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DISPERSION FOR THE WAVE AND SCHRODINGER EQUATIONS OUTSIDE A
BALL AND COUNTEREXAMPLES

OANA IVANOVICI!

ABSTRACT. We consider the wave equation with Dirichlet boundary conditions in the exterior of the unit
ball B4(0,1) of R%. For d = 3, we obtain a global in time parametrix and derive sharp dispersive estimates,
matching the R3 case, for all frequencies (low and high). For d > 4, we provide an explicit solution at large
frequency 1/h, h € (0,1), with a smoothed Dirac data at a point at distance h~1/3 from the origin in R4
whose decay rate exhibits h~(4=3)/3 loss with respect to the boundary less case, that occurs at observation
points around the mirror image of the source with respect to the center of the ball (at the Poisson-Arago
spot). Similar counterexample are obtained for the Schrodinger flow.

Moreover, we generalize these counterexamples, first announced in [13], to the case of the wave and
Schrédinger equations outside cylindrical domains of the form By, (0,1) x R?2 in R? with d = dq + d2 and
di > 4, for which we construct solutions, as done [12] for di = 2, do = 1, whose decay rates exhibit a

h—(d1-3)/3 Joss with respect to the boundary less case (at observation points around the mirror image of
the source with respect to the origin).

1. INTRODUCTION

We consider the linear wave equation on an exterior domain Q C R¢ with smooth boundary; we let Ag
denote the Laplacian with constant coefficients and Dirichlet boundary conditions on {2 :

(02 — Ag)u(-,t) =0 inQ, u(~,t)’aﬂ —0,
U(,O) = Uo, atu(yo) =Uj.

We also address the Schrodinger equation

(1.1)

(1.2) (i, + Ao)v(-, 1) =0, in Q, v(-,t)‘ =0, v(-0)=vo.

o
Heuristically, dispersion relates to how waves spread out with time, while retaining their energy: it quantifies

decay for waves’ amplitude. In R?, the half-wave propagator eV =Red can be computed explicitly, yielding
the dispersion estimate, for x € C§°((1/2,2)) and Dy = —i0,

I (hD2) eV =25 | L poe gty < Cd)h ™ min{1, (h/|t)) = }.
For the Schrodinger propagator, dispersion follows at once from its explicit Gaussian kernel:
(1.3) [|eEiAr | L1 (Re)— Loo (Re) < C(d)|t|=42.

These estimates, together with the energy conservation, allow to obtain the whole set of Strichartz estimates
(although the endpoints are more delicate, see [16]). Strichartz estimates for R? and manifolds without
boundary have been understood for some time (see [30],[%], [9], [17], [21] for R? and also [27], [31] for low
regularity metrics). Even though the boundary-less case has been well understood, obtaining results for the
case of manifolds with boundary has been surprisingly elusive.

Our aim in the present paper is to prove dispersive bounds for the wave and the Schrodinger equations
outside a ball in R?, as announced in [13] : for d = 3 we prove that both linear flows satisfy the same
dispersion bounds as in R?. In higher dimensions d > 4 we prove that these estimates cannot hold as in R¢
as losses do appear at the Poisson-Arago spot. We then generalize this loss to exterior domains of the form
R?\ By, (0,1) x R9 where d = d; + da, d; > 4 (notice that, although our construction applies for d; = 2,3
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as well, this case is uninteresting for our purposes as it is very similar to the one of [12] where the dispersive
bounds do hold as in the free case).

While several positive results on dispersive effects on exterior domains have been established since the mid-
90’s, the question about whether or not dispersion did hold remained completely open, even for the exterior
of a ball. We recall that (local in time) Strichartz estimates were proved to hold as in R? for the wave
equation in [29] and for the Schrédinger equation in [14], with arguments that did not require the dispersion
estimate to be known (both estimates are known to extend globally in time using local energy decay or
local smoothing estimates). Since there is no obvious concentration of energy, like in the case of a generic
non-trapping obstacle, where concave portions of the boundary can act as mirrors and refocus wave packets,
one would expect dispersive estimates to hold outside strictly convex obstacles (for spherically symmetric
functions this was proved, outside a sphere in [20]). Our main positive result is the following:

Theorem 1.1. Let © = B3(0,1) C R? be the unit ball in R? and set Q = R3\ ©. Let Aq denote the Laplace
operator in Q0 with Dirichlet boundary condition and let x € C§°((3,2)).

2
(1) Dispersion holds for the wave flow in 2 like in R3:

X (D)= =22 | L1y poo () S B2 min{1, h/[t]}.
(2) Dispersion holds for the classical Schrédinger flow in Q like in R3:

X749 L) ne o) S JHT2

In Theorem 1.1 and in the remaining of the paper, A < B means that there exists a constant C' such that
A < CB and this constant may change from line to line but is independent of all parameters. It will be
explicit when (very occasionally) needed. Similarly, A ~ B means both A < B and B < A.

Remark 1.2. Having the full dispersion in 3D we can immediately obtain the endpoint Strichartz estimates,
following [16]. Theorem 1.1 also helps in dealing with the non-linear Schréodinger equation (see e.g. the
recent work [33], which makes use of our dispersion estimate to reprove the main result from [18], on global
well-posedness for the defocusing energy critical NLS in 3D.)

Remark 1.3. We claim that Theorem 1.1 still holds with € replaced by the exterior of an obstacle with
smooth, strictly geodesically concave boundary. By the last condition we mean that the second fundamental
form on the boundary is positive definite. The general case of Theorem 1.1 requires arguments that may be
seen as perturbative of those, mostly explicit, used in the exterior of a ball and will be dealt with elsewhere.

A loss in dispersion may be related to a cluster point: such clusters occur when optical rays, sent along
different directions, are no longer diverging from each other. If a point source illuminates a ball, by Huygens’s
principle every point of the obstacle acts as a new point source: diffraction by the obstacle deviates light
on the boundary which arrives at the center of the shadow behind the obstacle in phase and constructively
interferes. This results in a bright spot at the shadow’s center. Therefore, our intuition tells us that a location
where dispersion fails should be the Poisson-Arago spot (which really is part of the line joining the source
and the center of the obstacle: in physical experiments, one may place a screen somewhat symmetrically to
the source of light, hence the choice of wording): it turns out that, indeed, that region is brighter than the
illuminated regime when d > 4.

Before stating our counterexamples to dispersion, let us describe the domain we consider (which may be either
the exterior of a ball or the exterior of a cylindrical obstacle in R?). Let d > 4 and consider a cylinder in R?
of the form By, (0,1) x R% where dy 2 are such that dy +dy = d and dy > 3, d2 > 0 (notice that, although our
construction applies for d; = 2 as well, this case is uninteresting for our purposes as it is very similar to the
one of [12] where the dispersive bounds did hold as in the free case, as the diffractive effects in the shadow are

weaker). Here By, (0,1) denotes the unit ball of center 0 € R%. We define Qq, 4, := (Rd \ By, (0, 1)) x R,
whose boundary is of the form S%~! x {z = (2, ..., z4,)}. Taking spherical coordinates
T, =TCOSY, Tq,—1 =TSN X coswy,
(14) { T =rsing x (H?lz_lk_l sinwj) coswa,—k,2 < k<d; —2, x1=rsingpx H?lzf sinwj,
we obtain
(1.5) Qayar = {(r0,w,2),7 > 1,0 € [0,7],w; €[0,7],V1 < j <dy —3,wq,_2 € [0,27), 2 € R%=2}.



In these coordinates, the usual Laplace operator takes the form

1 0 1 0 1
(1.6) A= e (rdl 15) + —5Bgn1 + Dgas,
where Aga, = Z2:1 8§k is the usual Laplace operator in R% acting on z, Ag» denotes the Laplace operator
on S” and Agdl—l = W% ((Sin(p)d172%) + mAsdl—Z.

When dy =0, d; = d, the domain Q40 = R?\ By(0, 1) is the exterior of the sphere.
In dimension d = dy = 3, do = 0, the coordinates are shown in the picture, with
¢ € [0,7] and w € [0,27). In higher dimension d = d; > 3, ¢ remains unchanged
and w = (w1, ...,wq, —2) with w; € [0,7],V1 < j < dy — 3,wq,—2 € [0,2m). When
dy > 0, the "obstacle” is the product of the d;-dimensional ball with R92.

Theorem 1.4. Letd > 4, dio € N withd = di +dy. Let Aleydg be the Laplace operator in Qq, 4, with
Dirichlet boundary condition, that is (1.6) with Dirichlet condition atr = 1. Let Q+(s) € Qq, 4, NRY x {0}42
be two points of Qa,.4,, symmetric with respect to the center of the ball By, (0,1) X {Oga, }, at distance s > 1

from {0} € R%. Let x € C§°((%,2)) be a smooth cut-off equal to 1 near 1, 0 < y < 1.
For the wave operator, there exists 0 < hg < 1 such that, for all 0 < h < hg and for s ~ h=/3 the following
estimates hold at t ~ 2(v/s? — 1 + arcsin 1) ~ 2171/3

ity /= Ay S s
‘X(th)e tm(éQMS))‘(Q—(s)) ~ h_d<;> ’ h_%.
For the Schrédinger operator, let 0 < h < h2, s ~ =16t ~ h'/3. Then the following holds

1

‘X(th)e”Andl,@ (§Q+(s))‘(Q7(s)) R s Y Sl N 3

For dy > 4, these estimates contradict the usual (flat) ones (1.3).

Remark 1.5. For d = d; > 4, Theorem 1.4 provides a first example of a domain on which global in time
Strichartz estimates do hold like in R? (see [29], [14]) while dispersion fails.

Remark 1.6. The proof of Theorem 1.4 is based on an explicit parametrix construction : when ds = 0, such a
parametrix is obtained in the proof of Theorem 1.1 in 3D and then generalized to higher dimensions. When
do > 1, it is a generalization of the one from [12], where d; = 2 and dy = 1, where sharp dispersive estimates
for the wave equation (as in Theorem 1.1) have been proved in the domain Q3 ; with Laplace operator (1.6).

Remark 1.7. In physical experiments the Arago spot is very sensitive to small-scale deviations from the ideal
circular cross-section: if there is no ”source” point whose apparent contour (defined as the boundary of the
set of points that can be viewed from the source) may produce constructive interferences, then the odds of
obtaining a bright spot in the shadow region drastically decrease. If the cross-section of the obstacle deviates
from a circle, the shape of the Poisson-Arago spot changes and becomes a caustic. In particular, if the object
has an ellipsoidal cross-section, the Poisson-Arago spot has the shape of an evolute (i.e. the locus of the
center of curvature while moving along the ellipsoid), for which the losses are less important. More generalized
counterexamples outside an ellipsoid in R? will be provided in a forthcoming work (more generally, we will
show that even generic strictly convex obstacles in higher dimensions provide losses in dispersion).

The Poisson-Arago spot is an optical phenomenon where a bright point appears at the center of a circular
object’s shadow. This phenomenon was pivotal in scientifically establishing light’s wave nature and has since
become a standard demonstration in undergraduate physics courses. In his 1819 report to the french Academy
of Sciences, Arago mentions: ”L’un de vos commissaires, M.Poisson, avait déduit des intégrales rapportées
par Uauteur, le résultat singulier que le centre de ’ombre d’un écran circulaire opaque devait, lorsque les
rayons y pénétraient sous des incidences peu obliques, étre aussi éclairé que si ’écran n’existait pas. Cette
conséquence a €té soumise a l’épreuve d’une expérience directe, et l'observation a parfaitement confirmé le
calcul”. Arago later noted that Delisle had previously observed similar concentric bright and dark rings in a
ball’s shadow, see [6] and also [23].



Wave scattering depends heavily on wavelength, with diffraction causing shadow edges to break into fringes.
Maraldi observed in [23] that light circulates more easily around smaller objects: “la lumiere plus grande au
milieu des boules plus petites, fait voir qu’elle circule en plus grande abondance et plus facilement autour des
petites boules qu’autour des grandes” and [23, Fig.8] shows light at the center of a ball’s shadow.

The study of wave scattering has a rich history, starting with Fresnel’s work on diffraction and involving
numerous researchers who contributed to understanding this phenomenon. Hérmander [11] made geometrical
optics a branch of mathematics, providing powerful tools and clarifying relevant concepts: ”a wealth of others
ideas” from geometrical optics (referred to in the introduction to [11]) was later on exploited by Melrose,
Taylor, Andersson, Eskin, Sjostrand and Ivrii in dealing with propagation of singularities for mixed problems.
Of particular importance in recent works is the Melrose and Taylor parametrix for the diffractive Dirichlet
problem which gives the form of the solution to (1.1) near diffractive points (see also Zworski [34]).

The complexity of diffracted waves, particularly near shadow boundaries, was highlighted by researchers
like Keller, who developed a geometrical theory of diffraction. This theory explains how rays ”creep” along
obstacle boundaries following the shortest possible path. After Keller’s work [17], it had been conjectured
that the decreasing rate of the intensity of light in the shadow region had to be exp(—CTl/3)7 where 7 is the
frequency and where the constant C' depends on the geometry of the geodesic flow on the boundary of the
obstacle. Assuming an analytic boundary, this was proved by Lebeau [19] and then by Hargé and Lebeau
[10] for C*° boundary.

As we recalled earlier, while dispersion had remained unknown, global in time Strichartz estimates have been
known to hold like in the flat case (in every dimension). Indeed, on a manifold for which the boundary is
everywhere strictly geodesically concave (no multiply-reflected rays, no gliding rays - such as the comple-
ment in R? of a strictly convex obstacle), the Melrose and Taylor parametrix was used in [29] to prove that
Strichartz estimates for the wave equation do hold as in R? (except for the endpoints). Later on, Ivanovici
obtained in [14] similar results for the classical Schrédinger flow with Dirichlet boundary condition, for which
an additional difficulty, related to the infinite speed of propagation of the flow, had to be overcome: first,
sharp scale-invariant Strichartz for the semi-classical Schrédinger equation (e.g. on a time interval of size the
wavelength for the classical equation) are proved on compact manifolds with strictly concave boundaries of
dimension d > 2 (an example of which is provided by the so-called Sinai billiard, e.g. a punctured torus),
then combined with local smoothing estimates as in [3]. Therefore, to obtain Strichartz in semi-classical time
in [14] we bypassed dispersion: we side-stepped this issue by taking advantage, as in [29], of the L? continuity
of certain operators to reduce consideration to operators like those on a manifold without boundary: we
stress out that this approach is very unlikely to work when one is interested in obtaining dispersion.

The paper is organized as follows: in section 2 we construct a parametrix for the wave equation in the
high-frequency case and when the source point is not too close to the boundary, to be used in the proofs of
Theorems 1.4 and 1.1. When the observation point is located near a boundary point through which passes
a glancing ray, the Melrose and Taylor parametrix applies directly; when the observation point is far, we
use Kirchhoff’s integral representation formula from section 2. In the third section we prove Theorem 1.4
in the case of the wave equation, by performing explicit computations at the Poisson-Arago spot using our
parametrix - that involves Kirchhoff’s integral representation formula - obtained in section 2, first when the
obstacle is a ball (dy = 0) and then in the case of a cylindrical obstacle in R%*42. The fourth section is
devoted to the proof of Theorem 1.1 for the wave equation. This proof is split into several parts involving
very different arguments : sections 4.2 and 4.3 deal with the high frequency regime, when the source point
is not too close to the boundary, and is based entirely on arguments of section 2. When both the source
and the observation points are close to the boundary, a parametrix is obtained in section 4.4 using spherical
harmonics. In section 4.5 we deal with the low frequency regime, using classical results on the exterior
Dirichlet problem for the Helmholtz equation. In the fifth section we explain how one can derive sharp
dispersion bounds for the Schrodinger flow using the Kanal transform and taking advantage of the previous
results for waves. The Appendix contains some useful properties of the Airy, Bessel and Hankel functions.

Acknowledgments. The author would like to thank Gilles Lebeau for helpful and constructive discussions
on this problem between 2015 and 2018, when a first sketch of the proof of Theorem 1.4 (involving the exterior
of a ball) has been announced and published as a collaboration in the CRAS note [13], work on which this
paper is based. She would also like to thank Fabrice Planchon for discussions on the generalization of the
Poisson counterexample of [13] to a larger class of obstacles, including the cylindrical ones as in Theorem 1.4.



2. CONSTRUCTION OF A GLOBAL PARAMETRIX FOR THE WAVE EQUATION IN €4, 4, IN THE
HIGH-FREQUENCY CASE, WHEN DIST(Qo, 94, .4, ), DIST(Qo, 004, 4,) > ¢ >0

We start with the general form of a parametrix for the wave flow inside Qg4, 4, = (R% \ By, (0,1)) x R% for
any dy > 3, dy > 0 : this construction will be particularly useful in Section 4, in order to prove Theorem 1.1
(for d = d; = 3) when both the source and the observation points stay away from a fixed, small neighborhood
of 0Q30, as well as in Section 3, in order to construct counterexamples at the Poisson spot when d; > 4, for
both the exterior of a ball do = 0 and the exterior of a cylinder dy > 1.

Consider the equation (1.1) with initial data (dg,,0), where Q) is an arbitrary point in Qg, 4,

{ (3E—Agd1,d2)u20 in Qd1,d2 XRt,

2.1
( ) ultZO = 6Q07 8tu‘t:0 = 07 U"Bﬂdl,dz =0.

Here Ag, , is the Laplace operator A from (1.6) with Dirichlet boundary condition on 04, 4,. By finite
speed of propagation, for any time smaller than the distance (in RY) from Qg to the boundary of Qg4, 4,
(i.e. such as 0 < t < d(Qo,04,.4,)), the solution to (2.1) in Q4, 4, equals the free wave in R?, denoted
ufree(Q7 Q07 t)7 given by

1 .
Ufree(Q, Qo)1) = @n)d /tﬂl(Q*Q“)E cos(t|€])d¢

Let win(Q, Qo, 7) := 1t>/0u\free(Q, Qo, 7) denote the Fourier transform in time of u free(Q, Qo,t)|t>0, then

1 eiTIe—Qul
(2.2) Win(Q, Qo,7) =T 2 mzd(ﬂQ — Qol),
— Qo
where ¥3 = £ and for d > 4 and V := 7]|Q — Qo| > 1,
(2.3) Sa(V) ~y—1 Y 554V, Soa #0.
Jj=0

In (2.3) and throughout the paper, we use the following classical notion of asymptotic expansion: a function
f(w) admits an asymptotic expansion for v — 0 when there exists a (unique) sequence (¢, ), such that, for
any n, lim, o v~ "D (f(v) — 30 ¢jv7) = cpp1. We denote f(v) ~, 3, cpv™.

We first chose our source point Qg in 4, 4,. Denote by N and S the North and the South poles of By, (0, 1),
respectively : a point Qn(r) belongs to ON if, in the coordinates (r, p,w, z) of (1.5), it has p =0, z=0. A
point Qs(r) belongs to OS if ¢ = 7w, z = 0; in both cases r denotes the distance from Qn s(r) to By, (0,1).
We let s > 1 + ¢ for some small constant ¢ > 0 and let Qp =: Qn(s) € ON be our source point throughout
the paper (when we will search for counterexamples in Theorem 1.4, we will consider the observation point
to be Qs(s) € OS, also with vanishing z coordinate when dy > 1).

We introduce the distance between two points in Qg4, 4, in the (r, p,w, 2) coordinates as follows : let @ be an
arbitrary point of Qq, 4, wWith zg = 2z = (21, ..., 24,) € R%, then

Q = (rsinp x H ) 81nwj7...,rsin<p X (H Y smw]) X COS Wy —ky -y T SINQ X COSW1, T COS P, Z).
and the (Euclidean) distance between @ and Qo = @Qn(s) reads as follows
(2.4) b(r, 0, 2,8) = |Q — Qo| = /12 — 2srcos @ + 52 + |2|2.

We change our coordinates (r, ) into (z,y) defined by =7 —1, y = § — ¢, in order to make the boundary
flat: as such, the boundary {r = 1} becomes {x = 0} and the domain (Qy, 4,,2) reads as

us

Qqy 4, ={ >0,y e [—7/2,7/2],w; € [0,7],V1 < j <dy —3,wq,—2 € [0,27), 2 € Rdz}

25) A=

0? di—1) 0 1 0? 0 1
( 1 ) ( ) ( ASdl 2)+ARd2.

@—F (1+2z) 0z 87342—’_((1 2)tanyay (cosy)?

In the coordinates (z,y), this distance (2.4) satisfies ¢(z,y, 2, s) := (b(l +,% —y,%,5), where we have

(2.6) oz, y,2,8) =/ (1+x)2 — 25(1 + x) siny + 52 + |2|2.



We use both types of coordinates : to describe the geometry it is more convenient to work with (r,¢), but
to provide an explicit form of a parametrix to the wave equation it is more useful to work with (z,y).

For @ € Qq, 4,, we write w;,, from (2.2) using its Fourier transform, modulo O(7~°°), as follows

(2.7) Win(Q, Qo,T) = ( 4 )HdQT% / Zd(T(b(x’g’2’s))eiT((y_g)“+(z_2)7)e‘iwmg’g’s)dadvdﬂd&

g d—1

o(x,9,%,8) 2

The forward free wave is given by

1 ,
+ R iTt, .
(2.8) Ufree = 5 /e win(Q, Qo, T)dT.

We denote by u the solution to the Dirichlet wave equation in €4, 4, whose incoming part (before reflection)
equals u;free from (2.8). To construct it explicitly, we define its extension to R as follows

if Q
(29) w@.Qut) = { G I, B2 E S

By construction, u(Q, Qo,t) vanishes inside By, (0,1) x R?2. Using the classical Duhamel formula and setting
uT := 1,59u, u reads as follows

(2.10) Ulpso = u;{me —u¥,  where we set u#(Q, Qo,t) =071 ((8xu+)|agd1‘d2),

where J,u is the normal derivative of u and where, for F' such that supp(¥) C {t' > 0} and with F !
denoting the inverse Fourier transform in space, we have

t .
t
(2.11) O-lF(t) = / fgl(w)(t )« F()dt.
—o iq
Fix 0 < hy < 1 small and let h € (0, hg). Let x € C§°((3,2)) be a smooth cutoff equal to 1 on [2, 3] and
such that 0 < x < 1. As we are interested in obtaining and evaluating x(hD;)u(Q, Qo, 1), let

(212) u}_'ree,h = X(th)u}_reea ’U/# = X(th)u#(Qa QOat)‘

As the free wave flow u}rre& ,, satisfies the usual dispersive estimates, we are reduced to study uh# (Q,Qo,t) of
(2.12), with Qo = @Qn(s). Using (2.10), (2.11) and classical results, u#(Q, Qo, t) reads as

Proposition 2.1. If Q € Qg, 4, is such that 7dist(Q,Qq, 4,) > 1, we have

(213) uﬁ(@a QO; t) = X(h"Dt)u#(Qﬂ QO; t) = /eitTX(hT) /PeaQ f(61u+laﬂdl,d2 )(P7 QO) T)

d—3

2 .

% (=T Ba(rlQ — P TIOP  O((71Q — PI)7) ) do(P)dr,
Q—P|>

where X3 := 4= and for d = dy + dy > 4, ¥4 is given in (2.3) and where F(d,u™|oq,, ., ) (P, Qo,T) denotes

the Fourier transform in time of O,u™|aq,, ., (P, Qo,t) for P € 04, d,-

Remark 2.2. Recall that when do > 1, 0Q4, 4, = Sh—1 % R4 while when ds = 0, 04, .4, = S4-1. Also,
when d > 4, ¥4 is given in (2.3) and as |Q — P| > r — 1 > ¢, it follows that O((7|Q — P|)~°°) = O(h™>).

It follows from Proposition 2.1 that, in order to evaluate the L* norm of u#, we are reduced to compute
F(OpuT |ga, -1 pas ). In order to do that we have to obtain u™(Q, Qo,t) for Q near S1~1 x R%. As rays sent
from @q in the direction of the obstacle may be either transverse or tangent to its boundary, to construct
the reflected wave we separate two regimes (transverse and glancing), where the behaviour of the wave will
be different. To do that, we first define the apparent contour from Q.

Definition 2.3. For a source point Qo = Qn(s), which has (r, p, w, z)-coordinates (s,0,w, Oga, ), we define its
apparent contour Cglo’dQ as the set of points P € S¥~1 x R% such that the ray QP is tangent to S ~1 x R42:
in other words, with ¢ defined in (2.6), we have

Cglo’d"’ = {P e Sh™! x R% with coordinates (1,6, z) such that 8,6(1,¢, z,s) = 0}.



As 8,0 = (r — scos cp)/g?) and 8r(;~5|r:1 = 0 cancels when cos p = 1, we find

S

Cou®2t = {P = (1,arccos(1/s),w, z),z € R?}, €30 := {P = (1,arccos(1/s),w)}.

In the coordinates (z,y,w, z) we therefore have Cglo’dZ = {P = (0,arcsin(1/s),w, 2)}. We define
. 1= arccos(1/s) = g —arcsin(1/s),  y«(s) := arcsin(1/s).

We need to bound u# (Q, Qo, t) defined by (2.13). For a point P on the boundary with coordinates (0, yp,wp, zp),
the integrand in (2.13) behaves differently if yp is outside a small neighborhood of y.(s) or if it is near y.(s).
We separate the integration contour in two parts, according to these two cases.

Definition 2.4. Fix 0 < ¢ <1 and let k. € C§°((—¢,¢)) be a smooth function equal to 1 on [—&/2,e/2] and
such that 0 < k. < 1 everywhere. This cut-off will be often used throughout the paper with different values
of e (that will be, each time, a small positive number independent of the other parameters).

Let k., like in Definition 2.4 for some fixed, sufficiently small constant 0 < €9 < 1/2 independent of h, and
split the integral over P in (2.13) in two parts using 1 = k., (y — y«(s)) + (1 — ke, (y — y«(s))). For a point P
on the boundary with coordinates (0,yp,wp, zp) and for x € {k.,,1 — ke, }, we let

(2.14) ujl . (Q,Qo,t) = /eitfx(hT) /Pegd11 o F(0puT gt 1 g raz ) (P, Qo, T)E(yp — Y (8))
X (Mzd(TQ — P|)€—iT\Q—P| + O((T‘Q _ P|)_oo))d0'(P)dT’

then u#ﬁso + uﬁl—nso = u# In the next section we deal with uil_ﬁso, the ”transverse” part.

2.1. The transverse part of ut. We show that uﬁl_ﬁm satisfies the usual dispersive bounds.

Lemma 2.5. Let Q € 4, 4, then there exists C = C,, such that

)

(2.15) Jujf 1, (@ Qost)| S

Proof. As in the integral defining uh#717,{50 (Q, Qo, t) the boundary variable P stays away from a small, fixed

neighborhood of Cglo’dz (that is, from the set {y = y.(s) = arcsin(1/s)}), it means that the ray QP is trans-

verse to the boundary. From classical results, for such P, the phase function of F(0,u™ |sd; -1 gz ) (P, Qo, T)
equals —iT|P — Qo| and therefore the phase function of (2.15) equals i7(t — |P — Q| — |P — Qo|). The critical
points of P — |P — Q| + |P — Qo] satisfy, for some A\ € R\ {0}, (% + %) = \Jp with Up the unit
normal to 0, 4, poin:cing towards g,.q4,. Let QZSO C Q4,,4, be the open set of points Q € Qq, 4, such
that the segment [Qo, Q] is contained in €y, 4,. For an observation point @ ¢ Q+O, the restriction of this
phase to 8950 = QZSO N 04, .4, has a unique critical point at P(Q, Qo) € 8950 which is the intersection
of the segment [Qo, Q] with 8950. As both Qy and @ have z = 0 € R% coordinate, the same will hold for

P(Q, Qo). As P(Q, Qo) stays away from a small, fixed neighborhood of Cq, (due to the support of 1 — k),
one has a lower bound on V%(|Q — P| + |P — Qo) which is moreover uniform with respect to Q,Qy. The

stationary phase applies to u?ﬁkl{so (Q, Qo,t) and yields usual dispersive bounds of R%. O

We are left with uh#,{so, the most delicate part. For P near C%lo’dz, i.e. on the support of k., (yp — y«(s)), we
must construct F(9,u™ |ga1 -1 xgas ) (P, Qo, 7). This is the goal of the remaining of this section.

2.2. The glancing part of u™. This part follows closely the construction of [12] (where di = 2, dy = 1).
We obtain u* (-, Qg,t) near the boundary using the Melrose and Taylor parametrix and then we compute
the trace on the boundary of its normal derivative d,u™ in order to obtain the ”glancing part” of u# from
formula (2.10). The next result applies near rays which are tangent to Qg 4,



Proposition 2.6. [34] Microlocally near a glancing point of second order contact with the boundary there exist
smooth phase functions v(x,y, z,a,y) and ((x,y,z,,7) such that ¢« £ %(—C)?’/Q satisfy the eikonal equation
and there exist symbols a, b satisfying appropriate transport equations such that, for any parameters o,y in
a conic neighborhood of a glancing direction and for 7 > 1 large enough,

(2.16) G, ,2,0,7) 1= @020 (A (£2/3€) + b VAL (72120) ) AT (r3¢)

satisfies (12 + A)G, = lTH@.2,07) (aOOA+(TQ/3C) + booT VA (T 2/3(:)) Y(72/3¢y), where the symbols
VErify oo, boo € O(T7°°) and where we set (g = (|z—o. Moreover, the following properties hold:

e 1 and ¢ are homogeneous of degree 0 and —1/3 and satisfy (di,di) — ({d¢,d¢) = 1, (di,d() = 0, where
(-,-) is the polarization of p; the phase (o is independent of y, z so that {o(«, ) vanishes at a glancing
direction; the diffractive condition means that 90,(|,—0 < 0 near a glancing point;

o the symbols a(z,y,z,a,v) and b(z,y, z,a,) belong to the class 8(01,0) and satisfy the appropriate
transport equations. Moreover a|,—q is elliptic at the glancing point with essential support included
in a small, conic neighborhood of it, while bl,—g = 0.

In the following we will explicitly compute the phase functions and the main contributions of the symbols.
Notice that, as we consider here the exterior of a ball or of a cylinder (i.e. of a model convex obstacle), we
can obtain the explicit form of the (glancing part of the) outgoing wave directly, using the eikonal and the
transport equations below (so without using the Melrose and Taylor parametrix). However, the fact that the
symbol b vanishes on the boundary it is not obvious and it is particularly useful. As Proposition 2.6 ensures
this property, it is very convenient to make use of it.

The eikonal equation. The functions ¢ and ¢ from Proposition 2.6 solve the system of equations

a0 + (2 19f? — ¢ ((0u07 + 2L 4 9P =1
(2.17) A
¢
8mLaxC+<1_|_7)+<VLVC> 0.
The system (2.17) admits the pair of solutions
(2.18) Wy z,007) = yat <z, >, ((z,a,7) = (L +2)V1 = [y2/a),

where one should think of «, v as the dual variables of y, z and where for p := (1+x) 7V1ah, C is the (unique)
solution to & — &(p)[C'(p)]? = 1, &(1) =

Lemma 2.7. The equation —5(8,;5)2 +1/p*> =1, (1) = 0 has a unique solution of the form

(219) 2o = [P = 71— arceos (3).

if p > 1, while for p <1 we have

(2.20) 2= [ L g = togl(1 + VI~ ) /o]~ VI~ 7.
p

3

We note that at p =1 we have { = 0 and lim,_,; = )(p) =21/3,

Remark 2.8. When dy = 0, there is no z variable, and in this case we have simpler formulas
(2.:21) Uy z07) =ya, ((w,0) =?*((1+2)/a),
where p:= (14 )1 and ¢ is like in Lemma 2.7.

The transport equations. Let A as in (2.5). We look for symbols a, b such that (72 4+ A)G, € Oge (17°°),
with G, defined in (2.16) and with ¢ and ¢ given in Proposition 2.6. We introduce the following notation

v(a,b;T) = el (aA+(72/3C) + bTﬁl/3A’+(72/3§)).



Lemma 2.9. We have (72 + A)v(a,b;7) = v(A, B;T) , with < g ) =(TM+A) ( Cbl ) and

M ( T2 (20, + (1 — 2)tany) +2i <7, V2> = (COC(20, + B + (920)% + COXC) )

20,C0, + 92¢ + 9=20,¢ %55 (20, + (di — 2) tany) +2i <7, V. >

1+x

The lemma follows by explicit computations. When ds = 0, take v = 0 everywhere in M.

We set @ ~—1 >, 0ak(iT) ™%, b~ -1 37, oo br(i7) 7%, Using Lemma 2.9 we obtain that ay, by, satisfy the
following transport equations

(2.22) M ak“>+A<ak>:o, M a0>:0.
bk+1 bk; bO

From Proposition 2.6 we know that we may find (a,b) such that, al,—¢ is elliptic and b|—o = 0 (the fact
that by, b1 can be taken to vanish on the boundary follows easily from direct computations, but this is less
obvious for all b). The main contribution ag of a is obtained below.

ao

Lemma 2.10. The second equation in (2.22), M ( b
0

) =0, has a solution of the form

ag = (cosy) " D2¢((1+2)fa), o =0,

where, for C obtained in Lemma 2.7, the function & satisfies 26p€8p§ + 625 + %(6,)5)@' =0,¢1)=1. In
particular, £ is elliptic for (1 + z)/a near 1.

Our goal in this section is to describe the solution u™ to the wave equation with Dirichlet boundary condition,
whose incoming part is u}rme, microlocally near a bicharacteristic tangent to the boundary. In the next lemma,
which follows from Proposition 2.6, we introduce an operator which provides the form of the outgoing wave
; as its trace on the boundary is an elliptic FIO, it will allow to recover the outgoing solution with incoming
part u;?ree. Recall first some notations :

Definition 2.11. For an open set U C R™, we denote by D(U) the space of test functions C§°(U) (smooth
functions with compact support) and by D’(U) the space of distributions on U (the topological dual of D(U)).
We denote by E(U) the (Fréchet) topological vector space C*°(U) of smooth functions with the family of
semi-norms C*°(U) 3 g = SUPgcp. Keompact [079] € [0,00) and by £'(U) := (£(U))* its dual, which is the
space of distributions with compact support.

Lemma 2.12. Define an operator M, : £ (R'*F42) — D/(R2+42) | with £ (R'*92) as in Definition 2.11

T

14d2 ~
M (D2 = (=) [ Gl zafira,m)dady

Then, near the glancing region, we have (12 +A)M.,(f) € O(T=°) (up to the boundary) for all f € £'(R}*+42).
Moreover, the restriction to the boundary M. (f)|o,, 4, = J-(f) defined by

T

1+ds . - ~
(D)2 = (52) [ erttneanin oo,y 5 a,9,7)1(7. 2 dadrdgz

has a microlocal inverse J=1 as a(x,y, z,a,v,7) is the elliptic symbol from Proposition 2.6.

Proof. The first statement is obvious as G, defined in (2.16), satisfies (72 + A)G, € O(77°°). Moreover, as
b can be chosen to vanish on the boundary, it follows that

G‘r |z:0 = ein(O,y,z,a,'y)a(O’ Y, 2, Q, 7)'

As al,— is elliptic, then so is G;|,—¢. Hence, the restriction to the boundary of the operator M., denoted
Jr, is an elliptic Fourier integral operator. O

The operator M, o J-! applied to the restriction to the boundary of the free wave yields the form of the
outgoing wave near the glancing region that matches the boundary trace win|oq 4,.4, Of the incoming wave
(at least as long as |z| < s, which means that one considers directions within a cone around the ON axis) :



Proposition 2.13. For all Q = (z,y,w, z) near the glancing region with |z| < s, i.e. with x near 0 and y
on the support of ke, (y — y«(s)) for some small eg > 0, u™(Q, Qo,1t) is independent of w and we have

(223) 'LL+(Q, QOvt) = ﬁ/eit‘r (win(xvyv ZvT) - MT(J'r_l(wiandl,dZ)(xa y,Z)))dT.

As mentioned above, we wish to determine the form of F(9,u')(P,Qo,7) for P near Cglﬂ’dQ which will
be inserted in formula (2.13) in order to obtain dispersive bounds. To do that, we need to compute
M (7 (winloo, 4,))- For that we write w;,, that satisfies (72 + A)wy, € O(77°°) near the glancing region,
as an oscillating integral with phase functions ¢, and symbols depending on a,b from Proposition 2.6. We
introduce an operator Ty : &' (R'*42) — D/ (R?+42) for I € £'(R1*Fd2)

T
27
According to [28, Lemma A.2], T} is an elliptic FIO near the glancing regime and (72 + A)T,(F) € O(77>°).

Moreover, for every solution to (72 4+ A)w € Oge (77°°) there exists a unique F' such that, microlocally near
a glancing point, w = T F + O(7~°°). Applying [28, Lemma A.2] to w;, gives

(221)  T(F)(r,y,2) = ( )“d"’ / Tt <202) (g Ar213¢) 4 b7/ A/ (r2/3)) F(rat, ) dad.

Lemma 2.14. There exists a unique F, € &' (R1*92)  essentially supported near y.(s), such that, for Q =
(z,y,w, 2) near Cglo’d2 (and |z| < s if da > 0), w;,(Q, Qo, T) may be written as follows modulo O(T~°°) terms

T\t j 2/3 1/3 2/3 ;-
22)  wn@Qur)=(5) [T (A0 + b B ) Frlrayr)dady,

s
where ¢ is given in (2.18), and a,b are as in Proposition 2.0 with a elliptic with main contribution ag given
in Lemma 2.10 and with bl,—g = 0. When dy = 0, there are no z,~ variables in (2.25).

Remark 2.15. The condition on the size of |z| in Lemma 2.14 is necessary in order to apply the stationary
phase with respect to v and corresponds to |y| < 1, i.e. to initial directions in a cone around the ON axis.
Under the assumptions of Theorem 1.4, this condition simply holds by finite speed of propagation. Notice
that, for |v| close to 1, which corresponds to initial directions almost parallel to the Oz axis, a parametrix
for the wave equation has been given in [12] for d3 = 1 in terms of a spectral sum in cylindrical coordinates.

The precise form of F; is given in Lemma 2.18 below. Let us first state a corollary of Lemma 2.14 which
provides the form of F(0,u™ |g4; -1 4pes ) in terms of F, that will allow to obtain the parametrix from (2.13).

Proposition 2.16. Let F, € &' (R'%) as in Lemma 2.1/ satisfying wi,(-,7) = Tr(Fy) + O(7=>) for (z,vy)
near (0,y.(s)). Then for all Q = (x,y,w, z) near the glancing region with |z| < s, we have

T\ 1+d2 . . .
(2:20) Mo (7 winlon, o) 2) = (52) [ ET0mEEE) (ad s (r719) 4 br A (20))
A(72/3¢))
A (PG

Proof. The proposition follows immediately from Lemma 2.14 as, replacing win|89d1,d2 by T’ (F-,—)|8le,d2, the
symbol b vanishes and yields Tr|aq,, ,, = Jr © Q; modulo O(77>°) terms, where we set

QT(F) = A(T2/3<~0(a7 7))FT(TQ7 7—7)’ with Co(aa 7) = 4(07 «, 7)
Then J- 1o 17 (F7)|o94, 4y = @7 (Fr) + O(77°). Replacing in MT(J;l(win|6Qd1‘d2)) gives (2.26). O

E(ro, 7y)dady + O(1~%).

2

We can now obtain the form of u* in (2.23) near Cglo’d using (2.25) to express w;, and (2.26) to express

M (J7 (winloo, 4,))- Taking (the trace of) the normal derivative of u™ yields F(d,u™)|aq,, 4, -

Proposition 2.17. For P = (0,y,w, z) € S"~! x R% near Cglo’d2 and |z| < s when do > 0, the Fourier
transform in time of Oyu™, denoted F(O,u™)(P,Qo, T), is independent of w and reads as follows

- —im/3
+ _ (T 1dz 2/3 ir(yat+<z,y>) L6 ba(y72’a7777) -
(2271)  F@Ou )5 = (52) e Ay Frra,m)dady,
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where Co(a,) = a?3((\/1—~2/a) with ¢ defined in Lemma 2.7 ((o(a,v) = a*/3((1/a) if dy = 0) and
where the symbol by is elliptic, essentially supported for & = \/10“7‘2 near 1 and reads as

1+x

bo(y, z, .7, 7) := a(0,y, 2, .7, 7)& " /3(9,0)( )+ 771 0:b(0,y, 2, 0,7, 7).

Proof. We compute the normal derivatives of (2.25) and (2.26) : one derivative which falls on A(72/3¢) (or

AL (1%3¢)) yields 72/30,¢ = (11/1 — 2)?/2a~1/30,(. Taking the difference yields (2.27) with (A’ — A’ A+)
(instead of ie~*"/3/A) and using the Wronskian relation A’(2)A;(2) — A’ (2)A(z) = ie7"/3 allows to
conclude. As al,— is elliptic near Cdl’dz and |0, C( )| ~ 213 by must have the same properties as a|,—g. O

The next lemma, proved in section 2.2.1 below, provides the explicit form of FT(Ta, ).

Lemma 2.18. The Fourier transform of the function F. satisfying (2.25) has the following form :
e when dy =0, FT(Toz) is essentially supported for |1 — a| small, and equals, modulo O(17~°°),

o T%—F% —it0o (y«(8),ax,8)
(2.28) F.(ta) = ——e ollshas)e (1 —a)f(a,s, 1),

s2—-1°7
for some small €1 (where the cut-off ke, is as in Definition 2./), where f is an elliptic asymptotic
expansion with main contribution o 4 (defined in (2.3)) and where the phase function is given by

(2.29) Toly«(s), e, 8) = yu(s)r + \/7+ 2\/8272

o when dy > 1, F,(ta, 77) is supported for |1 — m| |v] small and equals, modulo O(77°°),

14+ 0(1 — a)), for a on the support of ke, (1 — ).

. AT TO, T :72 — et - 0(yx(s),&, ke, (1 —a)f(a,v,s,T Q= a
2.30 E — it/ 1—|v]2To (y«(8),&,s) 1 ~ f ~ ~

o 1 T VI-hP
for some small g1, where f is an elliptic symbol with main contribution Xo 4 (from (2.3)) and
To(y«(s), &, s) is the given in (2.29) for a(:= a/+/1 — |v|?) on the support of k., (1 — &).

Remark 2.19. In the exterior of a cylinder in R*, we have obtained (2.30) in [12, Lemma 2.9] for d; = 2 and
ds = 1. In the exterior of a ball in R¢, we have announced (2.28) in [13] for dy = 0, without details.

Replacing the explicit form of F, from ((2.28), or, more general) (2.30) in (2.27) yields

Corollary 2.20. For P = (0,y,w,2) € S4"~1 x R% near Cglo’dz and with |z| < s, the following holds
e when di =d and dy = 0, F(0,u™)(y, Qo, T) becomes

7—3+ ; 727r/3b T
(2:31) F(0u")(y, Qo.7) = o 7/ T(yoToly.(s)o.s)) (1a)ZZJr(ng(CZ’(Z’)))f(oz,s,T)doz.

e when dy > 1, F(O,u™ )(y,z,QO,T) becomes

1+d l+d1—1 i _ 7120 (Y, (8) ——2
(2.32)  F(0pu)(y, 2, Qo,7) = <2L) 77(1,/@ (yort-<z7> /T PTo (3. () 72—z )
T

Vs -1 7
: 7i7r/3b
X Ke, (1 B « )Ze 8(2/, 2, 047"%7—) ( o

Y, S, T |dadry.
S AL(BG(a) NI )dacty

2.2.1. Proof of Lemma 2.18 for do = 0. In this section we prove Lemma 2.18 in the case do = 0, when
the obstacle is a ball in R, and in the next section we explain how to deal with the additional variable
z in R% when dy > 1. We need to obtain F, such that T,(F,) = wi,(-,Qo,7) + O(7~>) near a glancing
point on 9Qy, o, where Qg, o = R4\ By, (0,1) and where Qp = Qn(s), hence we need to ”invert” in some
way T, near a glancing point. Using the integral form of the Airy function and its derivative, the operator
T, : &'(R) — D'(R?) defined in (2.24) (where we now take dy = 0) reads as

T (F)(a,y) = 7' / () Gk’ [31oC@) (4 4 bo fi) F(§)dodida,
s
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where the phase functions ¢ and ¢ are defined in (2.21), ¢(y,a) = ya and {(z, ) = a2/35(%).

According to Proposition 2.6, at the glancing point in T*S! the trace on the boundary of ((x,a) cancels
only at a glancing direction and the symbols a, b are supported near the glancing point; as (p(a) = 0 only
at a = 1, we can introduce in the integral defining T a cut-off k., (1 — a) with k., € C§°((—¢1,¢€1)) as
in Definition 2.4 supported for |1 — a| < &1 for some sufficiently small €; > 0 depending on &g, such that
ke, (1 — @) =1 on the support of a,b, so without changing the contribution of T, modulo O(7~°).

A point of Cg’g) is of the from (0, y.(s),w) with y.(s) = arcsin(1/s): as win(Q, Qo, 7) (from (2.2)) is indepen-
dent of w, we need to ”invert” T, near (0,y.(s)) to find F,. Let s € C5°(R?) be a smooth cut-off function
supported for (z,y) in a sufficiently small neighborhood Vg ,,, (s)) of (0, ¥+ (s)) and equal to 1 in near (0, y.(s)),
with 0 < 3¢ <1 and such that x < ¢ on the support of s»: we aim at obtaining F; such that

%(.’E, y)TT(FT)(.’E, y) = %('/Ea y)win(xv Y, Q07 T) + O(T_Do)~
We define T, : D'(Ry) — D' (Vo,y.)) by T, := »Ty, (and with ., (1 — a) in the integral defining T} ),

(2.33) T (F)(z,y) = 7/3 1

5 / e (=oto’/3+0C(@.0)) (¢ 4 b /i) se(x, y) ke, (1 — o) F(§)dijdoda.
™

Lemma 2.21. The operator Ty is well defined microlocally near (y,a) = (y.(s),1) and (7% + A)T,(F) €
O(77°°) for (z,y) near (0,y.(s)) (where 5 =1). Moreover, for F' supported outside a small neighborhood of
y«(8) (depending on € and the support of ) we have T-(F)(z,y) = O(1—°).

Proof. The operator T is equal to T, modulo O(7~>°) (due to the cut-off k. ). As 3 = 1 near (0, (s)),
near this point T} (F) satisfies the same equation as T,. The critical points of (2.33) satisfy 02 = —((z, @)
and y = § — 0%/3 — 0((x, @), hence the phase may be stationary only for values 7 satisfying

- 2
19— y(s) < 1y — yu(s) + |0 + oC(a, )| = |y — yu(s)] + g\C(axa)F’/Q-
As {(z, ) is close to 0 only for z and « on the support of s(z,y)k:, (1 — @), § must stay close to y.(s). O

Next, we construct the adjoint T* : D' (Vo,y.)) — D'(Ry) of T, show that the operator T* o T} is an elliptic
FIO, hence invertible, and then define F, := (T* o T,) ! (sw;y,) modulo O(7=>°). The adjoint reads as

(234)  Tr(w)@) =/

and for (z,y,&) on the support of the symbol, its phase may be stationary only for o close to 0. We can
introduce a smooth cut-off ., (&) supported for || < €3 for some €2 > 0 small enough (depending only on
1 and the support of s), without changing 7 (w) modulo O(7~°°). We now obtain

/e”(@*y)&*&s/gf&qz’d))(a —bo /i)n(x,y)ke, (1 — @)w(z,y)dedydoda,

Lemma 2.22. Let E, := (7'/3T%) o T, : D(R;) — D(Ry), then, microlocally near (y,a) = (y.(s),1), B, is
an elliptic pseudo-differential operator of degree 0, hence invertible. Setting Fy = E;' o (V3T (win (., 7))
yields T-(F;) = win (., 7) + O(77°°) microlocally near (y.(s),1).

Proof. As E, :=7'/3T* o T, using (2.33), (2.34), we explicitly compute

73 /eir((yw&&3/3&<<z’a>+<y@>a+a3/3+a<(z,a>)

Kesy (6)’%51(1 - a)"{f‘:l(l - &)

x (s(z,y))*(a — b5 /i)(x,y,&)(a + bo /i) (z,y, ) F(§)djdédadzdydoda .

Stationary phase applies in y, o, with critical points y(g, o, @) := § — 09,((x, @) and & = «; the critical value
equals (¥ — §)a — 63/3 — 6¢(z,a) + 03 /3 + o((x, a) and the symbol becomes

T2KE2 (&)Kel (1 - a)%(a:, y) (& - 65’/2)(56’ Y, Oé) (C~l + BO’/Z)(J?, Y, O‘)‘y:y(g,a,a)

where a, b are asymptotic expansions with small parameter 7= and main contribution a(z, y, ), and b(x, y, a)
which now depend upon o through y = y(g, 0, a); here 3 is a smooth cut-off supported for (z,y(7, o, @)) near
(0,94(s)). We further apply the stationary phase with respect to x and & with critical points 62+ ((z,a) = 0
and 8, (x,) (6 — o) = 0. As 8,¢(0,1) = 8,{(1) = —2/3, then 9,((z, a) does not vanish near z = 0, o = 1
and the critical points satisfy ¢ = o, ((x,a) = —o2. This yields z. as a smooth function of ¢ and « for o
close to 0 and for « close to 1. The second derivative w.r.t z, 92¢(z,a)(6 — o), vanishes at & = o, therefore

12



the absolute value of the determinant of the Hessian matrix equals |9,((z, )|, which is close to 2'/% near
z = 0,a = 1. The critical value of the phase becomes (¥ — §)c, and the symbol has main contribution
a? + b%0? with o close to 0 on the support of k., and with a elliptic near (0,y.(s),1). Integration w.r.t. o
(which is no more in the phase) yields

E(F)@) = 5= [ TP, (1~ a)iee DS (7. 007 F(@)didar

™

where X g(g,a,7) is a symbol of order 0, elliptic at (y.(s),1) that reads as an asymptotic expansion with
main contribution a? and small parameter 7-1. Microlocally near (y.(s), 1), the operator E, has an inverse
E-1 with an elliptic symbol s, (1 — @)X g-1(7, a, 7) of order 0 and supported for (7, ) near (y.(s),1). Let
F, := E-Y(1'3T") (5ew;y,), then F, satisfies (2.25) near ng(? and, modulo O(7~°°) terms, it is given by

(2.35)

~ T ir(f-7)a ~ ik N\
F‘r(y) :%/6 G-v) "QE1(1_a)ZEfl(yaa?7—)<7—1/3Tr)(%win)(y)dyda

= w@wmﬂ—wﬁwmmwwgfw@m@mw%mw—mwmvmmmm
s Y8
Rey (1 - 5[)%(13, y)win(m7 Y, Q07 T)dmdyd&dyda
=T [ @I (1= ) SR(G, @, ) (aA(T2/3C(:v, Q) — br= 3 A (723 (x, a)))
7

%(.’II, y)wm(l’, Y, Q07 T)dl’dyda,

where one factor 7'/% was used integrating over o in T *, to obtain a linear combination of Airy functions

and where, to obtain the last line we have applied the stationary phase with respect to ¥ and a with a = @,
7 = y, which provided a factor 77!. The symbol X is an asymptotic expansion with main contribution

ke, (1 — @)X g-1(7,a,7) and small parameter 7 1. It remains to deal with sw;,. O

The next lemma allows to express »w;, as an oscillatory integral with phase { given in Lemma 2.7.

Lemma 2.23. For Qo = Qn(s) and observation points (x,y,w) near Cg’g, 2Win (-, Qo, T) Teads as

d—1

(2.36)  (z,y)win(z,y,Qo,T) = %(ﬁ)T%(a@y)/m%(l — )Xy (x,0,7)

o ei'r(ydng(y*(s),&,s)ffrs/BffrC(a:,d))da_dd’

where ¥, (x,6,7) is an elliptic symbol of order 0 and for a small e3 > 0 depending on the support of s, €.

The proof of Lemma 2.23 is postponed to the end of this section. We first show how to recover F. using
(2.35) and Lemma 2.23. We introduce (2.36) in (2.35) and replace the Airy bracket in (2.35) by

aA(T?3¢(x,0)) — br Y3 A (7¥3¢ (x, 0)) = 7Y/3 / ei7(§+‘74(‘”’0‘))(a — bo /i)do.

As before, we can introduce a cut-off k.,(o) in the last integral without changing the contribution of the
integral (2.35), as, for o outside a small neighborhood of 0, the phase of F, () is non-stationary.

. . ~ - 3 N -3
After stationary phase in y, a, the phase of F; () becomes ga+ % +0((Z, o) — G —¢(%, a) =To(y«(s), o, 5).
The stationary phase with respect to x, & also applies (as in Lemma 2.22) : at the critical points 6 = o and
52 = —((x,a) the hessian matrix has determinant |9,¢(x,a)| ~ 2'/3. The stationary phase yields a factor

=1 and the critical phase equals ja — I'o(y«(s), @, s). Hence, we obtain, modulo O(7~°°) terms

d—1

T T = o -

P (g) _ T4/3+1/3_2 ( ) //e’LT(yOl—FO(y* (S)va,s))ﬁg (1 — a)/ga (o‘)ZF(?j7 «a, 0, T)dO'dOQ
2m\/s2 — 1 ! 2

where %5, has main contribution ,%r(a — bo/i), hence it is elliptic near o = 0, @ = 1. Integrating in
o (which appears only in the symbol and belongs to a small neighborhood of 0) and taking the Fourier
transform achieves the proof of Lemma 2.18. In the following we prove Lemma 2.23.

13



Proof. (of Lemma 2.23) Recall that w;,, is given in (2.7), with phase ¢(z, 7,0, s) defined in (2.6) (as d2 = 0).
If |y — g| > e > 0 for some € > 0, repeated integrations by parts w.r.t. « yield O(77°°); as y stays close to
y«(8) on the support of k.., we can introduce ko, (§ —y«(s)) in the integral without changing its contribution
modulo O(77%°). Consider the integral in (2.7) : as ¢ has a degenerate critical point of order two near
y«(s), we will prove in Lemma 2.24 below that there exists a change of variables § — o which transforms

Ja + ¢(z,9,0,s) into an Airy phase function of the form % + aa”%(l%) + To(y«(s),, s) (which is the
normal form of functions with critical points of order two). As ¢ and ¢ = 2(—()3/? from Proposition 2.6 solve
the same eikonal equation (2.17), it turns out that ¢ is precisely the function defined in Lemma 2.7. Let
(2.37) O(z,9,,8) :=ga+ ¢(x,7,0,s).
As |§ — y«(s)| < 2g on the support of ke,  is close to 0 on the support of »(z,y) and as moreover
s(1+x)cosy
o(2,9,0,s)
a has to stay close to 1 + = as otherwise ® is non-stationary w.r.t. . Hence we can introduce k., (1 — ) in
the symbol without changing its contribution modulo O(7~°°), with £3 > 0 small depending on ¢y and the

support of ». As E);qb(x, 7,0,5) = W it follows that 32¢>(x 7,0,s) = 0 when § = arcsin (H'””)

ag(rb(z? g? 0? 5) = - 823(;5("1"7 g? 0? 5)‘3}:&1’(;511’1(&%) = 7(1 + I)?

Lemma 2.24. Let y.(s,z) := arcsin (£2) and § = y*(s x) + Y. There exists a unique change of variables
Y — o, smooth and satisfying dY ¢ {0,00} so that, for ¢ as in Lemma 2.7 and Ty as in (2.29), we have

D(z,y.(s,2) + Y, a,8) = 03 2/3(( ) + To(y«(s), , 8).

We postpone the proof of Lemma 2.24 and continue the proof of Lemma 2.23. After the changes of coordinates
J=vy«(s,2) +Y and Y — o we obtain »w;,, modulo O(7~°°) terms, under the form

T T o= s2—1 FHdY
o) ) Tt [ (P
X S a(r (@, ye(5,7) + Y (0), 0, 8))eim a0l (9)06)=0° 3-00 *((H2) g g,
where [4X| ~ 1 and Vs2 —1/¢ ~ 1 for (z,y.(s,2) + Y (o )) on the support of . Lemma 2.23 follows taking

s2—1 LAY

2.38 S (z, 0, ;:( ) a5 . Y (0),0,5)).
(239) @o) = (o Ty o) | S (s.) + Y(0).0.5)

d
Proof. (of Lemma 2.24; this follows closely [12, Lemma 2.10]) As the phase ® has degenerate critical points
of order exactly two, it follows from [11, 7.7.18] that there exists a unique change of variables Y — ¢ which is
smooth and satisfying 9% ¢ {0, 00} and that there exist smooth functions ¢#(z, a, s) and I'(x, , 5) such that

3

(2.39) Dla,y(s,2) +Yoa,8) = % + 0CH(2,0,5) + T, 0, 5).

For § near y. (s, z) there are two (non-degenerate) critical points y+ = y+ (s, z, @) of ® satisfying

(240)  s(1+z)sin(ys) = a? £ V52 — a2 /(1 +z)2 — 2, ¢(z,y+,0,5) = V52 — a2 T /(1 + 2)? — 2.

As the change of coordinates is regular, the critical points Y4 := y4 (s, 2, @) —y« (s, z) of ® must correspond to
or = £/ —C#(z,a,s). Write (#(z,a,s) = a%C#(%, a, s) We show that (# satisfies the same equation
as ¢ in (2.7). As the critical values of the two functions in (2.39) coincide, we have

3
2

(2.41) D(x,y.(s,2) + Y1, ,8) = q:%(—g#) (z,a,8) + (z,a, s),

_, 8
which implies 3a(—(#)® (X2, s) = ®(z,y—, o, s) — ®(x,y4, a, s). Taking the derivative with respect to x
in the last equation yields (with yi Y (s, w) + Yi)

)(=¢

2(_6:c<# )% = GLd)(xay*(S?x) +Y—7075) - 8x¢($ay*(3>$) + Y+7Oa3)

(2.42) } )
— 02Y4+ 0y @(2, Y+, &, 8) + 0ry-0y®(x,y—, &, 5).
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The last two terms in the second line of (2.42) vanish as y4 are the critical points of the function ® with
respect to y ; for the same reason we have that 0yé(x,y+(s,2,),0,s) = —a. As ¢ satisfies the eikonal
equation (0,¢)2(x,y,0,s) + 1+r)2( 0y$)*(2,y,0,s) = 1, then (9,¢(z,y+,0,5))? = 1 — ﬁ Moreover,

DuPly, = m(lix — sin(y+)) which is non positive in the “y; case” and positive in the “y_ case”.

Eventually we obtain, using (2.42) and the corresponding signs of 9,¢, 75#[733,5#]2 =1-

2 . .
(13"7)2 , which is

the same equation as in Lemma 2.7 with p = % As the degenerate critical point occurs at ¢ = 0, hence at
(* =0, we deduce by uniqueness of the solution that (# = ( = ((1%})

Next, we compute the explicit form of the function I'(z, e, s). Taking the sum in (2.41) gives I'(x, o, s) =
3(®(z,y4 (s, 2, ), 8) + (z,y—(s,z,a),a,s)) ; taking the derivative in  yields 9,I'(z,a, s) = 0. As such,
T is independent of z ; setting T'y(y«(s), a, s) := T'(0, o, s), then

To(ye(5), @ 5) = 5 (9 + 9 )+ 9(0,4,0.5) + 9(0,5-,0,5)),

where y4 = y4(s,0, ). We develop the right hand side term in the equality above near a = 1. For (z,y) near
(0,y+(s)), y remains sufficiently close to y.(s, ) : shrinking the support of s if necessary, we may assume
ly — y«(s,x)| < 1/2 for all (z,y) on the support of ». For |yi — y.(s)| < 1/2 we may compute, using (2.40)
with z = 0, the first approximation of y1 : we have

2 2 1
(2.43) y+(s,0,a) = arcsin (% +vV1—a?y/1- CS%), y+(s,0,1) = arcsin(—) = y.(s).

s
As To(ys(s), a, s) = 3(@(0, y4, @, 8) + ©(0,y_, v, s)) and 9, ®|,, = 0 then

1 1 1
Dol (8,008) = 50 +5-)+ 5 32 0a00y Bl = (0 + ).

)

This yields I'o(ys(s),1,s) = v/s2 — 1 +arcsin 1 and 0,T0(y.(s), 1, s) = arcsin(1/s). We need the higher order
derivatives : using (2 43), it follows that (y4+ + y_) reads as an asymptotic expansion of even powers of

V1 = a2 and with main term arcsin (%~ ) We find, with Z1 = - a?y/1— 32 s Zila= = 1,

a( 1 N 1 ) (52—|—1—2a2) ( 1 1 )

sS\Whi-zz i-z2) aevi—aei-aNi-22 f1i-22

s( 11 ) 7272 and Z2 — 72 =422 /T — a2, /1 — 22
V1-723 \1-22 1=22\/1-22 (\/1-22 +,/1-22) + - s 520

1 203(s%2 +1 —2a?)
50a(y+ +y-) (

> <V1 2 w_zz)_ssw_zwl—z%w—zﬂw—Z?)'

1
iaa(zu +y_)=

At a =1 we obtain 92T0(y.(s),1,5) = $0a(y+ + y—)|a=1 = \/5;7—1 In the same way we notice that all the

higher order derivatives of I'y come with a factor \/5;771 The proof of Lemma 2.24 is achieved. O

2.2.2. Proof of Lemma 2.18 for do > 1. We now we explain how to obtain the proof of Lemma 2.18 from

the case dy = 0, when the obstacle is a cylinder in R%+92 when dy > 1. At a point on Cdl’d2, of the form

(0,yx«(s),w, 2), the phase ((z,a,y)|s=0 cancels only at a glancing direction, that is for 10‘| 7= 1. Let T,
—lv

as in (2.24) and introduce T, (as in (2.34) with with additional variables (z,7), a factor (5=)% and) with

[0

cut-off »(x,y)re, (1 — m) We then proceed in exactly the same way as before (defining T* and E,) to

obtain F(y, z) such that sw;, = T, (F,)+O(7~), by systematically eliminating the z, v variables by usual

stationary phase, which lead to a very similar formula for E,. As the critical points with respect to Z,v in

w;y, satisfy z = 2 = —¢(0, 7,0, S)\/ljlivlz with ¢(0,9,0,s) ~ s, the condition |z| < s is useful as it implies

\/17|7|2 < 1, hence |y] < 1 and /1 —|y|? ~ 1, avoiding the (degenerate) situation when («, |v|) is near
~ly

(0,1) which corresponds to initial directions almost parallel to the Oz axis for which stationary methods do
not hold as the Hessian may be too small. Lemma 2.23 in the case dy > 1 yields »w;, as follows
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2.44 TN\ T @D/ 1 e
( . ) %(l’,y)wm(xvyaQO’T)_ (%) (ﬁ) %(x’y)/KES( _TW)
iT| <z, a— —|v|? «(s),——2—,s)+5° a¢(@,e,
X T (w,6,7,T)e (<2r>tyamy/ITETo (1 (9, gy ) 4% 345 W))cl&olozd%

day
where ¥, as in (2.38) with /1 — |2 * £, <T%\/%Y(U), 0, s) instead of X4(7¢(z, y.(s,z) + Y (0),0,s)).

The factor /1 — |y|? appears naturally as critical value of the phase of (2.7) (after the stationary phase in
Z after setting Z = ¢(x, g, #(x, 9,0, s)Z, s)). For dy =2, do = 1, (2.44) has been proved in [12].

3. PROOF OF THEOREM 1.4 FOR THE WAVE EQUATION

In this section we prove Theorem 1.4. Recall that in Proposition 2.1 we obtained the form of uh#(Q, Qo, 1) in
terms of F(9,u"[aq,, ,,) and in Corollary 2.20 we have explicitly computed F(d,u"|aq,, ,,) near the Cglo’dz.
In the following we estimate uﬁnao (@, Qo, 1) given in (2.14) when the observation point is @ = Qs(s) is placed
behind the obstacle, at the same distance s as Qo = Qx/(s) from the center of the ball By, (0,1) x {0}92.
We aim at proving that, for s ~ h~1/3, the maximum value of |uiﬂso(Qs(s),Qo7t)| is reached for ¢ =
2(Vs2 — 14y.(s)), y«(s) = arcsin 1, and yields the same loss as in the exterior of a ball in R%, for all d; > 4.
Lemma 3.1. For 7 on the support of x(ht) the following holds, modulo O(7~°°) contributions

1 d.
Fi-r+-%

di—1+92
Vs2 =1 2

where f(uf,nao)(-,T) denotes the Fourier transform in time of utnao(-,t) and where fo is an asymptotic

efi'r(Q«/3271+2y* (S))fO(y* (S)T1/3

(31)  Flf, )(@s(9).Qn(s).7) = x(hr) 5,7,

expansion with small parameter 7=/3 so that | fo(0,s,7)| ~ 1 for § ~ 1.
As a consequence, at t = 2(+v/s%2 — 1 4 arcsin %) and for s ~ h=Y/3, this yields
1 /hN@=D/2 4
Uﬁﬁso (QS(S)aQN(s)vt)‘ ~ ﬁ(;) xh= 75

Proof. Using (2.14), it follows that the Fourier transform in time of uﬁﬁso reads, modulo O(h>°) terms,

(32) Flup,. )Qs(s),Qn(s),7) = X(hT)/ F(0:u™)(P, Qo T)kiey (y — ys(5))
0 P=(0,y,w,z)€S%1 ~1 xR92
7
o S —
|Qs(s) — Pl =
The form of F(9,u™)(P,Qo,7) is given in Corollary 2.20. Introducing (2.32) in (3.2) yields

(3.3)

2a(r|Qs(s) — Pe~ 1)~ Pldo (P).

# T\ 1+d2 7—%+d12_1
Fluf . )(@Qs(s),Quls),7) = x(h7) (5-)
) 2 o) —z
s4—1
. 77J7r/3b ( )
& e o\Y, 2, ¢, 7Y, T a
X K (yfy*(s))/€ (17 ) ( 7’73577_)
- TV VIR A (en) TNy
7_‘12;3 Zd(7—¢(07 Y, Zdlsl)) e—irqﬁ(O,—y,z,s)
¢(07 —Y,z, S)T
with bs and f elliptic and where, for P = (0,y,w, z) € S%~1 x R% we have replaced the distance |Qg(s) — P|
by the ¢(0, —y, z, s) with ¢ defined in (2.6). In fact, for P with (r, p,w, z) - coordinates (1,7/2 —y,w, z) and
Qs(s) with (r,p,w, z) - coordinates (s,7,-,0), we have by (2.4)

i <z, 7>—4/1—|7|2T0 (y« (8), ——2—,
/e”(ya-s- 27> =/ 1= Lo (v (), 2= 9))

dadydydz.

1P = Qs(s)| = (12 = 2g(s)|> + (cos(m/2 — y) — s cos())? + sin(x/2 — y)) />
= /|22 + 1+ 2ssiny + 52 = ¢(0, —y, 2, 5).

16



The next lemma follows by performing a suitable change of coordinate in y (and integrating in (z,))

Lemma 3.2. There exist symbols f12 such that one has, modulo O(h™) terms,

Td—l—%—%
(34) Fluf .. )Qs(s),Qn(s),7) = x(h7) —
210 2
% /6_2iTFO(y*’a(ﬁ’T)’S)I€281 (T_Q/Sﬂ) (flA(_B) + T_1/3f2A/(_B)) dﬁ,
Ay (—B)
where f1, f2(a, s,7) are asymptotic expansions with fy elliptic and where a = (B3, T) satisfies 72/3(o(a) = —B.
Proof. Consider first the case do = 0, d; = d, when (3.3) has a simpler form as follows
T T%+d1271 .
F(uf ., )(Qs(3), Qn(s),7) = x(hr) -y [ it o) -e0009)
0 2 21 7
e~/ 3by(y, o, T) a=3 Xgq(7¢(0, -y, 0, s))
X bigo (Y = Ys(8))ke, (1 — @) ——fla,s,7)7 7 ——— - dady.
& . A (273G (o)) 6(0,~y,0,5) T

Notice that the part of the phase depending on y equals —((—y)a + ¢(0, —y,0,5)) = —®(0, —y, o, s), with ®
defined in (2.37). Applying Lemma 2.24 with © = 0 and —y = y.(s) + Y, y.(s) = arcsin(1/s), there exists a
unique change of variables Y — o, smooth, such that, for —y = y.(s) + Y (o),

3

D0, -y, 8) = % + o) + To(y«(s), @, s).

As ¢(0,y.(s),0,s) = Vs?2 —1 and —y = y.(s) + Y with Y on the support of ke, (=Y — 2y.(s)), we write

d—1

Feo (Y —ya(s)) 1 v s2—1 ot
¢(O7 —,0, 3)% m% X Hso( 29*(5))(¢(0,y*(8) n KO,S)) 5

where |Y| < 2y.(s) +&¢ on the support of k.,. As s will be taken large enough, depending on the frequency,
the term in brackets will remain close to 1 on the support of k.,. We may then write, with d; = d,

d 1, d-3

17’_;'_7

T T 32 2 o8

3.5) Ful s), s),7) = x(ht —771/3/e_”(TJ“’C“(a)HFO(y*(S)’a’s))
35) Flu.,@s(6), @n(e).7) = xhr) g T T

E# (07 «, S, T)
A (m2/3G0(a))
where, on the support of k.,, X4 is elliptic near 0 = 0 and o = 1, given by, with Y =Y (o),

X ke, (1 — @) doda,

Yu(o,a,8,7) = ieii“/:a/igo (=Y (o) — 2y.(s))ba(—y«(s) = Y,a,7) f(cx, 8,7)

2 —1 )%g
#(0,y«(s) +Y,0,s) do’

We now apply [11, Theorem 7.7.18] to write the integral (3.5) as a combination of Airy functions.

X Da(r9(0,y.(s) + Y,0,))

Theorem 3.3. ([11, Theorem 7.7.18]) Let (0, a) = %3 + 0(o(a) be a real valued C™ function near 0 in
R and ¥4(0,-) € C§° supported for o near 0. Then there exist real valued functions f; ~1 /. ijo fi 73,
i€ {L,2} with f; ; € C§° and f10=Xx(0,-) such that

Tl/3 / Z#(Ua «, s, T)eiTw(ma)dU = fl (Oé, S, T)A<T2/3<0<a)) + T_l/3f2(a> S, T)A/(TZ/gco(a)) + O(T_Oo)'

Set 72/3¢y(ar) = —f: as (o) = a?/3¢(1/a) and [C(p)| = 21/3‘14,)"| for p near 1, we get a = (8, 7),

da

(3.6) a(f,7) = 1-27pr2 L O ), T

= —7_2/3(1 — 0(7_2/3)).

17



Also, |B] < 2Y/3¢172/3 on the support of k., (1 — «(B,7)), so introducing ks, (772/38) doesn’t change the
integral modulo O(7~°°). This concludes the proof when da = 0. When dy > 1 we reduce the integral in
(3.3) to (3.5) as follows : let o = /1 — |7|2&, z = ¢(0, —y, 0, s)Z, then the phase becomes

V1= 72 (ya = To(y«(s), &, s)) + ¢(0, —y,0,5)(< 2,7 > —/1+ [Z]?),

Y do

d
with critical point z, = JinE The stationary phase yields a factor 792~ 3 and the critical value is
—lv

&° .
VI= TR (3 = To(pe(5),,5) = 9(0,-3,0,9)) = VI =B (5 +562°0(2) = 2olp.(5),5,9)).

We obtain f(u;iﬁs) as in (3.5), where the power of 7is 1+ 9 4 =3 4 & 4 L — g1+ 1 where 72/3¢,

is now replaced by (71/1 — [7[2)?/3(s, where the coefficient of 22F0 in the phase is 74/1 — |y|? (which is the
new large parameter) and where f; o depend also on 7. It remains to eliminate v by stationary phase. We
won’t do this directly as this may affect the form of the Airy combination that we want to keep. Instead, for
7 :=74/1 — |v|?, we consider the same change of coordinates as before

7230 (@) = 7¥3a2/3((1/a) = —B, where 7 := 7y/1 — [y|2,a = /1 — |7|2a.
Then & = a(p, ~) is given by (3.6). As such, the Airy factors do not involve v anymore, and the phase

2iTv/1 — |7]2T0(y«(s), &(8, 7/1 — |7]?), s) is stationary w.r.t. v when

(3.7) %Wfo(y*(sLQ s) + /1 — YE(V@)0aT0 (. (s), & 5) = 0.

As & =a(B,74/1 — |7|?) depends on ~ through /1 — |y|2, we obtain, using (3.6), that

T A2V & — 7 =9 ~ _ 7 Z9-1/357-2/ ~—4/
1 |’Y|2V»YOZ - 1 _ "}/|2 (7_(97—0[(/877—))“7_:7\/1_'7'2 - W( ! dﬂ 2/3 + 0(52 : 3))

Using (2.29) we also have, with 7 = 74/1 — |72,

9aTo(ys(s), &(B,7), s) = ys(s) — (1-a(s,7)

2v/s% -1

Therefore, the sum of the left hand side terms in (3.7) equals

Y 2 _ s ~—2/3 ~—2/3 27-4/3 /¢
T 2V T o P OEE ]|

\/W 2V T+ 20 () (1 - gﬁ(ﬁ/m)‘m) FO(B (/TP ™75)],

where we used O(y.(s); ﬁ) = O(%) as s is large and y.(s) = arcsin(%). It follows that the phase is
stationary w.r.t. v only at v = 0. As the matrix of second order derivatives equals the identity at the critical
point, its Jacobian is equal to 1. The stationary phase w.r.t. 7 yields a factor (7v/s% — 1)_‘12/2 (where the
powers of vs2 — 1 come from the main term of (2.29)). The new symbols, still denoted f; 2, are asymptotic
expansions and the main contribution of f; is still ¥4(0, -), hence elliptic. g

(14+0(1—a(s,1))).

We are left with the integration in 5 in (3.4). Our goal is to prove that this integral doesn’t vanish and is
uniformly bounded from above and from below by positive constants independent of 7. We let s = h=1/3/§
for some & to be chosen later, then y,(s) = arcsin(1/s) = 1/s(14+0(1/s%)) ~ h'/3§ and therefore 71/3y, (s) =
(hT)'/36(1 4+ O(6%h?/?)) on the support of x(h7). We prove that the main contribution of (3.4) comes from
values § ~ 1 and that this contribution doesn’t vanish. Using (2.29) and (3.6), we have

/
(3:8) 27T (3),0(8,7) 8) = ~27(3.(3) + V3 1) 4220y, (/98— 270 G214 O(2/).

52 —

As y.(s) = arcsin(1), the part of the phase I'o(y.(s), a(B, ), s) depending on j reads as

6 (223 (hr) 125 — 27202 (hr) 1/ 5%) 4 620(h%%6),  with hr € [1/2,2] on supp x(h7).

18



Lemma 3.4. Let ﬁ <7< % on the support of x(ht), h € (0, hg), let § > 0 and set

1(6.7) = /ei6(22/3(h‘r)l/3,372_2/3h2/3(h7)_1/352),{261(57——2/3)(flA(_B) Z:(jghfl/(_ﬁ))dﬁ,

Then 1(6,7) is rapidly decreasing as § — oo. For § ~ 1, the main contribution of x(h7)I(d,7) is

(39) [ o om0 3y (BACH) + T AR

d
A (P) g

which is the Fourier transform of a smooth and compactly supported function at §22/3(hr)'/3 ~ 1.
Moreover, for 6 ~ 1, and any € > 0, we have

/ei6(22/3(h’r)l/sﬁ72_2/3h2/3(hT)_l/sﬁQ)(1 _ /<61(5T_6))H261(5T_2/3) (f1A(=8) + T_l/gsz/(—»B))dﬁ = O(h™),
A4 (=8)

while for x1 € C§°((1/4,4)), equal to 1 near 1 we have, for all 4 < 229 < h=¢ and for all N > 1,

/ei6(22/3(hT)1/3,8—2’2/3h2/3(hr)’1/362)Xl(ﬁ2—2j) (/1A(=B) + T_l/gsz'(—ﬁ))dﬁ _ O(Q—jN).
A (=8)

On the other hand, for 6 < 1, the main contribution of I(3,7) comes from values || < 1/ and |1(5,7)] S 1/6.

Proof. If |B| is large and $ < —2, then quotient (( B)) ~1/|8] e’%(’ﬁ)s/z(l + O(1/|B8]*/?)) is exponentially
decreasing with (—p3). If 8 > 2, this quotient has oscillatory behavior (see Lemma 6.1) and as A(—f3) =

e™/BA L (—B) + e /3 A_(—p), then A(( ﬁ)) = ¢i™/3 4 ¢=im/3¢t51(B) with p given in (6.1). Let 6 ~ 1 and

B =223 < 2,72/3 with B € [1/4,4]. The critical points of the phase of I(d, ) satisfy
622 (923 (hr) /2 — 213023 (1) 12920 8) 5 29\ /B + 2V /B = 0.

As h?/32%7 < 4e,, taking &1 smaller if necessary, it follows that, if 6227 > 7¢ for some € > 0, the contribution
of the integral for § € [1/2,2] is O(7~°°), while for 22/ < 7¢ such that §22/~1 > 4, this contribution is
O(27%N) after N > 1 integrations by parts. Let § < 1, then the phase is non-stationary for values 3 > 2%/
satisfying 6227 > 1, which proves the Lemma. O

We now proceed with the proof of (3.1). From Lemma 3.4 it follows that for bounded values of § the main
contribution of x(h7)I(4,7) is (3.9), which takes non vanishing values for ¢ near 1/2, hence the integral in the

second line of (3.4) reads as e~*7(2Vs*=1426.()) £, (. (s)71/3, 5, 7), where, for y,(s)7'/3 ~ § ~ 1, the function
fo doesn’t vanish. At t = 2v/s2 — 1 4 2y.(s) the integral in 7 defining uﬁso (Qs(s),Qn(s),t) satisfies

310 [, (@59 @uto1,8)] = | [ xthmIFiL,. @s(5) Qo).
1 . : ,
= — /ezT(t—Q\/a2_1—2y*(a))X(hT)Td—2+§—7fO(y*(S)T1/37S7T)dT
N
1 1 1 % hE R
dtfelydizl pitd—24+3-2 ﬁx(?> XT

s2—1

d—1
1 h\ =z _d=1,2 . dy dj-1
~ — X [ = X h™ 2 7372 6,

which allows to conclude as —% + % + %2 + % = —%. For large 6 > 1, I(d,7) decreases rapidly
by Lemma 3.4 while for § < 1, i.e. for larger values of s = h=/3/6 > h=Y3 | fo(y.(s)7/3,5,7)| <

1/6 and the last factor in the third line of (3 10) becomes smaller with § for d; > 3 as it is bounded by
(1/6) x h™ At 5 U5 < b . Therefore, for s ~ h=1/3 ~ 71/3_ the loss is sharp. O

=h-
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4. PROOF OF THEOREM 1.1 FOR THE WAVE EQUATION

In this section we provide a proof of Theorem 1.1, in the exterior of a ball in R3. We deal separately with
the high frequency regime, and the low frequency one. In fact, to investigate exterior problems one needs to
take into account the magnitude of 7|0|, where |©| denotes the size of the obstacle. More specifically, the set
of 7 such that 7|0| < 1 is the low frequency regime (which, in scattering problems divides into the Rayleigh
region 7|©| < 1 and the resonance region 7|0| ~ 1) and the set of values 7 such that 7|©| > 1 is the high
frequency regime. Mathematical methods used to study scattering phenomena in the Rayleigh or resonance
region differ sharply from those used in the high frequency regime.

In sections 4.2, 4.3, 4.4 we deal with the high-frequency regime when 7 is large, which is by far the most
intricate situation. The low frequency regime is dealt with in section 4.5, using classical results for the exterior
Dirichlet problem for Helmholtz equation. In section 4.1 below, we first show that we may reduce the analysis
to t ~ d(Qop,00N) + d(Q, 0N), where Qo and @ are the source and the observation points, respectively.

4.1. Finite speed of propagation. Let d = 3, Q = R3\ ©, © non-trappping (here © = B3(0,1)).

Definition 4.1. A domain Q is said to be non-trapping if for some R > 0 such that |P| < R for every
P € 09 there exists Ty such that no generalized geodesic of length Tx lies completely within the ball
Br ={Q € Q||Q| < R}. Tg is called escape time.

Theorem 4.2. ([24]) Let Q be a non-trapping domain in R? with d > 3 odd, let Aq denote the Dirichlet
Laplace operator on 2 and let R, Tr as in Definition j.1. Then there exists a sequence A; € C, Im (\;) <0,
(Im (A\)))jmoo N\ —00 and associated generalized eigenspaces V; C C®(Q) of dimensions m; < oo so that
(1) veVi=vloa=0; (A +A)V; C V), (Mg + 7)™V, = {0};
(2) if (Uo,Un) are supported in {|Q| < R}, there exists v € V;, such that for all e > 0, N € N
and multi-index « and for some constant C = C(R, N, ¢, ), the solution U to (1.1) with Dirichlet
condition on 9Q and initial data (Uy,Ur) satisfies for t > Tg:

N—-1 mj—1
sup | DG ) [U(Q1) = D2 e YT thuyu(Q)| < cem TN,
{1QI<R} = —

Let u solve (2.1) with data (ug, u1) = (dg,,0) for some Qy € 2. Then, according to (2.10), the extension u de-
fined in (2.9) has the form u|;~o = u}}ee|t>0 —u?(Q, Qo, 1), where u™ (Q, Qo, t) := D_T_l ((ﬁzzﬁ)ag) (Q,Qo,1)

is defined in (2.10) (with d = d; = 3). The integral in (2.13) is supported in ¢ > dist(Q, 9Q) + dist(Qo, IQ)
and by Huygens principle in odd dimension, one has u# (Q, Qq, t)|sq = 0 for t > dist(Q, Q) + diam(©). We
define Ty = dist(Qo, 02) 4+ diam(©) + 1. One has

(4.1) support(u® (-, Qo, Tp)) U support(d,u™ (-, Qo, Tp)) C {Q, dist(Q,9N) < diam(©) + 1}.

Let R > 0 such that {Q,dist(Q,9Q) < diam(©) + 1} C Bs(0,R). For t > Ty, one has d,u™(.,t)|sq =
Opu (., 1)|oq and u™(Q, Qo,t)|aq = 0. We apply Theorem 4.2 to u™(Q, Qo,t) whose initial data at time Tp
satisfies (4.1) : as such, for every multi-index «, there exists C, such that

sup [0 g)u’ (Q, Qo )] S e Gt TRtTo)) -yt > T + Ty,
Peo Q=P

It follows that d,u™ (P, Qq,t) is smooth for ¢t > Tr + Ty and there exists a constant C' > 0 such that

sup |0,ut(P,Qo,t)| < e~ CU=(Tr+To)) vt > Th + Ty,

PO
This shows that, in order to prove Theorem 1.1 for the wave equation, it is sufficient to prove fixed time
bounds for ¢ such that ¢t — |Q — P| < Ty + T = dist(Qo, 9) + diam(0) + Tr + 1. Here, for R as above,
the escape time Ty satisfies Tp < 2R + diam(©). By finite speed of propagation of the wave flow, we must

have t — |Q — P| > dist(Qq, 99), as otherwise the contribution of d,u™ (P, Qo,t — |Q — P|) R is trivial.
€
We have obtained the following :
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Lemma 4.3. There exists Co = C(2) > 0 independent of Q,Qo, such that in order to prove dispersive
bounds for the solution to (2.1) (with d = 3), it is enough to consider only t such that

d(Qo, Q) + d(Q,09) < t < d(Qo, Q) + d(Q, Q) + Co.

Remark 4.4. As a consequence of Lemma 4.3, if |¢| is large, the source and observation points @y and @
cannot be very close to 0§ at the same time. Hence, if Qo is very close to 99, i.e. if dist(Qo,0f) < 1, by
symmetry of the Green function we may replace Qg by @ : we are therefore left to consider only data Qg
such that dist(Qo, 9Q) > ¢ > 0 for some constant ¢, in which case the Melrose and Taylor parametrix holds.

Due to the rotational symmetry of the ball B3(0,1), we can assume that the source point is of the form
Qo = Qn(s), for some s > 1. We consider separately the cases :

e when the source and observation points are outside a fixed neighborhood of the boundary (section
4.2), we use the parametrix obtained in Section 2, for which we obtain dispersive bounds;

e when the source is far and the observation point is close to the boundary (section 4.3), we directly
estimate the Melrose -Taylor parametrix which gives the form of the solution near a glancing point;

e when both the source and the observation points are close to the boundary (section 4.4) we obtain a
parametrix in terms of spherical harmonics and then proceed with the dispersive bounds.

4.2. The case dist(Qo, B3(0,1)) > dist(Q, B3(0,1)) > ¢ > 0 for some fixed ¢ > 0. In this section we use
all the previous notations and results, but in the case dy = d = 3 and dy = 0, so all the terms depending on
z,v will be removed. The incoming wave is w;, as in (2.7) with ¢(z, 7,0, s) instead of ¢(x,7, 2z, s) (without
the dz, dv integration). Proposition 2.1 yields the form of u#(Q, Qo,t) where 9Q = S? in (2.13) and X3 = ﬁ.
We split the integral (2.13) by introducing smooth cut-offs ke, (y —y«(s)) and 1 — k., (y —y«(s)) supported for
ly —ys(s)| < eo and |y — y.(s)| > €0/2, where g9 > 0 is a small parameter as in Definition 2.4 and obtain two
contributions as in (2.14), still denoted uto and u’fé_,ggo. Lemma 2.5 holds for “71#—&50 (@, Qo,t) and d = 3, for
all @ and yield usual dispersive bounds (corresponding to transverse waves). We are left with uio (Q,Qo,1)
whose Fourier transform in time reads as in (3.2), with @ instead of Qg(s) and for d = 3, dy = 0, as follows

# _ L Ko (Y — Ys(5)) —iT|Q—P|
(42) ‘F(uh,ngo)(QaQN(s)7T) - 47TX(hT) /P—(l}y,w)eSQ F(axu+)(y7Q0’T) |Q — P| € dydw

For @ € R?\ B;(0,1) with coordinates (7,yq,wq) and for a boundary point P = (1,y,w), we have

1/2
(4.3) |P—Q|= (1 + 1% — 2r cos y cos yg cos(w — wg) — 2rsin ysin yQ) =Y(y,w, Q).
Proposition 4.5. Let I, (Q,Qo,T) := ]-'(uto)(Q, Qo,T)/T, then there exists C = C(gg, ¢) such that for all
Q, Qo with dist(Qo, 00N) > dist(Q, IN) > ¢ and for t as in Lemma 4.3, the following holds

C(Eo, C)
h2t

| [t (@. Qo rydr] <

Theorem 1.1 follows immediately from Proposition 4.5 when @, @ stay outside a small neighborhood of the
boundary. In the remaining of this section we prove Proposition 4.5. We are reduced to showing that there
exists a uniform constant C'(gp,¢) > 0 (independent of @, Qo,t), such that for 7 > 1 large enough and for
allt € [T*(Q, Qo), T*(Q7 Qo) + Co] with T*(Q7 Qo) = diSt](Q7 Bg(o, 1)) + diSt(Q(), Bg(o, 1)) and C() depending
only on the diameter of the ball Bs(0,1), the following holds:

C(eo,¢)
t

(44) |Iﬁao (Q7Q07T)| < for t € [T*<QaQ0)’T*(Q7QO) +CO]

As F(9,u™)(P,Qo, 7) is independent of w by construction, the part of the phase of Iy that may depend on
this parameter is ¢ defined in (4.3). When cosyg < 7717 for some small € > 1, this dependence is very
weak and we cannot take advantage of the stationary phase in w. On the other hand, when cosyg > T1te,
i.e. when Q is located outside a cone of aperture 7717¢ around the OS (or ON) axis, we can immediately
eliminate w by stationary phase. We distinguish two situations :
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Q is outside a conic neighborhood of the OS axis of aperture 77 'T¢ with small ¢ > 0. Let
7¢ < Tcosyq for some € € (0,1/6), which corresponds to yg + § 2 771*¢, The phase 1 has critical points
{wg,wq +7}. At wg + m, the phase of I, is not stationary in y for o near 1 as =9y (y,wq +m, Q) ~ 1 and
we obtain a O(77°°/t) contribution. As we have

T COS Y COS Y@

2 —
(4.5) aww(y7waQ)|w=WQ = Dy, w0, Q) )

Tcos(yg) > T°

and as cosy = cos(y.(s) + (y — «(s))) = cos(arcsin(1)) 4+ O(gg) = 7”271 + O(gp) remains bounded from
below by a fixed constant on the support of the symbol for |y — y.(s)| < € small enough, it follows that the
usual stationary phase applies and yields, modulo O(7~°°) contributions

_ i [ Ry — ye()T0 e THee Q)
drt | \feosy(T cosyq) /Ty, wq, Q)

where $(y,wq, Q) = (1+ 1% — 2rcos(yq — ¥)/? = ¢(0, % + yg — 4,0,7) and S(y, (cos(yq))~}) is an
asymptotic expansion with main contribution ~ 1. As r > 1, this phase has a degenerate critical point when

COS(y - yQ) = % and 5y¢(y,w<;>a C?)|cos(y—yQ):l = ]-7 531/’(%60@ C?)|cos(y—yQ):l =-1

T T

(46) Iﬁso (Qa QO? T) ‘F(aIUJr)(y, QO; T)dya

Remark 4.6. The integral (4.6) is taken over P = (0,y,wq) for y near y,(s) = arcsin 1, hence on a small
path of the great circle going through (0, y.(s),wq). The ray PQ is tangent to the boundary S? at (y,wq) if
and only if cos(yg — y) = +, hence at 5 + yg — y = y.(r) = arcsin(1/r), while the ray QoP is tangent to the
boundary S when cos(y — yq,) = %, hence at § +y — yg, = y«(s) = arcsin(1/s). As yg, = 5 and y < 7,
this means at y = y.(s). It follows that that the ray QoQ is tangent to S* when cos(y.(s) — yg) = * ie.
when y,(s) = yg + arccos(1/r) = (yo + Z) —arcsin £ = (yg + %) — y(r) =: ye.

The phase of F(9,ut)(P,Qo, ) from (2.31) is linear in y, and the phase function of (4.6) is stationary when
a = 0y¥(y,wq, Q). For @ such that |yg + arccos% —u«(8)] = |ye — y«(s)] > 2e¢ and y in the support of
Keo (Y — ys(s)) we have [020(y, )| = [y — ye|(1 + O(ly — yel)) 2 |ye — y«(8)] — [y — y«(s)| = 2e0 — €0 > €0 and
the usual stationary phase applies in y yielding a contribution better than the one at y.. Hence we consider
Q with yg + arccos% near y,(s) and use again Lemma 2.24 near the degenerate critical point y.. As

il ﬁ il

ya —Y(y,we, Q) = (2 +yg)a — ((2 +yq — y)a+ ¢(0, 5 +yQ—y,0,r)),

applying Lemma 2.24 with § 4+yq —y = y.(r) +Y, |Y| < 2¢¢, provides a change of variable Y — o such that
o3 .1
+yo)a — 3 oCo(a) = To(y«(r),a, 1), yu(r) = arcsm(;).

Introducing (2.31) in (4.6), using (4.7) and [11, Thm. 7.7.18] (as in Theorem 3.3) gives, modulo O(7~>°),

™

(1) oy dee.Q) =

eim/6 .3 Koy (Y — ys)Do e iT¥weQ)
812 \/s2—1.) Jeosy(Tcosyq) /1Y (y,wq, Q)
y /emya—ro(y*(s),a,s)),%l(1 ) bo(y, . 7) f(a,s,7)

(4.8) I, (@ Qo,7) =

Ay (m2/3G(a))
T 4_1
_¢€ /6 T373 Kaeo (Ye — Yx) /671.7—(1_‘0(?!*(5)70¢15)+F(y*(7’)1a77‘))
82 2 —1vr2 -1 /TC0syq

([LA(TY3Go(a)) + 7713 LA/ (7730 () dov

% fie, (1 - @) A, (72750 (a)) ’

bo f Vri-1 ~ 1 d
y/cosy X \/Tw(yWJQ,Q)( ) an

where the factor 773 in the second equality in (4.8) arises from integration in o.

where f1, fo are smooth asymptotic expansions, f; has main contribution
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Let 3 := —72/3(y(a), then o = a(B,7) as in (3.6), with |da/dB| ~ 271/3772/3 and we have
7r
(49) (5 +ve)a— (Toly-(s). @) + Loy (1), 7))

(ve = ye(s))a = V? — 1= /12 —1 - %(%(HOO )+ 2(1+0(1 - )))
=(ye—yuls) = V82 —1—r2—1

4/3 52
2 3y ()8~ T (L4 0 ) + (1O )).

We can now bound the integral (4.8) and prove (4.4). Let x; € C*((3,2)) equal to 1 near 1, so that

Ko, (T2/3B) = k1 (8/2) + > x1(827%).

2<2j<log, (2e172/3)

Lemma 4.7. Denote by I «, and I ; the integral (4.8) with cut-off r1(8/2) and x1(627%), respectively.
There exists a uniform constant C' > 0 such that

C C
|IK507N1(Q7Q07T)| < 1 Z |L€50,j(Q7QOa7')| < -

N
2<25<log,(2e172/3)

Proof. On the support of k1(8/2) the Airy factors in (4.8) behave like symbols and the phase iTx (4.9) of
the integral (4.8) depending on S equals i(27 /373 (y. —y.(s)) B+ O(77/3)). If 713y, — y.(s)| > 7°/? with
€ as in (4.5), integrations by parts yield O(7=>). If 71/3|y. — y.(s)| < 7¢/2, then

t V2 —1+Vr2-1 V2 —1++r2 -1

— o~ < arcsin (
rs rs rS

) = v+ — (e = 9.(s)) < cos(yi@) + e — v ()],

hence, for Vs> =1 > V12 = 1> ¢, t ~ V2 =1+ Vr? — 1, 780y, — y,(s)| < 792, /T cos(yq) > 7¢/2,

4_1_2 1/3 _
L. o (Q,Q0,7) < e s 1 <7 « (cosyg + [y — y«(s)]) < 1
0 rs \/7' cos(yg) \/7' cos(yg) t t

Consider now the integral I, ; where 5 ~ 221 < 2¢172/3 and let B = 22j6~, with B ~ 1 on the support
of x1. The Airy terms in the last line of (4.8) start to oscillate and, using A(—8) = >, e*™/34,(-p),

we decompose I, => . I;io,j where I;io,j has phase §i63/2 F %zﬂ?’/Q, and symbol ~ f1, so we must

cord
distinguish two situations. Notice that y. — y«(s) is not signed as

1 1 2-1 2-1
Ye — Ys(8) = yg + g — arcsin — — arcsin — = cos Yo (1 + O(cosyg)) — arcsin( Vs -V )
T s rs

and may vanish when QQ is tangent to Bs(0,1). The phase i7x(4.9) with g = 2213, B ~ 1 becomes

(410) 27 Pr (g, — ()25 — 275392 B (L (14 O B)) 4 (14 0@ 3E))),

which has a critical point on the support of x1(8) when 0 < y,(s)—ye ~ 7 —2/3927+1(L 4 1) There are at most
three values of j, denoted j., j. = 1 for which we may have such a critical point; for all J & {J«,Jx £ 1}, the
phase is non statlonary Ast ~ /52 — 1472 — 1 < rsarcsin( ‘/7+‘/’T) = rs(arcsin(1/s) —|—arcsm(1/7"))
we then have = < cosyq. If jx is such that Q477 —1/3 /T > 1, the stationary phase applies in 3 and gives
I (@ Qo S —e (Do L YO L
<0+ r8\/T COSYqQ 247~ T$,/COSYq t t

where we have used Fls < COS%. If 247+7=1/3 /r < 1, then, as s > 7 and t € [s, 2s], we have

1/3 ) 1/3 1 1 1 1
1 5@ Qo) S e § — Vi — < [
iegodx (1) r8,/T COSYQ 78,/T COSYQ s /T COSyYQ s\t t

When the phase of (4.8) is i7x(4.9)+33%2, taking 8 = 2213, B ~ 1, it becomes (4.10)+%23jﬁ~3/2 and the
last term dominates the second one in (4.10) as 237 > 771/32% /- as 227 < 72/3 and r > 1, hence this phase
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is stationary when 0 < y. — . (s) ~ 7~ /327 and we find again Tt—s S cosyg and, when such j. does exist,
the stationary phase with large parameter 237+ gives

1/3 1/3-1/2 i

1= (@ Q0| S — o gt < OV (T e VESTR (2 e L
oo d (B © T rsTeosyq & t \/€OsYyq - t F1/3 t

O

The last lemma completes the proof of (4.4) when 7 cosyg > 7°.
Q belongs to a conic neighborhood of the OS axis of aperture 77'™¢ with small ¢ € (0,1/6).
When 7] cosyg| < 7¢ for small € > 0, the stationary phase in wg cannot be used anymore. This situation
corresponds to observation points @ very close to the OS (or ON) axis. If yq is near 7, i.e. @ is near ON,
then the phase of (4.2) is non stationary in y and the contribution of the integral is O(h>). Let yg near —%

z.
We have ¥(y,w, Qs(r)) = (1 + % 4 2rsiny)'/? = ¢(0, —y,0,r) and we let

- —i7 (Y (y,w,Q)—¢(0, yOr))¢(O y*( ) 0 7”)
€(y77') . / 1}[}7( v, ,Q) dw,

As (y,w, Q) = ¢(0,—y,0,7) + O(r~ ), then |&Je(y, )| < 77 for all j > 1 and we have

¢(0,y.(r),0,7) = V/r? — 1.

—z‘rd)(O —y,0,7) N
(411) "Qso (Q Q07 7/ y y* )¢(0 y*( ) 0 ’I") ( 77—)*/__.(8:6“ )(yaQOaT)dyv

with F(d,u™)(y, Qo, 7) given in (2.31). We now transform I, into an Airy type integral as before.
Lemma 4.8. For 0 < e < 1/6, we have, modulo O(1~°°),

in/6 i-

€ T:

812 /52 — 1712 — ll~€2€0

X ke, (1 — @)

1
3

(412) 1., (Q.Qo7) = (=0 (1) + e(9))) [ 7m0 D)ot ()

(FLA(T*2G () + 72 f A (12360 ()))
A (2300 (av))
1+6¢

da,

where the symbols f1 2 are asymptotic expansions with small parameter 7~ and where fy is elliptic.

Proof. As before, the phase ¢(0, —y,0,7) has a unique degenerate critical point at —y = y.(r) = arcsin%

so the phase of (4.11) reads as ya — ¢(0,—y,0,s) = 7% — 0(o(a) — To(y«(r),,; s). We use Malgrange
preparation theorem for C* functions [11, Thm.7.5.4] to transform the integral in ¢ into a sum of Airy
functions : the symbol of I,;_ = depending of y equals e(y, 7)bs(y, a, 7); making the change of variables y — o,
letting g(o, o, 7) := e(y(a),T)ba(y(a),a,T)—y and applying [11, Thm.7.5.4] to g gives, using [11, (7.5.14)],

9= a(0,0,7)(0° + Go(a)) + ora(a, 7) + 71 (0, 7),

where |92q| < ¢; [(lg] + [¢®®*7)|)do < 7%; here r1 and ry represent the main contributions of f; and fa,
respectively. One integration by parts in o yields

/ ¢T3 @) g5, 0, 7) (0% + Co())do = — [ €T BH@)g (0,0, 7)do
iT
and applying again [I1, Thm.7.5.4] to d,q this time allows to obtain 7i(a,7), r}(a,7) such that d,q =

q1(0” + Co(@)) + o7y + ri, where now [91q;| < ¢;|07+%(0q)| < ¢5107t5F5g], hence [0yq1| < 7'%°. In the same
way we make repeated integrations by parts writing at each step, by Malgrange,

0ok = qr+1(0,0,7)(0” + Go(a)) + or5 (e, 7) + i (e, 7),

where [02qx11| < ¢;|0277(d,qx)| which gives, by induction, |9yqxi1]| < Cf\@g(kﬂ)m < CFr8(+De and where
the new constants CF depend on ¢, j < 6(k+1). As, at each step, the integrations by parts yield a factor
771, it follows that, for 6e < 1, writing f; :=17; + > ;< T’krf(a) yields (4.12). O

The difference with the last part of the proof of Theorem 1.4 is that instead of (3.8) we now have
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hence instead of (3.8), the phase of (4.12) becomes, for 8 = 7%/3¢y(a),

(VR 1+ V2 14 3(s) + ()

~1/3 ~1/3
+ 27328y, (8) + yu (1)) 3 — 27°/3 2<7T 1+0(r 23 + T 1+0(r 23 )
(y+(s) + 4« (r)B B\ 7=z (0 + 5= ( (r77°B))
The main advantage over the case of section 4.2 is that y.(s) + y.(r) = arcsin(~ 2= + Vri— VIV L i strictly

positive. If |3] > 2 is large, then the Airy factor in (4.12) is either exponentially decreaslng (for B < =2) or
oscillatory (for 8 > 2), in which case, after decomposing it as before as a sum of terms with phases 0 and
+4ip%/3, we obtain two non stationary phase functions, hence a contribution |8|=" for all N > 1. When ||
is bounded the Airy factor in (4.12) is a symbol, and we distinguish two cases:

o cither 71/3(y,(s) + y«(r)) ~ 72/3t/(rs) < 1, in which case 71/3/(rs) < 1/t and

I < T3 373 < 1
| O(QaQaT” ~ W S
o or 73 (y, (s) + . (1)) ~ 73t/ (rs) ~ M > 1, when
4_1_2
110(Q,Q,7)| S — e x MY ~ (M/t) x MV,

V2 —1vr2 —1
for all N > 1, which follows by repeated integrations by parts in 3.
This allows to conclude that (4.4) holds and to achieve the proof of Proposition 4.5.

4.3. The case dist(Qo, B3(0,1)) > ¢ > dist(Q, B3(0,1)). When the source point Qg is not too close to the
boundary, the Melrose and Taylor parametrix from Proposition 2.6 can be used for ) near the glancing
regime. In this section we consider the situation dist(Qq, ) > ¢ > dist(Q, 99Q) for some small, fixed ¢ > 0,
independent of h. If Q) is very close to the boundary and @ is far from a small neighborhood of it, using the
symmetry of the Green function with respect to @ and Qg allows to replace @ by Q¢ and reduce the analysis
to our case. Let Qo = Qn(s) as before, for some s > 1+ ¢ and let Q = (z,y,w) € Q with 0 < x <e¢. Let u
solve (2.1) and let u* := 1459w as in Section 2. By Lemma 4.3, we are reduced to obtaining dispersive bounds
for ut(Q, Qo, t) for ¢ such that dist(Qo, dQ) + dist(Q, Q) < ¢ < dist(Qo, IN) + dist(Q, IN) + Cp, where Cj
depends only on the diameter of the obstacle. Write the Fourier transform in time of u*, F(u%)(Q, Qo, 7),
for Q = (x,y,w) near Cg’g, modulo a smoothing operator, under the form

(4.13) Fuh)(Q,Qo,7) = % /e”ya (aA(TQ/BC(x,Oz)) + bT_l/?’A'(TQ/?’C(x,a)))FT(Ta)doz
T lTya 2 -1 1 2 A(TQ/gco(a)) a
~ 5 (aA (T23¢(z,a)) +br VB A (7 /3C(m,a))> WFT(TQMOZ’

where F, is defined by (2.28) (with d; = d = 3). The first integral of (4.13) is win(Q, Qo,7) for which the
usual dispersion estimate holds, hence it remains to handle the second line of (4.13).

Lemma 4.9. There exists a constant C > 0 independent of Qo,Q such that, for all Q = (z,y,w) in a
small, fixed neighborhood of ng such that dist(Q,0Q) < ¢, x > 0, w € [0,27], and for all t such that
dist(Qo, ON) + dist(Q,00) <t < dist(Qo, ON) + dist(Q,0) + Co, the following holds

. Beo(a)) =
(4.14) (i / e”ya(aA+(72/3<(:c,a))+br1/3A'+(72/3<(x,a)))mﬂ(m)da < %
Moreover, for x € C§°((%,2)), h € (0,1) and for Q and t as above, |x(hDy)u™(Q, Qo,t)| S

T
Proof. The second statement of the lemma follows from (4.14) and (4.13). As dist(Q,99Q) < ¢ is small, we
let s <t < s+ Cp+ c. Introducing (2.28) in (4.14), the last inequality becomes

(4.15)

T (Y=Y« (5)—Vs?—1) (v () (1—a) =92 11 O0(1—a
e /e (v (DA R0 () iy s 1)

2

/ _
2/3 AT G0 (a)) (aAJr(Tz/?’C(x,a)) —l—b7*1/3A’+(7-2/3§(x,a))>da’ <C 82t 1,

T AL (P ()
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where k., and f are as in Lemma 2.18. For t € [s,s + Cy + ], the quotient is always larger than a
constant depending only on c¢: indeed, if 1 4+ ¢ < s is bounded, then so is t and ¥*>— 5 =1 > ¢ if s is large then
Vs?2—1n~ s~ tand ¥ Si 2 1. As c has been fixed, it will be enough to prove that the integral in (4.15)

is bounded by a constant independent of (z,%). Let —72/3(s(a)) = B as before, then || < 2¢;7%/% on the
support of k., and we write & = a(f,7) as in (3.6). Let also

&(xa:%ﬂv'r) = f(a(ﬁ,T),S,T) (a + bT_1/3iZ7+

+

2/3d£)

g’
w1th a + defined (6.1), then @ is a symbol of order 0 w.r.t 3. The integral in (4.15) becomes
(4.16)

/ o () T (0

(3¢, a(8,7)))) X (r

A(=

e (1= a3, 7)o 1, 0(5), ) A (P o)) g5
As ((3,0) = Go(a) + 20,(0, @) + O(z2) then 72/3((z,a(8)) = —(8 + (~*/*2)(~0u((0, a) + O(x))), where
—0,¢(0,0) =23 and 0 < z < ¢. For |3| < 1, all the factors are bounded and we conclude. For 8 < —1, the
Airy factor A(—J) is exponentially decreasing and | A (72/3¢(z, a(B))) /A4 ()| < 1 and we conclude. We are
left with the case 1 < 8 < 2e,7%/3, when all the Airy terms have oscillatory behavior. As A(—f3)/A(—3) =
/3 4 e=im/3¢2i(B) | the integral (4.16) may be split in two parts with phase functions given by, respectively,

+—1/332
(417) @4 (Byzy,m) = =73y — yu(s))B - 2\/Siﬂ(l +O0(r7228)) — (7?2 (z, a(B))),
+—1/342
p-(B.2,y,7) = —72(y — yu(5))8 — \/%(1 +O0(r7238)) — u(r*¢(x, a(8))) + 2u(B),

where p(w) = 2(—w)3/?(1+ O((—w)~3/2)) has been defined in (6.1). In both cases the symbol equals

Bk (1 — a(B,7))alz, y, B, T)E(r23¢ (z, a(B))),

where ¥ (w) = (73’\)/;/4 (14 O((—w)~3/?) has been defined in (6.1).
Let X := 237232 and Y := 7'/3(y.(s) — y) where |y — y.(s)| < 1 is small, hence |Y| < 7!/3, 0 < X <

21/372/3¢. With these notations, the critical points of the phase ¢ (8,z,y,7) satisfy
71/3ﬁ
/2 _

There exists a unique solution on the support of the symbol, denoted Bc, which is a non-degenerate critical
point. Write 8 = Sow : for w ¢ [1/4, 4] the phase is non stationary, while for w ~ 1, the stationary phase

VR(X + 821+ O (X + B) = Y — =(1+0(r2/)).

applies as 920+ (Bew, T, Y, T)|w=1 ~ m and yields a bound for the corresponding part of (4.16) of the
form

/BC(X + 50)71/4 X (33;</7+(ﬂm$,y,7))71/2 ~1,
where the factor 8. comes from the change of variable 8 — w and the factor (X + Bc)l/ 4 comes from the
form of ¥. The phase ¢_(8,z,y, T) is stationary when
T_l/Sﬁ
veE
which may have up to two solutions v/ (1 + O(v/fz71/3)) = =Y + /Y2/2+ X depending on the
position of the observation point @ : if ¥ > 0 or if —1 <Y < 0 then only 3F may be such that 87 > 1
when X > Y?2/2+2Y + 1. When —Y > 1, there may be two solutions, corresponding to 4 signs, when
X <Y?/2+42Y 41 : to have coalescence, i.e. 8, = BF, we must have Y?2/2 + X = 0, which doesn’t hold
when —Y > 1. Hence for 8 > 1 there are no degenerate critical points. We achieve the proof of (4.14)
exactly as in the previous case, setting 3 = SFw, and applying, near each B the usual stationary phase
with |02 p_(BF, x,y,7)| = (8F)%/2, which yields a bound for the corresponding part of (4.16) of the form

V2AX +B) P+ 0(r (X +8) =Y - (1+0(r7238)) + 2¢/B(1 + O(r72/3p)),

Z B2 ! <1.
T o mvr)
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4.4. The case ¢ > dist(Qo, B3(0,1)), dist(Q, B3(0,1)). In this section we use the Laplacian in spherical
coordinates (1.6) (with d = d; = 3 and ds = 0) to construct the solution to the wave equation in terms of
zonal functions as the arguments from the previous sections no longer apply (especially when s —1 < 2/ 3).
We denote by R(Q, Qo, T) the outgoing solution to (72 + A)w = dg,, w|sq = 0, then the solution u(Q, Qo,t)
o (1.1) with initial data (ug,u1) = (dg,,0) reads as

+oo
(4.18) (@, Qo,t) = /0 TR(Q. Qo)L

In the following we obtain an explicit representation for R(Q, Qo, 7) in terms of spherical harmonics and then
prove dispersive bounds for (4.18) when @ and Qg are close to 9. First, we recall some well known some
facts about the eigenfunctions on the sphere S2. In the spherical coordinates (r, ¢, w) introduced in (1.4) and
for d = 3, the Laplace operator has the form A = 87,2 +2 = 87" T%AS27 where Ag2 denotes the Laplacian on the
unit sphere S?. The eigenvalues (i, )m>0 of —Agz are p2, = m(m + 1), for all m > 0 and have multiplicity
2m + 1. The corresponding eigenfunctions are usual spherical harmonics, denoted (Yi, j)m>0,jef1,...2m+1}
which form an L?(S?) - orthonormal basis of the eigenspaces of —Agz. For m > 0, consider the zonal functions

2m—+1

(119) 20 (@) = D Vsl = o P (costa((,0), (44)),

where P, is the Legendre polynomial of degree m and where <(((¢,w), (¢’,w’)) is the angle between two
vectors (1, p,w) and (', ¢’,w’), given by cos(<(p,w), (¢’,w')) = cospcosy’ + sinpsin ¢’ cos(w — w’). For

m >0 and (p,w), (¢',w') € S?, 1Z( o) (' 0))] < 2mtl By separation of variables we obtain :

Lemma 4.10. The outgoing solution R(Q,Qo,T) to (12 + A)w = 8¢,, w|aq = 0 has the following explicit
representation :

Qo

1

(420) R(QvQOaT) = Z Gm+1/2(|Q|a |Q0|7T) m%(

meN

where Z™ are given in (4.19) and where, for v € {m + %, m €N}, fort € R and r,s > 1 we set

T Ju(7) 1 1
m(Ju(s T) — 20 )H5>( ))ng)(w).

Forv e {m —I— ,meN}, J,, H ) denote the Bessel and Hankel functions defined in section 6.1.1.

(4.21) Gy(r,s,7) =

Using (4.18) and (4.20), yields x(hDy)u(Q, Qo,t) = [~ e x(h7)7I(Q, Qo,T), where

TQQ) = Y 2% 206,101 Qo] ) for Q] > Qo

v=m+1/2,meN W |Q |

with G, (|Q|, |Qol, 7) = G, (r, s,7) defined in (4.21); for |Q| < |Qo| replace G, (|Q], |Qol, 7) by G.(|Qol, |Q], T)
(and notice that for @ € 052 we have r = 1 and G,(1,s,7) = 0). We may assume without loss of generality
that |Q| > |Qol: in the following we let 1 +¢ > r = |Q| > |Qo| = s > 1. As r, s are small, the behavior of
G, (r,s,7) will depend on the size of T, that may be less than, nearly equal to or larger than 1: these regimes
correspond, respectively, to the transverse, diffractive and elliptic ones.

Lemma 4.11. There exists a constant C' > 0 such that, for all1+c¢>r,s>1 and all 1 2t > h,

/oo T (hT)TI(Q, Qo, T)dT S%, x € C5°((1/2,2)).
0

Proof. Notice first that the sum over m involving only Jm+1/2(ST)Hr(TBrl/2

the incoming wave (this can be seen using the additional formulas for Bessel functions of first and second

(r7) from G412 coincides with
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kind [I, (10.1.45), (10.1.46)]) and therefore satisfies the usual dispersive bounds. Let xo € C§°((—2,2)) be
valued in [0, 1] and equal to 1 on [—1,1]. Define, for some small 1 > € > 0,

R er vy 172, Qo T (1) g (1)
IX17X2(Q7Q077—)' T V_%;ENX1<1/>X2(T)ZQI (|Q0|)2’L’\/EH51)(T)HU (ST)HU (TT)'

for x1 € {x0,1 — xo0} and x2 € {1, x0,1 — x0}. It will be enough to show that |I,, ,,(Q, Qo,7)| is uniformly
bounded by a constant independent of @, Qo, 7. First we deal with I, 1(Q, Qo, 7) which correspond to the
sum for Z > 1> 1. Asr,s > 1, we also have r7/v,s7/v > 1 > 1. Using (6.2), we obtain

T)’

Noa@Qunl <7 3 () (T)| 2 (2 o ‘fﬁﬁ’ e

v—1/2eN
As |Z” 1/2( )| < 5=, the sum over v < e7 and for 1 < s <r <1+ ¢g is bounded by
QT
272 Q 272 ” &2
|Il—X0,1(QaQ07T)| < ZV 1/2( 0 )‘ S ‘ E _ S =< 1.
s @ Qo rs wl ™ rs
1/2< <er 1/2<v<er

We are left with I, 1 = L.y + Iyo,1—xo- We start with the main part I, ,, which corresponds to the sum
over £ < I <2 We use (6.3), (6.4) with s7 = vp,, r7 =vp, and J, = Re(Hy))7 to obtain

T R o CO N ) Pt

v~T,v—1/2€N |QO

AW*3(pr))
< A4 )AL o) |- s
Ay (v?3¢(p1))
Y3 > > AW*3(pr))
ST I AL AL )AL (P (o)l |y,
; 2m AL (v?3¢(p1))
where in this section the sign <. means inequality with a factor which depends only on €. Using the Cauchy-
Schwartz inequality, in order to bound I, it will be enough to obtain uniform bounds for
2/37
(4.22) 1 Z |A2 2/3§( ))I‘ AW??((p1)) )
ot Ay (23 (pr))

If [v2/3¢(ps)| < 1, using that ((p) ~ |p — 1| for p near 1, it follows that |ps — 1| = |s7/v — 1| < v=2/3, hence
lv —s7| S v/3 <. 713 s0 the sum over v contains only ~, 7!/3 terms (instead of 7 terms). As we always
have |A(z)/A+(z)| < 2, it follows that, in this regime, the sum in (4.22) can be bounded by

sT4ci(e)Tt/3 V1/3

271 Z — ~ 7-_1+4/3_2/3 ~e 7_1/37 asl<s<l1l+e

v=sT—cy(e)T!/3

If ¥2/3(ps) > 1 then ps < 1 and then the Airy factor A% (v*/3(p,)) is exponentially increasing; at the
AW (p1)
~ AL (2/3¢(p1))
1, we have ((ps) < ((p1). As a consequence, the Airy product in (4.22) is exponentially decreasing like
e= 82 (P)+3vC2 () which allows to conclude. We are left with the situation when 1/2/35(;)5) < —1 when
ps > 14 cor=2/3 for some co > 0 which implies v < s7 — co(e/2)"/37'/3 as (¢/2)7 < v on the support of
Xo(<F). We use |A(2)/A4(z)| < 2 and |AL(v2/3((ps))| < in order to bound the sum (4.22) by

is exponentially decreasing as, using that apé lp=1 = —2/3 and s >

same time the factor

1
v2/3|¢(ps)

ST—CeTl/S

1/3 sT—cert/ ST—ceTt A
27'_1 Z V2 1~ S i Z ; é i Z Vst \/STV
v=eT/2 T V2/3|<(ps)| o v=eT/2 ‘ST/V - 1| (L — \/;
Lo 1 (VIR T
S - dr = — Yo "W
€/s m m

1
dw < —,

/CE.,_—2/3/S w s
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where c. = co(€/2)'/3. In order to bound I, 1y, that corresponds to v > 7/¢, we use (6.5) as follows

v 1 ,er\ov ert,—v est,—v 1
I _ < —1 e (= = o < —1 -
| Xo0,1 XO(Q7Q07T)| >7 o’ x 27.”/(21/) ( 2w ) ( 2w ) ~T Z (T’S)V
v>T/e v>T/€
and as (at least) r > 1, this concludes the proof of Lemma 4.11. 0

4.5. The small frequencies case. Let © be a compact obstacle in R? with smooth boundary of class C?
and let Q = R?\ ©. Let A be the Laplace operator on  with Dirichlet boundary conditions. In this section
the geometry of the domain Q = R?\ © will be of no importance: we only need to assume that © is compact
and that 9O is of class C2. Let x € C§°((0,4)) valued in [0, 1], Xz =1 x(0) =0.

Lemma 4.12. Let u(Q, Qo,t) denote the solution to the wave equation (1.1) with ug = dg,, w1 = 0 with
Dirichlet boundary condition on Q2. There exists a constant C > 0 independent of @, Qo such that

- C
(4.23) sup |[X(V—2A)u(Q, Qo,t)| < —.
Qen |t]
Before the proof of the Lemma 4.12 we recall some basic properties of solutions to the Helmholtz equation
in © with positive wave number 7 > 0 (see [5, Chapter 3]). The Helmholtz equation reads as follows

(4.24) (Ap + 7)R(.,7) =g, in Q,  R(.,7)|aa =0,
satisfying the Sommerfeld radiation condition
(4.25) IR(Q, Qo,7)/0r —iTR(Q, Qo,7) = O(|Q|™"), when |Q| — oo,
uniformly for all directions @/|Q|. The solution R(.,7) to (4.24) has the following form
(4.26) R(Q.Qu7) = E@- Qo) ~ [ E(P - Qu.r)gp(Q.7)do(P),
Peon
where E(z,7) := ﬁ eilrzllz‘ denotes the fundamental solution of the Helmholtz equation in R?, and where, for

P e a9, 9p(Q,7) is the solution to the exterior Dirichlet problem for the Helmholtz equation

(4.27) (A+7%)gp=0for Qe Q, gp(P, T)‘P . d0p_p, g radiating.
€

Proposition 4.13. ([5, Theorem 3.21]) Given a data gy on the boundary OS2, the exterior Dirichlet problem
for the Helmholtz equation

(4.28) (A+71%g=0inR*\ O, g radiating,
has an unique solution which satisfies glag = go on the boundary OS).

The boundary-value problem (4.28) can be reduced to an integral equation of the second kind which is
uniquely solvable for all wavelengths 7 > 0 by seeking the solution in the form of combined double and
single-layer potentials. We briefly recall this construction: given an integrable function ¢, the single and
double layered operators S and K are defined as follows

B oVl o PBW-5T)
Sr(p)(y) =2 BQE(y 9, 7)e(@)do (), Kr(p)(y): 2/6Q o0 (7)

where v is the unit normal vector to the boundary 092 directed into the exterior of ©. In the so-called
layer approach, the solution to the exterior Dirichlet problem (4.28) is sought (as in [5, 3.49]) in the form of
acoustic surface potentials, with a density ¢, as follows:

(4.29) g(z) = /69 (W —iE(z — y,T))go(y)da(y), z €.

The potential g given in (4.29) in = R3\ O solves the exterior Dirichlet problem (4.28) provided the density
is a solution of the integral equation (as in [5, (3.51)])

e(§)do(y), y e,

o(y) + K- (¢)(y) — iS:(¢)(y) = 290(y)-

Lemma 4.14. If 09 is of class C?, them for fized T > 0, the operator K, — iS; is compact. Moreover
(I+K,—iS;)"t:L2(0Q) — L*(09Q) exists and is bounded.
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OE(y—g.7) _ 1 irly—gl| it <y—gv(@>  <y—gv(@> :
Proof. For y € 09, Gy = it = R e | As the boundary is of class

C? then | < y — 3,v(5) > | < |y — 9/?, and therefore the kernel of the operator K, — S, is bounded by
ﬁ € LY(99) for some constant C > 0. According to [5, Theorem 3.33], the operator I + K, — iS, is
injective by the Riesz theory for operator equations of the second kind (see [5, Theorem 1.16]). (]
Proof. (of Lemma 4.12) Let ¢ be fixed, large enough (as otherwise the estimate becomes trivial). The next
lemma rewrites cos(v/—A)(dg,) in terms of the Green function for the Helmholtz equation.

Lemma 4.15. The wave flow reads u(Q, Qo,t) = f0+oo eVR(Q, Qo, T) L, where R(Q, Qo,T) is the outgoing

T 7

solution to (4.24) satisfying the Sommerfeld radiation condition (4.25) uniformly for all Q/|Q).

The solution R(.,7) to (4.24) is given by (4.26), where, for P € 99, g5(Q, 7) is the solution to the exterior
Dirichlet problem for the Helmholtz equation (4.27). The free wave flow f0+°° e E(Q — Qo, )4 satisfies
the usual dispersion estimate, and we focus on the second term in the formula defining R(., 7). As in (4.29),

9p5(Q, T) reads as

aE(Q * P7 T)

4.30 5(Q,7) = _— - P, d , € Q,
(430 0pQ)= [ (TG i@ Pn))ep(Pr)io(P). Q
where the density ¢ 5(P) is a solution to the following integral equation
(4.31) @p(P) + K- (pp)(P) = iS-(pp)(P) = 20p_p.

By finite speed of propagation, we can replace Y¥(v/—Ap) from (4.23) by a cutoff x#(D;), where x# €
C>((0,4)) equals 1 on the support of ¥ and is such that x#(0) = 0. We are left to prove that 3C' > 0
independent of @, Qg such that, for |[t| > 1 sufficiently large, the following holds

TN (VE(P — Oq. T OE(Q-P ) o o
W [[ OB Qon) (T T i@ Pr) ) p(Pr )i (Pl (P)

Proving (4.32) requires knowledge of ¢ (P, 7). From the integral equation (4.31) satisfied by ¢ 5 and Lemma
4.14 it follows that ¢ = (I + ¥,)(26), where I + ¥, = (I + K, — iS;)~!. From the proof of Lemma 4.14
it follows that K, — iS; is a pseudo-differential operator of order —1, hence ¥, is also a pseudo-differential
operator of order —1. Therefore there exists C' > 0 such that for all P, P € 99

¢p(P,T) =20p_p + V. (205)(P), where, for 7 bounded, |¥,(255)(P)| < C|P — P|*.

For P, P € 99 and for 7 bounded, the phase 7|P— P| of ¥.(26p)(P) is bounded. The phase function in (4.32)
equals 7(t + |P — Qo| + |P — Q|) with |¢| sufficiently large: if |t 4 |P — Qo| + |P — Q|| > |t|/10, we can perform
integrations by parts with respect to 7 and obtain a contribution O([t|=); if [t +|P—Qqo|+|P — Q|| < |t|/10,
we can either have |P — Qo| > [t|/10 for all P € Q2 or |P — Q| > |t|/10 for all P € 9 (since © is bounded).
In both cases, due to the factors |P — Qo|~'|P — Q| in the integral (4.32), we obtain (at least) a factor
|t|~! and it remains to prove that the integrals with respect to 7, P, P are bounded. This follows immediately
using | [ f(2)dz| < [|f(2)|dz. As T ~ 1 on the support of x, it remains to prove that, uniformly with respect
to 7, the following holds:

dr
Itl

P, . C
/ / Md (P)doP < =,
Peon JPeog |P Qol [P — Q| |t]
where, as 22307 — oi7IP-0l |7 <9 ’i”ﬁp)> — S P2 and (P 7) = 26p_p + U (205)(P),

— P,v(P — P,v(P
2(Q. P,7) = x* ()] - <Q|Q_’;(|2)>+¢T<Q|Q_’P(l L=

As 09 is C2, it follows that |X(Q, P,7)| < C for some constant C' independent of @, P, 7. We split the last

integral into two parts, corresponding to the two contributions of ¢s(P, 7). As [¥,(265)(P)| < ‘P B e
left with proving that there exists some constant C' > 0 independent of @, Q)¢ such that
1 ( 1 ~ C
Sp_p+ )do( Ydo(P) < = .
/PeoQ/PeaQ [Q—Pl|Qo—P|\"=" " |P— P Y
Notice that we can bound either \Q 77 by 10/t for every P € 9 or we can bound IQ - by 10/t for
every P € 0Q. As the boundary is 2-dimensional, the remaining inequality holds true. O
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5. PROOF OoF THEOREM 1.1 FOR THE SCHRODINGER EQUATION

5.1. The high-frequency regime. In this section, we prove Theorem 1.1 for the Schrédinger equation
in the high-frequency case, building on arguments from Section 4. Let x € C§°((0,4)) valued in [0, 1],
equal to 1 on [1,2], %(0) = 0 and fix y1 € C*([2,2]) such that Y(|¢]) + > >1x1(l/27) = 1. Denote
Xj+1(7) = x1(2777) for j > 1. On the domain @ = R3\ B3(0,1), one has the spectral resolution of the
Dirichlet Laplacian A, and we may define a smooth spectral projection Xj(\/j) as a bounded operator on
L2. Let v the solution to (1.2) with v|;—o = vg = dg,, Qo € Q. To estimate the L> norm of v we study
separately X(v/—A)v and > i1 Xj+1(v/=A)v. In this section we deal with the regime of large frequencies

(1 -=X)(V=A)v =35, Xj+1(V—A)v and prove the following:

Lemma 5.1. There exists a uniform constant C such that, for all t > 0, Q,Qq € 2,
1= 0 (V/=B)(Q. Q. t)| < 72,

Proof. Fix t > 0. The proof uses in an essentially way our previous result on the wave equation, together
with the Kanail transform, which is the following subordination formula,

2 o2
(51) vQ Q00 =5 [ ¢ uQ Q1)
0
where u(Q,Qo,T) = cos(Tv/—A)(dg,) is the solution of (2.1) for d; = 3, do = 0. Let H(Q,Qo,T) =
sin(Tv_4) VA_A)(JQO), then (@, Qo,T) = OrH(Q,Qo, T). For Q € Q, using (2.10), we obtain

-1
ST=1Q=Qo) [ s

47T|Q_QO| /6 I(Q7Q07T)d7—7

where 1(Q, Qo, 7) = F(u™)(Q, Qo,7)/7. Recall that in Proposition 4.5 we set L., (Q,Qo,7) := }"(uﬁ#go @, Qo,T)/T,

with u# defined in (2.10) (and u as in (2.14)) and then proved in (4.4) that ., (@, Qo, 7)| < 1/T uniformly

with respect to @, Qo and for all T € [T, (Q, Qo), T:(Q, Qo) + Co] where T, (Q, Qo) = d(Q,9IN) + d(Qo, IN)
and where Cj is a uniform constant depending only on the diameter of the obstacle Bs(0,1). One integration
by parts in T in (5.1) yields

(5-2) H(Q,Q0,T) =

Lo,
(53) U(QaQOat) = t:i% / eiz%TH(Q7Q07T)dT'
0
Introducing (5.2) into (5.3) yields two terms: the free Schrodinger flow, obtained from the first term in (5.2),
does satisfy the estimates (1.3), so we are left with the second term in (5.2). We denote
U A iTr
@t =55 [ FT [ @T1Q.Q i,

From finite speed of propagation for waves, it follows that, at fixed Qg, @, it will be enough to consider only
T € [T.(Q,Q0), Tu(Q, Qo) + Co] (as for T outside this set, one has rapid decay). Writing

- i o2 iTr
(1= VD@ Qut) = 55 3 [ BT [ (VERI@. Qo v,
=170

it remains to prove that there exists C' > 0 independent of @), Qq,t such that
T(QQ)+Co ., ,
) / e_’TtT/ezTTXjH(\/—A)I(Q,QO,T)deT <C.
i>17T*(Q,Qo)
By finite speed of propagation of the wave flow, we can introduce a cutoff x € C’g"((%, 2)), x = 1 on the
support of 1 such that x1(277v/~A)(1 — x(277D7))u” = O(277) for all N > 1, therefore it remains to
prove uniform bounds for the sum over j > 1 with x;11(v/—A) replaced by x1(277 D7) := x;+1(Dr). In the

following we prove that there exists a constant C' > 0 independent of @, Qg such that

‘ /T*(QvQO)‘i‘CO 2

(5.4) €_ZTtT/€iTTX1(2_jT)I(Q,QQ,T)deT <C.

i>17T*(Q,Qo)
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Let @ € Q and write [ = I, + I1—s_,, where we set x1(h;7)[:(Q,Qo,7) = (uh] @, Qo, T)/T, with
hj =279, k € {key, 1 — ke, } is as in Definition 2.4 and uh#jﬁ is given in (2.14). As noticed in the proof of
Lemma 2.5, I1—, (Q,Qo,T) has an unique critical point P(Q,Qo), which is non-degenerate (if @ € Q*O,
then P(Q, Qo) is the point on the boundary through which passes the geodesic from Qg to @, and if Q ¢ 9507

P(Q, Qo) is the intersection point between QQo and IN). Let T.(Q, Qo) := |P(Q, Qo) — Q|+ |P(Q, Qo) — Qol,
then I, (Q,Qo,7) reads as an integral with phase function —it7T,(Q, Qo) and with classical symbol of
order 0 in 7 and satisfies [T11—_ (Q,Qo,7)| S 1 for all T € [T*(Q, Qo), T*(Q, Qo) + Co]. The phase function
—T?/(4t)+7(T-T.(Q, Qo)) of (5.4) has critical points T = T.(Q, Qo) and 7 = T.(Q, Qo)/(2t). Let j. be such
that T.(Q, Qo)/(2t) € [27=1,27F1]: for j # j. and for T on the support of x;1, the phase is non-stationary
with respect to either 7 or T" and the sum over j of all the contributions obtained by applying the non
stationary phase lemma is uniformly bounded. For j = j., make the change of variables 7 = 7T (Q,Q0)/(2t).

Let also T := TT.(Q, Qo), then for T ¢ [1/2,2] the phase is non-stationary in 7. It remains to prove uniform
bounds for

Q QO ‘//2 1129, Qo)( T2+7—(T 1) (2 o (QQtQO) )

T:(Q, Qo)

o 7)drdT |,

(@, Q0)TT— (Q. Qo,
which follow by usual stationary phase using that T.(Q, Qo)I1-x., (@, Qo, 7) is uniformly bounded.

We proceed in a very similar way with [ = I._, at least as long as dist(Qo,9Q) > ¢ > 0. Using the
notations of Sections 4.2, 4.3 with Qo = Qn(s) and Q = (r,y,w), the phase function of I;_ (Q,Qo,T) equals
—i7(v/r2 —1 + /52 — 1 + arcsin(1/r) + arcsin(1/s)). In this case we let T,(r,s) == V12 —1++/s2 -1+
arcsin(1/r) + arcsin(1/s) and proceed as with I,  , using again the fact that Te.(r,s)l.. (Q,Qo,T) is
uniformly bounded as proved in (4.4). When dist(Qo, 9Q) > ¢ > dist(Q, 02), the phase function of I, may
be equal to p*(BE, ) defined in (4.17), hence there might be at most four critical points T, that are dealt
with exactly as before. When dist(Qq, 09), dist(Q, 9Q) < ¢, we combine the previous arguments with those
of Section 4.4: by Kanai transform, we also have

+oo
(5.5) 0(Q. Qo) = /O TRQ, Qo) Y

with R(Q, Qo,7) as in (4.18) and we have to prove ’(1 - X)(WV—=Ap)v(Q, Qo, )‘ < t3/2 for some uniform
constant C; taking y equal to 1 on the support of x1, this reduces to obtaining uniform bounds for

P [ (S e R@ e

7j>1
v— Q 17'
LD SRt / (NG, 1ol 1) D

v=m+1/2,meN <

We can now proceed exactly as in Section 4.4, taking advantage of the fact that the second derivative w.r.t.
7 of our new phase is always large. This completes the proof of Theorem 1.1. O

5.2. The small frequency case. We obtain sharp dispersion bounds for the Schrodinger equations in
Q = R3?\ O, where O is any compact domain with smooth and strictly geodesically convex boundary. We
use the notations and results from section 4.5. Let ¥ € C§°((0,4)), x =1 on [3,2], x(0) = 0.

Lemma 5.2. Let v(Q,Qo,t) denote the solution to the Schridinger equation (1.2), with vo = dg, and
Dirichlet boundary condition on 2. There exists a constant C > 0 independent of @, Qg such that

IX(V=2)0(Q, Qo) || L=y < Clt| /%, VQ e Q.

Proof. (of Lemma 5.2) Fix |t| > 1 large enough, as otherwise the estimate is trivial. Replacing (4.26) in
formula (5.5) yields two terms. As the free Schrodinger flow f0+oo ei”2E(Q — QO,T)%T satisfies the usual
dispersive estimates, we focus on the second term in the formula (4.26) defining R(., 7), where g5(Q, 7) is of
the form (4.30) with density ¢ (P) solution to (4.31). Replacing Y(v/—A) by x#(7), where x# € C5°((0,4))

is equal to 1 on the support of ¥ (and x#(0) = 0), we are left to prove that 3C > 0 independent of @, Qo
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such that, for |¢| > 1 large, the following holds

dr C

(Qf) ~iB(Q - P,7))¢p(P,7)do(P)do (P )| < <

‘/ ] e“TzX#(T)E(p—QoJ)( 5
Ry,(B,P)con? (P

Let ¥, be the pseudo-differential operator of order —1 such that I+ ¥, = (I+ K, —4S;)" . Then ¢p(P,7) =

205_p+ Y, (205)(P) where |V, (205)(P)| < C~‘ for some constant C' > 0 and 7 > 0 bounded. As such, for

bounded 7, the phase 7|P — P| of ¥, (20p)(P ) is bounded for P, P € 9 we may therefore apply stationary
|P—Qol+|P— Ql)
7

phase to the integral (5.6) for the phase function (72 + 7 whose critical point is given by

Te = —W and must belong to the support of x# (7) which is a fixed, compact subset of (0,4). Our
large parameter is ¢ and the second derivative with respect to 7 equals 2¢; we obtain a factor |t|’3/ 2 and it

remains to show that
(- p_0l)? . P— P— -
/ / pmitlrmr=et o gy IP= Qo £1P =0 by
pPeon Jpean |P — Qol|P - Q|

where the symbol ¥, is an asymptotic expansion with small parameter 1/¢ and main contribution the symbol
of 20p_p + ¥, (205)(P). Indeed, in (5.6) the symbol is

<Q—P,V(P)>+, < Q- Pv(P)> i )
Q- PP TTTle-Pr T P-qltr

()7 | - (P.7),

hence a derivative with respect to 7 only provides factors |P — P| coming from W, (285)(P); the only factors
depending on Q or Qg are |Q — P|~" and |Qo— P|~'. We split the integral (5.6) into two parts7 corresponding
to the two contributions 205_p and ¥, (205)(P) of ¢5(P, 7). As |\If$21)(2(5ﬁ,)( P) <
proving that there exists some constant C' > 0 independent of Q, Q¢ such that

1 1 1 N
/PeaQ/PeaQ Q — P \Qo—P\)(aPP+‘P_ |)d0(P)dU(P)<C.

As the boundary is two dimensional, we have |P — Q|~! € L(d9), hence the inequality holds true. This
achieves the proof of Lemma 5.2 and the one of Theorem 1.1 for Schrédinger case. g

we are left with

IP PP

5.3. Proof of Theorem 1.4 for the Schrédinger equation. Let d = dy +ds, with d; > 3 and dy > 0. Let
v(Q, Qo,t) denote the solution to the Schrédinger equation 1.2 with vy = dg, and Q4, 4, = (R4 \ By, (0,1)) x
R4z then, from (5.5), we get that, for y € C5°((0, 00)), the following holds

(5.7) X(hD)o(Q, Q. t) = / N (hTVR(Q, Qoo )
0 ™

where R as in (4.18). Explicit computations show that R is real and using (3.1), we have :

Lemma 5.3. Let Qn s(s) as in Theorem 1.4. For large T and s so that y.(s) = arcsin(1/s) ~ 771/3,

d—241-%2

(5.8) R(Qn(s),Qs(s),T) = —dH_Re ( —iT(2V/5T—1+2y. (s)) r (6, 7_)) 5= y*(S)Tl/S ~1,
21" 2

where 1(8,T) ~;-1/3 350 7;(8)77/3 is a classical symbol for § ~ 1, and with ro(8) # 0 for § ~ 1.

Let 0 < ho < 1 small enough as in Theorem 1.4 for the wave equation and x € C§°((1/2,2)), x = 1 near
1. Let 0 < 2 < hg, then (5.8) holds for 7 on the support of x(h7) where we have 7 ~ 1/h. As in (5.7) the
cut-off has the form x(h72), we let h := h? where now 0 < h < h2. Setting 7 = (¢/h)"/? in the formula (5.7)
gives 1 ~ h7? ~ o on the support of x(h72), 7 ~ h=1/2 and we obtain

(5.9) 1 /OOO eitTQX(hTQ)R(Q, Qo, 7)dr = # /000 it Y()R(Q, Qo, (O'/h)l/2)da'

™
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Let s such that y,(s) = arcsin(1/s) = §h'/6 ~ §71/3, then at Q = Qn(s), Qo = Qs(s) (5.8) becomes
(5.10) x(hT)R(Qn(s),Qs(s),7) = x(h'/*(a /1) *)R(Qn (5), Qs(s), (0 /1)'/?)
_ X( )(U/h)d 2+1/3 do /2

mdl 1+d2/2

where 2(y.(s) + v/s2 — 1) = 2(6h*/6 + cot(6h1/6)) is the geodesical distance (in 4, 4,) between Qx(s) and
Qs(s). We introduce (5.10) in (5.9) and apply the stationary phase for the phase function

to/h — 2y/ah™Y2(6hY¢ + cot(5h/6)), o~ 1.

Re (e—i(a/h)l/Z(Z\/32_1+2y*(s))T((S’ (O'/h)l/Z)),

At t = h'/3, the large parameter is h~2/3 and the phase equals o — 2f(5h1/3 + Cos(éhl/G)sm?;%m)) where

the term in brackets is independent of o and is ~ %, hence the critical point satisfies o, ~ 1/62. At t = h'/3,
for 0 < h < h and arcsin(1/s) = dh'/® with 6 ~ 1, hence for s ~ h™1/6 we obtain the desired result,
concluding our proof, as the stationary phase yields a factor

(a/h) /a7 1
Rz x(e) V21 rrasn X VI lona s smn-1re = 1d/2

d— 2+1/3 dg /2
hf(dlfS)/G.

t:h1/3

6. APPENDIX

6.1. Airy functions. For w € C, the Airy function is defined by A(w) = 5= [; el /3+50) g Let Ag(w) ==
A(eF2/3), then A_(w) = A, (w), A(w) = e™/3A (w) + e "/3A_(w) and Ay (w), A’ (w) do not vanish
for w € R, while all the zeros of Ai(w) and Ai'(w) are real and non positive. The following Lemma holds :
Lemma 6.1. Let S(w) := (A (w)A_(w))Y/?, then S(w) = |A, (w)| = |A_(w)| is real, monotonic increasing
in w and nowhere vanishing. We let p(w) := %log(ﬁ;%;) for w < —1. Then Ay (w) = X(w)eTHW) for
w < —1. Moreover, for w < —1, the following asymptotic expansz'ons hold

3 1
(6.1)  S(w) ~ryp) (—w) F Y 0i(~w) " F, p(w) ~rp) 5 3 w)iY ei(~w)"F, 0o = 5=, e =1,

>0 >0 2y/m
Al (w) : A_(w) .
+ 1/2 d —3j5/2 do =1 ~ 2ip(w) h 0.
A+(w) 1/‘70‘ E s 0 N 7A+(w) 1/|w| € , wnen w — —oo

7>0
For w > 1, the Airy function Ai(w) decays exponentially, A(w) ~1/y, |w|*ie’%“’3/2, while the functions
Ax(w) grow exponentially Ay (w) = Ei(w)6%w3/2, where Xx are classical symbols of order —1/4 and

A(w) im/3 - /3A (w) -

= ™3 f 7 = O(w™™).

7 (w) Iy O
6.1.1. The Hankel function. In (4.21), Hl(,l)(z) is the Hankel function (also known as the Bessel function of
the third kind): it solves the Bessel’s equation 2>H"(2) + zH'(z) 4+ (2> = v?) = 0, v = m+ 1, m € N; its real

and imaginary parts, denoted J,(z) and Y, (z), are the usual Bessel functions. For fixed order v and large
argument z, we have the asymptotics

(6.2) H(z) = \/? iC=F-D(14 0(1/2)).

For large order v and argument z = vp, the Hankel function has the following uniform asymptotic expansion,
derived by R.Langer and F.Olver: (see [1, 9.3.35, 9.3.37])

(6.3)

™
N—
N
Yy
t|
|
b
+
—~
<
(NN
pAY
>
~—
o
—~
pAY
>
]
no
<
_|_
]
|
colon
D>
r.ahv

H ) 2675 (500)

Zg] v ) :
4¢(p)

2)Z (”_%A(V%&P)) 4 Fi(Clp)r =2 + u‘%A’(V%g(p))Zgj(g(p))y—%) ?

(6.4)  Ju(vp) ~1/0 (ﬁ
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where the function ¢ = ((p) is defined (see [1, 9.3.38, 9.3.39]) as (2.19) for p > 1 and (2.20) for p < 1. The
expansion (6.3) holds uniformly with respect to p in the region |argp| < m — €, where € is an arbitrarily
positive number and in particular for real p close to 1. As for the coefficients (given in [1, 9.3.40]), they are
smooth as functions of p and fy(0) is non-vanishing. When the order is very large compared to the argument,

the following expansions hold for H,Sl)(z) = J,(2) +1iY,(2) (see [1, 9.3.1]):

(6.5) 1@ =5 () s 0w, Vile) = -@ (5) “a+oa/m).
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