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ABSTRACT
We report a large set of state-to-state rate constants for the H + HD reactive collision, using Quasi-Classical Trajectory (QCT) simulations
on the accurate H3 global potential energy surface of Mielke et al. [J. Chem. Phys. 116, 4142 (2002)]. High relative collision energies (up
to ≈56 000 K) and high rovibrational levels of HD (up to ≈50 000 K), relevant to various non thermal equilibrium astrophysical media,
are considered. We have validated the accuracy of our QCT calculations with a new efficient adaptation of the Multi Configuration Time
Dependent Hartree (MCTDH) method to compute the reaction probability of a specific reactive channel. Our study has revealed that the
high temperature regime favors the production of H2 in its highly rovibrationnally excited states, which can de-excite radiatively (cooling
the gas) or collisionally (heating the gas). Those new state-to-state QCT reaction rate constants represent a significant improvement in our
understanding of the possible mechanisms leading to the destruction of HD by its collision with a H atom.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0017697., s

I. INTRODUCTION

H2 and its main isotopologue HD are the main cooling species
of the low-metallicity clouds and, thus, are key elements in the for-
mation process of the first baryonic objects in the Universe such as
Pop-III stars (see, for example, the review of Bromm and Larson1).
Although H2 is the most abundant diatomic molecule, it can be a
less efficient cooling species than its deuterated analogue HD (which
can cool down the primordial gas2 below 100 K) because the rota-
tional energy interval is larger for H2 than for HD. Moreover, the
non-zero permanent electric dipole moment of HD increases the
cooling efficiency of this isotopologue over H2. This was confirmed
by the first quantum calculation performed by Flower et al.3 Thus,
HD may well play an important role in the cooling process of the
early Universe although we should bear in mind the low cosmologi-
cal fractional abundance4 of HD relative to H2 (D/H ≈ 10−5). For low

density astrophysical media (nH < 103 cm−3), the relative popula-
tion of the HD levels is far from following a Boltzmann distribution.
In this case, a correct evaluation of the cooling function requires
the correct values of the rovibrational level population. This latter
requires the inclusion of the rovibrational structure in the chemi-
cal kinetic network, which itself requires the knowledge of accurate
micro-physics data of all possible transitions among levels due to
radiative and collisional processes. Thus, accurate collisional rate
constants for inelastic and reactive processes are needed in order to
correctly determine the HD cooling function.

The non-reactive collision (inelastic process) between HD and
the H collider has been studied by Flower and Roueff5 or Wrath-
mall et al.6 using a non-reactive quantum method in order to derive
inelastic rotational excitation rate constants. More recently, this
study was revisited by Desrousseaux et al.7 using the quantum reac-
tive scattering approach including the reactive channel up to 1000 K.
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In this study, the authors have shown that the inclusion of the reac-
tive channel in quantum inelastic formalism is necessary, even for
low temperatures, in order to provide accurate state-to-state inelas-
tic reaction rates. They also showed that at relatively low transla-
tional temperature (T < 1000 K), the inelastic process dominates the
reactive channel but in the same time, they concluded that reactive
scattering calculations are required for higher temperature (roughly
until 5000 K) considering explicitly the reactive channel. Indeed, in
this temperature regime of few thousands kelvins, the population
of the excited rovibrational level becomes significant, and thus, a
complete knowledge at the state-to-state level of the reactive process:

H + HD(v, j) → D + H2(v
′, j′), (1)

is necessary in modeling the HD cooling function.8 However, the
cost of quantum close-coupling reactive scattering calculations is
numerically intractable due to the very large number of channels,
which should be considered in such situation. Only a limited num-
ber of quantum simulations have been performed in the past9,10

for this specific chemical reaction. Those previous studies were
focused mainly on the initial rovibrational ground state of HD or
in some low-excited rovibrational levels, and they did not pro-
vide a full reaction rates analysis. This has motivated us to use a
more approximated but numerically tractable approach, the Quasi-
Classical Trajectory (QCT) method, to produce a large number of
useful rate constants for astrophysical applications. We have indeed
used this approach in a recent work to study the reverse reaction
D + H2, and we have shown that such QCT method was reliable for
astrophysical applications in regimes where quantum effects are not
too relevant (as, for example, high temperature regime or low tem-
perature regime considering a high initial rovibrational state of the
reactant). Within this work, we have neglected the Geometric Phase
(GP) effect even if we are looking for high collisional energy. Indeed,
as mentioned by Kendrick et al.,11 previous works12,13 on H + H2
(and its isotopic variants) collisions, at high total energy (greater
than ∼2 eV) and for a large value of total angular momentum J, have
highlighted rapid oscillations in differential cross section as a func-
tion of scattering angle due to the GP effect. However, these rapid
oscillations average out and vanish in the integral cross sections14

and, thus, should not be too much relevant for the calculation of
reaction rate constants.

The paper is organized as follows: Section II provides a brief
description of the employed methodology for our scattering calcu-
lations. In Sec. III, we present the results. Concluding remarks are
drawn in Sec. IV.

II. REACTIVE SCATTERING CALCULATIONS
A. QCT method

The Quasi classical Trajectory (QCT) calculations were per-
formed solving classical Hamiltonian equations. We have solved
those equations using standard approaches as developed by Truhlar
and Muckerman,15 more details can be found in previous papers16,17

of some of us, and we just give below a brief summary. Propa-
gation of trajectories was performed using an adaptive time-step
size Runge–Kutta solver.18 The initial and final rovibrational inter-
nal energies, respectively, ϵv,j and ϵv′ ,j′ of the HD and H2 frag-
ments are computed using the Fourier Grid Hamiltonian (FGH)
method of Marston and Balint-Kurti.19 We performed calculations

for fixed collisional energies Ec, all the other collision parameters
being sampled using the Monte Carlo algorithm according to their
own probability distribution.16

For a diatomic product, a final pseudo-quantum (contin-
uous) rotational number j̃ is taken using the total angular
momentum of the diatomic, and the vibrational pseudo-quantum
number ṽ is determined using the Wentzel–Kramer–Brillouin
quantization condition.15 We use the histogram binning method,15

and hence, the rovibrational quantum number (v′, j′) is defined as
the nearest integer of the pseudo-quantum rovibrational number
(ṽ, j̃). A bin is specified for each rovibrational final quantum num-
ber. Quasi-bound and dissociated trajectories are stored in a specific
bin.

The state-to-state cross section is defined from a given initial
HD(v, j) state to a final H2(v′, j′) state as

σv′j′←vj(Ec) = π[bvj
max(Ec)]

2 Nv′j′
reac(Ec)

Nvj
tot(Ec)

, (2)

where Ec is the initial relative collision energy, Nvj
tot(Ec) is the total

number of trajectories started in the rovibrational state HD(v, j), and
Nv′j′

reac(Ec) is the trajectory count in the histogram bin labeled (v′, j′)
for the product of interest, here H2. In the above equation, bmax is the
maximum value of the impact parameter, which is sufficiently large
that no reaction takes place beyond it.

The state-to-state rate constant is determined assuming a
Maxwellian distribution of the collision energy at temperature T,

kv′ ,j′←v,j(T) = (
8

πμk3
BT3 )

1/2

∫

∞

0
σv′ ,j′←v,j(Ec)Ece

−
Ec

kBT dEc, (3)

with the Boltzmann constant being kB and μ being the reduced mass
of the H–HD system.

A state-specific rate constant for the initial state (v, j) of HD
is obtained through a summation over all energetically accessible
product states (for the channel of interest), namely,

kvj(T) = ∑
v′j′

kv′j′←vj(T). (4)

B. Computational details
Within this work, all calculations use the accurate H3 global

potential energy surface of Mielke et al.,20 as in our previous study of
the D + H2 and H + H2 reactions.16,17 The impact parameter has a b2

distribution in the [0, bv,j
max] range in order to have the best behavior

of the maximal impact parameter, and small batches of 200 trajecto-
ries are launched prior to the propagation in order to get points of
the bv,j

max(Ec) function. Once this specific maximal impact parame-
ter is computed on a grid of collisional energy, an interpolation was
done to get its value for any further required value of Ec. The reac-
tants have an initial relative distance of 30 a0, and the trajectories
are propagated until any two of the three internuclear distances are
above 31 a0. During the propagation of classical trajectories, the rel-
ative precision over the total energy and total angular momentum is
monitored to be better than 10−7.

Batches of 70 000–100 000 trajectories were propagated for 53
distinct relative collision energies Ec between 10 K and 60 000 K
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for each initial rovibrational state (v, j) of HD. A total of 339 ini-
tial rovibrational states have been examined, spanning HD internal
energies up to ≈50 000 K, with the highest rovibrational levels (v, j)
being (0,35), (1,33), (2,32), (3,30), (4,28), (5,27), (6,25), (7,23), (8,21),
(9,19), (10,17), (11,14), (12,11), (13,8), and (14,1). This represents,
with the 301 final rovibrational states of H2, (0,31), (1,30), (2,28),
(3,27), (4,25), (5,23), (6,22), (7,20), (8,18), (9,16), (10,14), (11,12),
(12,10), (13,7), (14,3), a total of 102 039 computed state-to-state rate
constant values for each translational temperature. A comprehen-
sive list of the computed results is provided in the supplementary
material.

III. RESULTS AND DISCUSSIONS
A. Benchmarking QCT simulations with MCTDH
calculations

Since a time-independent quantum close-coupling calculation
is not tractable for the high temperature of interest, we assess the
accuracy of our QCT calculations by comparing it with results from
Multi Configuration Time Dependent Hartree (MCTDH) calcula-
tions21,22 (as implemented in the Heidelberg MCTDH package23).
Using this efficient wave-packet method, we are able to establish a
set of reference values for the reaction H + HD(v = 0, j = 0) → D +
H2 over a limited collision energy range, i.e., below 23 200 K.

We recall below the definition of the state-specific quantum
cross section,

σvj(Ec) =

j

∑

m=−j

Jmax

∑

J=∣m∣

π
κ2
vj

2J + 1
2j + 1

PJ
vj∣m∣(Ec), (5)

for the initial (v, j) states, where m is the quantum number rela-
tive to the projection of the rotational angular momentum of the
target diatom on its axis and κvj is the wavevector relative to the
initial diatom eigenstate (v, j) [see Eq. (18) of Ref. 24 for its defini-
tion]. The reaction probability P J

vj∣m∣(Ec) is extracted from the final
MCTDH wavepacket, following the general procedure of Sukiasyan
and Meyer.24 We thus have here a Jacobi coordinate system with r
being the H–D interatomic distance of the diatomic reactant, R being
the distance from the center of mass of HD and the H atom, and θ
being the angle between the directions of r and R. As it was done
in that work, we used two Complex Absorbing Potentials (CAPs)
to absorb both the reactive and non-reactive parts of the flux. The
intensity of the CAPs was obtained from the program plcap imple-
mented in the Heidelberg MCTDH package,23 and the position of
the CAP was selected as in similar MCTDH studies on H + H2 iso-
topologues so as to ensure the convergence of the calculations. The
length, intensity, and order of the CAPs along R and r are 4.0/8.0
× 10−4/3 and 4.0/4.7 × 10−4/3, respectively. The parameters used
for our calculations are reported in Table I. For the calculations
presented here, the initial wavepacket is located at 6 bohrs with
a width of 0.25 and a momentum of −8 a.u. The energy distri-
bution thus covers the 0.01 eV–2.0 eV range. Here, as HD is a
heteronuclear diatom, the reactive process may lead to either the
H2 + D or the HD + H products, depending on how the breakup
and the subsequent re-arrangement is done. The flux going to one
channel or the other can then be controlled by the parameter θ as
for θ > π/2, the HD + H channel will take place and for θ < π/2, the
competing channel H2 + D will be populated. Using a step-operator

TABLE I. Parameters of the primitive basis used for the MCTDH scattering calcula-
tions. FFT stands for the fast Fourier transform. KLeg is the K-Legendre DVR.24 The
units for distance and angle are bohrs and radians, respectively.

Primitive Number of Size of
Coordinate basis points Range SPF basis

R FFT 68 1.0–10.0 20
r FFT 48 0.6–8.0 18
θ KLeg 48 0–π 24
k K 21 −10 to 10

within the MCTDH flux analysis, we are then able to separate the
two contributions and obtain for each value of J the probability. To
our knowledge, this is the first time this technique is used within the
MCTDH approach: in a forthcoming publication, a more extensive
description will be presented. The state-specific quantum rate con-
stant is obtained as the integral of Eq. (5) over the collision energy
Ec; the resulting expression, similar to Eq. (3), is thus integrated
numerically.

The MCTDH calculations are performed with about 8640 con-
figurations. To ensure convergence of the cross section [Eq. (5)], the
maximum value of the total angular momentum is Jmax = 40 for all
collisional energies, that is, up to 23 200 K. In Fig. 1, we report the
state-specific rate constants for the reaction of H with HD(v = 0,
j = 0). Both the quantum and classical rate constants increase rapidly
with the translational temperature as expected for an abstraction
reaction with a significant energy barrier (here, the barrier height
is estimated20 to be near to ∼3500 cm−1). The classical rate con-
stant, obtained with 70 000 trajectories per collision energy, appears
to be quite close to the exact quantum rate constant over the whole
temperature range displayed here. Looking at higher temperatures,

FIG. 1. Rate constant for the reaction H + HD(v = 0, j = 0)→ D + H2 as a function
of the translational temperature: a comparison of the QCT result (solid line) with
the MCTDH quantum reference calculation (dashed line) and TIQM calculations
(red dots) of Desrousseaux et al.7
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the two curves remain close to each other, but some slight differ-
ence appears likely due to the fact that cross sections computed with
MCTDH at higher energy (above 1.9 eV) are not as accurate as
the lower energy cross sections because of the low amplitude of the
energy distribution, which affects the collision probabilities. Other-
wise, the Time Independent Quantum Mechanical (TIQM) calcu-
lations of Desrousseaux et al.,7 also reported in Fig. 1, are in very
good agreement with our MCTDH and QCT results. This agree-
ment between the TIQM and QCT simulations is always satisfactory
when we consider an initial rotational excited state (v = 0, j = 8),
as reported in Fig. 2. Thus, the agreement between the QCT and
quantum rate constants for the reaction of H with HD at those tem-
peratures is already quite satisfactory and can only improve at higher
temperatures and for higher initial rovibrational states of the HD
target.

B. Rovibrational state-to-state reactive rate constants
In Fig. 3 are reported QCT rate constants for the reaction

H + HD(v = 0, j = 0) → H2(v′, j′) + D. We can globally observe
that increasing temperature tends to favor high rotational states,
while the vibrational excitation is much less favored. As an illus-
tration, we can see in Fig. 3 that for the highest temperature
considered, the most populated states are H2(v = 0, j = 3) and
H2(v = 0, j = 8) with a relatively high rate constant, reaching a plateau
at ≈4 × 10−12 cm3 s−1. For the same temperature, the rate constant
of the vibrational excited state H2(v = 1, j = 0) is lower by more than
an order of magnitude.

We report in Fig. 4 the state-to-state rate constants for the reac-
tive collision of H with HD in an excited rotational state of its ground
vibrational state. The main reactive transitions for translational tem-
peratures of a few thousand kelvins lead to the formation of H2
molecules with internal energy lower than the initial HD internal
energy. We observed this behavior, for example, in the transition

FIG. 2. Rate constant for the reaction H + HD(v = 0, j = 8)→ D + H2 as a function
of the translational temperature: a comparison of the QCT result (solid line) with
the TIQM calculations (dashed line) of Desrousseaux et al.7

FIG. 3. State-to-state rate constants for the reactive collision H + HD(v = 0, j = 0)
→ H2(v′, j′) + D.

starting from HD(v = 0, j = 9) and leading to H2(v′ = 0, j′ = 4) for
which ϵv ′ j′ − ϵvj = 4876 cm−1 (or 7015 K). Increasing the transla-
tional temperature leads to H2 molecules with internal energy closer
to the initial HD internal energy as H2(v′ = 0, j′ = 10) is also effi-
ciently formed with a relatively high rate constant, reaching a plateau
at ≈6 × 10−12 cm3 s−1. We also observe that reactions with large exo-
ergicity are not necessarily dominant. This is, for example, observed
in the reaction from HD(v = 0, j = 9) leading to the formation of
H2(v′ = 0, j′ = 0) for which ϵv ′ j′ − ϵvj = 3536 cm−1 (5088 K). Hence,
dominant reactive transitions are only slightly exoergic, a usual char-
acteristic that can be explained with simple energy gap law.25 From

FIG. 4. State-to-state rate constants for the reactive collision of the H atom with
HD in its ground vibrational state. From H + HD(v = 0, j)→ H2(v′, j′) + D.
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the ground vibrational state even at high translational temperature,
endoergic reactions [here, H2(v′ = 0, j′ = 10)] are not dominant, but
from 5000 K, they get the same magnitude than the exoergic reactive
transitions.

Increasing the translational temperature will not lead to a
higher vibrational excited level. Indeed, we can see that from
≈5000 K, the transition leading to H2(v′ = 1, j′ = 2) is an order of
magnitude more efficient than to the ground rotational state (v′ = 1,
j′ = 0). We observe a similar effect for the rate constant leading
to H2(v′ = 0, j′ = 7), which crosses the one leading to H2(v′ = 0,
j′ = 4) around 4500 K. We can conclude that, as already observed
in our previous study for the reverse reaction,17 the product (here,
H2) is preferably formed with high rotational excitation, while
vibrational excitation is less likely.

In Fig. 5, we report the behavior of reaction rates for the highly
excited rovibrational initial state of HD. As noticed previously, low
final H2 rotational states are less efficiently formed at moderate-to-
high temperatures, and excited H2 states are efficiently formed for
rovibrational reactive transitions as the reactions lead to H2(v′ = 2,
j′ = 11) and H2(v′ = 3, j′ = 11). At low temperature, we note that
the main reactive transitions are purely rotational; hence, a reactive
transition is not more efficient with its exoergicity (which would lead
otherwise to transitions toward lower rovibrational H2 states).

One important remark is that since rovibrationally excited HD
molecules lead efficiently to a rovibrationally excited H2 product, we
can consider that this reactive process will enhance the cooling effi-
ciency of the molecular cloud (through rovibrational radiative and
collisional transitions of the newly formed H2 molecule).

In complement to what we have discussed above on some indi-
vidual representative state-to-state rate constants, in Fig. 6, we show
a scatter plot of a large number of state-to-state rate constant values
(5101 randomly selected values of the 102 039 actually computed)
for three translational temperatures, i.e., T = 500 K, 5000 K, and
10 000 K. The three ensembles of points, distributed over the energy
difference between the product and reactant rovibrational states, are

FIG. 5. State-to-state rate constants for the reactive collision of the H atom with
HD in a highly excited rovibrational state. From H + HD(v, j)→ H2(v′, j′) + D.

FIG. 6. QCT rate constant scatter plot for the reaction H + HD(v, j)→ H2(v′, j′) + D
for three translational temperatures. The horizontal axis represents the energy dif-
ference between the product and reactant rovibrational levels. The rate constants
for 5000 K and 10 000 K have been multiplied by 2.0 and 2.6, respectively. For
clarity, only 5101 (randomly selected) points of the 102 039 actually computed are
shown.

centered at energy resonance and expand over large (negative and
positive) energy differences. We can observe that the larger the tem-
perature, the wider the expansion—except for the distribution at
500 K, which shows a sharp falloff around +4000 K.

We thus observe that if larger collision energies are available to
the system, higher temperatures allow for more off-resonance reac-
tions (distributed symmetrically around the resonance), while the
reverse is true for lower temperatures, as seen in Fig. 6. Moreover,
at sufficiently low temperatures, a cross section energy threshold
may come into play, translating into an abrupt slope in the reaction
rate, as exemplified in Fig. 6 for T = 500 K. For most of the state-
to-state reactive transitions, the vibration is more efficient than the
rotation in promoting the reaction. We also observed that products
are formed in rotationally excited states, usually higher than the ini-
tial reactant’s rotational level, but at a lower vibrational level. It is to
be noted, however, that for such reactive collisions, Δv = v′ − v is
usually fairly small.

To summarize, in the reaction H + HD → H2 + D, quasi-
resonant rovibrational state-to-state rates are favored at low trans-
lational temperatures, while off-resonance reactions become more
important as temperature is raised.

IV. CONCLUSION
We have presented a large set of state-to-state QCT rate con-

stants for the H + HD reactive collision. Our calculations explore
high collisional and internal energies, currently inaccessible to fully
close-coupling quantum reaction dynamics calculations. A total of
339 rovibrational states of the HD target have been examined,
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resulting in 102 039 computed state-to-state rate constants for each
translational temperature. This very large number of computed rate
constants allows us to derive general conclusions about the reaction
mechanism. Quasi-resonant rovibrational state-to-state H2 products
are favored at low translational temperatures, while off-resonance
reactions become more important at higher temperatures. The H2
product is preferably formed with high rotational excitation, while
vibrational excitation is much less likely. Since this chemical reaction
tends to form molecular hydrogen in rovibrational excited states,
it participates indirectly (but efficiently) to increase the cooling in
molecular gas.

Those new results are relevant for any further chemical kinetic
network involving collisional processes of HD with H at the state-
to-state level and explicitly considering the rovibrational structure
of the reactants/products. Furthermore, those new results should
also be useful for astrophysical media such as for photon dominated
regions (PDRs) illuminated by a strong radiation field,26 which can
promote molecules to high rovibrational energy levels.

SUPPLEMENTARY MATERIAL

See the supplementary material for a comprehensive list of the
computed rovibrational state-to-state rate constants for the reaction
H + HD(v, j)→ D + H2(v′, j′).
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