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Multistability of Driven-Dissipative Quantum Spins
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We study the dynamics of lattice models of quantum spins one-half, driven by a coherent drive
and subject to dissipation. Generically the meanfield limit of these models manifests multistable
parameter regions of coexisting steady states with different magnetizations. We introduce an ef-
ficient scheme accounting for the corrections to meanfield by correlations at leading order, and
benchmark this scheme using high-precision numerics based on matrix-product-operators in one-
and two-dimensional lattices. Correlations are shown to wash the meanfield bistability in dimension
one, leading to a unique steady state. In dimension two and higher, we find that multistability is
again possible, provided the thermodynamic limit of an infinitely large lattice is taken first with
respect to the long time limit. Variation of the system parameters results in jumps between the
different steady states, each showing a critical slowing down in the convergence of perturbations
towards the steady state. Experiments with trapped ions can realize the model and possibly answer
open questions in the nonequilibrium many-body dynamics of these quantum systems, beyond the

system sizes accessible to present numerics.

Coherent control over quantum single- and few-body
dynamics is continuously improving, spanning atomic,
optical, and solid-state systems [1-3]. An ongoing ef-
fort is focused on assembling many individually tunable
systems and studying the ensuing many-body dynamics.
A significant challenge lies in realizing unitary dynamics,
however, the inevitable presence of dissipative processes
can be utilized in different scenarios, such as by reser-
voir engineering [4]. Coherent time-periodic driving is a
useful tool [5], and rich dynamics are observed with sys-
tems of strong light-matter interactions at the interface
between quantum optics and condensed matter [6-22].
Systems with a competition between interactions, non-
linearity, coherent external driving and dissipative dy-
namics include arrays of coupled circuit quantum elec-
trodynamic units [23, 24], cold atoms [25], and ions [26].
Critical phenomena and dissipative phase transitions in
these open systems often come with new properties and
novel dynamic universality classes [27-33].

The state of an open quantum system is defined by a
density matrix p, with the dynamics often treated using
a Lindblad master equation, describing a memory-less
bath, and the time evolution generated by the Liouvil-
lian superoperator acting on p [34]. The theoretical tools
available for open quantum many-body systems are rel-
atively limited. For driven-dissipative lattice models the
meanfield (MF) approach is often employed, with p ap-
proximated as a product of single-site density matrices.
The dynamics of local observables are described by non-
linear equations, studied, e.g., for lattice Rydberg atoms
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[35—-40], coupled quantum-electrodynamics cavities and
circuits [20, 41, 42], nonlinear photonic models [43, 44],
and spin lattices [45, 46]. A key feature of the MF phase
diagrams are multistable parameter regions where two or
more steady states coexist.

However, the Lindblad equation converges in general
to a unique steady state in finite systems [47, 48], mak-
ing the status of the MF approximation unclear. Indeed,
significant deviations from MF have been found using
approximation schemes accounting for quantum correla-
tions [49-51], and also using exact numerical methods
(quantum trajectories [52] and Matrix Product Opera-
tors (MPO) [53]). In one-dimensional (1D) lattices with
nearest-neighbour (NN) interactions, the MF bistability
is found to be replaced by a crossover driven by large
quantum fluctuations [43, 49, 54, 55]. In contrast, in
certain 2D NN models, MF bistability has been found
by approximate methods to be replaced by a first-order
phase transition between two states, for nonlinear bosons
using a truncated Wigner approximation [43, 55], and for
Ising spins using a variational ansatz acounting for short-
range correlations [49], a cluster MF approach [56] and
two-dimensional tensor network states [57]. In a param-
eter region around the jump, the convergence towards
the steady state slows down [49, 55], a phenomenon re-
lated to a gap closing in the spectrum of the Liouvillian
[48, 58, 59].

In this Letter we study a driven-dissipative model of
spins one-half with XY (flip-flop) interactions in pres-
ence of coherent drive and dissipation, using a combina-
tion of MPO simulations and an approximation scheme
which accounts for quantum fluctuations beyond mean-
field (MFQF). For one dimensional lattices we confirm
the existence of a unique steady state in the thermody-
namic limit. As our main result, we find that in dimen-
sion two and higher multistability (in particular, bistabil-
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ity) is again possible, with jumps between the different
steady states accompanied by a critical slowing down,
provided that the thermodynamic limit of an infinitely
large lattice is taken first with respect to the long time
limit. We argue that this order of limits is physically
plausible, and we link the bistability to the fact that for
finite size and time the probability distribution of rel-
evant observables develops a strong bimodal structure.
Depending on the order of limits, bimodality leads either
to a first-order dissipative phase transition (as usually
discussed when the long time limit is taken first), or to a
bistable regime. We thus provide a theoretical scenario
reconciling our results with the literature cited above,
and finding similar dynamics in a model with Ising inter-
actions (see below and App. B) indicates the generality
of our results. We suggest that in an experimental plat-
form based on trapped-ion quantum simulators, such a
question can be addressed.

Model. We consider a quantum system with N sites
R € ZP on a hypercubic lattice in D spatial dimensions,
for which the connectivity is Z = 2D. The master equa-
tion for p is defined using the Liouvillian £,

dip =Ll = ~i[H, o+ D, k=1 (1)
The Hamiltonian describing Rabi oscillations of two-level
systems with a drive detuned by A from the resonant
transition frequency and a Rabi frequency 2, is given in
a frame rotating with the drive by

A -
H= Z {201% + QO’}C{:| - Z J(chom +he), (2)
R (R,R")

where the second sum extends over all pairs of NN sites,
describing hopping with amplitude J, with spin—% op-
erators (Pauli matrices) 0%, a = {z,y,z}, and aﬁ =
(0% £i0%)/2. For spin losses occurring independently
at each site with rate I' = 1 (which fixes the frequency

and time units),

- 1 - -
Dlp] = Z |:O'RpCT§ ~3 (chorp+pofor)|.  (3)
R

Aside from translation invariance, this model has no
manifest microscopic symmetries. Its MF phase diagram
displays bistability [46, 54] in a region of parameters that
terminates at a second order point where an emerging Z»
symmetry spontaneously breaks [37]. In 1D the steady
state is unique as obtained by MPO simulations [54].
Here we focus on higher dimensions, which we find to
manifest bistability in the thermodynamic limit.
Dynamics of Observables. From the master equa-
tion one can derive a hierarchy of equations of
motion for n-points expectation values of the form
(0% 0% 0% ) = tr{po} ok -+ 0% }, which depend
on the value of correlators at the next order, n + 1.
Assuming a translationally-invariant density matrix, we
define the uniform vector mean magnetization, p,(t) =

(% Y po%) = (0%), and its equations of motion

Oha = —J Z|pype + my=(1)] — Apy — p1a /2, (4)
Oty = JZ[papiz + 0w (1)] = 2Quz + Apg — 1y /2, (5)
Otz = 20y — (L + 1) . (6)

with the connected two-point correlation functions,

nab(Ra Rlat) = <(0aR - Nll) (0—1}22/ - Mb)>

= (0%hoh) = patw, R#R, (7)
and setting R’ = 0 using the translation invariance,
Nap(1) is the correlator at a NN of the origin.

Equations (4)-(6) are exact. The limit n — 0 re-
duces p to a product of identical on-site states, lead-
ing to the MF equations, whose steady state and dy-
namics are studied in detail in [61]. We present an
approximate scheme going beyond MF, formally based
on an expansion in 1/Z (with a related approach in
[50]). Neglecting the connected three-point correlators
(0% — pta) (% — ) (6%, — p1e)) &~ 0, allows us to de-
rive (see App. E) coupled equations for 74,(R,t), which
we solve numerically together with their feedback into
Egs. (4)-(6). Since the short-range correlators 7,,(1) ap-
pearing in Egs. (4)-(6) are dynamically coupled to all
distances in the lattice, the MFQF method accounts for
the spatial structure of correlation functions. The simu-
lations have been verified to converge as a function of N,
and hence we can approximate the system dynamics as
a function of time with the limit N — oo taken first.

Correlations wash away Bistability in 1D. We start
our analysis with numerically exact MPO calculations
of large lattices in 1D. The density matrix p can be con-
sidered as a pure state in an enlarged Hilbert space with
four states per site [62], allowing us to solve the Lindblad
evolution using a method formally similar to pure state
unitary evolution encoded using well-established matrix
product states (see [63, 64] and references therein). We
evolve p(t) in a 1D chain with open BC (translation
invariance is not enforced), using an MPO algorithm
[53, 62, 65], with an implementation based on the iTen-
sor library [66], a Trotter decomposition of order four
[64, 67], and bond dimension x = 300. With up to 200
spins we checked that observables measured in the cen-
tral region of the chain had negligible finite-size effects
and truncation errors at the scale of the plots, allowing
us to obtain their steady-state bulk values corresponding
to the thermodynamic limit.

Figure 1(a) shows the x component of the steady-state
magnetization, ¥ = limy o ji(t), in 1D, for JZ = 4
as a function of A. In MF, % is unique except for
1.3 £ A £ 1.9, where there are two co-existing stable
solutions in addition to an unstable solution. At the pres-
ence of quantum correlations (in MPO and MFQF), the
magnetization departs significantly from the MF predic-
tion, with a crossover between the two limiting regimes,
in the range 1.5 < A < 5. We define the inverse correla-
tion lengths A, by fitting the six correlation functions
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FIG. 1. (a) Mean steady-state  magnetization 2 as a func-
tion of A for Q = 0.5 and JZ = 4, on a 1D lattice. The mean-
field (MF) limit manifests bistability, with three co-existing
solutions, two of which — those on the branches coming from
the limits of A — {0, 00}, are stable. Two black hexagrams
mark the points where the unstable branch meets each of the
two stable ones. An exact numerical treatment using Ma-
trix Product Operators (MPO) shows a crossover within a
range of A shifted from the MF bistability region. An ap-
proximation incorporating quantum fluctuations at leading
order (MFQF) follows approximately the MPO result in a
large range of parameters. (b) The correlation length ;s
defined by fitting ez ~ exp{—AzzR}, and (c) the total cor-
relation Xz = D 5 Nex(R), calculated in MPO and MFQF,
showing that the latter approximation is capable of captur-
ing the spatial structure and relative magnitudes of two-point
correlations in the lattice.

to Nep(R) ~ exp{—AwpR}. For simplicity, we present
in Fig. 1(b) only one correlation length, and Fig. 1(c)
shows the corresponding total correlation measured by
Yab = Y g Mav(R). The spatial structure of the two-point
correlation undergoes a sharp change within the crossover
region, from relatively small but widely extended corre-
lations for low A, to much larger but very short-ranged
correlations, for high A. A separate analysis of the cor-
relations shows that at the same time, the correlations
change nature from periodic modulations (spin density-
wave character), to being overdamped in space.

As Fig. 1 shows, the MFQF approximation correctly
captures the uniqueness of the steady state and the dis-
appearance of bistability in 1D. On both sides of the
crossover region, the results are quantitatively accurate.
In its center, the approximation reaches too large values
for n.p(R) and the correlation length. More generally, we
find that as J is increased in 1D, the MFQF approach
loses its accuracy (for parameters of strong correlations),
plausibly because of the role of higher-order correlation
functions that are neglected, which can lead at much
larger J to the breakdown of the approximation. How-
ever, the MFQF approach is easy to generalize to higher
dimensions, and quantitatively accurate in regions with
moderate correlations.
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FIG. 2. (a) Mean steady-state x magnetization pS in the
MFQF N — oo approximation in 2D-3D, together with the
MF limit and 2D-MPO results (for a 12 x 4 cylinder). The
parameters are as in Fig. 1, with JZ kept fixed by varying J
with the dimension. For D > 2 MFQF predicts multistabil-
ity, with two stable branches approaching the MF branches
in an increasingly larger parameter region as D is increased.
The dotted black lines indicate the edges of the 2D bistable
region. The simulations were run with lattices of up to 2007
and 40% sites and periodic BC. (b) The total correlation in
2D, showing a difference of up to two orders of magnitude in
the bistable phases. (c) The rate of convergence to the 2D
steady states, fitted to an exponential form ~ e™**, showing
a critical slowing down of the dynamics as K — 0 at the two
bistability edges.

Bistability in Higher dimensions. Figure 2(a) shows
the results of simulations with large 2D and 3D lattices,
for JZ = 4. The MFQF theory, that allows simulating
large lattices (with N — 00), is compared with 2D-MPO
calculations, limited to a finite-size system, for which,
as in 1D, p is encoded as a product of matrices. The
matrix product runs over a snake-like path visiting all
the sites of a cylinder of length L, = 12 and perimeter
L, =4 (see App. C). Such an approach has been applied
in ground-state calculations of 2D models [68], but we
are not aware of previous 2D-MPO Lindblad calculations.
For A < 1.5 and A 2 2.5 the agreement between MPO
and MFQF is almost perfect, giving a nontrivial check
of the ability of MFQF to capture significant correlation
effects (that result in [ strongly departing from MF).
The computational cost of guaranteeing a high accuracy
in 2D-MPO calculation is exponential in L, (see App. C),
limiting the present MPO calculations to relatively small
systems, which cannot show bistability (and a possible
discontinuity would also be smeared out).

As our main result, using MFQF we find in 2D two
stable i branches, that in 3D extend over larger ranges
of A, converging towards the MF bistability region and
magnetization values. Figure 2(b) shows that 3., in-
creases by two orders of magnitude for one of the bistable
states, and Fig. 2(c) shows the asymptotic relaxation rate
associated to the convergence to ji°. It is obtained by fit-



ting O, fi> ~ e~"t at large times (¢ ~ 100). The fact that
Kk — 0 at the branch edges in 2D indicates a critical slow-
ing down when approaching the end of the bistability re-
gion in the phase that is about to disappear, leading to a
discontinuous jump. The MFQF approach does however
not always predict bistability in 2D. Replacing each hop-
ping term in Eq. (2) by the Ising coupling J,c%0%,, we
find a smooth crossover for moderate .J, (as obtained us-
ing cluster meanfield [56]), and a small bistability region
for stronger couplings (again as in [56]); See App. B.

Bistability, Liouvillian spectrum and bimodality. We
henceforth return to the question raised in the introduc-
tion: how to reconcile the uniqueness of the steady state
in finite systems, with bistability seen when taking first
the thermodynamic limit of infinite size, and then the
long-time limit?

Considering the Liouvillian £ of Eq. (1), the unique
thermodynamic steady state corresponds to pss =
limpy 00 limy o0 p(t), which is independent of the ini-
tial conditions, and is an eigenstate of L at any N,
Lpss = 0. Assuming bistability, we define p; and
p2 as the two distinct density matrices obtained from
limy 00 limy o0 p(t), which depend on the initial condi-
tions. For N large but finite the bistability should be
replaced by long-lived metastable states, in which case
p1 and py are defined at times ¢ > 1/T', but small com-
pared to the lifetime of these metastable states. As in
the model studied here, these two states have different
local properties: a local observable (i.e. sum of local
terms, e.g. M, = % > rO%) has a probability distribu-
tion Pj(m) with a single peak centred around m; in p1,
and a distribution Py(m) peaked around ma(# mq) in
p2. At the same time, metastability implies some re-
laxation time diverging with N, and the spectrum of
L must have at least one nonzero eigenvalue A\ with a
vanishingly small real part, limy_,o, Re(Ag) = 0, other
eigenvalues being separated by a gap O(T") [59, 69]. We
assume for simplicity that L has a unique such small
eigenvalue (therefore real), and denote by pg the asso-
ciated eigenstate (or eigenmatrix). pss and pg are the
eigenstates from which all long-lived states can be con-
structed, since for ¢ much larger than 1/I" we can ig-
nore higher “excited” eigenstates. So, for p; and ps to
be long-lived, they must be linear combinations of pss
and pp. As physical states have a trace equal to 1, and
since Trpss = 1 and Trpg = 0, there must exist two dis-
tinct scalars a; and as such that p; = pss + a;pp with
i = 1,2 [39, 48, 59, 69]. Inverting these relations we
get pss = (agp1 — a1p2)/(az — ay). So, if a; and ag are
both nonzero (which may not be always the case) ps; is a
“cat state” (with correlation functions extending over the
system size), being a linear combination of two uniform
physical states with different local properties. In pgg, the
probability distribution Py = (aaPy — a1 P2) /(a2 — a1)
of a local observable is bimodal, peaked around the two
mean values my 5 realized in the states p;—i .

Using exact diagonalization on small systems we have
computed such distributions for the fully-connected (FC)

version of the present XY model, which is bistable in the
thermodynamic limit (where MF becomes exact), and for
the 1D and 2D cases. We find (App. A), that the magne-
tization becomes bimodal in parts of the MF bistability
region for the FC and 2D cases, whereas it stays mono-
modal in 1D. The scaling with IV of the bimodal peaks is
beyond the scope of the current work, however, the mean
value of an observable computed with pss may become
discontinuous as N — oo at some value of the parameter
[43, 48, 55, 70]. This could correspond, in the discus-
sion above, to smoothly varying p;—1 2 but discontinuous
jumps of a; and as. Hence, a unique steady state with
a discontinuous jump is a-priori compatible with bista-
bility and hysteresis and, in the present scenario, finding
one or the other in a theory calculation is a matter of
order of limits.

Moreover, since the support of P; has essentially no
overlap with that of P, (for a large enough system), any
density matrix which is not a convex combination of p;
and ps would give some (unphysical) negative probability
density. This means that all physical long-lived states
are convex combinations of the mono-modal states p;,
and the latter thus coincide with the extreme states of
[59]. The above discussion therefore connects our results
both with the theories of first-order phase transitions,
and the theory based on the extreme metastable states.
The lifetimes of the many-body metastable states would
diverge with N, plausibly eV, and for large enough N,
exceed the time accessible in numerical or experimental
realizations. We conjecture that an initial state with a
finite correlation length will lead, in the time window
1/T <t < 1/|Ag|, to one of the two mono-modal states
pi, and not to an arbitrary combination of the two. A
heuristic argument is given in App. D. A product state
is a natural reproducible initial state in an experiment,
allowing to explore the metastability. As a parameter
is swept back and forth across the bistability region in
an experimental setup, observables will show hysteretis
loops — unless the sweep is unrealistically slow (o< e V).

Ezperimental feasibility. In addition to possible real-
izations with circuit-QED arrays [54], driven-dissipative
spin models can be realized in current experiments with
a few tens to a few hundreds of trapped ions. Ising and
XY interactions can be implemented by laser beams in-
ducing spin-motion coupling along one or two orthogonal
directions [71-73], with an additional laser for the on-site
Hamiltonian. As recently demonstrated experimentally,
the interaction can be varied from being almost indepen-
dent of distance to a dipolar power-law, and therefore
short-range in 1D [74, 75] and 2D lattices [26]. The inter-
action strength in these works is of order J/h ~ 10%s71,
one to two orders of magnitude larger than the qubit
dephasing rates, and the rate of spin-flip processes in
Eq. (3) can be potentially controlled as well.

To conclude, studying lattices of driven-dissipative in-
teracting spins using state-of-the-art 1D MPO simula-
tions, for the parameters presented here and in further
parameter regimes [61], we have found no phase transi-



tion but a crossover between two regimes with different
characteristics. On the other hand, using a new approach
that accounts for the leading-order lattice correlations
and their feedback onto the mean magnetization, bista-
bility appears to be possible in driven-dissipative quan-
tum systems already in 2D. Thus, the present exact and
approximate calculations suggest that D = 2 is a lower
critical dimension for bistability in this problem. This
conclusion is consistent with works done in the context
of Rydberg atoms on related models [37], pointing to-
ward a model-A dynamic universality class (whose lower
critical dimension is known to be two) for the second or-
der phase transition at the ending point of the bistability
regime. This implies that in one dimension fluctuations
destroy the critical point and with it the entire bistability
region, in line with our results.

The question of the existence of a lower critical di-
mension for bistability, bimodality and hysteresis and the
accompanied dissipative phase transitions in this model
can be directly addressed experimentally. If a definite an-
swer is found, it would constitute the first demonstration
of deciding a question currently intractable classically, by
a controlled quantum simulation. It could ascertain the
status of the meanfield approximation in these systems,
and shed light on the differences between equilibrium and
nonequilibrium phase transitions.
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Appendix A: Bimodality

We start studying the model of Eqgs.(1)-(3) of the main
text on a finite FC lattice with N sites, i.e. a graph where
all sites are linked (with connectivity Z = N — 1). The
FC version of the model is interesting because: (i) it
has a unique steady state for any finite N, (ii) its mean-
field (MF) solution gives a set of non-linear differential
equations which can support bistability, and (iii) the MF
approximation becomes asymptotically exact in the limit
N — oo. This is due to the fact that each site is coupled
to the x and y components of the total magnetization of
the N —1 other sites, and the fluctuations of this magne-
tization generically become small compared to its mean
when N — oco. As the thermodynamic limit N — oo is
approached, the bistability is thus expected to appear in
some way and the FC model can be viewed as a play-
ground to investigate how a unique steady state at finite
N can be reconciled with bistability in the thermody-
namic limit.

(a) P,,FC,JZ =6,N =10
—A =25

(b) b,,FC, N =8

0.2

4 6 8 10
(¢) b, D=2, N=8

FIG. 3. (a) Probability distribution P, = P(M, = m) of the
@ magnetization per-site (M, = « >, ok), for a few values
of the detuning A, at fixed JZ and Q = 0.5, in the steady
state of the XY model with N = 10 spins on a fully connected
(FC) lattice. The transition from a single peak centered at
m > 0 to a single peak at m < 0 as A is increased, is accom-
panied by an intermediate region of a bimodal distribution.
(b) The bimodality index b, (see text) given by the color
code, with Q = 0.5 and N = 8 for the FC lattice. Within
the region bounded by the two white dotted lines, the mean-
field limit manifests bistability of two different steady-state
magnetizations. (c) by for a two-dimensional (2D) parallelo-
gram of N = 8 sites and periodic boundary conditions (note
the smaller JZ range). We find bimodality, although weaker
than in the FC model, and with stronger finite-size effects.

We thus compute exactly the unique stationary state
density matrix pss = limy_,o p(t) on small systems. We
focus on the probability distribution of the x magneti-
zation per site, i.e. P, = P(M, = m), where M, =
+ Y po%, that we plot in Fig. 3(a) at fixed Q and
JZ (the rescaling by Z allows to compare lattices of
a different connectivity), and for different values of A.
Quite interestingly, such probability distribution evolves
from a single peak centered around m > 0 to a sin-
gle peak centered around m < 0, with an intermedi-
ate A range where P, has two separated peaks. To
quantify the bimodality of the distribution we define an
index bm = 2(Pmax,2 - Pmin)/(Pmax,l + PmaX,Z)a where
Phax,2 < Phax,1 are the two maxima of the distribution,
and P, is the minimum between the two. As can be
seen in Fig. 3(b), the extent of the bimodality region in
A and the maximum of b, increase with JZ at a fixed
Q, following the MF bistability region.

While in the finite size limit we consider here the sta-
tionary state is still unique and the average value of the
observable will either evolve smoothly with A or give
rise to a step, depending on the scaling with N of the
peaks, the emergence of a bimodal probability distribu-
tion suggests a possible scenario for bistability to sur-
vive. Indeed for a FC lattice taking the thermodynamic
limit first leads to a set of non-linear differential equa-
tions which can support multiple stable solutions. This
should translate, in the probability distribution of the
magnetization at finite size and finite time, and depend-
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FIG. 4. The bimodality index b, (see text) as a function of
A for (a) JZ = 6 in a fully-connected (FC) lattice, and (b)
JZ =5 in a 2D lattice, from exact numerical solutions of the
master equation of the driven-dissipative XY model, for small
lattices, with three values of N = 8,9, 10.

ing on the initial condition, in the emergence of a second
peak on time scales exponentially in the system size such
that, in the thermodynamic limit the switching from one
solution to the other becomes exponentially suppressed.

Repeating this analysis for a 2D square lattice with pe-
riodic boundary conditions (BC) we find again a bimodal
parameter region, shifted towards higher A, with and the
maximum b, smaller than in the FC model [Fig. 3(c)].
With an increasing interaction strength J, the magnitude
and extent of correlated fluctuations in the lattice grow,
explaining the gradual decrease of the bimodal parameter
region for a small lattice. As further consistency checks,
we verified that when increasing N (up to 10) at specific
parameter values, the bimodality range and maximum
increase, and for a 1D chain we find (not shown) that b,
remains strictly zero.

Figure 4 shows the bimodality index b, calculated ex-
actly for three increasing lattice sizes (in the 2D case
shown in panel (b), different parallelograms are con-
structed with periodic boundary conditions to incorpo-
rate N sites), for the driven-dissipative XY model dis-
cussed in the main main text. Although sensitive to the
finite system size, the width of the A ranges of bimodal-
ity increase with N and the maximal b, value increases
accordingly, which is consistent with bistability in the
N — oo limit.

Appendix B: Bistability in a driven-dissipative Ising
model in 2D

We have employed the MFQF method to the study of
the driven dissipative Ising model, obtained after replac-
ing the XY (flip-flop) interaction term in the Hamilto-
nian,
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FIG. 5. (a) Mean steady-state  magnetization ps as a func-
tion of Q for A = 0 and J,Z = —4, on a 2D lattice for the
Ising model. (b) The mean steady-state z magnetization for
the same parameters. The MF manifests bistability in the €2
range shown, while MFQF predicts a smooth crossover. We
note that in the notation of Ref. [56], @ = (hs/7v)/2, and
J.Z = —V/~ and the current figure corresponds to Fig. 1(a)
of Ref. [56], in a somewhat larger  range, showing a rather
sharp change around 2 ~ 1.5. The simulation accounts for
a lattice of 100? sites, and the results have been verified to
converge in N and t.

while keeping the dissipator identical. The equations of
motion for fi that are obtained from this model are iden-
tical to those in Egs. (4)-(6) of the main text with just the
replacement J — —J,. The correlator equations (given
in the following), are different.

Setting A = 0 we have studied the resulting MFQF
steady state on a 2D lattice. A necessary condition for
bistability in the meanfield limit [61], is |J,Z| > 2. For
J.Z = —4, Fig. 5 shows a smooth crossover of the steady-
state magnetization 7% as a function of  across the pa-
rameter region of meanfield bistability. The z magnetiza-
tion curve of Fig. 5(b) can be compared with the results
plotted in Fig. 1(a) of [56], which were obtained using
a cluster MF approach for different cluster sizes. In the
notation of Ref. [56], J,Z = —V/y and Q = (h,/v)/2,
making the parameters in the plots identical (with only a
somewhat larger range taken here for the abscissa). The
MFQF curve that we obtain contains a further noticeable
feature around 2 &~ 1.5, with a relatively sharper change
in magnetization.

In Fig. 6, u5 and pf are shown for J,Z = —6, in a
larger region of 2 across the parameter region of mean-
field bistability. The z magnetization curve of Fig. 6(b)
can be compared with the curves plotted in Fig. 1(b) of
[56]. In the region where the cluster MF of Ref. [56] pre-
dicts a shrinking of the bistability (but not its complete
disappearance up to the largest available cluster size),
MFQF predicts a rather sharp but smooth crossover.
However in MFQF approach bistability remains in a
small region (2.06 < Q < 2.13), at the right edge of
MEF bistability region. The structure of these the two co-
existing stable phases is distinctly different in terms of
the correlation functions 1, (R) defined in Eq. (7) of the
main text. Figure 7 presents the characteristics of 7, (R)
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FIG. 6. (a) Mean steady-state  magnetization us as a func-
tion of Q for A = 0 and J.Z = —6, on a 2D lattice for
the Ising model. (b) The mean steady-state z magnetiza-
tion for the same parameters. The MF manifests bistability
in the large 2 range shown, while MFQF predicts a shrink-
ing of the bostability region and its occurrence at the edge
of the Q range. We note that in the notation of Ref. [56],
Q = (ha/7v)/2, and J.Z = —V/~ and the current figure cor-
responds to Fig. 1(b) of Ref. [56]. The simulation accounts
for a lattice of 1002 sites, and the results have been verified
to converge in N and t. See Fig. 7 for the characteristics of
corrleation functions around the bistable region.

. (a) 2 =2.04 o (b) Q2 =2.14
—logg |72 5 —logyg 7|
-2 -
4 -10
-15
10 20 30 40 50 10 20 30 40 50
R R
o (©) (@)
* 1A yvYVvy ZJ v logyg |2z
yvv?Y Y YVYYVVYVYYYYVYV,
5 vyvv?Y 0
v v
0 , YYVVYVVYYYVYY _ . T Vvvva
2 2.05 2.1 2.15 2 2.05 21 2.15
Q Q

FIG. 7. Characteristics of the correlation functions around
the bistable region of Fig. 6. (a)-(b) The correlation function
n:-(R) as a function of the distance for two different Q values
(outside the bistability region). Note the different scales of
the two plots. (¢) The correlation length (along one spatial
direction) as a function of 2, showing a difference of up to
an order of magnitude in the bistable phases. (d) The total
correlation ¥,, = ZR 122, showing a difference of up to two
orders of magnitude in the bistable phases.

as an example, showing the large differences in the cor-
relation length, and — as a result — the total correlation,
between the two bistable states.

Appendix C: 2D-MPO

The 2D MPO calculations presented in Fig. 3 of the
main text and in Fig. 8, have been carried out on cylin-
ders of length L, from 8 to 16, and fixed L, = 4. At fixed
precision the required bond dimension y is expected to
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FIG. 8. (a) Mean steady-state = magnetization p and (b)
z magnetization u? , in the MFQF approximation in 2D, to-
gether with the MF limit and 2D-MPO results (for a finite-
size, 12 x 4 cylinder). The parameters are as in Fig. 3 of the
main text.

be constant with L., but exponentially large in L,. The
data is obtained with a bond dimension y = 400 (pushed
to x = 600 at A = 1.75). As in the 1D-MPO result, the
steady state is obtained by evolving p in time from an
initial state where all the spins are pointing down. In
practice a total time between 15 and 25 was used. Since
the path of interacting spins associated to the MPO ar-
tificially breaks the translation invariance of the lattice
in the y direction, it is important to check that the bond
dimension is large enough to restore the translation sym-
metry in the observables. In our case the magnetization
was found to be translation invariant up to relative errors
of the order of O(107%).

Appendix D: Finite correlation length and
mono-modal states

Consider a system where the Liouvilian spectrum has
a steady state pgs, associated to the eigenvalue 0, and
an eigenstate pg associated to an eigenvalue Ag which
goes to zero when increasing the system size. We as-
sume that all the other eigenstates are gapped and can
be ignored for times ¢ > 1/T". As discussed in the main
text, there exits two special linear combinations p;—1 2
of pss and pg, which are the extreme states [56], and
in which local observables have probability distributions
with a single peak. On the other hand, nontrivial linear
combinations of p; and ps host bimodal distributions.
A natural question is then: what initial conditions lead
to p1 and ps2, and what initial conditions instead lead
to some convex combination of the two? We give be-
low a simple heuristic argument suggesting that initial
conditions where connected correlation functions have a
finite correlation length, should, for a large enough sys-
tem, lead to one of the two extreme states and not to
arbitrary convex combinations of the two. Take an ini-
tial state p(t = 0) where all connected correlation func-
tions are short-ranged. Thanks to the assumption of a
gap in the Liouvillian spectrum (above |[Agl|), the state



p(t) will reach the metastable manifold (spanned by pss
and pg) rather quickly, after a time scale of order O(N?),
i.e. a time that is not growing with the system size. Be-
cause lattice models with short-range interactions typi-
cally have a maximum (Lieb-Robinson) velocity, beyond
which the information cannot propagate, it should not be
possible for the system to develop true long-range corre-
lations (spanning the whole system) in a finite amount
of time. And if correlations remain negligible at dis-
tances comparable with the system size, then this implies
that the probability distributions of local observable can-
not be bi-modal. So, the Lindblad dynamics of a large
system initialized from a state with short-range correla-
tions cannot lead to a bimodal state in the time range
1T < t < NYP (NYP is proportional to the linear
size of the system). We thus conclude that in this time
window the state that is reached is close to one of the
two extreme states, since any other convex combination
would be bimodal.

Appendix E: Meanfield with Quantum Fluctuations

To derive the equations of the MFQF approach, we
define a two-point correlation function (correlator),

Jan(R, R t) = (0fop), R#R,  (El)

which is a function of the difference R — R’ alone, sym-
metric in a,b (because %, and % commute). Using
Eq. (E1), the connected two-point correlator is defined
as in Eq. (7) of the main text, for R # R’, by

T]ab(Ra R/a t) = ﬂab(Ra R/) - ;ual/l'bv (EQ)
J

Jrz(R) = 2J [2/11/‘7;,“2 - Nzﬂyzu) - /‘yﬁIZ(R)] [Z - 5\|R|\,1] —-2J Z

fyy(R) =-2J [QMzNyNz - ,uyﬁmz(l) - Mzﬁyz(R)] [Z - (SHRH,l] +2J Z

fzz(R) = _QJ[Nxﬁyz(R) - .uyﬁwz(R)] [Z - 5HRH,1] —-2J Z

The connected three-point correlator is defined for R #

R' # R" by

Cabc(R7 R/7 R//7 t) = <(0-3L2 - ,Lta) (O—%’ - ,U/b) (0'?{” - MC)> )
(E3)

which is again a function of the differences only.

The approximation of the following treatment is based
on assuming that ¢ (and higher order connected correla-
tors) can be neglected in comparison to 1. The e.o.m of
Db, setting R’ =0, is

atﬁab(R) ==
Z Haq¥ay(R) + Z Hpa¥ad(R) + fap (D) + gan (11, 9),
d d
(E4)

where the local Hamiltonian terms are described using
the matrix

0 —-A 0
n=|(a o —20|, (E5)
0 22 0

while fap(u,9) o< J comes from the kinetic terms, and
gapn(1t,¥) o< T comes from the Lindbladian part, and both
are given below. By using Eq. (E2) we get the e.o.m
system for n(R,t),

Oinab(R,t) = 0y0ap(R) — Oy [1tapin] , (E6)

which we solve numerically together with the coupled
system for fi(t).

For the Hamiltonian in Eq. (2) of the main text where
the kinetic term is

_ Z J(ohop +he)=— Z %(0%0% +o%ol),
(R,R") (R,R’)
(E7)
we find that fup(u,9) of Eq. (E4) is given by,

foy(R)=J [2,%2,#2 - 2/~Li/iz = HyUyz(1) — pryVy=(R) + pa¥ez(1) + N179IZ(R)] [Z - 5HRH,1]

R'#£0
IR —R|=1
1290y (R), (E9)
R'£0
IR —R||=1
[Nyﬂzz (R/) — paVyz (R/)] . (E10)
R'#0
IR —R|=1
(E11)

—J D [ty (R) = pedaa(R)],
R'#0

IR —R[=1



fez(R) = *JHyCSHRH,l +J [2H§ﬂy - Nzﬂyzu) - #yﬁZZ(R) - Nmﬂry(R) + ﬂyﬂxf(R)] [Z - 5HRH,I}
—J Y [ (B) + s (R) = paday (R)], (E12)
R'#£0

IR —R[=1

fyz(R) = Jpz0) gy 1+ J [*Qﬁtzﬂm + 1222 (1) + p10022(R) — pa¥yy (R) + /Lyﬂry(R)] [Z - 6HRH71]
+J Z (12022 (R') = py Oy (R') + po¥yy (R)] . (E13)
R'#£0

IR ~Rl|=1
The components of g(u, ) in Eq. (E4) are given by
3 3
Yaa = _F'lgaaa oy = _Fﬁw?ﬁ Jzz = -r 2192172 + 5:“’11? o Gyz = I 219142 + §My . (E14)
For the Ising model of Eq. (B1) where the kinetic term is
- %U%J%U (E15)
(R,R')
we get instead of the above fu; (1, 1), the following expressions;
Far(R) = =20 [2peypie — pto(V) = o0y (R [2 — Syya] #2003 mydae(R), (B16)
R'#0
IR —R|=1
fyy(R) =20, 2papiyprs — pry¥z2(1) — poy (R)] [Z - 6IIRH,1] —2J. Z ﬂzﬁyZ(Rl)a (E17)
R'#0
|17 ~Rl|=1
f:2(R) =0. (E18)

f:vy(R) =J, [2/135/& - 2#3//'62 - /J'w'l?a:z(l) - Mzﬁzz(R) + Myﬁyz(l) + /Jz'l?yy(R)] [Z _ 6HRH,1]
L Y [y0s(R) — et (R)], (E19)

R'#£0
IR —R|=1
Jaz(R) = LpyOyrya — Jz 20200y — 1202 (1) = 9y (R)] [2 = Oyrpa] +J2 0 D mydea(R), (E20)
R'#0
IR —R||=1
fyz(R) = —.]Z,uw(S”R”,l + J, [2#3/11- — [1,219;52(1) — ,uzﬂl.Z(R)] [Z — 6HRH,1] —J, Z ,uwﬁzz(R,). (EZI)
R'#0

IR ~Rl|=1
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