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Abstract

The time periodic Navier-Stokes equations are considered in the three-dimensional
and two-dimensional settings with Dirichlet boundary conditions in thin tube
structures. These structures are finite union of thin cylinders (thin rectangles in the
case of dimension two), where the small parameter ¢ is the ratio of the hight and the
diameter of the cylinders. We consider the case of finite or big coe cient before the
time derivative. This setting is motivated by hemodynamical applications. Theorems
of existence and unigueness of a solution are proved. Complete asymptotic
expansion of a solution is constructed and justified by estimates of the di erence of
the exact solution and truncated series of the expansion in norms taking into account
the first and second derivatives with respect to the space variables and the first
derivative in time. The method of asymptotic partial decomposition of the domain is
justified for the time periodic problem.

MSC: 35Q35; 76D07; 65N55

Keywords: Time periodic Navier-Stokes equations; Thin structures; Existence and
uniqueness of a solution; Asymptotic expansion; Method of asymptotic partial
decomposition of the domain (MAPDD)

1 Introduction

The present paper is motivated by the problem of computer modeling of the blood vessel
network. Such modeling is important for optimization of the choice of serging strategy
in the case of cardio-vascular or cerebrovascular problems. The existing one-dimensional
models and codes cannot give the required accuracy in the neighborhoods of clot forma-
tion zones, stents, and bifurcation of vessels. On the other hand, the completely three-
dimensional computations are currently very time consuming and can be applied only for
small parts of the blood circulation system. That is why we suggest the hybrid dimen-
sion models, combining the one-dimensional reduction in the regular zones with three-
dimensional zooms in small zones of singular behavior. This approach was addressed to
the non-stationary initial boundary value problems for the Navier—Stokes equations in
thin tube structures [17]. However, for the hemodynamical modeling, more natural are
time-periodic settings. That is why we consider here the periodic in time problem for the
Navier—Stokes equation, prove the existence and uniqueness theorems for this setting,
and construct the asymptotic expansion of a solution with respect to the small parameter
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¢ equal to the ratio of the diameter of vessels to their length. We consider the Navier—
Stokes equations in a class of special domains called tube structures. These domains are
connected finite unions of thin finite cylinders (thin rectangles in the 2D case respectively).
Each such tube structure may be schematically represented by its graph: letting the thick-
ness of tubes tend to zero, we find out that tubes degenerate to segments. We consider the
problem in two different scalings: one of them is the same as in [17], while the other gen-
erates a big coefficient of order 72 of the time derivative of the velocity. The constructed
asymptotic expansion is then used for the construction of a special numerical method
combining one-dimensional description with three-dimensional zooms, the method of
asymptotic partial decomposition of the domain (MAPDD). This method reduces the full
geometry setting to the computations in neighborhoods of bifurcation zone of diameter of
order ¢|In¢| as in [4] but in the time periodic setting. An alternative approach was devel-
oped by A. Quarteroni’s team [5], but this other method of junction of one-dimensional
and three-dimensional zones is different because it is based on multi-physics modeling:
the one-dimensional hyperbolic equations and three-dimensional models are derived in-
dependently of conservation laws, and then coupling is based on the ideas of consistency
of numerical schemes implementing these models. On the contrary, the MAPDD starts
from the Navier—Stokes equation written everywhere in the blood flow area, it rigorously
derives the one-dimensional Poiseuille type equations in the main part of the domain with
three-dimensional zoom in small parts near the bifurcations of vessels and clot formation
zones. It prescribes mathematically justified size of the zoomed areas and asymptotically
exact junction conditions. Numerous computational tests show that the multi-physics ap-
proach with hyperbolic one-dimensional models is more convenient for the description
of thick vessels (arteries), while the MAPDD model works better for small vessels such as
arterioles.

Let us describe now two different scalings of the Navier—Stokes equations in small and
very small arterioles or capillaries. The experimental data depend on numerous factors:
whether human or animal blood system is considered, if it is healthy or ill. So we take some
averaged data from [10, 11]. The characteristic time (period) is 1 second, while the char-
acteristic velocity is about 0.5 x 1072 m/sec. Consider two scalings for the characteristic
length and diameter of vessels: (1) the length is 107 m and the characteristic diameter
10~* m, (2) the length is 1072 m and the characteristic diameter 10 m (in both cases
& = 0.1). Let us make the change of the space variable X = 103X in case (1), and X = 1072x
in case (2). Consider case (1). Making the change of velocity v = 1072V and the change of
pressure p = 10°P and taking into account that the dynamic viscosity of the blood is about
4 x 1073 Pa sec and its density is 10> kg/m?, we obtain in new variables the Navier—Stokes
equation with all coefficients of order one:

ov
T3 —4AxV+05(V,Vx)V+VxP =0, V-.V=0.

Consider now case (2). Making the change of velocity v = 10~V and the change of pres-
sure p = 10'P, we obtain in new variables the Navier—Stokes equation with all coefficients
except for the time derivative term of order one, while the coefficient of the time derivative

is 102, i.e.,, e72:

9
1023_\1:/ —4AxV +5(V,Vx)V+VxP =0, V.V=0.
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Figure 1 Graph of tube structure

That is why we consider below two different settings: with the factor 72 and without it.

In the first part of the paper we study the existence and uniqueness of the time periodic
Navier—Stokes equations for both settings and derive the a priori estimates. The proof of
the existence, uniqueness, and a priori estimates of a solution in the time periodic setting
differs significantly from the proof of this trinity in the case of initial conditions given
in [17]. Moreover, in the present paper we obtain more precise estimates by means of a
technique using the Stokes operator extension (see [21]) and the base of its eigenfunctions.
However, this technique needs the C2-smoothness of the boundary. That is why we modify
slightly the definition of the tube structure adding smoothing domains near the vertices of
the graph of the tube structure. This modification allows as well to improve the estimates
for the Jth partial sums of an asymptotic expansion of solution constructed in Sect. 6 and
to obtain better estimates than in [17]. The construction of the asymptotic expansion of
the solution and the MAPDD implementation for setting (1) is similar to [17] but with the
time periodicity condition instead of the initial condition.

On the contrary, case (2) corresponds to a different expansion of the solution, and the
algorithm of its construction is given in Sect. 6. Section 8 is devoted to the justification of
the asymptotic expansion.

1.1 Tube structures. Graphs
For the reader’s convenience, let us remind the definitions of the tube structure and its
graph given in [17], see also [12].

Definition 1.1 Let O, 0,,...,0y be N different points in R",n = 2,3, and ej,€,,...,em
be M closed segments each connecting two of these points (i.e., each ¢ = m, where
ij,kj € {1,...,N},ij Zk;). All points O; are supposed to be the ends of some segments ¢;. The
segments gj are called edges of the graph. A point O; is called a node if it is the common
end of at least two edges and O; is called a vertex if it is the end of the only one edge. Any
two edges €j and ¢; can intersect only at the common node. The set of vertices is supposed

to be non-empty.

Denote by B = Ujl\fl g the union of edges and assume that B is a connected set. The
graph G is defined as the collection of nodes, vertices, and edges (see Fig. 1). The union of
all edges having the same end point O is called the bundle BY.

Let e be some edge, € = 0;0;. Consider two Cartesian coordinate systems in R". The
first one has the origin in O; and the axis oix&e) has the direction of the ray [0;0;); the
second one has the origin in O;j and the opposite direction, i.e., 0ix® is directed over the
ray [O,-Oi).
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In what follows, in the various situations we choose one or another coordinate system
denoting the local variable in both cases by x® and pointing out which end is taken as the
origin of the coordinate system.

With every edge €j, we associate a bounded domain o/ € R"! having C2-smooth bound-
ary aaj,j =1,...,M. For every edge ¢; = € and associated ol =o®, we denote by Hs(e) the

cylinder
X(e)/
e = {x(e) eR":x® € (0,l¢]),— € a(e)},
€

where x®' = (X(le), .. .,XS‘L), le| is the length of the edge €, and ¢ > 0 is a small parameter.
Notice that the edges € and Cartesian coordinates of nodes and vertices Oj, as well as the
domains oj, do not depend on ¢.
Let Oy,...,0n, be nodes and Oy, 41,...,0On be vertices. Let ®,...,oN be bounded in-
dependent of ¢ domains in R"; introduce the nodal domains a)jg ={xeR": X%q € o).
Every vertex Oj is the end of one and only one edge e, which is re-denoted as €q;; we

k

re-denote as well the domain o* associated with this edge as 0. Notice that the subscript

k may be different from j.

Definition 1.2 We call the following domain a tube structure:

M ) N
B. = (U Hf”> U (U wg“))'
j=1 j=1

Suppose that it is a connected set and that the boundary 8B, of B, is C2-smooth.

In what follows we use the following notation. Let V be a Banach space. The norm of
the element u in the function space V is denoted by ||u|ly. Vector-valued functions are
denoted by bold letters, and the spaces of scalar and vector-valued functions are not dis-
tinguished in notation. We use the standard notations for Sobolev and Hélder spaces.
Let T be a positive number. The notation V,., means that elements of the space V are
T -periodic functions, i.e., U(-,t) = u(-, t + T). Without loss of generality we may assume
T = 27. We will need two spaces of periodic functions: L2,,(0,27) and W1;2(0,27), which

are supplied by the inner product of L2(0,27) and W12(0,27), respectively.

1.2 Formulation of the problem
Consider in the tube structure B, the time periodic boundary value problem for the

Navier—Stokes equations

LZvi—VAV+(v-V)v+Vp=0, =02,
divv =0, (1.1)

Vigg, =8 v(X,t)=v(Xt+2m).

Assume that the fluid velocity g at the boundary 9B, has the following structure: g = 0
everywhere on 9B, except for the set yEN”l, ety ySN, where ygj =0B. N aa)JE,j =N;+1,...,N,
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ie.,

x-0 .
, J:N1+1,...,N,
&€

g, bl =gj<—j, )
) =0

g(X, t) | BBE\(UJ”\:IN1+1 Vg

v

where gl € C[J%l]”(o, 271; W322(y1)), [a]—is the integer part of a, ) = ey} - 0Oj) the
corresponding dilated part of the boundary, g € C[J%l]”l(o, 27; W322(3B,)).

Denote € = eo; (the edge with the end Oj) and x® is the Cartesian coordinates corre-
sponding to the origin Oj and the edge €, i.e., X© = POX - O, P® is the orthogonal

matrix relating the global coordinates X with the local ones X(e),ag ={x: X(%)/ c€o, Xﬁe) =0}.
Denote g® = Pegl.
Let
~ (X =0
Fi(t) = f g(x,t) - n(x)dS = / gl( ’,t) -n(x)dS
j i £
Ye Ve
=g! / 6 (@, 1) dy® =e"F@®), j=Ni+1,...,N, (1.2)
¥

X(ai)/’ gj (y(e)/x t) =

g((P©)*y® 1), Since g(x, ) is time periodic, Fi(t) also must be time periodic. Moreover,

where n is the unit outward (with respect to B, ) normal vector to ygj,, y(e), =

since we will need the divergence-free extension of g, we assume the compatibility condi-
tion for the flow rates Fi(t):

J
Y Ft)=0 vtelo,2x]. (1.3)

i1

Let g be the divergence-free time periodic extension of the boundary function g (which
we denote by the same symbol g, g € C[HTI]“([O, 27];W22(B,))) satisfying, for all t €
[0,27], the following asymptotic estimates:

n-3
suplgx,t)| <c,  [Vglize,) <ce 2,
XeBg (1'4)
n-1 2 n-5
”gt”LZ(BS) <C 2, ||V g”,_z(BE) <cC¢ 2,

where the constant € is independent of ¢.

Below we construct the special extension g in the form of asymptotic representation
of the solution g such that the discrepancy of this extension in equations (1.1) is small.
But first we consider the following variations problem: find a vector-field v = u + g with
diva =0, u € L2 (0,27; W'2(B,)), u € L2,.(0,27; L%(B,)) satisfying the integral identity

per per
1
/ (8—ﬂut-n+vVu~Vn—((u+g)~V)n~u—(u-V)n-g>dx

- / £ ndx (1.5)
B
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for every divergence-free vector-field n € W12(B,). Here g is an arbitrary extension satis-
fying (1.4) and f is an arbitrary function such that

2
= [£0) |||_2(Bg) =G (1.6)
where ¢ is independent of ¢.

2 Auxiliary results

In this section we prove some multiplicative inequalities in the tube structure B,. First
(&) (&)
: Xn

. . . ej
we construct two coverings of the domain B,. Take domains Ai,{() ={x eIl IS

ek-2,k+2)}j=1,...,N,k=2,..., Lj;g, LJ;; ~ |lele!, and define AS’)k = a){; U{xe Héei) :x;ej) €
(ek;)

(0,2¢)},j=N; +1,...,N (i.e., when Ol are vertices), and Ag]) = wfg U Ukj {xe HS(Ekj) ‘Xp | €
(0,2¢)},j=1,...,N; (i.e., when Ol are nodes), where the union over kj is taken over all edges
of the bundle BY associated with the node O/.

In parallel with the covering

) (0)

j=1 k=2

we take the covering

N N

- = (@)

A, = (l | A:Jk> U (l AgL)
j=1 k=2 j=1

of B, containing larger domain: A(e ={xe 1'[ Xn e £(k 3,k+3)}L,j=1,....,N,k =
ENERITESS Thenwe deﬁneA(Jk —a)gU{XeH €(0,3¢)},j=Ni+1,...,N,
and Ag,) =wl U Uk]- X € Hs :Xn e (0,3¢)},j=1,...,N;. Obviously,

A(e” C A Al c AV,
Lemma 2.1 (Poincaré inequality) The following inequality

Iullee,) < cellVullig,), YueW'(B,) (2.1)
holds with the constant ¢ independent of «.

Lemma 2.2 (Ladyzhenskaya inequalities)

Iullse,) <2 ullis  IVUllse,,  Yue W' (B.),B. CR?, (2.2)
Iullse,) < @/3)*°ullis  IVUllyg,, Yue W' (B),B. CR?, (2.3)
lull se,) < 48"°[IVUll 2@, YueW"*(B,),B. C R (2.4)

The constants in (2.2)—(2.4) are independent of . In particular,

lull s, <ce”?IVUll 2@, YueW*(B,),B. CR% (2.5)
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lullsg,) < ceIVull 2@,y YueW(B,),B, C R (2.6)

The proof of (2.1) is obvious; the proofs of (2.2)—(2.4) can be found in [7].

Lemma 2.3 Let B, c R%,u e W%(B,). Then

4 -2 2 2 2 2
”u|||_4(B£) =Ce ||u|||_2(|38)(”u”|_2(5 ) +€ ”VU”L2(B€)) (27)

e

with the constant ¢ independent of .

Proof In any bounded Lipschitz domain §2 the following inequality holds (see [9]):
Ul gy < SN2 g, (11122 0 + 1VUIZ ),

and, by the Young inequality,
IUllfag) < 82Ul 120y + 82Ul (), 8> 0.

By scaling, it is easy to see that in any domain A, from the covering 2, we get the estimate
IUullfa, <822 (IUlfsa,, + 82||VU||EZ(AS))2 + 8% 2|Ullfagn, ) >0

Summing the above inequalities over all domains A, from the covering 2, we get
IUlifag,, <872 2(IUlRg,) + €21 VUIR,,)" + 8% 2 Ulltyg ), 8> 0.

Putting now &% = (Jull?y g , + €*IVUlIEy g DIIUl 3 g, Yields (2.7). O

Lemma 2.4 Let B, c R",n=2,3,ueW?(B,) NW22(B,). Then

”Vu”ﬁZ(BE) =< C”u”L2(B€) H Vzu ” L2(Bg)* (28)
In particular,
2 2| w212
”VUHLZ(BE) <Ce HV u”LZ(Be) (29)

with the constant ¢ independent of .

Proof In any bounded Lipschitz domain §2 the interpolation inequality holds (see [9]):
2 2,12 -1 2
VUl ) < (8| VU 2y + 87 M IUIIE2 ), 8>0.
By scaling in e-domain A; (i.e., A; in any direction is of “size” ¢), we derive

82||Vu||fz(A€) < c(8e4||V2u||i2(A£) +871 ||u||f2(AS)), §>0.



Juodagalvyté et al. Boundary Value Problems (2020) 2020:28 Page 8 of 35

Summing the above inequalities over all domains A, from the covering 2., we get
2 2 42,12 ~1yy112
e 1VUltsg,) < (86| V2| g, + 8 Ul g,)),  8>0.
Putting § = £72||ul| 2, ||V2u||[z}(B , implies (2.8). O
Lemma 2.5 Let B, c R3,ue W'2(B,). Then

—3/2 3/2

ullZss,, (IUlP2,, + X1Vl g, (2.10)

3 3/4
”u”LS(Bg) =C )

with the constant ¢ independent of «.

Proof By the multiplicative inequality in a bounded Lipschitz domain £2 (see [9])

3/2

2 3/4
LZ(_Q)(HUHLZ(Q + ”vu”LZ 0 )

Iullfs g, < cllull

and, by the Young inequality,

U3 o) < 8%IUlljy120g) + G C Ul g, ¥8 > 0.

L2(2)
Then, by scaling, we get, for any domains A, from the covering 2., the estimates
3 ~6,.-611,,116
11330, < 82(1U1%2 ) + E21VUIZ ) + 087 CIUNS 4
and summing them over all A, from (., we derive
2 2 —6.~61),,116
”u”LS(B (||u|||_2 +é& ”VUHLz(Bg)) +C87e ”u”LZ(B;)
Taking in the last inequality
_3 4 3 4 -1/8
8= MUy, (IUltsg,) + € IVUIITs )

gives (2.10). O

Lemma 2.6 (Agmon’s inequality, n = 3) Let B, C R3,u e W'2(B,) N W?22(B,). Then

2 3/2
IUlitseqe,) < ce®llUllo@,) (Ul + €2 1VUIR @, + &4 VU] 2,) (2.11)
with the constant ¢ independent of . In particular,
1/4 2
Ul g,) < ce*||V u||L2(BS). (2.12)

Proof In any bounded Lipschitz domains §2 the following multiplicative inequality holds
(see Lemma 13.2 in [1]):

”U”ﬁocm) = C||U||L2(Q)||U||\3N2,2(Q)-
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By scaling it is easy to see that in A, we have

Ul qa) < S(E MUl (2 N0y + 27 VU o + 2 V20 on s

-6 2 2 2 42,12 3/2
< ce™llullzga,) (IUlfan) + 2 IVUIT W, + ¥ [ V2U] o)

< e Ul (U, + E1VUIR G, + 4| V2U[ 2 )™

)3/2

Taking the supremum over all A, € 2(,, we obtain (2.11). Inequality (2.12) follows from

(2.11), (2.1), and (2.9).

Lemma 2.7 (Agmon’s inequality, n = 2) Let B, ¢ R%,u e W'2(B,) NW?22(B,). Then

IUllfoe e, < Ce™ Ul (1UN,, + 21 VUIRg,) + &' VU] (2 ),
with the constant ¢ independent of ¢. In particular,

Iullio,) < ce™[V2ull o -

O

(2.13)

(2.14)

Proof In any bounded Lipschitz two-dimensional domain £2 the following interpolation

inequality holds (see Lemma 13.2 in [1]):
IUllEce @y < ClUl2(g) Ul 22(g)-
By scaling, we have

IUllEseqa,) < Ce U2, (IUIT2(,) + XNV UIEs A, +84||V2U||Lz )

<ce Ul (U, + €21 VUIRg ) + &% V2U] Lo )-
Taking the supremum over all A, € 2., we get (2.13).

3 Stokes operator
Consider in B, the Dirichlet problem for the Stokes system

-vAv+Vp=f inB,,
divv=0 inB,,

vl|sg, =0.

(3.1)

The weak solution v € H(B,) = {v e W2(B,) : divv = 0} to (3.1) satisfies the integral iden-

tity
v/ Vv~VndX=/ f-ndx, VnpeH(B,),
Be B

and hence the estimate

IVVilee,) < celiflliz,

(3.2)

Page 9 of 35
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Lemma 3.1 Let 8B, € C2. Then
V2]l 2, = Clifll2@,) (3.3)
with the constant ¢ independent of .

Proof Let A, C Ks be domains from the covering 2, and ﬁs of B,. Consider (3.1) in Kg.
Making the change of variables X = ™'y, we transform A, and 2, into the fixed (indepen-
dent of £) domains A and A. The Stokes problem in coordinates Yy takes the form

—VAWV + Vy(ep) = €2 inA,
divyv=0 inA, (3.4)

Vlsg.noA = 0

ADN local estimates for elliptic problems (see [2]) yield the inequality

2 2 2,012
V12 + VY20 + ”VyVHLZ(A)

< (e 1% + V12 + 10— Tl ), (35)

where q = ¢p, = T/IRT Jxza(y)dy. Since [x(q(y) —) dy = 0, there exists w € W12(A) such that

divw =q(y) - in A and
IVWll2@ < clla—-Tqll2g

(see [8]). Multiplying (3.4) by w and integrating by parts yields
18-85 = [ a0)(a) - a)

=/q(y)divwdy:vfVv-dey—gZ/f.wdy
A A A
< IVVIle@ I VW@ + 1l 2@ Iwlieg)

= cl V¥l A - Tllcag + Il 1A - Tll2gg)-
Therefore,
la=llzg < c(IVVlle + € Ifl2m)- (3.6)
From (3.5), using (3.6) and the Poincaré inequality, we derive
V1220 + 19V 12200 + [ V2] Pa ) < (XI5 + I VyVII%2 )
Returning to coordinates X, we obtain

1V Cagn < (I, + €21V V25, )- (37)
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Summing (3.7) by all domains A, C ;&5, we get
2 _
”VZVHLZ(BS) S C(”f”ﬁZ(BS) t+é& 2||VV”EZ(BS))' (38)
Estimating the last term in the right-hand side of (3.8), by (3.2), we derive (3.3). (I
Problem (3.1) can be rewritten in the operator form (without loss of generality we sup-
pose that f € Jo(B), where Jy(B;) is the closure of the set {v € C{°(B,) : divv = 0} in L*(B,)-
norm)

Av=f, (3.9)

where A = PA : H(B,) N W2%(B,) — J,(B,) is an unbounded operator with the domain
H(B,) N W2%(B,), and P is the Leray projection onto divergence-free vector fields. By
the same notation we denote the Friedrichs extension of this operator to the whole space
H(B.). A is called the Stokes operator. It is known that (see [7, 21]):

(i) The Stokes operator has a discrete spectrum:

Aw=iw, weH(@B,),w #0;
Ai > 0,limj_, oo Aj — +00.
(ii) The eigenfunctions {wy}go, of A constitute an orthogonal basis in Jy(B,) and H(B,),

IVwilli2@,) = vk Iwkll2g,) = 1. If 9B, € C?, then wy € H(B,) N W?2(B,).
For given w € H(B,) N W2?%(B,), we have

/Zw-vdx:/(—vAw+Vp)-vdX:—u/ Aw~vdx:v/ Vw - Vvdx
Be Be B

Be

for any divergence-free v € Ci°(B;). Then, by density arguments, it follows that
|Aw|*dx = —v/ Aw - Awdx.
Be o

Thus,

1AWz, < Cl AW 2@, < | VW] 2, - (3.10)
Moreover, from the equality fBg Aw - -vdx=v fBg Vw - Vvdx, we obtain

1AWk, < vIVWIiL2@,)-

Here, V* means the dual space to V.
From (3.3) we get the estimate

[V2W] e, < clAWlizg,),
which together with (3.10) gives

C1 ”V2w“L2(BE) = ||KW||L2(BS) =G HVZW”B(BE)' (3.11)
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Lemma 3.2 LetB, c R",n=2,3,we H(B,) N W?2(B,). Then

[WllLoo@,) < ce'/* HVZW“LZ(BS) <ce|Awl 2@, forn=3, (3.12)
and

Iwlles,) < e[ V2W] o) < ce"* 1AW 2, forn=2, (3.13)
with the constant ¢ independent of .

Proof Inequality (3.12) follows from (2.12) and (3.11), while inequality (3.13) from (2.14)
and (3.11). O

4 Solvability of problem (1.5); the case n =2

Theorem 4.1 Let B, C R?,8B, e C2. Suppose that the extended function g € Cl'#1+1(0,
2m; W22(B,)) satisfies conditions (1.2), (1.3), (1.4), and f satisfies (1.6). Then, for su ciently
small ¢, variational problem (1.5) admits a solution u satisfying the estimates

2 2
sup ||u( t)”Lz / / |Vu(x,t)|2dxdt§c52+5/ A () dt, (4.1)
te[0,27] 0 Be 0
27 2
sup [Va, 0o, f f lue(x, B dxclt
te[0,27] 0 B
2w 9 2
+éf f |V2u(x, t)|” dxdt < ce’ / A (t)dt (4.2)
0 B¢ 0

with constants independent of ¢.

Proof We prove the solvability of problem (1.5) by Galerkin method (see [7, 21]). The main
purpose is to obtain suitable a priori estimates. The remaining part is standard.
If u is a weak solution, then taking in (1.5) n = u, we obtain

(u'V)u~ng+/ f udx.

u|“dx+v Vu|~dx =
eﬁdt/ uf? B6| 2 ., E

Using (1.4) and the Poincaré inequality (2.1), we derive the estimate

/ (u-V)u-gdx
Be

If c1e < , this gives

< lull2@,) I Vull 2@, lIgllLe@,) < 018||V11||fz(35)

2eF dt/ lu2dx + v BF|Vu| dx

<Ciel Vu||22 + C8||f|||_2(Bg)|| vull 2@, < || Vull 2@, t C82||f||22 .
L2(B) 2 L2( L*(Be)
Then

oo GO, + 2 [VU0 ) = e, = ce%Au() (@3)
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and hence, multiplying this relation by 2¢# and using the Poincaré inequality, we get

d
” [ 1) (2q,, + G2 [ U 1) (g, < Cas®*2A().

Multiplying this inequality with omitted second term in the left-hand side by 6"t and
integrating over t, we obtain

||u(-, 27) “iz(BE)

21
= ||ll(-, 0) ||iZ(B£) . eic*zné\ﬂ_z + C28ﬂ+2 / A1 (‘[) . ec*sﬁ_z(t*ZTT) dt
0
2 omeh2 ) 2
< a0 g,y 52 et [ At (@.4)
' 0

Consider Galerkin approximations of the solution to problem (1.5) defined by the fol-
lowing system of ordinary differential equations:

/ (giﬂug\” A +vva®™ vy — (@™ +g) - V) a®™
— (™. V), .g> dx :/ f-ydx, (4.5)
Be

wherel =1,...,N,u™(x,t) = ZE‘;I )/k(N)(t)‘(/fk(X), and {Yx}io, is a basis in the space H(B,).
From estimate (4.4), which remains valid for Galerkin approximations, it follows that,
for every N, the map M : u™(0) = u™(27) brings the ball in L*(B,) of radius ry =

\/ H?Ci% 02” A; (t) dt into itself. The continuity of M follows from the general theory

of systems of ordinary differential equations. It can be proved as well directly using the
arguments of the proof of uniqueness Theorem 4.2. Since M is continuous, this ensures
the existence of a 27 -periodic solution to the Galerkin approximations (4.5) for each fixed
N.

Now we derive a set of a priori estimates for Galerkin approximations u), Integrate
(4.3) with respect to t. Using the periodicity u™)(x,0) = u™)(x, 27r), we obtain

2 2
/ / |va™ (x, t)|* dxdt < ce? / A (t)dt. (4.6)
0 Be 0

Because of the Poincaré inequality and the mean value theorem for Lebesgue integrals,
there exists a point t, € [0,27] such that

1
jord LA CLO] PR LA 8] [

1 2 2
<— / f |va™ (x,t)|* dxdt < ce? f A (t)dt. (4.7)
0 Be

2 0

Without loss of generality we may assume that t,. = 0 (if not, we can consider problem (1.5)

on the interval [t,,t, + 2] and reduce it, by change of variable t — t —t,, to the interval
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[0,27]). Integrating (4.3) from O to t and using (4.7), we get

2
sup a0, <02 [ A0t @3)
i 0

te[0,27]

Estimates (4.7) and (4.8) are valid for Galerkin approximations constructed using an ar-
bitrary basis and for arbitrary bounded Lipschitz domains. In order to estimate the higher
derivatives of u, we have to assume that 9B, € C?, and as a basis we shall use the eigen-
functions of the Stokes operator.

Multiplying (4.5) by Ak yk(N)(t) and summing from k = 1 to k = N, we obtain

N N
1
1 (N) N) N) . N)
/€<8ﬂ 4 e YAk VkXZI:Au YIAKY,
N N
V)i Z V) -g) dx
:1 =1

N
/ Z Yy dx, 1=1,...,N.
k=1

Using the properties of the Stokes operator and omitting the subscript N (below u means

(N)), we rewrite the last equality as

b

=f f. Audx.
Be

This is equivalent to

/ (iut Au—vAu~Zu+((u+g)~V)u~Zu+(u~V)~g~Zu>dx

v d 2 )
ﬂa\/&|vu| dX+/S|Au| dx

:_/ (u+g) V)u- Audx
Be

3
(u.V)g.Zudx+/ f-Audx=Y) I (4.9)
Be i=

Be

Let us estimate the right-hand side of (4.9). Using inequality (2.5), we obtain

Byl <5 / | Rul dx + CA (1),
Be

Na| < llulle@, I VElue, lAull2eg,)
1 ~
<ce?||Vull 2@, I Vellse,) | Aull2g,)

<Gl Vultsg, IV8I g, + 81 AulDg, - (4.10)

Page 14 of 35
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By (2.7) and (1.4),

_ 2 1/2 _

IVglItsg, <ce ' IVEle,) (IV8lte,, + & V8 2p,) ~ <ce™
Therefore,

2| < cse™t IIVUIIEz(BS) + 5||Au||ﬁz(35)~ (4.11)
Further, by (1.4),

/ (8- V)u- Audx| < [IgllLee,) Vull 2@, llAull 2@,)

Be
= c(S"vu”iZ(Bs) + allAu”ﬁZ(BS)' (4‘12)

Finally, applying (2.2) and (2.7), we get

/ (u-V)u- Audx
Be

< llalls@, I Vullae,) | Aull 2@,)

_ 2 1
< e Hlulleg, IValt, (IVulitg,, + €] V| 2e,)
+ 21 Rulsg, = e ull e, I Vul?
2 L2(B,) — 8 L2(Be) L2(B,)

S ~
\V4 2 2 2
+Cs ||u||L2(B€)|| u|||_2(B£) ” v uHLZ(BS) + 5 ”Au”Lz(BS)

<G (1+ lullfzg,)) I Vullfsq,) + 8l Aullfsg

“8) 248 2 4 ~ 9
<csll+e A (t)dt IVulllzg ) + 8l Al - (4.13)
o : ,

Substituting (4.10)—(4.13) into (4.9) and taking § = %, we obtain

d ~
1—/ \Val>dx+ [ |Au/*dx
8/3 dt Be Be
21
<C <1 + 82“3/ Aq(t) dt) IValfye,,
O t

+Cs(1+&7) ||Vu||fz(Bg) + CoA (1) (4.14)

Denote Y (t) = [5_|Vu(x, t)|2dx, d; = C;(1 + £2*+# fOZ” A;(t) dt). Then we can rewrite (4.14)
as

/ ef 2 el -1 2 &f
Y1) = —-diVulls, Y (1) + CST(I +e ) IVulltsg,, + - CA.

Hence,

_ef gt JOI2
(Y (t)e > Jo d1lIVu( 'T)HLZ(Bg)dT)/
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Bt 2
- —Tf di[Vu(,n)ll dr
<Cee?((1+&)IVultsg, +ArD)e " L2(8e)

< C4e‘3((1 + 8_1) ”VHHEZ(BS) + Al(t)).

Integrating the last inequality and using (4.6) and (4.7) with t, = 0, we obtain

2

2 2
Y (t) <cY(0) + CS'B/ Ai(s)ds <c(e* + af’)/ A (t)dt <ce? / A (t)dt. (4.15)
0 0 0
From (4.15) we have

2w
sup ”Vu(N)(-,t)HE(BS)fcﬁ / A, (t)dt. (4.16)
te(0,27] ' 0

Substituting (4.16) into (4.14) and integrating by t from 0 to 27 imply
27 ™ 9
/ |Au™|” dxdt
o JB

2
<c / At dit
0
2 21 2 2
+cef (1 +82+ﬁ/ Aq(t) dt)/ A0 dt/ | v“(N)”LZ(B ,dt
0 0 0 )

2 2
+c(1 +e—1)/0 [vu®™ |y, dt < C/O A (t)dt. (4.17)

Let us estimate the norm of ugN). Multiply (4.5) by % yk(N) and sum up the obtained equal-
ities over K from k = 1 to k = N. Again omitting the subscript N, we obtain

1 ) vd )
g_lg/thlt' dx+gaﬁglvu| dx
:—/ ((u+g)-V)u~utdx—/ (u~V)g~utdx+/ f-u; dx
Be B Be

< (llulle@,) + lIgllee)) I Vull 2@, llutll 26,
+ [[u]lLe @) 1VEl 2@, It 2@, + 1fll2E,) lutll2eE,)
< Slluell? + csllullfoo ) I Vulltag,) + s l8lE s, I Valltsg,)

+Cs ”u”EOO(BS) IIVgIIfz(BS) +CsAL(t).

Taking sufficiently small § and integrating over [0, 277], we obtain the inequality

1 1 2
S / lug | dx dt
ef 2/ Jo Be

2 2
o[ Adtee [ fulb, IVulg,
0 0 '

2 2
+c/ IIgIIﬁm(BS)IIVuIIﬁZ(BE)dt+c/ IV8IIta,, It g, dt
0 0

Page 16 of 35
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(3.13) 2w 2w 5 9
<c A (t)dt +ce sup ||Vu||L2 Hv uHLz(Ba)dt
0

te[0,27]

2 2
2
+C sup IIgIIEw(Bg)/ ||Vu|| dt+cg sup ||Vg|| / ”VZ“HLZ(BE)dt
0

tel0,27] te[0,27]

(3.11) 2 2 - 5
< C/ A;(t)dt +ce sup ||Vu|||_2 / ||Au||L2(By)dt
0 te[0,27]

2 2
+C sup ||g||ﬁOO(B£)f IVulfg,, dt+ce sup Vgl / IAul?y g, dt
te[0,27] 0 te[0,27] 0

(1.4),(4.6),(4.16),(4.17) 2
=< C / A (t)dt.
0

Thus,

2 2
/ f la™|* dxdt < ce” / Aj(t) dt. (4.18)
0 Be 0

Estimates (4.7), (4.17), and (4.18) ensure (in a standard way, see [7, 21]) the convergence
of the Galerkin approximation and guarantee the existence of the solution u. O

Theorem 4.2 For su ciently small ¢, the solution of problem (1.5), n = 2, is unique.

Proof Suppose that there are two solutions u; and u; of problem (1.5) satisfying the con-
ditions of Theorem 4.1. Subtracting identity (1.5) for u, from the one for u;, we obtain,
for the difference v = u; — uy, the following identity:

/(ivt N4 VVV- V= (- V)R-V (V- V)0 uy— (8- V) -V

&

—(V~V)n'g)dX=0

for every divergence-free vector-field n € W12(B,). Taking 1 = v, we obtain

1 d
——/ |v|2dx+v/ |Vv|?dx
2¢P dt Be Be

(v-V)v-updx+ | (v-V)v-gdx
B B

< IVl IVVIL2e,) (lullsg,) + 18l4e,))

(2.7),(2.1)
< el Wik, (IVulize,) + 1V8lize,)-

Integrating the last inequality with respect to t, we derive

2w 2
/ / |Vv|? dth<Cs< sup [[Vuy|l2@,) + sup va”Lz(BS))/o ||Vv||ﬁz(Bg)dt

te[0,27] te[0,27]

(1.4),(42) 27 1/2 o
= Ce <<8ﬂ / Ax(t) dt> +e—”2> / VY2, dt
0 0

Page 17 of 35
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For sufficiently small ¢ (i.e., ce((e? fozn AL (1) dt)2 + £71/2) < v) this implies
2w
/ |Vv|?dxdt =0,
o JB

and hence u; = u,. O

5 Solvability of problem (1.5); the case n=3
In this section we prove the existence of the unique weak solution of problem (1.5).

Theorem 5.1 Let B, C R3, 3B, € C2. Suppose that the extended function g belongs to
Cl3H 1+ (0, 277, W22(B, )) and satisfies conditions (1.2), (1.3), (1.4), and f satisfies (1.6). Then,
for su ciently small ¢, there exists a solution to variational problem (1.5). The following
estimate

2 2
2 2
sup [u(-,t)| L@, & / [Vu(,t)| L@, 0t =< ce2P / A (t)dt (5.1)
te[0,27] 0 0

holds. If the constant in (1.6) issu ciently small (independently of ) in the case 8 = 0 or if
B =2, then there holds also the estimate

2
sup [ Vu(, 0], + /0 /B e, t)[* dxclt

te[0,27]
2

2
+6f / | V2u (1)) {2, dit < ce? f A (t) dt. (5.2)
0 ) 0

Proof Asin Theorem 4.1, we use Galerkin approximations. First, applying inequality (2.3)
instead of (2.2), we prove, exactly in the same way as before, the existence of Galerkin
approximations and the following estimate for them:

21 21
iﬁ sup [u™ (1)1 )+ / / |va®™(x, t)|* dxdt < 082/ A (t)dt. (5.3)
&% tefo,2n] ¢ 0 JB 0

In order to estimate the higher derivatives of u, we use as a basis the eigenfunctions
of the Stokes operator. Taking in (4.5) Galerkin approximations with the basis {wy}22,,
multiplying it by )»kyk(N)(t), summing up the obtained equalities from k =1 to k =N, and
using properties of the Stokes operator, we obtain (here we again omit the subscript N)

d s
l—/ \Val>dx+ [ |Aul?dx
28’3 dt Be Be

:_/ ((u+g)~V)u~ZudX

&

3
-] m-v)g- Zudx+/ f-Audx=) I (5.4)
Be Be i=1

Let us estimate the right-hand side of (5.4). Using (2.1), (2.4)—(2.10), (3.12), and (1.4) for
n = 3, we obtain

N3l <8 | |Au>dx + csA (1), (5.5)
Be

Page 18 of 35
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(u-V)g- Audx
Be

2] = < lallLe@) I VEll2@,) | Aull2g,)

312 1 o~
<C et Rulyg,

=< lIglie@y I Vull2@,) [l Aull 2@,

= V (g V)u- Kudx
Be

3 ~ (3.11) ~
v u|||_2(B€)||Au"L2(B£) =< C8||Au|||_2(B)

(2.9)
< cellgllLee,)

/ (u-V)u- Audx
Be
(2.4),(2.10)

<Gsllullfsg, IVultsg, +8 [ [Audx < "8 | |Aufdx
Be Be

V12l =

1

+ GVl e IVl 2, (1 VUl + 2 V2 o)
(2.9 ~ 1
< afB |Au|2dx+Cgs’l||Vu||ﬁz(B£)(Csz||V2u||i2(B€)+82||V2u||i2(86))2

&

(3.12) ~ ~
<5 | 1RuPdx+ 6| Vuly g | Rull 2,
Be

<28 | |Au®dx+ c(;||Vu||Ez(B£).
Be

Substituting (5.5)—(5.8) into (5.4) and taking § = 1mp11es

vul*d ) [ Zupd
Zsﬂdt/| ul? X+< ) BS| ul”dx

<G| Vull% g, + CaAu (1).

/4 <

If ¢ is sufficiently small (& 4c ), then

§ - 018% = l’
4 2
and (5.9) yields

26F dt/ |Vul|? dX+—/ |Aul? dX<C2||Vu|||_2(B + C3A(t).

Denoting z(t) = st |Vu|? dx, we rewrite (5.10) as

2¢P 2eP 2¢P 2¢P
Z(t) < = Cyzt)® + = CaAy(t) < (1 + z(t)z)(icgz(t) ¥ ichl(t))
v v vV %

or, equivalently,

Z(t) 2ef 2ef
Taz(p = v o220+ -Gl

(5.10)

(5.11)

Page 19 of 35
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Integrating (5.11) by t and using (5.3), we obtain

28[3 2 28ﬂ 2w
arctan z(t) < arctanz(0) + —CZ/ z(t)dt + —C3/ A;(t)dt
% 0 v 0

2w 2 B 2
< arctan(C452/ A () dt) + <C5£ﬂ*2 + iC3> / A (H)dt.  (5.12)
0 % 0

Here, as in Sect. 4, we assume that t, = 0. For sufficiently small ¢ in the case g =2 or for
sufficiently small constant in inequality (1.6) in the case g = 0, the following inequalities

2 B 2w
(Cg&‘zﬂs + iCg) / Al(t) dt < z,
v 0 6

21 2 B 21 1
C482f A (t)dt + tan[(C5€2+ﬁ + ng) f Aq(t) dt:| < 5
0 % 0

hold. Then (5.12) gives

2 2 B 2
2t)= | |Vul>dx < Cq (82 / A, (t)dt +tan[<c582+f‘ + icg) / Ay () dtD
0 v 0

Be

2
<cef / A (t)dt,
0

ie.,

2w
2
sup ”Vu(N)(-,t)||L2(B€)§Csﬁ / A, (t)dt. (5.13)
te(0,27] 0

Substituting (5.13) into (5.10) yields

2 9
/0 ”Vzu(N)("t)HLZ(Bg)dt

2
N "

2 3 2 27
38 At dt) At dt) A (t)dt. 5.14
§C<s (/0 . +/0 ® sc/o ®) (5.14)

Let us estimate the norm of u{"). Taking in integral identity (1.5) n = u™ (more pre-
cisely, multiplying (4.5) by % yk(N) and summing by k from 1 to N), we obtain (omitting the
subscript N)

1 d
—/ Jug |2 dx + 3—/ |Vu|? dx
eb Be 2 dt Be

=—/ (u+g):V)u-udx- (ro)g~uth+/ f - uy dx

& BE {1
< lallie@) I Vull2@, lladli2@,) + 18llLe @) I Vull 2@, lucll2@,)

+ |lalle @) IVl llatllizg,) + Ifllze,)ludl2e,)

Page 20 of 35
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< 4‘5”ut”32(3£) + Cs ”u”ﬁOO(BE) ”Vu”EZ(B ) + Ca||g||EOO(B£)||Vu||i2(B£)

e

+ Collullfoee,) IVEIT2g,) +CsAL(D). (5.15)

Integrating (5.15) over [0,27], using the periodicity condition, (1.4), and inequalities
(3.12), (5.14), for sufficiently small ¢, we derive

1 1 2T
1.1 / Jug > dxdt
e 2) )0 Js,
2.
- T Vul|?,,, . dt
sc [ lulise,IVullsg,
0 :

2w

2 2

+C sup ||g("t)||L°°(Bg)/ ||Vll||L2(BS)dt
te[0,27] 0

2 2
2
+C sup ||Vg(-,t)|||_2(B€)/0 ||“||E°°(Bg)dt+0/0 A;(t)dt

te[0,27]

(3.12),(1.4) 2 2 o
< 681/2/0 ”VzuHL2(Bs)||vu||ﬁ2(Bs)dt+C/(; IVulfag, dt

+cell? /271 ||V2u||2 dt+C/2nA (t)dt
o L2(Be) o

2 2

2

<ce'? sup ||Vu||f2(BS)f HV2u||L2(B£)dt+c/ IVultsg,, dt
te[0,27] 0 0

2

27 27
4 cell? / [92u]% 5, dt + ¢ / Alt)dt <c / Au(t)dt. (5.16)
0 ¢ 0 0

Thus,
2 27
/ ufV 2 dxdt < Ceﬁ/ At dt.
0 B. 0

Estimates (5.3), (5.14), and (5.16) ensure the convergence of the Galerkin approximations
and guarantee the existence of the solution (see [7, 21]). O

Theorem 5.2 For su ciently small ¢, the solution of problem (1.5), n = 3, is unique.

Proof The proof is absolutely identical to that in the two-dimensional case (see Theo-
rem 4.2), we only have to use inequalities (2.3), (5.2) instead of (2.2), (4.2). O

6 Asymptotic expansion
Let us describe the procedure of constructing an asymptotic expansion of the solution to
problem (1.1) in the case B = 2. The case B = 0 is completely similar to the asymptotic
expansion constructed in [17] with only one difference that all functions depending on
time are 27 -periodic (instead of being equal to zero in some neighborhood of t = 0).
First we solve the time-periodic problem on the graph and find the macroscopic pressure
as a periodic in time function linear on every edge with respect to the longitudinal vari-
able x®. At the nodes it satisfies the Kirchhoff type junction conditions. This problem on
the graph is the time-periodic analogue of the problem considered in [15]. This problem



Juodagalvyté et al. Boundary Value Problems (2020) 2020:28

defines in every cylinder I7{®) the Poiseuille type velocity depending only on the transver-
sal space variable X® of the tube. We multiply the Poiseuille type velocity and pressure in
every cylinder by cut-off functions ¢ equal to one in the main middle part of the cylinder
and vanishing in some O(g)-neighborhood of the nodes. This multiplication generates an
important residual in the right-hand side of the Navier—Stokes equations, having a finite
support belonging to a O(g)-neighborhood of the nodes. Then we construct the boundary
layer correctors, compensating this residual. These correctors are solutions to the Stokes
equations in the dilated bundles of cylinders extended by outlets to infinity. In this context
the asymptotic expansion of the velocity is constructed in the form

e Fe () S
+Z(1 C(lx O”))Z vy, p), (6.1)

€] min

wherey = @, ¢ (t) is a smooth cut-off function independent of ¢ with ¢ () =0 for t <1/3
and ¢(r) =1 for T >2/3,0<¢(r) <1. Here, |€|min is the minimal length of the edges,
r = 3max{diamoy,...,diamop} + 1, V (y &) t) are the Poiseuille type velocities and the
boundary layer terms VJ-[BLO'] (Y, t) exponentially decay as |y| tends to infinity. The asymp-
totic expansion of the pressure has a similar form:

Mo /X leil = X5\ & ©) &)
=Y (5 e (T ) Do o vt

i=1 j=0

D3 (1—4<|X_OI|>>ZJ fP ) ©2)
. J 7 :
-1 j—1

|e|lT11n

The asymptotic solution is constructed by induction with respect to j. At the base (ini-
tial) step j = 0, we consider the following problem on the graph: find a function py €
L2,.(0,2m; W12(B)) such that equations

per
()
axP axP

_Z( ap0>0t) 0, 1=1,...,Ny, (6.3)

e:0jece 9

a
_(L(e po) (plt I:N1+1,...;N,

0, x®e(0lel),Ve=g,j=1,...,M,

hold. Here, ¥(t) = fy. g - ndS. Operator L® relates the pressure slope S and the flux H
in an infinite cylindrical pipe with section o®. Namely, consider the following periodic
in time boundary value problem for the heat equation: for given S € Lger(O 27), find V €
Lger(o 27 W12(5©)) with 2¥ Y < Lger(O 27;L%(0®)) such that

v

S V) v VL) =50, ¥ et
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V(y(e)/,t) |8U(e) = 0, V(y(e)/’t) = V(y(e)/’t + 27[)
and denote

LOS(t) = / . V(y®, 1) dy® = H(v),

L® is a bounded linear operator acting from L?_,(0,27) to W12(0,27) (see [3, 6]). Denote

per per
MS = V. The existence of a solution to problem (6.3) is proved in [18]. Let us represent

Py

in the form

p¥ (x@,1) = =P ()x® + al (v).
For every edge e;, define the Poiseuille type velocity Vgei)(y(ei)/,t) as a vector such that in
the local coordinates its last (i.e., normal) component is Msge), while the tangential com-
ponents are equal to zero.

BLOj] p[BLO
Vg |], P([, |])

Next, we find the boundary layer correctors ( as solutions of the periodic

in time Stokes equations in the dilated domain: union of semi-infinite cylinders having
the common node O, and the corresponding w'. Namely, let O; be a node which is the
common end of edges €,,..., €, of the bundle B". Define the semi-infinite cylinders

T, = {y e R": Py e o' x (0, +00)}

and the domain £2; with m outlets to infinity corresponding to the node Oy:

m

|

2= (U ”nﬂg) Vo'
s=1

We introduce the boundary layer pressure of the rank —1 as

(e)
POy, 1) = —( > ;(yg—r) - 1)po(o|,t>.

e:0jee

(Here, pg is a continuous function on 5 without jumps at the nodes, so that po(O), t) is well
defined.) The boundary layer velocity of rank -1 is equal to zero: VEBILO'] (y,t) =0.

B

The boundary layer terms (V([) Lo, P([)BLO']) are defined as a solution of the periodic in

time Stokes problem in the unbounded domain £2:

a
—V([)BLOI] _ VAyV([)BLOI] + VyP([)BLO|]

ot
(€) 2 (e)
- 3 (55 w0 v (e (5 ) )W 0
n

e:0jee

v yy
+Vy (C <§)y§1e)>5(()e)(t) -Vy (C <§))é(1e)(t))» y€ £,

. <[BLO 0 vy :
divy Vir O = — > —a¢ % VO©e,t), yes,
e:01€e dYn
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Ve g =0, VPN 0 = VPN gt 2m),

where the local coordinates have the origin at O; and é(le) (t) is an unknown function. This
problem is decomposed to two independent ones: first we solve it without the term con-
taining é(e (t) in the right-hand side for (V[BLO'] P[BLO'])

0 N
at\/[BLO|] Ay\/([)BLOH + vyP([)BLO|]
(€) 2 (e)
_ Yo\ 9\ @ e d Yn @ (e
= Z(C(g)ﬁVo (v »t)+"ay(e)2 (3 ) JVo 1)
e:Ojee n

oo (L))0). vea

(e)

[BLO|] _ Z el Yn 0] /

ley V I - a (e) (? ) VO,en (y(e) ’ t) ’ y € ‘Qh
e:01€e Yn

V[BLO|]| 2 =0, V[BLO| 1) = V[BLO|](y,t +27)

[BLOy] 5[BLO|]

and find a solution V| which tends to zero as |y| — oo, while P, at each out-
let 7} tends to a constant &j(t), except for the outlet corresponding to a selected edge
es where it tends to zero (this is possible because the pressure is defined up to an ad-
ditive constant). Then we solve the following problem on the graph: find a function

p® e L2_(0,27; W2(e)) such that equations

per

d <L(e)3p(19) (X(e) t)) -0, x®¢ (O |e|) Ve=g,j=1 M
axy ax® " L 1B pl=1...,M,
8
—Z( iy >0t) 0, I=1,...,Ny,
e:0jee

—(Ue apl )(Ot) 0, I=N;+1,...,N,
X

n

p0,0)-p*0,t)=aP(t), Vec Biees

hold, where e is a selected edge of the bundle. This problem has a unique (up to an additive
function of t) solution p; and p (Xn),t) S(le) (t)x§$> + a(le)(t). Then finally we define

pLBLOI z,s([)BLou_( 3 gu(lgwr)) (Z ;(y” )—1) = (0,1).

e:0 ce,ees e:0jee

Analogously, if Oy is a vertex, the end of the edge €, then we define the domain £2,,
corresponding to this vertex, as follows:

= {y eR":PElyeql x (O,+oo)} Ua',
and the boundary layer problem has the form

atV[BLon pA VB | g pBLOI
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(€ 2 (e)

Y\ 9\ @ e 3 Yn ©) (e
() v ) rv—— (I t
S R € )

y
+Vy (; <—>y§f)>sg})(t), y €82,

3r
div, Vel 2, o VOWY,t), ye
y 0 ay%e) gr (),n ’ ’ P
BLO BLO
V([) L I]|3_Q|\y| — 0, V([) L |] |]/| — gl(y,t);

Vo oly, 1) = vt oy, t+ 2m).

Because of condition (6.3)3, we have

/ 0 g(ﬁ>v<e’(y<e>/ t)dy+/ g -ndS=0
o AR\ 3r o y!
[BLOY] Is([)BLO”)

This compatibility condition ensures the existence of a unique solution (V, ",
which exponentially tends to zero at infinity (see [17, 19, 20]).

Suppose that all terms of asymptotic expansion corresponding to the rank less or equal
to j — 1 are known and the pressure on the graph p; is known as well. Describe the passage
from rank j — 1 to the rank j.

Step 1. As pressure on the graph p;j is known, define for every edge e functions SJ-(e) (t) and
aj(e) (t) such that

P (x?,1) = —s7()x + a (1)

n

and define the Poiseuille type velocity Vj(e) (y®',1) as a vector such that in the local coor-
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1

yge) i- © ) y%e) © )
() 0% < e (v )
k=0
©® (+1,(©) yge) @ Y§1e)
o w (<5 )) -4 ((5))

and

- (e)
£y, ) = Z[ V&0 - vy) x {é(%)V}i_l(y(e),t)}

e:0jee k=0
j-1
S (V1) v) x { VIO, )
k=0
Yn ! [BLO
() o w) x (Vo) |
k=0

This problem is solved in two steps: first we find the couple (Vj[BLO'], IS.[BLO']) which is

the solution of the same problem without the last term in the definition of fj[REGO'].

It has a unique (up to an additive constant in the pressure) solution VJ-[BLO'](~,t) €

W2(2), PP ¢ 12
T

loc

(£2)) (t is a parameter) if and only if

/ hy, tydy =0, 1=1,...,Ny.
2
This condition can be written as

SR

eOjee” ?

ie.,

(©)c® 4y _
> L9t =0,

e:0)ece

or

_Z< 3p’ )—0, I=1,...,N;.

e:0jece 3Xn

It is satisfied because pj(e) is a solution to the problem on the graph with this junction
condition (by the inductive hypothesis). When VIBLO! exponentially tends to zero as |y| —

00, the correspondmg pressure function P [BLOY

stabilizes in outlets at infinity to some
constants a,d (t), these constants may be dlfferent for different outlets. Since the pressure
function is defined up to an additive constant, we can fix the limit constant equal to zero

for the outlet corresponding the selected edge ;. Define gpfﬁ)ﬂ(t) = éﬁ) (1).
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Similarly, in every vertex O}, 1 = Ny +1,..., N, we get for (Vj[BLO'], Pj[BLO']) the Stokes prob-

lem in £2| which is the same as in the case of nodes O with only one difference: there is
no summing over € : Oj € € in the right-hand sides of the equations.
Step 3. Solve the problem on the graph for the function pj(?l,(j <J):

9 op;
-5 <L(e) ) (Xff>,t)> =0, xe(0e),ve=g,j=1,..,M,
aXn axn
ap®®
-2 (L(E) J(+e;>(0rt)=0, I=1,...,Ny,
e:01ee dXn
P
(L(e) , J(+e)1>(0’t) =0, I=N;+1,...,N,
Xn

pj(i)l (O; t) - pj(isl) (O; t) = ‘Pfjll(t): Ve C Bl) e 7! €s.

The local coordinates x® are defined so that all of them have the same origin O).
Step 4. Finally we find the pressure PJ-[BLO'] (Y, 1) in the boundary layer problem:

(e) (e)
[BLOj] _ A[BLOY] Yn A©) Yn (es)
Po =P, - ( § f( 3r ))au (t) - ( E §<_3r ) - 1>|O,-+1 (0,1).
e:0) ee,ees e:0ee

For j = J the last sum is absent. The last step finalizes the passage from j to j + 1.

7 Residual
Consider the asymptotic expansion (v, p") of order J in the case 8 = 2 (see (6.1), (6.2)).
By construction,

v e L2 (0,27, W22(B,)) N L2, (0,27; WH(B,)),

per per
v
—r € Lo (0,270, W2 (B,)) N L3S, (0,275 L% (B,)), (7.1)
vp¥ e L2, (0,27;L%(B,)).

Put L(v,p) = sizvt — VAV + (v- V)v + Vp. Let us calculate £(v?, p"). We obtain
LY, p0)
=D (x,t)

2 2 B llr D) =) ()

1=1 Lj=J+1 k,p:k+p=j-1 e:01€e
0<k,p=<]

(e)
e () o s

(e)
+ (Vl[(BLOI](y,t) . Vy) (é- <);Lr)vée) (y(E) ,t))

)
w3 e )

e:0)ee
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N

[X=0O X =0
_Z{£<§< o VIO 1), ¢ o PPy, 1) ) x (0 1.
|=1 min min
Here,y = X%q, © = @, X=X x-0y,, is the characteristic function of the set supp(1 —

supp(1-¢ (fg— )
x=0y

€l min

)). From the obtained formulas it follows that

q

y = 1£0.p%) =0(e"),

“ £V “ L3er (0,27;L2 (B, ” Lper(0.27iL2(B:))

”f‘(J) | L2 (0,275L2(B:)) O(e™).

Let us calculate the divergence of v¥). We have

N
dins == 3 v (B vy -, 7.3
1=1

|e|min

where h¥) € L2_(0,27;W12(B,)). Since the support of the function Ve (X9 belongs to

per €l min
the middle third part (between the planes Xg]e) = %|e|min and Xﬁe) = le| - %IEImin) of every

cylinder, there hold the relations

=o(e),  [h];

_ —C1/¢
per(0v27TiL2(B€)) _O(e ' )' (74)

” h ” L2er (0,27, W L2 (B,))

The boundary conditions and the periodicity conditions are satisfied exactly. It is easy
to see that

h9(y,t)dy =o.

Be

Therefore, by Lemma 3.7 (see [16]), there exists a vector field w\!) e L. (0,27;W>2(B.) N

W12(B,)) with wi’ € L2_(0,27; W12(B,)) N L% (0,27;L2(B,)) such that divw® = —h®),

per per
Moreover, there hold the estimates

<[] (7.5)

”WU) ” L2(0,277;W22(B,)) 0,271 WL2(B,))’

[w <ele[hf"| s, (7.6)

|| L2(0,27r;W L2(B,)) 0,27;L2(B,))"

Setu? = v + w), Then divu® = 0,u" satisfies the periodicity conditions, and because
of (7.2), (7.4) we have
I] ~0(") &

1 I2,2mL2(8,) ~ ’ ’

where ff) = L(u",p").
If B = 0, then the residual has the same form as in [17].

8 Justification of the asymptotics
Consider Navier—Stokes problem (1.1). As an extension of the boundary value g, we take
the asymptotic approximation u’) constructed in the previous sections and let p) be the
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corresponding asymptotic approximation for the pressure p. By construction u" satis-
fies conditions (1.4). Represent v,p as the sums v =u + u?, p = q + p¥. Then u,u? €
L2_(0,2m;W>2(B,)), us,ul’ € L2_.(0,27;L2(B.)). The difference u = v — u® is divergence

per per
free, satisfies the periodicity condition, the boundary condition u(X, t)|5s, = 0, and the in-

tegral identity
1 0 (J)
—ﬂut~n+vVu-Vn—((u+u ) V)n-u—(u-V)p-a? )dx
B \ &
= / £9 . pdx (8.1)

for every n € H(B;).
The existence of the unique solution u of (8.1) follows from Theorems 4.1-5.2.

Theorem 8.1 Let n = 3. The following estimates:

2
sup |u(,t) ”iZ(B )+ &k / / |Vu|?dxdt < ce? 2, (8.2)
te[0,27] ¢ 0 JBg

2
sup ||Vu(.,t)||i2(88)+/‘0 /; lug |2 dx dt

te[0,27]

2
+éf / |V2u|2 dxdt < ce? 4+ (8.3)
o JB

hold. Moreover, there exists the pressure function q e Lger(o,zn;Lz(Bg)) such that
fBS q(x,t)dx = 0 and

1
/ (—ut ‘n+vVu-Vp— ((w+u?) - V)p.u-(u-V)y- u“)) dx
£ 8ﬂ
:/ qdivr]dx+/ ffj)ﬁ)dx, v € W12(B,). (8.4)
BE &

If J > 2, then the following estimate
2w
/ g2 dxdt < ce?~+F (8.5)
0 Be

holds.

Proof Estimates (8.2) and (8.3) follow from (5.1), (5.2), and (7.7). Let us prove the existence
of the pressure ( and estimate (8.5) for it. Consider the linear functional

1
M(n) = /S(S—ﬁut~r)+vVu-Vn—((u+u(J)).V)n.u
—(U~V)rl~u(“> dx - / £ - nax (8.6)

defined on functions 5 € W'2(B,). There holds the estimate

M| = 6 0] g + 19060, 10D
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+ ||u('yt)|||_4(B£) u(J)('!t) ||L4(Bs) +é& ”f t) H L2(B )||V’7|||_2 (Be)

(2.3)

< o(e" P lul, 0 2 @) T |Vu(,t HL2 (B:)

+ce3 Va0 L2(B,) V(1) L2(B,)

+ce3 ||Vu(~,t) ”iZ(BS) té ”fij)("t) “ LZ(BS)) IVall2@,)- (8.7)

Thus, M(n) is a bounded linear functional (for almost all t € [0,27]) defined on n €
W 12(B,). Moreover, due to (8.1), M(5) = 0 for n with divy = 0. Therefore, there exists a
function q(-, t) € L%(B,), with Jg, A(x,t)dx = 0, such that

M(r,):/B q(x, t)divp(x)dx Vv € W(B,)

(see [8]). Since fBF q(x, t) dx = 0, there exists a function w € W2(B,) such that divw = q in
B, and there holds the estimate

[ 9w, 0 2, = =960 0,

with the constant ¢ independent of ¢ (see [16]). Taking in (8.7) n = w, we get

lac. 1) ”32(85)
= M(w)

< (e 0]+ V06D

H L2(B:)

# 62 [ Vat,0)] g, | VOO0

+cel I V“("t)“LZ(Bg) + 8||f1 1) “LZ(BS)) VWli2@,)
C
< E(SHS [ue(-,t)

||L2(B£) + HV“("t)H L2(B,)

+eed [ Va0 b, [ Va6 0] g,

+ce? ” V“("t)”iZ(Bg) + EHfF)("t) ”LZ(BE))

|q(:t) |||_2(B€)'

Therefore,

21
| laC 01, o

C

2
<S([ @I 01g ¢ 17860 )

g2

2
e sup V060, [ 17060,
0

21 21
ve s Va0 g [ 1700 dte e [0, )
te[0,2 0

(8:2),(83),(14)
< ceX 4P, |
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The results and the proof for the two-dimensional case are absolutely the same. The
following holds.

Theorem 8.2 Let n = 2. The following estimates

2
sup [lu(-,t) ||i2(B )+ &P / / |Vu|2dxdt < ceP2, (8.8)
te[0,27] ¢ 0 B

9 2 2 9
sup ||Vu(-,t)||L2(Bg)+/0 /l; |ut|2dxdt+sﬂ/(; A |V2u| dxdt

te[0,27]
<24 (8.9)

hold. Moreover, there exists the pressure function g € Lfm(o, 2m; L%(B,)) satisfying identity
(8.4). 1fJ > 2, then

2w
f g2 dxdt < ceZ~*+#, (8.10)
0 Be

Let n =3 or n = 2. In the case when the boundary value g is more regular, the obtained
estimates can be improved. Assume that g € Cl31+1([0,277]; W322(5')). Then we can con-

struct the asymptotic approximation u"*? and estimate (8.2) takes the following form:

sup V60 a0 +67 V- V|
te[0,27] ¢

< C8J+ﬂ/2+1 < C8J+ﬁ/2 /mes(Bg).

L2(0,27;L2(Be))

J+2)

Comparing u) and u®*?, we notice that

sup [u?(-,t) a2, ) ||L2(B = 2| vu — vat'+2
te[0,27] ¢

<ce'*?2,/mes(B,).

) “ L2(0,27;L2(B¢))

By the triangle inequality we get

sup ||v(~,t) —uaV(,1) ||L2(B )+ ehl? || Vv - vVu? ||L2(
te[0,27] ¢

<ce'*?2,/mes(B,).

0,27;L2(By))

Analogously, the improvement of estimates (8.5), (8.10) can be obtained.

Theorem 8.3 If g ¢ C[¥]*1([O, 21 ; W322(q)), then
sup ||v(',t) - uu)(~,t) ||L2(B€) +eh? || Vv - va? ||L2(
te[0,27]

< C83+ﬂ/2\/mes(88),

2
sup ||Vv(',t)—Vu(J)(',t)Hiz(B)+/ / |vt—u§J)|2dth
te[0,27] ¢ 0 Be

0,277;L2(B¢))
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2
+&f / / |V2v - V2u¥ |2 dxdt < ce¥?*#mes(B,)
B
and

Pl 2027128, < C&'>7"*y/mes(B,).

Remark 8.4 The asymptotic expansion (6.1)—(6.2) can be slightly modified without loss of
X0yl . [x— Ol\

&l min
where § = C;¢|Ing||€|min and the constant C; will be chosen below.

accuracy. Namely, the argument in the cut-off function ¢ may be replaced by

Denote )’ = J +2. Consider the boundary layer functions VB0l and PBLOWT [t follows
that these functions FBLO1"'] (F stands for V or P) and their derivatives decay exponentially
as the space variable tends to infinity in the outlets. Thus, there exist positive constants

C1,Cy such that, for all t € [0, 27] and for sufficiently large R, the following inequality holds:

oF [BLOY ] t)

+
at w22(QR)

” F[BLO,,J/](., t) ||w2:2 < crexp(—-CR),

R

where .QlR =21 U{ly| >R}.
Therefore, if BI ={X e B, :|x— 0| > C;e|Ine||e|min/3}, then making change of the vari-

abley = X2 O' in the above inequality and taking R = C;|In€||€|min/3, we get
[BLOLY](. .
||F BLO|J] ||L202nw22(5'))+ oF P,
at L2(0,2;W22(Bl))

< ¢1exp{—CsCy| In][elmin/3) = €162 Imin’3,

Choose C; such that ¢,C;|€|min/3 > J’ = J + 2. Then, for FIBLO1"'] and its derivatives, this

upper bound is equal to ¢;&’*2. So, for the difference

¢ X — Oy FIBLOLY] X_O',t ¢ X =0 FIBLOLY] x—O|,t,
€] min & 8 €

the following estimate holds:

H: (—'X — O")F[BLO"J’](-, )¢ (—'X - O")F[BLO"”(» )
)

|e|min

L2(0,27;W22(D))
< C18J+2,

XOily _ C(m%w)}, Notice that in D we have
&l min

ficiently small . Because of this estimate for the approximation uJ’r2 the residual

\X70|I

where D = supp(¢( >  for suf-

[£9+2) I 2027128,) has the order O(e'). So, the difference u*? — v is of order
O(¢'v/mes(B,)) in the norm of Theorem 8.3. In this case we have assumed that g €
C[JJ{TS]H(O,QJT;WS/Z’Z(O')).
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Figure 2 Truncation of the cylinder Hée)

Figure 3 Connected component Bf"s

Siji

9 Method of asymptotic partial decomposition of the domain

The obtained asymptotic expansion of the solution to the time periodic non-steady
Navier—Stokes problem can be applied to justify the method of asymptotic partial decom-
position of the domain (MAPDD) proposed for the steady case in [13, 14].

Let us describe the algorithm of the MAPDD for the non-steady Navier—Stokes problem
set in a tube structure B,. Let § be a small positive number much greater than €. For any
edge e = O;O; of the graph, introduce two hyperplanes orthogonal to this edge and crossing
it at the distance § from its ends.

Denote the cross-section of the cylinders IT® by these two hyperplanes respectively: by
Sjj (the cross-section at the distance § from O;) and Sj; (the cross-section at the distance
8 from Oj), and denote the part of the cylinder 1% between these two cross-sections by
Bf}fc’s (see Fig. 2). Let Bf"S be the connected, truncated by the cross-sections S;j, part of B,
which contains the vertex or the node Oj (see Fig. 3).

Introduce the space H},,_,(B;) of all divergence-free vector-valued functions from the
space W 2(B,) vanishing for x € 8B, \ (Uj’\iN1+1 ygj).

Define the subspace Hjiv:O(Bg,S) of Hjiv:O(Bg) such that elements of every truncated
dec,e
ij

Womersley type flow is a vector-valued function uy such that, in local coordinates x©

cylinder B (vector-valued functions) coincide with the Womersley type flow. Here
associated with the edge ¢, its “last” (longitudinal) component U, (X®/¢) is independent
of X%e) ,l.e, upw = upw (X(e)//s), while all transversal components of the velocity are equal
to zero. We will consider as well the subspace Hj ;.. (B, 8) of the space Hg,,_o(B;,8) such
that its elements vanish on the whole boundary 9B, and the subspace L?(B,, §) of the space
L2(B,) such that its elements (vector-valued functions) coincide with the Womersley type
flows on every truncated cylinder Bﬁjec’g.

The method of asymptotic partial decomposition (MAPDD) replaces problem (1.1) by
its projection on Hj,,_,(B;,3):

Find @5 from L2,.(0,27;Hg,_o(B,8)) such that @5 — & € L2,.(0,27;Hj 45, (B¢, 8)),

per per
(B — 8t € L2 (0,2m;Hj 4, 4(B:,8), and for any test function 5 €
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Hg div—o(Be, 8), the following integral identity holds:
1. . A . . .
/ <£_ﬂ(us,ﬁ)t N+ VvV - V= (G5 +8) - V)0 - Gps — (85 - V)N - g) dx=0. (9.1)

Here, g is an extension of the boundary function g constructed above as u’*? with the
modification described in Remark 8.4, i.e., § = C;&|In &||€|min-

Theorem 9.1 Letge Cl1+1(0, 27; W32 (o). Then there exists a unique solution @i, 5 Of

the partially decomposed problem (9.1) and

t:{gfﬂ} ”V("t) —tg5(-t) H 2@, T el? ” V(v =) ” L2er(027:L2(B,))

<ce'*P2, /mes(B,).

The proof of this theorem repeats the beginning of the proof of Theorem 4.1 (derivation
of estimates (4.6) and (4.8)), where the Galerkin approximations are constructed in the
space Hj .. _o(By,8) instead of Hj,,_,(B,).
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