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WEIGHTED KORN AND POINCARE-KORN INEQUALITIES IN THE EUCLIDEAN
SPACE AND ASSOCIATED OPERATORS

KLEBER CARRAPATOSO, JEAN DOLBEAULT, FREDERIC HERAU, STEPHANE MISCHLER,
AND CLEMENT MOUHOT

ABSTRACT. We prove functional inequalities on vector fields u : R? — R? when R? is equipped with a
bounded measure e~ ? dz that satisfies a Poincaré inequality, and study associated self-adjoint operators.
The weighted Korn inequality compares the differential matrix Du, once projected orthogonally to certain
finite-dimensional spaces, with its symmetric part D®u and, in an improved form of the inequality, an
additional term V¢-u. We also consider Poincaré-Korn inequalities for estimating a projection of u by D%u
and zeroth-order versions of these inequalities obtained using the Witten-Laplace operator. The constants
depend on geometric properties of the potential ¢ and the estimates are quantitative and constructive.
These inequalities are motivated by kinetic theory and related with the Korn inequality (1906) in mechanics,
which compares Du and D*u on a bounded domain.

1. INTRODUCTION AND MAIN RESULTS

1.1. The problem at hand. Korn’s inequality [28, 29, 30] is a classical tool in continuum mechanics which
asserts the control of the L? norm of the gradient of a vector field defined on a smooth bounded domain
of R? by the L? norm of its symmetric part:

(1) ||DU||%2(Q) <2 HDSu||2L2(Q)7 Vu e C*(Q;R?Y) such that u =0 on 9.

If 9 (resp. M°) is the set of d X d real (resp. symmetric) matrices, Du (resp. D*u) is the differential of
u (resp. its symmetric part) and takes values in 9t (resp. 9t°). Written with cartesian coordinates, this
means

1 1
(Dsu)ij = 5 ((%ul + 81"&]') and (Dau)ij = 5 (8jui — aiu]‘) .

We denote by A* € IMM* the skew-symmetric part of A € 9 and by A* = A — A® its symmetric part. The
original proof of (1) in [28] is instructive: it is enough to integrate over ) the pointwise identities

(2) | D = |DuP+(V-u)? =V |u(V-u)—(u-V) u] =0 and |Dul® = |D*ul*+ |D%l?

and use the boundary condition to get 2 ”DSUH%Z(Q) = HDUH%Q(Q) +|V- u||%2(9), where V - u denotes the
divergence of u and L?(€) is the L? norm for matrix-valued, vector-valued or real-valued functions.

The boundary condition v = 0 is a severe restriction. In view of applications in kinetic theory, Desvillettes
and Villani in [12] enlarge the set of possible vector fields to those satisfying only u-n = 0 on the boundary,
where n denotes the outward normal unit vector to 9€2. The set of infinitesimal rotations

R:={R:z R Az € R? with A € M*}

is a family of vector fields which plays a key role. If 2 has some rotational invariance, then some infinitesimal
rotations satisfy the boundary condition while their symmetric differential is zero. Being invariant under
the action of a group of rotations ¢t — e*4 for a given A € 9 means that

VieR, Q=0

(here we suppose that 2 is invariant under rotations centred at 0 without loss of generality). Taking the
derivative with respect to ¢ shows that the set of infinitesimal rotations preserving € is

Ro:={ReR :Vzed, n(z) R(z) =0},
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where we implicitly use the fact that skew-symmetric matrices generate the tangent space of the orthogonal
group. In [12, Inequality (38)], Desvillettes and Villani state the following Korn inequality

. 2 2 2.0 od
(3) R1€n7_£Q [D(u—R)|7200) < Ca |D%ul[72¢0), Vu€ C*(Q;RY) such that w-n=0on 0%,
which takes into account invariances by rotation. They obtain quantitative estimates on the constant Cq.
Inequality (3) is an important ingredient in [13] to prove hypocoercivity for the Boltzmann equation in €.

In this article, our aim is to establish similar Korn and related inequalities, with constructive constants,
in the whole Euclidean space R? in presence of a confining potential ¢ : R — R, i.e., in the L? space with
reference measure e~ ¢ dz. Our motivation comes from the hypocoercivity theory of kinetic operators
with more than one microscopic invariant studied in [7], but the inequalities are of independent interest.
1.2. Assumptions and notations. We consider a potential ¢ : R? — R, d > 2 satisfying the conditions:

(D the measure e~?(*) dz is a centred probability measure

(H1) / e @ dr=1 and / ze ?@dr =0,
R R4

() the potential ¢ is of class C?(R%;R) and, for all £ > 0, there exist a constant C. such that
(H2) Vo eRY  |D?¢(x)| < e|Vo(x))? + C.,

(3) the measure e~? dx satisfies the Poincaré inequality with constant Cp: for all scalar functions f in the
space C°(R%; R) of smooth functions with compact support, we have

(H3) /}R dlf(fv)*<f>|2 e @ dz < Oy /}R d|Vf<w)|2e*¢<f”>dx, where  (f) = Rdf(x)e*““dx.

Assumption (H1) is a classical integrability condition on ¢. The fact that the center of mass fRd ze ?@) dg
is finite is a consequence of (H3) applied with f(xz) = z;, ¢ = 1,...,d. There is no loss of generality in
choosing fRd ze~?®) dz = 0. Assumption (H2) is a regularity assumption at infinity which, in the language
of operator theory and in a suitable functional framework, says that the multiplication operator by |D?¢(z)|
is infinitesimally bounded by the multiplication operator by |Vé(x)|? (see [37, Chapter X]). Here no growth
assumption is made on |V¢|. Assumption (H2) is satisfied for instance if
D?¢(x) D)
SUp —F———==< 00 Or ————= =0.
verd \/1+ [V (a)]? e[ oo 1+ [V(2)[?

Assumption (H3) can be interpreted as a measure concentration property: it implies that
(4) / Vo(x)?e @ dz < 0o and VkeN, / 2|2 e=¢(®) dz < oo
Rd Rd

by (H2) for the first estimate and by an easy induction (see Remark 11 in Appendix A.1) for the second one.
Assumptions (H1), (H2) and (H3) are satisfied, for instance, if ¢ € C?(R%;R) and either ¢(z) = a|z|" + 3
with v > 1 or ¢(z) = ael*l” + B, for large values of |z|, where o > 0 and 8 are two parameters. The three
assumptions are also satisfied by the normalized Gaussian defined by

1 d
(5) Ve eRY,  ¢(x) = 3 |lz|? + 5 In(2m).
Associated with ¢ and thanks to (H2), there exists two constants Cy > 8 and C}, > Cy such that
6 VreR'. 4Vd|D*()| < Vo) +Co—1 and 4|D%(x)] < C; 2 (Vo) + C}).

As in the case of a bounded domain, the set R of infinitesimal rotations plays a key role in the study of
Korn inequalities in the whole space. The symmetric differential applied to an infinitesimal rotation is zero.
In our setting, the invariance under the action of a group of rotations t — e** for a given A € 9 means

VteR, VzeR? ¢(e2) =0¢(2),

where, again, we implicitly use the assumption that the measure is centred. Differentiating the above
identity with respect to t yields that the set of infinitesimal rotations preserving ¢ is

Ry:={ReR :VzeR? V¢(z) R(z)=0}.
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This set is a central geometric objet in our analysis. In the inequalities, the addition of a term involving
V¢ - R allows us to control the infinitesimal rotations for which ¢ is not invariant, as we shall se later.

In this article, we adopt the following conventions. We denote by |-| the Euclidean norm in R, R? and 9%,
by a - b the scalar product of two vectors in R% and by A : B the scalar product of two matrices A and B
seen as vectors in RY. We denote by |- || the L? norm corresponding to |- | and weight e=¢ dx, and by (-, -)
the corresponding scalar product, that is,

(1 =151 = [ f@P et

and we will refer to L? indifferently for functions with values in R, R and 9t. We shall use (-) for the average
(component by component) according to the measure e~? dz of functions with values in R, R? and 90t. We
use the notation V for the gradient of scalar functions (with values in R?) and D for the gradient of vector
fields (with values in 901). We denote by H'! the space of functions f or (when there is no ambiguity) vector
fields u such that respectively f and Vf or u and Du are in L2. The space H~! is the dual of H! with
respect to the L? scalar product. The weight function |V¢] is defined by

(Vo] = V1+[Ve]?.

Let P be the orthogonal projection of vector-valued functions in L? onto R, and P4 the orthogonal
projection onto R4. We denote by Ré the orthogonal vector space to Ry in IL? and RS = RN Ré the
restriction of the orthogonal space to Ry in R or, in other words, Rf, = ]P’Rj). For instance if ¢ has no

invariance by any rotation e’ then Ry = {0}, and if ¢ is radially symmetric then Ry = R. Let P be
the orthogonal projection of matrix-valued functions in L? onto the set of constant antisymmetric matrices
M* = DR. For all vector field u € H', we have

(7) P(Du) = (Du) .

We also denote by Py the L? orthogonal projector onto My := DRy and by MG the orthogonal of My,

in M, i.e., MG = ‘ﬁi)ﬁj;. The projections are summarised in Figure 1.2. Note that DR{ and 9, generically
differ since the inner products underlying the two orthogonal decomposition are different.

LRERY P 0 L2(R%G M)

P RY
R R me
Py By

FIGURE 1. Representation of the orthogonal decompositions.

One additional notation will be used throughout this paper: if z and y are two vectors in R?, we denote
by z ® y the matrix (2; y;)1<i j<a- Further details on DR and M are collected in Appendix B.1.

1.3. Main results. All inequalities in this paper are quantitative with explicit estimates on the constants.
The first result is the counterpart of (3) in the whole Euclidean space, with some additional consequences
based on Poincaré inequalities. The statement involves the whole set of infinitesimal rotations R.

Theorem 1 (Korn, Poincaré-Korn and strong Poincaré-Korn inequalities). Suppose (H1)—(H2)—-(H3). Then
there are a Korn constant Cy, a Poincaré-Korn constant Cpy and a strong Poincaré-Korn constant Cgpy



4 K. CARRAPATOSO, J. DOLBEAULT, F. HERAU, S. MISCHLER, AND C. MOUHOT

with explicit bounds involving only Cw, Cy and C(; such that, for all v € H*,

8) inf | D(u~ R)|” = | Du— B(Dw)|* < Cic | D*ul”,
(9) Jnf Jlu— (u) = RI* = u — (u) = P@)” < Coxc | D,
(10) ILV6] (u — (u) = P(w))||* < Copxc [ D*ul®.

Moreover in the Gaussian case (5), optimal constants are Cx = 4, and Cpx = 2.

The terminology “Korn constant” refers to Korn’s original results [28, 29, 30] whereas “Poincaré-Korn”
and “strong Poincaré-Korn” respectively refer to usual Poincaré inequalities and to strong Poincaré in-
equalities (see Proposition 5). For brevity, we shall speak generically of “Korn-type inequalities” or simply
“Korn inequalities”. Explicit bounds for Cx, Cpx and Cspk will also be given later. The constant Cp is the
optimal constant in (H3) while Cy and Cj, refer to (6). The minimum in the left-hand side of (8) is explicit:
according to (7), we have

|[Du = PB(Du)||? = || Du — (D) |* < Cx || D*ul|*.
In (9) and (10), there is no simple expression for P(u) as for 3(Du). Note that the strong Poincaré inequality
(see Proposition 5 below) implies R C H?, so that the statement of Theorem 1 makes sense.

The defaults of axisymmetry of the boundary of the domain were taken into account in [12], in the
bounded domain case without potential (this case will be called the “flat case” from now on). Here the
eventual non-axisymmetry arises from the potential. Measuring the default of axisymmetry motivates our
introduction of the finite dimensional space Rg and of the rigidity of vector fields constant Cry defined by

IVe(x) - (Az+ )|’
Aztbe (REGEO\(0) Az +b]
if Rg # {0}, and of the rigidity of differential constant Cgy, defined by
. V() - (Az +b)|*
12 Crn = ”
(12) P (A€ m;éﬁfw\{(om} |A[2 + [b]?
it Mg # {0}. We adopt the convention that Cry = 0 (respectively Crp = 0) if Rf = {0} (respectively

Mg = {0}). Let us show that these constants are well-defined in Ry. Since R and 9, have a finite
dimension the minima in (11) and (12) exist. The first (respectively second) minimum is positive when
RG # {0} (vespectively MG # {0}). Indeed the linear maps R & Re: Az + b Vo(z) - (Az+b) € L?
and MG & R?: (A,b) = V(x) - (Az +b) € L? are injective: if Vo(z) - (Ax +b) = 0 for all x € R?, then
by integration by parts

(11) Crt 1=

0= / Vo(z) - (Az+b) b-ze %@ dp — Ib[2
R

because (z) = 0, so that b = 0, and as a consequence A = 0 since Ry NRg = {0} and M, N MG = {0}
We can now state precised Korn and Poincaré-Korn inequalities in which w« is also controlled on the space
of infinitesimal rotation that do not leave ¢ invariant.

Theorem 2 (Precised Poincaré-Korn and Korn inequalities). Suppose (H1)—(H2)—-(H3). Then there are a
precised Korn constant C!, and a precised Poincaré-Korn constant C',.. such that, for all u € H*,

(13) inf |lu— R|* = |lu—Py(u)|* < CL [ D*ull® +2Cry [V - ul]?,
RER
(14) At 1D = R)|[? = [|Du — P4 (Du)||* < C [ D*ul|* + 2 Cro [V - ul*.

Moreover the constants Cl,. and CJ. have explicit bounds depending only on the structural constants Cp,
Coy, C;, Crp and Cry .

Explicit bounds for €’ and C!, will be given in the proofs. For any u € H', the strong Poincaré
inequality implies V¢ - u € L? thanks to (4), so that the statement makes sense (see Proposition 5 below
and Remarks 11 and 12 in Appendix A.1). The main difference with the flat case is the ||V - ul|® term in
the right-hand side of the inequality whereas there is no additional term in (3). This cannot be avoided as
shown by the following example. Let us consider an infinitesimal rotation v = R, with R # 0, in the case
without invariance by any rotation e‘4, that is, R4 = {0}. Then u € H' and inequality (14) reduces to
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0 # |R||> < 2Chy Vo - R|? since DR = 0. This also shows that, compared to (8), an additional term is
needed.

As often, the functional inequalities of Theorems 1 and 2 are linked with spectral properties of nonnegative
differential operators. By a simple integration by parts, the formal adjoint of V in L? equipped with the
weight e=?(®) dz is V*u = — Vs - u for any smooth vector field u, where Vg - u :=V -u — V¢ - u. The first
operator is the so-called Witten-Laplace operator on functions —Ay (sometimes also called the Ornstein-
Uhlenbeck operator) which replaces the usual Laplacian in the flat case. It is associated with the quadratic
form f = [[Vf|? = [ga [Vf|? e ¢ dz and defined by

(15) —Ayfi=—V, Vf=—Af+Veé-Vf.

The operator —A is nonnegative and symmetric.

For convenience, we shall also denote by —A, the operator acting coordinate by coordinate on vector
fields, that is for any smooth vector field u, (Ayu); = Ayu;, and similarly extend it to matrices. In the same
spirit, we introduce various differential operators. The formal adjoint of D? is defined by (D*)*§ = — Dy -§
for any matrix-valued function §, so that Dj = D* — D?¢ acts on matrix-valued functions and takes value
in a space of vector fields. Here D*¢ - § := V¢ - §°. Let us consider

—Agsu:=—Dj-D°u and —Aggu:=—Dj Du+ (Vo Ve)u,

acting on a smooth vector field u. The differential operators —Ag and —Agg are associated respectively
with ||D%ul|? and ||D*ul|? 4+ [|[V¢ - u||?, which appear in the various Korn and Poincaré-Korn inequalities.
Additional details have been collected in Appendix B.2.

Theorem 3 (Associated operators acting on vector fields). Suppose (H1)—(H2)—(H3). Then the opera-
tors —Ay, —Ag, and —Agy are essentially self-adjoint on L. They have a common domain D, finite
dimensional kernels

ker(—Ay) =R?Y ker(—Ag) =RI@R, ker(—Agy) =Ry,
and positive spectral gaps. The spectral gap of —Ay is the Poincaré constant Cp while the spectral gaps of

—Ag and —Agy are estimated respectively in Theorems 1 and 2.

A positive spectral gap means that the infimum of the restriction of the spectrum to (0, +00) is positive.
Our last main result is devoted to a Korn-type inequality valid for vector fields v € L? while Theorems 1
and 2 are limited to u € H'. We shall compose by inverse powers of the following positive operator

(16) Ai=—Ay+1d

acting on functions, vector fields or matrices, coordinate by coordinate. By Theorem 3, A is essentially self-
adjoint (we keep the same name for the unique self-adjoint extension), A > Id, and A~'/2 is one-to-one from
H~! into L? (see Propositions 7 and 8 for more details). In order to measure the possible non-axisymmetry
of the potential ¢ in an L? setting, we introduce the rigidity of vector fields constant

A—l/QV (A b 2
(17) Cro = min H o) (QH I
Az+b € (R§ORY)\{0} |Az + b

when R # {0} and, by convention, Cyry, := 0 if RG = {0}. The proof that this constant Cry, is well-defined
in R, is exactly similar to that for Cgy.

Theorem 4 (Zeroth order Korn and Poincaré-Korn inequalities). Suppose (H1)—(H2)—(H3). Then there are
a zeroth order Korn constant C, and a zeroth order Poincaré-Korn constant Cpy, with explicitly computable
bounds depending only on ¢ such that, for all u € L?,

(18) inf IA"Y2 D(u— R) |? = ||A"Y2 (Du — B(Du))|* < Cro [|IA~2 D¥ul)?,
€
(19) it fJu— () = R = flu— {u) = P@)]]* < Crx A7/ Du 2.
As a consequence, there is a zeroth order precised Poincaré-Korn constant Cl,., such that, for all u € L2,

(20) = RIP = i = Po(w)* < Cl | A7/ D% | 42 G [A7/2 562

Inequality (20) is a straightforward consequence of the Poincaré-Korn inequality (19) and the existence
of the rigidity constant Cry,.
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1.4. Main tools and considerations on the optimal cases and optimal constants. The paper relies
on three main tools.

(D Poincaré-Wirtinger and Poincaré-Lions inequalities. The proof of Theorems 1 and 2 for vector fields
relies on Poincaré-Wirtinger inequalities for scalar functions, which go as follows.

Proposition 5. Assume that (H1), (H2) and (H3) hold, for some Poincaré constant Cp. Then there exists
a strong Poincaré constant Csp > 0 such that

(21) VieH', [IVI(f— (NP <Cor VIIP
with Csp < Cy (14 Cp). With A as in (16), there exists also a Poincaré-Lions constant Cpy, > 0 such that
(22) Ve’ If = (NIP < CollAT? VI < Cow If = (DI

Under the sole assumptions (H1)-(H2)-(H3), inequalities (21) and (22) are not completely standard.
These inequalities are linked to the spectral properties of —Ay, studied in Section 3, where elements of
proofs of (21) and (22) are also collected. An estimate of Cpy, is given in (41).

(2) The Schwarz Theorem allows us to write all components of the second-order differential of a vector field u
thanks to its symmetric components using the identity

(23) Vi,jok € {1, ,d}, O (D), = d; (D*u)y, — 9 (D*u),, .

This algebraic property is at the core of all Korn-type inequalities, it means that derivatives of D%u are in
the span of the derivatives of D*u. Note that the Schwarz Theorem also implies D* V = 0 which is central
in the construction of the De Rham complex.

(3 The rigidity constants, as defined in (11), (12) and (17), measure the defects of axisymmetry of the
potential ¢. See Appendix A.2 for a discussion.

Our method of proof can be summarised as follows: (i) we take care of the finite-dimensional parts R
and MG thanks to the rigidity constants in (3), (ii) we apply twice the Poincaré inequality in (1), first in the
form (21) and second in the form (22), so that we access second-order derivatives but remain at first order
thanks to A='/2, (iii) we use the algebraic property in (2) to get rid of the derivatives of D%u.

The infima in (8), (9), (13), (14), (19) and (20) are achieved respectively at P(Du) = (D%u) (see
Section 4.1), (u) + P(u), Py(u), By(Du), (u) + P(u) and Py(u) as a consequence of the definitions of the
various orthogonal projections. In the Gaussian case (5), we have DP(u) = PB(Dwu), but this relation is not
true otherwise. The constants are estimated explicitely and a summary is provided in Appendix B.5.

1.5. A brief review of the literature and a conjecture. We refer to [19, Eq. (13)], [16, Chapter 3,
Section 3.3], [8, page 291], and [24] for statements of the original Korn inequality which goes back to [28, 29,
30] in a bounded domain with Dirichlet conditions, and to [32, 6, 5] for considerations on the best constant.
There is a huge literature on applications to the Navier-Stokes equations and elasticity models, which is out
of the scope of the present paper: see [34] for an introduction to Korn’s inequality applied to these topics.

The case of Korn inequalities in bounded domains with Neumann boundary conditions was carried out
n [12], driven by applications in kinetic theory in [13]. The proof relates the Korn constant to the so-called
Grad number, which is further studied in [18] and related to other geometric bounds. The notion of Grad’s
number goes back to [20] in a bounded domain and was used in [12]. We refer to Appendix A.2 for a more
detailed discussion and how it relates to our rigidity constants.

In bounded domains, inequalities of type (9) are usually called Poincaré-Korn estimates (see for in-
stance [34, Section 1.3.1]), and inequality (14) is reminiscent of what is sometimes called the second Korn
inequality: see [35, Inequality (7)] and [27, Theorem 2].

To our knowledge, the only result in the whole space with a confinement potential is [15, Section 5]
where the Korn inequality (9) is proved by compactness, under an additional growth condition on V. The
original contributions of this paper are

(i) a proof of weighted Poincaré-Korn and Korn inequalities, under rather general conditions,

(ii) a constructive method which provides us with quantitative estimates on the constants,

(iii) some optimal constants in the Gaussian case.
Our method is likely adaptable to bounded domains and also to fractional inequalities in the spirit of [33].
Inspired by the properties of the Gaussian Poincaré inequality, e.g., in [10], we finally make the following
conjecture.
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Conjecture (Optimal constants). For a given ¢ satisfying (H1)-(H2)-(H3) with [y, z;z;e~?®) da = 4,
foralli,j € {1,---,d} and D*¢ > 1d, one has Cpx > 2 and Cx > 4, with equality in the normalized centred
Gaussian case (5) and only in that case.

1.6. Outline of the paper. In Section 2 we prove Theorem 1 in the simple case of Gaussian potentials.
This has a pedagogical interest but also an interest per se as the method captures some (conjectured) optimal
constants. Section 3 is devoted to classical results on the Witten-Laplace operator on functions and a sketch
of the proof of Poincaré inequalities under assumptions (H1)—(H2)—(H3) with some short quantitative proofs
for which we lack of references. In Section 4 we prove Theorems 1 and 2 in the general case. Section 5 is
devoted to the functional analysis of operators (Theorem 3) associated with various quadratic forms under
consideration. We prove Theorem 4 on zeroth order Korn inequalities in Section 6. Appendix A is devoted
to generalizations, a discussion of the measure of the defects of axisymmetry by rigidity constants, and an
elementary application of our main results to a simple kinetic equation with multiple conservations laws.
For the convenience of the reader, some computational details are collected in Appendix B.

2. PROOF OF THE KORN INEQUALITIES OF THEOREM 1 IN THE (GAUSSIAN CASE

Inspired by the proof of (1), we first prove inequalities (8) and (9) of Theorem 1 for the normalized
Gaussian measure, and establish the optimality of the constants in that case. We begin with two useful
identities valid for a general function ¢ € leoso (RY) and any u € CL(R%; R?),

(24) ID“ul® + [|(V = Vo) - ull* = || D] + / D*¢:u@ue ?dz,
R4
(25) | Du||? §2||Dsu||2+/ D%¢:u®ue ?dx.
R4
Identity (24) is obtained by a simple integration by parts, a commutation and the Schwarz Theorem (or (2)
integrated against e~?), while (25) follows from |Du|?> = |D*u|? + |D%/?.
In the remainder of this section, let us focus on the Gaussian case (5) such that
e~9@) = (27) /2 ¢ zlel?
is the standard centred normalized Gaussian. This is the only Gaussian function satisfying hypotheses (H1)

with the additional normalization <D2¢)> = Id, and it satisfies (H2) with ¢ = 0 and C; = Cy = d and it
satisfies (H3) with Cr = 1. We first recall the following improved version of the Poincaré inequality.

Lemma 6 (Improved Poincaré inequality). Assume (5). Then for any u € H' such that (u; z;) = (u;) =0
with i,j7 =1,...,d, there holds

(26) 2 [[ul” < | Dul®.

This result is standard: the operator —A, reduces after conjugation by e~?/2 to the harmonic oscillator
Py = — A + |z|?/4 — d/2 which has a discrete spectrum made of all nonnegative integers (see Section 3
for the definition of the operator). The lowest eigenvalue is 0 with multiplicity 1 and the first positive
eigenvalue is 1 with multiplicity d and eigenfunctions z;, 7 = 1,2,...,d. Conditions on v amount to the
orthogonality condition to these two eigenspaces, so that 2 corresponds to the next eigenvalue. The result
follows from the spectral theorem (see for instance to [37, Lemma 2 of Chapter V and Chapter 8] or [11]).

Proof of Theorem 1 in the Gaussian case. Since D*((D%u) x) = D*({u)) = D({u)) = 0 and P({D%u) x)
(D%u) x, it is enough to prove the inequalities for a vector field u € H' such that (D%) = 0 and (u) =
We have to show that

(27) lul* < 2(|D*ul*  and || Dull” < 4] D*ul.

0.

Let us define the corrected vector field v € H' by
v(z) :=u(zx) — Bx where B;; = (u;x;),

and note the elementary property (using that e~? dz is Gaussian)

Bi; = (u; ;) = / w;rje ?dr = Ojuje”?dr = (Du),; -
R4 Rd
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This implies that the matrix B is symmetric since (D%u) = 0 and that v satisfies (v; z;) = (v;) = 0 for all
i,7=1,...,d. We can then apply the improved Poincaré inequality (26) in Lemma 6 to v and get
2 2
2[lv[|” < |Dvll”.
Using this together with (25) and D?¢ = Id, we obtain 2 ||v||? < ||Dv||* < 2||D*v||? + ||v||* which implies
|[v]|? < 2||D*v||? and ||Dv||* < 4| D*v]|?, i.e., (27) written for v. Next we compute

|Dul|? = |Dv + B||* = |D*v + B||* + | D%||* = || Dv|* + |B|* + 2/ (D*v: B) e ?dz,
R4

ID*ul* = [|D*v + B||* = || D*v||* + | B* +2/ (D*v:B) e ?dz,
lull* = llv+ Ba|* = |lv|* + B + 2/ (v-Ba) e™?dz = |lv]* + |BJ?,
R4

where we used the fact that (D*u + B) and D®u are orthogonal in L? and (v; ;) = 0. By an integration
by parts, we obtain

/( e Pdx == ZB“/ (Ov; + 0jv;) e P da = ZBU/ (ziv; +xjv;) e ?de =0
Rd

using again (v; 2;) = 0. Altogether, we deduce that
[Dul|* = [|Dv||* + |B?, ||D*ul® = |[D*||* +[BI?, [[u]* = [lv]* + |B]*.
We deduce (27) on u from (27) on v and the last equations, which proves (8) with Cx < 4 and (9) with

Crx < 2. To saturate (27) it is enough to search for v = v with B = 0. With u(z) = (1—23,z; 22,0,...,0)%,
an elementary computation (see details in Appendix B.3) shows that

a S 3 a 9
(=0, [ull*=3, P(u)=0, P(Du)=0=(D"), [Dwu|*=5, [Du|*=3, |Dul*=6

This completes the proof of (8) with Cx =4 and (9) with Cpx = 2.
It remains to establish (10). By expanding the square [, [D(ue™%/2)|?dz as in [14, ineq. (4)], we obtain
after one integration by parts that

/ |2 |u(@)]? e ) da §4/ |Du|2e—¢dx+2d/ lu[2e? da .
Rd R4 Rd
Combined with (8) and (9), this completes the proof with Crx < Cspx < 2(2d +9). O

3. THE WITTEN-LAPLACE OPERATOR ON SCALAR FUNCTIONS AND POINCARE INEQUALITIES

Here we consider the Poincaré inequalities of Proposition 5 and some related properties of the Witten-
Laplace operator Ay, as defined in (15), in the case of a general probability measure e~? dx with a potential ¢
such that assumptions (H1)-(H2)-(H3) are fulfilled. Some results of this section are classical and we claim
no originality. For a general theory of self-adjoint operators, we refer for instance to [38, 37] and we refer
to [40, 22, 39, 25] or [21] for more details on Witten-Laplace operators. Proofs are given when we are not
aware of any precise reference or when we look for explicit estimates.

3.1. Two toolboxes and the proof of the strong Poincaré inequality (Proposition 5). For all
functions f, g € C°(R% R), we have by integration by parts

so that —Vy = —V + V¢ is the formal adjoint of V, —Ay is nonnegative and symmetric, and A, as
defined by (16), is symmetric. The Lax-Milgram theorem allows us to solve in H!, equipped with the norm
= (112 +IVf]*)}/2, the problem Af = £ for any given £ € H™!, and to build a self-adjoint extension of
A associated to the coercive bilinear form (f, g) — (Vf,Vg)+(f,g). On the other hand, by the well-known
change of function f — e~ %/2f, A is conjugated to

P¢ Z:e_¢/2A€_¢/2:_A+i‘v¢|2_%A¢+1

acting on the usual space L?(dz). From (H2), we get that |[V¢|?/4 — A¢/2 is bounded from below. From
Kato’s result [26] (also see, e.g., [37, Theorem X-28]), this implies that A has a unique Friedrichs self-adjoint
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extension such that C2°(R% R) is dense in its domain w.r.t. the graph norm, that is, A is essentially self-
adjoint. For notational simplicity, we use the same name for the operator and for its extension. We denote
by D(A) the domain of A.

Hence C2°(R%; R) is a core for the self-adjoint operator A > Id, which has a one-to-one operator extension
from H' to H~!. Tools of functional calculus and spectral analysis apply. This gives sense to A° with
domain D(A?) for all ¢ € R. For instance, D(AY/?) = H' and A'/? has a bounded one-to-one operator
extension from L? to H~! by duality. Recall that no specific growth, apart from the general condition (H2),
is assumed on |V¢| at infinity in the computations of this section (see [23, 21, 17] for other results without
growth condition). Let us show that (H2) implies that | V@] f is square integrable whenever f € H*', which
allows to make sense of | V¢ - u|| in inequalities (13) and (14).

Proposition 7 (H'! toolbox). Assume (H2). Then the space H' is
H'={felL®: VfeL®and |V¢] f € L?}
and for any f € L?, we have the inequalities

(28) VA2 1P < 112 ([LVel A2 1)) < Gy lIf11%,

(29) A2V r P < 112 |AY2 Vel £ < Co 1f11%

Proof. For all f € D(A) we have ||[Vf|> < (Af,f) = |AY2f]2. By density of D(A) in H* we get
HVfH2 < ||AY2 f||? for all f € H' and applying this inequality to A='/2 f € H' proves the first inequality
in (28).

Let us note that 0 < |V¢|? —4Vd|D?¢|+ Cy — 1 < |Vé|2 — 4 Ap + Oy — 1 because A¢ < /d|D?¢| and
according to (6), so that

[Vo]* <8(1Vel* — 5 A¢) +C.

As a consequence, we get the operator inequality [V¢]? < —8 A, + Cyld < Cy A using the fact that the
usual Laplacian —A is nonnegative on L?(dxz) and Cy > 8. This implies that, for all f € D(A), we have
that |V¢] fis in L2 and |||[V¢] fI|* < Cy (AS, f) = Cy |AY/2 f||2. By density of D(A) in H*, we get

2 2
(30) vieH', |[IVol [ < Col|AVE A

For any f € L?, applying (30) to A=/2 f € H' gives the second inequality in (28). Inequalities in (29) are
obtained from (28) by considering the adjoint operators. O

Proof of the strong Poincaré inequality (21). So far we did not use (H3) and its spectral consequences.
Using the density of C2°(R?%, R) in D(A) and (H3), we get that 0 is an isolated eigenvalue of —A, = A — 1
with associated eigenspace R. Inequality (21) follows from (30) applied to f — (f) and (H3), with Cgp <
C¢ (1 + Cp). O

The following toolbox is a key step in proof of the Poincaré-Lions inequality (22).
Proposition 8 (D(A)-Toolbox). Assume (H1) and (H2). Then
D) = {f € L? + [|[LV61? f]| + [LV6] V]| + [ D2f < +o0}
and there exists a positive constant Cy depending only on Cy, C:b and d such that, for any f € L?,
1002 1,12 1,12
(31) [D2ATLF|" + LVl VATLFT + [[LVe 12 AT ™ < Cu 111,

(32) [ATD2F|” + | A (Vo] VA + A V12 £ < Co £

Proof. Inequality (32) follows from (31) by duality using (H2).

Let us denote by S the subspace of L? such that D?f, |V¢] Vf and |V¢]? f are square integrable. It is
elementary to check that D(A) C S. In order to prove that, reciprocally, S C D(A), let us argue by density
of C*(R%R). For any f € C°(R% R), let us prove that £ = Af = — A, f + f is such that
(33) 1LVl 1° + 1LVl VA + 1D F* < Cs li€I®
for some explicit constant Cy, so that D(A) = S and (31) directly follow.

It follows from || f]|* < (Af, f) < |Af]| |If]| that || £]| < [|€]|. Similarly, using (28), we have

(34) IV fIl < C2 [AV2f]| = €2 (A, Y2 < C)% ]|
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Next, we estimate H |Vo)? f || Using (28) and the triangular inequality we have

ILVe1” £l = [1V6] [Ve] £Il < € A2 (1] )]l < G5 IV (1Y 8] DIl + G 11V 8] 1] -
With V([Ve] f) = [V6] Vf + (V[V9]) f, we get
ILVe1® Il < G577 1LV o] V11l + € 11981 £l + G52 11V Vo)) /]
<2 IV VI + Co €l +Cy” (T LVD) /I
by (34). Estimate (6) yields

|D2¢| [V

(35) VIVl < =5

<lo'VP|velr+ Lo, o
and, as a consequence,
ILV612 £ < C3/ 11V] VAl + Cy ll€ll + 3 |1V £ + Lol
so that using C’, > C, and || f|| < ||€]|, we get
(36) [1Ve12 f|| < ¢ 11Ve1 VFI+ 5 Ch kel -
Next we estimate ||[ V] Vf”2 by

[LVol VI™ = (IVeI* V1. V) = (V([Ve]* £). V) = (VIVe]*) £,V )
(LVO1* £,6 = £) = (VIVeI*) £, V)
(L
|

| 2

Vol® £,6) = 2((VIVe]) f, Vo] Vf)
[[Ve1? £l llll +2 1(VIVel) FIL LV VA -
Using (35) and |[f]| < [|€]], we get
37 VeI VI" < [LVe1® Fll gl + 5 €57 L9012 £ 1LV ST VAl + 5 O3 ¢ Nl ILV ol VA1 -
With elementary estimates, we deduce from (36)-(37) that
(38) ILVOI V| <9Cg Il and  [[[Ve1*f]| < 14C €]l

IN N

Integrations by parts show that
|Df||* = 3203 f.050) = 32 5 (0, — iy |+ 0y f 0:0)
=32,(05f,05(=8uf)) + 52,5 (210 F17), 0i9) = (VF, V(=AS)) + 5 (IVFI%IVe]* — Ag) .
Using the elementary estimates
and using (6) and |V¢] > 1 and the fact that
Vol = Ad <V + Vd|D*6| <[V + 5 (IVo* + Cs — 1) < 3 (5[V]* + Cs —6) < 3 (Cy = 1) [Vo],
we obtain, using also (38), the estimate
1
NN < DI < el IAfI+ 5 (177 + VL1196 — Ag)
< eIl + & (o — 1) (ILT127] + 11961 VA1) < el A1 +C el
with C' = %277 (Cp—1) C(;Q because 277 = 92 + 142. As a straightforward consequence, we obtain
JAfI <3 (a4 V@ +4C) ¢l and [|Df]* < G+ (a4 V@2 +4C) )

With (38), this completes the proof of (33). A detailed computation of Cy is given in Appendix B.4. O
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3.2. The Poincaré-Lions inequality (Proposition 5). We now focus on (22). As a preliminary remark,
note that this inequality is the counterpart in the whole space of the so-called Lions lemma in the smooth
bounded domain case Q@ C R¢, which amounts to the existence of some cq > 0 such that

VIeLXQ), callf = (N iz S IVFE- @ <dlIf = (£ 2@

(see for instance [16] and [9, Theorem 6.11.4]). This inequality belongs to the folklore in Hodge theory, see
for instance [22] or [25], with variants involving the so-called Witten-Laplacian on one-forms.

Proof of the Poincaré-Lions inequality (22). First note that the right inequality directly follows from (29)
applied to f — (f). We focus on the left one. The spectral theorem implies for all f € D(A) with (f) =0

(89) (14 Co) M ISP < (A0 AT f) = (A2 VAT ATV 1) < A2 VAT A2 g

because 1/(1+Cy) < s/(s41) for any s € [1/Cp, 00). Let us prove that A2 VA~! is a bounded operator.
Using the commutator [A, V] = — D%¢ V, we compute
AVZUAT = ATV 2AVAT = ATV2V 4 ATV A VAT
=ATPV - ATVPDP$ VAT = ATV + ATV2 V] (|Ve] T DG Vo] ) (Vo] VAT
From (29), we know that A~'/2V and A~!/2 | V@] are bounded respectively by 1 and |/Cy, from (31) the
operator |V¢] VA1 is bounded by +/Cy, and we have

/

[V¢] 7' D*¢ Vo] ! < —F

4.,/Cy
as a consequence of (6). Altogether, A'/2 VA~ is bounded and
(40) A2 wAty) < (1+ £ VE) I
which completes the proof with
(41) Con = (14 C)? (1410 \/C)

4. PROOF OF THE KORN INEQUALITIES OF THEOREMS 1 AND 2 FOR GENERAL POTENTIALS

In this section, we assume that the potential satisfies (H1), (H2) and (H3).

4.1. Proof of Theorem 1. As a preliminary remark, we recall that
Yue H', P(Du)= (D).
Indeed Du = (Du — (D%u)) + (D"u) is an orthogonal decomposition because
(Du — (D%u) , (D%u)) = (D% — (D%) , (D)) + (D%u, {(Du)) = (D*u) : (D%) =0
and the uniqueness of this decomposition shows the result.

> Proof of (8). Let us take u € H' such that (u) = 0 and (D%) = 0. Using the Poincaré-Lions
inequality (22), we have

d
(42)  |Dul® = |D*ul? + ID*u|)? = [D*ul? + Y (D w)ill* < [ D*ulf* + Cov AT V(D )|
ij=1
with |[A=Y2V(D%)||? = Zijzl |A=/2V(D%);;||>. The Schwarz Theorem as stated in (23) gives
(43)

AR <2 S (1A 0D A 000l =1 3 AR T(D )l

i,5,k=1 J,k=1

The right-hand side of the Poincaré-Lions inequality (22) yields

d d
Yo IATEVD )P < Y D w)]? = [ Dl

Jik=1 Jik=1
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Together with (42) and (43), this gives ||[Dul|? < (1 +4Cpp) ||D*ul|? so that we can take Cx < 1+ 4 Cpy.
This proves (8) since DR = {0}.
> Proof of (9). Let us take u € H' such that (u) = 0 and P(u) = 0. By definition of P, we have
ull® < |Ju — PB(Du) z|| since 2z — P(Du) z is in R. Applying (H3) and (8) gives

lul < Co | Du = B(Du)||* < Co Cc | D*ul?

This proves (9) with Cpx < Cp Cx.

> Proof of (10). Let us take u € H' such that (u) = 0 and P(u) = 0. Applying the strong Poincaré
inequality (21) and the Korn inequality (8) gives

(14) 11V6]ulP < Car [ Dul* = Co (10w~ B(DW) [ + [BDW)|) < Car Cu |1D%ul* + o [0

An integration by parts, Jensen’s inequality and the Cauchy-Schwarz inequality show that

d

(45) IB(Dw)|* = [(DUu) [P =2 >

ij=1

2
< VI flu* -

/Rd (@qﬁui - 8i¢uj) €_¢d.’1?

An integration by parts, A¢ < v/d|D?¢| and (6) provide us with
/ V| e do = / Ape ?dr < i/ [Vol?e ?dz+ 1 (Cy— 1)
Rd R R

so that ||V < 3Cy4 and we conclude that |B(Du)||* < 3Cy |Jul? < 3Cy Cox || D%ul|® by (9). Inserting
this estimate in (44) completes the proof of (10) with Cspx < Csp(Ck + 3 Cy Crk)- a

4.2. Proof of Theorem 2.

> Proof of (13). Since for any R € Ry, DR = 0 and V¢ - R = 0, we can consider u € H' such that
Py (u) = 0 without loss of generality, so that P(u) € R§. According to (9) and by definition of the rigidity
constant Cgy in (11), we have

ull® = llu = P(u) = ()|* + [P(u) + () ||* < Cox [|Dul® + Cr V6 - (B(w) + ()]
< Cox | D*ul? +2Cry [V - UH2 +2Cw Vo (u—P(u) — <U>)||2 :
Applying then the strong Poincaré-Korn inequality (10) gives
lull* < Cesc | D*ull? +2 Cry [V - ul* + 2 Cry Copuc | D .

This completes the proof of (13) with C}, < Cpx + 2 Cry Copx-

> Proof of (14). Since for any R € Ry, D°R =0 and V¢ - R = 0, we can again consider u € H' such that
PBy(Du) = 0 without loss of generality, so that P(Du) € M. According to (8) and by definition of the
rigidity constant Cyp in (12), we have

1Du)|* = | Du = B(Dw)||* + [B(Du)|* < Cc [|D*ul|* + Cru |V - (B(Du) z + (u))|*
< O ||D*ul|* + 2 Crp [V - ul)* + 2 Crp [V - (u = B(Du) 2 — ()|
Applying the strong Poincaré inequality (21) gives
||D“||2 < Ck HDSUH2 +2Crp [V - UH2 +2Crp Csp || Du — ‘I}(Du)||2,
and by the Korn inequality (8) again,
||Du||2 < Ck ||DSUH2 +2Crp [V - u||2 + 2 Crp Csp Ck ||DSuH27

This gives (13) with C}, < Cx(1 + 2 Crp Csp), with Csp < Cy (14 Cp) according to Proposition 5. O
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5. OPERATORS ON VECTOR FIELDS: PROOF OF THEOREM 3

In this section we develop the functional analysis and the spectral theory of operators on vector fields,
and prove Theorem 3. All results on the tensorized operator —Ay on vector fields are direct consequences of
the study of the corresponding scalar operator: from Section 3, we learn that —A is essentially self-adjoint
and admits C°(R%;R?) as a core, the domain of its unique self-adjoint extension is

D(-2g) = {ueL? i Vje {1, .d}, 1961w + [ LV6] Vuy||* + | Dus | < o0},

and its kernel is ker(—A,) = R%.
Let us deal with the other operators of Theorem 3. Recall that the operator —Ag is defined on C°(R%; RY)
vector fields by —Ag = — D7 - D*. It is nonnegative and Id — Ag has therefore a Friedrichs extension

with domain included in H} defined as the completion of C2°(R%; R?) with respect to the norm given by
w s |Jul|? + || D%ul|?>. On the other hand, a maximal self-adjoint extension of Id — Ag can be built according
to the Lax-Milgram Theorem and its domain is included in H'. The Korn inequality (8) implies that
H 3.; = H' so that the two extensions coincide, since there is a unique extension for which the domain is
contained in HY ([37, Theorem X.23]), which is the case for the maximal one. We have proven that —Ag
is essentially self-adjoint. From the Poincaré-Korn inequality (9), we learn that ker(—Ag) = R @ R? and
that inf (Sp(—Ag) N (0, +00)) > Crl > 0. This concludes the proof of Theorem 3 for —Ag.

The same argument applies to —Agy = —Ag — V¢ ® V¢ using (8)—(10) as we know from Proposition 8
that V¢ ® Vou € L? for all u € D. This completes the proof of of Theorem 3.

Remark 9. Note also that the alternative operator defined on smooth vector fields by u — — D7 - D*u —
V(V, - u) has exactly the same properties as —Ag because || D%ul|? + ||[V¢ - ul|? ~ || D*ul|? 4 ||V, - u||* where
Vou: =V -u—Ve¢-uand V- u=Tr(D%).
6. ZEROTH ORDER KORN INEQUALITIES: PROOF OF THEOREM 4

In order to prove (18), we use a new Poincaré-Lions-type inequality of order —1 and the Schwarz Lemma.
6.1. A Poincaré-Lions inequality of order —1.
Lemma 10. There ezists two positive constants Cyp, and Crpr such that, for all f € H™', we have
(46) Conn IATV2(F = (MNP <INV < Cren [ATV2(f = (M)

Proof. We rely on the same strategy as for the proof of the Poincaré-Lions inequality (22). For any f € H~1,
the mean makes sense because (f) = A™1/2 (f) = (A~Y/2 f) as A = Id when restricted on constants. We
can therefore take (f) =0 w.l.o.g. and apply the spectral theorem as in (39), for any f € D(A), to get

(47) O+ )T AT IR < (A0 ATTATY2 F AT 1) = (AVATHR(ATY2 1), ATV,

where we used that —Ay = — Vg -V and A commute. In order to prove the left inequality in (46), it is
sufficient to prove that AVA~3/2 is a bounded operator. We work in C3°(R% R), which is a core for A, and
the conclusion follows by density in L2. Let us write

AVAT3? = VA2 4+ [N, VIAT32 = VA2 - D¢ VA2 = VA2 — D2 A™1 (AVAT*/?).
By assumption (H2), for all ¢ > 0 and for all g € C*°(R% R), we know that
IAVA=2g]| < [[VA™Y2 g|| + ¢ |[[Vo]* VA2g|| + C. VA~
< VA2 gl + e[| [Vo12 AT H(AVAT2g) || + C- [VATY2 (A1 g)]|

The operators VA~Y/2 and |V¢]2 A~! are bounded respectively by 1 and /Cj according to (28) and (31),
and A~! <1, so that

IAVA™2g] < (14 Co) [lgll + & /T [AVAT2g].
With the choice e = 1/(2v/C5) and Cf := C. = Cy (5 /oy in (H2), we obtain
IAVAT2g] < 2(1+CF) gl
Coming back to (47) with g = A=1/2 f, we obtain
A2l <2(1+Co) 1+ CH AT VI
so that Cppp, <4(1+Cp)?(1+ C'(’zb')2 and the left inequality is proven.
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In order to prove the right inequality in (46), we notice that A= Vf = A=' VAY2 (A=1/2 f) and it is
therefore sufficient to prove that A~'VA'/2 is a bounded operator. This is done as in (40) by writing

ATIVAY2 = ATIWAATY2 = VA2 L ATV AATY2 = VA2 4 AT DG (VAT

As in the proof of (40), we obtain for any f € C°(R%R) and g = A~'/2 f the estimate
IATIV S = AT VAY2g) < (144 € /CofCy ) IV AT 2] < (144 C VoI5 ) gl
using (6), (28) and (32). This concludes the proof with Crp, = (1 + %C('b VCs/Cy )2, O

6.2. Proof of the Korn inequalities in Theorem 4. As a consequence of (45) the projection u
B(Du) = (D) has a unique extension as a bounded operator on L? with norm bounded by ||V¢|| since H*
is dense in L2. We keep the same name for the extension and notice that

ATV2p(Du) = A™V2 (D) = (A™V2 D) = PB(A~2 Du).
> Proof of (18). Let us take u € L? such that (u) = 0 and B(Du) = (D) = 0. Using (46), we have
A2 Dull? = A2 DPull? 4 A= Doul” < A~ D*ul + Gy A V(D)
where [|[A~! V(D%)||? = Zijzl A= V(D%u),;]|?. By the Schwarz Theorem (23),
d d
A V@m P <2 Y (I (D )l + AT 0D wal2) =4 D7 AT V(D u)ul,
ivgyk=1 k=1
and (46) yields
d d
Z A~ V(Dsu)inQ < Crew Z ”A_l/2 (Dsu)ijQ = CrpL ||A_1/2 D*ull?.
ij=1 jik=1
Altogether, this proves
||A_1/2 (D“ - SB(Du)) I < (144 Crpr. Crrv) HA_1/2 Drulf?

and (18) follows with Cx, = 1+ 4 Crpy, Crpr-

> Proof of (19). Let us take u € L? such that (u) = 0 and P(u) = 0. By definition of P, (22) and (18) we
get

2
el < lu = P(Dw) ]| < Cry, [A712 (Du— P(Dw))||” < Cor. (1 4+ 4Ciry Cupn) 1A~/ D2

This proves (19) with Cpxo < Cpr, (1 + 4 Crpr, Crpr).

> Proof of (20). Let us consider u € L? such that Pg(u) = 0 so that P(u) € Rg. By (19) and by
definition (17), we have

lall® = llu = P(w) = {u)|* + [P(u) + (u)
< Crxo N2 Doul|? + Cao A2V - (P(u) + (u))]?
< Coro [AT2 D*ul|* + 2 Cravo [AT2 (V- 0) | + 2 Cvo [IAT2 [V - (u = P(w) — (w)]]*.

Inequalities (29), A='/2 < 1 and (19) yield
lull* < Coro A2 D] + 2 G [|IA™2(V6 - ) ||* + 2 Cravo Cos [Ju — P(u) = (u) |

2
< Crxol[A™2Du)|? + 2 Crvo A*1/2(V¢'“)H +2 Cryvo C Croxo [|[A2 D% 2.

This proves (20) with C/

PKO

< Crko(1 + 2 Cryo Cy), and also completes the proof of Theorem 4. O
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APPENDIX A. EXTENSIONS, GEOMETRIC OBSERVATIONS AND MOTIVATION FROM KINETIC THEORY

A.1. On the assumptions and some generalizations.

Remark 11. The fact that the Poincaré inequality (H3) implies that e~?dz has an average (z) and a
variance (|z|?) is classical (see, e.g., [31, Corollary 3.2]). Indeed (H3) yields a concentration property of
e~?®) dz via a concentration function. A direct application of Fatou’s Lemma allows to extend (H3) to
the set W of uniformly Lipschitz functions, which includes z + z; for all j € {1,--- ,d}. This directly
gives fRd || e~ ?@) dz < dCp and the integrability of z w.r.t. e~ ¢ dz follows by the Cauchy-Schwarz
inequality. By induction, we get under (H3) alone that the set of all polynomial functions Rz] is included
in L? and even H'.

Remark 12. As a consequence of Remark 11 and of the strong Poincaré inequality (21), we directly get that
for all 4,5 € {1, -d}, [ga|zi0;0(x)|e"?@ dz < oco. It is indeed sufficient to apply the strong Poincaré
inequality to z — x;, which is in H'. Note that this gives sense to all quantities of Theorem 1, e.g., [V¢ - R||
for any infinitesimal rotation R.

Remark 13. There are many sufficient conditions for the Poincaré inequality of Assumption (H3). When ¢
is uniformly convex, it is shown in [3] that Cp is greater or equal than the convexity constant, hence leading
to fully explicit estimates in the two main theorems. If we only assume that lim|;|,, o |V¢(2)| = +o00, then A
is in fact an operator with compact resolvent, hence with discrete spectrum, and (H3) follows. Another,
less stringent, sufficient condition on ¢ is liminf |, (5|Vé(2)[? — Ad(z)) > ¢ for some ¢ > 0 (it implies
the Poincaré inequality from the Persson-Agmon formula of [36] or [1, Theorem 3.2]). We note that this
last assumption is satisfied by any regular function which coincides with  — «|x| + 8 outside of a large
centred ball, where o and /3 are normalization constants.

Remark 14. Assumptions (H1)-(H2)-(H3) may be satisfied in other geometries than the one of the whole
Euclidean space R¢. In particular, given an open, smooth, bounded and connected subset 2 of R, we observe
that these hypotheses are satisfied by the potential ¢(z) = exp (1/d?(z,0Q)), where d(z, 0€2) denotes the
usual Euclidean distance from x to 0€2. Here R? is replaced by © equipped with the measure e~?(*) dz.
It is an open question to understand how our results could be extended to usual boundary problems with
potentials mimicking walls at the boundary of 2.

A.2. Rigidity constants and defects of axisymmetry. In the proofs of Theorems 1 and 4 (see also
Appendix B.5), we used the two rigidity constants Cry and Cry, defined by (11) and (17), depending on the
level of regularity in each case, to measure the defects of axisymmetry (note that Cry < Chry, since A > Id).
We used also Cyp, defined in (12) but remark that Cry and Cip are not directly comparable either, because
g, =+ DR, Other ways of measuring the default of axisymmetry of the potential ¢ can be considered.

(D One can consider, again, a rigidity of vector fields constant, but this time defined alternatively by

V- Ax|?

Cih = .
AzER\0} [ Al

RVL

when Ry # {0} and Cgy, =0 otherwise.

This leads to the modified Poincaré-Korn inequality
(48) bl ()~ Aal? = flu— () ~ B(w)|* < G, [D*ul + 2 Crn [V (= ()]

with an explicit bound for the constant C,, using (9) and the method of proof of (13). Once more,
the existence of Chyy, follows from the injectivity of Az +— V¢ - Az on R and the fact that Rf is of
finite dimension. The main advantage of this approach is to preserve a continuity property with respect
to axisymmetry, which can be stated as follows: a small perturbation of a radial potential ¢ gives rise to
a small constant Chgy., the limiting case being Rg = {0} and Cyy, = 0. The main drawback is that the

symmetric operator associated to (48) is neither local nor differential because of the term (u) which appears
in the right-hand side of (48).

2 In a bounded domain Q C R? with flat metric (i.e., for a constant potential ¢) considered in [12],
the authors use Grad’s number. Let us explain how to adapt this method in our context under, e.g., the
additional condition

. D¥*¢(x)
2 o 0
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This property implies that the multiplication operator by D?¢ is relatively compact with respect to AV
acting on vector fields, with essential spectrum in [Cp,00). The spectrum in [0, Cy) is then a pure point
spectrum and the kernel is finite dimensional. For any antisymmetric matrix A, there exists an affine space
0 4 of functions v € H' solving the Witten-Hodge problem

divpv=0, D'w=A.
The Witten-Hodge inequality asserts that
49 inf || D%v||* < cq |AJ?
(49) Jof D" < e |4

for some constant cg € (0,00). The reverse inequality amounts to the existence of Grad’s number such that

Cgli= inf | D*v]|2.
AEEUI;), |A|=1,v€T 4
The existence of Cg as well as a quantitative positive lower bound could be establish using mass transport
theory exactly as in [12]. Of course, Cg is well defined only when R # {0}, i.e., under the condition
that ¢ is not radially symmetric. Inequality (49) is natural in differential geometry and more specifically
in De Rham cohomology theory: we refer to [2, 21] for further developments on this topic. In bounded
domains, how to measure the symmetry defect by Grad’s number in view of Korn type inequalities is at
the core of [12] but has also been studied in [18]. This approach differs from ours. Using Cg and (8), the
inequality (13) can be proved along a similar strategy as in [12], although with different constants.

A.3. An elementary application in kinetic theory. The main motivation for this paper comes from
kinetic equations involving a confining potential studied in [7]. Also see [12, Section 2] and [4, 15] for
applications of Korn inequalities to kinetic equations. As an example, let us consider the linear relaxation
model of BGK-type

(50) 8tf+v'va:f_va:¢'vvf:‘cf::Gf_.ﬂ

where f(t,z,v) is an unknown distribution function for a system of particles depending on time ¢ > 0,
position = € R? and velocity v € R?, and where G 7 is defined by

Gj:=(p+u-v)p where p(t,x):= /Rdf(t,a:,v) dv, u(t,x):= /Rdvf(t,x,v) dv.

Here p(v) := (27)~4/2 e=1v*/2 while p and u are respectively the macroscopic density and the aver-
age velocity associated with f. The collision kernel admits d + 1 conserved moments, in the sense that
Joa Lt z,0) dv=0= [oov; Lf(t,z,v) dvfor any i =1,...,d and f € L'((1+ |[v])dv).

A natural question is to look for equilibria of (50). A quick glance at the equation shows that M(z,v) :=
e~ () w(v) is one of them. Korn inequalities provide us with a complete answer.

Proposition 15. Under Assumptions (H1)—(H2)~(H3), all equilibria of (50) in L*(M~1dx dv) take the
form f(z,v) = ((R(z) - v) + ¢) M for some R € Ry and c € R,

Proof. Write f = h M with h € L2 (M dzdv), p=re % u=wue ?, so that equation (50) reads

(51) Oh+v-Vih—Ved-Voh=Lh):=h—r—u-wv.

The restriction of L to L?(pudv) is L = — IT+ where I is the orthogonal projection onto Span{1,vy,...,v4}.
We compute

i// \h|2dedu:2// (Lh)h/\/ldxdv:—2// - h[* M de do
dt J Jraxpra R xRd Re xRd

and deduce that any stationary solution of (51) takes the form h(x,v) = () +u(x) -v. Equation (51) then
reads
v-Ve(r+u-v)=V,o- u.
Integrating the latter equation against respectively 1, v; and v; v; with i # j in L?(pdv) yields
i) Vye-u—Vyp-u=0, 4i) D°u=0, i) Vr=0.
From iii) we get that there exists ¢ € R such that r = ¢. As for i), an integration by parts gives

= “u— ) () -ze @ dy = — u- w)-z) e @ dy = — w-{u) e @ dz = — (u)?
0= [ (Torum Voo ) do=— [ V() o= = [ ) 00 do = - (w?,

Rd
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so that (u) = 0. Note also that taking the trace in ii) yields V, - u = 0 so that i) reads V;¢ - u = 0.
Using this and (19) in Theorem 4 shows that u = R with R = Py(u) € Ry. Hence h = R(z) - v + ¢ and
flz,v) = ((R(x) “v) 4 c) M. The reciprocal is straightforward, which completes the proof. a

APPENDIX B. ADDITIONAL DETAILS ON COMPUTATIONS

B.1. Functions, derivatives and projections. We denote by f a generic scalar function on R? and by

u: RT — R% a generic vector field, so that Vf = (9;f)i, is a vector field and Du = (9ju;)¢;_; takes
d

values in 9. The symmetric and the antisymmetric differentials of u, respectively D’u = ((Dsu)ij)ijzl

and D%y = ((D“u)ij)d

ij=1
(Dsu)ij = % (6]’661 + 6211,]) and (D“u)ij = % (6jui — &uj)
so that D%u + D% = Du.

The orthogonal projection P of vector-valued functions is defined as follows. Let (A;;)1<i<j<a be a basis
of M* whose elements are

are defined by

Aij = (055 — 052) Oni 5je)Z,@:1
and (Rij)1§i<j§d the orthonormal (in the L? sense) basis of R given by
Rij(x) = Z;;' Aj
whose coordinates are all 0 except the i*" and the j* ones, with respective values —xj/Z;; and ;/Z;;, i.e.,

Rij(x)t =22 (0,...,0,—2;,0,...,0,2;,0,...,0),

)

1/2
and where the normalization constant is Z;; = (fRd (22 + x?) e~ () dx) 2 With these notations, Pu is the
vector field

T +— Pu(m) = Z Cij Rij (3?)

1<i<j<d
where the coefficients are computed, for all integers 4, j such that 1 <i < j <d, as
Cij = fRd u(x) ' Rij(m) e @ dy = Z%] fRd (fz uj(x) —Zj Uz(x)) e 9@ dz.
The orthogonal projection P of a matrix-valued function § is defined as
PBF = Z dij Aij
1<i<j<d
where the coefficients are computed, for all integers i, j such that 1 <i < j <d, as
dij = %fle 3(33) R Aij e*‘z’(‘”) de = %fRd (3” (IZ’) - S]z({E)) e*‘i’(x) dz .

As a a consequence, we deduce that BF = (§%) and P(Du) = (D%) for any u € H'.
A matrix A € DRY is such that A € MM* and for any B € DRy C IM*,

0= fgaAz B e ) da = Zij,kzl Aij Bi Jpa Tk e~ %@ dg
A matrix A € zmg) is such that A € MM and for any B € DRy = My C M?,
0= f]RdA :Be ?@Wdr=A:B= ZZ] Aij Bij.

Based on these two definitions, it is clear that DRY and NG generically differ.

B.2. Operators. Let us give some details on the differential operators —Ay4 and —Ag associated respec-
tively with the quadratic forms f +— ||V f]|? and u — || DSu|*.

> Using Vyu := V-u—V¢-u, the Witten-Laplace operator A on functions is such that ||V f||? = (f, —Asf)
and takes the form

Agf=e’V-(Vfe ?) =V, -Vf=Af-V¢ Vf.
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> By definition of D*u and using integration by parts, we have
(—Agsu,u) =2 [, |D3 2e?de =3 ij L Jea Bsuy + 0ju;)? ¢ da

= QZ” 1 Jga s 05 ((Osuj + Ojus) e=?) da — QZ” 1 Jga i 05 ((Osuj + Ojus) e™?) da
= *Zu 1fRduJ ( diuj + 0, ul)e ¢) dz
= Z (uz Au; + u; 8”%) ¢dx + 2?21 fRd Uu; ((ti) V) u; +2(D%u ti))i) e~ ?dx
= —fRdu~ Au+V(V u) — (Vo -V)u—2D*uVe)dz.

so that —Ag is given, for an arbitrary vector field u € C°(R%;R%), by

—Agu=—D} -Du=—(Au+V(V-u)— (Vo -V)u—-2DuVe).

B.3. Gaussian measure. In the normalized centred Gaussian case ¢(z) = % ||+ £ In(27) corresponding
to (5), the basic constants are Cp = 1 (which is the optimal constant in the Gaussian Poincaré inequality),
either Cyp =1+ 4d and C) =4/d (1 +4d) if d > 2, or Cy =8 and Cj = 82 if d =1, as a limit case.
Let u(z) = (1 — 22,21 29,0,...0)*. By elementary computations, we find that
0 =2z . 0 -3 ) 0 — 3y
Du = To T , Du= — 5T T , D%u= 5 T2 0
0 0 0 0 0 0

where 0 denotes 2 x (d —2), (d —2) x 2, and (d — 2) x (d — 2) null matrices. After integration against the
normalized centred Gaussian measure, we have

a S 3 a
(=0, [ull*=3, P(u)=0, P(Du)=0=(D"), [Du*=3, [Dl*=
This proves that Cx =4 in || Du—B(Du)||? < Cx ||D*ul|? and Cpx = 2 in |Ju — (u) — P(u)||* < Crx || D*ul?
are both optimal.

o IDul? =6

B.4. Estimates for the D(A)-Toolbox and consequences. Here we give some details on the computa-
tion of Cp in the proof of Proposition 8 in Section 3.1. Let A = ||[Vo] Vf|, B =||[V¢]1* ||, Z = ||€]| and

let ¢* = Cy > Cy = ¢*. Tnequalities (36) and (37) amount to
B<4cA+3¢%7 and A2°<BZ+LAB+5AZ.
Taking the equality case in the first mequahty, we find that
A2 —4A(c+ %)) Z -5 22 <0
which means that
A< (20+V402¥5)dZ with o=5+<>2.

On [2,+00), the function o — v/4 02 + 5/ is monotone non-increasing, so that V402 +5 < 1 /21 . Using
the monotonicity of ¢ — co and ¢ < ¢/, we also have co < 2¢/. As a consequence, we have

A<(2+3V2T) oSz < (4+V21) 2 2<9< 7,

B<i(te2o+VIo745) +5¢) ¢ Z< (T+4/T[3) <147 7,

that is, the bounds (38). Moreover, from HD2fH2 <E4L(d+ VB2 +4C) |¢|]> with C = 2 (Cy— 1) C
we deduce that

(52) Co =81 +196C,° + G + 1 (d+ V& +4C).

B.5. Estimates on various constants. The constants C;y and Cj appear in (6) as a consequence of (H2)
while the Poincaré constant Cp follows from Assumption (H3). According to (41), the constant in the

Poincaré-Lions inequality (22) is given with Cp as in (52) by Cr = (1 + Cp)? (1 + Cy \/C’B/4)2. From
Proposition 5, we know that the strong Poincaré inequality (21) holds for some Csp < Cy (14 Cp). As for
the other constants in Theorems 1 and 2, we learn from the proofs in Sections 4.1 and 4.2 that

CK < 1+4OPLa CPK < CP CKa CSPK < CSP(OK +3O¢ CPK)a

Cl. <Cok +2Ch Cspx and Cl < Cy(142Chp Csp) .
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In Section 6.1, Lemma 10, using Cj := C. as in (H2) with e = 1/(21/C}), the constants in (46) are

2
Cope <4(1+Co)>(1+C))° and  Chpy, < (1 +1cy ,/CB/C¢) .

Finally, the constants in Theorem 4 are given by

Cko=1+4Cip., Crxo < Chy (1 +4 CLPL) and CI/DK[) < CPKO(I +2Crvo Cd))
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