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The exit from a metastable state: concentration of the exit

point distribution on the low energy saddle points, part 2

Tony Lelievre*, Dorian Le Peutrec! and Boris Nectoux *

Abstract

We consider the first exit point distribution from a bounded domain 2 of the
stochastic process (X;);>0 solution to the overdamped Langevin dynamics

dX, = —Vf(X,)dt + Vh dB,

starting from deterministic initial conditions in €2, under rather general assumptions on
f (for instance, f may have several critical points in Q). This work is a continuation of
the previous paper [14] where the exit point distribution from {2 is studied when Xj is
initially distributed according to the quasi-stationary distribution of (X;);>¢ in 2. The
proofs are based on analytical results on the dependency of the exit point distribution
on the initial condition, large deviation techniques and results on the genericity of
Morse functions.

1 Introduction and main results

The aim of this article is to extend the results of [14] on the concentration of the first exit
point distribution from a domain to general initial conditions within the domain. For the
sake of consistency, we first recall in Section the motivation for such a study, some
related works in the literature, and an informal presentation of our results. Section
then gives precise statements of the results we prove.

1.1 Motivation and informal presentation of the results
We are interested in the overdamped Langevin dynamics
dX; = =V f(Xy)dt + Vh dB;, (1)

where X; € R? is a vector in RY, f : R — R is a C* function, h is a positive parameter
and (Bt)¢>0 is a standard d-dimensional Brownian motion. The process can be used
to model the evolution of molecular systems, for example. In this case, f is the potential
function and h > 0 is proportional to the temperature of the system. Let us consider a
domain ©Q € R? and the associated exit event from €. More precisely, let us introduce

7o = inf{t > 0|X, ¢ Q) (2)
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the first exit time from 2. We are interested in the limit of the law of X, when h — 0.
Under some assumptions which will be made precise below, this law concentrates on a
subset of 0€), concentration being defined in the following sense.

Definition 1. Let Y C 9Q and let us consider a family of random variable (Yy)p>o which
admits a limit in distribution when h — 0. The law of Y}, concentrates on Y in the limit
h — 0 if for every neighborhood Vy of Y in 0f}

lim P [} =1

lm P[Y, € Vy] =1,

and if for all x € Y and for all neighborhood V, of x in N2
lim P[Y, € V,] > 0.
h—0

In other words, the law of Y}, concentrates on )Y if ) is the support of the law of Y}, in the
limit A — O.

In this work, we investigate the concentration of the law of X, on a subset of Jf2
when Xg = = € , under general assumptions on the function f : & — R. This is
of practical interest in order to predict where the process is more likely to leave )
in the zero-noise limit. The study of the exit event in the small temperature regime
has interesting theoretical and numerical counterparts, to relate continuous state space
dynamics such as to discrete state space dynamics (jump Markov model), and to
accelerate the sampling of metastable trajectories, see [12,31].

Review of the literature. Let us mention the main results from the mathematical liter-
ature on the exit problem related to our problem. We refer to [6] for a more comprehensive
review.

The concentration of the law of X, on argmingg f in the small temperature regime
(h — 0) has been studied in [35},37,43] through formal computations, see also [33]. Many
of these results have been rigorously proven either by studying the underlying partial
differential equations, or by using large deviations techniques. In particular, when it holds

Onf > 0 on 09, (3)

where 0, f is the normal derivative of f on 9Q (n is the unit outward normal vector to
D), and

{z € U |Vf(z)| =0} = {xo} with f(zo) = mﬁinf and det Hessf(zo) > 0, (4)

and f attains its minimum on 0f2 at one single point ¥y, it is proved in |17, Theorem 2.1]
that the law of X, concentrates on yp in the limit h — 0, when Xy = x € 2. This result
has been extended in [7,[8,23,24,41] when only and are satisfied: it is proved there
that the the law of X, concentrates in this case on arg mingq, f in the limit ~ — 0, when
Xo=z €.

In [17, Theorem 5.1], for ¥ C 99, the limit of AInP [X,, € ¥] when h — 0 is related
to a minimization problem involving the quasipotential of the process . Let us mention
two limitations of |17, Theorem 5.1]. First, this theorem requires to be able to compute the
quasipotential in order to get useful information: this is trivial under the assumptions (3))
and but more complicated under more general assumptions on f (in particular when



f has several critical points in 2). Second, even when the quasipotential is analytically
known, this result only gives the subset of €2 where exit will not occur on an exponential
scale in the limit h — 0. It does not allow to exclude exit points with probability which
goes to zero polynomially in & (this may indeed occur, see Remark @] below and examples
in |11} Section 1.4]), and, when the exit point distribution concentrates on more than one
point, it does not give the relative probabilities to exit through the various exit points in
the limit A — 0. However, let us emphasize that the strength of large deviation theory
is that it is very general: f may have several local minima in €2, and the theory actually
applies to a much wider class of dynamics (in particular for non-gradient drift and non-
isotropic noise) and in a broader geometric setting [17,40]. See for example [1},25,26] for
recent contributions to the non reversible case. Other references where the exit problem
appears as an intermediate tool to study spectral properties of the inifinitesimal generator
are [2},3},34,36].

Objective of this work. Our work aims at generalizing in the reversible case the results
of [17, Theorem 2.1] and [7,8,23,]24,/41], when f has several critical points in Q. First,
we exhibit a general set of assumptions on f and an ensemble of initial conditions for
which the law of X, concentrates on points belonging to arg mingg f and we compute
the relative probabilities to leave the domain through each of them (see Theorem [I):
in this case, the limiting exit point distribution is the same as starting from the quasi-
stationary distribution in €2, and we thus rely on our previous work [14]. Second, using
this first result, we identify the exit points when the process starts more generally from
initial conditions contained in a potential well which touches the boundary of €, in a sense
to be made precise (see Theorem [2] and Theorem [4)).

Concerning the assumptions on f, d,f is not assumed to be positive on 92 and f may
have several critical points in 2 with larger energies than mingg f. However, we do not
consider the case when f has critical points on 0f2.

Here are representative examples of outputs of this work, which are new to the best
of our knowledge. Let us assume that f :  — R and its restriction f|sq to the boundary
of Q are smooth Morse functions, and that f has no critical point on 952 (see below).

e We prove that if {y € Q, f(y) < mingg f} is connected and contains all the local
minima of f in €, and if 0, f > 0 on argminy, f, then the law of X, concentrates
on argmingg f when Xo =z € {y € Q, f(y) < mingg f} (see Theorem [1)).

e Besides, when {y € Q, f(y) < mingq f} is not connected (we denote in this case by
Cy,...,Cy its connected components, with N > 2) and if, for some j € {1,...,N},
9C; NIQ # 0 and |[Vf] # 0 on 9Cj, then, when Xy = x € Cj, the law of X,
concentrates on dC; N OS2 in the limit A~ — 0 (see Theorem .

e Furthermore, when X =z € C; and z € argmingq f \ 0C;, for all sufficiently small
neighborhood X, of z in 9, P [X,, € £.] = O(e™#) for h small enough (see item 1
in Theorem .

Let us mention that the preprint [11] concatenates most of the results of this manuscript
and [14]. A simplified version of the results of this work is also presented in [32].

On the results from [14]: metastability and the quasi-stationary distribution.
As explained above, this article generalizes to a broader class of initial conditions in €2 the



results of [14] where it is assumed that X is distributed according to the quasi-stationary
distribution in 2. Let us quickly recall what is the quasi-stationary distribution, and why
it is relevant to study the exit event starting from this distribution.

Let us assume that Q C R? is smooth, open, bounded and connected.

Definition 2. A quasi-stationary distribution for the dynamics in Q is a probability
measure vy supported in ) such that for all measurable sets A C Q) and for allt >0

» /Q}P’x [(X: € At < o] vp(dx)
vp(A) =

/ P, [t < mq] vy (dx)
Q

()

Here and in the following, the subscript = indicates that the stochastic process starts
from 2 € R? (Xg = x). In words, means that if Xy is distributed according to vy,
then for all t > 0, X; is still distributed according to v} conditionally on X € Q for all
s € 10,t].

The quasi-stationary distribution is related to an eigenvalue problem on the infinites-
imal generator of the dynamics , namely the differential operator

h
Lin=—35 A+Vf-V. (6)

Let us define

L%U(Q):{UIQ—)R,/

uze_%f < oo}
Q
The weighted Sobolev spaces HF () are defined similarly. The operator L #,» with homo-
geneous Dirichlet boundary conditions on 952 is denoted by L][c) 5 Its domain is D(L? ) =
Hi’O(Q) N HZ2(Q), where H,LlU’O(Q) = {u € HL(Q),u = 0on 00}. It is well know that
—LJ’E? , s self adjoint on L2 (Q), positive and has compact resolvent. Moreover, from stan-
dard results on elliptic operator (see for example [16,19]), its smallest eigenvalue \;, (a.k.a.
the principal eigenvalue) is non degenerate and its associated eigenfunction uj; has a sign

on 2 and is in C*°(€Q2). Without loss of generality, one can then assume that:
up > 0on Q and / u%e_%f = 1. (7)
Q
The following result (see for example [28]) relates the quasi-stationary distribution v}, to
the principal eigenfunction wuy,.

Proposition 3. The unique quasi-stationary distribution vy, associated with the dynam-
1cs and the domain ) is given by:
up(z)e w /@

/Quh(y)e_fzzf(y)dy

Moreover, whatever the law of the initial condition X with support in ), it holds:

vp(dz) = dz. ()

tl;nolo ||ILaw (X¢|t < Tq) — villrv = 0. 9)



Here, Law(X,|t < 7q) denotes the law of X; conditional to the event {t < 7q}. For a
given initial distribution of the process , if the convergence in @ is much quicker than
the exit from €2, the exit from the domain ) is said to be metastable. In [14], we have
investigated the concentration of the law of X,, on argmingg f in the limit A~ — 0 when
Xo ~ vy, namely when the exit is metastable. In this work, we extend this study to the
general case: Xg =z € Q.

1.2 Main results

In all this work, we assume that Q C R? is smooth, open, bounded and connected, and
that f:Q — R is a C* function. This section is dedicated to the statement of the main
result of this work.

1.2.1 Assumptions

Let us now introduce the basic assumption which is used throughout this work:

The function f : Q — R is a C* Morse function.

For all z € 09, |V f(x)| # 0.

The function f : {x € 99,0, f(z) > 0} — R is a Morse function.
The function f has at least one local minimum in Q.

(A0)

Remark 4. We recall that a function ¢ : @ — R is a Morse function if all its critical points
are non degenerate (which implies in particular that ¢ has a finite number of critical points
since ) is compact and a non degenerate critical point is isolated from the other critical
points). Let us recall that a critical point z € Q of ¢ is non degenerate if the hessian matriz
of ¢ at z, denoted by Hess ¢(z), is invertible. We refer for example to [22, Definition 4.3.5]
for a definition of the hessian matriz on a manifold (see also [13, Remark 10] for explicit
formulas). A non degenerate critical point z € Q0 of ¢ is said to have index p € {0,...,d}
if Hess ¢(z) has precisely p negative eigenvalues (counted with multiplicity). In the case
p=1, z is called a saddle point.

In order to introduce the remaining assumptions, we need to introduce three notations.
First, the following notation will be used for the level sets of f: for a € R,

{f<a}={z€Q flx)<a}, {f<a}={z€Q, f(x)<a},

and
{f=ay={xecQ, f(z)=a}.

Second, for any local minimum z of f in £, one defines

Hy(z) == inf{ max f(7(1) |7 € 0°([0,1],92), 4(0) = z, and (1) € aQ}, (10)
telo,

where C°([0,1],9) is the set of continuous paths from [0,1] to Q. Intuitively, H(x) is

the minimal energy any path connecting x to the boundary 0f2 has to cross. This energy

is necessarily either the energy of a saddle point z in Q (see e.g. 0Cy on Figure , or

the energy of a generalized saddle point z on 9 (see e.g. 92 N IC3 and I N ICppax ON



Figure [1} see also Equation for a proper definition of a generalized saddle point).
Third, for a local minimum z of f in €,

C(x) is the connected component of {f < Hy(x)} containing x. (11)
Finally, set
C := {C(z), z is a local minimum of f in Q}. (12)

Let us mention that when (AOQ|) holds, one has: for all local minima z of f in Q, C(z) is
an open subset of €2 (see [11, Remark 7]).
We are now in position to state the assumptions we will use in addition to (AO0)):

e First geometric assumption:

(A0) holds and 3Cpax € C s.t. max {mgxf - @nf} — max f—minf. (A1)
ceC C C Cax Crmax

e Second geometric assumption:

(A1) holds and Cmax N N # 0. (A2)

e Third geometric assumption:

(A1) holds and OCmax N O C argmin f. (A3)
o0

Assumption implies that there is a unique deepest well, namely Cpnayx. Assump-
tions and mean that the closure of this deepest well intersects 92 at points
where f reaches its minimum on 0€2. Notice that these assumptions imply that Cpax con-
tains the global minima of f in 2. Assumptions and ensure that when Xy ~ vy,
(v, being the quasi-stationary distribution introduced in Definition [2)) or Xy = & € Cyax,
the law of X, concentrates on the set 0Cmax NI, (see [14, Theorem 1] and items 1 and 2
in Theorem || below). Finally, the last assumption is:

e Fourth geometric assumption:
(A1]) holds and OCpax N €2 contains no separating saddle point of f, (A4)

where the proper definition of a separating saddle point of f is introduced below

in Section [.2.2]

Assumption is equivalent to the fact that any minimal energy path connecting
a point in Cmax to the boundary 9 remains necessarily within Cpay. In particular,
such a path leaves  on O0Cnax N 0. Notice indeed that Assumption implies
OCmax N O # O (this is a consequence of |14, Proposition 15]). The assumptions
together with , , , and , ensure that the probability that the pro-
cess starting from z € Cyax leaves ) through any sufficiently small neighborhood
of z € 0N\ 0Chax in 0N is exponentially small when h — 0, see item 3 in Theorem
below. We refer to Remark [6] below for a discussion on the necessity of the assump-

tions (AOQ), (A1), (A2), (A3), and (A4]) to get these results. Figure [I| gives a one-
dimensional example where (A1]), (A2), (A3), and (A4)) are satisfied, and Figure 2] gives
a typical example where (A1), (A2]), and (A3]) are satisfied but not (A4)).



Figure 1: A one-dimensional case where (A1), (A2), (A3) and (A4) are satisfied. On the figure,
f(xl) = f<x5)7 Hf(xl) = Hf(x4) = Hf(.'L'5), C = {Cmaxyc2zc3}7 (9(:2 ﬂ 8Cmax = @ a‘nd
9C5 N ICmax = 0.

Figure 2: Schematic representation of C (see ) and floq when the assumptions ,
, and are satisfied. In this representation, vy € € is the global
minimum of f in Q and the other local minima of f in Q are xo and x3. Moreover,
mingg f = f(21) = f(22) = f(z3) = Hp(21) = Hy(x2) < Hy(zs) = flza), {f <Hyp(z1)}
has two connected components: Cpax (see ) which contains x1 and Co which con-
tains xo. Thus, one has C = {Cmax, C2,C3}. In addition, {z1, 22,23} = argmingg f
(k9% =3), {25} = CnaxNCy is a separating saddle point of f (thus is not satisfied),
and OCpmax N O = {21, 22} (k‘?Cmax =2).



1.2.2 Notation associated with the function f

In order to state our main result, we will need a few more notation associated with the

function f.

Domain of attraction A(D). The domain of attraction of a subset D of  for the
dynamics £ = —V f(z) is defined as follows. Let z € € and denote by ¢;(x) the solution
to the ordinary differential equation

7 °t(2) = =V f(pr(z)) with go(z) =z, (13)

on the interval ¢ € [0,¢,], where ¢, > 0 is defined by
ty = inf{t >0, pi(x) ¢ Q}.

Let x € Q be such that t; = +00. The w-limit set of z, denoted by w(z), is defined by

w(@) ={y € Q, Asn)nen € (RY)", lim s, = +oo, lim s, () =y}.

Let us recall that the w-limit set w(x) is included in the set of the critical points of f
in Q. Moreover, when f has a finite number of critical points in 2, w(z) is either empty
(if t; < o0) or of cardinality one (if t;, = 00). Let D be a subset of 2. The domain of
attraction of a subset D of € is defined by

A(D) ={x € Q, t, = +o0 and w(z) C D}. (14)

Remark 5. Recall that when (AO) holds, one has: for all local minima x of f in €,
C(z) C Q, where C(x) is defined in (see [11, Remark 7]). This implies that for all
y € C(z), ty = +oo and then, C(z) C A(C(x)).

Generalized saddle points of f. We introduce in this paragraph an ensemble of points
on 02, which will contain the exit points of the process (X;);>0 from Q. Let us define
U% .= {2z € 99, z is a local minimum of f|sq but not a local minimum of f in Q}.
Notice that an equivalent definition of U?Q is
U% = {z € 09, z is a local minimum of f|yq and 8,f(z) > 0}, (15)

which follows from the fact that |V f(z)| # 0 for all z € 9Q. The set U9 contains the so-
called generalized saddle points of f on the boundary 02 [20,29]. These generalized saddle
points are indeed geometrically saddle points of the function f extended by —oo outside
Q, which is consistent with the fact that homogeneous Dirichlet boundary conditions are
used to define the operator LJQ h-

Let us introduce the following notation for the k{** elements of U7 N arg miny, f:

{1, .. .,zk?g} = U9 N arg min f. (16)
o

Let us assume that the assumptions (A1), (A2)), and (A3)) are satisfied. Let us recall that
Cmax is defined in (A1]). Moreover, in this case, one has k‘?ﬂ >1 and

OCmax N 0N C {Zl, ceey Zk?Q}'

8



Indeed, by assumption OCmax NN C {f = mingq f} (see (A3])) and there is no local
minimum of f in Q on OCmayx (since Cmax is a connected component of a sublevel set of f).
We assume lastly that the set {z1,..., Zkim} is ordered such that:

{Zl,...,zk?cmax} = {21,...,Zk?g}ﬁacmax. (17)

Notice that k?Cm“ € N* and k?Cmax < k99,

Separating saddle points. Let us finally introduce the notion of separating saddle
point, following [21, Section 4.1]. To this end, let us first recall that according to [20|
Section 5.2], for any non critical point z € Q, for r > 0 small enough

{f < f(2)} N B(z,r) is connected,
and for any critical point z € 2 of index p of the Morse function f, for » > 0 small enough,
one has the three possible cases:
e cither p =0 (i.e. z is a local minimum of f) and {f < f(2)} N B(z,r) = 0,
eorp=1 and {f < f(2)} N B(z,r) has exactly two connected components,
e orp>2 and {f < f(z)} N B(z,r) is connected,

where B(z,7) := {x € Q s.t. |z — z| < r}. A separating saddle point of f in Q is a saddle
point of f in € such that for any r > 0 small enough, the two connected components of
{f < f(2)} N B(z,r) are contained in different connected components of {f < f(z)}.

Figure [2| gives an illustration of the notations introduced in this section.

1.2.3 Main results on the exit point distribution

In Theorem [I], we first make explicit a geometric setting and an ensemble of initial condi-
tions for which the exit distribution is the same as when starting from the quasi-stationary
distribution.

Theorem 1. Let us assume that the assumptions (A0), (A1), (A2)), and (A3|) are satis-
fied. Let F' € L*(0Q,R) and (Xi);cqy,.. w00y be a famaly of pairwise disjoint open subsets
of O (i.e. such that ¥; NX; = 0 whenever i # j) such that

for alli € {1, ceey k‘lm}, zi € X,

where we recall that {zl, . .,zkelm} = U9 nargming, f (see ) Let K be a compact
subset of Q such that K C A(Cmax) (see (A1) and for the definitions of Cmax and A).
Let v € K. Then:

1. There exists ¢ > 0 such that in the limit h — 0O:

ko
By [F (Xr)] =D Ea[(15,F) (Xr)] + O™ h) (18)
i=1
and
k9 )
Y B [(15,F) (Xo)] = O(h), (19)

i=k{Cmax 1

where we recall that {zl, .. 7Zk?cmax} = OCmax N 0N (see )

9



2. When for some i € {1, R k?c"‘ax} the function F is C*° in a neighborhood of z;,
one has when h — 0:

NH

E; (15, F) (Xr,)] = F(z) a; + O(h%), (20)

where
kacmax

_ Onf(2) Onf Z])
B \/det Hessf|oa () Z \/det Hess f|aa (%)) ‘ 2!

3. When (A4) is satisfied the remainder term O(hi) mn is of the order O(e_%)
for some ¢ > 0 and the remainder term O(hi) n is of the order O(h) and
admits a full asymptotic expansion in h (see below).

Finally, the constants involved in the remainder terms in , , and are uniform
with respect to r € K.

Let us recall that for a > 0, (7(h))p>0 admits a full asymptotic expansion in A% if there
exists a sequence (a)k>0 € RN such that for any N € N, it holds in the limit & — 0:

N
= aph® + O(h*NTY), (22)
k=0

According to (18)), when the function F belongs to C*(9€,R) and = € A(Cpmax), one has
in the limit A — O:

kacmax
s 1 z Jo, Fonfe !
B [F (o) = X aiF() + O = - T on(1),
= Z fz Onfe” it

where the order in A of the remainder term ox(1) depends on the support of F' and on
whether or not the assumption is satisfied. This is reminiscent of previous results
obtained in [7,8}23,[24}41].

Theorem (1] implies that when Xo = x € A(Cmax), the law of X, concentrates on
{z1,... 7Zkfmax} = 90 N OCmayx in the limit A — 0, with explicit formulas for the probabil-
ities to exit through each of the z;’s. Moreover, the probability to exit through a global
minimum z of f|gn which satisﬁes 8n f(2) < 0 is exponentially small in the limit A — 0
(see (18)) and when assuming (A4]), the probability to exit through B Cmax -
also exponentially small even though all these points belong to argmingg f. Theorem 1] is

PR is

thus a generalization of |14, Theorem 1] to other initial conditions than the quasi-stationary
distribution vy,.

Remark 6. Assumptions and ensure that Cmax appearing in Theorem 18
well defined. Concerning the assumption , there exist functions f satisfying
and but not such that when Xo = = € Cnax, the law of X,, concentrates on
points which do not belong to argmingq f (see indeed (11, Figure 4]). The same holds for

the assumption (A3)): there exist functions f which satisfy (AO), (A1), and (A2)) but
not ({A3) such that when Xog = x € Cnax, the law of X;, concentrates on points which do

10



not belong to argmingq f (see Figure [§ and [11, Figure 5]). Thus, (A2)) and (A3) are
necessary to ensure that the law of Xr, concentrates on points belonging to argmingg f.

Finally, assumption (A4) is necessary to get item 3 in Theorem . Indeed, in [11, Sec-

tion 1.4/, we provide examples of functions f satisfying (AO), (A1), , and (A3)) but
not (A4]), such that for all sufficiently small neighborhood ¥, of z € argmingq f \ 0Cmax

in 0Q, P[X,, € 8.] = CVh (14 0(1)) in the limit h — 0, for some C' > 0 independent of
h and when Xg = x € Chax.

Remark 7. When x € Q is such that t, < +o00, it is a simple consequence of the large
deviations estimate below that, in the limit h — 0, the process almost surely
exits Q through any neighborhood of ¢y, (x) in 0.

It is also possible to describe the exit point distribution when Xy = =z € A(C) and
C € C is not necessarily Cpax (we recall that C is defined in ) This is the objective of
Theorem [2] whose proof uses Theorem [I]applied to a suitable subdomain of  containing C.

Theorem 2. Let us assume that (AO) holds. Let C € C. Let us assume that
OCNIA#D and |Vf|#0 on OC. (23)

Recall that 9C N 9N C UP? (see for a definition of U?). Let F € L®(0Q,R). For
all z € 0CNOQ, let X, be an open subset of OS2 such that z € X,. Let K be a compact
subset of Q such that K C A(C). Then:

1. There exists ¢ > 0 such that for h small enough,

o

sup £, {(F 189\Uzeacman Ez) (Xm) } <e n.
zeK

Assume moreover that the sets (X,).cocnaq are pairwise disjoint (i.e. such that ¥,NY, =
() whenever z # 2'). Let z € 9C N ON.
2. If F' is C'*° in a neighborhood of z, it holds for all x € K,
-1

o f(2) 0./()
Eol(F15.) (X)) = F )\/det Hessf|aa(z) yeaCZﬁaQ \/det Hessf|aa(y) o),

in the limit h — 0 and uniformly in z € K.

Theorem [2| implies that when C € C satisfies (for instance, this is the case for C3 on
Figure [2), the law of X, when Xy =z € A(C) concentrates when h — 0 on 9C N 9.

Theorems [1| and [2| are actually special cases of a more general result which will be
stated and illustrated in Section (see indeed Theorem . The proof of Theorem
is a simple extension of the proof of Theorem [2| For pedagogical purposes, we prefer
to first present Theorem [1| and [2], before stating the more general and abstract result of
Theorem [
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1.3 Organization of the paper

The rest of this paper is dedicated to the proofs of Theorem [I} in Section [2] and of The-
orems [2| and {4} in Section [3| The proof of Theorem (1| heavily relies on results from [14]
(recalled in Theorem 3|below), together with a so-called leveling result on 2 — E,[F(Xr,)].
The proof of Theorem [2] uses Theorem (1| applied to a domain ¢ which contains C. The
construction of this domain uses tools from differential topology related to the genericity
of Morse functions. Finally, Section [4| gives conclusions and perspectives.

2 Proof of Theorem [1]

After recalling some results from [14] in Section we prove a so-called leveling result (as
initially introduced in [4]) in Cyax for z — E [F(X,,)], in Section Then, combining the
results of these two sections, one proves Theorem [1|in Section for a smooth function F’
and finally for a measurable bounded F in Section

2.1 Previous results on the principal eigenfunction of th and on v,

Let us recall the following result from [14, Theorem 4] on the spectral gap of L}lg n- We
recall that A, is the principal eigenvalue of —L?y , (see Section .

Proposition 8. Assume that the assumptions (AOQ) and (A1) are satisfied. Let us denote
by fmax the value of f on OChax and Tmax @ minimum point of f in Chax:

f = fmax on OCnax and Tmax € argmin f. (24)
Cmax

Notice that fmax = maxmf and Tmax € Cmax- Then, there exists C > 1 and v € R, such
that, for h small enough,

C—l hY 6_%(fmax_f($ma><)) <M < ChY e—%(fmax—f(a:max))'

Moreover, there exists ¢ > 0 such that for h small enough, min U(L?h) \ {\n} > e\

We now give a series of three results which are consequences of the previous proposition.
These results can all be found in [14]. We provide the proofs for these results since they
are short and they are opportunities to introduce some notation which will be needed later
on.

A direct corollary of Proposition [§]is the following.

Corollary 9. Let us assume that the assumptions (AO) and (A1) are satisfied. Then,
there exists By > 0 such that for all 8 € (0,5y), there exists hg > 0 such that for all
h € (0, ho), the orthogonal projector in L2 (£2)

- D

Th -= Tr[076—%(fmax—f($ma><)—ﬁ)) (Lﬂh) haS Tank L

Here and in the following, for a Borel set E C R, WE(LJ?h) is the spectral projector of Lgh
on E.

For a > 0, one defines

Cmax(a) = Cmax N {f < fmax - 04}- (25)

12



For a > 0, let x € C*°(f2) be such that
X =00n Q\ Cnax(a) and x = 1 on Cpax(20).
Using Corollary 0], we obtain a good approximation of uj, using the function x.

Proposition 10. Let us assume that the assumptions (AO) and (A1) are satisfied. Let

us define
X

Xz @)
Then, for all @ > 0 small enough, there exists ¢ > 0 such that in the limit h — 0O:

up, =19 + O(e™#) in L2(9).
Proof. Let us recall that for all u € H;],O(Q) and b > 0,

h 2 _2f
H”[b,+oo)(L£h)uH2 <2 fQ’V:\ e h .
Thus7 one has:
H(l — Trh)wHi%(Q) < e%(fmax F(@Tmax)— —HV¢HL2 (26)
Moreover, by definition of the function 1), it holds,
2
2 _Ja |Vx|2e™n!
[0l = B .

Since x = 0 on ©\ Cmax(e), it holds, [, x%e —l = meax(a y2e~#/. Since f has finite
number of global minima in Cmayx which are all included in Cpax, one deduces that for all

a > 0 small enough,

argmin f C Cyax(2a). (28)
CmaX

Consequently, using a Laplace’s method together with the fact that x = 1 on Cpax(20),
one has in the limit h — 0,

/QX el = he wiemnS(Ema) Z (det Hessf(ac))fé (1+0(h)). (29)

r€argmine . f

Since the support of Vy is included in Cmax( )\ Cmax(2c) (thus f > fmax — 2 on the
support of Vy it holds for some C > 0:

/ |VX|26_%f S Chl_g e_%(fmax—Qa)‘
Q

Plugging these estimates in and using , one finally deduces that for
11— 7)ol g < CemnO2),

B

Choosing « < /4, this implies that for & small enough, H — T 11)“ 2@ = < e n. There-
fore, using Corollary [9] and the fact that the functions uj, and 1 are non negative,
up = Yy Y+ 0(e7#) in L2 (Q)
I7n ¥ 2 ()
for some positive c. This concludes the proof of Proposition ]
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We end this section, by the following consequence of Proposition

Corollary 11. Let us assume that the assumptions (AO|) and (A1) are satisfied. Let us
moreover assume that

min f = min f.
Cmax Q

Then, when h — 0:

/ up e~ i = ni W%e_%minﬁf< Z (det Hessf(z))~
)

x€argming,  f

SR
N

)

Moreover, if O is an open subset of Q such that O N arg minc__ f =0, then, there exists

(14+0(h)).

¢ > 0 such that for h small enough,
/uh e #l = O(e*%(minﬁfﬂ)).
O

Proof. Let O be an open subset of ). Using Proposition and thanks to the Cauchy-
Schwarz inequality, one obtains in the limit h — 0:

/uh e_if:/ we_if%—O(e_}cl)”/ e_f%f:/ @Z)e_%f+0<e_%(minﬁf+c)).
(0] (0] (0] (0]

Then, the first statement in Corollary [11] follows choosing O =  in the previous equal-
ity and using (notice that the same estimate holds replacing x? by x in ), the
definition of ¢ (see Proposition together with the fact that by assumption f(zmax) =
ming— f = ming f. The second statement in Corollary follows using and the
fact that when O Nargminc_ f = 0, there exists ¢ > 0 such that for i small enough,
fo Xe_%f = O(e_%(min§f+c)). |

We end this section by recalling the results of |14, Theorem 1] on the law of X,, when X
is initially distributed according to the quasi-stationary distribution v}, of the process .

Theorem 3. Let us assume that the assumptions , , , and are satis-
fied. Let F € L>®(09Q,R) and (Ei)ie{l,...,k?ﬂ} be a family of pairwise disjoint open subsets
of 02 such that

for alli € {1, cee k‘lm}, zi € X,

where we recall that {zl, cee Zk‘im} = U nargmingg, f (see ) Then:

1. There exists ¢ > 0 such that when h — 0:
k9
Ey, [F (Xro)] =Y By, [(15,F) (Xr)] + O(e™h) (30)
=1
and
k?ﬂ

S B (5, F) (X)) = O(h

i=kPCmax 11

where we recall that {zl, .. 7Zk?cmax} = OCmax N 0N (see )

=

) (31)
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2. When for some i € {1, R k?c"‘ax} the function F is C*° in a neighborhood of z;,
one has when h — 0:

E,, [(1x,F) (X)) = F(z) ai + O(h%) where a; is defined by [21).  (32)

3. When (Ad4)) is satisfied the remainder term O(hi) in is of the order 0(67%)
for some ¢ > 0 and the remainder term O(hi) in is of the order O(h) and
admits a full asymptotic expansion in h.

2.2 Leveling results

To go from Theorem [3] to Theorem [T}, the basic idea is to write

By, [F(Xs0)] = /Q B [F(X o) (d2)

and to use the fact that the function x — E,[F(X,,)] is “more and more constant” as
h — 0: this is called a leveling property.

Definition 12. Let K be a compact subset of Q and F € C*(0,R). We say that
x— Ey[F(X5,)] satisfies a leveling property on K if

lim | B, [F (X)) — By [F (Xr)] | =0 (33

and this limit holds uniformly with respect to (z,y) € K x K.

The leveling property has been widely studied in the literature in various geometrical
settings, see for example [4,10,15,/17,23,24,41]. We prove the following proposition which
is a leveling property in our framework.

Proposition 13. Let us assume that the assumption holds. Let A € R and C be a
connected component of {f < A} such that C C Q. Then, for any path-connected compact
set K C C and for any F € C*(98,R), there exist ¢ > 0 and M > 0, such that for all
(x,y) € K x K,

| By [F (Xr0)] = By [F (X7)] | < MeTh. (34)
Proof. The proof is inspired from techniques used in [10]. The proof of Proposition [13|is
divided into two steps. In the following C' > 0 is a constant which can change from one
occurrence to another and which does not depend on h.

Step 1. Let F € C*(0€,R). Let us denote by v, € H*() the unique weak solution to
the elliptic boundary value problem

h
§Avh—Vf-Vvh—00nQ (35)

vy, = I on 0N).

Then, we will prove in this step that v, belongs to C°°(2,R) and that for all k¥ € N, there
exist C' > 0, n € N and hg > 0 such that for all A € (0, hy), it holds

C
lonll a0y = 75 (IVunllr2) + 1) - (36)
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Here L?(Q) = {u: Q = R, [, u* < oo}, and, for k > 1,
H*(Q) = {u: Q> R,Vae N¥ such that |a| < k, /Q |0%u|? < 00}
Moreover, the Dynkin’s formula implies that
Vo € Q, vp(z) =B, [F (Xrp)] - (37)

Let us prove that vy, belongs to C(, R) and (36]). Since F is C*, for all k > 1, there
exists F € H¥(Q) such that F = F on 99 and

1Lk < CIF Iy e

From , the function vy, = vy, — Fe H'() is the weak solution to

) ~
Vp, . f-Vuy, on (33)

vy, = 0 on 0.
Thus, using [16, Theorem 5, Section 6.3], ¥, € H2() (and thus v, € H?()) and there
exist C' > 0 and hg > 0 such that for all A € (0, ho)

~ 1 C
il < € (41900 + 1By ) < 5 (I90nl1200) + 113 )
and thus c
[vrll 20y < N (IVonll 2y +1) - (39)

This proves for £ = 0. The inequality is then obtained by a bootstrap argument,
by induction on k. This implies by Sobolev embeddings that v, belongs to C*° (2, R).
Let us now prove that there exist @ > 0 and C' > 0 such that

[onll oo @) + VO] Lo (@) < CAT7. (40)

Notice that from (37), one has that for all h > 0, [lup|lpe(q) < I|F||lL(a0). Using this
bound, and , there exists C' > 0 such that for any € > 0 and &’ > 0,

n [vui <0 ([ 15 omldo+ 1Pl [ |Vf-wh|)

<C (h”FH%'Z(aQ) + he ol ” fH2 + &' || Vg |72 )
- 4e ) T L2()
< Ch”FHz;(BQ) CheCyh (vauhHLz + 1)
2
+C”V{l”;2m> + O | VonlZaq)
Choosing € = 4(#21“) and € o We get
IVonl2y < -



Therefore, using , one obtains that for all £ > 0, there exist C' > 0, n € N and hy > 0

such that for all h € (0, ho)

C
[vrll ) < e

Let £ > 0 such that k — % > 1. Then, one obtains from the continuous Sobolev

injection H*(Q2) ¢ WhH>(Q).
Step 2. Let us assume that (AO]) holds. Let A € R and C be a connected component of
{f < A} such that C C Q. Let us now define the set C, by

C={f<A=r}jnCcQ (41)

which is not empty and C* for all » € (0,r1), for some 71 > 0. Indeed, the boundary
of C, is the set {f = A — 7} N C (since C C ) which contains no critical points of f for
r € (0,71), with ; > 0 small enough (since there is a finite number of critical points under
the assumption (A0]). In this step, we will prove that for all ro € (0,71) there exists
ag > 0 such that .

IVonllzo(c,y) e 7 (42)
Equation implies that for any compact subset K of C, there exist ¢ > 0 and C' > 0
such that

V(z,y) € K x K, |vp(z) — vp(y)| < Ce i,

which will then conclude the proof of . This follows from the fact that there exists
ro € (0,71) such that K C C,,.
Let us now prove . Let 7 be such that 2"r = rg where n € N* will be fixed later (since
r <rg, r € (0,r1)). Equation rewrites
div (e*%vah) =0on
vp, = F on 0.

Using , there exist C' > 0 and a > 0 such that,

2 2
/ \Vvh\Qe_Ff = / e~ 1l vy, Oy do
C'r/2 acr/Q

where we used the Green formula (valid since C, is C* for all r € (0,71)) and the inclusion
0C, )2 C{f =X~ 5}. In addition, since C, C C, 5 it holds,

< h%e_%“_%),

0 [ v < [ vupetl < [ vaPetf <D e ton,
Cr Cr r/2 he

Therefore, there exists 8 > 0 such that for h small enough,

and from (35), we then have A z2(c,) < Ce* for some constant B > 0. In the
following, 8 > 0 is a constant which may change from one occurrence to another and
does not depend on h. Let x1 € C2°(C,) be such that x; = 1 on Cy,. Since A(x1vp) =
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x1 Avp +vp Ax1 + 2V x1 - Vo, there exists C, such that HA(leh)HLQ(CT) < C for h small
enough. By elliptic regularity (see [16, Theorem 5, Section 6.3]) it comes
vrll 2 (o) < C.

Let a € (0,1) be an irrational number such that p; = % > 0. From the Gagliardo-

Nirenberg interpolation inequality (see |39, Lecture II]), the following inequality holds

«a — _B
I90mlln €y < Clonlrage,n IV, ) + ClIVonlzacay < Ceh

From (B5), [|[Avalliei(cy,) < Cer. Using a cutoff function x2 € C2°(Cy,) such that
x2 =1 on Cyy, we get, as previously, from the elliptic regularity [|vally2r(c,,) < C. Let
P2 = % (i.e. 1/p2 =1/p1 — a/d). If p2 < 0, then [39, Lecture II] implies

_ _8
IVonll o (cary < CllonllSym oy IVORI e,y + CIVORI Lo €4y < CeT R

Thus, is proved (if one chooses n = 2, i.e. 22r = rg). Otherwise, we prove
by induction as follows. From the Gagliardo-Nirenberg interpolation inequality (see [39,
Lecture II)), we get

— _B
IVoRll o2 (€0 < Cllvnll§iam (o IVORI o,y + CIVORI Lo (capy < C TP

We repeat this procedure n times where n is the first integer such that d —2na < 0 and the
B

Gagliardo-Nirenberg interpolation inequality implies that ||Vup| ze(c,n,) < Ce™+ which

ends the proof of (42)). This concludes the proof of Proposition ]

2.3 Link between the law of X,, when X, ~ v, and Xy, =2z € A(Cpax)

Using Proposition one can now compare E,, [F(X,,)] and E; [F (X,)] for smooth
functions F: the next proposition combined with Theorem [3] already gives the result of
Theorem [I] for smooth functions F.

Proposition 14. Assume that the assumptions (AO) and (A1) are satisfied and that

min f = min f,
Q

max

where we recall that Cmax is introduced in (Al]). Let K be a compact subset of Q0 such that
K C A(Chax) and let F € C*°(0Q,R). Then, there exists ¢ > 0 such that for all v € K :

Ey, [F (Xm)] =E, [F (Xm)] + O(e_%)
in the limit h — 0 and uniformly in ¢ € K.

Proof. Assume that the assumptions (AO0) and (A1) are satisfied and that

min f = min f.
Cmax Q

Step 1. For o > 0 small enough, let Cphax(cr) be as introduced in (25)):
Cmax(a) = Cmax N {f < fmax - Oé}.
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Let F € C*(9,R). In this first step, we will prove that Jag > 0, Va € (0,ap), e >

0, Vy € Crax(a):

Ey, [F (Xr,)] = By [F (Xr)] +O(e7 ) (43)

in the limit ~ — 0 and uniformly in y € Cnax(a). Let us recall that from the notation of
Proposition [13| (see (37)), for all z € Q:

on(z) = Eq [F (Xrp)] -

From , one has:

-1
Ey, [F(Xry)] = (/ Up, 6_’21f) / Up, U et
Q Q

1 / _zf 1 / _2f
- vpupe !+ vpup ek, (44)
Zn(Q) S Zr(Q) Jo\Comr(@)

where
Zn(2) ::/uh e i f
Q

and wy, is the principal eigenfunction of —LJQ 5, Which satisfies . Let us first deal with
the second term in (44). Since (AO) and (A1) hold, and because it is assumed that
ming — f = ming f, one obtains from Corollary [11f that there exists C' > 0 such that for

h small enough:
% mﬁin f

d
< On-4
7@ = Ch™1e

Let us recall that for a > 0 small enough, one has (see (28)),

argmin f C Cpax(a).

Cmax

Therefore, using the second statement in Corollary [L1f with O = Q\ Cax(@), for all @ > 0
small enough, there exists ¢ > 0 such that when h — 0:

— L (min c
/ uhef%f:O<e h(ﬁ I+ )>.
O\ Crnax (@)

Thus, there exists oy > 0 such that for all & € (0, ap) there exists ¢ > 0 such that when
h — 0:

1 / ,Zf _c
ur e rt =Q0(e r). 45
Zn(2) Jo\Con(@) " (™) (45)

Then, since ||vp| @) < [|F'l|lL(a0), one obtains that

1 / ,gf _c
vpupe kY =0(e k). 46
Zn() Jo\Coan(@) o (™) (46)

Let us now deal with the first term in . Let us recall that Chax C €2 is a connected
component of {f < maxe— f}. Moreover, for a € (0,a0) (ap > 0 small enough), the
compact set Cpax(a) is connected and Cpax(c) C Cpax. Therefore, from Proposition

applied to K = Cpax(«) for a € (0, ag), one obtains that there exists d, > 0 such that for
all y € Crax(a@),

Sau

1 / 24 Uh(y)/ 2y O(eh)/ Y
vpup e R’ = upe rY 4 —— upe h 47
ZQ) Jemmy Zn(Q) Jemw ZQ) Jemw (47)
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in the limit & — 0 and uniformly with respect to y € Cpnax(). Moreover, for all « € (0, ap)
there exists ¢ > 0 such that in the limit A — 0:

up, el =140 (e_%) . (48)

@ )
Zn(Q) Jem@

which follows from the fact that

1 / -2f -1 1 / 5t
up, € =1- Up € )
Zh(Q) Cmax(a) Zh(Q) Q\Cmax(a)

together with . Let us now fix a € (0, ). Then, using and , de > 0, 35, > 0,
Vy € Crmax(@):

8 ey v o0 (0 () 0 ()

in the limit A — 0 and uniformly with respect to y € Cpax(c). Therefore, using ,
and ([49), 3o > 0, Vo € (0,0), Fe > 0, Vy € Crnax(c):

Ey, [F (Xro)] = By [F (Xp)] + O(e7F),

in the limit A — 0 and uniformly with respect to y € Cpax(). This concludes the proof
of .

Step 2. Let us now conclude the proof of Proposition by considering a compact
subset K of Q such that K C A(Cmax). Let us recall that (see (L4)):

A(Cmax) = {z € Q, t, = +00 and w(x) C Crmax}-

Since Cmax is open and stable by the flow ¢(-) (defined by (13)), the continuity of ¢q(-)
implies that there exists Tk > 0 such that for all x € K,

0Ty (7) € Crax-

Moreover, since K is a compact subset of Q2 and for all x € K, t, = +oo (i.e. pi(x) € Q
for all ¢ > 0), there exists § > 0 such that all continuous curves v : [0, Tk] — Q such that

Jre K, sup |y(t)— i) <0,
te[0,Tk]

satisfy:
Vit €0, Tk], ~(t) € Q. (50)

Furthermore, up to choosing § > 0 smaller, there exists ax > 0 such that
{goTK(:L‘) +2, x € K and |z] < 6} C Chmax(ak) (51)

where, we recall, Crax(a) is defined by . Let us now recall the following estimate of
Freidlin and Wentzell (see |17, Theorems 2.2 and 2.3 in Chapter 3, and Theorem 1.1 in
Chapter 4], [5], |9, Theorem 3.5] and |18, Theorem 5.6.3]): for all x € K, it holds:

lim sup h lnIPx{ sup ‘Xt — <pt(:c)‘ > (5} < —1Ip Ty (52)
h—0 t€[0,Tx]
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where

Tx | d 2
inf / [ 2(0)+ Vio)| dt € Ry U (oo},
@) Jo ldt

and H;’TK (8) is the set of curves « : [0, Tk] — Q of regularity H' such that v(0) = x and
SUP;e(0, 7] |7(t) — ¢¢(x)| > 6. Since K is compact, there exists ng > 0 such that for h
small enough, it holds:

sup IP’I[ sup | Xy — pu(z)| > (5} <eh. (53)
zeK te[0,Tk]

Notice that when Xo = x € K and supc[ 7] |Xt—<pt(x)| < 4, it holds from and (51):
0 > Tk and X7, € Chax(ak). (54)

Let us now consider F' € C*°(02,R). Let € K. Then,

E. [F (Xry)] = E, [F (X1 } |E, [F (X1

SUPte(o, T ] ‘Xt—%(iv)|§5 SUPte(o, T ] ‘Xt—%@t(l’)‘zé ’

Using , it holds for h small enough:

nK
h

E, [F (X)) 1 \ < ||Fllze e”

SUP¢e(0,T] ‘Xt—%(m)‘z(s]

Using , (with o = ag), , and the Markov property of the process , there
exists ¢ > 0 such that for all z € K, one has when h — 0:

brelo, 1) | Xi—p(2)| 5 prelo i) [ Xi—p(o)| <5

B, | F (X1 | =5 By, [F (X0 )1

= (Eun [F (Xo)] + O(e™F) )| sup |X; = u(a)| < 4]
te[0,Tk]
=E,, [F(X:,)]+ O(e_%),
uniformly in x € K. This concludes the proof of Proposition 1

2.4 From smooth functions F to non-smooth functions F

Let us now complete the proof of Theorem [T}

Proof. In the following we assume that (AO), (A1), (A2) and (A3|) are satisfied. We
recall that this implies that ming— f = ming f and thus, the results of Proposition

hold. Let K be a compact subset of {2 such that
K C A(Crmax)

and let us assume that the process starts from Xo = z € K. Let F' € L>®(0Q,R). The
proof of Theorem [I]is divided into three steps.

Step 1. Proof of and .
Let us first show that if ¥ C 0f) is open and there exists § > 0 such that X N

o2
Uf;l Boa(z;i, 8) = 0 (where Bgq(z;, 3) is the open ball in 99 of radius 8 centered at z;),
then, for all x € K,
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Py [Xr, €] =O(eh) (55)

in the limit A — 0 and uniformly in 2 € K. To this end, let us consider F' € C*°(d12, [0,1])
be such that

k9
F=1onY and F=0on LJlBaQ(zi,g).
1=

Using Proposition there exists ¢ > 0 such that for all x € K:
Po [Xry € 3] < By [F(Xro)| =By, [F(Xry)| + 0 (e7F)

in the limit A — 0 and uniformly in x € K. Then, Equation follows from applied
to F and the family of sets ¥; = Baqo/(zi, g) for i € {1,... k{?}.

Let us now prove ([18]) and . Let F' € L>®(09,R) and for all i € {1,...,k%?}, let
¥; C 02 be an open set which contains z;. Let us assume in addition that ¥; N3, = 0 if
i # 7. One has for any x € K

k99
B (F(Xrq)) = DB (L) (Krg)) + Ee (L g F) ()|
Moreover, one has:
k9
< (e S] 1R
[E. [(1aﬂ\uff ) (Xro) || < Il o Xy € 02 szl %]

Using with ¥ = 90\ Ui(lz %;, one gets ((L8).
Let us now prove (19). Let j € {K9Cmax £ 1. K99}, Let 6 > 0 be such that for any
k ¢ {1,...,k‘139} with k& # j, the sets Bgqg(zk,0) and i]j = Uzex,; Boa(z,0) are disjoint.
Let us consider
G € C>(%;,[0,1]) such that G =1 on X;.

Using Proposition [14], there exists ¢ > 0 such that for all z € K,

|Eo [(1s, F)(Xro)] | S |F | Lo Pa[Xr, € Bj] < || F |1 Eg [G(Xry)]
= O(Ey, [G(Xry)]) +O(e™7)
in the limit A — 0 and uniformly in « € K. Then, using and item 3 in Theorem (3| it

holds when h — 0:
1
E. [(1g,F)(Xr,)] = O(h7),

and when (A4 holds, one has when h — 0:

c

Ey [(12jF)(XTQ)] = O(e_ﬁ)v
for some ¢ > 0. This concludes the proof of .

Step 2. Proof of .

For all j € {1,...,k%} let ¥; be open subset of J€) such that z; € ¥;. Let us assume
that X, NYX; = 0 if & # j. Let FF € L>®(9Q,R) be C* in a neighborhood of z; for
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some i € {1,...,k?c’“ax}. Let 8 > 0 be such that F is C* on Bqg(z;,25) C %; and let
Xi € C*(09,10,1]) be such that

supp x; C Baa(zi, ) and x; =1 on Baqg(zi, 3/2).
One has:
E. (15, F)(Xrg)] = B [(xiF) (Xr)] + Ea [((1s, = xa) F) (Xrg)] -

Using Proposition [14] with x;F € C* and — with Xg ~ v, F'x; and the family of
pairwise disjoint open sets {¥;,j =1,..., k92, 5 # i} U {Baq(z;, g)}, there exists ¢ > 0
such that for all x € K:

E, (i F)(Xr,)] = Ey, [(XiF)(X7,)] + O (6,%>
= Euy (U e, 2)F)(Xe) | +0 (¢77) = Fzi) ai + O (h)

in the limit A — 0 and uniformly in « € K, and where a; is defined in . In addition,
using item 3 in Theorem (3, when holds, one can replace O(h%) in the last compu-
tation by O(h). Moreover, using with 3 = %; \ Baq(zi, g) there exists ¢ > 0 such
that for all x € K:

Bz (15 — xi) F) (X)) | < | Flpe Py [Xm € i\ Bag (zi, g)] -0 (e*%>

in the limit A — 0 and uniformly in x € K. Thus, one has when A — 0 and uniformly
with respect to x € K:

Ex (1o, F)(Xro)] = F(z) ai + O(h%),
and when holds, one has:
By [(15,F)(X7,)] = F(zi) ai + O(h).

This concludes the proof of . The proof of Theorem |1|si complete. ]

3 On the exit point distribution when X, =z € A(C), where
CelC

In this section, one proves Theorem [2] which aims at giving the concentration of the law
of X;, in the limit ~ — 0, when X¢ = = € A(C), where C € C (we recall that C has been

defined in (12))).

3.1 Proof of Theorem [2|

Proof of Theorem [ Let us assume that (A0) holds. Let C € C. Assume that (see (23))
ACNIN#D and |Vf|#0on 0C.

To prove Theorem [2, the strategy consists in using Theorem [I| with a subdomain Q¢ of
Q) containing C such that in the limit h — 0, the most probable places of exit of the
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process from Q¢ when Xy = = € C are the elements of 9CN 9. This will imply (since
the trajectories of the process are continuous) that the most probable places of exit
of the process from 2 when Xg = x € C are the elements of JC N 02, which is the
statement of Theorem [2| This result will be extend to initial conditions Xy = x € A(C)
using a large deviations method.

The proof of Theorem [2|is divided into two steps.

Step 1: Construction of a domain {2¢ containing C.

In this step, one constructs a subset ()¢ of {2 such that

Qc is a C* connected open subset of €2 containing C,

Q¢ N 0N is a neighborhood of 0C N 9 in 012,

argmingq f = 0C N o€, (56)
{z €Qc, f(z) < rglé?f} =C,

| the critical points of f in Qc are included in C,

and
f:0Q¢c — R is a Morse function. (57)

To construct a domain Q¢ C €2 which satisfies and , we first introduce a
neighborhood V¢ of C in € as follows. Let A € R be such that C is a connected component
of {f < A} (see (L1))). Then, for z € OC, we introduce a ball of radius €. > 0 centred at 2
in Q as follows:

1. If z € 0CNQ: Since z € Q and |V f(z)| # 0, there exists €, > 0 such that B(z,¢;) C
Q, |[Vf(2)| # 0 on B(z,¢e,), and, according to |20, Section 5.2], B(z,e,) N{f < A}
is connected and B(z,e,) N 0{f < A} = B(z,e,) N {f = A} (where we recall that
B(z,e,) ={z € Qst. |z —z| <e.}).

2. If z € 9C N 9Q: Recall that z € U (see (I5)) and thus, 9, f(z) > 0 and z is a non
degenerate local minimum of f|gn. Thus, there exists £, > 0, such that |V f(z)| # 0
on B(z,e,) and such that, according to [20, Section 5.2], B(z,e,) N {f < A} is
connected and included in Q. In addition, B(z,e,)NO{f < A} = B(z,e,)N{f = A}.
Finally, up to choosing €, > 0 smaller, one has:

argmin f = {z}, (58)

Baﬂ(z75z)

where we recall that Bpq(z,e,) is the open ball of radius €, centred in z in 92, and,

IVrfl#0 on Bag(z,e.)\{z} and 9,f >0on B(z,e,)NoN. (59)

Items 1 an 2 above imply that for all z € 9C, by definition of C (see Theorem ,
B(z,e,)NC = B(z,e,) N{f < A} and thus, B(z,e,) N0C = B(z,e,) N{f =A}. (60)

One then defines:

Ve = ( U B(z,ez)) Uc

z€0C
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The set V¢ is an open neighborhood of C in . Moreover, according to items 1 and 2
above,
V] #00n Ve \ C, (61)

and using in addition ,

{f <A}NVc=Cand {f <A}NVc=C (62)
The second statement in implies that C is a connected component of {f < A}. Thus,
for r > 0 small enough C(A + r) C V¢, where C(A+7) is the connected component of { f <
A+ r} which contains C. This suggests that a natural candidate to satisfy and is
the domain C(A+7). However, for > 0 small enough, the boundary of C(A+7) is not C*°:
it is composed of two smooth pieces IC(A\+r) NQ = {x € IC(A\+r), f(z) =X+ 7} and
OC(A+1r)N0oQ. The union of this two sets gives rise to ”corners”. Moreover, the function
flac(4r)na is not a Morse function since f = A + 7 on 9C(A + ) N Q.
To justify the existence of a domain )¢ which satisfies and , we now proceed
in two steps, as follows.

e Domain D¢ containing C which satisfies and 0, f > 0 on dDc. The subdomain
D¢ of Q is constructed as a smooth regularization of the set C(A + r) with
r > 0 such that C(A+7) C V¢ by modifying C(\ + r) in a neighborhood of
{r € 0C(A+71), f(x) =A+7r} N IQ (where the two smooth pieces of IC(A + r)
intersect each other). Moreover, 0, f > 0 on 9C(A 4 r) N Q (since there is no critical
point of f on OC(A +7)NQ = {x € IC(A+7), f(x) = A+7}) and on IC(A+1) NN

(since C(A+7) C Vc and 9, f > 0 on Ve N IS, see the second inequality in )

Thus, using in addition together with the fact that V¢ is an open neighborhood
of C in €, there exists a C> connected open subset D¢ of  such that

Cc Dc, Dic C V¢, (63)

and
Onf >0 on 0D, (64)

which satisfies, for some 8 > 0 and ¢ C Q,

OD¢c = ( U Bag(z,ez/Q)> U Yc, where, f > A+ 3 on Xc. (65)

z€0CNos2

Finally, according to the first statement in , there exists dp > 0 such that for
any open d-neighborhood UgQ of O in Q, with § € (0,p), one has

|V f| # 0 on dDc N U, \ (9CNONQ), (66)
where Vrf is the tangential gradient of f on dDc.

e Domain Q¢ containing C which satisfies and . The domain Q¢ will be con-
structed as a perturbation of D¢, using an argument related to the genericity of

Morse functions, and more precisely, a method due to René Thom based on Sard’s
theorem. All the details will be given in the next section. More precisely, we apply
Proposition [I7} which is stated in the next section, with D = D¢, V_ = C, V; = V¢,
and, for a & € (0,8) (see ([66)):
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(i) S =0DcnNU, 35/127 which is such that f : S; — R is a Morse function with no
critical point on 057 (see together with the fact that 0C N o€ is the union
of non degenerate critical points of f|sq),

(ii) S] =0DcnN Ug{;l which satisfies, according to (66)), [V f| # 0 on S\ Sj.

Therefore, using in addition the fact that D¢ satisfies 7, there exists a C'°
connected open subset ¢ of € such that C C Q¢, Qc C Vc,

f:0Q¢c — R is a Morse function,

and for some r > 0 and I'c C €2,

0Nc = < U 339(2,62/2)> U Tc, where, f > A+7r on I'c. (67)
2€0CNON2

It then remains to check that Q¢ satisfies . From and , Q¢ satisfies the two
first statements in and minpo. f = A. Since C C Q)¢ and Qc C Vc, one deduces from
the first statement in , that

{z €Qc, f(z) <A} =C,

and from ,
Vf1£0 on Tc\C.

This proves that Q¢ satisfies the two last statements in . This concludes the construc-
tion of a domain )¢ which satisfies and . A schematic representation of such a
domain Q¢ is given on Figure [3]

Step 2: End of the proof of Theorem

For all z € 9CN I, let X, be an open subset of IS such that z € ¥,. Let K be a compact
subset of Q such that K C A(C). Let us first consider the case when K C C.

Let Q¢ be the C*° subdomain of € constructed in the previous step and which, we
recall, contains C and satisfies and . Then, one easily deduces that when € is
replaced by Qc, the function f : Qc — R satisfies and C = {C} (see for the
definition of C). Thus, in this case Cynax = C. Moreover, using in addition the second and
third statements in , one obtains that the assumptions , , and
are satisfied for the function f : Qc — R. Thus, according to Theorem [1| applied to the
function f : Qc — R, the most probable places of exit of the process from Q¢ when
Xo =1z € C, are 9CN 012, and the relative asymptotic probabilities to exit through each
point in C N 9N are given by item 2 in Theorem [T} In particular, from items 1 and 3 in
Theorem [I}, for any open subset % of 9Q¢ such that

min f > min f (where we recall arg min f = 9C N 012, see ),
b 0Qc Q¢

there exists ¢ > 0 such that for A small enough:

o

sup P, [X

Q
zeK ¢

€X] <er, (68)
where Tq is the first exit time from Q¢ of the process (1)).
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Step 2a: Proof of the first asymptotic estimate in Theorem 2] when K C C.
Writing 09 = (902 N 0Qc) U (092 \ 0€2¢c), it holds:

(an\ U zz) c <anmaQ\ U zz) L (027 o9c). (69)

z€0CNON 2€0CNOS

To prove the first asymptotic estimate in Theorem [2] let us prove that when Xy =z € K,
the probabilities that X, belongs to each of the two sets in the right-hand side of
are exponentially small when h — 0. Let us recall that 7. is the first exit time from Q¢
of the process and thus, when Xo =z € Q¢, 7o, < 79, and

To. = Tq if and only if Xro. € OQc N ON. (70)
Thus, from , when Xg = x € Q¢, it holds:
{Xm € 90c NI\ UZEBCHGQEZ} C { X, €90\ 0O} U {ch € 00cNON\ Uze@Cﬂ@sz}-
Using , there exists ¢ > 0 such that for A small enough:
sup P, [ch € 0Nc NN\ U ZZ] <eh
zEX 2€0CNAN
and

sup P [ch € 00c \ aa] < ek (71)
rzeK

Thus, there exists ¢ > 0 such that for A small enough:

sup P, [Xm cancno\ | zz] < ek (72)
zeK 2€8CNAN

Let us now consider the case when X, € 0Q\09Qc. When Xy = = € K, it holds from :
{Xry €09\ 00c} C {Xr, € 90\ 00}
Therefore, from , there exists ¢ > 0 such that for h small enough:

sup P, [XTQ € 00\ OQC} <eTh. (73)
zeK

In conclusion, from , and , one obtains that there exists ¢ > 0 such that for
h small enough:
sup P, [Xm €00\ U EZ} < e, (74)
zekK 2€0CNAN

This proves the first asymptotic estimate in Theorem |2 when K C C.
Step 2b: Proof of the second asymptotic estimate in Theorem [2| when K C C.

Let us assume that the open sets (X,).cocnan are pairwise disjoint. Let us consider

z € 0CNOQ and B > 0 such that (see indeed the second statement in (56))),

Baa(z, ) C ¥, NOAc. (75)
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Then, one writes:
PI[XTQ € Ez] =P, [Xm € BaQ(Z, /B)] + Py [XTQ €2, \ 389(27 /B)} (76)

Let us first deal with the second term in the right-hand side of (76]). It holds (since the
sets (Xy)ycacnan are pairwise disjoint and Baq(z, 5) C 3., see ), when Xg =2 € Q:

P, [Xry € 3.\ Boa(z,8)] < Py | Xsy € 00\ (Bag(z, sHu U 2y>
yeICNIN,y#£2z

Thus, from (applied with Byq(z, ) instead of X)), one obtains that there exists ¢ > 0
such that for A small enough:

alle

sup P, [Xm € 2.\ Boal(, 5)} <e R (77)
zeK

Let us now deal with the first term in the right-hand side . It holds from , when
Xo=z € K:

Py [Xry € Boa(z, 8)] = P [Xr, € Baa(z,8), Toc < Ta] +Pu[Xry € Boal(2,5), Tac = o]
= O0(e™ ") + Po[Xr,_ € Baa(z,B)], (78)

where we used the fact that {ro. < 7o} C {Xr, € 00c \ 90} (see (70)) and (71).
Applying item 2 in Theorem [1| with the function f : Qc — R and F = 1B,(2,8), one has:

— 00,

Figure 3: Schematic representation of Qc, satisfying when C = Cy. On the figure, 0Co NI =
{29, 23}, xa is the global minimum of f in Co and Cnax is another element of C.

-1
o 0uf(2) 0,1 ()
Py Xro. € Bon(z,5)] Ja e Tl ya;ag N (1+ O(h)),

in the limit A — 0 and uniformly in z € K. Together with , , and , this
concludes the proof of the second asymptotic estimate in Theorem [2| for initial conditions
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Xo=z € K C Cand when F' =1 on 9f). To extend the second asymptotic estimate in
Theorem |2 to functions F' € L>(99,R) which are smooth in a neighborhood of z in 99,
one uses the same procedure as the one made in the second step in Section [2.4]

Finally, the case when Xo = 2 € K C A(C) is proved using the estimate of Freidlin
and Wentzell , as in the second step of the proof of Proposition This concludes
the proof of Theorem [2 1

3.2 Proof of the existence of a domain )¢ satisfying (57

In this section, we prove the existence of a domain ()¢ which satisfies in addition
to . To this end, we first give in Proposition |15|a simple perturbation result to present
the main idea of the proof. Then, we extend this result to the setting we are interested in
to prove the existence of such a domain ¢ in Proposition

Proposition 15. Let f : R = R be a C™ function and D be a C™ open bounded and
connected subset of R®. Let us assume that

Vo € 8D, Vf(z) ® T,0D = R%

Then, for any open sets V_ and V. such that V_ C D and D C V., there exists a C™
open bounded and connected subset D' of R¢ such that

V_cD', D cVy, and flop is a Morse function.

Remark 16. We are thankful to Francois Laudenbach who gave us the main ingredient
of the proof of Proposition . The proof is inspired by a method due to René Thom [44)]
based on Sard’s theorem [42], see (27, Section 5.6].

Proof. Let V_ and V, be two open subsets of R? such that V_ € D and D C V. Let us
denote by S the boundary of D which is a smooth compact hypersurface of R%. For r > 0,
one denotes by B(0,7) the ball of radius r centred at 0 in R%. Let V be a neighborhood
of S in R?. By assumption on S, there exist g > 0 and £ > 0 such that the map

(z,A) € S x (—¢e0,60) » x4+ AV f(x) €V

is well defined and is a diffeomorphism onto its image, and, for all (z,v) € S x B(0,e1),
there exists a unique \(x,v) € (—&p,&0) such that

f(z+ XNz, v)Vf(z) = flz)+v-z.

Moreover, for every v € B(0,e1), according to the implicit function theorem, the map
r €S ANz,v) € (—ep,e0) is smooth and then also is € S +— x4+ A(z,v)Vf(z) € RY.
The latter application is then an injective immersion and hence, since S is compact, it
follows that S, := {z + A(z,v)V f(x)} is a smooth compact hypersurface. Up to choosing
g1 > 0 smaller, for any v € B(0,e1), S, is the boundary of a C*° open bounded and
connected subset D, of R such that

V_ c D, and ﬁvCV+.
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To prove Proposition it remains to show that there exists v € B(0,e1) such that f|g,
is a Morse function. Let us introduce the function

F:(z,v) € Sx B(0,e1) = fls, (z + Az, v)Vf(z)) = f(z) +v-z €R.
For all z € S and for all v € B(0,¢1), let vI € T,.S and vY € R be such that
v =vl +vln(z), (79)

where we recall that n(x) is the unit outward normal vector to D at x € 9D. At (z,v) €
S x B(0,e1), it holds 9,F(z,v) : z € TpS + dyf(x)z + vl - z, where 0,F(x,v) is the
x-derivative of F' at (z,v). The function G : S x B(0,e1) — TS defined by

G: (z,v) — (z,0,F(z,v))

is a submersion onto a small tube around the zero section of T%S. This is obvious by
considering the v-derivative of G. Hence, G is transverse to the zero section Or«g of
T*S (see |27, Chapitre 5.1] for the definition of transversality). Using the parametric
transversality theorem (which is a consequence of Sard’s theorem, see for instance [27,
Chapitre 5.3.1]), one obtains that for almost every v € B(0,¢1), 0z (F|sx{v}) = d(fls,) is
transverse to Op«g, which is equivalent to say that f|g, is a Morse function. This concludes
the proof of Proposition ]

The next proposition gives sufficient conditions on D and f to modify the result of Propo-
sition so that the perturbed domain D’ has the same boundary as D on a prescribed
subset S of D on which f is already a Morse function.

Proposition 17. Let f : R = R be a C™ function and D be a C* open bounded and
connected subset of R®. Let us assume that

Ve € dD, Vf(z) ® T,0D = R%

Furthermore, let us assume that there exists an open subset Si of 0D such that f : S — R
is a Morse function with no critical point on 0S1. Let us now consider an open set S}
such that S| C Sq ﬂd flap has no citical point on S1 \ S1. Then, for any open sets V_
and V4 such that V_ C DUS] and D\ S} C V., there exists a C* open bounded and
connected subset D' of R such that S} C D',

V_cD'US], D'\S; CVs, and flap is a Morse function.

Proof. Let V_ and V; be two open subsets of R? such that V- ¢ DU S, and D\ S} C
V4. Let us denote by S the boundary of D. The submanifold S is a smooth compact
hypersurface of R?. Let us introduce a function y € C*(S) such that y(z) = 1 for all
z € S\ S1 and x(z) = 0 for all z € Vg, where Vg, is an open neighborhood of S| in S such
that Vig,i C S1. To prove Proposition one uses the cutoff function y in the definition of
A(z,t) to ensure that S| C S, (see the proof of Proposition |15 for the notation S,). This
is made as follows. Let us first consider g9 > 0 and €1 > 0 such that the map

(,\) € S x (—eg,e0) » x+ AV f(z) €V
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Figure 4: The support of x on S, the compact sets S1 and S7, and the hypersurface S, .

is well defined and is a diffeomorphism onto its image, and, for all (z,v) € S x B(0,e1),
there exists a unique A(z,v) € (—eg,&0) such that

Fla+ M, 0) V(@) = f(2) + x(@)v-a.

Notice that A(z,v) = 0 for all z € Vg, and v € B(0,&1) (since x = 0 on Vg;). Thus, for
all v € B(0,e1), Vg; C Sy which implies that S} C S,. Again, S, := {z + A(z,v)Vf(2)}
is a smooth compact hypersurface. A schematic representation of the function y and the
hypersurface S, are given in Figure 4l Up to choosing £; > 0 smaller, for any v € B(0,¢1),
S, is the boundary of a C* open bounded and connected subset D,, of R? such that, since
Vsi C Sy,

V_cD,US], and D, \ S; C V,.

Let us now show that there exists v € B(0,e;1) such that f|g, is a Morse function. For
that purpose, we consider the function

F:(z,v) €S x B(0,e1) +—>f|5v(x+)\(m,v)Vf(x)) = f(z)+ x(@)v-z €R,

and the function G : S x B(0,e1) — TS defined by G : (z,v) — (x,0,F(z,v)). Notice
that for all v € B(0,e1), z € S| — F(x,v) = f(z) is already, by assumption, a Morse
function (with no critical point on 957). This implies that G is transverse to the zero
section Op+g of T*S along S x B(0,e1). Thus, to prove Proposition it remains to
study the function x € S\ S| — F(z,v), for v € B(0,e1). For (z,v) € S\ S] x B(0,¢1)
and for all z € T,.5, it holds:

0, F (w,v)z = dy f(2)z + O(Ju]) 2.

Since by assumption d, f(z) # O7:g for all 2 belonging to the compact set S; \ 57, one
has, up to choosing 1 > 0 smaller: for all x € S1 \ S} and v € B(0,¢1), 0, F(x,v) # Or:g.
Finally, for (z,v) € S\ S1 x B(0,¢1) and for all z € TS, it holds:

G(x,v) = (z,dpf(x)z + v - 2),

where v! is defined by (79). Thus, the function G : S\ S1 x B(0,e1) — TS is a sub-
mersion onto a small tube around the zero section Op+g of T*S. This implies that G is
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transverse to the zero section of TS along S\ S1 x B(0,£1). In conclusion, the func-
tion G : S x B(0,e1) — TS is transverse to the zero section of T%S. The parametric
transversality theorem implies that for almost every v € B(0,¢1), 0.(Flgx{v}) = d(fls,)
is transverse to Op=g, which is equivalent to f|g, is a Morse function. This concludes the
proof of Proposition 1

3.3 Generalization of Theorems [1] and [2|

In view of the proof of Theorem [2, we have the following generalization of Theorems
and [2|

Theorem 4. Let us assume that (AO) holds. Let A € R and Cy,...,C,, € C bem (m >1)
connected components of {f < A} such that:

m
U C; is a connected component of {f < A} (80)
j=1

and such that, up to reordering Cq, ..., Cp,

0CiNIN#D and Vje{2,...,m}, n(l:inf<néinf.
1 i

Let F € L>®(0Q,R). For all j € {1,...,m} and z € 0C; N0, let ¥, be an open subset
of Q2 such that z € X, and such that the ¥,’s are pairwise disjoint. Let K be a compact
subset of Q such that K C A(Cy) and z € K. Then:

1. There exists ¢ > 0 such that in the limit h — 0O:

E.[F(Xr)l= Y. Eu[(ls.F) (X)) +O(e ) (81)
Z€UJL,00N0C;

and
S Ee[(s.F) (X)) = O(h1), (82)

ZEU;-”:QBQPI@C]'

uniformly in x € K.

2. When for some z € 0C1 N OSY the function F is C* in a neighborhood of z, one has
when h — 0:
-1

__ FRaIG) 00f () )
E, [(15,F) (X,,)] e Hosflon (D) yea%:ﬁm Jaet Hes ) +O0(h1),

(83)

uniformly in x € K.

3. When m = 1, the remainder term O(h%) in is of order O(h) and admits a full
asymptotic expansion in h.

Theorem [ is a generalization of Theorem [I] because we do not assume that 9C; N IQ C
argmingq f. Theorem []is also a generalization of Theorem [2] since, in the framework of
Theorem {4 when m > 2, |V f| = 0 on 9C; N 9C;, for j = 2,...,m, and thus Theorem
with C = C; does not apply.
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Proof. Let us denote by C=CiU...UGC,,. The proof of Theorem I consists in applying
Theorem |1 I to a suitable subdomam Qe of Q) containing C. This proof is the same as
the one made to prove Theorem [2 [2] except that the justification of the existence of the
neighborhood V¢ of C in Q such that

VA #00on VE\C, Ven{f<A}=C and Ven{f<r}=C (84)

is slightly different (see more precisely and above). Actually, the only difference
with the proof of Theorem [2] is that under the assumptions of Theorem [ it may exist
z € 9C1U...UIC,, such that |V f|(z) = 0. Then, by assumption, z € Q. Let i € {1,...,m}
be such that z € 9C;. If z is not a separating saddle point of f, there exists £, > 0 such
that B(z,e,)N{f < A} = B(z,e,)NC; and B(z,e,)N{f < A} = B(z,e,)NC;. Else, if zis a
separating saddle point of f, from , there exists j # i (j € {1,...,m}), z € 9C;NOC;.
Thus, there exists €, > 0 such that B(z,e,) N {f < A} = B(z,¢,) N (C; U Cj). Moreover,
B(z,e,)N{f <A} = B(z,e,)N(C;UC;). Together with the analysis of the local structure
of {f < A} near the points z € 9C; U ... U 9dC,, such that |V f|(z) # 0 (see items 1 and 2
just before ), this justifies the existence of neighborhood Vg of CinQ satisfying .
The end of the proof then follows exactly the same lines as the proof of Theorem |

As an illustration, here are some simple examples of results which can be obtained by
Theorem [ but not by Theorems [I] and 2 In Figure [5] Theorems [I] and [2] do not apply.
However, in the example depicted in Figure[f] item 1 in Theorem [4]implies that in the limit
h — 0, for all x € Cnax = (21, 2), there exists ¢ > 0 such that P,[X;, = 22| = O(e_%),
and thus P,[X,, = z1] = 1 + O(e™#). In Figure @ item 1 in Theorem |1| only implies that

Q

{f = ming f}

I

Figure 5: A one dimensional case when (AOQ), (A1), and (A2) are satisfied with C = {Cpax, C2}-
The assumption (A3 is not satisfied because OCmax N O = {21} and f(z1) > f(z2) =
mingq f.

when h — 0 and for all x € Chax = (21,2), Pz[Xr, = 22] = O(h1/4) whereas item 1 in
Theorem H4| implies that there exists ¢ > 0 such that Py[X,, = 22] = 0(67%).
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{f = ming f}

I

Figure 6: A one dimensional case when (AO), (A1), (A2), and (A3) are satisfied with C =
{Cimax, C2,C3}. The assumption (Ad) is not satisfied because Cpax N OCy = {2} # 0.

4 Conclusion and perspectives

In conclusion, the objective of this work was to identify the exit points from €2 of (X¢)i>0
solution to in the regime h — 0, when Xg =z € Q.

Under assumption , what is expected is the following: (i) let us consider the
dynamics y = —V f(y) with initial condition y(0) = z, and let us assume that y(t):>0
remains in  and reaches a local minimum z* (recall that if y(¢) leaves Q at a finite
time, say at point y*, then y* will be the exit point in the small temperature regime, see
Remark [7)); (ii) let us then consider A\* = sup{\ > f(z*) s.t. the connected component of
{f < A} which contains z* does not intersect 92} and the associated connected component
C* defined as the connected component of {f < A*} which contains z* (notice that C* =
C(z*), as defined by ) Let us assume that 0C* N 9Q # (. Then, one expects that
with probability one, X; leaves © through dC* N 9Q (in other words, the law of the first
exit point concentrates on C* N N, according to Definition []).

What we have proven in this work is that this property can indeed be proven (with
explicit relative likelihoods of the different exit points in 9C* N 9N) if arg min{ f(z),z €
Ci..} = argmin{f(x),x € C*}, and f is constant (equal to A*) over the boundary of C}_,
where C},; is the connected component of {f < A\*} which contains z*. Indeed, this is
exactly what is needed to apply Theorem {4 with A = \*, C* = C4, and C},;, = U;”ZlCij.
Notice in particular that the result holds if C* is a connected component of {f < A*}.

In future works, we intend to study the same question while relaxing the assump-
tion , by allowing f to have critical points on the boundary, see [30,38] for preliminary
works in that direction. This should also allow us to go beyond some of the restrictions
above.
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