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Analytic analysis and parametric investigation are employed to study and com-
pare metamaterial properties of two types of composite metasolids. Metasolids
are composed of either an elastic inclusion or a rigid core coated by an elas-
tic material, embedded in a stiff matrix. For these types of materials, results
related to cylindrical as well as spherical inclusions are presented. Such mono-
inclusion two-component and bi-inclusion three-component metasolids have
been previously known to exhibit negative mass density near local-resonance
frequencies. Through a unified formulation, it is analytically shown how and
why adding a rigid mass inside the elastic inclusion to make a bi-inclusion three-
component material, can dramatically change the homogenized property of the
resultant inclusion and increase the tunability of the composite, particularly,
in terms of local-resonance frequencies and the associated metamaterial-effect
frequency bandwidth. In this way, concerning distinctly sound and vibration
insulation, low-frequency metamaterial effect with larger bandwidth can be de-
signed via an inverse problem using a simplified mass-spring model.
c©2020 Acoustical Society of America. [http://dx.doi.org(DOI number)]
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I. INTRODUCTION

Elastic metamaterials or metasolids are com-
posite structures with subwavelength units that
exhibit extreme frequency-dependent macro-
scopic parameters. In particular, the first meta-
solid has been designed through locally reso-
nant structural units made of high-density and
stiff lead sphere coated with a soft material that
are embedded in a stiff material1. This three-
component composite has been shown by an an-
alytic model to produce negative mass density
near local-resonance frequencies2. The model is
based on the assumption that the solid core as
well as the host medium are rigid and only the
soft cladding is elastic. The first step to perform
homogenization according to this scheme is to
obtain the effective mass density ρe of the entire
inclusion that includes the hard lead (medium 3)
and the soft coating (medium 2). To do so, dy-
namic equilibrium is considered between the ho-

a)navid.nemati@u-pem.fr

mogenized medium (core+cladding) which un-
dergoes an acceleration of −ω2

Ub, e.g., in the
direction ex for the cylinder or ez for the sphere
(Fig. 1), and the resultant of the contact forces
on the interface of the matrix and the inclusion.
This is translated into the following equation

−ω2 ρ3ce (ω) Ve Ub =

∫

S

σ.n dS, (1)

where Ve is the volume of the entire inclusion, n
is the normal vector outward from the surface of
the medium 2 to the medium 1, and the integra-
tion is performed over the surface of the inclu-
sion S, that is the interface between the medium
1 and medium 2. The superscript 3c is used to
refer to three-component materials. The stress
tensor in the elastic medium 2, σ, is related to
the displacement field u in the same medium,
via σ = µ2(∇u+∇u

T ) + λ2(∇.u)I, with u
T the

transpose of u, I the identity matrix; and λ2 and
µ2 the Lamé parameters. The effective parame-
ter ρ3ce can be calculated, once the stress tensor
and, thereby, the microscopic displacement field
in medium 2 is determined. This can be achieved
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FIG. 1. Illustration of a unit cell with cylindrical or
spherical inclusion in xy plane (a), and coordinate
system in 3D space (b). The position vector OM =
rer + zez in media with cylindrical inclusions (2D
system), and OM = ReR in media with spherical
inclusions (3D system). The gradient operator in 2D

system is written as ∇ = er
∂

∂r
+eθ

1

r

∂

∂θ
+ez

∂

∂z
, and

in 3D system: ∇ = eR
∂

∂R
+eϕ

1

R

∂

∂ϕ
+eθ

1

R sinϕ

∂

∂θ
.

by solving the microscopic elastodynamic equa-
tion of motion in the coating material. The sec-
ond and final step is to specify the effective mass
density of the whole structural unit, including
the matrix, through a simple mixing law

ρ3ceff (ω) = (φ2 + φ3)ρ
3c
e (ω) + φ1ρ1, (2)

where φ1, φ2 and φ3 are the filling fraction of the
matrix, the cladding and the rigid core, respec-
tively; such that φ1 + φ2 + φ3 = 1. In our previ-
ous paper, the same model and homogenization
method was employed in order to study the ro-
tational modes3.

A commonly used technique for deter-
mining effective properties of metasolids is
based on Plane Wave Expansions (PWE) of
fields and Fourier space representation of ma-
terial properties4,5. Recent homogeniezation
development6 employing PWE involves space
nonlocality7,8 according to Willis viewpoint of
constitutive equations9. Another broad effective
medium method for homogenization to capture
local resonances in metasolids is through Co-
herent Potential Approximation (CPA)10 based
on multipole expansion minimizing scatterings
in the long-wavelength limit11,12. With similar
ideas, an enhanced scheme has been developed
to obtain the effective properties of the same
type of materials in a wider frequency band by
matching the lowest-order scattering amplitudes

that arise from the unit cell, with that of the ho-
mogenized material13. By multipole expansion,
scattered waves from structural units can be dis-
played by superposition of modes with different
angular momenta. Within this representation,
effective mass density can be associated with the
dipole term and bulk modulus has the monopole
symmetry. Although multipole method is less
flexible than PWE method in terms of the ge-
ometry of the structural unit, it may be more
appropriate to obtain analytic results regarding
effective-medium parameters.

Recently, asymptotic homogenization meth-
ods has been developed to describe the dynamics
of a two-component composite material made of
spherical or cylindrical soft inclusions embedded
in a stiff matrix14,15. In this paper, it will be
shown that these results at microscopic scale can
be obtained as the particular case of elastody-
namic analytical results from three-component
materials. To do so, the analytic model that
has been previously studied2,3 and elements of
which was mentioned above, is briefly recalled
and then employed to show that existing re-
sults for two-component materials can be derived
from those for three-component materials in the
limit the geometrical form factor γ ≡ b/a ≫ 1
(Fig. 1a). It will be then demonstrated that,
within this geometrical limit, at macroscopic
scale, where the material is homogenized, the an-
alytical expressions of the frequency-dependent
effective densities of the two-component mate-
rials results from those of the three-component
ones. As such, using this approach, the dynam-
ics of the two and three component materials are
explicitly described through a unified and coher-
ent formulation, and the difference between the
physics emerged from these material types can
be grasped. The comparative analysis is carried
out for materials with spherical inclusions consti-
tuting a three-dimensional (3D) system, as well
as with cylindrical inclusions in the form of a
two-dimensional (2D) system.

Also, the systematic comparison of the two-
component and the three-component materials
that is presented in this paper, highlights the
practical advantages of the latter compared to
the former. In particular, it will be shown that
contrary to the three component materials, the
desired elastic properties for the inclusion of two-
component materials, if not impossible, are dif-
ficult to obtain with a single elastic medium.
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It is now well known that local reso-
nances can create metamaterial phenomena at
macroscale; in this case, negative effective mass
density near the resonance frequencies, where
bandgaps appear. By comparing the two-
component and the three-component materials,
it will be also clarified how the three-component
materials can produce a macroscopic dynamic re-
sponse richer than that of the two-component
ones; including in particular the generation of a
low-frequency resonance that is associated with
the motion of the rigid core. This resonance
phenomenon may be more interesting for ap-
plications such as sound and vibration insula-
tion, because it can occur at lower frequencies
and, at the same time, with a possible wider fre-
quency band. It will be explained that local-
resonance frequencies are relatively high with
two-component materials, because even in the
case where the elasticity coefficients related to
the matrix and the inclusion are sufficiently con-
trasted, the contrast may not exist for the mass
densities; and vice versa. With such materials,
it is indeed very difficult to find, in practice, a
low rigidity and, at the same time, a high mass
density for the elastic material used as inclusion
inside the stiff matrix. It will be shown that this
could be feasible by dissociating these two ma-
terial properties, i.e. softness for the cladding
and mass density for the coated rigid core, with
a three-component material whose inclusion is
composed of two phases.

Additionally, the discrete mass-spring
model3,16,17 that was validated in Ref.3 allows
the quick construction of analytical analysis
in terms of determination of the first (lowest)
resonance frequency as well as estimation of the
bandgap width created by the material local
resonance. This aspect will be demonstrated
in the paper, through a parametric study. The
method facilitates the design of the structure
via solving the inverse problem, and also makes
it possible to properly optimize the acoustic
properties of such a structure, with respect to
an application of interest; particularly in terms
of the resonance frequency and the frequency
bandwidth where the metamaterial effect oc-
curs. Indeed, the mass-spring model enables
to find the micro-structural characteristics
(inverse problem) in order to then produce via
the elasto-dynamic model a metasolid with the
targeted macro-structural properties (direct

problem). Thus, in brief, the goal of this paper
is to compare the homogenized dynamic prop-
erties of two-component and three-component
materials in terms of firstly, origin and physical
modeling, and secondly, parametric study. The
latter leads to the formulation of an inverse
problem that allows the design of a metasolid
with the desired properties.

In the following section, the results aris-
ing from analytic modeling based on micro-
scopic elastodynamic equations, related to three-
component and two-component metamaterials
both in 2D and 3D systems, are presented and
compared, followed by the comparative anal-
ysis of effective mass densities based on ana-
lytic modeling at macroscale, associated with
these two material types. In Sec. III, the an-
alytic results and their consequences are illus-
trated through an example and a parametric
study is presented before its application to clar-
ify a method to design optimal structures in Sec.
IV. Concluding remarks are given in Sec. IV.

II. COMPARISON OF TWO-COMPONENT AND

THREE-COMPONENT MATERIALS

Concerning two-component metasolids,
based on an asymptotic method, it has been
demonstrated in Ref.14 that, in the long-
wavelength regime, where ǫ ≡ ℓ/L ≪ 1, with
ℓ, being the size of the structural unit and L,
the order of the magnitude of the wavelength
of the wave propagating in the material; the
local resonances occur under certain conditions
with respect to microscopic material properties.
In particular, the mass densities of the matrix
and the inclusion must be of the same order of
magnitude, while the ratio of the bulk moduli
of the matrix and the inclusion must be of
the order O(ǫ2)18–20; that means the stiffnesses
of matrix and the inclusion should be highly
contrasted. In other words, the mass density
of the inclusion must be close to that of the
matrix while being much softer than the matrix.
Indeed, practically in terms of choice of the
materials in a two-component composite, it is
not easy that these two conditions are satisfied
simultaneously.

Here, it is investigated if the results from two-
component material can be found as the limit of
those from the three-component material. To do
so, wherever the explicite results related to two-
component material are available in Refs.14,15,
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in particular, concerning the microscopic dis-
placement fields in the monophasic elastic in-
clusion as well as the material local-resonance
frequencies, a comparison is carried out between
them and those arising from taking the limit of
the dynamics of three-component materials. It
is expected that the three-component material
is transitioned to the two-component material
when the diameter of the lead core a becomes
much smaller than the diameter of the whole in-
clusion b (Fig. 1a). This limit can be expressed
in terms of the form factor γ = b/a, as γ ≫ 1.

A.Microscopic description

In thee-component material, the equation of
motion in the elastic coating is written as

(λ2 + 2µ2)∇(∇.u) − µ2∇× (∇× u) = −ρ2ω
2
u (3)

where ρ2 is the mass density of medium 2. The
displacement fields can be calculated from two
potential fields Φ and Ψ, defined such that2,3

u = ∇Φ+∇×Ψ, (∇.Ψ = 0) (4)

which are solutions to the following Helmholtz
equations, when the relation (4) is substituted
into the equation (3):

∇
2Φ+ h2Φ = 0, (5a)

∇
2
Ψ+ κ2Ψ = 0. (5b)

In the above equations, h = ω
√

ρ2/(λ2 + 2µ2)
and κ = ω

√

ρ2/µ2 are the wavenumbers associ-
ated with the longitudinal and transverse elastic
waves, respectively. In the following, analytic so-
lutions shall be provided to Helmholtz equations
(5) with the displacement-continuity boundary
conditions, for two special cases of major inter-
est. It is convenient to use the coordinate system
shown in Fig. 1 for both cylindrical and spheri-
cal coordinates, applied for materials with cylin-
drical and spherical inclusions, respectively; as
these materials are studied in the paper, in par-
allel. Thus, notice that in the coordinate system
of Fig. 1b, the angle θ is used in an unusual
way in spherical coordinates with its operator ∇
defined in the figure’s caption; also the position
vector and its associated unit vector are denoted
by R and eR, respectively. Owing to their sym-
metry property, materials with cylindrical inclu-
sions are only studied in a cross-sectional plane

perpendicular to their symmetry axis; here, in xy
plane. That is why they will be often called as
2D systems in the paper. The boundary condi-
tions for the displacement field in 2D system are
written as Uαex, α = a, b, at the surfaces r = α.
This can be expressed according to cylindrical
coordinates as

u|r=α = Uα (cos θer − sin θeθ) . (6)

For the 3D systems, the boundary conditions
are Uαez at the surfaces R = α, α = a, b, which
becomes

u|R=α = Uα (cosϕeR − sinϕeϕ) , (7)

in spherical coordinate system.
The form of the solutions to the Helmholtz

boundary value problems are given in Ap-
pendix A, involving the unknown constants
{A1, B1, E1, F1} for 2D system, and {a1, b1, e1, f1}
for 3D system, to be determined by using the
boundary relations at the interfaces of each two
phases in the structural unit.

The components of the displacement field are
found, according to cylindrical coordinates, for
the 2D system as

ur =
∂Φ

∂r
+

1

r

∂Ψz

∂θ
= L(r) cos θ (8)

with

L(r) =
1

r
[hr

(
A1J

′
1(hr) +B1Y

′
1(hr)

)

+E1J1(κr) + F1Y1(κr)]

uθ =
1

r

∂Φ

∂θ
−

∂Ψz

∂r
= −M(r) sin θ (9)

with

M(r) =
1

r
[A1J1(hr) +B1Y1(hr)

+κr(E1J
′
1(κr) + F1Y

′
1(κr))].

In the above equations and in the following, the
derivatives of the Bessel functions are kept, but
it is known that these derivatives can be easily
expressed in terms of the Bessel functions, e.g.,
xZ ′

1(x) = xZ0(x)− Z1(x) = Z1(x)− xZ2(x).
The components of the displacement field for

3D system, according to spherical coordinates
are expressed as:

uR =
∂Φ

∂R
+

1

R sinϕ

∂

∂ϕ
(sinϕΨθ) = l(R) cosϕ, (10)
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with

l(R) =
1

R
[hR

(
a1j

′
1(hR) + b1y

′
1(hR)

)

+2 (e1j1(κR) + f1y1(κR))];

uϕ =
1

R

∂Φ

∂ϕ
−

1

R

∂

∂R
(RΨθ) = −m(R) sinϕ, (11)

with

m(R) =
1

R
[a1j1(hR) + b1y1(hR) + e1(j1(κR)

+κR j′1(κR)) + f1(y1(κR) + κR y′1(κR))].

As before in the above, the derivatives of the
spherical Bessel functions can be expressed in
terms of the Bessel functions, e.g., xz′1(x) =
xz0(x)− 2z1(x) = z1(x)− xz2(x).

By using the relations associated with the
boundary conditions in 2D materials, i.e. L(α) =
Uα = M(α), and 3D materials, i.e. l(α) = Uα =
m(α), with α = a, b; it is easy to deduce the linear
algebraic systems allowing the complete deter-
mination of the constants, that are involved in
the solutions to Helmholtz equations and subse-
quently in the above expressions of the displace-
ments fields in 2D and 3D systems (Appendix
B).

Finally, the resonance frequencies is obtained
by setting the determinants of the matrix D [see
Eq. (B1)] and the matrix d [see Eq. (B2)] in
Appendix B, equal to zero, regarding 2D sys-
tem and 3D system, respectively. It is noted
that these resonance frequencies are related to
medium local-resonances, that occur in the soft
cladding.

To find exactly the corresponding expres-
sions of (A2) and (A3) solutions to Helmhotz
equations (5) in Appendix A, for the case of
two-component materials as in Ref.14, it is only
needed to make disappear the functions Y1 and
y1 in these equations. Indeed, given that the
displacements fields must be finite at the cen-
ter of the unit cell, when the rigid core disap-
pears, in two-component materials, following the
same procedure there will be only two unknown
constants to be determined; instead of four con-
stants involved in the equations (A2) and (A3) in
Appendix A for the three-component materials.
As such, in the case of two-component materi-
als, the order of the equations to be solved and
the associated matrices [Eqs. (B1) and (B2) in

Appendix B] are reduced, and thereby it is eas-
ier to obtain explicit analytic expressions for the
displacement fields. It is also to be noted that in
two-component materials the interfaces between
different phases are reduced to only one interface
(γ = b/a ≫ 1), which results in only one bound-
ary condition inside the structural unit. When
γ ≫ 1, the following expressions are obtained for
the 2D system:

L(r) = −
hκb2Ub

∆2D

[

J′1(hr)J2(κb) +
J1(κr)

κr
J2(hb)

]

M(r) = −
hκb2Ub

∆2D

[
J1(hr)

hr
J2(κb) + J′1(κr)J2(hb)

]

where

∆2D = −
hκb2

2
[J0(hb)J2(κb) + J0(κb)J2(hb)] ;

and for the 3D system,

l(R) = −
hκb2Ub

∆3D

[

j′1(hR)j2(κb) +
2j1(κR)

κR
j2(hb)

]

m(R) = −
hκb2Ub

∆3D

[
j1(hR)

hR
j2(κb) +

(xj1)
′(κR)

κR
j2(hb)

]

where

∆3D = −
hκb2

3
[j0(hb)j2(κb) + 2j0(κb)j2(hb)] .

For materials with cylindrical inclusions, it
should be pointed out that the above expressions
for L(r) and M(r) are used in Eqs. (8) and (9)
to describe the translational displacement fields
inside the inclusion, only in the xy plane (Fig.
1).

B.Macroscopic description

As it was explained earlier in Sec. I, the first
step of the homogenization approach for three-
component material consists of finding the effec-
tive mass density of the core and the cladding,
i.e. ρe, through Eq. (1). After, taking into ac-
count of the equation of motion for the core ma-
terial and finding the microscopic displacement
field, the following results are obtained for the
2D system

ρ3ce (ω) =
−1

πω2bUb

∫ 2π

0
(σrr cos θ − σrθ sin θ) dθ

=
ρ2
bUb

[A1J1(hb) +B1Y1(hb) + E1J1(κb) + F1Y1(κb)] ,

(12)
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and for the 3D system:

ρ3ce (ω) =
−3

2ω2bUb

∫ π

0
(σRR cosϕ− σRϕ sinϕ) sinϕdϕ

=
ρ2
bUb

[a1j1(hb) + b1y1(hb) + 2e1j1(κb) + 2f1y1(κb)] .

(13)

As it was mentioned before, the ensembles
of constants (A1, B1, E1, F1), and (a1, b1, e1, f1),
involved in the above equations, are known
through solving the equations (B1) and (B2), re-
spectively. Then, for both 2D and 3D systems,
it is immediate to determine the effective mass
density of the whole structure by the simple mix-
ing law (2).

Applying the limit γ ≫ 1, leads to the fol-
lowing explicit expressions that are related to
two-component materials. For the 2D system,
it reads

ρ2ce (ω) = ρ2

{

1 +
2J2(hb)J2(κb)

J0(hb)J2(κb) + J0(κb)J2(hb)

}

,(14)

and for 3D system:

ρ2ce (ω) = ρ2

{

1 +
3j2(hb)j2(κb)

j0(hb)j2(κb) + 2j0(κb)j2(hb)

}

.(15)

where the superscript 2c refers to two-
component materials.

As it is expected, in the static regime, when
ω → 0, the effective mass density of the bipha-
sic inclusion ρ3ce (0) = [1/(1 − φ1)](φ2ρ2 + φ3ρ3),
and that of the monophasic inclusion ρ2ce (0) = ρ2.
Indeed, in the static regime, it is clear that
ρ3c0 ≡ ρ3ceff (0) = φ1ρ1 + φ2ρ2 + φ3ρ3 and ρ2c0 ≡

ρ2ceff (0) = φ1ρ1 + (1 − φ1)ρ2. Regarding the re-
lation (2), obviously, in the absence of the rigid
mass (medium 3) the frequency-dependent effec-
tive mass density of the whole structure of the
two-component material reads

ρ2ceff (ω) = φ1ρ1 + (1− φ1)ρ
2c
e (ω). (16)

III. MATERIAL EXAMPLE AND PARAMETRIC STUDY

Here, we illustrate the analytical results of
the previous section, through taking an exam-
ple of the three-component as well as the two-
component materials both with spherical in-
clusions, and with the appropriate material-
property and geometrical similarities allowing

TABLE I. Material properties of the three-
component unit-cell.

Material Aluminaa Polystyrene Lead

(matrix) (cladding) (core)

λ [Pa] 1.4× 108 2.54 × 105 4.23 × 1010

µ [Pa] 1.4× 108 9.01 × 105 1.49 × 1010

ρ [kg.m−3] 3.95 × 103 9× 102 11.6 × 103

a Oxide of Oxide of Aluminium (Al2O3).

0 500 1000 1500 2000 2500 3000
-4

-3

-2

-1

0

1

2

3

4

FIG. 2. (Color online) Normalized effective
mass density related to two-component and three-
component materials with spherical inclusions. First
metamaterial bands ∆f1 and ∆f2, where the effec-
tive mass densities become negative, are shown by
green lines for both types of metasolids.

to compare their metamaterial characteristics.
Then, we proceed to perform a parametric study
to analyze metamaterial properties in terms of
geometrical configuration of this class of meta-
solids.

Fig. 2 shows the effective density of a two-
component metasolid and a three-component
one with spherical inclusions. The structural
properties of the two-component metasolid, com-
posed of a stiff matrix and an elastic inclusion,
are presented in Table I. The components of this
material are chosen as in Ref.14. Obviously, these
properties are chosen such that they satisfy the
conditions that were explained in Sec. II, allow-
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TABLE II. Expressions of the resonance frequencies and their frequency bandwidths. The quantity f̄0 is
defined as f̄0 = (1/2π)

√

µ2/(ρ3b2).

Geometry Cylinder Sphere

Resonance frequency (f0) f̄0







8(1− ν)(3 − 4ν)γ2

(3 − 4ν)2 ln γ −
γ2 − 1

γ2 + 1







1/2

f̄0







18 (1− ν)(2 − 3ν)γ2

(5− 6ν)(2− 3ν)

(
γ − 1

γ

)

−
5

4

(γ2 − 1)2

γ5 − 1







1/2

Frequency bandwidth (∆f) f0

{√

1 +

(
ρ3
ρ1

)(
1− φ1

φ1γ2

)

− 1

}

f0

{√

1 +

(
ρ3
ρ1

)(
1− φ1

φ1γ3

)

− 1

}

ing us to consider the matrix as a rigid body. The
length of the unit cell (see Fig. 1a) ℓ = 4.06 cm,
the radius b of the spherical inclusion is 2 cm and
its volume fraction is 50%. Regarding the three-
component material, the same material proper-
ties are chosen as those for the two-component
one, and a lead core (Table I) of radius a = 1.32
cm with a volume fraction of φ3 = 14.2% is added
at the center of the unit cell (Fig. 1a). Effec-
tive mass densities for the three-component and
the two-component materials are calculated via
Eqs. (13) and (15), respectively. The first reso-
nance frequency for the two-component material
is at 937 Hz, whereas that produced by the three-
component material is at 367 Hz. Thus, it can
be seen that while keeping the same geometri-
cal parameters in terms of the size of the unit
cell and the inclusion, adding a rigid mass at the
center of the unit cell could make the metamate-
rial effect, that means the emergence of the neg-
ative mass density, occur at significantly lower
frequency. Indeed, in three-component meta-
solid, this particular local-resonance effect is due
to the motion of the rigid core. It is worth not-
ing that, this is not necessarily a general result.
Indeed, when γ is decreased, according to the
mass-spring model3, both the mass and the stiff-
ness of the spring (analogous to the cladding) are
decreased. As the mass in the mass-spring model
decreases with γ faster than the stiffness, the res-
onance frequency associated with the motion of
the rigid mass is shifted to higher frequencies
[see the expression of the resonance frequency
for spherical inclusions in Table II and Fig. 8 in
Ref.3]; while the resonance frequency related to
the motion inside the cladding is relatively sta-
ble.

Given the size of the unit cell and the inclu-
sion, the rigid mass has been placed inside the in-
clusion so that the first resonance frequency, and
thereby the frequency of the first metamaterial
effect, would be minimized. To do so, the mass-
spring model and the explicit expression of the
resonance frequency within this model in Table
II (Ref.3) are used to determine the form factor
γ that, here, is found to be 1.52.

It is also to be noted that within the fre-
quency band shown in Fig. 2, there are
more resonance effects associated with the two-
component metasolid compared with the three-
component one; all, evidently, are caused by the
motion inside the homogeneous soft inclusion.
It has been previously explaind that the second
resonance effect at about 2407 Hz for the three-
component material occurs inside the cladding3.
The greater number of resonance effects with the
two-component metasolid is simply due to the
fact that the volume of the soft elastic material,
capable of generating several resonances at low
frequencies, in such composite is larger than that
involved in three-component material. Remark-
ably, it can be further observed that not only the
first local resonance of the three-component ma-
terial appears at lower frequency compared with
that of the two-component material, but also its
metamaterial frequency band ∆f is larger (see
Fig. 2, ∆f1 = 132 Hz, ∆f2 = 53 Hz).

These results show the relevance of introduc-
ing an additional tuning parameter, that is the
volume fraction of the biphasic inclusion, in or-
der to optimize the homogenized properties. Let
us see through Fig. 3 how far we can pursue op-
timal tunability. The curve in Fig. 3 shows the
evolution of the metamaterial frequency band-

J. Acoust. Soc. Am. / 7 October 2020 7



200 400 600 800 1000 1200 1400 1600
0

500

1000

1500

FIG. 3. (Color online) Evolution of the metamate-
rial bandwidth with the resonance frequency. The
curve is parameterized by the form factor γ. The
red arrows indicate the direction of increasing γ.

width ∆f as a function of the resonance fre-
quency f0 of the rigid body mode for the three-
component metasolid; with f0 being the lower
limit of the frequency band where the effective
mass density is negative. The curve is parame-
terized by the form factor γ, which evolves in-
creasingly by starting from 1.01 (top right) to
6.2 (bottom right). The starting value for γ,
clearly, corresponds to the configuration where
the cladding is filled by the lead core and the
inclusion is almost entirely rigid. It is seen that
for a given choice of inclusion components and
its volume fraction in a given matrix, it is not
possible to achive, at the same time, both the
lowest resonance frequency and the maximum
of bandwidth. Indeed, if the aim is to have
the resonance frequency as low as possible, then
there is an optimal γ value, γ = 1.52; but in this
case, the bandwidth is far from its largest possi-
ble value. To have a larger bandwidth, the size
of the rigid mass in the inclusion, should be in-
creased, accepting that the resonance frequency
be shifted upwards in the spectrum. Further-
more, as γ increases up to the value 1.52; with
a fixed volume fraction of the inclusion, the size
of the rigid core is decreased, and thereby the
metasolid becomes lighter. In this case, both the
resonance frequencies and their associated meta-
material bandwidths decrease. For large values

TABLE III. Material properties of the three-
component unit-cell (Ref.15).

Material Al PVC Lead

(matrix) (cladding) (core)

λ [Pa] 5.74 × 1010 1.6× 105 4.23 × 1010

µ [Pa] 2.7× 1010 4× 107 1.49 × 1010

ρ [kg.m−3] 2.5 × 103 1.5× 103 11.6 × 103

of γ and in the limit γ ≫ 1, the inclusion con-
sists of only elastic material and the metasolid
produces low-frequency negative mass densities
with very small bandwidths; in accord with what
was seen earlier through Fig. 2 with the red
curve. These observations imply a compromise
to be found depending on the type of applica-
tion of such metasolids; but this predictive tool
allows targeting the values in question without
heavy calculations, as it is based on the mass-
spring model that was validated in our previous
paper3.

IV. DESIGN OF OPTIMAL STRUCTURES

The observations and analysis of the previous
section leads to summarize a methodology de-
scribing the inverse problem (downscaling) to de-
termine the optimal material parameters at the
micro level. At the macro level, via solving the
forward problem (upscaling), the change in the
performance of the optimal metasolids is then
shown compared to some typical cases that are
reported in the literature. This suggests a choice
of material components and certain geometrical
parameters at micro level. It is shown that by
keeping the initial material choices, the tunabil-
ity and performance of the metasolids can be sig-
nificantly improved with respect to the resonance
frequency and width of the frequency band for
the metamaterial effect.

The methodology is based on the links estab-
lished between data at micro level of the struc-
ture and those at the macro level where the ma-
terial is considered as homogeneous. The micro-
level data are the geometrical ones; 3 indepen-
dent parameters among {a, b, ℓ, γ, φi} and mate-
rial properties {densities ρi,moduli of elasticity λi,
µi}, i = 1, 2, 3, i.e. three constants per phase that
should, indeed, satisfy the conditions of contrast
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reported within the first paragraphs of Sec. II).
The macro-level data of interest are contained
in the evolution of the effective density ρeff with
ω; in particular the resonance frequency f0 and
metamaterial frequency bandwidth ∆f , which
will be investigated here.

In order to compare the performance of
the two-component14,15 versus three-component
metasolids, or simply optimize the behavior of
the three-component effective metasolids2, the
micro parameters should be determined in accor-
dance with a targeted macro-structural behav-
ior. This raises a downscaling or inverse prob-
lem that is quite difficult to solve by the con-
tinuous elastodynamic description that was pre-
sented in Sec. II B. The simplified mass-spring
model3 is therefore used to circumvent this diffi-
culty, adopting the following algorithm:

1. For the homogenized medium, criteria are
imposed on the selected target quantities (here
f0 and ∆f from ρeff (ω)/ρ0).

2. These target quantities are imported
to the associated homogeneous medium that is
homogenized based on the mass-spring model

within which we have
meff (ω)

m0
=

1− (ω/ωc)
2

1− (ω/ω0)2
,

with ωc = ω0 + ∆ω = ω0

√

1 +m3/m1, ω0 being
the angular frequency of the first local resonance,
∆ω the bandwidth of the metamaterial effect, m1

(resp. m3) the mass of the rigid inclusion (resp.
matrix), and m0 ≡ m1+m2 the static limit of the
effective mass meff (ω). It is through this relation
that the link between the two homogeneous me-
dia, homogenized by the elastodynamic model
(Sec. II B) and that by the mass-spring model3,
is established. Indeed, (meff (ω)/m0)mass-spring ≃
(ρeff (ω)/ρ0)elastodynamic at low frequencies includ-
ing the first resonance frequency3, which makes
it possible from now on to envisage solving the
inverse problem in a much easier way.

3. Downscaling is performed then from
the effective medium homogenized by the mass-
spring model; for example, searching γ which
minimizes f0. The minimization of f0 with re-
spect to γ is carried out through the simple ex-
plicit relation given in the first row of Table II
(search for a minimum of a function of a single
variable).

4. Once the micro parameters thus deter-
mined (by the mass-spring model), an iterative
process is initiated to obtain the properties of
the effective medium homogenized in the sense

of elastodynamic model by using Eqs. (12) and
(13) to find f0 and ∆f according to the elasto-
dynamic homogenization scheme. In fact, since
the inverse problem in the elastodynamic model
is much complicated to solve, we thus simply
calculate several solutions iterating the forward
elastodynamic problem in the neighborhood of
a ‘good’ initial value provided by the solution
of the inverse problem based on the mass-spring
model. The mass-spring model has precision is-
sues, especially for predicting ∆f ; which requires
returning to the macroscale via the elastody-
namic model to examine the effective behavior
imposed by the choice of the micro-structure,
such as γ minimizing f0. In what follows in the
paper, this step is operated in two ways:

4-a. The inverse problem is to find γ as a mi-
cro parameter minimizing f0 as a macro target
quantity; all other parameters being fixed. An
example is presented in Fig. 2. In this case, one
single iteration from this value of γ is enough to
obtain the desired f0 based on the elastodynamic
model. It is shown that a three-component ma-
terial is more efficient than a two-component ma-
terial, since with the same material components
and geometrical parameters, a much lower f0 can
be achieved.

4-b. The target macro quantities are f0 and
∆f , while γ is the only micro parameter. A com-
promise for a relatively low f0 and a relatively
large ∆f is searched. Several iterations are per-
formed from the initial γ and by decreasing it (as
suggested by the parametric study of the type
presented in Fig. 3). Fixing thresholds in ad-
vance, the iterations are stopped, when a suffi-
ciently large ∆f and a f0 that is not too high are
reached, .

Comparing two-component and three-
component materials, a first example was
discussed in Sec. III in which material compo-
nents (Table I), the length of the periodic unit
cell ℓ and the size of the mono-phasic spherical
inclusion represented by b have been extracted
from Ref.14. Based on these inputs, the three-
component material is made by adding a lead
core at the center of the inclusion. In order to
have the minimum resonance frequency for the
new three-component material (see step 4-a of
the above algorithm), the inverse problem leads
to the micro-parameter γ = 1.52. Thus, initial
values in two-component metasolid are improved
from (f0,∆f) = (937, 25) Hz to the values in the
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TABLE IV. Material properties of the three-
component unit-cell (Ref.2).

Material Epoxy Silicone Lead

(matrix) (cladding) (core)

λ [Pa] 4.43 × 109 6× 105 4.23 × 1010

µ [Pa] 1.59 × 109 4× 104 1.49 × 1010

ρ [kg.m−3] 1.18 × 103 1.3 × 103 11.6 × 103

optimized case for the three-component one:
(f0,∆f) = (367, 64) Hz. As such, f0 is divided
by almost 3 and ∆f is multiplied by more than
2. The bandwidth becomes larger, at the end,
without being considered as an optimization
parameter in this procedure.

The same optimization procedure is applied
with input quantities from Ref.15 for a two-
component metasolid. Material components are
reported in Table III, with ℓ = 1 mm and b =
0.415 mm, i.e. volume fraction of 54% for, this
time, the cylindrical inclusions. As before, to
construct the three-component metasolid we add
a lead core (Table III) at the center of the in-
clusion. Comparison of the two-component and
the optimized three-component materials makes
it possible to change the values of the reso-
nance frequency and metamaterial bandwidth
to (f0,∆f) = (129, 75) kHz from those in Ref.15

(f0,∆f) = (268, 23) kHz. Again, it is seen that
the resonance frequency is decreased, and the
width of the metamaterial-effect frequency band
is increased.

The third example relates to the three-
component metasolid discussed in Ref.2 with ma-
terial properties shown in Table IV. The geomet-
rical configuration for spherical inclusions are
ℓ = 15.5 mm, b = 7.5 mm, (volume fraction of
40%) and for cylindrical inclusions, ℓ = 21 mm
and b = 7.5 mm (volume fraction of 47%). With
these material and geometrical parameters, for
spherical inclusion, (f0,∆f) = (374, 230) Hz, the
form factor being as γ = 1.5, while the optimized
value of the form factor γ = 2.04 minimizing the
resonance frequency, leads to (f0,∆f) = (337, 83)
Hz. Hence, with the choices in Ref.2, a relative
increase in resonant frequency of 11% but also a
relative increase in bandwidth of 177% are ob-
served. Comparison with Ref.2 for the case of
cylindrical inclusions, where γ remains the same

at 1.5 and (f0,∆f) = (356, 280) Hz, using the
same optimization criteria as before, results in
(f0,∆f) = (312, 105) Hz. That is, according to
the choices in Ref.2, there is a relative increase
of 14.1% in the resonance frequency with respect
to the optimized material, and at the same time,
a relative increase of 167% in the bandwidth.
It can be noted that the form factor found as
γ = 2.04 allows the resonance frequency to be
lowered compared to that corresponding to the
initial three-component configuration. However,
it can be seen that increasing the resonance fre-
quency slightly higher than its possible minimum
value corresponds to a configuration (γ = 1.5)
that allows the bandwidth to be widened signif-
icantly. This behavior with γ and f0 could be
noted through the example illustrated in Fig. 3
in the previous section.

This suggests exploiting a new optimization
criteria (see step 4-b of the algorithm) by setting
a compromise for low resonance frequency and
wide bandwidth based on the numerical values
reported in Ref.2. The new inverse problem can
be thus defined as finding γ such that f0 is 11%
for cylindrical and 14.1% for spherical inclusions,
higher than its minimum value, while increasing
the metamaterial bandwidth. If the first two
examples, i.e. two-component materials from
Ref.14 and Ref.15, are reconsidered with the new
optimization criteria, the inverse problem gener-
ates a form factor γ = 1.23 (instead of 1.52) re-
garding the optimized tree-component version of
the two-component metasolid discussed in Ref.14

(Table I), which, by using the direct elastody-
namic equations, yields (f0,∆f) = (408, 123) Hz.
That means a relative increase of f0 of 11.2%
and simultaneously a relative increase of ∆f of
about 92% with respect to the values produced
by the initial optimization. Similarly, with the
metasolid from Ref.15 (Table III), the new in-
verse problem provides γ = 1.31 (instead of 1.79)
to achieve then the values of (f0,∆f) = (147, 145)
kHz for the three-component composite, which
means a relative increase of about 14% for f0
and that of 91% for ∆f with respect to the val-
ues that were obtained based on minimization of
the resonance frequency.

V. CONCLUDING REMARKS

Further analyses were performed on meta-
solid properties of composite materials with
structural units made of a stiff matrix with ei-
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ther an elastic inclusion, or an elastic inclu-
sion embedding a rigid mass inside itself. The
essence of this paper concerned the comparison
of the homogenised dynamics of a soft monopha-
sic inclusion, that is statically homogeneous, and
a biphasic inclusion constituted of a rigid core
coated by an elastic material; each of which
is embedded in a stiff matrix. The effective-
medium parameter that describes the macro-
scopic behavior of these structures is the effective
mass density, which becomes negative near the
resonance frequency of the unit cell.

Thus, it was shown by an analytic model
and parametric analysis that bi-inclusion three-
component materials could provide a scope of
material dynamics much larger compared with
that of the mono-inclusion two-component ma-
terials. It was clarified that local-resonance fre-
quencies are relatively high with two-component
materials, because even in the case where the
elasticity coefficients related to the matrix and
the inclusion are sufficiently contrasted, the con-
trast may not exist for the mass densities; and
vice versa. With such materials, it is indeed very
difficult to find, in practice, a low rigidity and,
at the same time, a high mass density for the
elastic material used as inclusion inside the stiff
matrix. It was shown that this could be feasible
by dissociating these two material properties, i.e.
softness for the cladding and mass density for the
coated rigid core, with a three-component mate-
rial whose inclusion is composed of two phases.

Additionally, in order to increase the band-
width of metamaterial effect where the effective
mass density is negative, a large volume fraction
is required for the vibrating part in opposition of
phase with the matrix, which is easier to imple-
ment with a three-component material. Also, a
parametric study was performed to analyze the
interplay between the form factor– specifying the
volume fraction of the rigid mass and cladding,
the metamaterial-effect bandwidth and the res-
onance frequency– which ultimately allows, via
an inverse problem, the design of metasolid with
desired properties.

Conclusively, adding a rigid mass inside the
elastic inclusion of the two-component material
will significantly increase the tunability of the
composite material, via enlarging the domain of
inclusion dynamic properties, and widening re-
markably the range of values of material effec-
tive mass density. This is interesting for various

applications such as acoustic and vibration insu-
lation. The analysis employed in this paper can
be straightforwardly generalized to treat poly-
inclusion multi-component materials.
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APPENDIX A: SOLUTIONS TO HELMHOLTZ EQUA-

TIONS

Solving the resulting Helmholtz equations (5)
and regarding the mirror symmetry about the
x-axis (Φ is an odd function and Ψ is an even
function of θ), we have

Φ(r, θ) =

∞∑

n=0

[An Jn(hr) +Bn Yn(hr)] cos(nθ)

Ψ(r, θ) =

∞∑

n=0

[En Jn(κr) + Fn Yn(κr)] sin(nθ)ez

for the 2D system, where Jn (resp. Yn) stands
for the Bessel function of the first (resp. second)
kind. The boundary conditions (6) select only
the terms corresponding to n = 1 in the above
expansions:

Φ(r, θ) = [A1 J1(hr) +B1 Y1(hr)] cos θ (A2a)

Ψ(r, θ) = [E1 J1(κr) + F1 Y1(κr)] sin θez (A2b)

By following the same procedure including the
boundary conditions (7) we obtain the expres-
sion of the potentials for the 3D system:

Φ(R,ϕ) =

∞∑

n=0

[an jn(hR) + bn yn(hR)]P 0
n(cosϕ)

= [a1 j1(hR) + b1 y1(hR)] cosϕ (A3a)

Ψ(R,ϕ) = −

∞∑

n=1

[en jn(κR) + fn yn(κR)]P 1
n(cosϕ)eθ

= [e1 j1(κR) + f1 y1(κR)] sinϕeθ (A3b)

where jn (resp. yn) stands for the spherical
Bessel functions of the first (resp. second) kind,
and P k

n are the associated Legendre polynomials
of order k.
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In these solutions, A1, B1, E1, F1, a1, b1, e1,
and f1, are unknown constants to be determined
by using the boundary relations at the interfaces
of each two phases in the structural unit.

APPENDIX B: ALGEBRAIC SYSTEMS

The following linear algebraic systems allow
the determination of the constants and are in-
volved in the equations (A2) and (A3), respec-
tively. For the 2D system, we have









ha J0(ha) ha Y0(ha) κa J0(κa) κa Y0(κa)

ha J2(ha) ha Y2(ha) −κa J2(κa) −κa Y2(κa)

hb J0(hb) hb Y0(hb) κb J0(κb) κb Y0(κb)

hb J2(hb) hb Y2(hb) −κb J2(κb) −κb Y2(κb)









︸ ︷︷ ︸

D









A1

B1

E1

F1
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2a Ua

0

2b Ub

0









, (B1)

and for the 3D system:








ha j0(ha) ha y0(ha) 2κa j0(κa) 2κa y0(κa)

ha j2(ha) ha y2(ha) −κa j2(κa) −κa y2(κa)

hb j0(hb) hb y0(hb) 2κb j0(κb) 2κb y0(κb)

hb j2(hb) hb y2(hb) −κb j2(κb) −κb y2(κb)









︸ ︷︷ ︸

d









a1

b1

e1

f1









=









3a Ua

0

3b Ub

0









. (B2)
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