

where kJ > 0 and 7 € R%. The cubic, anharmonic coupling W (z,y) is a non-trivial
case, which is employed, e.g., in the description of vibrational dephasing [24] [18]
and Fermi resonances [4]. It is natural to assume smoothness and subquadratic
growth for Vi(z). However, the coupling potential W (x,y) clearly fails to satisfy
the growth condition of Assumption Moreover, it is not clear that in such a
framework the total Hamiltonian H is essentially self-adjoint. On the other hand,
adding a quartic confining potential,

1 1 1
H, = _§Ay + §/€g|y|2 + Zk2|y|4’ kg >0,

guarantees that H is essentially self-adjoint. Indeed, Young’s inequality for prod-
ucts yields

1/1
W) >~ (oo hiPle +alyl*) . Voo >0
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so choosing ¢y = kY, we have, for the total potential V(z,y) = Vi(z) + Vi(y) +
W(z,y),

2
Vi) > Vale)| - Dl > ~Gilef — O,
4

for some constants C7,Cs > 0. Hence, the Faris-Lavine Theorem implies that
H,, H, and H are essentially self-adjoint. In the following, we will therefore also
provide slight extensions of our estimates to accommodate this specific, but inter-
esting type of coupling (see Remark .

3. PARTIALLY FLAT COUPLING

In this section, we present error estimates that reflect partial flatness properties
of the coupling potential W(z,y) in the sense, that quantities like ||V, W ||z or
IV4V W] e are small. Depending on the regularity of the initial data, the small-
ness of these norms could also be relaxed to the smallness of || (z) 7" (y) ~7vV, W|| L
for some 0,0, > 0, see Example We investigate two approximation strategies,
one that is based on brute-force collocation, the other one on spatial averaging. In
each case, we prove that the coupling in (z,y) is negligible at leading order with
respect to V,W. Throughout this section, ¢ = (¢, z,y) denotes the solution to

the initial value problem (|1.1)—(1.2)).

3.1. Brute-force approach. We consider the uncoupled system of equations

3.1) 0" = Hyo" + W(2,0)0" 5 ¢ji_g =¥,
0¥ = Hyp? + W(0,9)pY 5 ¢l =0p.

In view of Assumption these equations have unique solutions ¢® € C(R;L2),
oY € C(R; Li), and higher regularity is propagated, ¢® € C(R; XF), ¥ € C(R; E’;),
for all k € N, where we recall that ¥* has been defined in (2.2)). The plain product
solves

i0:("¢") = H(p"0") + (=W(z,y) + W(z,0) + W(0,9)) (¢"¢").
This is not the right approximation, since the residual term is not small: Even if
W varies very little in y, then W(x,y) — W(z,0) — W(0,y) =~ W(z,0) — W(z,0) —
W(0,0) = —W(0,0). This term is removed by considering instead
Yapp (b, 2,y) = €W OO G (1, 2) 0V (8, y).

It satisfies the equation

10happ = Hipapp — (W(z,y) — Wapp(xa Y)) Yapp -

=:Zy

with approximative potential Wpp(x,y) = W(z,0) + W(0,y) — W (0,0). The last

term X, controls the error ¥ — .y, as we will see more precisely below. Saying
that the coupling potential W is flat in y means that V,W is small, and we write

W(z,y) = Wapp(z,y) = (W(z,y) — W(z,0)) = (W(0,y) = W(0,0)).

~y-Vy,W(z,0) ~y-V,W(0,0)

This suggests that partial flatness of W implies smallness of the approximation
error.
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Remark 3.1. For choosing another collocation point than the origin, one might use
the matrix

M(LI,‘, y) = a:va’gW(xa y) = (8IjaykW(x? y)) 1<5<n, 1<k<d ”

The Taylor expansion

W(z,y) = Wapp(z,y) = W(z,y) — W(z,0) = W(0,y) + W(0,0)

:y/ﬁ@wwmw—@wmw»m
0

1
(3.2) :/ / y - 0,0, W (0, ny) « dnd®.
0o Jo
implies for (x,y) = (2o, yo) that

W(x,y) - W(xay()) - W(HUOJJ) + W($07y0) ~ (.’£ : M(fo,yo)y%

which corresponds to the standard normal mode expansion. Hence, choosing (o, yo)
such that the maximal singular value of M (g, yo) is minimized, we minimize the
error of the brute-force approach.

3.2. Mean-field approach. Instead of pointwise evaluations of the coupling po-
tential, we might also use partial averages for an approximation. We consider

0" = Hoo™ + (W), () 6° 6ty = i,
i0h8Y = Hy? + (W), ()Y © &l)_, =l

where we have denoted

(3.3)

gy W@ W)l y) Py
R TPy
) Wl el W y)let )P
Wl =W ) = e e~ [P

where we have used the fact that the L2-norms of ¢® and ¢? are independent of time,
since W is real-valued. Note that is the nonlinear system of equations of the
time-dependent Hartree approximation. Contrary to the brute-force approach, L?
regularity does not suffice to define partial averages in general. In view of Assump-
tion 2.1] a fixed point argument (very similar to the proof of e.g. [8, Lemma 13.10])
shows that this system has a unique solution (¢*,¢¥) € C(R; X x X}), and higher
regularity is propagated, ¢* € C(R;XF), ¢¥ € C(R; E’;), for all k > 2. The approx-
imate solution is then

Gapp (1, 7,y) = ¢ (t,7) ¥ (1, y) € Jo (W),
with the phase given by the full average

_ W@ y)le (¢, 2)¢" (¢, y)|*dzdy

Wy =) T et @) Pdrdy

It solves the equation

10t Papp = Happ — Xg, Xg := (W - <W>m - <W>y + <W>) Papp-
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Remark 3.2. The correcting phase e’ J3W)ds seems to be crucial if we want to
compute the wave function. On the other hand, since it is a purely time dependent
phase factor, it does not affect the usual quadratic observables. The same applies
for the phase e®"(0:0) of the brute-force approximation.

3.3. Error estimates for wave functions. We begin with an approximation
result at the level of L?-norms only. For its proof, see Section

Proposition 3.3. Under Assumption we have the following error estimates:
Brute-force approach: for Vapy(t, x,y) = ¢%(t, 2)¢¥ (t,y)eW (00 defined by (3.1)),
2|V, W< 19812 fy llye(s)l| 2 ds,
[4(8) = Yapp()[l2 < . P Y
IVaVyWliLe [y l207 (s)]l 22 [lye? (s)| 2 ds.
Mean-field approach: for ¢app(t, x,y) = ¢ (t,z)¢Y(t,y)e’ Jo(W)ds defined by (3.3)),
AV, W e 98l fy lye?(s)]| 2 ds,
[9(t) = Gapp(t)] L2 < ! R ’
AV VyWlle fo lz¢”(s)]l 22 lye? (s)]| L2 ds.

We see that the smallness of ||V, W]|| - controls the error between the exact and
the approximate solution in both approaches.

Example 3.4. An important class of examples consists of those where W is slowly
varying in y: W(z,y) = w(z,ny) with n < 1 and w bounded, as well as its
derivatives. In that case |V W | e =n||Vyw| ree.

Ezample 3.5. In the case W (z,y) = Wi (xz)Wa(y), the averaged potentials satisfy
W), (&, x) = Wi(z) (Wa), (1), (W), (ty) = (W), () Wa(y),

with

S Wa()|oY(t,y)Pdy _ [ Wa(y)lg¥(t,y)[*dy

(W) = (Wy), (t) =

JlovtyPdy  —  [leby)lPdy
_ JWi(@)l¢®(t,2)Pde _ [Wi(2)|¢"(t,z)|*dw
(W) = (W), (1) = T 16" (¢, )| 2dx [let@Pdr

In this special product case, the crucial source term takes the form

Tp(t) = (Wi = (W), (1) (W2 = (Wa), (t) Papp(t),
and Proposition can be augmented by the gradient-free estimate

(34) ||¢(t) - Qbapp(t)HL2 <
5z llog oz / \/ (W2), () = W03 () ((W3), () = (W)’ () ) ds.

The L°°-norms, that provide the upper bounds in Proposition separate as
IVyWillre = Wil IVyWallLee,
IVaVyWllLe = [VaWillLee [Vy W2

and it is ||V, Wa]| L~ that controls the estimates. Suppose we have W(y) = n]y|?
with 1 small: VW5 is not bounded, but we can adapt the proof of Proposition
to get

t
[(2) = Gapp ()2 < 1677||W1HL30H<P3||L3/0 1y *6¥ (s)ll 2 ds,
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that is, the extra power of y is transferred to the ¢¥ term.

Remark 3.6. In the spirit of the last observations of Example in terms of
n:=|{xz)”" 7" (y)~7vV,W| L, for some o,,0, >0, we get in Proposition

[9(t) = Gapp(t)l|2 < 877/0 1) & ()l L2 1(w) ¥ [yl 4" (s)l] L2 ds.

See [B] for details of the argument.

Remark 3.7. If V1 is confining, V3 () > |z|? for || > R (for instance, V;(x) = c|x|?*,
¢ > 0 and k a positive integer, a typical case where V; may be super-quadratic while
H, and H remain self-adjoint), then we can estimate [|x¢”||z> uniformly in time.
If Vi = 0, or more generally if Vi(z) — 0 as |z| — oo, we must expect some
linear growth in time [[z¢®(t)|r2 < (), and the order of magnitude in ¢ is sharp,
corresponding to a dispersive phenomenon.

Remark 3.8. The framework of a cubic system-bath coupling W(z,y) = %77 z|y)?
as described in Section is recovered by taking o, = oy = 1 in Example
In addition, in the presence of a quartic confinement with &k} > 0, in view of
Remark we also know that [|{y)|y[¢¥(t)[|r2 is bounded uniformly in ¢.

Adding control on the gradients of the functions ¢®(t), ¥ (¢) respectively ¢ (t), ¢¥(t),
allows also error estimates at the level of the kinetic energy. For a proof, see

Proposition 3.9. Under Assumption[2.1} there exists a constant C' > 0 depending
on second order derivatives of the potentials such that we have the following error
estimates:

Brute-force approach: for wapy(t, x,y) = ©®(t, )Y (t, )W (00 defined by (3.1,
IVato(t) = Vatbapp (D)2 + [20(8) — 2¢bapp(t)[[2 < ClIVaVy WL X

t

></0 e llye? ()2 (l2e” ()l 2 + V2™ ()l L2 + [12Vp® (5)] 22) ds,
and

||vy¢(t) - vy¢app(t)”L2 + ||y7/1(t) - y¢app(t)||L2 < O”vayWHLOO X

t
></O ecs||:c<pw(8)||Lg <||?/<Py(3)| L;‘;) ds.

Lz +IVye(s)llz + 11yl Vye? ()l

Mean-field approach: for ¢app(t,z,y) = ¢*(t,z)¢Y(t,y)e’ o w)ds defined by (3.3)),
analogous estimates for (t) — ¢app(t) hold.

Remark 3.10. The strategy used to prove Proposition [3.9| can be iterated to infer
error estimates in Sobolev spaces of higher order, H*(R"*9) for k > 2, provided
that we consider momenta of the same order k, which explains the interest in
the functional spaces ¥*. Error estimates in such spaces can also be obtained
by first proving that ¢ and the approximate solution(s) remain in ¥*, and then
interpolating with the L? error estimate from Proposition
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3.4. Error estimates for quadratic observables. For obtaining quadratic esti-
mates, we consider observables such as the energy or the momenta, that is, operators
that are differential operators of order at most 2 with bounded smooth coefficients.
These differential operators have their domain in H?(R"*9), as the operator H.
More generally, we could consider pseudo-differential operators B = op(b) associ-
ated with a smooth real-valued function b = b(Z) with Z = (z,¢) € R?+4) whose
action on functions f € S(R"*9) is given by

op(B)f(2) = (2m) ="+ /

R

/
b <Z +e ,g) <=2 £V dcdy' .
2(n+d) 2
We assume that b satisfies the Hormander condition
(3.5) Va,f € Nt 3Ca5 >0, [008b(2, Q)| < Cap(Q)*,

that is, b is a symbol of order 2, see e.g. [I, Chapter 1.2]. We shall also consider
observables that depend only on the variable x or the variable y. The following
estimates are proven in [B.3]

Proposition 3.11. Under Assumption for b € C=(R"+4) satisfying and
B = op(b), there exists a constant C, > 0 such that we have the following error
estimates:

Brute-force approach: for .,p(t, x,y) = = (t, 7)Y (t,4)e™ (00 defined by (3.1),
the error

ey (t) = ((t), BY(t)) = (Yapp(t), Btapp (1))

satisfies

ley()] < Cp sup ||V M || L= [[o]| 22 (N (Wapp) + tl1vo]l £2) ,
IﬂlgNn#»d

where Ny1q > 0 depends on n+d, M(z,y) = 0,0,W (x,y), while
t t
M) = 22 [ T @ lzzds + bl [ o (o)l zds
t t
+ etz / 19 (5" ()l 3 ds + 8l / 19 (267 (5)) 2 ds

t t
+ / ™ ()2 1V (5) | s + / 1967 (5)l1 2 lye¥ ()| 2 ds.

Mean-field approach: for ¢app(t,z,y) = ¢*(t, x)pY(t,y)e’ J5w)ds defined by (3.3),
the error (1(t), Bi(t)) — (Gapp(t), Boapp(t)) satisfies a similar estimate.

Remark 3.12. The averaging process involved in the action of an observable on a
wave function allows to prove estimates like the one in Proposition that are
more precise than the standard ones stemming from norm estimates,

ley ()] < [[9(8) = Yapp (@)l > (IBY @)l 2 + [ Btapp ()| 2) -

Remark 3.13. We point out that the error is governed by derivatives of second
order in W, involving a derivative in the y variable that is supposed to be small.
Besides, note that the direct use of an estimate on the wave function itself would
have involved H? norms of t,pp(s), while this estimate only requires H' norms.
This first improvement is due to the averaging process present in Egorov Theorem.
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3.5. Energy conservation. The error estimates of Proposition[3-3] Proposition[3.9]
and Proposition do not allow to distinguish between the brute-force single
point collocation and the mean-field Hartree approach. However, in computational
practice most of the employed methods are of mean-field type. Why? Our previ-
ous analysis, that specifically addresses the coupling of quantum systems, does not
allow for an answer, and we resort to a more general point of view. Both approx-
imations, the brute-force and the mean-field one, are norm-conserving. However,
the mean-field approach is energy-conserving with the same energy as At first
sight, this is surprising, since the mean-field Hamiltonian H,,¢(t) depends on time.
In a more general framework, where the time-dependent Hartree approximation is
considered as application of the time-dependent Dirac—Frenkel variational principle
on the manifold of product functions, energy conservation is immediate, see [25]
§3.2] or [26] Chapter II.1.5].

Lemma 3.14. Under Assumption |2.1] and considering the mean-field approach
Gapp (£ 7, y) = ¢°(t,2) 0¥ (¢, y)e' Jo VI defined by B3), we have
(Gapp(t); Hm (t) Papp(t)) = (o, Hipg) ~ for all t > 0,
where the mean-field Hamiltonian is given by
He(t) = Hy + Hy + (W), () + (W), (t) = (W) (£).
Below in we give an elementary ad-hoc proof of Lemma [3.14]
Remark 3.15. In the brute-force case, the approximate Hamiltonian Hys = H, +
Hy+W(z,0)+W(0,y) — W(0,0) is time-independent, and we have
<wapp(t)7 Hbf'@[}app(t» = <¢07 Hbf'l/]()> for all ¢ = 0.

However this conserved value does not correspond to the exact energy of (1.1)), but
only to an approximation of it.

4. AN EXEMPLARY PROOF

Here we discuss our basic proof strategy and apply it for the norm estimate of
Proposition [3.3] The norm estimates of Example [3.5] Proposition [3.9 and Propo-
sition [5.5| and the observable estimates of Proposition and Proposition [5.8| are
carried out in [B] and

Lemma 4.1. Let N > 1, A be self-adjoint on L*(RY), and v solution to the
Cauchy problem

ihowp =AY +% 5 Y=o = vo,
where 1y € L>(RN) and ¥ € LL (R*; L2(RN)). Then for all t > 0,

loc

1 t
9Ol < Wollzaam + 5 [ 126 zaqan ds.

This standard lemma is our main tool for proving norm estimates. It will be
applied with either h = 1 or h = ¢ as parameter. Its proof is given in [A] Now we
present the proof of Proposition [3.3

Proof. Denote by ry = ¥ — ¥app and ry = ¥ — @app the errors corresponding
to each of the two approximations presented in Sections and respectively.
They solve

(41) i@tw = H7“¢ + Ew ; Z'aﬂ“,z) = H7“¢ + EC/) i Tylt=0 = Te|t=0 = 0.
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We note that both approximations and their components are norm-conserving for
all times ¢ > 0, that is,

16"z = " O)llzz = lletlicz » 6" @B)llzz = le*O)llzz = lletllez-

e In the case of the brute-force approach, we consider the Taylor expansions (3.2))
and derive the estimates

2|V Willzellyappllze = 2[VyWllLe< 0"l 2 lyell 3,

(42)  [Zyllee < @
IVaVy WL [lze || 22 [lye¥ | 22 -

e In the mean-field approach, we note that for (¢, z,y) € R x R"*,
([ st Py (W = (W), = (W), + ) (t.a.)

=/ . (W (z,y) = W(z,y') = W(',y) + W', y)) 6" (t, ") ¢¥ (t, ) da’ dy’
RVL
=:6W (2 5,

Like we did in the brute-force approach, we may use either of the estimates

2y =y X [[VyWl|L~,

oW (2, 2", y,9')| <
2 — '] % |y — | X ||V Vy W[

In the first case, we come up with
125172 <AV W lleflize x
2
X Ja (Jra [y = 91167 (&) Pdy')” 167 (8, 9) Pdy/ |25 7 -
Now we have
/d ly —'[l6"(t,y)Pdy’ < / (lyl +1y'1) [o¥ (8, y") Py’
R R

22+ lye¥ (0l 98l 2.

< lylllgs]

where we have used Cauchy-Schwarz inequality for the last term. We infer

2
([ = vlloneaiay) < 2Pl + 2o @l et
where we have used Young inequality (o + 3)% < 2(a? + 32), hence

1ol < SI, Wl s ([ 0Pl + 1o 01 ).
and finally
(4.3) 1Eollz> < 4IVyWllLee llye? (D)l 196 22
In the case of the second type approximation for W, we similarly find
1Zglle < 4IVeVyWlLeollzd™ ()] 12 lyd (£)| L2
Proposition [3.3] then follows from Lemma [£.1] with h = 1. O
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5. DIMENSION REDUCTION VIA SEMICLASSICAL ANALYSIS

In this section, we consider coupled systems, where one part is governed by a
semiclassically scaled Hamiltonian, that is, H, = H, with

2
Hy = *%Ay + Va(y).
First we motivate such a partial semiclassical scaling in the context of system-bath
Hamiltonians and introduce wave packets as natural initial data for the semiclas-
sical part of the system. We explore partial semiclassical wave packet dynamics
guided by classical trajectories and by trajectories with averaged potentials. Thus,
the partially highly-oscillatory evolution of a PDE in dimension n + d is reduced
to a less-oscillatory PDEs in dimensions n, and ODEs in dimension d. The cor-
responding error estimates in Section [5.5| compare the true and the approximate
product solution in norm and with respect to expectation values.

5.1. Semiclassical scaling. We reconsider the system-bath Hamiltonian with cu-
bic coupling of Section now formulated in physical coordinates (X,Y), that
is,
h? h?
Hg, = 2M1AX + Vs(X) 2%
where the coordinates X and Y of the system and the bath part are prescaled,
resulting in the single mass parameters pq, uo for each subsystem and one single
harmonic frequency wo for the bath (noting that, alternatively, several harmonic
bath frequencies wy ; could be introduced, without modifying the conclusions de-
tailed below). The corresponding time-dependent Schrédinger equation reads

ih,U(r, X,Y) = Hy,U(r, X,Y).

w2 1.
Ay + 22|V 4 27 XY,

We perform a local harmonic expansion of the potential Vi(X) around the origin
X = 0 and assume that it is possible to determine a dominant frequency w;. We
then define the natural length scale of the system as

h
ap = .
Hi1wi

Rescaling coordinates as (z,y) = +(X,Y), we obtain

1 g2 1 w? 1
Hy = hwy [ —=A, S N I e e
b 1< 58+ Vi(@) = 5 vt 52 [yI= + 57 - xlyl” )

where we have introduced the dimensionless parameters

M1 w2
eE=4/— , w=—
M2 w1

and denoted Vj(z) = h%les(alx) and 177 = u?;%' 7. The rescaling of the system
potential V; and the coupling vector 177 do not alter their role in the Hamiltonian,
whereas the two dimensionless parameters € and w deserve further attention. We
now consider the régime where both the mass ratio € between system and bath and
the frequency ratio w between bath and system are small, that is, where the system

is viewed as “light” and “fast” when compared to the “heavy” and “slow” bath.
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Example 5.1. For the hydrogen molecule Hy, where the electrons are considered
as the quantum subsystem while the interatomic vibration is considered as the
classical subsystem, we have p; = m, and pe = 918.6m,. Further, the characteristic
electronic energy is of the order of hwy; = 1E} while the first vibrational level is
found at Aws = 0.02005F;,. Hence the dimensionless parameters are both small,
e = 0.03299 and w = 0.02005.

Ezxample 5.2. As a second example, we consider coupled molecular vibrations, ex-
emplified by the Hy molecule in a “bath” of rare-gas atoms, here chosen as krypton
(Kr) atoms. The Hy vibration is now considered as a quantum system interacting
with weak intermolecular vibrations. The reduced masses are given as g (H-H)
= 0.5 u = 911.44 m, (where u refers to atomic mass units), ps (Kr-Kr) = 41.9
u = 76.379 x 103 me, and pz (Ha-Kr) = 1.953 u = 3560.10 m,.. The vibrational
quanta associated with these vibrations are fiw; (H-H) = 4159.2cm~1 = 0.0189F},,
hws(Kr-Kr) = 21.6cm™ = 9.82 x 107° E}, and hws(Ha-Kr) = 26.8cm™! =
1.22 x 107* E}, (see Refs. [19, 40]). The resulting dimensionless mass ratios are
given as €12 = \/p1/pu2 = 0.109 and €13 = /u1/ps = 0.51, and the correspond-
ing frequency ratios are wis = wy/w; = 0.005 and w3 = ws/w; = 0.006. In the
case of the Ho-Kr relative motion, note that the frequency ratio wi3 is indeed small
whereas the mass ratio is €13 ~ 0.5; this shows that the quantum-classical boundary
is less clearly defined than in the first example of coupled electronic-nuclear mo-
tions. In such cases, different choices can be made in defining the quantum-classical
partitioning.

In an idealized setting, where ¢ is considered as a small positive parameter whose
size can be arbitrarily small, we would say that

w=0() as -0,

and view the system-bath Hamiltonian Hygp, as an instance of a partially semiclassical
operator

1 2

whose potentials Vi (z) and Va(y) are independent of the semiclassical parameter &
and satisfy the growth conditions of Assumption As emphasized in Section [2.2]
the cubic coupling potential W (z,y) does not satisfy the subquadratic estimate,
but can be controlled by additional moments of the approximate solution. A cor-
responding rescaling of time, t = ew; T, translates the time-dependent Schrédinger
equation to its semiclassical counterpart

(5.1) ieo)® (t, x,y) = HSY(t, x,y),
where the physical and the rescaled wave functions are related via
Ut 2,y) = a2 (1) (ewn), a X, aY).

Remark 5.3. Criteria for justifying a semiclassical description are somewhat versa-
tile in the literature. Our scaling analysis shows, that for system-bath Hamiltonians
with cubic coupling the obviously small parameter e, that describes a ratio of re-
duced masses, has to be complemented by an equally small ratio of frequencies w.
Otherwise, the standard form of an e-scaled Hamiltonian, as it is typically assumed
in the mathematical literature, does not seem appropriate.
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5.2. Semiclassical initial data and ansatz. As before, the initial data separate
scales,

(5.2) P(0,2,y) = 5 (x)g" (y),
where we now assume that g® is a semiclassically scaled wave packet,
1 Y=40\ ipo-(y—
e _ ipo-(y—qo)/e
(5.3) g (y) 6d/4a( 7 > e ;

with (qo,po) € R%?, a smooth and rapidly decreasing, i.e. a € S(R% C) = Ngen3F.

In the typical case, where the bath is almost structureless (say, near harmonic), the

amplitude a could be chosen as a complex Gaussian, but not necessarily. We now
£

seek an approximate solution of the form g (¢, x,y) = ¥5(t, x)Y5(t,y), where 3
is a semiclassically scaled wave packet for all time,

1 Y=\ Lip(t)-(y—a(t) /= +iS(0)/
(5.4 5(t) = gz (1 2 ) e esisiore
Here, (q(t),p(t)) € R?? the phase S(t) € R, and the amplitude uy(t) € S(R?,C)
must be determined.

Remark 5.4. We note that our approximation ansatz differs from the adiabatic one,
2
that would write the full Hamiltonian as H® = —5 A, + H(y), where

Hyly) = 38 + Va(2) + Valy) + W(z,9)

is an operator, that parametrically depends on the “slow” variable y and acts on
the “fast” degrees of freedom z. From the adiabatic point of view, one would then
construct an approximate solution as ¥ (¢, z,y) = ®(x,y)¥5(t,y), where &(z,y)
is an eigenfunction of the operator H¢(y); here, the subscript “bo” stands for Born-
Oppenheimer. The result of Corollary [C-3] emphasizes the difference between these
two points of view.

We denote by
y —a(t)
VE

the part of the approximate solution that just contains the amplitude. With this
notation,

(5.5) Ugpp(t, T, 2) = Yi(t, x)ue(t,z) with z=

(£, 3, 2)eiPD)-2/VEHiS(0) /2

1
£ _ €
bapp(t:2,y) = 2d/4 Uapp EON
- Ve

The analysis developed in the next two sections allows to derive two different ap-
proximations, based on ordinary differential equations governing the semiclassical
wave packet part, which are justified in Section [5.5| (see Proposition [5.5)).

5.3. Approximation by partial Taylor expansion. Plugging the expression
of 5., (t,z,y) into (5.1) and writing y = ¢(t) + 24/ in combination with the
Taylor expansions

Va(y) = Valq(t) + 2vE) = Va(q(t)) + Vez - VVa(q(t)) + % (2, V*Va(q(t)2) + O(7/?),
Wz, y) = W(x,qt) + zv/e) = W(z,q(t) + Vez - VW (xz,q(t) + O (¢),
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we find:

Zeat'l/}app + A 'l)bapp + Aywapp (1’? y)w:pp =
Efd/4ezp<t> eSO y

((p-i— 520 Vo) - atw) - Ww )y,

+Ve (—ig- V. ugpp P zuapp+1p Vg, — 2 VVa(qus,, — 2 - Vy Wiz, q)us,,)

1
e (Zatuapp + A uapp + A uapp <Z7 V2V2 (9) Z> Uipp)

+0(%2)),
where the argument of ug,, and its derivatives are taken in z = y;jg(t). To cancel
the first four terms in the /¢ line, it is natural to require
(5.6) ig=p. q0)=q, p=-VValq), p(0)=po.

Now cancelling the first four terms in the first line of the right hand side yields
s PO S0)
(5.7) (1) = =5 —Vala(®)), S(0)=0.

In other words, (q(t), p(t)) is the classical trajectory in y, and S(t) is the associated

classical action. At this stage, we note that the term z - V,W(x, q)ug,, is not

compatible with decoupling the variables x and z (or equivalently, x and y). Using
that ||V, W]|| L is assumed to be small, the above computation becomes

Zgat'l;/}app + Al’wapp + Ay’l/}app (iE y) app _d/4 () Z/\[—HS(t)/E
(za@tuapp + A 2Upp T A Uapp — (5 <z, V2V, (q) z> +Vi(z) + Wz, q)) Unpp

+0 (24 ﬁllvywnm) ).
In view of 7 we set
(5.8) €] + 5091 = (Vi@) + Wz, q)) 95 5 Y50 =9
(5.9) iOpug + 3Azup = 5 (2, V2Va(q) 2)ug 5 ugp—o = a.

Equation is a Schrodinger equation with a time-dependent harmonic potential:
it has a unique solution in L? as soon as a € L?(R%). In addition, since a € ¥ for
all k € N, uy € C(R; ) for all k € N. The validity of this approximation is stated
in Proposition below. Note that if a is a Gaussian state, then uy too and its
(time-dependent) parameters — width matrix and centre point — can be computed
by solving ODEs (see e.g. [20] 8, [12] 23] and references therein).

5.4. Approximation by partial averaging. Following e.g. [11], 31] or [23] Sec-
tion 2], we write

Valy) = Valg(t) + 2V&) = (Va), (t) + VEz - (VVa)y (1) + 5 2 (V2Va), (D)2 + v,
W(a,y) = W(w,q(t) + 2VE) = (W(w, )y (1) + va,
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where the averages are with respect to [15(t, y)|?dy. For example,

_ VPVl (t,y) Pdy
J 1ot y)2dy
1
= Talaon V2Va(g(t) + VE2) [ua(t, )| dz,
aHLz(Rd) Rd
1

B HaH%ﬁ(Rd) R4

(5.10) (V2V2)y (1)

(W (2, )y (t) W (z, q(t) + VE2) |ua(t, 2)|*dz,

where we anticipate the fact that the Li—norm of 15(t) is independent of time. We
almost literally repeat the previous argument and find that

; € 1 € 82 £ € - 3 -z/\/e+1 €
Z581‘,wapp + §Aﬁcwapp + EAyd}app - V(xa y) app € d/46 p(t):2/VetiS(®)/ X

N g 1 g € g € g
(zs@tuapp + iAmuapp + éAzuapp - (5 z- <V2V2>y z+ Vi(z) + (W (z, ))y) Ugpp
+7] + rg) et
=

with 7 = vjug,,, j = 1,2, and z is taken as z = (y — ¢(t))/v/e. The parameters
satisfy the equations of motion

q¢=p, q0) = qo, p=—(VVa), (1), p(0) =po, S(t) = w

We see that we can now define the approximate solution by:

(511) =0+ g A = (Vi) + (W), (0) v 5 b0 = o,

— (Va)y (1), S(0) =0.

1 1
i0pug + 5A2U2 =37 <V2V2>y(t) Zuz ; Ugjg=0 = G-

Since the matrix (V2Va),(t) is real-valued, we infer that the L2-norm of us(t) is
independent of time, hence |[¢2(t)||zz = [luz(t)|z2 = [lallzz. The equation in
ug is now nonlinear, and can be solved in !, since VV; is at most linear in its
argument: uy € C(R; X!), and higher ¥ regularity is propagated. Here again, if a
is a Gaussian, then so is us and its width and centre can be computed by solving
ODEs (see [206] 8]). Note also that, differently from the previous setting, us is now
e-dependent via the quantity (V2Va),(t) (see (5.10)). However, this dependence is
very weak since a Taylor expansion in shows that us is close in any ©* norm
from the solution of the equation . For this reason, we do not keep memory
of this e-dependence and write uy. By contrast, the e-dependence of vf is strong
since it involves oscillatory features in time.

5.5. The approximation results. The main outcome of the approximations can
be stated as follows, and is proved in

Proposition 5.5. Let ¢ be the solution to (5.1)—(5.2)), with g° given by (5.3).
Then with 5, given either like in Section or like in Section there exist

constants Ko, Ky independent of € such that for all t > 0,

||VyW||L°°) eKlt'

[4°(t) = Yapp ()l 2 < Ko (\ﬁJF Ve
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Corollary 5.6. Assume 1 := ||V, W]~ < /e, then for all T > 0,

Ui
sup 10°(0) ~ Uiy (0l =0 (VE+ 22 ).
te[0,7] app Ve
Remark 5.7. Using the same techniques as in[B:2} one can prove estimates on higher
regularity norms, using e-derivatives in y and standard ones in x. For example, if
a € ¥4, then there exists Ky, K; independent of & such that

1eVy b= (t) — eVythapp (OllL2 + [lyy™ (t) — y¥ip, ()l

! K ||vyWHL°° ! K
< Ky (ﬁ/ e ||ug(s)||gads + 7/ e 13U2(8)|22d8> )
0 Ve 0

We refer to [9] (see also [8, Chapter 12]) for more detailed computations.

Note that, in both approximations, the evolution of us corresponds to the stan-
dard quadratic approximation. In particular, if a is Gaussian, then us is Gaussian
at all time, and solving the equation in us amounts to solving ordinary differential
equations. However, the equation solved by 1 (t) is still quantum, such that a
reduction of the total space dimension of the quantum system has been made from
n—+d to n.

Let us now discuss the approximation of observables that we choose as acting
only in the variable y. Due to the presence of the small parameter €, we choose
semiclassical observables and associate with b € C2°(R2?) (b smooth and compactly
supported) the operator op,(b) whose action on functions f € S(R?) is given by

.01 (0) = (2ne) ¢ [ (152 ) eV ) dey

R
As before, the error estimate is better for quadratic observables than for the wave
functions. More specifically, the following result, that is proved in improves
the error estimate from Proposition by a factor /.

Proposition 5.8. Let ¢ be the solution to (5.1)—(5.2)), with g° given by (5.3).
Then with b € C°(R?*?) and ¥, given either like in Section or in Section|5.4
there exist a constant K independent of € such that for all t > 0,

[(0°(1), 00 (B (1)) — (W30 (£), 0P (D)5 ()| < K t (e + [V Wl|ze) -

Remark 5.9. Of course, we could have considered a mixed setting consisting of
pseudodifferential operators as in Section in the variable x, and semiclassical
as above in the variable y. One would then obtain estimates mixing those of

Proposition and Proposition [5.8

6. A NUMERICAL EXAMPLE

For an illustrative numerical application, we consider a system-bath type Hamil-
tonian with cubic coupling W (z,y) = %77:10y27 as developed in Section

i0p(t,z,y) = Haotp(t,,y) 5 ¥(0,2,9) = ¢5(2)0h (y),
in dimension d =n =1,
1 0? 1 09?

6.1 Hy=-—2 - = 9
(6.1) > 21 0z 2p9 Oy?

1
+ Vi(x) + Vo (y) + 577%1/2-
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model variation | @ = wy /w1 | n (coupling)

blue TWref Nref
red i Wref MNref
grey TWref % TMref
yellow Wref S Mref

TABLE 1. Parameters defining the four numerically simulated vari-
ations of the system-bath Hamiltonian . The blue model uses
the coupling parameter 7yt = —k9/(3a1¢) and the frequency ratio
wret = 1/100. The red model varies the frequency ratio, the grey
and yellow models the coupling strength.

The mass ratio between the system and the bath is moderately small, 11 /ps = 0.25.
The system potential is a quartic double well, while the bath potential is harmonic,

2 1
V@) =32% (5 -1) . W) = Zk8™

The length scale £ = 4a; of the double well is a multiple of the system’s natural
harmonic unit a;. The initial data ¢ (z,y) = ¢f(2)p§(y) are the ground state of
the bivariate harmonic oscillator, that results from the harmonic approximation of
Va(z) + Vu(y) around the left well (z,y) = (0,0). The coupling constant n < 0 is
negative to ensure that the total Hamiltonian’s ground state is localised in the right
well (z,y) = (2¢,0), providing a setup with pronounced non-equilibrium dynamics.
For such a system-bath model, the gradient-free error estimate of Example
is given by

(6:2)  [[9() = Gapp(t)122 <
iwmwwm4¢wm@4%@ﬂwmww%@w.

Figure[I] presents the results from the following numerical experiment: We identify
a frequency ratio @y = 1/100 between bath and system and a coupling param-
eter Mt = —kY/(3a1) as generating “reference” system-bath dynamics. For this
parameter choice, the mean-field approximation, when compared with a numeri-
cally converged MCTDH approximation, results in roughly a 0.1% error after 10
units of the natural harmonic time scale ¢; = 1/w; of the system (blue curve), see
Figure Hence, the Hartree approximation is excellent on the time scale under
study. Decreasing the frequency ratio by a factor of four, roughly halves the error
(red curve). And, as expected, an increase in the coupling strength also increases
the error (grey curve), while decreasing the coupling also decreases the error (yellow
curve). The corresponding plot of Figure[lb|illustrates that the upper bound of the
theoretical error estimate correctly captures the initial slope of all four error curves,
while slightly over-estimating the actual error as time evolves. A more detailed as-
sessment of the error estimate , in particular of its long-time behaviour (up to
150 ps), when the mean-field approximation goes up to errors of the order of 1%,
and a more complete screening of physically relevant parameter régimes are work
in progress for a numerical companion paper to the present theoretical study.
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FIGURE 1. Error of the mean-field approximation for a family of
system-bath models with cubic coupling W (z,y) = %nny as a
function of time. The left plot shows the time evolution of the
norm of the error for four different variations of the parameter
values as given in Table (1| The right plot shows the corresponding
upper bound of the error estimate .

7. CONCLUSION AND OUTLOOK

We have presented quantitative error bounds for the approximation of quan-
tum dynamical wave functions in product form. For both considered approaches,
a brute-force single point collocation and the conventional mean-field Hartree ap-
proximation, we have obtained similar error estimates in L?-norm (Proposition
Example|[3.5)), in H'-norm (Proposition, and for quadratic observables (Propo-
sition [3.11]). To our knowledge, such general estimates, that quantify decoupling in
terms of flatness properties of the coupling potential, are new. The corresponding
analysis for semiclassical subsystems (Proposition Proposition confirms the
more general finding, that error estimates for quadratic observables provide smaller
bounds than related norm estimates. The single product analysis, as presented
here, provides a well-posed starting point for the investigation of more elaborate
approximation methods. If the initial data satisfy

J
w(()?xay) "/}0 z y Z@O] 900]

then we may invoke the linearity of to write ¢(t,x,y) = ijl ;(t,z,y),
where each 1; solves i0y; = Hvpj, with ¢j1—0 = ¢f; ® ng. We approximate each
;& Y app individually in one of the ways discussed in the present paper and use
the triangle inequality for

[4() Z%,app ZH% — Pjapp ()],

where the norm can be an L? or an energy norm, for instance. However, working
on each 1; instead of 1 directly, seems to prevent control of the limit J — oo.
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Multi-configuration methods therefore use ansatz functions of the form

Yapp(t2,9) = S aze(t) 017 (t,2) 0 (1, ),
G0

where the families (ap§-m) (t))j>1 and ((pgy)(t)) ¢>1 satisfy orthonormality or rank con-
ditions, while gauge constraints lift redundancies for the coefficients age(t) € C. We
view our contributions here as an important first step for a systematic assessment
of such multi-configuration approximations in the context of coupled quantum sys-
tems. A numerical companion paper, that explores the dynamics of system-bath
Hamiltonians with cubic coupling on multiple time-scales with respect to various
parameter régimes, is currently in preparation.
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APPENDIX A. GENERAL ESTIMATION LEMMAS

Here we provide the proof of the standard energy estimate, Lemma [4.1

Proof. In view of the self-adjointness of A, we have

0] 500 = 5 500,000} = Re {wlo) - (A0(0) + £60)
= LIm{y(6), 5(0),

and therefore, by the Cauchy-Schwarz inequality, 4 ||¢(¢)| < £[|(¢)||. Integrating
in time, we obtain

t d 1 t
(ol = ol + | Swlds < ool + 5 [ 1=las.

O

In the context of observables, refined error estimates will follow from the appli-
cation of the following lemma.

Lemma A.1. Let N > 1, Ay, As, B be self-adjoint on L*>(RN), and ™), 3,
solutions to the homogeneous Cauchy problems

o = A il =,
where 1y € L>(RN). Then, for all t >0
1 t
(v, BYO @) ~ (¥, BE )| < 5 / Io(s, )] ds,

with p(s, t) = (v (s), [eiA?(tfs)/hBefiAZ(t’s)/h,A1 — As] W (s)), where we have
denoted by [A, B] = AB — BA the standard commutator.
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Proof. We denote the unitary evolution operators by U;(t) = e~*4i%/" and calculate

(60 ®), BEO (1) - (6@ (1), BE@ (1))

= (U1 (t)vo, BU1(t)ho) — (Ua(t)tho, BU2(t)vo)
1
=

di<w07U1( )" Ua(t — s)"BUs(t — s)Ui(s)to) ds
/ ’L/)(),Ul Ug(t— 8) BUQ(t— 8),A1 —AQ]Ul(S)’(/)0> dS

_ ih/ 7/1(1) ), [Ua(t — $)* BUs(t — s), Ay — AQ]T/)(U(S)> ds.

APPENDIX B. PROOF OF ERROR ESTIMATES: PARTIALLY FLAT COUPLING

In this section, we prove error estimates in L?-norm for general potentials W

(Remark [3.6)), in H!-norm (Proposition , and for quadratic observables (Propo-
3.11)

sition
B.1. Proof of Remark To prove the estimates of Example recall that
we have denoted
n={z)""" () "7V WL~ < o0.
The Fundamental Theorem of Calculus yields
1
Wie,y) =~ Wie) = -1)- [ W+ 6y~ ) db

0

so we have

W(z,y) - Wz.y)| < ly— o) (@7 1 / (o + 00y — o))" db

<y — o' (&) max ((y) , (')

and we replace the pointwise estimate of dW with
6W (2, 2", y,9/)] < ly —¢/| ({2)™ + (")) max ((y) , (') 0.

The estimate on Xy becomes
2
1S5l2: <o / ( / (@) + (")) |¢w<t,x'>|2dx') 167 (¢, @) P/ b 14 x
2
(= vt (67 e P ) 1ot Pa Il

=iy (1)

and we conclude by resuming the same estimates as above:

/ (/ (<x>f’f+<w’>”ﬂ")|¢f(t,x’>|2dx') 167 ()P — 2 < ) )7 7 (1)
e A

and, in view of the inequality

ly—y'|max ((1)7, (y')7") < 2max (&)™ lyl, @)™ I']) <2 (W) [yl + &) '),
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we find
ey(t) < 16] ()" lyle¥ (1)1 72
O

B.2. Proof of Proposition To prove error estimates in H'(R"*%), we differ-
entiate in space, and two aspects must be considered: (i) In our framework,
the operator V, , does not commute with H. (i) We must estimate V, %, and
Vaz,y2e. Indeed, we compute

10;V pry = HV g1y + [V, H|ry + V3,
and

Vi, H =V,H—HV, =V,V + V. W.
In the typical case where V; is harmonic, V;V; is linear in 2, and so zr, appears as
a source term. Note that in the general setting of Assumption[2.1] |V, Vi(z)| < ().

Remark B.1. If V,V; and V,W are bounded, then Lemma [£.1] yields

t
[Vary(t)] 22 </0 (Cliryp(s)llLz + [ VaXy(s)]22) ds.

The term ||r(s)| 12 is estimated in Proposition and [|V;3,(s)]| 2 is estimated
below.

Multiplying (4.1)) by x, we find similarly
10y (xry) = H(xry) + [z, Hlry +2Xy = H(zry) + Vary +2X5y.

Energy estimates provided by Lemma applied to the equation for V,r, and
xry then yield a closed system of estimates:

t
IV ars (8) 122 + llarg(®)]122 < / ((VaVi + VaW)rg(s) oz + [Varg ()]122) ds
t
+ / (V228 22 + 5 (s 1) ds
t
<c / (l2ro ()22 + [ Vars(s)]z2) ds

+/ (IVaZp(s)llLz + |22y (s)]|2) ds,
0

where we have used the estimate |V,V; + V,W| < C(1 + |z|), and the uncertainty
principle (uncertainty in x, Cauchy-Schwarz in y),

2
1172 < SVl f ]z

The Gronwall Lemma then yields

t
IVary (O)llL2 + 27y ()] 22 </O e (IVaZBy(s)ll2 + 122y (5| 2) ds,

for some C > 0. We compute
VIETP = (VIW(‘T7 y) - VIW(x7 0)) 1papp + (SW(iL', 0> Y, O)VIwap}r

The first term in controlled by |y|||VsVyW || Lo |Yapp|- The second term is con-
trolled like in Section [3.3} by replacing tapp with V;thap,. We can of course resume
the same approach when considering V,ry,, and the analogue of the above first term
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is now controlled by |z|||V4VyW || Lo [¢app|. Finally, in the case of ry, computa-
tions are similar (we do not keep track of the precise dependence of multiplicative
constants here).

B.3. Proof of Proposition [3.11] Proof. We use Lemma for the operators
H and the approximate Hamiltonian Hyy,

(B.1) Hye = H, + Hy+ W(z,0)+ W(0,y) — W(0,0),
to obtain
les () / Ipu(t, )] ds,
where
Py (t,8) = (Yapp(s), [B(t — 8), H — Hot] Yapp(s)),  B(o) = "7 Be™"71.
By Egorov Theorem, see [42] Theorem 11.1], the operator B(o) is also a pseudo-

differential operator, that is, B(c) = op(b(c)) for some function b(c) that satisfies
the growth condition We have

H — Hy = W(Q?,y) - W(‘ra 0) - W(an) + W(Oa 0) = 5W($707y7 0) = 6W($7y),
with the notations of Then, by the direct estimate of Lemma [B.2] below,
I[B(@), W [app(s)l[L2 < Chio) (IVOW)app(8) |1 + Co(6W)[[¢app () L2) ,
where Cy(,) > 0 depends on derivative bounds for the function b(c) and
CEW)= S 0o .
2<|a|<Nnta

We therefore obtain
10 ()] < Coeey (VW) app(s) 111 + Co(0W) ol 22 ) Il 2

Using the rectangular n x d matrix M (z,y) introduced in Remark the gradient
of 6W(z,y) can be written as

VW) (2.y) = Vo W(z,y) — V,W(z,0) fo (@, ny)ydn
e VyW(z,y) = V,W(0,y) fl M0z, y)x do

We estimate the Sobolev norm by

IV (OW)tpapp (s)[l e < (VM| zoe (|2%app(s)l| 22 + [[y%app(s)lL2)
+ 1Ml Le ([IV(2¢app(s)ll 22 + [V (y¢app(s)) ]l 22)

so that integration in time provides

t
lew ()] < CbHVMHLwH%Hm/O (lztapp(s)ll 2 + [[ytapp(s)ll22) ds

t
+CbHMIILoo||1/Jo||L2/0 IV (@app(s) L2 + |V (yhapp(s))||2) ds
+ Cy Co(6W) t ||bo] 22,

where the constant Cf, = max,¢[o,1) Cp(s) depends on derivatives of b. In the mean-
field case, the approximate Hamiltonian is time-dependent,

(B.2) Hune(t) = He + Hy + (W), () + (W), (t) = (W) (1)
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The difference of the Hamiltonians is also a function, which is now time-dependent,
H — Hy(t) = W+ (W)(t) — (W), (t) — (W), (t). However, it is easy to check that
a similar estimate can be performed, leading to an analogous conclusion. O

B.4. Commutator estimate. We now explain the commutator estimate used in
the previous subsection:

Lemma B.2. Let N > 1 and b = b(2,¢) be a smooth function on R?N satisfying
the Hérmander growth condition . Let 6W be a smooth function on RN with
bounded derivatives. Then, there exist constants C, > 0 and My > 0 such that

llop(8), Wz < Co (IV@W)blls + D2 10°GW) o2

2<|a|< My
for all v € HY(RYN).
Proof. We explicitly write the commutator as

op(0), I (2) =
)N z+7 eic'(z_z/) ) — . S !
e [ (5550 (W) — W () (")

2
We Taylor expand the function §W (z) around the point 2/, so that
SW(2) =W (') =V(EW) (') - (2 = 2") + (2 — 2') - 6Ra(2, 2") (2 — &)
with )
SRy, ) = / (1= O)V2(SW) (& + 9(= — =) do.
Corresponding to the above de((jomposition7 we write [op(b), SW]Y(2) = f1(2)+ f2(2)

and estimate the two summands separately. We observe that (z — 2/)ei¢ (="
fiVCe"C'(Z*Z,) and perform an integration by parts to obtain

/RZN b (sz C) S GEW) () - (2 — ) (') dCde!

z 42

—i | V(@W)(Z')- Vb (

R2N

,<> () dede!

Therefore,
[fillze < Co[[VOW)Y| g2,

where the constant C, > 0 depends on derivative bounds of the function b. For the
remainder term of the above Taylor approximation we write

[ (B e G ), ) ()
R2N

/
:/ tr (5R2(z,z’)v§_b (’Z‘;z,g))eiC(z—Z'W(z’)dgdz’,
]RQN

and obtain that

Iflle <G > 10 (6W)llscll®o] 22,

2<|a|<MN

where C; > 0 depends on derivative bounds of b, and My > 0 depends on the
dimension N. (]
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B.5. Proof of energy conservation. Here we provide an elementary ad-hoc proof
for energy conservation of the time-dependent Hartree approximation, Lemma|3.14]

Proof. A first observation is that

(Gapp (1), Hme (1) Papp (1)) = (o, Hme(0)to)  for all £ > 0.
Indeed,

& Gappl0), H ()00 (1)) = (Gap(), 0 Hont (1) (1)

Papp (1), O:Wapp () Papp (t))
with Wap, (t) = (W), (t) + (W), (t) — (W) (t). We deduce

o (Gap(t), Hing()upn (1)
- / W (e, ) (067 (6, 2) 2 |69 (6 9)|2 + 67 () D4l6¥ (8, )|?) drdy

(
=

- / W (e, 9)0, (167 (1, 2)? V(8. y)[2) dudy = 0,

where we have used the self-adjointness of H,¢(t) and norm-conservation in the
multiplicative components. Secondly, since

(Yo, Wapp(0)ib0) = (w0, ({W),, (0) + (W), (0) = (W) (0)) wo )
=2(W) (0) — (W) (0) = (W) (0),
the approximate energy coincides with the actual energy, and we obtain the aimed
for result. Il
APPENDIX C. PROOF OF ERROR ESTIMATES IN THE SEMICLASSICAL REGIME

Here we present the proofs of the semiclassical estimates given in Proposition

and Proposition

C.1. Error estimates for the wave function. In this section, we prove Propo-
sition and comment on the constants Ky, K1, which may be analyzed more
explicitly in some cases.

C.1.1. Approxzimation by partial Taylor expansion.

Proof. Section defines an approximate solution of the from

) ) — alt
Ui (t.2,9) = £ 2O a0 2 (1 L0 ) e

with
g0y + Az% Vi(z) + W(z, ) ¥7 5 Yo = %0

and

<Zav2‘/2 (Q) Z> U2 U2it=0 = G,

N | =

1
10pun + §AZU2 =

i=p,q00)=q, p=-VVq), p(0)=po, S(t)Z/Ot
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It solves the equation

205y + 5 Axwapﬁ Aywapp Vi, = e WA/ VERIS/E (p5 4 5y

where the remainder r{ is due to the Taylor expansion in V3, and satisfies the
pointwise estimate

1
it 2, 2)] < & 2| VPVal L 91 (8, 2)] x |2 |ua(t, 2)]

while the remainder r§ is due to the Taylor expansion in W, and satisfies the
pointwise estimate

r5(t, 2, 2)] < Ve IV Wl |95 (t,2)] X [2]|ua(t, 2)]-
This implies for the L2?-norm,

£3/2
[GAOIIZES T||V3V2||L§°||‘P3HL§H|Z‘SU2(7§>HL§7

I3l < VElIVy Wiz llegllez llzua (6)] 2 -
Lemma [4.1] then yields, with now h = ¢,

9 (6) — i Ol < LIV

app

Y

t
o 8 2z / l2fua(s)||2ds

VyWllpe
# DO oy [ letus (o)l

According to the signature of V2V (q(t)), the quantities |||z[*uz(s)|| L2 and |||z|ua(s)| 2
may be bounded uniformly in s > 0 or not. For instance, they are bounded if V2V,

is uniformly positive definite, or at least uniformly positive definite along the tra-
jectory g. On the other hand, we always have an exponential bound, even if it may
not be sharp,

21uz(s)llzz + ll2luz(s)llz2 < Coe™?,

for some constants Cy,C; > 0. This control is sharp in the case where V2Vj is
uniformly negative definite. See e.g. [8, Lemma 10.4] for a proof of the exponential
control, and [8, Section 10.5] for a discussion on its optimality. In particular, for
bounded time intervals, the (relative) error is small if ||V, W]~ < e < 1. O

Remark C.1. If V,W is not bounded, e.g. V, W (z,y) = n(z)”, then we can replace
the previous error estimate with

[4°(#) = Yapp(t)l22 < \[IIV3V2L00|¢0||L2/ 121 ua(s)l| L2 ds

+ [ ot b lzzas.

In other words, the cause for the unboundedness of V,W is transferred to a weight
for 9f. Similarly, if V,W is unbounded in y, we may change the weight in the
terms |||z|"us|| 2, after substituting y with g 4 24/
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C.1.2. Approzimation by partial averaging.

Proof. The semiclassical approximation obtained by partial averaging reads:
_ 3 (y— i —q(t
e (t,2,y) = £~/ eI (O-a) [e+iS(0) 2y (t, y—at) ;; )) )
with
. 1 ©
ie05 + 58005 = (Vi(@) + (W(a, ), (O) ¥5 & o = b

and

z- <V2V2>y(t)2 Uz ; Uglt=0 = G,

1 1
0, —ALus = =
10¢ug + 5 U2 5

. . - p(t)]?

i=p dO=w =TV, p0)=p0. $0 =" )0
To estimate the size of 7; and 72 introduced in Section [5.4] we might argue again
via Taylor expansion. Indeed,

lallZ- (V2), = /Vz((J(tHﬁ?Z) [uz(t, 2)|*d=

— Valg(t) + vVEVVa(q(t)) - / elua(t, 2)Pds + r5(t),

where
€ 2
Ir5(t)] < §IIV2V2||L°0 llzlua(t, 2) |72 -

Hence, we have for all averages f = Vo, VVa, V2V,, W(z,-) that
(H, @) = f(at) +O\e),

where the error constant depends on moments of |uz|?. In particular, if us(0) is
Gaussian, the odd moments of |uy(t, z)|? vanish, and the above estimate improves
to O(g). Hence, the L?-norm of 71 is O(y/2) close to the L?-norm of rq, and the
L%-norm of 73 is O(ny/e), n = ||[VyW/| L=, close to the L?-norm of ry (with each
time an extra 4/ gain in the above mentioned Gaussian case). In particular, the
order of magnitude for the difference between exact and approximate solution is
the same as in the previous subsection, only multiplicative constants are affected.
We emphasize that the constants Cy and Cj from the previous subsection are in
general delicate to assess. On the other hand, in specific cases (typically when us
is Gaussian and V2V5 is known), they can be computed rather explicitly. (I

C.2. Error estimates for quadratic observables. The proof of Proposition [5.§]
is discussed in the next two sections.

C.2.1. Approximation by Taylor expansion.
Proof. Taylor expansion yields a time-dependent Hamiltonian Hg,, = H, with

S0 = A V() + W (w,) + Va(0) + (y — @) TVala)

L % (y— a0, VVal(@)(y — ),

e . _
HE, =
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where g = ¢(t). In particular, the difference H¢ — H{, is a function,
H® = Hi, = W(z,y) — W(z,q) + Va(y) — Vala) — (y — @) - VVa(q)
5 (= @ VVa0)y — @) = W (1, ).
In view of Lemma if B = op,(b) with b € C°(R2%), it yields (a posteriori

estimate)

070, BU(0) — (Uip0) By (0] < £ [ 1P (t.2)lds,
0
where
pE(t,5) = (Papp(5), [B(t = 5),0W ()i, (5)) . Blo) = e 7/=Beiot/e,

By Egorov Theorem [42] Theorem 11.1], B(o) = eop.(b(0)) for a function b(o) €
C°(R%). Therefore, by semiclassical calculus,

%[B(t —5),0W (s)] = op. ({b(t — 5),6W (s)}) + €®0p, (r°(s, 1)),

where ||op (7°(s,))||z(z2) is bounded uniformly in €, whence the estimate of Propo-
sition 5.8 O

C.2.2. Approzimation by partial averaging.
Proof. The time-dependent Hamiltonian is Hy,, = Hp, with
1 g2
Hpo = =580 = 5 Ay + Vi) + (W(z, )y + (Va)y(t) + (5 — a) - (VV2)y (2)
1
5W—a) - (VVa)y(0)(y — a),

where ¢ = ¢(t). In particular, as in the preceding case, the difference H® — HE, is
a time-dependent function

HE = He, = W (a,y) = (W(e, )y + Valy) = (V2), (1)
(- a) (TVa0) ~ 3y~ ) (VVa)y(B)y — ) = 5V (1),

and the arguments developed above also apply. (I

+

C.3. Time-adiabatic approximation. The evolution equations for the quantum
part of the system, equations (5.8)) and (5.11), can be written as an adiabatic
problem:

01 (t) = b(t)Pi(t), ¥1(0) = ¢g,

where h(t) is one of the time-dependent self-adjoint operators on L?(R™)

oo (1) = —%A Vi) + Wz, q(t)) and bya(t) = —%A FVi(@) + (W, )y (8).

We assume here that h(¢) has a compact resolvent and thus, that its spectrum
consists in a sequence of time-dependent eigenvalues

A(t) < Aa(t) < - < Ag(2) A
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We also assume that some eigenvalue A;(t) is separated from the remainder of the
spectrum for all £ € R and that the initial datum ¢ is in the eigenspace of §(0) for
the eigenvalue A;(0):

(C.1) h(0)¢s = A;(0)#5-

Then adiabatic theory as developed by Kato [22] states that t(¢) stays in the
eigenspace of A;(t) on finite time, up to a phase.

Proposition C.2 (Kato [22]). Assume we have (C.1) and that A;(0) is a simple
eigenvalue of H(0) such that there exists 6o > 0 for which

d ({A;(8)},Sp(h () \ {A;(t)}) = do.

Denote by ®%(t) a family of normalized eigenvectors of h(t) such that
O5(0) =5, (P5(1),0:25()) =0.

Then, for all T > 0, there exists a constant Cp > 0 such that

Hwi(t) ety Aj(s>d3q>§(t,x)HL2 < Cre.

In contrast to the Born-Oppenheimer point of view recalled in Remark we
obtain the following time-adiabatic extension for our wave-packet approximation:

Corollary C.3. In the setting of Proposition[5.5 and Proposition[C-3, we obtain
the following approximate solution

Uey (1) = o=t MBSO+ OG-0 9 (1 ) (t, y \/qg( >> .

APPENDIX D. MATERIAL FOR THE NUMERICAL SIMULATIONS

All numerical calculations for the Section |§| were run with the QUANTICS (Ver-
sion 2.0) suite of programs for molecular quantum dynamics simulations [G. A.
Worth, K. Giri, G. W. Richings, 1. Burghardt, M. H. Beck, A. Jackle, and H.-D.
Meyer. The QUANTICS Package, Version 2.0, (2020), University College London,
London, U.K.].

D.1. TDH and MCTDH calculations. For each set of parameters we compared
mean-field (TDH) calculations (one single-particle function per mode) to converged
Multiconfiguration Time-Dependent Hartree (MCTDH) calculations (three single-
particle functions per mode, i.e., nine configurations). The latter were compared
to numerically “exact” standard propagations on a two-dimensional grid, showing
virtually no difference. In all cases, we chose for the primitive basis set a direct
product of Gauss—Hermite functions (128 x 1024) associated to the local harmonic
approximation of the potential energy centered at (x,y) = (0,0). We used default
integrator schemes for both TDH and MCTDH: norm and energy preservation were
dutifully checked. The initial datum of each situation was chosen as a quasi-coherent
state corresponding to the local harmonic ground state (centered at (z,y) = (0,0),
with no extra momentum, and with natural widths 1/4/2 in natural units).
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D.2. Model set-up. Calculations were run with dimensioned parameters and vari-
ables, all given numerically in terms of atomic units with realistic values chosen to
be representative of what can be encountered in a typical organic molecule. The
only quantity left with a dimension is time. The time scale used in both Figures
is the natural time for the system coordinate x, namely ¢; = 1/wy = h/E;, which
within our settings is equal to 109.74 a.u. (2.6544 fs). We used a unit local curva-
ture at the origin in natural units and a double-well width ¢ = 4. In atomic units,
where we chose a; = 0.24536 bohr, we have a dimensioned a; - £ = 0.98142 bohr.

D.3. The reference model, blue curves.

Masses:: p; = 1 amu = 1822.9 me, po = 16 amu = 29166 me, € = /1 /2 =
1/4

Energies/frequencies:: w; = 2000 cm~! = 0.0091127 hartree, ws = 20
em~! = 0.000091127 hartree , @ = wy/wy = 1/100

Natural scales for z:: a; = 0.24536 bohr (length), F; = 0.0091127 hartree
(energy), t; = 109.74h hartree™! = 2.6544 fs (time)

Double-well width:: ¢ =4, i.e., L = 4a; = 0.98142 bohr

Width for the initial datum:: o, = a;/v/2 = 0.17349 bohr, 0y = ay/V/2 =
0.43373 bohr, where as = €¢/v/wa; = 10/4a;

Coupling constant: 7 = —kz/(3L) = —0.000082261 a.u., where ky = s w3

D.4. Variations of the blue model.

Red curves:: softer bath, but same coupling relation n = —k2/(3L)
we = 0.000022782 a.u. such that w = 1/400; o2 = 0.86747 bohr, n =
—0.0000051413 a.u. both depend on ws
Gray curves:: same bath but stronger coupling n = —3/8ky/L
w,ws, 03 unchanged against original model, n = —0.000092543 a.u.
Yellow curves:: same bath but weaker coupling n = —ko/(4L)
w,ws, oy unchanged against original model, n = —0.000030848 a.u.

REFERENCES

[1] S. Alinhac and P. Gérard. Pseudo-differential operators and the Nash-Moser theorem, vol-
ume 82 of Graduate Studies in Mathematics. American Mathematical Society, Providence,
RI, 2007. Translated from the 1991 French original by Stephen S. Wilson.

[2] G. D. Billing. On the use of Ehrenfest’s theorem in molecular scattering. Chem. Phys. Lett.,
100:535, 1983.

[3] H. Breuer and F. Petruccione. The theory of open quantum systems. Oxford University Press,
Oxford, 2002.

[4] P. R. Bunker and P. Jensen. Molecular symmetry and spectroscopy. NRC Research Press,
Ottawa, 2006.

[5] I. Burghardt and et al. Approaches to the approximate treatment of complex molecular

systems by the multiconfiguration time-dependent hartree method. J. Chem. Phys., 111:2927,

1999.

I. Burghardt and G. Parlant. On the dynamics of coupled Bohmian and phase-space variables:

A new hybrid quantum-classical approach. J. Chem. Phys., 120:3055, 2004.

[7] E. Cances and C. Le Bris. On the time-dependent Hartree-Fock equations coupled with a
classical nuclear dynamics. Math. Models Methods Appl. Sci., 9(7):963-990, 1999.

[8] R. Carles. Semi-classical analysis for nonlinear Schrédinger equations: WKB analysis, fo-
cal points, coherent states. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2nd
edition, xiv-352 p. 2021.

[9] R. Carles and C. Fermanian Kammerer. Nonlinear coherent states and Ehrenfest time for
Schrodinger equations. Commun. Math. Phys., 301(2):443-472, 2011.

6



[10]

(11]

(12]
(13]
14]
(15]

(16]

(17]
18]

(19]

20]
21]
22]
23]
24]
[25]

[26]

27]
(28]
29]
(30]
(31]
32]

(33]

34]

(35]

SEPARATION OF SCALES 33

J. Caro and L. Salcedo. Impediments to mixing classical and quantum dynamics. Phys. Rev.
A, 60:842; 1999.

R. D. Coalson and M. Karplus. Multidimensional variational gaussian wave packet dynam-
ics with application to photodissociation spectroscopy. The Journal of Chemical Physics,
93(6):3919-3930, 1990.

M. Combescure and D. Robert. Coherent states and applications in mathematical physics.
Theoretical and Mathematical Physics. Springer, Dordrecht, 2012.

J. B. Delos, W. R. Thorson, and S. K. Knudson. Semiclassical theory of inelastic collisions.
I. Classical picture and semiclassical formulation. Phys. Rev. A, 6:709, 1972.

P. A. M. Dirac. Note on exchange phenomena in the Thomas atom. Proc. Cambridge Philos.
Soc., 26:376, 1930.

F. Gatti, B. Lasorne, H.-D. Meyer, and A. Nauts. Applications of Quantum Dynamics in
Chemistry. Lectures Notes in Chemistry. Springer International Publishing, 2017.

R. B. Gerber, V. Buch, and M. A. Ratner. Time-dependent self-consistent field approximation
for intramolecular energy transfer: I. Formulation and application to dissociation of van der
Waals molecules. J. Chem. Phys., 77:3022, 1982.

E. Gindensperger, C. Meier, and J. A. Beswick. Mixing quantum and classical dynamics using
Bohmian trajectories. J. Chem. Phys., 113:9369, 2000.

M. Gruebele. Quantum dynamics and control of vibrational dephasing. J. Phys.: Condens.
Matter, 16:R1057, 2004.

B. Jager, R. Hellmann, E. Bich, and E. Vogel. State-of-the-art ab initio potential energy
curve for the krypton atom pair and thermophysical properties of dilute krypton gas. J.
Chem. Phys., 144:114304, 2016.

S. Jin, C. Sparber, and Z. Zhou. On the classical limit of a time-dependent self-consistent
field system: analysis and computation. Kinet. Relat. Models, 10(1):263—298, 2017.

R. Kapral and G. Ciccotti. Mixed quantum-classical dynamics. J. Chem. Phys., 110:8919,
1999.

T. Kato. On the adiabatic theorem of quantum mechanics,. J. Phys. Soc. Japan, 5:435-439,
1950.

C. Lasser and C. Lubich. Computing quantum dynamics in the semiclassical regime. Acta
Numer., 29:229-401, 2020.

A. M. Levine, M. Shapiro, and E. Pollak. Hamiltonian theory for vibrational dephasing rates
of small molecules in liquids. J. Chem. Phys., 88:1959, 1988.

C. Lubich. On variational approximations in quantum molecular dynamics. Math. Comp.,
74(250):765-779, 2005.

C. Lubich. From quantum to classical molecular dynamics: reduced models and numerical
analysis. Zurich Lectures in Advanced Mathematics. European Mathematical Society (EMS),
Ziirich, 2008.

C. C. Martens and J.-Y. Fang. Semiclassical-limit molecular dynamics on multiple electronic
surfaces. J. Chem. Phys., 106:4918, 1994.

A. Martinez and V. Sordoni. Twisted pseudodifferential calculus and application to the quan-
tum evolution of molecules. Mem. Amer. Math. Soc., 200(936):vi+82, 2009.

M. Nest and H.-D. Meyer. Dissipative quantum dynamics of anharmonic oscillators with the
multiconfiguration time-dependent hartree method. J. Chem. Phys., 119, 24, 2003.

M. Reed and B. Simon. Methods of modern mathematical physics. II. Fourier analysis, self-
adjointness. Academic Press [Harcourt Brace Jovanovich Publishers|, New York, 1975.

S. Romer and I. Burghardt. Towards a variational formulation of mixed quantum-classical
molecular dynamics. Molecular Physics, 111(22-23):3618-3624, 2013.

L. L. Salcedo. Statistical consistency of quantum-classical hybrids. Phys. Rev. A, 85:022127,
2012.

F. Schroeder and A. W. Chin. Simulating open quantum dynamics with time-dependent
variational matrix product states: towards microscopic correlation of environment dynamics
and reduced system evolution. Phys. Rev. B, 93:075105, 2016.

A. Strathearn and et al. Efficient non-markovian quantum dynamics using time-evolving
matrix product operators,. Nature Comm., 9:3322, 2018.

W. Struyve. Semi-classical approximations based on Bohmian mechanics. Int. J. Mod. Phys.
A, 35:2050070, 2020.



34 I. BURGHARDT, R. CARLES, C. FERMANIAN, B. LASORNE, AND C. LASSER

[36] D. Tamascelli and et al. Efficient simulation of finite-temperature open quantum systems.
Phys. Rev. Lett., 123:090402, 2019.

[37] D. R. Terno. Inconsistency of quantum-classical dynamics, and what it implies. Found. Phys.,
36:102, 2006.

[38] S. Teufel. Adiabatic perturbation theory in quantum dynamics, volume 1821 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 2003.

[39] H. Wang. Multilayer multiconfiguration time-dependent hartree theory. J. Phys. Chem. A,
119:7951, 2015.

[40] H. Wei, R. J. Le Roy, R. Wheatley, and W. J. Meath. A reliable new three-dimensional
potential energy surface for Ho-Kr. J. Chem. Phys., 122:084321, 2005.

[41] U. Weiss. Quantum dissipative systems, 4th Ed. World Scientific, Singapore, 2012.

[42] M. Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. Amer-
ican Mathematical Society, Providence, RI, 2012.

(I. Burghardt) INSTITUTE OF PHYSICAL AND THEORETICAL CHEMISTRY, GOETHE UNIVERSITY
FRANKFURT, MAX-VON-LAUE-STR. 7, 60438 FRANKFURT AM MAIN, GERMANY
Email address: burghardt@chemie.uni-frankfurt.de

(R. Carles) UN1v RENNES, CNRS, IRMAR - UMR 6625, F-35000 RENNES, FRANCE
Email address: Remi.Carles@math.cnrs.fr

(C. Fermanian Kammerer) UNIv PARriS Est CRETEIL, CNRS, LAMA, F-94010 CRETEIL,
FRANCE, UNIV GUSTAVE EIFFEL, LAMA, F-77447 MARNE-LA-VALLEE, FRANCE
Email address: clotilde.fermanian@u-pec.fr

(B. Lasorne) ICGM, UNIv MONTPELLIER, CNRS, ENSCM, MONTPELLIER, FRANCE
Email address: benjamin.lasorne@umontpellier.fr

(C. Lasser) TECHNISCHE UNIVERSITAT MUNCHEN, ZENTRUM MATHEMATIK, DEUTSCHLAND
Email address: classer@ma.tum.de



	1. Introduction
	1.1. The mathematical setting
	1.2. Relation with previous work
	1.3. Partially flat coupling.
	1.4. Dimension reduction via semiclassical analysis.

	2. Assumptions
	2.1. Assumptions on regularity and growth of the potentials
	2.2. System-bath Hamiltonians

	3. Partially flat coupling
	3.1. Brute-force approach
	3.2. Mean-field approach
	3.3. Error estimates for wave functions
	3.4. Error estimates for quadratic observables
	3.5. Energy conservation

	4. An exemplary proof
	5. Dimension reduction via semiclassical analysis
	5.1. Semiclassical scaling
	5.2. Semiclassical initial data and ansatz
	5.3. Approximation by partial Taylor expansion
	5.4. Approximation by partial averaging
	5.5. The approximation results

	6. A numerical example
	7. Conclusion and outlook
	Acknowledgements

	Appendix A. General estimation lemmas
	Appendix B. Proof of error estimates: partially flat coupling
	B.1. Proof of Remark 3.6
	B.2. Proof of Proposition 3.9
	B.3. Proof of Proposition 3.11
	B.4. Commutator estimate
	B.5. Proof of energy conservation

	Appendix C. Proof of error estimates in the semiclassical régime
	C.1. Error estimates for the wave function
	C.2. Error estimates for quadratic observables
	C.3. Time-adiabatic approximation

	Appendix D. Material for the numerical simulations
	D.1. TDH and MCTDH calculations
	D.2. Model set-up
	D.3. The reference model, blue curves
	D.4. Variations of the blue model

	References

