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Corbinian Schlosser!, Milan Korda!?

Abstract

This paper develops sparse moment-sum-of-squares approximations for three prob-
lems from nonlinear dynamical systems: region of attraction, maximum positively in-
variant set and global attractor. We prove general results allowing for a decomposition
of these sets provided that the vector field and constraint set posses certain structure.
We combine these decompositions with the methods from [10], [I12] and [20] based
on infinite-dimensional linear programming. For polynomial dynamics, we show that
these problems admit a sparse sum-of-squares (SOS) approximation with guaranteed
convergence such that the number of variables in the largest SOS multiplier is given
by the dimension of the largest subsystem appearing in the decomposition. The di-
mension of such subsystems depends on the sparse structure of the vector field and the
constraint set and can allow for a significant reduction of the size of the semidefinite
program (SDP) relaxations, thereby allowing to address far larger problems without
compromising convergence guarantees. The method is simple to use and based on
convex optimization. Numerical examples demonstrate the approach.

Introduction

Many tasks concerning dynamical systems are of computationally complex nature and often
not tractable in high dimension. Among these are the computations of the region of attrac-
tion (ROA), maximum positively invariant (MPI) set and global attractors (GA), which are
the focus of this work. These sets are ubiquitous in the study of dynamical systems and
have numerous applications. For example the ROA is the natural object to certify which
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initial values will be steered to a desired configuration after a finite time 7" while the so-
lution trajectory satisfies the state constraint at all times. The question of which initial
values will stay in the constraint set for all positive times is answered by the MPI set. The
GA describes which configurations will be reached by the solutions of the dynamical system
asymptotically. This is of importance for controlled systems with a given feedback control
where one might be interested if the given feedback control forces the solution to converge to
a specific point or whether a more complex limiting behavior may occur. Since these objects
are complex in nature computations of these are challenging tasks. Computational meth-
ods for the ROA have been pioneered by Zubov [25] in the 1960s and have a long history,
summarized in [3]. A survey on the (controlled) MPI set and computational aspects can be
found in [I]. Computations of the GA are typically approached via Lyapunov functions [7],
via finite-time truncation or set oriented methods [5].

Given the curse of dimensionality problem present in computation of these sets, it is im-
portant to exploit structure in order to reduce the complexity. There are several concepts
used for reducing the complexity, as for example symmetries (see, e.g.,[0]) or knowledge of
Lyapunov or Hamilton functions (see, e.g., [22]). Here we investigate specific type of sparsity
found in dynamical systems.

The central concept in this text is decoupling of the dynamical system into smaller subsys-
tems, thereby allowing for computational time reduction, building on the work [2]. Even
though our main goal is to exploit this decoupling computationally, we study the sparse
structure at a rather general level, allowing for our results to be used within other com-
putational frameworks and for other problems than those encountered in this work. The
main novelty is the following: (i) We generalize the method of [2] to far more general graph
structures. (ii) We use the proposed decoupling scheme within the moment sum-of-squares
hierarchy framework, obtaining a sparse computational scheme with a guaranteed conver-
gence from the outside to the sets of interest; to the best of our knowledge this is the first
time sparsity is exploited in the moment-sos hierarchy for dynamical systems without com-
promising convergence. (iii) We treat different problems than [2], namely the computation
of the ROA, MPI and GA rather than the reachable set computation problem.

We follow the approach from [10], [12] and [20] where outer approximations of the ROA,
MPI set and GA are based on infinite dimensional linear programs on continuous functions
approximated via the moment-sum-of-squares hierarchy (see [16] for a general introduction
and [9] for recent applications).

Sparsity exploitation in static polynomial optimization goes back to the seminal work of
[23], providing convergence results based on the so-called running intersection property. The
situation in dynamical systems is more subtle and so far sparsity exploitation came at the
cost of convergence such as in [21] where a different sparsity structure, not amenable to our
techniques, was considered.

The computational benefit of decoupling into lower dimensional subsystems is quantified
by the complexity of the resulting semidefininte programms (SDPs) in the moment-sum-of-
squares hierarchy. As a measure of complexity of such an SDP, we use the number of variables
involved in the largest sum-of-squares (SOS) multiplier. This number is determined by the
dimension of the largest subsystem in the decoupling. To determine the subsystems we
represent the interconnection between the dynamics of the states by the directed sparsity



graph of the dynamics f where the nodes are weighted by the dimension of the corresponding
state space. We call a node z; an ancestor of another node z; if there exists a directed path
from z; to x; in the (dimension weighted) sparsity graph of f. With this notation we can
informally state our main result:

Theorem 1 (informal) There exists a convergent hierarchy of sum-of-squares problems
with the largest sum-of-squares multiplier containing w variables, where w 1is the largest
weighted number of ancestors of one node in the dimension weighted sparsity graph of the
dynamics.

This allows for a potentially dramatic reduction in computation time when the dynamics is
very spare in the sense considered in this work.

Not only the moment-sum-of-squares approach can benefit from decoupling into smaller sub-
systems but also other methods such as the set oriented methods [5] enjoy less computational
complexity in lower dimensions. The decoupling procedure proposed here (Algorithm [1f) also
applies to any other method for approximating the ROA, MPI set or GA that satisfies certain
convergence properties, as is the case for the set-oriented methods [5] for the GA.

1 Notations

The natural numbers are with zero included and denoted by N. For a subset J C N we
denote by |J] its cardinality. The non-negative real numbers [0, 00) are denoted by R, . For
two sets K, Ky we denote their symmetric difference given by K; \ Ko U Ky \ Ky by K1AK,.
The function dist(-, K') denotes the distance function to K and dist(K7, Ks) denotes the
Hausdorff distance of two subsets of R™ (with respect to a given metric or norm). The space
of continuous functions on X is denoted by C(X') and the space of continuously differentiable
functions on R”™ by C'(R"). The Lebesgue measure will always be denoted by . The ring
of multivariate polynomials in variables x = (z1,...,x,) is denoted by R[z] = Rlxy, ..., z,]
and for £ € N the ring of multivariate polynomials of total degree at most k is denoted
by R[z]x. We will denote the open ball of radius r with respect to the euclidean metric by
B,.(0).

2 Setting and preliminary definitions

We consider a nonlinear dynamical system

&= f(z) (1)
with the state z € R™ and a locally Lipschitz vector field f : R® — R"™. The following graph
is a key tool in exploiting sparsity of f.

Definition 1 (Dimension weighted sparsity graph) Let the variable © € R™ and the
function f : R™ — R"™ be partitioned (after a possible permutation of indices) as x =
(x1,...,zn) and [ = (f1,..., fy) with z; € R™  f; : R" — R™ and Zf\;”z =n. The
dimension weighted sparsity graph associated to f induced by this partition is defined by:
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1. The set of nodes is (x1,...,TN).
2. (w;, ;) is an edge if the function f; depends on x; .

3. The weight of a node x; is equal to n;.

Remark 1 Without putting weights on nodes we call the graph just sparsity graph of f
(induced by the partitioning). The (dimension weighted) sparsity graph is not unique as it
depends on the partition of x and f. Choosing a good partition is key to maximizing the
computational savings obtained from the sparse SDP relaxations developed in this work in
section 7.

Remark 2 For a dynamical system a sparsity graph describes the dependence of the dynam-
ics of a state on other states. More precisely, there exists a directed path from i to j in the
sparsity graph of f if and only if the dynamics of x; depend (indirectly via other states) on
the state x;.

As an example consider the following function f : R® — R0

f(yh . 7y10) = (y%ym Y1Y2, Ysy2 + y§, Yr — ?/27 y?!/?,a Y2Ye, yg%ym y?,yﬁyg, yﬁy& y?)

The grouping z; = (yhyz), T2 = Y3, T3 = <y4ay5>7 Ty = (?/6;%) and x5 = <y8ay97y10>
induces the functions fi(y1,42) = (Yiye,v1¥2), fo(ys) = (ysy2 + 3), f3(ya y5) = (y7 —

ya, yry2), f1(ys, yr) = (v2v6, yaysyr) and fs(ys, Yo, y10) = (V3YsYs, Yoy, y3) according to Defi-
nition [I} Figure [I] shows its dimension weighted sparsity graph.

Figure 1: The dimension weighted sparsity graph of the function with respect to the partitioning
r1 = (Y1,92), T2 = Y3, 3 = (Y4, ¥5), Ta = (Y6, Y7, Ys,Yo) and x5 = (y10, Y11, Y12)

Definition 2 (Predecessor, leaf, Past) 1. For a sparsity graph we call a node x; a
predecessor of node x; if either x; = x; or if there is a directed path from x; to ;.

2. A node x; is called a leaf if it does not have a successor (i.e., all nodes connected to x;
are its predecessors).



3. The set of all predecessors of z; is called the past of x; and denoted by P(z;).

4. The largest dimension weighted past w in a directed graph with weights n; and nodes

x; 1s given by
w = max Z n;. (2)

For the graph from figure [T} the node x5 has the largest weighted path. Its past is colored

in blue in Figure [2]
o
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/

¥

® @ -

. .‘ D/
®-
Figure 2: Past of x5 in the sparsity graph from Figure

In Remark [2| we have seen that the past of a node z; determines all the nodes the dynamics of
x; (indirectly) depend on. Therefore the following definition is closely related to the notion
of the past of a node.

Definition 3 For a dynamical system © = f(x) on R™ we call a set of states (x;);cr for
some index set I C {1,...,n} a subsystem of & = f(x) if we have

froPr=Pof (3)

where fr = (f;)ier denotes the components of f according to the index set I and P; denotes
the canonical projection onto the states x, i.e. Pi(x):= x.

Since f; formally depends on x € R™ we mean by the term f; o Py that f; only depends on
the variables x;.

If ; denotes the flow of the dynamical system and ¢! the flow of the subsystem, condition
translates to
@{OP]:P]OQO{, (4>

For a given node z; the past P(z;) of this node determines the states of the smallest subsystem
of the dynamical system containing z;, and we refer to this subsystem by the subsystem
induced by P(z;). In acyclic sparsity graphs the nodes with maximal past are leafs, i.e.
nodes with no successor, because a successor has a larger past than its predecessor.



2.1 Main result summary

With these notations, the main result, informally written, reads

Theorem 2 (informal) There exists a hierarchy of SDPs with all sum-of-squares multipli-
ers depending on at most w variables such that their solutions provide outer approximations
of the ROA, MPI set and GA with guaranteed convergence as the degree of the sum-of-squares
multipliers tends to infinity.

In order to prove this theorem we first consider a prototype sparse dynamics which allows
a decoupling of the dynamical system. For this prototype system we get decompositions of
the ROA, MPI set and GA, inspired by [2]. Those decompositions allow us to decouple the
computations of those sets as well. We apply this to the linear programs for those sets from
[10], [I2] and [20], which describe the desired sets up to a discrepancy of Lebesgue measure
Zero.

Dynamics that are not of that prototype type are approached by a generalization of the
decoupling derived from the prototype setting.

3 Sparse dynamics: the prototype setting

The dynamical system we are considering first is as in [2] and has the following form

T = fl(xl)
Ty = fao(w1, 22) (5)
T3 = f3(x1, 23)

on the state space R™ x R™ x R™ and we consider a constraint set X C R™*"2%7s apd
locally Lipschitz continuous functions f; : X — R™, f, : X — R™ and f3 : X — R™
where fi only depends on zy, i.e. is constant in (xq,z3), fo only depends on (z1, ), i.e. is
constant in z3 and f3 only depends on (x,z3), i.e. is constant in z5. The sparsity graph
of the system () has the “cherry” structure depicted in Figure [3] This indicates that the

Figure 3: 2-cherry structure.



system splits into the decoupled dynamics

d

a(ivl,xz) = (f1, f2) (21, 72) (6)
with corresponding flow gp,@ and

d

&(a’,l?‘r\?) = (f17f3)(x17x3) (7)

with corresponding flow gpf’) and
i1 = fi(x) (8)
(1)

with corresponding flow ¢, . Let P;; denote the canonical projection onto (xy,x;) and P
the canonical projection onto the xy; component. Then the subsystem relations @, and
(8) read

(fisfo)oPra=Pigof . (fi,fs)oPiz=Pzof , fioPh=Pof
and we have for the corresponding flows

909) o P1,2 = P1,2 O Pt
oo Pz = Pizoy (9)
w0 P = Piog
for all t € R,. Note that the z1-component of the flows ©® and ¢® are given by ™) due
to the decoupled dynamics of .

The equations in @ state that the subsystems behave like factor systems, i.e. the projections
map solutions of the whole system to solutions of the subsystems.

The state constraints need to be taken into account more carefully. For instance the con-
straint set for @ for a fixed x3 is given by

Xio(z3) = {(x1,22) € R™ x R™ : (z1, 29, 23) € X}. (10)
In a similar way we define
Xi3(z2) = {(x1,23) € R"™ x R™ : (21,29, 23) € X}. (11)
and
Xi(zo, x3) := {x; € R™ : (21,29, 23) € X}. (12)

In order to get that the subsystems @, and are completely decoupled, we need a
splitting also in the constraint sets, i.e. the sets Xjo(23), X1 3(x2) and X;(x2,23) do not
depend on x5 and x3.

Proposition 1 For variable (x1,x2,23) € X the sets X 2(z3), X1 3(x2) and Xq(x2,x3) are
independent of (x9,x3) if and only if X is of the form

X = X; x Xy x X3 (13)

for some X; C R, Xy C R™ and X3 C R™. In particular if holds then (@ holds with
corresponding constraint sets X1 X Xo, X1 X X3 and X;.
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Proof: If X is of the form then we have for arbitrary x3 € X3

X1’2<£If3) = {(1'1,332) € R™ x R"2 : (.1’1,.1'2,373) € X}
= {(ZL‘l,IQ) eR™ x R" . x| € Xl,l‘g S XQ}

and we see that this is independent of x3. The same argument works also for the sets
Xi3(z2) and X (22, z3). On the other hand let all the sets X 2(x3), X1 3(22) and X (2, 23)
be independent of (x2,x3). Let us denote those sets by X5, X; 5 and X; and let P, P and
P 5 be the canonical projections onto the xo, x3 and (2, x3) component respectively. We
have by

X = U {(z1, 22, 23) € R™ X R™ x R™ : (21,23) € X13}
:CQEPQ(X)
= U Xuialas) x {z3} = X1 x P3(X). (14)
:E3€P3(X)

In a similar way we see that
X1 X P273(X> =X = {($1,$2,$3) T T9 € PQ(X), (371,£E3> - X173} (15)

We claim

X = Pi(X) x Py(X) x P3(X).

To check this it suffices to check X D Py (X)X Py(X) x P3(X). Therefore let x1 € Py(X), 25 €
Py(X) and x5 € P3(X). By there exists a pair (x}, %) such that (zy, 2}, %) € X. From
(1, 2h,24) € X it follows (zy,2)) € Xy12. Hence by (14) (21,25, z3) € X. It follows
(21,23) € X153 and so (x1, 22, 23) € X by (15)). O

The last proposition states that we can only completely decouple systems if the constraint
set X decomposes as a product. The reason is that otherwise the constraint sets of the
subsystems varies with changing states x,,x3 and x;. We give an example that illustrates
this issue on the maximum positively invariant set defined in Definition [f] Consider the
following system

‘Z.'l =0 5 .%.'2 = —I1%9 , Ztg == ZE1I3(1 — ZL’3) (16)

on R? with constraint set X = {(z1,20,23) € R® : 21,23 € [3,1], 22 € [0,1], 25 > z3 — 3}
Here X does not factor into a product because the x5 component in X depends on the state
x3. Because x5(t) converges to 0 as t — oo and z3(t) converges to 1 as t — oo for any
initial value coming from X it follows that eventually any trajectory starting in X leaves the
constraint set X. But for fixed x5 = 5 we have X;2(z3) =[5, 1] x [0, 1] and any solution for
the subsystem induced by (z1,x2) starting in XLQ(%) stays in this set for all times ¢ € R,.
This different behaviour is due the varying of z3(¢) and hence the constraint set for (xy, z3),
namely X o(x3(¢)), is changing in time, which in this case causes that any trajectory with
initial value in X to leave X eventually. This is why we will have the following assumption
for the rest of this text.

Assumption 1 The constraint set X C R" is given by X = X7 x --- x Xy where each
X; C R™ 4s compact.



If needed it is possible to perform a permutation of coordinates of R™ beforehand in order
to allow a (better) factorization.

In the next chapter we will see that the sparse prototype dynamics lead to a sparse description
of the reachable set, the ROA, MPI set and GA.

4 Sparse representations for the reachable set, the RoA,
MPI set and GA

As long as we do not explicitly refer to the sparse dynamics from by a dynamical system
we will refer to solutions of the ODE with a compact constraint set X C R™.

Definition 4 (Region of attraction) For a dynamical system, a finite time T € Ry and
a target set Xo C X the region of attraction (ROA) of Xt is defined as

Ry :={xo € X : 3x(-) s.t. ©(t) = f(x(t)), ©(0) =z, z(t) € X on [0,T], z(T) € Xr}.
(17)
Remark 3 The reachable set from an initial set X7 C X in time T
Sri={xe X :&(t) = f(z(t)),z(t) € X on [0,T], z(T) = z,2(0) € X1} (18)
can be obtained by time reversal, i.e. by St = Ry for Xt := Xy and the dynamics given by

&= —f(x).

Definition 5 (Maximum positively invariant set) For a dynamical system the maxi-
mum positively invariant (MPI) set is the set of initial conditions xo such that the solutions
(o) stay in X for allt € R,

The MPI set will be denoted by M, in the following.

Definition 6 (Global attractor) A compact set A C X is called the global attractor (GA)
if it is minimal uniformly attracting, i.e., it is the smallest compact set A such that

Jim dist(¢, (M), A) = 0.
—00

Remark 4 An important property of the global attractor is that it is characterized by being
invariant, i.e. o (A) = A for allt € Ry, and attractive see [19].

In the following we will see that the sparse structure of (5] is inherited to the ROA, MPI set
and GA. We will start with the ROA and see that it decomposes into the ROA sets for the
subsystems glued together along the (decoupled) x; component.



Proposition 2 Let the dynamical system be of the form (@ Suppose that Assumption
holds, i.e. X = X; x Xy x X3, and assume Xt = X1v X Xor X Xg1. Let RY, R and
R(Tl) be the regions of attraction for the subsystems @/ with target set X1 1 X Xor, (@ with
target set X1 1 X X371 and (@) with target set Xy 1. Then Ry is given by

{(z1,29,23) € X : (21, 22) € Rg), (x1,23) € Rffrg)}. (19)

Further P Ry C R , in general they are not equal.

Proof: Let R denote the set from Let (x1,29,73) € R with corresponding solu-
tions (Z1(+), z2(+)) and (Z1(+), z3(+)), (ml( )) as in the definition of Rg?), Rg)’) and R(Tl). We
have by uniqueness of solutions of that z1(-) = #1(-) = #1(-). Hence we see that
(x1(+),z2(+),z3()) is a solution of the whole system with initial value (z1(0), z2(0), 23(0)) =
(21,22, 23), (21(t), 22(t), z3(t)) € X forallt € [0, T] and (x1(T), x2(T), x3(T)) € X1 17X Xa1X
X3 = Xr. Hence (21,22, 23) € Ry. On the other hand let (21, z2, 23) € Ry be initial values
and the corresponding solution of the differential equation (x;(+),z2(+),z3(:)). Since X de-
composes into a product by Assumption (1)) we have (x1(0), z9(0)) = (x1, z2), (x1(t), 22(t)) €
X1 % Xo, (x1,23), (x1(t), z3(t)) € X1 x X3 for all t € [0,T] and (21(T), 22(T)) € X110 X Xo1,
(x1(T),23(T)) € X117 x Xzr. All in all we have (z1,22) € R(TQ) and (z1,23) € Rgﬁ”), ie.
(21,22, 23) € R. The inclusion PRy C Rgpl ) follows again directly from and @ For an
example where those sets do not coincide take &9 = 1,43 = 1,4y = 0 (without control) and

X =Xr=[0,1P and T > 0. Then Ry = ) and R = [0,1] = X;. O

We will refer to connecting two sets along a common component as in by saying we glue
the sets together along the x; component.

And by very similar arguments we get a similar result for the MPI set and the GA.

Proposition 3 Let X = X; x Xy x X3 be as in for the sparse dynamical system (@
and let Mf) and Mf) denote the MPI sets for the subsystems (@/ and (@ then the MPI set
M, of (@ s given by

{(%1,&32,1’3) c X (271,33'2) S M_s_Q), (Q?l,l’g) S M_S))} (20)
Further PLM, C M( ) for the MPI set M for @, i general they are not equal.

Proof: Let M denote the set from (20). Let (z1,22,23) € M and t € R.. We have
Y2 gol(t )(xl,xg) € X1 X Xy and y3 = 90£3)(x1,1‘3) € X; x X3. Further by @ the 2,
Component of 1o and y3 coincide. Hence it follows from the second statement of Proposition
that ¢i(z1, 29, 23) € X7 x Xy x X3 = X. That means M is invariant and hence M is

contained in the MPI set. On the other hand let (z1, x5, x3) be in the MPI set. Again by
Propositi@nwe have for all t € R, that 30752)(1'1, T3) € Po(X) = X1 x X5 and g0§3)(:c1, x3) €
Pi3(X) = X; x X3. Hence (x1,29) € Mf) and (x1,x3) € Mf’), i.e. (x1,x9,23) € M. Since
(21, 9, x3) € X implies gpi”(wﬂ € X, the inclusion P, M, C Ple) follows immediately.
An example for which M, = () while MS) # () is again given by &y = 1,45 = 1,27, = 0 on
[0,1]3. Here M, Mf) and Mf’) are all empty while ]\/[4(_1) =10,1] = Xj. O

And a similar result for GAs is stated next.
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Proposition 4 Let X = X; x Xy x X3 be as in and A be the GA for (@) and A®)
the GA for (7). Then gluing them together along x1 gives the GA for the whole system, i.ec.

A= {(z1,20,73) € X : (11,22) € AP, (21, 25) € AP (21)

Further PLA C AV for the GA AY for (@, in general they are not equal..

Proof: Let the set from be denoted by A. Since A is given by
X NP (AP NP3 (A®) (22)

we see that it is a closed subset of X, and hence compact. By [19] Definition 10.4. and
Theorem 10.6. it suffices to show that A = M, N M_ where M_ denotes the maximal
negatively invariant set, or in other words, the maximum positively invariant set for the
dynamics given by & = — f(x). Hence we can apply Proposition (3| to get

A - M+ﬂM_

{
=1

where also the last equation follows from A®) = ME) n MY ([19] Definition 10.4. and
Theorem 10.6.). The inclusion P, A € A® follows from the corresponding inclusion for the
MPI set in Proposition 8} An example for systems for which LA C A® are systems with
empty MPI sets but non-empty AM. O

5 A decoupling procedure for approximating the ROA,
MPI set and GA

The approach in this section is based on the structure of the ROA, MPI set and GA for
sparse settings from Propositions , and |4/ and a (non-specified) method for computing or
approximating those sets. The idea is simple, we use a method for computing or approxi-
mating those sets for the subsystems and Propositions [2] [3] and [4] allow to glue the resulting
sets together to obtain (an approximation of) the desired sets.

Remark 5 (Decoupling procedure) Given a sparse dynamical system and a method for
approzimating/computing the ROA, MPI set or GA for an arbitrary dynamical system, we
can compute/approrimate the desired set for the subsystems (@ and (@ with corresponding
state constraints X1 x Xy and X1 x X3 (and repsectively Xy X Xo 7, X117 % X3 for the ROA)
due to the given method and glue the resulting sets together along their common component
x1 as in Propositions 9, [ and [4)

11



It is clear that, if a method is able to exactly compute the ROA, MPI set or GA for an
arbitrary dynamical system, the gluing procedure from Remark [5| using this method as well
produces the corresponding set exactly due to the decomposition of those sets by Propositions

2, 3] and [4

Typically exact representations of those sets are not computable and hence we have to work
with approximations. Depending on how the approximation is measured or what the chosen
methods produces the decoupling procedure from Remark [5| might fail. For example it might
not always be guaranteed that the set

{(z1,22,23) € X : (21, 22) € K, (21,23) € K3} (23)

is non-empty where K; and K5 denote approximations of the desired sets for the subsystems
constructed by the chosen method . But if the methods produce outer approximations, i.e.
K; D Ry or M, or A respectively, then of course gives a superset of the desired set
and hence can only be empty if the desired set is empty. We give two typical examples of
a metric for the quality of the (outer) approximation, one is the Hausdorff distance, i.e. for
S, C S CR”

dH,H'Hoo(Sla SQ) = sup{dist(sl, Sg) 181 € Sl} (24)

where the distance is induced by a norm on R"; the specific choice of norm will not be
important in the following due to equivalence of norms on R”. The other metric we consider
is the Lebesgue measure of the symmetric difference of two sets S, 55 C R"

d)\(Sl,SQ) = )\(SlASQ) (25)

where A denotes the symmetric difference.

In the following proposition, the term “desired set” refers to the ROA or the MPI set or the
GA.

Proposition 5 Let S} C X1 x Xo C R™™2 and S? C X; X X3 C R™™ and let
Sp? = {(x1, 29, 3) | (x1,22) € S}, (21, 23) € S}

Fori=1,2 let S* denote the desired set for the subsystems (@ and @ and S denotes the
desired set for (@ . Then the following holds:

1. Hausdorff distance: If Si — S* with respect to the Hausdorff distance, i.e. fori=1,2
du(S;,S") =0, ask — oo. (26)

Then
dg(S;%,8) =0, ask — oc. (27)

2. Lebesgue measure: We have
d(S, 5 %) < A(STASHA(X3) + A(SPASPA(Xs). (28)

In particular if S., converges to S* with respect to dy fori=1,2 then S;’Q converges to
S with respect to dy.
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Proof: Assume does not hold. Then there exists a ¢ > 0 and an unbounded subsequence
(km)men such that

di (S, 8) > e. (29)
Since by assumption S} and S? are outer approximations we get by Propositions , and
that Sp? > S for all k € N and gives a sequence of points xy, = (z), 7 @} ) €
S,ij such that dist(xzy,,,S) > e. Since S;> € X and by compactness of X there exists
r = (2',2% 2%) € X and a subsequence of (k,)men wWhich we will still denoted by (K, )men
such that z;, — x as m — co. By assumption there exist yx, = (y,}:m,y%m) € S! and
Zh = (2,20 ) € S* with ||y, — (@, 27 )| |2k, — (23,23 )| = 0 as m — co. Hence
also yp, — (z',2?), 2, — (¢',2°) as m — oo. Because S', 5 are closed it follows from
Propositions or 4| respectively that (z!, 22, 2%) € S. In particular we get

e < dist(zy,,, S) < ||zx, — (2',2% 2%)|| = 0

as m — oo, contradiction. For the second statement from S; C X; x X;4; for i = 1,2 it
follows S ,1’2 C X. From the decoupling of S by Propositions and 4| and the definition of
Sp? we get
SASy? < {(x1, 19, w3) € X : (w1, 72) € STAS} U
{(z1, 79, 23) € X : (w1, 73) € SPASZ}.

Applying the Lebesgue measure to this inclusion gives
AMSAS?) < A ({(21,22,23) € X : (z1,22) € STASL}) +
A ({($1,l’2, 1’3) e X: (iL‘l, [L’g) € SQAS]%})
= AMSTASHAX3) + AM(SPASHA(X>).
0J

Proposition [p|says that one can compute a converging sequence of approximations to the de-
sired set by computing converging approximations for each subsystem separately, thereby re-
ducing the computational effort. Specific computational methods to do so based on semidef-
inite programming are discussed in Section [7]

In the next chapter we will generalize the decoupling approach based on the sparsity graph
to general dynamics induced by a function f.

6 More general graph structures

By the same arguments we used for the simple cherry structure of the prototype setting
, gluing together along x; works also for more subsystems, i.e. for dynamics of the form
2 = fi(xy, ;) fori =2 ... r with &1 = fi(z1). Induction on the branching allows also more
tree-like structures.

But instead of following this specific approach, in this section we are lead by the observation
that Propositions [2] [4] and [3| can be rephrased as

S={reX:P(x)e s foriel} (30)
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where S denotes the desired set —i.e. the ROA, MPI set or GA — and some index set I where
for i € I the set S; denotes the desired set for a (maximal) subsystem and P;(z) denotes the
projection on R™ for the corresponding subsystem.

We will see that such a result is true for general dynamical systems. To be able to state the
result from Theorem [3in a more convenient way we assume that the sparsity graph is acyclic.
It follows that the subsystems we need to consider are induced by leafs (Lemma (1)), i.e. the
subsystem’s nodes are given by the pasts of the corresponding leafs. We can always achieve
acyclic sparsity graph by choosing a suitable partition. For example, it suffices to choose the
partition in such a way that for each circle all its nodes are assigned to one element of the
partition. This is illustrated in Figure

/ *®
//// \\\
// \\
// \\
- ¥ \\\ -
| ) l | —————
\‘\f,.z// \\\-‘¥.r/ '
. ~
\ e
\\
N

Figure 4: A circle reduces to one node.

To be more precise we define the reduction of a circle to one node formally in the following
remark.

Remark 6 (Circle reduction) Let Jy,...,Jy be a partition of {1,...,n} with correspond-
ing states xi,...,xXy. Let x;,,...,%;, form a cycle in the sparsity graph of f with respect
to the partition Jy,...,Jy. Then grouping X;,,...,X;, together means considering the new

. !
partition consisting of J := |J J;, and J; fori e {1,..., N} \ {i1,...,q}.
r=1

A circle can be detected for example by the depth first traversal algorithm with complexity
O(|V| + |E]|) (see for example [4] p. 543) where V' denotes the set of nodes and FE the set of
edges. Each detected circle reduces the number of nodes and edges so that the complexity
of finding all circles is less than O(|V|(|V| + |E|)).

Reducing a circle to one node does not affect our approach. This is because all nodes in the
circle necessarily occur always together in a subsystem containing any of the nodes from the
circle. Hence the subsystems obtained from a sparsity graph and the same sparsity graph
where circles have been reduced to single nodes coincide.

Similar arguments reveal that a system cannot be reduced if for example its corresponding
graph is a path in which each branching is contained in a circle; see Figure [5] For straight
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lines this is even more obvious: The nodes are connected only by one incoming and one
outgoing edge. Exploiting such sparse structures for the ROA is investigated by [21].

Figure 5: Straight paths with circles.

The following lemma contains the basic properties of leafs and their pasts that we need for
the proof of the main theorem.

Lemma 1 Any directed graph without circles has at least one leaf. Furthermore, for directed
graphs without circles we have for the set V' of nodes that V = ) P(z).

x leaf

Proof: Let W be a maximal path in the graph, i.e. a path that can’t be extended in G.
Let = be the last node in W. We claim that x is a leaf. If x is not a leaf then there exists
an edge (z,y) in G for some node y. By maximality of W we can’t add y to W, that means
the edge (x,y) has been used before in W. This means that W has visited x before, i.e.
there is a part of W that connects x to itself, i.e. a circle — contradiction. For the remaining
statement let y be an arbitrary node. We can choose a longest path containing this node
which has to end in a leaf x, hence y is contained in the past of x. U

Before proving our main result we proceed as we did before and first establish a description
of the ROA, MPI set and GA by decomposing into subsystems according to the sparse
structure of the dynamics, but now for general dynamics and not just trees as described in
the previous sections.

Theorem 3 (Decomposition of the ROA, MPI set and GA) Assume X = X;x---X
X, and (for the ROA) Xt = X vx---xX, 1 for compact sets X;, X;7 CR™ forj=1,...,r.
Assume the sparsity graph has no circles. Let x1,...,x; be the leafs of the sparsity graphs of
f with corresponding pasts P(x1),...,P(x;). For the ROA let T € R,. Then the ROA Ry,
MPI set M., GA A are given by

Rr={veX :apy, € Ry fori=1,...,1} (31)

and _
My ={z€ X :xpu,) € M| fori=1,...,1} (32)
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and '
A={ze X apy,)c A fori=1,...,1} (33)

where Ry, M, A" denote the ROA, MPI set and the GA for the subsystem induced by the
past of the leaf x; and wp,,) denotes the vector of states of x that corresponds to the past of
Z;.

Proof: We proceed in the same way as for the basic example ([5)) in Proposition Proposition
and Proposition [d] Hence we only argue for the ROA because the arguments for the other
sets are just adaptions according to the proofs of Propositions [3| and 4] Let R denote the
right hand side of (31). Let x € R. We have to show that for the solution z(-) of the
dynamical system with initial value x we have z(t) € X for t € [0,7] and z(T) € Xp. If
we write z(t) = (z1(t),...,2,(t)) this means we have to show zx(t) € Xj for t € [0,7] and
2 (T) € Xy forall k = 1,....r. Fix k € {1,...,r}, by Lemma [I] and the assumption
that the sparsity graph has no circles it follows that z; € P(z;) for some leaf x;. By
definition of R it follows z4(t) € X}, for all ¢ € [0,7] and x4 (T") € Xy from = € R. Hence
x € Rrp. For an element x € Ry we have z(t) = (z1(t),...,2,(t)) € Xy x ... X, = X
for all t € [0,7] and z(T) = (21(T),...,2,(T)) € Xy X ... X, 7. Let x; be a leaf then

clearly xp(,,y(t) € ] X fort € [0,7] and xp,)(T) € [[ Xjr, which exactly means
‘ xz;€P(x;) x;€P(x;)
Tp(z;) € err. O

This allows us to compute the desired sets based on computing them for the subsystems
induced by the leafs.

Algorithm 1 (Decoupling procedure) Given a dynamical system induced by f and a
method for approximating/computing the ROA, MPI set or GA for an arbitrary dynamical
system. Let Jy,...,Jn be any partition of {1,...,n}.

i. Reduce the circles in the corresponding sparsity graph of f as in Remark[d.

i. Compute approzimations for subsystems: Let x;,, ..., x; be the leafs of the correspond-
ing sparsity graph after reducing the circles. Use the given method to compute approz-
imations S;,, . ..,S; of the ROAs, MPI sets or GAs respectively for the subsystems
induced by the pasts of the leafs x;,, ..., x;

.-
wi. Glue S;,,...,S; together as in Theorem[3 by
S={re X :wpy, €S forr=1,... 1}

The last ingredient before stating the main theorem is a generalization of the convergence
property of the decoupling procedure from Proposition [5]

N
Theorem 4 Let a dynamical system on R™ be induced by f with state constraint X = [] X;

Jj=1

N

for compact sets X; C R™ and for the ROA Xt = [] X, for a partition Jy,...,Jn of
j=1

{1,...,n} with |J;| = n;. Given a method for approzimating the ROA, MPI set or GA for

an arbitrary dynamical system such that
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1. in case of Hausdorff distance (induced by any norm on R™): If the method gives a
convergent sequence of outer approximations Sy of the desired set S, i.e. Sy D S and

dy(Sk,S) =0, ask — co. (34)
Then the decoupling procedure, Algorithm produces a sequence of sets S, with

dg(S;,,S) =0, ask — oo. (35)
for S denoting the desired set for the (sparse) dynamical system.

2. In case of Lebesque measure: Let the sparsity graph of f be acyclic and let z;,, ..., x;
be the leafs. Let S™ denote an approximation of the desired set S™ forr =1,...,1 for
the subsystems induced by the leaf z; . Then we have

dr(S,8') = A(SAS) <> AS"ASAC [ X (36)

&P (i)

where S is the desired set for the sparse dynamical system and S’ the set obtained from
Algorithm . In particular if a method produces approximations of S* that converge
to S* with respect to dy then the decoupling method produces a set that converges to S
with respect to dy.

Proof: We proceed in the same way as for the prototype setting. Let z;,,...,x; be the leaf
in the sparsity graph obtained from the decoupling procedure and Si, ..., St be the corre-
sponding (converging outer) approximations of the desired sets for the subsystems induced
by the leafs. For the first statement assume does not hold. Then there exists a ¢ > 0
and an unbounded subsequence (k,,)men such that

du(Sk, . S) > ¢ (37)

and we find points z,, € S; ~with dist(xy,,,S) > . By construction of S}, boundedness
of S1,...,S" and the assumption (34) it follows that there exists 2 € R" and a subsequence
of (km)men which we will still denote by (ky,)men such that zy,, — x as m — oo. By
assumption there exist y;, € S* fori=1,..., 1 with ||y, — (@, )p@)| — 0asm — oco.
Hence also y;, — @p(,;) as m — oo for i = 1,...,[. Because St ..., 8" are closed it follows
Tp(y) € S' for i =1,...,1 and by Theorem [3| we get z € S. In particular we get

e < dist(zg,,, S) < ||zk,, —z|| = 0

m

as m — 0o, which is a contradiction. For the second statement we get by the decoupling
procedure Algorithm [1] that S’ C X and

l
SAS" c | J{z € X :apq,) € STAS"}.

r=1
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Applying the Lebesgue measure to this inclusion gives

l
ASAS) < Y A({zeX :apg,) € STASY)

r=1

= Y MSASTN [T Xw).

i ¢P(zr)
([l

In the next section we will state methods from [10], [12] and [20] that give converging (with
respect to dy) approximations of the ROA, MPI set and GA. Then we have everything we
need to state and prove our main theorem.

Before doing so we first describe how to choose a good partition of nodes for the sparsity
graph of a function f.

6.1 Selecting a partition

The choice of a partition of the states can influence the performance of the method strongly.

First we start with factorizing the state space as fine as possible in order to decouple the
dynamical system as much as possible.

Definition 7 We say X C R" factors with respect to a partition Jy,...,Jy of {1,...,n} if
there exist sets X; C R™ where n; = |J;| fori=1,...,n such that

X={zreR":PrrxeX, fori=1,...,N}.

We say Ji, ..., Jn induces a factorization; the sets X; are given by P;, X.

This is the natural generalization of the factorization we needed for the prototype setting.
The following Lemma allows us to find a finest factorization of X which will be useful in
order to group only as much nodes in the sparsity graph together as needed.

Lemma 2 There exists a minimal factorization for X; that is a factorization induced by
J1,...,JIn of X, such that for any other factorization induced by I, ..., Iy, we have for all
i=1,...,.M that I, = |J Ji.

k:J,CI;

Proof: We give a proof in the Appendix. 0

N

In order to satisfy Assumption |1|for this factorization, namely that X = [] Xj;, we only need
i=1
to perform a permutation of coordinates of R™.

It is now clear that the partition obtained from Lemma [2| allows the finest decoupling of the
dynamical system into subsystems, i.e. a decoupling into subsystems of smallest dimension.

In the following we focus on finding outer approximations of the ROA, MPI set and GA
based on convex optimization proposed in [10], [12] and [20].
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7 Structured semidefinite programming outer approx-
imations

For the region of attraction, maximum positively invariant set and global attractors there
exist representations in terms of solutions of infinite dimensional linear programs (see for
example [21], [10], [13], [12] and [20]). Those provide converging outer approximations. We
will follow those methods here and combine them with the decoupling procedure which
then allows faster computation. Further we propose similar LPs that exploit the sparse
structure even further but they have the disadvantage that they do not provide guaranteed
convergence which is why we suggest to pair them with the convergent approach obtained
from a hierarchy of SDPs from [10], [12] and [20] with the decoupling procedure, thereby
guaranteeing convergence by design.

At the beginning of this section we consider again general dynamical system on R"™ with
compact state constraint set X C R™ and no sparse structure. Sparse structures will be
considered in the subsections [Z.3] and [7.4]

7.1 Linear program representations for the ROA, MPI set and
GA

To state the LP from [10] for the ROA we need the Liouville operator £ : C*([0,7] x X) —
C([0,T] x X) that captures the dynamics, which is given by

0
Lo = Y +Vou- f. (38)

The dual LP from [10] is given by
d*:= inf [w(z) d\(z)
X
st. vel0,T] x R"),w e C(X)

Lo(t,x) >0 on [0,7T] x X (39)
v(T,z) >0 on Xr

w(z) >0 on X

w(z) >v(0,z) +1 on X

In [I2] an LP that relates to the MPI set was presented. This LP with discounting factor
£ > 0 is given by

d* = infiw(m) d\(x)
st.  veCl'R"),weC(X)

Vo- f < po on X (40)
w >0 on X
w>v+1 on X
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Based on the (dual) LP for the MPI set the following LP for the GA was proposed in [20]
with discounting factors 31, B2 > 0

d*:= inf [wd\
X
st.  pgeCH{R"),weC(X)

—p—qt+w=>1 on X (41)
w >0 on X
bip—=Vp-f=0 on X
Baq+Vq-f>0 on X

Remark 7 The dual problem (@), @ and have the advantage that they give rise
to outer approximations by the sets w='([1,00), which get tight as feasible points (v, w)
or (p,q,w) respectively get optimal. But this is typically not the case for primal feasible
elements, this s why we don’t state the primal LPs here. Inner approximations can be
approached in a similar way by using the LPs for inner approximations from [Tj|] and [T7]

7.2 Semidefinite programs for the ROA, MPI set and GA

In the previous subsection we have presented infinite dimensional LPs on the space of con-
tinuous functions — whose minimizers, or more precisely minimizing sequences, allow repre-
sentations of the ROA, MPI set and GA. In this section we state a well known approach
to such LPs that reduces the LP to a hierarchy of semidefinite programs (SDPs). Those
SDP tightenings for the dual problems can be found in the corresponding papers (for exam-
ple [10], [12], [20]). Combining the SDP approach with the decoupling procedure from section
we get a sparse approach towards approximating the ROA, MPI set and GA. We state the
SDP procedure here to have a selfcontained sparse approach to convergent approximations
for those sets.

For this approach it is necessary to assume additional algebraic structure of the problem
because the dual LP tightens to a sum-of-squares problem, which leads to hierarchy of
SDPs. This is a standard procedure and we refer to [16] or [I5] for details.

Assumption 2 The vector field f is polynomial and X C R"™ is a compact basic semi-
algebraic set, that is, there exist polynomials py,...,p; € R[x] such that X = {x € R" :
pij(x) > 0 forj = 1,...,i}. Further we assume that one of the p; is given by p;(z) =
R%* — ||z||3 for some large enough R € R. And similar for Xp C R™ for polynomials q; for
j=1,....1.

If there are no such polynomials of the form R? — ||z||3 then by compactness of X, X7 we
can add the redundant inequality R — ||z||3 > 0 for the smallest radius R such that Bg(0)
contains X, X7. This will be needed in order to apply Putinar’s Positivstellensatz (see [1§]).

The idea for the SDP tightenings is first to reduce the space of continuous functions to the
space of polynomials. The fact that the optimal value for the LP is not affected is justified
by the Stone-Weierstrafl theorem (and the existence of strictly feasible points). For the space
of polynomials there is a natural way of reducing to a finite dimensional space, namely by
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bounding the total degree. That gives a sequence of finite dimensional optimization problems
(in the coefficients of the polynomials). But those optimization problems are not tractable
because testing non-negativity is a difficult task. The replacement of non-negativity as a sum-
of-squares conditions allows a representation as an SDP. Finally convergence is guaranteed
by Putinar’s positivstellensatz.

In the following k will always denote the maximal total degree of the occurring polynomials
and d; the total degree of the polynomial f.

We start with the SDP tightening for the ROA for a (non-sparse) dynamical system with
constraint set X with finite time horizon [0, T’

dy := inf(w,A)
s.t. v € R[t, 2]py1-q,,w € Rlz]y,

—Lv = S1+ Z a;p; + bt(T — t)
7=1
l
’U(T, ° ) = S9 + Z Ciq; (42)
j=1
w = S3 + Z dlpj
j=1

w_v(07'7')_1234+26jpj
j=1

for sum-of-squares polynomials s1,a;,b;,b € R[t,z], s2,53,84,¢,¢e; € Rlz] for j = 1,...,i;
such that all occurring polynomials in the SDP have degree at most k. The vector A
denotes the vector of moments of the Lebesgue measure on X and w denotes the coefficients
of the polynomial w, such that

(W, A) = / w(z) dA.

And similar for the MPI set.

di = inf(w,A)
S.t. v € R[x]k-f—l—dfa w € R[I’]k

Bv—Vu-f=s+> a;p;
=1

i (43)
w =S92+ Y bip
i=1 ‘
w—v—1=s34+ Y ¢;p;
j=1
with sum-of-squares polynomials sy, sg, s3,a;,b;,¢; € R[z], for j = 1,...,4, such that all

occurring polynomials in (43]) are of degree at most k.
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And analogue for the GA.
di = inf(w,A)
st. pq € R[zleraq;,w € Rz

Bip—Vp-f=s1+> ap,
j=1

Bt = V- f=s2+ 3 bip; (44)
j=

i
w =83+ Y. cip
Jj=1

w—p—qg—1=s4+ ) djp;
j=1

with sum-of-squares polynomials sy, so, s3, 84, @, b;,¢;,d; € Rlz], for j = 1,...,7 such that
all occurring polynomials in are of degree at most k.

By [10], [12] and [20] the sequences dj from for the ROA, for the MPI set and

for the GA converge monotonically from above to the Lebesgue measure of the corresponding
sets. Further the sets

Spi=w " ([1,00)] = {r € X : w(x) > 1} (45)

are outer approximations that get tight (with respect to Lebesgue measure discrepancy)
when (v, w), respectively (p, ¢, w) gets optimal.

7.3 The main algorithm and main theorem

Now we have everything we need to state our main algorithm and prove our main theorem.
The main ingredients are Theorem 4] and convergence properties for the hierarchy of SDPs.

Algorithm 2 Let Jy,...,Jn be a partition of {1,...,n} with |J;| = n; and a dynamical

N
system on R™ be induced by a polynomial f with state constraint X = [] X;, for compact

7=1
N
basic semialgebraic sets X; C R™ satisfying Assumption|d (and for the ROA Xp = [] X;r
j=1
for compact basic semialgebraic Xp; C R™) for j = 1,...,N. Fiz the maximum degree
k € N of polynomials occurring in the SDPs.

i. Reduce the circles in the corresponding dimension weighted sparsity graph of f as in
Remark [d.

it. Compute outer approximations of the ROA, MPI set or GA for subsystems by the

SDPs (@, respectively or respectively .' Let x;,,...,z; be the leafs of the
corresponding sparsity graph after reducing the circles. Use the SDPs @, or

respectively for polynomials up to degree k to compute approrimations ka), e ,Sl(k) of
the ROAs, MPI sets or GA respectively for the subsystems induced by the pasts of the
leafs x;,, ..., z;,.
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1i. Glue S§’“), ceey Sl(k) together as in Theorem@ by

S® = {z€X :ap ) € SW forr=1,...,1} (46)
= {z e X :wj(rpu,) >1fori=1,...1}

The second equality in follows immediately from ([45)).

Before stating the main theorem we remind of the definition of the largest dimension weighted
past w defined in ([2)).

Theorem 5 Algorithm [4 produces converging outer approzimations of the ROA, MPI set
or GA respectively, i.e.

S®) 5 S for all k € N and dy(S®,8) = A\(SPAS) = 0 as k — oo

where S denotes the ROA, MPI set or GA respectively for the dynamical system. The
complezity of the corresponding SDPs that need to be solved in Algorithm|[ is determined by
w.

Proof: This follows immediately from the convergence results of [10], [12], [20] and Theorem
because the largest SDP, i.e. the SDP involving the most variables, that occurs is induced
by the subsystem whose leaf has the largest weighted past and this SDP acts on sum-of-
squares multipliers on w variables. O

That the complexity of the SDPs is determined by w is the reason why this approach is
useful to reduce complexity. The SDPs obtained by SOS hierarchies grow combinatorically
in the number of variables and the degree bound k. The number of variables used in each
branch of the tree reduces the number of variables for the remaining problems. To make this
more precise let us have a look at the basic branching as in Figure . Let nq,ns, ng be the
number of variables in x1,x9, 3. Let k& be the degree used for the SDPs. Then the size of
the largest sum-of-squares multiplier for the full system is

(n1+n2+n3+§)
k

2

while for the subsystems it is

ny +ng + 2 ny+ns+ %
(1 k2 2) and(l k& 2).
2 2

For general graphs it follows similarly that the more the graph separates into subsystems
the more effective this approach gets.

Let’s precisely count the number of variables in the SDP for degree bound k. Here in case
of the MPI set. Let x,...,2; be the leafs of the dimension weighted sparsity graph of f

and the total set of nodes {x1,...,2n5}. Let n(P(z;)) = > n; be the dimension of the
JEP(x4)
state space for the past of z;. Let v; be the number of constraints defining the set X; and
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¢i == >, v; the number of constraints defining the state constraint for the subsystem
z;€P(x;)

N
induced by by the past of z;. Let ® := > v; be the total number of constraints defining X.

J=1
The number of variables in the non-sparse SDP for the full system is given by

3(1+®)- <”j§) (47)

2

while for the sparse SDP we get

32(1 + ¢i) -

=1

’ (P ) )

k
2

Hence we see that the reduction in the number of variables is significant if the dynamics
is strongly separated, i.e. pasts of the leafs overlap less, i.e. n; and ¢; are small compared
to n and ®. Which is what we would expect because strong separation tells us that fewer
interactions are needed in order to describe the system.

Remark 8 Treating the subsystems separately by the decoupling procedure has another ad-
vantage. Namely it allows to take properties of the subsystems into account. Particularly for
the SDP approach this allows for example the use of different degrees for the hierarchies of
different subsystems. This can be useful if the hierarchy for some subsystems allow the use
of low degrees to already capture the dynamics well while for other subsystems high degrees
are required to obtain accurate approximations. For the whole system this typically means
that also a high degree for the SDP hierarchy is needed (in order to capture the dynamics of
the more complex subsystem).

7.4 Sparse improvement

We propose a slightly adapted LP that allows a further (sparse) improvement on the outer
approximation while maintaining the reduced computational complexity.

For the rest of this section assume that the sparsity graph of f with respect to a given

partition is acyclic and has leafs x;,,...,x;. Let I ,..., I; be the set of indices corresponding
to the nodes in the past of z;,,...,x;. And let X, := [] X; denote the constraint space for
JElr

the subsystem induced by the past of x; for r =1,... 1. The set z;. denotes the projection
of x € X onto X}, , i.e. the components of x corresponding to I,., similar for the function f let
f1, denote the components of f corresponding to the index set I,.. Let n, be the dimension
of the state space for the subsystem induced by the past of x;_, i.e. X; C R"™.

It is possible to combine the LPs for the subsystems but such that the constraints only act
on functions on X; forr=1,... 1.

We propose the following dual sparse LP for the ROA
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d= ity [ wr(y) dA(y)

r:lXIT
st. v elCYH[0,T] xR™),w" €C(X;,) 1<r<lI

l
YL (t,x,) >0 on [0,7] x X
r=1
l (49)
Z UT(Tv xlr) Z 0 on XT
r=1
!
dYw(xg) >0 on X
r=1
l
Yw(xr,) —v"(0,25,) > 1 on X
r=1

Where L, denotes the Liouville operator on the subsystem induced by the past of z;, .

The LP is sparse because the functions w”,v" only depend on zj, instead of x. For the
corresponding SDP we choose the SOS multiplier to only depend on the variables z;, .

Remark 9 We have summed the corresponding inequalities of the LP (@) for the subsys-
tems. This has the advantage that the set of feasible points for the LP (and the corresponding
SDP) is larger. On the other hand it enforces less structure on the feasible points. This can
potentially hamper convergence of the approximations. This undesirable property can be
avoided by intersecting with the approximations coming from the fully decoupled approach;
this is formally stated in Theorem [6

Similar to the set constructed by the decoupling based on the SDP hierarchy in we can
construct a superset of the ROA based on feasible sets for the sparse LP (49).

Proposition 6 Let (w',v',w? v?, ... w' v!) be feasible. Then

{zreX:) wix,)>1}D Ry (50)

r=1

Proof: We can apply Lemma 2 from [10] to the functions v(x) := > v"(zy,) and w(z) :=

r=1

I
> w"(zy,) and it follows the conclusion. O
r=1

Similar arguments for the LPs and for the MPI set and the GA lead to the following
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sparse LPs for discounting factors 8y,...,53 > 0

di= Y [ w(y) d\)

r:lXIT
st. v eCHR™),w" € C(Xy,) 1<r<i
l
> (Vo' fi, = Bpv") (2,) <0 on X 51
r=1 ( )
l
dYow(xg) >0 on X
r=1
l
S(w" —v")(xg,) > 1 on X
r=1

for the MPI set and

d::= inf Zl: [ w"(y) d\(y)

r=1Xy,
st.  p'q € ClR™),w" € C(Xy)

MN

(Vo' f1, = Bop") (x1,) <0 on X

r=1

: (52)
VG - fr. +6:4") (1) <0on X on X
r=1

!

Yow'(xr,) >0 on X
r=1

!
Yo(w—=p" =) (xg) > 1 on X

%
Il
—

for the GA.

And as for the region of attraction we get the following proposition.

Proposition 7 Let (w!, vt w? v? ... w! ') be feasible for or (wh,pt, ¢4, ..., wp' q")
be feasible for (@ respectively. Then

l

{reX:> wiz,)>1} D> M, (53)
r=1
or respectively
l
{r e X: ZwT(xI,,) >} DA (54)
r=1

I
Proof: For the MPI set we can apply Lemma 3 from [12] to the functions v(z) := > v"(xy,.)
r=1

!
and w(z) := >, w"(z;,) and for the GA we apply Lemma 1 from [20] to the functions
r=1

r=1 r

vl (z) = > pi(xg,), vi(z) = i1 q"(z7,) and w(z) := éwr(xh). O
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We can enforce the sparse structure of the LPs , and to the corresponding
hierarchy of SDPs; by that we mean that instead of replacing the non-negativity constraint
by an SOS constraint with polynomials on X we only use SOS polynomials on the spaces
Xj,. This reduces the complexity due to the possibility to work with the smaller spaces
Rlzp], ..., R[zy] C Rlz] similar to treating the subsystems separately as in the previous
subsection.

Even though this approach has similar computational complexity — because the largest SOS
multiplier acts on w variables — we can’t guarantee convergence. This is why we need to pair
this method with the convergent method based on the decoupling the dynamical systems to
obtain a convergent sequence of outer approximation.

Theorem 6 Under the assumption of Theorem@ let S®) for k € N be the outer approzima-
tion of the ROA, respectively the MPI set, respectively the GA from @ and Y ) be the sets
obtained from @), respectively or respectively by optimal points (w",v"),=1__4,
respectively (w",p", q")r=1...1, of the corresponding sparse SDPs for @), respectively ,
respectively . Then S®NY®) is o converging (with respect to dy) outer approximation of
the ROA, respectively the MPI set, respectively the GA. The largest occurring SOS multiplier
acts on w variables.

Proof: By Propositions [6] and [7] we have S® > S® nY® 5 § where S denotes the
desired set. Hence convergence follows from convergence of S*) stated in Theorem . By
the enforced sparse structure of the SDPs for the sparse LPs , and the largest
SOS multiplier occurs corresponding to the subsystem induced by a leaf with the state space
of largest dimension; hence it acts on w variables. 0

8 Discrete systems

All concepts from the previous chapters can also be applied to discrete systems

Tpp1 = fag), o € X (55)

for a function f : R™ — R"™ and a compact constraint set X C R".

The definition of a subsystem is the same and the (dimension weighted) sparsity also is
defined the same way.

By the same arguments as for continuous time systems the decomposition of the region of
attraction, maximum positive invariant set and GA is proven. And the convergence property
for the decoupling procedure in Theorem [ follows immediately because the only ingredients
there are the decomposition of these sets and a well working method for approximating them.

Also the LPs and corresponding hierarchies of SDPs for those sets have counterparts for
discrete systems [10], [12] and [20].
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9 Numerical examples

9.1 Cherry structure

As an example we consider the interconnection of Van der Pol oscillators as in Figure[6] For

Figure 6: Interconnection of Van-Der Pol oscillators in a cherry structure.

the leaf nodes 22, ..., 2", the dynamics is

it = 21}

iy = —0.87% — 10[(z})* — 0.21]xh + d;7.
For the root note z', the dynamics is

i1 = 23
iy = —0.877 — 10[(z})* — 0.21] 3.

We illustrate the decoupling procedure by computing outer approximations of the MPI set of
this system with respect to the constraint set [—1.2,1.2]*. We carry out the computation
for degree £k = 8 and N = 10, resulting in a total dimension of the state-space equal to
20. The optimal decoupling in this case is into subsystems (z',z%), i = 2,..., N, each of
dimension four. Figure [7| shows the sections of the MPI set outer approximations when the
value at the root node is fixed at [0.5,-0.1]. The computation time was 12 secondsE] Next we
carried out the the computation with £ = 8 and N = 26, resulting in state-space dimension
of 52. Figure |8 shows the sections of the MPI set outer approximations when the value at
the root node is fixed at [0.5,-0.1]. The total computation time was 40.3 seconds. It should
be mentioned that these problems in dimension 20 or 52 are currently intractable without
structure exploitation. Here the sparse structure allowed for decoupling in 9 respectively 25
problems in 4 variables, which were solved in less than a minute in total.

9.2 Tree structure

As our second example we consider a network of Van der Pol oscillators as in Figure[9] The
coupling is as in the previous example from the first component of the predecessor state to
the second component of the successor state. The coupling intensity ¢ is set to 0.1 for each

LAll computations were carried out using Yalmip and MOSEK running on Matlab and 4.2 GHz Intel
Core i7, 32 GB 2400MHz DDRA4.
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6 =1.875

0=3.75 § =4.375

5=5
1 1 1
05 05 05
0 0 0
05 05 05
El -1 El

-1 0 1 -1 0 1 -1 0 1

Figure 7: Van der Pol oscillators in a cherry structure: Sections of the outer approximations of the MPI
set for k =8 and N = 10.

§=0 5 =0.20833 § = 0.41667 §=0.625 § =0.83333
17 17 1 17 1
-1 -1 -1 -1 -1
40 1 40 1 4 0 1 4 0 1 4 0 1
§=1.0417 5=1.25 5 =1.4583 § = 1.6667 5=1.875
1 1 1 1 1
-1 -1 -1 -1 -1
40 1 4 0 1 4 0 1 4 0 1 4 0 1
6 =2.0833 5 =2.2917 §=25 6 =2.7083 5 =2.9167
1 1 1 1 1
0 Z q 0 z q 0 ] q 0 ' q 0 1
-1 -1 -1 -1 -1
40 1 4 0 1 4 0 1 4 0 1 4 0 1
§=3.125 §=3.3333 5 =3.5417 §=3.75 5 =3.9583
1 1 1 1 1
0 1 0 1 0 1 0 1 0 1
-1 -1 -1 -1 -1
40 1 4 0 1 4 0 1 4 0 1 4 0 1

0 =4.1667 0 =4.375 6 = 4.5833 0 =4.7917 ’ §=35
1 1 1

Figure 8: Van der Pol oscillators in a cherry structure: Sections of the outer approximations of the MPI
set for degree k = 8 and N = 26.
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edge. The goal is to compute the MPI set with respect to the constraint set [—1.2,1.2]1°.

The optimal decoupling is now into 3 subsystems given by (z!, 22, z%), (2!, 22, 25), (2!, 2®);
the respective dimensions are 6, 6 and 4. Figure [I0] shows six random sections of the ten
dimensional MPI set outer approximation computed by our approach with degree k£ = 8.
Even though the the overall state-space dimension 10 is less than it was in our previous
example, the computation time of 285 seconds is higher since the maximum dimension of

the subsystems is higher.
/ Xl
x4 x°

Figure 9: Interconnection of Van-Der Pol oscillators in a tree structure.

Figure 10: Van der Pol oscillators in a tree structure: Random projections of the outer approximation to
the ten dimensional MPI set.
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10 Conclusion

We presented a decomposition of several important sets related to nonlinear dynamical sys-
tems based on their correspondences for subsystems of the dynamical system. This was
motivated by [2] and extended from the region of attraction to also the maximum posi-
tively invariant set as well as GA. We focused on the uncontrolled but state constraint case
and showed how this concept can be generalized for general dynamical systems on R"™. We
showed that this decomposition gives rise to methods for computing these sets from their cor-
respondences for the subsystems. Using the works [10], [I12] and [20] we presented a method
that provides a converging sequence of outer approximations based on convex optimization
problems, while exploiting the underlying structure.

We believe that decomposing the dynamical system into subsystems as presented here can
be beneficial for other objectives such as constructions of Lyapunov functions or invariant
measures to name just two. It may also be of interest to exploit sparsity for extreme value
computation, building on [§]. Another direction of future work is the inclusion of control, i.e.,
the computation of the region of attraction with control, the maximum controlled invariant
set and optimal control. Utilizing this approach in a data-driven setting, building on [I1], is
another possible generalization.

Sparsity in the dependence of the dynamics of the states is not the only structure of f that
can be exploited. If for example f is a polynomial, then the algebraic structure of f can
be investigated, leading possibly to further reduction of complexity, in analogy to the static
polynomial optimization (e.g., [24]). In addition, more general sparse structures should be
investigated as we have seen that our approach treats straight paths or circles as subsystems
— in the same way as if all the corresponding nodes were fully connected. Work in this
direction was done in [21].

Finally this approach depends on the explicit description of f — it is not coordinate free.
This can be seen for example by a linear dynamical system & = Az for diagonalizable matrix
A € R™"™ with non-zero entries. Since every entry of A is non-zero the sparsity graph is the
complete graph while after a change of coordinates that diagonalizes A the corresponding
sparsity graph for this dynamical system consists of isolated nodes, i.e. there are no edges at
all. Therefore it would be interesting to understand the intrinsic, coordinate free situation,
taking into account the presence of constraints that need to decouple simultaneously with
the dynamics.

11 Appendix: proof of Lemma

Proof: of Lemma[3

We look at theset T := {J C {1,...,n}: J and {1,...,n}\J induces a factorization of X}.
The set T is the collection of all partitions consisting of only two sets, such that they induce a
factorization of X. We will see that 7" contains minimal elements (with respect to inclusion);

these will give rise to the desired factorization of X. We start with the following properties
of T.
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1. T is non-empty.
J = {1,...,n} is contained in X because in induces the trivial factorization X of
factoring into itself.

2. T is closed with respect to taking the complement in {1,...,n}.
Let J € T then J¢:={1,...,n} \ J € T because J¢ J is a partition that induces the
same factorization as J, JC.

3. T is closed with respect to intersections.
Let Ji,J; € T with corresponding sets X; := Pj (X), Xo := Pje(X) and Y] :=
Py (X),Ys := Pj(X). Let J:=JiNJyand I :={1,...,n}\ J. We claim J, I induces
a factorization. Therefore let Z; := P;(X) and Zy := P;(X). We need to show that
we have
X = X':={z €R": Py(z) € Z1, P;(2) € Zs}. (56)

For any z € X we have x € X’ by definition of Z; and Z,. Let 2/ € X'. By
definition of Z; there exists x; € X with Pj(zy) = Py(2’). From J; € T it follows
le(l’l) € X;. Since I D ch it follows Pchl’l S PJIC(P](X)) = PJf(X) = Xy. Since
J1, J{ induces a factorization we get that the element z5 € R with Py, (z2) = Py, (1)
and Pje(z2) = Pre(Pr(z')) belongs to X. If we repeat this process with J; replaced
by Jo we find an element xz3 € X such that Pj(z3) = Pjnn(r3) = Pjng(2) and
P](l’g) = PchUJ26<I3) = PJfUJS(:I;/)7 ie. o' =x3 € X.

4. T is closed with respect to taking union.
Let Jl, J2 € T. Then Jl U JQ = (ch N Jé:)c eT.

It follows that T is a (finite) topology and hence there exists a minimal basis of T" (consisting
of the smallest neighbourhoods of each point), i.e. for each i € {1,...,n} define U; :=

(l J € T. Those U; are minimal elements in 7' containing i, and hence their unions
JeTvedJ
covers {1,...,n}. Further for i # k the sets U; and Uy are either identical or disjoint,

otherwise intersecting them would create smaller non-empty elements in 7'. Let Jy,..., Jy
be the partition induced by the sets U;, i.e. for all k =1,..., N the set Ji is given by some U;
and Ji,...,Jy is a partition. We claim that this defines the finest partition that factorizes
X. First let I, ..., Iy induce a factorization of X. Let 1 < k < M. Then I}, I induces a

partition because I, ..., Iy, already induces a partition. That means [, € T and since the
U; build a basis we have I, = |J U;. It remains to show that Ji, ..., Jy defines a partition.
i€Jg

For each 1 < k < N there exist sets X} (and X}) such that
X = {l' e R": PJk(JZ') € lePJ,g(x) € Xllf} (57)

We claim X = {z € R": Pj,(z) € X, fori=1,...,N}. It suffices to show that {x € R" :
Py (z) € X;fori =1,...,N} C X. Therefore let x € R™ such that Pj,(z) € X;. From
Jo € T it follows from Py, (x) € X, that there exists a 2% € X with Py, (2?) = Pj,(z) because
Jy € T. Hence it follows Pje(2®) € X{. In particular the element

~9 ~9 . ~9 Lis (&S Jl
2% = (7 )i=1,. n With 7; = 58
(T7)i=1,... { > e g (58)

x5,



belongs to X and satisfies :EZQ = x; for i € J; U Jy. Now we can continue this process for the
new partition (J1UJy), Js, . .., Jy and find an element 72 € X with 73 = x; for i € J,U.JLUJs.
Continuing until we have reached Jy we find that finally z = 2V € X. ([l
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