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THE FOUR OPERATIONS ON PERVERSE MOTIVES

FLORIAN IVORRA AND SOPHIE MOREL

ABSTRACT. Let k be a field of characteristic zero with a fixed embedding o : k < C into the field
of complex numbers. Given a k-variety X, we use the triangulated category of étale motives with
rational coefficients on X to construct an abelian category .# (X) of perverse mixed motives. We
show that over Spec(k) the category obtained is canonically equivalent to the usual category of
Nori motives and that the derived categories DP(.# (X)) are equipped with the four operations
of Grothendieck (for morphisms of quasi-projective k-varieties) as well as nearby and vanishing
cycles functors and a formalism of weights.

In particular, as an application, we show that many classical constructions done with perverse
sheaves, such as intersection cohomology groups or Leray spectral sequences, are motivic and
therefore compatible with Hodge theory. This recovers and strengthens work by Zucker, Saito,
Arapura and de Cataldo—Migliorini and provide an arithmetic proof of the pureness of intersection
cohomology with coefficients in a geometric variation of Hodge structures.
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INTRODUCTION

Let k be a field of characteristic zero with a fixed embedding ¢ : k¥ — C into the field of complex
numbers. A k-variety is a separated k-scheme of finite type. Unless otherwise specified, we will
only consider quasi-projective k-varieties.

In the present work, we construct the four operations on the derived categories of perverse Nori
motives. In order to combine the tools provided by Ayoub in [Ayo07al, [Ayo07b] and Beilinson
in [Bei87al, [Bei87c| in a most efficient way, we define the abelian category of perverse Nori motives
on a given k-variety as a byproduct of the triangulated category of constructible étale motives on
the same variety. Over the base field the category obtained still coincides with the usual category
of Nori motives but now, as we show, it is possible to equip the derived categories of these abelian
categories with the four operations of Grothendieck as well as nearby and vanishing cycles functors.
However, we leave the construction of the tensor product and internal Hom operations on these
categories to a later paper.

In particular, as an application, we show that many classical constructions done with perverse
sheaves, such as intersection cohomology groups or Leray spectral sequences, are motivic and
therefore compatible with Hodge theory. This recovers and strengthens works by Zucker [Zuc79],
Saito [Sai90b], Arapura [Ara05] and de Cataldo—Migliorini [ICM10]. Moreover it provides an arith-
metic proof via reduction to positive characteristic and the Weil conjectures of the pureness of the
Hodge structure on intersection cohomology with coefficients in a geometric variation of Hodge
structures.

Conjectural picture and some earlier works. Before going into more detail about the content of this
paper, let us discuss perverse motives from the perspective of perverse sheaves and recall parts of
the conjectural picture and related earlier works.

For someone interested in perverse sheaves, perverse motives can be thought of as perverse
sheaves of geometric origin. However, the classical definition of these perverse sheaves as a full
subcategory of the category of all perverse sheaves is not entirely satisfactory. Indeed, this category
contains too many morphisms and consequently, as we take kernels and cokernels of morphisms



OPERATIONS ON PERVERSE MIXED MOTIVES 3

which shouldn’t be considered, too many objects. For example, perverse sheaves of geometric ori-
gin should define mixed Hodge modules and therefore any morphism between them should also
be a morphism of mixed Hodge modules. Therefore, one expects the category of perverse mo-
tives/perverse sheaves of geometric origin to be an abelian category endowed with a faithful — but
not full — exact functor into the category of perverse sheaves.

According to Grothendieck, there should exist a Q-linear abelian category MM (k) whose objects
are called mixed motives. Given an embedding o : k — C, the category MM(k) should come with
a faithful exact functor

MM (k) — MHS

to the category of (polarizable) mixed Q-Hodge structures MHS, called the realization functor.
The mixed Hodge structure on the i-th Betti cohomology group H*(X) of a given k-variety X
should come via the realization functor from a mixed motive Hi;(X). The appealing beauty of
this picture lies in the expected properties of this category, in particular, the conjectural relations
between extension groups and algebraic cycles (see e.g. Jannsen’s [Jan94]), or the relation with
period rings and motivic Galois groups (see e.g. for a survey Ayoub’s [Ayol4d)).

As part of Grothendieck’s more general cohomological program, the category MM(k) should
underlie a system of coefficients. For any k-variety X, there should exist an abelian category
MM(X) of mixed motives along with a realization functor into the category of mixed Hodge
modules (or simply of sheaves of Q-vector spaces) on the associated analytic space X*, and their
derived categories should satisfy a formalism of (adjoint) triangulated functors

DP(MM(X)) = DY (MM(Y)) — Db (MM(X).
™M ™M

a formalism which has been at the heart of Grothendieck’s approach to every cohomology theory.
Then, for a k-variety a : X — Speck, the motive H3,(X) would be given as the i-th cohomology of
the image under aM of a complex of mixed motives QY that should realize to the standard constant
sheaf Qx on X?". Grothendieck was looking for abelian categories modeled after the categories of
constructible sheaves, but as pointed out by Beilinson and Deligne one could/should also look for
categories modeled after perverse sheaves (see e.g. Deligne’s [Del94]).

Many attempts have been made to carry out at least partially but unconditionally Grothendieck’s
program.

The most successful attempt in constructing the triangulated category of mixed motives (that
is, conjecturally, the derived category of MM(X)) stems from Morel-Voevodsky’s stable homo-
topy theory of schemes. The best candidate so far is the triangulated category DA (X) of con-
structible étale motivic sheaves (with rational coefficients) extensively studied by Ayoub in [Ayo07al,
Ayo07b| [AyoI4a)]. The theory developed in [Ayo07a, [Ayo07b| provides these categories with the
Grothendieck four operations and, as shown by Voevodsky in [Voe(2], Chow groups of smooth
algebraic k-varieties can be computed as extension groups in the category DA (k).

On the abelian side, Nori has constructed a candidate for the abelian category of mixed motives
over k. The construction of Nori’s abelian category HM(k) is tannakian in essence and, since it
is a category of comodules over some Hopf algebra, it comes with a built-in motivic Galois group.
Moreover any Nori motive has a canonical weight filtration and Arapura has shown in [Aral3|
Theorem 6.4.1] that the full subcategory of pure motives coincides with the semi-simple abelian
category defined by André in [And96] using motivated algebraic cycles (see also Theorem 10.2.5
in the book [HMSI7] of Huber and Miiller-Stach). More generally, attempts have been made to
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define Nori motives over k-varieties. Arapura has defined a constructible variant in [Aral3] and the
first author a perverse variant in [Ivol7]. However, the Grothendieck four operations have not been
constructed (at least in their full extent) in those contexts. For example in [Aral3], the direct image
functor is only available for structural morphisms or projective morphisms and no extraordinary
inverse image is defined.

Note that the two different attempts should not be unrelated. One expects the triangulated cate-
gory DA (X) to possess a special ¢-structure (called the motivic t-structure) whose heart should be
the abelian category of mixed motives. This is a very deep conjecture, even for X = Spec k, which
implies for example the Lefschetz and Kiinneth type standard conjectures (see Beilinsons’s [Beil2]).
As of now, the extension groups in Nori’s abelian category of mixed motives are known to be related
with algebraic cycles only very poorly.

However, striking unconditional relations between the two different approaches have still been
obtained. In particular, in [CGAdS17], Gallauer-Choudhury have shown that the motivic Galois
group constructed by Ayoub in [Ayol4bl [Ayol4c] using the triangulated category of étale motives
is isomorphic to the motivic Galois group obtained by Nori’s construction.

Content of this paper. Let us now describe more precisely the content of our paper. Given a k-variety
X, consider the bounded derived category D?(X, Q) of sheaves of Q-vector spaces with algebraically
constructible cohomology on the analytic space X®" associated with the base change of X along o
and the category of perverse sheaves &(X) which is the heart of the self-dual perverse ¢-structure
on DY(X, Q) introduced in the book [BBD82] by Beilinson-Bernstein-Deligne. Let DA (X) be
the triangulated category of constructible étale motivic sheaves (with rational coefficients) which
is a full triangulated subcategory of the Q-linear counterpart of the stable homotopy category of
schemes SH(X) introduced by Morel and Voevodsky (see [MV99, [Voe98| and Jardine’s [Jar00]).
This category has been extensively studied by Ayoub in [Ayo07al, [Ayo07b, [Ayol4a] and comes with
a realization functor
Bti% : DAL (X) — D(X, Q)

(see Ayoub’s [Ayol0]) and thus, by composing with the perverse cohomology functor, with a ho-
mological functor ? HY, with values in &(X).

The category of perverse motives considered in the present paper is defined (see the first au-
thor’s [2)) as the universal factorization

pHoj{ ratf

DAL(X) — #(X) — 2(X)

of PHY,, where ./ (X) is an abelian category, PHY, is a homological functor and rat% is a faithful
exact functor. This kind of universal construction goes back to Freyd and is recalled in[Il As we
see in [0 ¢-adic perverse sheaves can also be used to defined the category of perverse motives (see

6.3 and [6.17).

Given a morphism of k-varieties f : X — Y, the four functors

f*@ f!,@
(0.1) D2(X,Q) —___D2(Y,Q =__DXX,Q)
1z I

where developed by Verdier [Ver95] (see also Kashiwara—Schapira’s book [KS94]) on the model of
the theory developed by Artin, Grothendieck et al. for étale and f-adic sheaves in [AGVT73|. The
nearby and vanishing cycles functors

U, :D2(X,,Q) = DY(X,,Q)  ¢,:D2(X,Q) - D2(X,,Q)
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associated with a morphism g : X — A} were constructed by Grothendieck in [DKT73] (here
X, denotes the generic fiber and X, the special fiber). By a theorem of Gabber, the functors

g = U,[—1] and ¢4 := Py4[—1] are t-exact for the perverse ¢-structures and thus induce exact
functors
(0.2) Vg P(Xy) = P(Xo) ¢g: P(X) - P(X,).

In this work, we prove that . (k) is canonically equivalent to the abelian category HM(k) of Nori
motives (see[ZIT]) and that the four operations (0.1]) (for morphisms of quasi-projective k-varieties)
and the functors (0.2]) can be canonically lifted along the functors

DR (2(X)) 255 D (2 (X)) 2 DR (X, Q),

where real is the realization functor of Section 3.1 of the book [BBD82] by Beilinson-Bernstein—
Deligne, which has been shown to be an equivalence in Beilinson’s [Bei87d], to (adjoint) triangulated
functors

o £
DP (. (X)) —__DP(#(Y)) —__ D°(# (X))
£ Fa

and to exact functors
VM (Xy) = M X)) OF M (X) = M (X).

Relying on Ayoub’s [Ayo07al [Ayo07b] and on the compatibility of the Betti realization with
the four operations, our strategy consists in establishing enough of the formalism to show that the
categories DP(.# (X)) underlie a stable homotopical 2-functor in the sense of [Ayo07a] (see 5., so
that the rest of the formalism is obtained from [Ayo07al [Ayo07b]. The existence of the direct image
by a closed immersion or the inverse image by a smooth morphism are obtained immediately via the
universal property (see [2). However, to construct the inverse image by a closed immersion (see M),
we need to develop analogues, for étale motives, of the functors and gluing exact sequences obtained
by Beilinson in [Bei87al. This is done in [8l and uses derivators, and the logarithmic specialization
system of Ayoub, see [Ayo07b, [Ayol4a]. The proof of the main theorem is carried out in Bl and the
most important step is the proof of the existence of the direct image by the projection of the affine
line A onto its base X (see[5.2). We conclude this section by the aforementioned applications to
intersection cohomology and Leray spectral sequences.

In [6, we show that perverse motives can also be defined using f-adic perverse sheaves and that
they admit a notion of weights. We deduce the existence of the weight filtration from the properties
of Bondarko’s Chow weight structure and from the Weil conjectures (cf. Théoréme 2 of Deligne’s
paper [Del80]). Then, using the strict support decomposition of pure objects to reduce to the case
of a point, we show that the category of pure objects of a given weight is semi-simple. As an
application, we get the existence of a weight structure on the derived category of .Z(X) and an
arithmetic proof of Zucker’s theorem [Zuc79, Theorem p.416] for geometric variations of Hodge
structures (see and [6:29).



6 FLORIAN IVORRA AND SOPHIE MOREL

ACKNOWLEDGEMENTS. The authors are very grateful to the referees for their valuable comments
and suggestions that helped improve this work. The first author also expresses his thanks to A.
Huber and S. Kebekus for the wonderful semester spent in Freiburg and the numerous conversa-
tions on Nori motives and Hodge theory, and the second author would like to thank J. Ayoub,
A. Huber and M. A. de Cataldo for useful conversations, and D. Hansen for pointing out some
mistakes in an earlier version of the manuscript.

The present paper was partly written while the first author was a Marie-Curie FRIAS CO-
FUND fellow at the Freiburg Institute of Advanced Studies and the second author was a professor
at Princeton University and an invited professor at the Ecole Normale Supérieure de Lyon and the
Université Lyon 1. They would like to thank these institutions for their hospitality and support
during the academic year 2017-2018. Also, the work of the second author was supported by the
ANR HQDIAG project no ANR-21-CE40-0015.

1. CATEGORICAL PRELIMINARIES

Let us recall in this section a few universal constructions related to abelian and triangulated
categories. They date back to Freyd’s construction of the abelian hull of an additive category,
see his paper [Fre66] and have been considered in many different forms in various works (see e.g.
Verdier’s book [Ver96], Krause’s [Kra98], Prest’s [Prell] and the paper [BVP1§| by Barbieri-Viale
and Prest).

Let 8 be an additive category. Let Mod(8) be the category of right 8-modules, that is, the
category of additive functors from 8°P to the category Ab of abelian groups. The category Mod(8)
is abelian and a sequence of right 8-modules

0 F - F—F'—0
is exact if and only if for every s € 8 the sequence of abelian groups
0— F'(s) > F(s) = F"(s) = 0

is exact.
A right 8-module F is said to be of finite presentation if there exist objects s,t in 8§ and an exact
sequence

8(—,8) = 8(—,t) > F—=0
in Mod(8).

Definition 1.1. Let 8 be an additive category. We denote by R(8) the full subcategory of Mod(8)
consisting of right 8-modules of finite presentation.

The category R(8) is an additive category with cokernels (the cokernel of a morphism of right
8-modules of finite presentation is of finite presentation) and the Yoneda functor

hs : S — R(S)

is a fully faithful additive functor. Recall that, given a morphism ¢ — s in 8, a morphism r — ¢ is
called a pseudo-kernel if the sequence

8(=,7) = 8(—,t) = 8(—, )

is exact in Mod(8). The category R(8) is abelian if and only if § has pseudo-kernels (see [Etre60,
Theorem 1.4] and [Kra98, Lemma 2.2]). It also satisfies the following universal property.
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Proposition 1.2. ([Kra98 2.1 and Lemma 2.6]). Let 8 be an additive category. Let A be an
additive category with cokernels and F : 8§ — A be an additive functor, then there exists, up to a
natural isomorphism, a unique right exact functor R(8) — A that extends F. Moreover, if 8 and
A admit pseudo-kernels, then this functor is exact if and only if F' preserves pseudo-kernels.

Note that the construction can be dualized so that there is a universal way to add kernels to an
additive category. One simply set L(8) := R(8°?)°P. The two constructions can be combined to
add both cokernels and kernels at the same time. Let 8§ be an additive category and let

A*(8) := L(R(8)).

Then the functor h : § — A24(8) is a fully faithful additive functor and A23(8) is an abelian
category which enjoys the following universal property (this is Freyd’s abelian hull).

Proposition 1.3. Let A be an abelian category and F : 8§ — A be an additive functor, then there
exists, up to a natural isomorphism, a unique exact functor A*4(8) — A that extends F.

Note also that the category A24(8) is canonically equivalent to R(L(S)).

This construction can be used to provide an alternative description of Nori’s category (see the
paper [BVPI§| by Barbieri-Viale and Prest). Let Q be a quiver, A be an abelian category and
T : Q — A be a representation. Let P(Q) be the path category and P(Q)¥ be its additive
completion obtained by adding finite direct sums. Then, up to natural isomorphisms, we have a
commutative diagram

Q——> P(Q)® —— A™(P(Q)®) =: AT(Q)

Nl

A

where o7 is an additive functor and pr an exact functor. The kernel of pr is a thick subcategory of
A (Q) and we define the abelian category A9 (Q,T) to be the quotient of A4 (Q) by this kernel.
By construction, the functor pr has a canonical factorization

AY(Q) 5 AY(Q, H) X5 A

where 77 is an exact functor and 77 is a faithful exact functor. If we denote by T the composition of
the representation Q — A% (Q) and the functor 7y : AT (Q) — A (Q,T), it provides a canonical
factorization of T

QL A™MQ,T) 5 A
where T is a representation and r7 is a faithful exact functor. It is easy to see that the above
factorization is universal among all factorizations of T" of the form
SRR Y|

where B is an abelian category, R is a representation and s is a faithful exact functor. In particular,
whenever Nori’s construction is available, e.g. if A is Noetherian, Artinian and has finite dimensional
Hom-groups over Q (see the paper [[vol7] by the first author), then the category A9V(Q,T) is
equivalent to Nori’s abelian category associated with the quiver representation T'.
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Let us consider the case when Q is an additive category and T is an additive functor. Then, up
to natural isomorphisms, we have a commutative diagram

Q—> A(Q)

A

where T* is an exact functor. The kernel of T* is a thick subcategory of A24(Q) and we define the
abelian category A24(Q,T) to be the quotient of A24(Q) by this kernel.

Lemma 1.4. Let Q and A be additive categories. Then, for every additive functor T : Q — A, the
categories A4 (Q,T) and A*4(Q,T) are canonically equivalent.

Proof. To see this, it suffices to check that the factorization
Q— AMQ,T)— A
satisfies the universal property that defines A% (Q, T'). Consider a factorization of the representation
T of the quiver Q
R Y|
where B is an abelian category, R is a representation and s is a faithful exact functor. Since s is

faithful, R must be an additive functor. Therefore, we get a commutative diagram (up to natural
isomorphisms)

A%(0)

The exactness and the faithfulness of s imply that the above diagram can be further completed into
a commutative diagram (up to natural isomorphisms)

This shows the desired universal property. O

Let us finally consider the special case when 8 is a triangulated category. In that case the additive
category 8 has pseudo-kernels and pseudo-cokernels, in particular, the category A (8) := R(8) is
an abelian categoryEl The Yoneda embedding hs : § — A%™(8) is a homological functor and is

IThis is the abelian category denoted by A(S) in Chapter V of Neeman’s book [Nee01].
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universal for this property (see [NeeOll Theorem 5.1.18]). In particular, if A is an abelian category,
any homological functor H : § — A admits a canonical factorization

§ i Alr(g) L2

where pp is an exact functor. This factorization of H is universal among all such factorizations.
The kernel of py is a thick subcategory of A (8) and we define the abelian category A (S, H)
to be the quotient of A% (§) by this kernel. By construction, the functor py has a canonical
factorization
A™(8) T A8, H) 5 A

where 7y is an exact functor and ry is a faithful exact functor. Setting Hg := mg o hg, it provides
a canonical factorization of H:

s sy AtT(S, H) 1 A
where Hg is a homological functor and rg a faithful exact functor. It is easy to see that the above
factorization is universal among all factorizations of H of the form

SLBLHA
where L is a homological functor and s is a faithful exact functor.

We can also see the triangulated category 8 simply as a quiver (resp. an additive category) and
the homological functor H : 8§ — A simply as a representation (resp. an additive functor). In
particular, we have at our disposal the universal factorizations of the representation H:

S—AY(S,H)—» A
and
8§ — A8, H) — A
where the arrows on the right are exact and faithful functors.
Lemma 1.5. Let 8§ be a triangulated category, A be an abelian category and H : § — A be a

homological functor. Then, the three abelian categories A (S, H), A* (8, H) and A™ (8, H) are
canonically equivalent.

Proof. We have seen in [ that A9 (8, H) and A*!(8, H) are canonically equivalent. Let us prove
that so do A*4(§, H) and A' (8, H). It suffices to check that the factorization

§— A"(8,H) = A

satisfies the universal property that defines A®4(8, H). Consider a factorization of the additive
functor H:

R Y|
where B is an abelian category, R is an additive functor and s is a faithful exact functor. Since
s is faithful, R must be homological. Therefore, we get a commutative diagram (up to natural
isomorphisms)

S— L AU(S)

\ exact .-
R
4
B
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The exactness and the faithfulness of s imply that the above diagram can be further completed into
a commutative diagram (up to natural isomorphisms)

This shows the desired universal property. O

2. PERVERSE MOTIVES

We fix a field £ that admits an embedding o : £ — C. Unless otherwise specified, we will only
consider quasi-projective k-varieties in this article.

2.1. Definition. Let X be a quasi-projective k-variety. We denote by X" the complex analytic
space associated with the base change of X along o, by DP(X, Q) the category of complexes of
sheaves of Q-vector spaces on X* with bounded algebraically constructible cohomology, by £(X)
the heart of the perverse t-structure on D?(X, Q) introduced in Section 2 of the book [BBD82] of
Beilinson—Bernstein—Deligne for the self-dual perversity and by DA (X) the triangulated category
of constructible étale motivic sheaves with rational coefficients (see for example Section 3 of Ayoub’s
paper [Ayol4a]). By [CD19, Theorem 16.2.18], this last category is equivalent to the category of
constructible Beilinson motives studied in Cisinski and Déglise’s book [CD19], and the equivalence
commutes with the operations we will consider later (direct and inverse images and tensor product).
So we will use reference to Ayoub’s articles or to the book [CD19], as convenient.

To construct the abelian category of perverse motives .Z (X ) used in the present work, we take
§ to be the triangulated category DA« (X) and H to be the homological functor » H%, obtained by
composing of the Betti realization

Bti} : DA«(X) — DP(X, Q)
constructed by Ayoub in [Ayol0] and the perverse cohomology functor PH° : D(X, Q) — £ (X).

Definition 2.1. Let X be a k-variety. The abelian category of perverse motives is the abelian
category

M(X):=A"(8,H) = A"(DA«(X),PHY).

By construction the functor ? HY, has a factorization

PHB,[ ratf
DAL(X) 2, 1(x) 25 ()

where rat{ is a faithful exact functor and »H?, is a homological functor. Let us recall the two
consequences (denoted by P1 and P2 below) of the universal property of the factorization
PHOJZ ratf
DAL(X) — ///UEX) — Z(X).
\X/’

pH,O@
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The property P1 below is proved in [[vol7, Proposition 6.6]. A proof of property P2 can be found
in Proposition 2.5 of the paper [IY18] by Ivorra—Yamazaki.
P1 For every commutative diagram

DAct(X)IW—‘Of P(X)
\LF Vo, ¢G
DAct(Y)p??'@(Y)

where F is a triangulated functor, G is an exact functor and « is an invertible natural transformation,

there exists a commutative diagram

DA (X) — . #(X) — P(X)

\LF ﬂﬂ \LE /- \LG
DALY)— A#(Y)— 2(Y)

where E is an exact functor and 3, are invertible natural transformations such that the diagram

DA.(X)

" Ho
'//(X)ratf
F
[% E
DA‘Ct(Y) 'b:ﬁfj/:{:::::::: ..........................
A(Y) raty?
is commutative.
P2 Let
PH(gy
DA (¥) 7 2,
DA«(Y) 2(Y)
b,
DA (X) S I~ P(X) .
~2 Jos o R
DA(Y) Z - 2(Y)

be a commutative diagram in which Fi,Fs are triangulated functors, Gi, Gy are exact functors,
a1, s are invertible natural transformations and A, i are natural transformations. Let

DA(X) — #(X) — P(X) DAq(X) — 4#(X) — P(X)

\LFl %31 \LEl %1 i/Gl \LFz 1///52 i/Ez %2 \LGz
DAL(Y) —= #(Y) —= P(Y) DAG(Y) — (V) —= P(Y)
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be commutative diagrams given in the property P1, then there exists a unique natural transforma-
tion 6 : E; — Es such that the diagram

p 70 a4
raty

H oy
DA (X) M (X) 2(X)
Fl - E1 .. G1
~ oo N n e DX
DAL(Y) —— #(Y) ——— 2(Y)
e, I P 4
DAct(X) ........................ L ///(X) ........................ > f@(X)
Fo = .. Ga H
\ ‘U62 170 ~\ o " ~\
DA.(Y) T A (Y) - 2(Y)

is commutative.

2.2. Lifting of 2-functors. As in [Ayo07al §1.1], in this work, we only consider strict 2-categories.
However, as in loc.cit., 2-functors are not necessarily strict (see also Deligne’s [Dell).

Let (Sch/k) be the category of quasi-projective k-varieties and € be a subcategory of (Sch/k).
The properties P1 and P2 can be used to lift (covariant or contravariant) 2-functors. Indeed, let
F:C — TR be a 2-functor (let’s say covariant to fix the notation), where TR is the 2-category of
triangulated categories, such that F(X) = DA (X) for every k-variety X in €. Similarly, let b
be the 2-category of abelian categories, and let G : € — b be a 2-functor such that G(X) = Z(X)
for every k-variety X in C and that G(f) is exact for every morphism f in C.

We have forgetful functors from TR and b to the 2-category of additive categories. Assume
that (©,«) : F — G is a 1-morphism of 2-functors, where we see F and G as 2-functors into the
2-category of additive categories via these forgetful functors, such that © x = ?HY, for every X € €
and that ay is invertible for every morphism f in €.

Let f: X — Y be a morphism in €. By applying P1 to the square

DA (X) 22 2(X)
\Fo o, |
PHW

we get a commutative diagram

DA, (X) — 4 (X) — P(X)

Ve, r0 g, o
DALY)— #(Y)— 2(Y)
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where E(f) is an exact functor and 8,7, are invertible natural transformations such that the
diagram

is commutative. Let X £ Y % Z be morphisms in C. By applying P2 to the commutative diagram

P fr0

DA,(X) F(gof) - QZ(X) G(gof)
\ aff pH‘;(,\
' DA.(Z) g v P(X)
cp (Frgpr0 cg(£:9)
DA (X)Ll - gZ(X)S(f)
O B
DA (Y) gy P o <: ..... > P2(Y) s
O p 170
DA« () P P2(2)

there exists a unique natural transformation cg(f,g) : E(g o f) — E(g) o E(f) that fits into the
commutative diagram

:DH%
DAa(X) F(gof) X etwon)
90, \go
M
' : v 2(X)
cr @ pg» i g i cg(f.9)
DAct(X)i('f') ................... AU | S - ///(X)Em .............................. - gZ(X)g(f)
DA (Y) Frgy - M e > P(Y) .S(g)
- 2 (Z)

Using the uniqueness and the fact that the functors rat% , for X in @, are faithful it is easy to
see that the morphisms cg satisfy the cocycle condition. Hence E : € — 2(b is a 2-functor and
(pHB”, B), (rat*# ~) are 1-morphisms of 2-functors, where again we see the 2-functors as functors
into the 2-category of additive categories. As 1- and 2-morphisms in 2(b are the same as 1- and
2-morphisms in the 2-category of additive categories, the morphism (rat#,+) is also a 1-morphism
of 2-functors C — 2Ab.

2.3. Betti realization of étale motives. Let f : X — Y be a morphism of quasi-projective
k-varieties. Recall that the category DP(X, Q) is equivalent to the derived category of the abelian
category of perverse sheaves on X via the realization functor constructed in [BBD82, 3.1.9] (it is
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known to be an equivalence by [Bei87c, Theorem 1.3]). In particular, the four (adjoint) functors

I5 iiid
D(X, Q)= __DE(Y,Q)~__DE(X,Q)
1z I

can be seen as functors between the derived categories of perverse sheaves (for their construction
in terms of perverse sheaves see [Bei87d]).
Let Bti% : DA« (X) — D2(X, Q) be the realization functor of [Ayol0]. If f: X — Y is a mor-
phism of quasi-projective k-varieties, by construction, there is an invertible natural transformation
Of : f% o Btiy, — Btiy o f*

(see [Ayol10| Proposition 2.4]). Let 0 be the collection of these natural transformations, then (Bti*, §)
is a morphism of stable homotopical 2-functors in the sense of [Ayol0, Definition 3.1]. Following
the notation in [Ayol0], we denote by

vs : Btiy o f. — 2 o Btik ;
ps: fi¥ oBtiy — Bti} o fi ;
& : Btik o f' = f o Bti} ;
the induced natural transformations. By [Ayol0, Théoréme 3.19] these transformations are invert-

ible.

2.4. Direct images under affine and quasi-finite morphisms. Let @Aff(Sch/k) be the sub-
category of (Sch/k) with the same objects but in which we only retain the morphisms that are
quasi-finite and affine. By [BBD82, Corollaire 4.1.3], for such a morphism f : X — Y, the functors

12,7 :D2(X,Q) — D(V,Q)

are t-exact for the perverse ¢-structures. In particular, they induce exact functors between categories
of perverse sheaves and by applying the property P1 to the canonical transformation +; : Btiyof. —
fZ oBti%, we get a commutative diagram

DA (X) — 4(X) — P(X)
(P A T
DA(Y) —> A (Y) — P(Y)

where f:# is an exact functor and WJPA,WJ{” are invertible natural transformations such that the

diagram
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is commutative. Moreover, since the natural transformations v are compatible with the composi-
tion of morphisms (that is, with the connection 2-isomorphisms), provides a 2-functor

QAT 7 QAR (Seh k) — TR
with QAFH#(X) = DP(.#(X)) and such that (PHY,,vPA) and (rat”,y#) are 1-morphisms of
2-functors. For every affine and quasi-finite morphism f : X — Y we have a natural transformation
71{” crati? 4 — fPratf

compatible with the composition of morphisms.

2.5. Inverse image by a smooth morphism. Let f : X — Y be a smooth morphism of
k-varieties. Then, €y is a locally free Ox-module of finite rank. Let dy its rank (which is
constant on each connected component of X). Then, d; is the relative dimension of f (see
Grothendieck’s EGA TV, more precisely [Gro67, (17.10.2)]) and if g : Y — Z is a smooth morphism,
then dgyo; = dy + dy with the obvious abuse of notation (see [Gro67, (17.10.3)]). By [BBD82, 4.2.4],
the functor

Folds] : D2(Y,Q) — D2(X, Q)
is t-exact for the perverse t-structures. In particular, it induces an exact functor between the
categories of perverse sheaves and by applying the property P1 to the canonical transformation
O : 3, o Btiy, — Bti o f*, we get a commutative diagram
DALY) — #(Y)— 2(Y)
Vrusdma | Ly | s5las)
DAG(X) — #(X) — Z(X)

where the functor in the middle f*,[dy]| is an exact functor and G?A,GJ{” are invertible natural
transformations such that the diagram

DA.(Y)

FHY,

is commutative.

Remark 2.2. Note that f*,A, given A in .#(Y'), is not yet defined. We define the function f*,
by setting f*, := (f*,[ds])[—dy].

Let 15(Sch/k) be the subcategory of (Sch/k) with the same objects but having as morphisms
only the smooth morphisms of k-varieties. Since the natural transformations 6; are compatible
with the composition of morphisms (that is, with the connection 2-isomorphisms), provides a
contravariant 2-functor

MY, 1S (Sch/k) — TR
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with MH* (X) = DP(.#(X)) and such that (PHY%,,0P4) and (rat?,6-%) are 1-morphisms of
2-functors. For every smooth morphism f: X — Y we have a natural transformation

07 : forat —rat f7,

compatible with the composition of morphisms.

2.6. Exchange structure. Let us denote by
tmmp#, Imm(Qe} /) — TR

the restriction of the 2-functor obtained in 4 to the subcategory ™™ (Sch/k) of (Sch/k) with
the same objects but having as morphisms only the closed immersions of k-varieties. Exchange
structures are defined in Définition 1.2.1 of [Ayo07a].

Proposition 2.3. The exchange structure Exz} on (LiSSH’f@,ImmH?) with respect to cartesian
squares can be lifted to an exchange structure on the pair (LiSSHjﬂ, II“mH:”).

Proof. The proposition is a simple application of property P2. Consider a cartesian square

such that 4 is a closed immersion and f is a smooth morphism (more generally ¢ need not be
a closed immersion and can be any quasi-finite affine morphism). Note that, since the morphism
i"*Q} — Q7 is an isomorphism, f and f” have the same relative dimension d. Let Ex} : f*i. — i f"*

and ZExt : 5,17 — i'? f1 the exchange 2-isomorphisms in DA(—) and D”(£(—)). We have to
construct a 2-isomorphism

— T
D (A (X)) { “Be;_DP((Y"))
—_— >
which is compatible with ¥ Exz* via the 2-isomorphisms *yg“” ,*y;/” and 9;” , 9?’/ . This amounts to
constructing a 2-isomorphism
Fyldli

— T T T
M(X) V? Eax(d] A (Y')
—

i flyld)
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such that
rat%
M(X) P(X) ,»
~ NG
( )71 raty b
AY) 7 1d 2Y) o
) at‘;{/ ~
(Y / PV
A Boxial) rar {2 Bazia)
X
///(X) ey > BZ(X) 10
o~ raty? IS
///(Y) o R SSRTURTRI > gz(y) e
~ -1 rat, BN
%(Y’) ;) Yy’ g(yl)

is commutative. Note that such a 2-isomorphism is necessarily unique since the functors ratgﬂ , for
S a k-variety, are faithful. For the same reason they will also be compatible with the horizontal
and vertical compositions of mixed squares (see [Ayo07al Définition 1.21]). The proposition follows
from property P2 applied to the commutative diagram

PH%()
DA(X) - P(X) ;o
= PRI I
DAct(Y) 7 1d] . ‘@(Y) fold]
Y
DA (Y) 2 2(Y)
Eat[d) i} P 0 i @9“1[ !
DA (X) prega e T - y(x)j; .
N N
DA (X') gy flons o Zs = P(X') o
\*; @7 1 :DHg’a ;
DA (V') —) 2(Y").
The commutativity of this diagram follows from the compatibility of the Betti realization with the
exchange structures. O

Remark 2.4. The application of property P2 ensures that the two exchange structures “# Ex*
and Z Ex* are compatible with the canonical 2-isomorphisms 6-#. That is, the diagram

o

« P e
. Vi . Bz,
forat? i —— foiZratd —= /7 fliratd

M * M

. Ty . Vit .
it P it g, e g

is commutative. This follows from the faithfulness of the functors rat# after applying the shift
functor (—)[d].

2.7. Adjunction. Let f : X — Y be an affine and étale morphism. In that case the exact functors
fo: P(X) = P(Y) and fi : P(X) = P(Y) are respectively right and left adjoint to the exact
functor f5, : (V) = Z(X). We can use the property P2 to lift these adjunctions to the functors
f!//lv fj/{v .f*//[

Proposition 2.5. Let f: X — Y be an affine and étale morphism.
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(1) There exist unique natural transformations Id — f*“”fj” and fj”f*/” — Id such that the

squares
raty/ ———raty? {7 f*, rat f*, f# ———rat{
Z foraty? —— fZrat f7, foraty? f4 —— fi,fZrat

are commutative. With these natural transformations, the functors (f7,, %) form a pair
of adjoint functors.
(2) There exist unique natural transformations Id — fj/{f,//[ and f/{fjﬂ — Id such that the

squares
ratl ———rat{ [ [ ot [ [y ———rat
FolfZratl — [t [* [Pl [, <~— (7 fratd

are commutative. With these natural transformations, the functors ( f,//[ J%y) form a pair
of adjoint functors.

Proof. As for 23] the proof is a simple application of property P2. The details are left to the
reader. g

2.8. Duality. The result in this subsection will be used in the proof of 5.3l Let ]D);/(’ be the duality
functor for perverse sheaves and £¥ : Id — DY o DY be the canonical 2-isomorphism. Recall that,
given a smooth morphism f : X — Y of relative dimension d, there is a canonical 2-isomorphism

ef DY o f5(=)(d)d] = fi(-)[d] o DY.

Proposition 2.6. Let X,Y be k-varieties and f : X — Y be a smooth morphism of relative
dimension d.

(1) There exist a contravariant exact functor DF : #(X) — M (X), a 2-isomorphism v5¥ :
Df? o ratj(/[ — rat% o ]D)j?l and a 2-isomorphism aj{l :1d — D% o ]D)j?l such that the diagram

Df? o ]D)? o rat%f

P
e ll’ffﬂ
ratj?l ]D)f? o rat% o D%
VA
17
et l X

ratZ o DY o DY

18 commutative.
(2) There exists a 2-isomorphism

ef’ : DY o fy(-)(d)ld] = fi(-)ld] o DY
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such that the diagram

DZ o f3(—)(d)d] o raty — f35,(~)[d) o D o rats?

W V

DY orat o 7, (=)(d)[d] f5(=)ld] o rat o DY

\Lu‘){( 0;”
ratd oD o f*,(—)(d)[d] —— rat o f*,(~)[d] o D§¥

is commutative.

Proof. Again, the proof is a simple application of property P2, once we know the existence and
properties of the Verdier duality functor on motives. We give references for these properties and
leave the rest of the details to the reader.

By [Ayo07a, Théoreme 2.3.75] and [Ayo07bl §4.5] (see also [CD19, Théoréme 3 and Théoréme 7
in the introduction]), the categories DA (X) are symmetric monoidal closed and we have Verdier
duality functors Dx such that, for f : X — Y a morphism of quasi-projective k-varieties, there is
a canonical isomorphism f* o Dy ~ Dy o f'. If f is smooth of relative dimension d, the functor f'
is defined in [Ayo074d, §1.5.3.1] as the composition Th(Qs) o f*, where Th(Q) is the Thom equiv-
alence associated with the locally free &x-module 2. As € has rank d, we get an isomorphism
I~ f*(d)[2d] by [Ayoldal corollaire 2.14] (see also property 4 of [CD19, A.5.1]). Hence, we get
an isomorphism f*[d] o Dy ~ Dx o f*(d)[d]. Moreover, the Betti realization functors Btix are
symmetric monoidal unital (see [Ayol0, Remarque 3.3]), and they commute with internal Homs on
constructible objects by [Ayo10, Théoreme 3.19]; so it commutes with the Verdier duality functor on
constructible objects, as that functor is constructed using the four operations and the internal Hom
(see for example [CD19, A.5.2]). The last crucial observation is that Verdier duality on D?(X, Q)
restricts to an exact contravariant functor on the subcategory of perverse sheaves (see for example
the beginning of Section 4 of [BBD82]). O

2.9. Perverse motives as a stack. Let S be a quasi-projective k-variety. Let us denote by
AffEt/S the category of affine étale schemes over S endowed with the étale topology. As in [StalS8|
Tag 02XU], the 2-functor

AffEt/X — Ab
U #(U)

U Uy,

can be turned into a fibered category .# — AffEt/S such that the fiber over an object U of AffEt/X
is the category .Z (U).

Proposition 2.7. The fibered category 4 — AffEL/S is a stack for the étale topology.

Proof. Let U be a k-variety, I be a finite set and % = (u; : U; — U);er be a covering of U by affine
and étale morphisms. If J C I is a nonempty subset of I, we denote by U the fiber product of the
Uj, j € J, over U and by uy : Uy — U the induced morphism. Given an object A € .Z(U), and
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k € Z, we set
0 if £ <0;
k(A = ’
¢ ( 7%) {®JCI7|J|_]€+1(UJ){/(UJ)>/A 1f/€>0
We make C*(A,%) into a complex using the alternating sum of the maps obtained from the
unit of the adjunction in The unit of this adjunction also provides a canonical morphism
A — C*(A,%) in C°(.#(U)). This morphism induces a quasi-isomorphism on the underlying
complex of perverse sheaves and so is a quasi-isomorphism itself since the forgetful functor to the
derived category of perverse sheaves is conservative.
By [Stal8, Tag 0268], to prove the proposition we have to show the following:

(1) if U is an object in AffEt/S and A, B are objects in .# (U), then the presheaf (V % U)
Hom_z vy (v’, A,v’, B) on AffEt/U is a sheaf for the étale topology;
(2) for any covering Z = (u; : U; — U)ier of the site AffEt/S, any descent datum is effective.
We already now that the similar assertions are true for perverse sheaves by [BBD82, Proposition
3.2.2, Théoreme 3.2.4]. Let % = (u; : U; — U);er be a covering in the site AffEt/S. Given i,j € I,
we denote by Ugj - Uij = Ul XU Uj — U the fiber product and by Dij - Uij — Ul', Pji - Uij — Uj
the projections.
Let us first prove (1). Let A, B be objects in .#(U) and K, L be their underlying perverse
sheaves. Consider the canonical commutative diagram

Hom(A, B) — Hie] Hom((u;)*, A, (ui)*,B) :i Hi,jel Hom((uj)*, A, (uij)*,B)

| l |

Hom(K,L) — Hie] Hom((u;) %5 K, (ui) 5 L) : Hi,jel Hom((uij )i K, (uij) i L).
The lower row is exact and the vertical arrows are injective. We only have to check that the upper
row is exact at the middle term. Let ¢ be an element in [],.; Hom((u;)*, A, (u;)*, B) which belongs
to the equalizer of the two maps on the right-hand side. Then, it defines (by adjunction) a morphism
co and a morphism c; such that the square

(2.1) oA, ) —L e VA, W)

(B, %) —~ C\(B, %)

is commutative. Since A — C*(A4,% ) and B — C*(B, %) are quasi-isomorphisms, A is the kernel
of the upper map in 21 and B is the kernel of the lower map. Hence, ¢y and ¢; induce a morphism
A — B in . (U) which maps to c.

Now we prove (2). Consider a descent datum. In other words, consider, for every i € I, an
object A; in .4 (U;) and, for every i,j € I, an isomorphism ¢;; : (pij)*,Ai = (pji)*,A; in A (Uiy)
satisfying the usual cocycle condition. Let A the kernel of the map

B wi) Ai — B W) (i) (pis):uAi = B (wij) 2 (pis) 0 Ai

icl ijel ijel
given on (u;)% A; by the difference of the maps obtained by composing the morphism induced by
adjunction

(ua)” Ai = () (pig) (i) 0 Ai
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with either the identity or the isomorphism ¢;;. Using the fact that descent data on perverse
sheaves are effective, it is easy to see that A makes the given descent datum effective. O

2.10. A simpler generating quiver. Let X be a k-variety. Consider the quiver Pairsfiécf defined
as follows. A vertex in Pairs$! is a triple (a : Y — X, Z,n) where a : Y — X is morphism of
k-varieties, Z is a closed subscheme of Y and n € Z is an integer.

o Let (Y1, Z1,4) and (Ya, Zo,4) be vertices in Pairsf,?. Then, every morphism of X-schemes
f:Y1 — Ys such that f(Z1) C Zs defines an edge

(2.2) [, Z1,1) = (Yo, Za,0).
e For every vertex (a: Y — X, Z,i) in Pairsggf and every closed subscheme W C Z, we have
an edge
(2.3) 0:(a:Y=X,Z,i) = (az: Z - X, W,i—1)

where z : Z < Y is the closed immersion.
The quiver Pairsi?f admits a natural representation in D?(X,Q). If c = (a : Y — X, Z,i) is a
vertex in the quiver Pairsggf and v : U <= Y is the inclusion of the complement of Z in Y, then we
set
B(c) == au? Ky[—i
where Ky is the dualizing complex of U.

Remark 2.8. There is a difference between the representation ? H? o B used here and the represen-
tation used in [[vol7, 7.2-7.4] (see [[vol7, Remark 7.8]). In loc.cit. the relative dualizing complex
u!g,a!g,Q x is used instead of the absolute dualizing complex Ky. If X is smooth, then the two
different choices lead to equivalent categories.

On vertices the representation B is defined as follows. Let ¢1 := (a1 : Y1 — X, Z1,1), c2 := (a2 :
Yo — X, Zs,i) be vertices in Pairsgg and f : ¢ — c2 be an edge of type (2.2). The morphism
f maps Z; to Zy and therefore U := f~1(Us) is contained in U;. Let u : U < Uj be the open
immersion. Then, we have a morphism

DG adj. 2 g P G P P adj. g
7wl Ky, = (7 (wiw)! Ky — udl (7 Ku = u3l 7 fi Ku, — w3, Ko,

where the arrow in the middle is given by the exchange morphism. By taking the image of this
morphism under agi[—i|, we get a morphism

B(f) : B(c1) == a{u Ky, [—i] = B(ca) := a5 us Ky, [—i].
Let ¢ = (Y % X,Z,4) be a vertex in Pairs‘j?, and W C Z be a closed subset. Consider the

commutative diagram

u

T .

U:=Y\Z y\w—2=v

S

Vi=Z\W-—"+7

where v, vy, j are the open immersions, z the closed immersion and a, b the structural morphisms.

The localization triangle

o 41
(2v)7 (2v)'p = Id — 755 5,
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applied to Ky\w, provides a morphism
37 Ku = (2v){ Kv]1].
As z and zy are closed immersions, applying (vy )., yields a morphism
u? Ky — 27vZ Ky [l].
Applying ai[—i], we obtain a morphism
B(9) : B(c) = au? Ky[—i] = Blaz: Z — X, Z,i — 1) := b7 v Ky [1 —i].
The category of perverse Nori motives considered in [Ivol7] is defined as follows.

Definition 2.9. Let X be a k-variety. The category of effective perverse Nori motives is the abelian
category
NE(X) = AV (Pairs$,PH® o B).

Recall that the category . (X) can also be obtained by considering DA (X)) simply as a quiver,
that is it is canonically equivalent to the abelian category A9 (DA (X),? H?oBti%) (see[LH]). The
Grothendieck six operations formalism constructed in [Ayo07al, [Ayo07b] and its compatibility with
its topological counterpart on the triangulated categories D?(X, Q) shown in [Ayol0], imply that
the quiver representation B can be lifted via the realization functor Bti} to a quiver representation

B : Pairs§ — DA4(X).

In particular, since the diagram

DA«(X) —% Db(X, Q)

AT

s oeff
Pairs,

is commutative (up to natural isomorphisms), there exists a canonical faithful exact functor
(2.4) NN(X) = M (X).

Let us explain now how Tate twists can be defined in the categories .4°(X) and .#(X). In the
category DA (X), the Tate twist (—)(1) is defined to be the endofunctor Th(&x)(—)[—2] where
Th(COx) is the Thom equivalence associated with the trivial locally free sheaf Ox (see [Ayo0T7a,
§1.5.3]). This construction, being compatible with the usual Tate twist via the Betti realization,
induces an exact functor (—)(1) on the category .#(X). Note that this functor is an equivalence
by construction.

In the category .4 °f(X) Tate twists can be defined using the following observation: if S is a k-
variety, ¢ : G, — S is the structural morphism and v : V< G, 5 is the complement of the unit
section, then qv,v*¢' K = K(1)[1] for every K € DP(S, Q). In particular, if Q : PairsS} — PairsSy
is the morphism of quivers which maps (Y, Z,n) to (Gu,,y, G,z UY,n+ 1) (here Y is embedded
in G,y via the unit section), then one has a natural isomorphism between B(Q(Y,Z,n)) and
B(Y,Z,n)(1). As a consequence, the Tate twist on the category of effective perverse Nori motives
can be defined as the exact functor induced by the morphism of quivers @ (and the usual Tate
twist).

This last construction does not yield an equivalence and one defines the category .4 (X) to be
the category obtained from .4 (X) by inverting the Tate twists (see [[vol7, 7.6] for details). By
construction, the category of Nori motives HM(k) of Nori’s work [Fak00] coincides with A" (k).
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Lemma 2.10. The functor (24) extends to a faithful exact
(2.5) N(X) = A(X).
Proof. To prove the lemma it is enough to observe that there is a natural isomorphism in DA (X)

between B(Q(Y, Z,n)) and B(Y, Z,n)(1). O

Proposition 2.11. The category # (k) is canonically equivalent to the abelian category of Nori
motives HM(k). More precisely the functor (Z3) is an equivalence when X = Spec(k)

Proof. (See also Proposition 4.12 of the paper [BVHP20] by Barbieri-Viale, Huber and Prest.)
Consider the triangulated functor Ry s : DA« (X) — DP(HM(k)) constructed in Proposition 7.12
of the paper [CGAdS17] of Choudhury and Gallauer. Up to a natural isomorphism, the diagram

Bt}

T

DAci(k) ——= D" (HM(k)) D"(Q)

—
forgetful

is commutative. In particular, it provides a factorization of the cohomological functor H° o Btij,

%o s rgetiu -
DA (k) 2% vy et 7).

This implies the existence of a canonical faithful exact functor .# (k) — HM(k) such that

HoRN, s
/_\
DA (k) oy (k) HM(k)
A

is commutative up to a natural isomorphism. Using the universal properties, it is easy to see that
it is a quasi-inverse to (2.3)). O

The following conjecture seems reasonable and reachable via our current technology.

Conjecture 2.12. Let X be a smooth k-variety. Let A (X) be the category of perverse motives
constructed in [IvolT] and

RLyY : DA« (X) — D (A4 (X))
be the triangulated functor constructed in [[vol6]. Then, the Betti realization Bti is isomorphic
to the composition
forgetful real
DA«(X) = DP(A (X)) == D"(2(X)) == D(X, Q).
If 212 holds then the same proof as the one of Z.11]implies the following

Conjecture 2.13. Let X be a smooth k-variety. Then, the functor (Z3) is an equivalence.

3. UNIPOTENT NEARBY AND VANISHING CYCLES

In [Bei87al, Beilinson has given an alternate construction of unipotent vanishing cycles functors
for perverse sheaves and has used it to explain a gluing procedure for perverse sheaves (see [Bei87al,
Proposition 3.1]). In this section, our main goal is to obtain similar results for perverse Nori
motives. Later on, the vanishing cycles functors for perverse Nori motives will play a crucial role
in the construction of the inverse image functor (see M.
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Given the way the abelian categories of perverse Nori motives are constructed from the triangu-
lated categories of étale motives, our first step is to carry out Beilinson’s constructions for perverse
sheaves within the categories of étale motives or analytic motives (the latter categories being equiv-
alent to the classical unbounded derived categories of sheaves of Q-vector spaces on the associated
analytic spaces). This is done in and 3.4l Our starting point is the logarithmic specialization
system constructed by Ayoub in [Ayo07b]. However, by working in triangulated categories instead
of abelian categories as Beilinson did, one has to face the classical functoriality issues, one of the
major drawback of triangulated categories. To avoid these problems and ensure that all our con-
structions are functorial we will rely heavily on the fact that the triangulated categories of motives
underlie a triangulated derivator.

Only then, using the compatibility with the Betti realization, will we be able to obtain in
the desired functors for perverse Nori motives.

3.1. Reminder on derivators. Let us recall some features of triangulated (a.k.a. stable) deriva-
tors D needed in the construction of the motivic unipotent vanishing cycles functor and the related
exact triangles. For the general theory, originally introduced by Grothendieck [Gro91], we refer
to the works [Ayo07al [Ayo07b] by Ayoub, [CNO8] by Cisinki-Neeman, [Grolll, [Grol3] by Groth
and [Mall2] by Maltsiniotis.

We will assume that our derivator D is defined over all small categories. In our applications,
the derivators considered will be of the form D := DA(S, —) for some k-variety S. Given a functor
p: A — B, we denote by

p":D(B) - D(A), p«:DA) —-D(B), ps:DA) — D(B)

the structural functor and its right and left adjoint. Note that in the literature on derivators, the
notation py is used instead of py. We follow here the notation used in [Ayo07a, [Ayo07b].

Notation: We let e be the punctual category reduced to one object and one morphism. Given a
small category A, we denote by pa : A — e the projection functor and, if a is an object in A, we
denote by a : e = A the functor that maps the unique object of e to a. Given n € N, we let n be
the category

n<---<1+0.

If one thinks of functors in Hom(A°P,D(e)) as diagrams, then an object in D(A) can be thought
as a “coherent diagram”. Indeed, every object M in D(A) has an underlying diagram called its
A-skeleton and defined to be the functor A°? — D(e) which maps an object a in A to the object
a*M of D(e). This construction gives the A-skeleton functor

D(A) — Hom(A°P D(e))

which is not an equivalence in general (coherent diagrams are richer than simple diagrams). We say
that M € D(A) is a coherent lifting of a given diagram of shape A if its A-skeleton is isomorphic
to the given diagram.

We will not give here the definition of a stable derivator (see e.g. [AyoOTal, Definition 2.1.34] or
[Grol3l, Section 1 & Definition 4.1]), but instead recall a few properties which will be constantly
used.

(1) Let p: A — B be a functor and b be an object in B. Denote by ja,, : A/b — A and
Jna : b\A — A be the canonical functors where A/b and b\ A are respectively the slice and coslice
categories. The exchange 2-morphisms (given by adjunction)

b pe = (Pagp)eian i (Pona)sina — b7y
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are invertible (see [Ayo07a, Définition 2.1.34] or the base change axiom Der 3 of [CNO§|, Definition
1.11]).

(2) If a small category A admits an initial object o (resp. a final object o), then the 2-morphism
0* — (pa)y (resp. the 2-morphism (pa).« — 0*) is invertible too (see [Ayo07a, Corollaire 2.1.40]).

(3) Let A and B be small categories. Given an object a € A we denote by a: B — A x B the
functor which maps b € B to the pair (a,b). The A-skeleton of an object M in D(A x B) is defined
to be the functor A°? — D(B) which maps an object a in A to the object a* M of D(B). This
construction gives the A-skeleton functor

D(A x B) — Hom(A°?, D(B)).

This functor is conservative. Moreover if A = 1, it is full and essentially surjective. (See the axioms
Der 2 and Der 5 of [CNO8| Definition 1.11].)

We denote by O = 1 x 1 the category

]

(1,0) =<— (0,0).

We denote by ™ the full subcategory of O that does not contain the object (0,0) and by ir : ™ — O
the inclusion functor. We denote by (—,1) : 1 — " the fully faithful functor which maps 0 to (0, 1)
and 1 to (1,1). Similarly we denote by u the full subcategory of O that does not contain the object
(1,1) and 4, : o — O the inclusion functor. We denote by (0, —) : 1 — 1 the fully faithful functor
that maps 0 and 1 respectively to (0,0) and (0, 1)

An object M in D(O) is said to be cocartesian (resp. cartesian) if and only if the canonical
morphism (ir)y(ir)*M — M (resp. M — (ir).(ir)*M) is an isomorphism. Since D is stable, a
square M in D(O) is cartesian if and only if it is cocartesian.

Let @ be the category

(3.2) (2,1) (1,1) (0,1)

]

(2,0) (1,0) (0,0).

There are three natural ways to embed O in M and an object M € D(M) is said to be cocartesian
if the squares in D(0O) obtained by pullback along those embeddings are cocartesian. A coherent
triangle is a cocartesian object M € D(mM) such that (0,1)*M and (2,0)*M are zero. For such an
object, we have a canonical isomorphism (0,0)* M ~ (2,1)*M[1] and the induced sequence

(3.3) (2,1)*M — (1,1)*M — (1,0)*M — (2,1)* M][1]

is an exact triangle in D(e).

One of the main advantages of working in a stable derivator is the possibility to associate with a
coherent morphism M € D(1) functorially a coherent triangle. Let us briefly recall the construction
of this triangle. Let U be the full subcategory of M that does not contain (0,0) and (1,0). Denote
by v:1 — U the functor that maps 0 and 1 respectively to (1,1) and (2,1) and by w : U — @ the
inclusion functor. The image under the functor

upvy : D(A x 1) — D(A x m)
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of a coherent morphism M in D(A X 1) is a coherent triangle. Using the properties (1—2) recalled
above, we see that (33) provides an exact triangle

(3.4) 1*M — 0"M — Cof(M) — 1" M|[1]
where the cofiber functor Cof is defined by
(3.5) Cof := (1,0) ugv, : D(1) — D(e).

Using the properties (1-3) recalled above, it is easy to see that this functor is also given by
Cof = (Oa 0)*(7"_)]1(_5 1)*

In the exact triangle (84)), the canonical morphism 0* M — Cof (M) is the 1-skeleton of the coherent
morphism (1, —)*uyv. M where (1,—) : 1 — @ is the fully faithful functor that maps 0 and 1
respectively to (1,0) and (1,1). Note that we have an isomorphism of functors

(1, =) ugve M == (0, =)"(i,)" (ir )4 (=, 1)« : D(1) = D(L).

Similarly the boundary morphism Cof(M) — 1*M][1] is the 1-skeleton of the coherent morphism
(—,0)*uyv, M where (—,0) : 1 — @ is the fully faithful functor that maps 0 and 1 respectively to
(0,0) and (1,0).

The construction of the cofiber functor Cof and the cofiber triangle (84) can be dualized to get
a fiber functor Fib and a fiber triangle. Let us recall the following lemma.

Lemma 3.1. Let M € D(O). Then, we have a morphism of exact triangles

Fib((—, 1)*M) — (1,1)*M — (0,1)*M —1=

Fib((—JjO)*M) — (1, Ol)*M ——(0,00"M —~
which is functorial in M. Furthermore, if M is cartesian if and only if the canonical morphism
w: Fib((—,1)"M) — Fib((—,0)" M)
is an isomorphism.

Proof. The first statement follows from the fact that we have functorially defined fibers, as we
just recalled. The second statement is Proposition 15.1.10 of Moritz Groth’s unpublished book
Introduction to the theory of derivators. Let us recall its proof. We have a commutative cube

(1,1)"M ——— (0,1)°M
l “1,0)" M —— (0,0)° M

v
Fib((—, 1)*M) l ..................... >0_.. l
FiE\((—,O)*M) )

The front and back squares are cartesian by definition of an exact triangle. By [Grol3| Proposi-
tion 4.6], the top square is cartesian if and only if the bottom square is cartesian. But the top
square is M and the bottom square is cartesian if and only if u is an isomorphism, hence the result.

O
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There is also a functorial version of the octahedron axiom in D (see e.g. [Grolll Proof of Theorem
9.44] or [Grol3l Proof of Theorem 4.15]), that is, there is a functor ID(2) — D(O) which associates
to a coherent sequence of morphisms a coherent octahedron diagram. Here the category O C 4 x 2
is the full subcategory that does not contain the objects (4,0) and (0,2). In other words, O is the
category

(4,2) (3,2) (2,2) (1,2)
]
(4,1) (3,1) (2,1) (1,1) (0,1)
T
(3,0) (2,0) (1,0) (0,0).

Let W be the full subcategory of O that does not contain the objects (1,1), (2,1), (3,1), (0,0),
(1,0) and (2,0). Denote by w : 2 — W the fully faithful functor which maps 0, 1 and 2 respectively
n (2,2), (3,2) and (4,2) and by w : W — O the inclusion functor. The octahedron diagram functor
is defined to be the functor
wyws : D(2) — D(0).

Denote by sm : 1 — 2 the fully faithful functor that maps 0 and 1 respectively to 0 and 1 and
by fm : 1 — 2 the fully faithful functor that maps 0 and 1 respectively to 1 and 2. Denote also
by cm : 1 — 2 the functor which maps 0 and 1 respectively to 0 and 2. Consider the fully faithful
functor fsq : O — O which maps the square (B to the square

(4,2) =<—(3,2)

]

(4,1) =— (3,1).

Similarly we denote by ssq : 0 — O (resp. csq : O — O) the fully faithful functor which maps the
square ([BI)) to the square

(3,2) =—(2,2) (resp. (4,2) =<—— (2,2)

| ]

(3,0) =<— (2,0) (4,1) =— (2,1)).
We have the following lemma.
Lemma 3.2. We have canonical isomorphisms
fsq wyws >~ (ir)g(—, 1)«fm*,  ssq*wpw, =~ (ir)g(—,1).sm*
and
csq  wpwy > (ir)g(—, 1).cm™.

Proof. Let i : ™ — W be the fully faithful functor that maps (0,1), (1,0) and (1, 1) respectively to
(3,2), (4,1) and (4,2). Since wofm =io(—,1), we get a natural transformation i*w, — (0,1).fm™.
Using the properties (Der1—3), it is easy to see that this natural transformation is invertible.
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Similarly, since w o = fsqoir, there is a natural transformation (ir)4i* — fsq*wy. Again, using the
properties (Der1—3), we see that it is invertible. This provides invertible natural transformations

(ir)gi*ws — (ir )z (=, 1)+fm”

|

fsq* wyws.
The other invertible natural transformations are constructed similarly. O

In particular, it follows from that (3,1)*wyw, is isomorphic to Cof o fm*, (2,0)*wyw, is
isomorphic to Cof osm* and (2, 1)*wjyw, is isomorphic to Cof ocm*. Since the inverse image of wyw,
along the fully faithful functor O — O that maps the square ([B1]) to the square

(3,1) =—(2,1)

|

(37 O) - (27 O)
is a cocartesian square, by B2l and [Ayo07a), Définition 2.1.34], we get a natural exact triangle
(3.6) Cof(fm*(—)) — Cof(cm*(—)) — Cof(sm*(—)) RaNy

Let us recall [Ayo07a, Lemma 1.4.8]. Note that the functors j* : DA(X,J) — DA(U,J) and j, :
DA(U,J) — DA(X,J) used below are induced by the functoriality of the categories of presheaves
on diagrams of schemes (see [Ayo07b| §4.5] for details).

Lemma 3.3. Let J be a small category and j : U — X be an open immersion. Assume that we
have a exact triangle

M = j.j*M — C(M) =
for every given object M € DA(X,J). Then, for every morphism « : M — N in DA(X,J) there
exists one and only one morphism C(M) — C(N) such that the square

C(M)—— M[1]
J{C(a) la[l]
C(N) ——= N[1]
is commutative. Moreover the whole diagram
M —— juj*M —— C(M) —— M[1]
la lj*j*a lc(a) la[ll
N ——j.j*N ——= C(N) —— N[1]
18 commutative.

Note that in loc.cit. the lemma is stated only in the case J = e. However its proof works in the
more general situation considered here.
We will need the following technical lemma.
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Lemma 3.4. Let J be a small category and f :' Y — X be a morphism of separated k-schemes
of finite type. There exists a functor A% : DA(X,J) — DA(X,1 x J) such that, for every M €
DA(X,J), the 1-skeleton of A}(M) is M — f. f*M.

Proof. Consider the diagram of k-varieties (#,1 x J) : 1 x J — (Sch/k) that maps (0,4) to Y and
(1,7) to X and the canonical morphisms of diagrams of k-varieties
(Z,1x7) — = (X,1x9)

[e3%

-~ =

(X,9).

The functor A;i» := B.a” satisfies the desired property.

Remark 3.5. Assume J = e. Given M in DA(X), we have an exact triangle

M = j.j*M — Cof(A5(M)) =5

functorial in M. It follows from [Ayo07a, Lemme 1.4.8] that the functor 4,i'(—)[1] is isomorphic to
Cof o A%(—)
J

Similarly we will need the following lemma. Its proof is completely similar to the one of [3.4] and
will be omitted.

Lemma 3.6. Let J be a small category and f :'Y — X be a smooth morphism of separated k-
schemes of finite type. There exists a functor A!f : DA(X,J) = DA(X,J x 1) such that for every

A € DA(X,J) the 1-skeleton of A!f(A) is fyf*A— A.
Remark 3.7. Assume J =e. Given M in DA(X), as in B.5] we have an exact triangle
Jii'M = M — Cof(AL(M)) *

functorial in M. It follows from (the dual statement of) [Ayo07al Lemme 1.4.8], that the functor
i41*(—) is isomorphic to Cof o A;(—)

3.2. Motivic unipotent vanishing cycles functor. Let f : X — A} be a morphism of k-
varieties. We consider the following diagram of k-varieties

X, X X,

NN

Gt —— AL <"— Spec(k)

where i denotes the zero section of A} and j the open immersion of the complement. We denote
also by ¢ the closed immersion of the special fiber X, in X and by j the open immersion of the
generic fiber X, in X. Let Log; be the logarithmic specialization system constructed in [Ayo07h,
3.6] (see also [Ayolda, p.103-109]). It is defined by

Log; := xs((—) ® f Log") = i"ju((=) ® fr; Log")
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where Zog" is the commutative associative unitary algebra in DA (G, ) constructed in [Ayo07bl
Définition 3.6.29] (see also [Ayol4al Définition 11.6]). The monodromy triangle

(3.7) Q(0) — Log"” o, ZLog” (1) BEN

(see [Ayo07bl Corollaire 3.6.21] or [Ayol4a), (116)]) in the triangulated category DA (G, ) induces
an exact triangle
+1
X7(=) — Logs(—) — Log;(—)(=1) — .
To construct the motivic unipotent vanishing cycles functor, we shall use the fact that the 1-skeleton
functor

DA(A},1) — Hom(1°°, DA(A}))

is full and essentially surjective. This allows to choose an object .# in DA(A},1) that lifts the
morphism Q(0) — j..Z0g" obtained as the composition of the adjunction morphism Q(0) —
7+«Q(0) and the image under j, of the unit Q(0) — Zog" of the commutative associative unitary
algebra Zog". Moreover, using the monodromy triangle ([B8.7)), we can fix an isomorphism between
Zog¥(—1) and the cofiber of j*.% such that the diagram

Q(0) —= Log" — Log¥ (1) —=

| |

Q(0) ——= Log¥ —— Cof (j* &) ——

is commutative.
Consider the object 2 := A%(Z) in DA(A},D) obtained by applying the functor A¥ of B4l Tts
O-skeleton is the commutative square

Q(0) —— j.Zog’

.

3+ Q(0) —— juLog".

Let L be the full subcategory of O that does not contain (0,1). Denote by i, : L — O the
inclusion and by pg, : O — v the unique functor which is the identity on L and maps (0,1) to
(0,0). Consider the functor

O7(=) = (po.)"(i)"Aj((pr)"(-) ® f*Z) : DA(X) — DA(X, D).
By construction, O ¢(—) is a coherent lifting of the commutative square
Id(=) ——j. (7" (=) ® f;ZLog")
33" (=) —= = (3" (=) ® f3 L og").
By pulling back along the closed immersion ¢ : X, < X we get the functor

i*0s(—) : DA(X) - DA(X,,0)
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which is a coherent lifting of the commutative square

i*(—) —— Log;(j* (—

l H

X (7" (=)) —— Log,(j*

Let (—,1) : 1 — O be the fully faithful functor that maps 0 and 1 respectively to (0,1) and
(1,1). In particular, the 1-skeleton of (—,1)*i*©;(—) is the morphism

i* (=) = Log; (% (=)

Definition 3.8. The motivic unipotent vanishing cycles functor @y : DA(X) — DA(X,) is defined
as the composition of (—,1)*i*Os(—) and the cofiber functor:

Oy := Cof o (—,1)*i"Os(—).
By construction, we get a natural transformation can : Log;(—) o j* — ®;(—) and an exact
triangle
(3.8) i — Logp(—) o j* X &y 1
We also get a natural transformation
var : ®5(=) = Log(57(=))(=1)

such that var o can = N. Indeed, let (—,0) : 1 — O be the fully faithful functor that maps 0 and
1 respectively to (0,0) and (1, 0).

The chosen isomorphism between Zog¥(—1) and the cofiber of j*.% induces an isomorphism
between Log(j*(—))(—1) and the cofiber of (—,0)*i*©(—) such that the diagram

X5 (5*(=)) — Log; (*(—)) —— Log; (j*(~))(~1) ———
X5 (j* (=) —= Log;(j*(=)) —= Cof((—,0)*i*O (=) —==

is commutative. On the other hand, the canonical morphism (—,1)*0¢(—) — (—,0)*©s(—) in
DA(X,1) induces a commutative diagram

+1

X7 (5*(=)) — Log (*(—)) —= Cof (=, 0)*i*O(—)) ——=
i* (=) —— Log(j*(—)) —" > $(—) —— .

By applying the coherent triangle functor usv, to the object i*©f(—) of the category DA(X,,0O) =
DA(X,,1 x 1), we get a functor

DA(X) —» DA(X,,1 x m)
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which is a coherent lifting of the commutative diagram

(1,2,1) =—(1,1,1) =— (1,0, 1)
AN AN AN
T (O,Z,l)(é—(O,l,l)(é—(O,l,O)
(1,2,0) <-- T..(1,071)< ......... (1,0,0) T
o ~. ~.
(0,2,0) =<— (0,1,0) =<—— (0,0,0)

and we consider the functor sq : 0 — 1 x M which maps ([B) to the square

(1,0,1) =—(1,0,0)

]

(Oa 17 O) ~ (05 07 O)
inside 1 x M. In the next subsection, we will be mainly focusing on the functor
sq uyv.i* 0 : DA(X) — DA(X,0O)

which is a coherent lifting of the commutative square

Log (4" (=))(=1) ——=x; (7" (=))[1].

Remark 3.9. The square sq*uyv,i*O; is cartesian. This can be deduced from the basic properties
of cartesian squares (for example from [Grol3| Proposition 4.6]).

3.3. Maximal extension functor. Let us now construct Beilinson’s maximal extension functor
Z, (see [Bei87al) and the related exact triangles in the triangulated categories of étale motives.
This will be essential to prove and for gluing perverse motives. By applying the coherent
triangle functor ugv, to the object O(—) in DA(X,0) = DA(X,1 x 1), we get a functor

w005 : DA(X) - DA(X,1 x m)
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which is a coherent lifting of the commutative diagram

Id(=) —— (7 (=) ® f; ZLog") 0

77 N
~ : x :
l .. i. - V H

JxJ* (=) 4&;&(3 (-)® f3Zog") ——=0

S R

N

(Here o is some motive which we do not need to specify). The category 1 x M is given by

(1,2,1) =<— (1,1,1) =— (1,0, 1)
T AN AN AN

00— 4. (j* (= )®f ZLog" (=1)) — jj" (-)[1].

(1,2,0) <] (1,0,1) <= T (1,0,0) T
o ~.. <.

(Oa 27 O) ~ (05 17 O) ~ (05 07 O)
Let 4 be the full subcategory of O that does not contain (1,1). Then 1 x 1 is the category
(3.9) (1,0,1)

(RN

(1,1,0) =— (1,0,0) 0,0
0

(0,1,0) =— (0,0,0).

71)

We denote by «: 1 x 14— @ x 1 the functor which maps [3.9) to

(1,0,1)
AN
(0.1,1) = (0,1,0)
100) T

(0,1,0) < (0,0,0).

—_—

Then, o*uyv,Of(—) : DA(X) — DA(X,1 x 1) is a coherent lifting of the commutative diagram

0
\L\)
3« (3" (=) ® [ ZLog") 0 Id
3« (37 (=) ® [ ZLog¥ (-1)) = juj* (=)[1]

and (0 x Id,)*a*ugv.O¢(—) = (i,)*sq*usv.Of(—). Let §: 1 x 1 — 1 X 1 X 1 be the fully faithful
functor defined by

(0,0,0) + (0,0,0,0)(1,0,0) = (0,1,0,0)
(0,0,1) = (0,0,0,1)(1,0,1) = (0,1,0,1)
(0,1,0) = (0,0,1,0)(1,1,0) = (1,1,1,0).
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The 1 x u-skeleton of the functor

Sy(—) = B" o Al o uyw.0(—) : DA(X) = DA(X,1 x 1)
is now the commutative diagram

0
315 (=) @ frLog") 0 Id(—)[1]
3 (5% (=) ® f3L0g" (=1)) = j=j* (=) (1]

where the non-zero diagonal morphism is obtained via the canonical morphism j; — j. and the
monodromy operator. Note that we have

(0 x Id,)*S; = (0 x Id,)* 0" ugv,© 4(—) = (i,)"sq*usv. © 4 (—).

In particular, we have canonical isomorphisms (0,0,0)*2;(—) = j.j*(—)[1] and
(0,0, 1)"% (=) = 1d(=)[1].
Definition 3.10. Let =5 : DA(X) — DA(X) be the functor defined by
Er(=) = (1,0)"Cof (X4 (=))-
We also define Qy : DA(X) — DA(X) to be the functor
Qp(=) == (1,1)"(i1)« Cof (X5 (=)
By construction, we have an exact triangle

(3.10) Qs(=) = Z4(=) @ (0,1)*Cof (S5 (=)) — (0,0)*Cof (S(—)) - .

Since the canonical morphisms
1d(=)[1] = (0,0, 1)"% (=) — (0,1)"Cof (X (=)
and
Jd" (=)[1] = (0,0,0)"%¢(=) = (0,0)"Cof(£(-))
are isomorphisms, the exact triangle (8:I0) can be rewritten as

Qp(=) = Ep(=) ®Td(=)[1] = juj* (—)[1] + .

On the other hand, we have an exact triangle
* * —_ +1
(1,1,0)"S¢(=) = (0,1,0)"E¢ (=) = E¢(-)
that is an exact triangle
s ek * . 3 * e +1
(3.11) W (=)@ frZLog”) = (57 (=) ® frLog"(-1)) = Ef(—) — .
Proposition 3.11. There are exact triangles

(3.12) iLog(j*(=)) = Zf — juj*(—)[1] =
and

(3.13) 515" ()] = By — iLog (5 (=))(=1) * .
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Proof. Let us first construct (3.12) using the functorial version of the octahedron axiom (see B.TI).
Recall that by definition
Ef(=) = (1,0)"Cof (X4 (=) = Cof((—,1,0)" % (=))-
Let us set
(=) = Al o a*uyv,©p(—) : DA(X) — DA(X,1 x 1 x 1)
so that X(—) = 8" (). Now let v : 2 — 1 x 1 x 4 be the fully faithful functor that maps 0, 1

and 2 respectively to (0,0,1,0), (0,1,1,0) and (1,1,1,0). Recall that cm : 1 — 2 is the fully faithful
functor that maps 0 and 1 respectively to 0 and 2. Then, 8o (—,1,0) = v ocm. In particular, we
get that

(= 1,0)"8s(=) = em™y" X (—).
Using the exact triangle (8.6) given by the functorial octahedron axiom, we get an exact triangle

Cof(fm*y*E’f(—)) = Z¢(—) — Cof(sm*y*E’f(—)) BN

However, by construction, we have an exact triangle

WG (=) @ f7209") = 5.7 (=) ® f5.Log") = Cof (fm*y"T(—)) +5 .

Using .7, we see that Cof (fm"y*¥',(—)) is isomorphic to
ixLogy(j*(=)) = ixi"ju (j" (=) ® [ Log").
On the other hand, sm*y*¥ (=) = (0,1, —)*u3v.© (), so that we get an isomorphism
Cof (fm™y" X% (=)) = (0,0,0) w00 (=) = juj™ (=)[1].
This constructs the exact triangle (312). Consider now the localization triangle

- - R +1
JTEp (=) = Ep (=) = i Ep (=) —

To obtain B.I3) it is enough to check that j*=;(—) is isomorphic to j*(—)[1] and that i*E,(—)

is isomorphic to Log;(j*(—)). The first isomorphism is obtained by applying j* to (3.12) and the

second isomorphism is obtained by applying ¢* to (B.I1).

O
Proposition 3.12. There are exact triangles
(3.14) iLog (55 () — Q2 — 1d(—)[1]
and
(3.15) G ()] = Qp = i@ (—)

Proof. Using (B12), the exact triangle (8I4) is obtained by applying Bl to the cartesian square
(1)« Cof (Xf (=))-
Since j*i, = 0, (3.14)) provides an isomorphism between j*Q¢(—) and j*(—)[1]. Now, consider
the localization triangle
JQ = Q= i (=)
To construct ([B.I5), it is enough to obtain an isomorphism between i*Q(—) and ®;(—). By
definition

(=) = (1,1)7(i1)- Cof ("X (=)).
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However since ¢*j; = 0, the canonical morphism
(0 x Id,)"i"Es(—) = Cof ("X s (—))
is an isomorphism. Given that
(0 x1Id,)"Ef = (0 x Id,)* e ugv.© ¢ (=) = (1) "sq usv. O ¢(—),
we get isomorphisms

(1,1)7(i3)4 (0 x 1) Xy (=) —== (1,1)" (i)« Cof ("4 (=) = i*Qp (=)

(1,1)" (i) (i) s ug v O (=)
By [B.9 the canonical morphism
Dp(—) = (1,1)"sq"ugv. O (=) = (1,1)"(12)«(i1)"sq" ug0. O (=)
is an isomorphism. This concludes the proof. O
3.4. Betti realization. Let X be a complex algebraic variety. Let AnDA(X) be the triangu-
lated category of analytic motives. This category is obtained as the special case of the category
SH{;(X) considered in [Ayol0] when the stable model category 91 is taken to be the category

of unbounded complexes of Q-vector spaces with its projective model structure. Recall that the
canonical triangulated functor

(3.16) i% : D(X) —» AnDA(X)

is an equivalence of categories (see [Ayol0, Théoreme 1.8]). Here D(X) denotes the (unbounded)

derived category of sheaves of Q-vector spaces on the associated analytic space X?". The functor
Any : (Sm/X) — (AnSm/X*")

which maps a smooth X-scheme Y to the associated X?"-analytic space Y*" induces a triangulated

functor

(3.17) An% : DA(X) — AnDA(X).

The Betti realization Bti% of [Ayol(] is obtained as the composition of BIT) and a quasi-inverse

to (B.10).
Let ZogY, be the image under the Betti realization of the motive Zog" and consider the
specialization system it defines

Logy” () = i%j (=) © (fa)-L0g%) : D(X,) — D(X,).

Recall that in we fixed an object .Z in DA(A},1) that lifts the morphism Q(0) — j..Zog"
obtained as the composition of the adjunction morphism Q(0) — 7.Q(0) and the image under j,
of the unit Q(0) — Log" of the commutative associative unitary algebra .Zog" .

Let L% the image in D(X, 1) of Z. Using this object, we can perform the same constructions
as in and using the derivator D(X, —) to obtain functors

=7(-),27(-) : D(X) - D(X)

and
o7(~): D(X) - D(X,)
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and four exact triangles: the two triangles
i7Log? i = B = 37550 5, 5755 0] = B =il Legf (—1) 5
and the two triangles
i7Log? % — Q7 = 1d[1] 5, j7i5 0] » QF —»iZe? T
Moreover, we have canonical natural transformations
Bti* o Log; — Log{ o Bti*, Bti* o &; — ®7 o Bti*

and
Bti* 0 25 — EY o Bti", Bti* 0 Qy — Q7 o Bti*
which are isomorphisms when applied to constructible motives (see [Ayo10, Théoréme 3.9]) and are
also compatible with the various exact triangles.
As proved in [Ayol(, Théoreme 4.9], the Betti realization is compatible with the (total) nearby
cycles functors for constructible motives. In this subsection, we will need the compatibility of the
Betti realization with the unipotent nearby cycles functors.

Lemma 3.13. The functor Log?(—) is isomorphic to the unipotent nearby cycles functor ¢"(—).

Let e : C — C*;z — exp(z) be the universal cover of the punctured complex plane C*. The
group of deck transformations is identified with Z by mapping the integer k € Z to the deck
transformation z — z 4 2i7k.

Let &, be the unipotent rational local system on C* of rank n + 1 with (nilpotent) monodromy
given by one Jordan block of maximal size. It underlies a variation of Q-mixed Hodge structures
described e.g. in §1.1 of Morihiko Saito’s [Sai90a].

Let us recall the description of this local system and relate it to Ayoub’s logarithmic motive
Zog,!. The following description is given in M. Saito, [Sai89, 2.3. Remark]. Let &, be the subsheaf
of e,Qc annihilated by (T — Id)"*! where T is the automorphism of e.Qc induced by the deck
transformation corresponding to 1 € Z. The restriction of T" to &, is unipotent and we denote by
N =logT the associated nilpotent endomorphism.

The sheaf &, is a local system on C* of rank n + 1. Let (&)1 be its fiber over 1. We have an

inclusion
(&)1 C (exQc)1 = H(QC)ink = H Q.
kEZ keZ

Note that the automorphism T' acts by mapping a sequence (ag)rez to (ar+1)kez. Let 7, be the
element in (&)1 given by 7, = (k"/n!)kez. The family (1,7,...,7,) is a basis of (&,); such that
T(1r) = Y 1_o7k/(r — k)! for every r € [1,n]]. The matrix with respect to the basis (1,71,...,7,)
of the unipotent endomorphism 7T of (&) is thus given by >";_(J,,)*/k! where J, is the nilpotent
Jordan block of size n+1 and therefore N is given by the Jordan block J,, in the basis (1,71, ..., 7).

The multiplication e, Qc ® e.Qc — e.Qc induces a morphism of local systems &, @ & — &¢.
In particular, for n € N*, we have a canonical morphism do@l@" — &, which defines a morphism

(3.18) Sym"& — &,.

If 7 := 71, then 7,, = 7" /n! and the above description of &, implies that ([3.I8)) is an isomorphism.

Let us consider the Kummer natural transform ex : Id(—)(—1)[—1] — Id(—) in Betti cohomology
(see [Ayo07b| Définition 3.6.22]). By 5.1 Lemma in M. Saito’s [Sai06], the local system & fits into
an exact triangle

Q-1[-1] ¥ Q- & .
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By [Ayol0, Théoreme 3.19] the Betti realization is compatible with the Kummer transform (for
constructible motives). In particular, we have a natural isomorphism Bti*.¢" — & where ¢ €
DA(G,,) is the motivic Kummer extension, that is, the cone of the Kummer natural transform
for étale motives (see [Ayo07bl Lemme 3.6.28]). Since the Betti realization Bti* is a symmetric
monoidal functor, it induces an isomorphism

Bti* Zog’ = Bti*Sym".# = Sym"Bti*.# = Sym"& —— &,
for every integer n € N. Therefore, we get an isomorphism
(3.19) ZL0gY = Bti* Log" = &

where & is the ind-local system given by & = colim,,enx &
Let K € D?(X,Q), the unipotent nearby cycles functor Y3 is given by

VPNK) = i (K @ (f2)6)
(see [Sai89l (2.3.3)], Beilison’s [Bei87al or Reich’s [Reil(]). With this description, BI3 is an imme-
diate consequence of (FI9).
Corollary 3.14. The functors
PLlogy’ () := Logy (-)[-1], "@7(=):= &7 (—)[-1], PE{(-):=E7(-)[-1]
and
P07 (-) = 07 ()1
are t-exact for the perverse t-structure.

Proof. Since the functor ¥}"(—)[—1] is t-exact for the perverse t-structure, the corollary is an
immediate consequence of [3.13] and the exact triangles relating the various functors. 0

3.5. Application to perverse motives. Now, we can apply the universal property of the cate-
gories of perverse motives to obtain four exact functors

Plogf/ (=) : M (Xy) = M(Xs), POF (=) M(X) — M(X,)
and
PEA (=) M (X) = M(X), PQf (=) : M (X) = M(X).
Moreover we have four canonical exact sequences obtained from the exact triangles relating the four

functors used in the construction. Two exact sequences

M

0 — i PLog (% (=) = P=f* = j" 5%y (=) = 0

and
0= 5i%j% (=) = P=F — i”PLogf (—)(—1) — 0.
As well as two exact sequences
(3.20) 0= i"PLog (7 (=) = PQf (=) = 1d(-) = 0
and
0= ji” ilq (=) = P (=) = iPf (=) = 0.
These four functors and the associated exact sequences are compatible with the various functors

and exact triangles constructed in B.2] and 341
Now we can prove the following theorem.



OPERATIONS ON PERVERSE MIXED MOTIVES 39

Theorem 3.15. Leti: Z — X be a closed immersion of k-varieties. Then, the functor
i M(Z) — M(X)
is fully faithful and its essential image is the kernel, denoted by #7(X), of the exact functor
Jo s MX) = (V)
where j: U — X is the open immersion of the complement of Z in X.
We first consider the case of the immersion of a special fiber.

Lemma 3.16. Let X be a k-variety and f : X — A} be a morphism. Leti: X, < X be the closed
immersion of the special fiber in X and Z be a closed subscheme of X,. Then, the exact functor

i My (Xy) = Mp(X)
is an equivalence of categories.

Proof. We may assume Z = X,. Indeed, let v : X\ Z — X and v : X, \ Z — X, be the open
immersion. By 2.3 applied to cartesian square

X, \Z s x\Zz

Poe

X : X,

we get an isomorphism u* i *_. Since the functor % is conservative (it is faithful exact),
g p M VA *

we see that an object A in .#(X,) belongs to Kerv*, if and only if i:# A belongs to Ker u*,. Hence,
it is enough to show that

A Iy

*

i M(X,) = M, (X)

*

is an equivalence.

Let us show that the functor pfb?/z is a quasi-inverse. Let X, be the generic fiber and j : X, — X
be the open immersion. The exact triangle (B8], provides an isomorphism of endomorphisms of
DA(X,) between i*i. and ®;[—1]i,. By composing with the isomorphism of functors i*i, — Id,
we get an isomorphism of functors between the identity of DA (X, ) and P® ¢[—1]i..

Similarly, we get an isomorphism between the identity of D(X,, Q) and the functor @? [—1]iZ.
Since these isomorphisms are compatible with the Betti realization, the property P2, ensures that
p fIJf“” i is isomorphic to the identity functor of the category .# (X, ).

An isomorphism between the identity of .#x, (X) := Kerj*, and i*,?®; is provided by the
exact sequences

0= i"PLlog (j7y (=) = PQf (=) = 1d(—) = 0
and
0= ji” 5l (=) = PQf (=) = i e (=) = 0
(the first terms vanish for objects in the kernel of j*,). This concludes the proof. O

Proof of[313 Using[2.7 we may assume that X is an affine scheme. Let U be the open complement
of Z in X and let f1,..., fr be elements in &(X) such that U = D(f1)U---D(f,). Let Z,11 = X
and set Zx = Zg41 \ D(fx) for k € [[1,7]]. Let ix : Zp < Zi41 be the closed immersion. We have
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Zy=Zand i = i, 04,1004y, so that the functor i/ : .#(Z) — .#7(X) is obtained as the
composition
(ir)"
%(Z) %Z(ZQ) %Z(Zg) -—)jfz(zk) k—>%Z(X)
By B.I8 all these functors are equivalences. This concludes the proof. O

1)*

4. INVERSE IMAGES

The purpose of this section is to extend the (contravariant) 2-functor “**H* , constructed in
into a (contravariant) 2-functor
*y o (Sch/k) — TR
X — DP(#(X))
f=Fu
To do this, we first use the vanishing cycles functor to show that the (covariant) 2-functor
admits a global left adjoint ImmHjﬂ (we recall that a global left adjoint is unique up to unique

isomorphism and refer to [Ayo07al Définition 1.1.18] for the definition). Then, we show that the
2-functors LiSSHjﬂ and ImmHjﬂ can be glued into a 2-functor H”* .

Imm H///
*

4.1. Inverse image by a closed immersion. By [Ayo07a, Proposition 1.1.17], to show that
ImmH"” admits a global left adjoint ImmH* it suffices to show that for every closed immersion
: Z < X the functor iz# admits a left adJomt this in turn is proved in 2

Theorem 4.1. Leti: Z — X be a closed immersion. Then, the functor
i : D*(M(2)) — D°(A (X))

is fully faithful and its essential image is is the kernel, denoted by DY (.# (X)), of the exact functor
Jla : DX (M (X)) = DO (A (U))

where j : U — X is the open immersion of the complement of Z in X.

Proof. We know that the essential image of ¥ : D(.#(Z)) — DP(.#(X)) is contained in
DY (.#(X)) by B We now want to prove that the functor i:# : D*(.#(Z)) — DY (#(X))
is an equivalence of categories. Note that the obvious t-structure on DP(.#(X)) induces a t-
structure on D% (. (X)), whose heart is the thick abelian subcategory .#z(X) of .#(X). By B8]
the functor % : .#(Z) — .#(X) induces an equivalence of categories .#(Z) — #7(X). So, by
[Bei87c, Lemma 1.4], the functor i7 : DP(.#(Z)) — DY (# (X)) is an equivalence of categories if
and only if, for any A, B in .#7(X) and ¢ > 1, and any class u € Exti/[(x)(A,B), there exists a
monomorphism B — B’ in .#7(X) such that the image of u in Extiﬂ(x)(A, B')is 0.

Suppose that j : V < X is an affine open immersion, that A is an object of .#(X) and that B
is an object of .# (V). Let ¢ > 1. Then, we have

Extyx) (4, 5% B) = Bxt!y (1) (774 A, B)
by 2.5, and, if u € Exti//[(v)(jjﬂA,B) and B < B’ is a monomorphism of .Z (V') such that the
image of u in Exti/[(v)(jjﬂA,B') is 0, then, the image in Exti/[(x)(A,j:”B’) of the element of
Extiﬂ(x (A, j# B) corresponding to u is also 0. Applying this to an open cover j; : Uy < X,
: U, = X of X by affine subsets and using the fact the canonical map B — @._, (j,):% (]T)%B
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given by is a monomorphism for every object B of .#(X), we reduce to the case where X is
affine.

If X is affine, then, as in the proof of 315l we write ¢ = i,.0---0iy, where 7y = Z, Z.11 = X, and,
for every k € {1,...,7}, i : Zp — Zp41 is the immersion of the complement of an open set of the
form D(f), with f € €(Zj41). 1t suffices to show that each (ix)* : DP(#(Zy)) — DY (M (Zry1))
is an equivalence of categories. So we may assume that there exists f € €(X) such that 7 is
the immersion of the complement of D(f). In that case, we showed in the proof of that
the trivial derived functor of the exact functor pr)Ji” : M(X) — A (Z) induces a quasi-inverse of

i/ D (M (Z)) — DY (A (X)). 0
Proposition 4.2. Leti: Z < X be a closed immersion. Then, the functor
i : DP((Z)) — DP (A (X))
admits a left adjoint.
Proof. By 1] it suffices to show that the inclusion functor
(4.1) DY (.4/(X)) — DP((X))

admits a left adjoint C®. Let j : U — X be the open immersion of the complement of Z in X.
Let us first assume that U is affine. In that case, given A in CP(.#Z (X)), we define C*(A) as the
mapping cone of the canonical morphism j;”j*, A — A given by This construction induces
a triangulated functor C* : DP(.#Z(X)) — DP(.# (X)) and there is a canonical exact triangle
§i%i*yA— A— C*(A) — ji” j*,A[1], which shows that C* takes its values in the full subcategory
DY (#(X)). Let B € DY (.#(X)). Using the long exact sequence associated with this triangle and
which ensures that

Homps (4 (xy) (5% §%4 A, B[n]) = Homps (g (o)) (37 As 57 Bln]) = 0,
we get a functorial isomorphism
HOHlDb(///(X)) (O.(A), B) E—> Home(//,(X)) (A, B)

as desired.

In the general case, the adjoint C'* can be constructed by considering a finite set I and an affine
open covering % = (j; : Uy — U);er. For every J C I, let j; be the inclusion (), ; U; — X. We
define an exact functor C* : .#(X) — CP(.# (X)) in the following way. Let A be an object of
A (X). We set:

0 ifi>1
ci(A)={ A ifi=0
Dici iy gj=iGN?G1)igA  ifi < -1

The differential of C*(A) is an alternating sum of maps given by Then, the left adjoint of
DY (# (X)) — DP(# (X)) is the functor sending A® to the total complex of C*(A*®). O

Let Z be a closed immersion such that the open immersion j : U < X of the complement of Z
in X is affine. It follows from the proof of that we have a canonical exact triangle

. 2 1
j%]%%ld—)l{lliﬂ———ﬂ .
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Moreover the diagram

+1

(4.2) §iZ jsrat¥ rat& i7iratf ——
lef’ J{e;’f
§Zrati j*, rat/ iZrat s, — >
l/’fﬂ J{(%’”)l
rat i j*, rat rat it s

is commutative (the morphisms in the second row are those obtained by adjunction from 9{” and
the inverse of 9;” ).

Lemma 4.3. Leti: Z — X be a closed immersion. Then, the natural transformation
0:7 - ity oratd — ratf oi’,
1s invertible.

Proof. The statement is local on X, so we may assume that X is affine. Then, as in the proof
of B1] we can write ¢ = 4, 0 ... 014y, where each i, is a closed immersion with affine complement.
Using the compatibility of the 2-morphisms 67 with the composition of morphisms in ™™ (Sch/k)

we may assume that the open immersion j : U < X of the complement of Z in X is affine. Then,

our assertion follows from ([@2) and the conservativity of the functor iZ. O

4.2. Gluing of the pullback 2-functors. Let us fix a global left adjoint ImmHjﬂ of mmH-#  To
be able to glue the 2-functors ™™H*, and “$H*, using [Ayo07a, Théoréme 1.3.1], it suffices to
construct, for every commutative square

(4.3) x oy
N
X—tsvy
such that 7,7 are closed immersions and f, f’ smooth morphisms, a 2-isomorphism

(4.4) iy ofin = flyoita
and prove that these 2-isomorphisms define an exchange structure, that is, they are compatible with
the horizontal and vertical composition of commutative squares (see [Ayo07a, Définition 1.2.1]).

dg-enhancements. For the general theory of dg categories we refer to Drinfeld’s [Dri04], Keller’s [Kel94)
Kel06] or Toén’s [Tofrm[o]-1]. Let A be an abelian category. We denote by Ggg (A) the dg category
of bounded complexes of objects of A and by ®3g (A) the dg quotient of Ggg (A) by the subcategory
of acyclic bounded complexes (for a simple construction of the dg quotient see [Dri04 §3.1]). The
bounded derived category DP(A) of A is the homotopy category of the dg category CDgg (A). We

let rep('DSg(.A), CDSg(B)) be the category of dg quasi-functors from 'Dgg(.ﬁl) to 'Dgg(B) (this cate-
gory is denoted by T(CDgg (A), 'Dgg(B)) in Vologodsky’s paper [Vol10]). Let us recall the following
particular case of [Vol10, Theorem 1].
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Proposition 4.4. Let A, B be abelian categories and F,G € r(A,B) be dg quasi-functors. As-
sume that the induced triangulated functors F,G : DP(A) — DP(B) are t-exact for the classical
t-structures. Then F,G are respectively canonically isomorphic to the functors induced by the exact
functors H'F : A — B, H°G : A — B and the canonical map

Hom,op(py ()08 (2)(FG) = Hompey(a,5)(HF, H'G)
is an isomorphism.

A triangulated functor D”(A) — DP(B) is said to be dg enhanced if it is induced by some dg
quasi-functor in rep('Dkd’g(.A), CDgg(B)). Note that a composition of dg enhanced functors is also dg
enhanced.

Remark 4.5. Let i : Z — X be a closed immersion and f : X — Y be a smooth morphism of
quasi-projective k-varieties. By construction the triangulated functors i:# and f*, are dg enhanced.
This is also the case of the triangulated functor

i*y : DX (A (X)) — D" ((2)).
Indeed, let j : U — X be the open immersion of the complement of Z in X and fix a finite open
covering of U by affine open subsets. Let @Bgz(/fl(X)) be the dg full subcategory of Qgg(///(X))
formed by the complexes that belongs to D% (.#(X)). We have then dg-functors

A ce

(4.5) DY (M (Z)) —— D, 5 (A (X)) <—— DY, (A (X))

where C* is the dg functor constructed (using the given open covering of U by affine open subsets)
in the proof of Since the dg-functor on the left is a quasi-equivalence, the diagram (£3]) defines
a quasi-functor from ﬂgg(///(X)) to ®3g(///(Z)) that induces the triangulated functor i*,.

Gluing of the 2-functors. Let us now start with the construction of the 2-isomorphisms ([4]).

Step 1: When the square ([£3) is cartesian the 2-isomorphism (4] is obtained by considering the
exchange structure “# Ex* on the pair ("™mH:# LiSSHjﬂ) obtained in 23] (in this exchange structure,
all squares are cartesian). By applying [Ayo07a, Proposition 1.2.5], we get an exchange structure
“ Ex** on the pair ("™mH*, MH* ) for the class of cartesian squares (3). The uniqueness in
loc.cit. implies that this exchange structure lifts the trivial exchange structure on (T™mH?,, HssH))
given by the connection 2-isomorphisms of the 2-functor H,. In particular, the conservativity of
the functors rat : D*(.# (X)) — D(2(X)) implies that “# Ex** is an iso-exchange.

Step 2: Let us consider a commutative triangle

(4.6) X—sv
RN
S

in which ¢ is a closed immersion and f, g are smooth morphisms. As preparation for the construction
of the 2-isomorphism (£4]), we first construct a 2-isomorphism

(4.7) Caofou = Su
To do this, observe that, if d is the relative dimension of g, then the triangulated functors i*, 0 f*,[d]
and g*,[d] are t-exact for the classical t-structures. This is a vanishing statement that can be checked
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after application of the functor rati and, for perverse sheaves, it follows from [BBDS82, 4.2.4] since
g% and iy o f%, are isomorphic. Moreover both functors are dg enhanced by
By 4 to construct (7)), it is enough to construct a 2-isomorphism

(4.8) Ca © Fonld) = gald]
where both functors are exact functors from .#(S) to .#(X). Therefore, it suffices to prove the

following proposition.

Proposition 4.6. Consider the commutative diagram ([EG). Let A be an object in A4 (S) and let K
be its underlying perverse sheaf. Then, the canonical morphism of perverse sheaves im0 f5,[d)(K) —
i ld)(K) lies in the image of the injective morphism

(4.9)  Hom g4 (x)(i%g © fi|d](A); g7 [d|(A)) = Homz(x) (% o [[d|(K), g[d](K)).
Remark 4.7. Note that the map (£3) is obtained via the functor rat using the invertible natural

transformations f3, o ratZ — raty? o f*,, gl orat& — ratf o g*, and i*, oraty? — ratZ oi*,
which have been previously constructed.

Proof. Step (a). Consider a commutative diagram

X/#Y/

where ¢ is a closed immersion, f,g are smooth morphisms and u is an étale morphism. By step
1, we have a natural transformation i, o u*, — v*, oi*, that lifts the corresponding natural
transformation in the derived category of perverse sheaves. Assume the proposition true for the
diagram (.6). Then, the morphism i¥,0 f2,[d](K) — g%, [d](K) lifts to a morphism i*, 0 f*,[d](A) —
g*,d](A). By applying v*, to this lift we obtain a morphism "%, o % [d](A) — ¢}, [d](A) that lifts
the morphism 4’5, o f5;[d](K) — ¢'7,[d](K). This shows, in particular, that if the proposition is true
for the diagram (Z0) then it is also true for the diagram

’

X sy
\ lf/
g9
S.

Step (b). Let % = (Yo )aer be a finite Zariski open covering of Y and consider for every a € T
the commutative diagram

X, 25y,
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where u,, is the open immersion of Y, in Y. Note that the canonical morphism of perverse sheaves
i o f5[d](K) — g%[d](K) is obtained by gluing the morphism i, 5 o f5 5[d](K) — g}, 5[d](K)
along the Zariski open covering 2" = (Xa)aes of X. Hence it follows from step (a) and E7 that
the proposition is true for the diagram (46]) if and only if it is true for the diagrams

Xagya

ENC

S.

Step (c¢). By step (b) the problem is local on Y for the Zariski topology. Since both Y and X
are smooth over S, we may assume that there exists a cartesian square

X—" vy

where u is an étale morphism. Using step (a) and induction, we are reduced to proving the propo-
sition in the case

d s d+1
AS AS

N

where p and 7 are the projections and s is the zero section. By considering the factorization

d s d+1
A —— Ay

NS

N AL |y
S

and observing that the functors 7*,[d], 7%, [d] are exact, we may further assume d = 0.

Step (d). It remains to prove the proposition in the case of the diagram

S’—S>A15

N

S

where s is the zero section and p is the projection. Let f : AL = A xS — A! be the first projection,
a: G xS — Al x S be the inclusion. We set ¢ = poa. Given a motive B € .#(A}), consider the
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connecting morphism B — s;{””Log?ﬂ(ajﬂ(B))[l] in Db(///(Als)) obtained from the exact sequence
(320). By adjunction, we get a morphism s*,(B) — pLog?ﬂ(ajﬂB)[l] in the category DP(.Z(S)).
Taking B to be the perverse motive B = p*,[1]A, we get after a shift a morphism

$tu oy (A) = Plog’ (74 [1](A))

in DP(.#(S)). As both objects are concentrated in degree zero, the above morphism is actually
a morphism in the abelian category .#(S). Moreover, it is an isomorphism since it is on the
underlying perverse sheaves. Moreover, we know that the square

Hom 4 s)(PLog# (¢%,[1](A)), A) — Hom z(s) (PLog? (¢5»[1](K)), K)

- l~

Hom (s, (s%y © 2y (A), A) Hom g (s) (5% 0 pip(K), K)

is commutative. Hence, to conclude, it suffices to show that the canonical morphism of perverse
sheaves

(4.10) PLog{ (4% [1)(K)) = K

lifts to a morphism pLog?/[(qj”[l](A)) — A in the abelian category .#(S). By construction of the

exact functors pLog?ﬂ and ¢*,[1], this is an application of the property P2, since (£I0) is the Betti
realization of a natural transformation

Logs(¢"(—)) = 1d

in the triangulated category of étale motives on S. |
Lemma 4.8. Consider a commutative diagram

X ‘sy_—*t.7

=

in which i,s are closed immersions and f, g, h are smooth morphisms. Then, the diagram
. * * o * *
CwoSuoly —=0u° Gy —=Ny
(soi)*,of*,

18 commutative.

Proof. The lemma follows from the analogous statement for perverse sheaves. Indeed, let d be the
relative dimension of h. It suffices to show that the diagram

P 087 0 Fld) —— 1%y 0 g% [d] — 1%, 1d]

]

(soi)*, o f*,d]
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is commutative. Since all functors in this diagram are dg enhanced and t-exact for the classical
t-structures, by [£.4] it suffices to check the commutativity of the diagram induced on the hearts.
This can be checked on the underlying perverse sheaves. O

Step 3: To construct the 2-isomorphisms (£4) in the general case, we can decompose the com-
mutative square (L3) as follows

111 ;11

X 2 > Xxy V21—V’

Nk

X—Y

"

where """ are closed immersions and f” is a smooth morphism. Then, using the iso-exchange

constructed in step 1, the 2-isomorphism of step 2 and the connection 2-isomorphisms of the 2-
functor ™mH*, we get (£4) as the composition

ifj”of;lii%oi”jlofjﬂii%o %ozjﬂif;/ozj”

Lemma 4.9. Let
Xy 2.y
oo A
X —=vy
be a commutative diagram of morphisms of k-varieties in which g, f are smooth and i, s are closed
immersions. Consider the commutative diagram

Then, the following diagram is commutative

(s0i)iqogy—=iyosyogy ——="1iyofy——="Fyoi"y

(i”os/)jﬂogjﬂ—:>s;[oiz;logjﬂ—>s;[og;[oii”—>- ;{oijﬂ.

Proof. By adjunction, it is enough to show that the diagram

s*y0gtyoifA—— [ 0i#A——= "o f"A

T

* oi;’//[og’/’;{A—>i;“”os;[og;{A

S
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is commutative for every object A in DP(.#(X)). Since all the entries of the above diagram are
dg enhanced and t-exact functors up to a shift by the relative dimension d of f, by [£4] it suffices
to check the commutativity of the diagram induced on the hearts. This can be checked on the
underlying perverse sheaves. 0

Lemma 4.10. Consider a commutative diagram

m which 1,1 are closed immersions and all other morphisms are smooth. Then, the diagram

-/ !/ - !/ /
Vo S0 Gu — Fuou Sy —= Fu°9u

; -

ES * 1%
iy ohly hy

1s commutative.

Proof. Let d be the relative dimension of A'. It is enough to check that the diagram

Z’/*”ofj” ogj”[d]—> L;loij”ogj”[d]—> ;log’;;l[d]

; ;

Uu © Woyld] o ld]

is commutative. Since all functors in this diagram are dg enhanced and t-exact for the classical
t-structures, by [£4] it suffices to check the commutativity of the diagram induced on the hearts.
This can be checked on the underlying perverse sheaves. O

Proposition 4.11. The 2-isomorphisms [@4) define an exchange structure i.e., they are compatible
with the horizontal and vertical compositions of commutative squares.

Proof. e Horizontal composition of squares. Consider a commutative diagram

(4.11) 7 2o x oy

lf” f J/f
P .

s XtV
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in which 4, s,i’,s’ are closed immersions and f, f/, f”/ are smooth morphisms. We have to prove
that the diagram

% *

(i"o8') 7y o iy fzoios)y

[ ;

is commutative. Let us decompose (1)) the following ways:

(4.12) 7 ——=7Zxx X —X —= X xy YV —=Y'
\J/ O l/ D/
Z X Y
and

7' — =7 xyY —=Y'

G

Z —Y.

Since Z xx (X Xy Y') = Z xy Y’ we can rewrite the portion

ZXXX/—>X/—>-X XyY’

| o |7

A X

of the diagram (£I2) as

ZXXX/—>ZXyY/%XXyY/

\lml

A X.

Therefore the desired compatibility is a consequence of 23] and

e Vertical composition of squares. Consider a commutative diagram

(4.13) xr oy
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in which ¢,4',4” are closed immersions and f, g, f’, g’ are smooth morphisms. We have to prove that
the diagram

iz o(fog)y (f"od)uoily
U © 9w © Lo —= 9 oy o fly ——= 9 o fy o iy
is commutative. We can refine (.13)) into the following commutative diagrams
X// X/ XY/ Y// X XY Y// Y//
X — s XXy YV — Y’

| o

X—Y

or
X// X XY Y// Y//
| = |
X Y.
The desired compatibility is now a consequence of 2.3 .10 and .8 O

5. MAIN THEOREM

In B we have shown that the unipotent nearby and vanishing cycles functors can be defined at
the level of perverse Nori motives.

Our goal is to prove that the four operations (O] can be lifted to the derived categories of
perverse Nori motives. To obtain these various functors

5.1) DV (X)) = DY (V) - DV (ot (X))
i i

(and their compatibility relations) with the least amount of effort, we have chosen to follow Ay-
oub’s approach developed in [Ayo07a] around the notion of stable homotopical 2-functor, which
encompasses in a small package all the ingredients needed to build the rest of the formalism.

5.1. Statement of the theorem. As before, (Sch/k) denotes the category of quasi-projective
k-varieties. Recall that a contravariant 2-functor

H* : (Sch/k) — TR
is a called a stable homotopical 2-functor (see [Ayo07a, Définition 1.4.1]) when the following six
properties are satisfied.
(1) H(@) =0 (that is, H(@) is the trivial triangulated category).
(2) For every morphism f: X — Y in (Sch/k), the functor f*: H(Y) — H(X) admits a right
adjoint. Furthermore for every immersion ¢ the counit ¢*i, — Id is invertible.
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(3) For every smooth morphism f: X — Y in (Sch/k), the functor f*: H(Y) — H(X) admits
a left adjoint fy. Furthermore, for every cartesian square

x 2o x

T
yvi_ 9.y
with f smooth, the exchange 2-morphism f;g"™ — g*f; is invertible.
(4) If j : U — X is an open immersion in (Sch/k) and i : Z — X is the closed immersion of
the complement, then the pair (j*,4*) is conservative.
(5) If p: AL — X is the canonical projection, then the unit morphism Id — p,p* is invertible.
(6) If s is the zero section of the canonical projection p : AL — X, then pys, : H(X) — H(X)
is an equivalence of categories.

The main theorem of [Ayo07a] says that these data can be expanded into a complete formalism
of the four operations (see [Ayo07al Scholie 1.4.2]).

Theorem 5.1. The contravariant 2-functor H*,, constructed in[4] is a stable homotopical 2-functor
is the sense of [Ayo0T7a, Définition 1.4.1], and (rat?,0?) is a morphism of stable homotopical
2-functors.

In particular, we can apply [Ayo0T7al, Scholie 1.4.2] to get the functors (B1). The next subsection
is devoted to the proof of Bl and the reader will find some applications of the main theorem in

b4

5.2. Proof of the main theorem (B.]). We start by showing the existence of the direct image
functor. The most important step is the proof of the existence of the direct image by the projection
of the affine line A} onto its base Y.

Proposition 5.2. For every morphism f: X — Y in (Sch/k), the functor
Fou :D*(A(Y)) = D°(A (X))

admits a right adjoint f#. Moreover
M

*

(1) ifi: Z — X is a closed immersion, the counit of the adjunction i*,i
(2) the natural transformation

— 1Id is invertible;

At £ [P
obtained from 9]{” by adjunction, is invertible;
(3) ifp: Ak — X is the canonical projection, then the unit morphism Id — piﬂpjﬂ is invertible.

Proof. In the proof, all products are fiber products over the base field k and A' is the affine line
over k.

Step 1: Suppose first that f is a closed immersion. Then f7, admits f# as a right adjoint by
construction of f*,, we know point (2) by €3, and point (1) is true by (2) and by conservativity of
ratj?l .

Step 2: Now we consider the case where f is the projection morphism p : X := Al - Y. As
before, if we can prove that p*, admits a right adjoint satisfying (2), then point (3) will follow
automatically.
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We consider the following commutative diagram:
AlXY <2 A'xA'XY ~——UxY

R

Y Al xY
P Id

Al xY

where ¢; = Ida1 X p, go is the product of the projection A! — Speck and of Ida1yy, i is the
product of the diagonal morphism of A' and of Idy, and j is the complementary open inclusion.
We also denote by s : Y — A! x Y the zero section of p. By the smooth base change theorem (or a
direct calculation), the base change map p*&;,pf‘a = q7 ¢4 is an isomorphism, so we get a functorial
isomorphism pZ’ ~ s:;zp’f@pfZ — s’f@qiefq;y.

Let K be a perverse sheaf on Y. Then L := ¢, K][1] is perverse, and we have i, L = K[1], so
we get an exact sequence of perverse sheaves on A! x Y

0—=i7K = j7j%L — L —0.
Applying the functor ¢ and using the fact that ¢; 04 = Ida1y, we get an exact triangle:
* . Pk +1
WK = K = alji’ il — .
We claim that ¢/ j!‘g‘a JeL is perverse. Indeed, this complex is concentrated in perverse degrees —1
and 0 by [BBD82, 4.1.1 & 4.2.4]. So we just need to prove that M := PH™1q{/j? 5%, L is equal
to 0. By [BBDS82, 4.2.6.2], the adjunction morphism ¢}, M[1] — j”j% L is injective; we denote
its quotient by N. Then, as q; 0 = Ida1,y and i%,j7 = 0, we have i% N = M|2]. But i is the
complement of an open affine embedding, so %, is of perverse cohomological amplitude [—1,0] by
[BBD82| 4.1.10], hence M = 0.
Finally, we get an exact sequence of perverse sheaves on A x Y:
0= PHY G5 K = K = aiL 3" a0 K[1] = PH'¢ g5 K — 0.
Consider the functors Fg, G : (Al x Y) — DP(Z(A! x Y)) defined by
Fo(K) =K
and
Co(K) = q705 itpas0 K[1].
We have just proved that these functors are t-exact (of course, this is obvious for the first one) and
that there is a functorial exact triangle

P +1
et = Fop = Gop — .

The functors Fs and G4 are defined in terms of the four operations. The existence of these
operations in the categories DA (—) and the compatibility of the Betti realization with the four
operations (see [AyolO, Théoréme 3.19]), imply by the universal property of the categories of
perverse motives that there exist:

e two exact functors
Fu.Guy: M(A*<XY) = #(A' xY),

e a natural transformation F_, — G_4, and
e two invertible natural transformations ratﬁ"’1 wy°F.# — Fzo ratﬁ"/1 «y and ratﬁ"’1 v oGz —

Gy o ratj,f’lxy
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such that the diagram
rat{i .y o Fy ——ratfh , oGy

| |

M M
Fo oratyl v —— Gy oratyl,y

is commutative.

Given a complex M*® of perverse motives on X = Al x Y, let H_4(M*) be the mapping fiber of
the morphism F_4,(M?®) — G_z(M?*) of complexes of perverse motives on X. We get a triangulated
functor

H :DP(#(A' xY)) = DP(# (A xY)),
and the Betti realization of H_; is isomorphic to qief qg‘@
We now define a functor
=5y H 4 (=) : DX (A (A x Y)) — DP((Y)).

By construction of p;, we have an invertible natural transformation

ratj&ﬂl xypf” - pfzratj&ﬂl XY
Note also the following useful fact. We denote by f : Al x Y — A! the first projection and
by a: G,, xY — A! x Y the inclusion. Then applying s*, to the connecting map in the exact
sequence ([320) in B35, we get a natural transformation

sty = Plogfa’,[1],

whose composition with the functor H_4 is invertible. Indeed, we can check this last statement after
applying the functors rat , and then this follows from the exact triangle ¢, ¢3? — F» — G AN
and the fact that the composmon of the natural transformation s% — Logf a’p[1] and of the
functor ql‘%qg‘@ ~ p’g;,pfz ~ Qa1 X p? is invertible. As the functor pLogflajﬂ is exact, we get an
isomorphism from p;? to the mapping cone of the morphism of exact functors pLogf” a*yoF 4 —
pLogf"”ajﬂ oG y.

Let us prove that the functor p# is right adjoint to the functor Py Let ne i Id — p?p*g, and
O : p’g;,pfz — Id be the unit and the counit of the adjunction between p%, and p7%,. It suffices to

lift o and 6 to natural transformations 7,4 : Id — pZ# Pty and b 4 : pjﬂp{” — Id such that the
two natural transformations

Py Nt S
Py = p//(p. Py —> Pu
and
o napd w p 4

Do —>po p//{po —>po
are isomorphisms and the first one is the identity (see Section 3.1 of M. Saito’s [Sai06]). Note that
the fact that these natural transformations are isomorphisms will follow automatically from the
conservativity of the functors ratZ.

We first construct 17,,. Let us first show that G_4op*, = 0. As the functors rat)"{’ are conservative,
it suffices to prove that Gg op%, = 0. Let k: U — A' x A be the open immersion (remember that
U is the complement of the diagonal in A! x A'), so that j = k x Idy, and let 7 : A! x At — Al
be the first projection, so that ¢; = m x Idy. Then

G oply = 4l2ii iptsopia 1] = i (K Qu) R —)[1] = (n” k" Qu) B (-)[1],
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so it suffices to show that
Zk?7 Qu = 0.

Let A: Al — A! x A! be the diagonal embedding. Then we have an exact triangle

41
FQu — Qarxar — A.Qar —,

so, applying 77, we get an exact triangle
1d
7k Qu = Qar > Qar 5,

and this implies the desired result.
Now that we know that Gz op*, = 0, we get H_4 op*, = p*,, hence p{//pjﬂ = sjﬂoH//[ogj/[ =
s*,p*,, and we take for .4 : Id — p p*, the inverse of the connection isomorphism s*,p*, — Id.
Next we construct 4. First we define a functor ¢;%7 : DP(# (A xY)) — DP(# (A x A xY))
in the same way as p;Z. That is, we consider the commutative diagram

A'x Al xY <2 A'x A'xAlxY <~ AlxUxY

.

A1><Y<TA1><A1><Y<TA1><A1><Y

where 7, = Ida1 X q1, 72 = Ida1 X g2, T =Ida1 xiand J =Ida1 x5, and we set t =Ida1 xs: Al x
Y — A'xA!'xY. Then the functors F/,, G from DP(2(A! x A1 xY)) to itself defined by F/;, = Id
and Gy = r{7 J;7 J %75 5 [1] ave t-exact and we have a natural transformation F;, — Gj,. As before,
we can lift these functors and transformation to endofunctors F/,, — G',, of D*(.Z (A x Al xY)).
We denote by H’,, the mapping fiber of F/, — G/, and we set ¢i? =t*,oH’,. Also, if we denote
by f/: Al x Al x Y — A! the second projection and by a’ the injection of A x G,, x Y into
Al x A XY, we get as above an invertible natural transformation from ql/f[ to the mapping cone
of the morphism of exact functors pLog?/{(a’)jﬂ oF' , — pLog?/{(a’)jﬂ oG ,.

Let’s show that the base change isomorphism p*g,p? = g ¢ lifts to a morphism pjﬂp{” —
qi% g3 , (which will automatically be an isomorphism). We have invertible natural transformations
Foodiy ~ a¢spoFs and Gy 0 ¢34 ~ ¢354 0 Go. As all the functors involved are t-exact up
to the same shift, the transformations lift to natural transformations F , o ¢} , ~ ¢3 , o F.» and
G, od¢ 4~ a5 406G x, and induce an invertible natural transformation H’ , o¢; , ~¢; , oH 4.
Composing on the left with t*, and using the connection isomorphism t*,q; , ~ p*,s*,, we get
the desired isomorphism pj/[pf” = q{f{ Gy

Composing this isomorphism with the unit of the adjunction (i*,, i) and using the connection
isomorphism *,¢q5 , ~ Id gives a natural transformation pj/[pf” — q{f{ i%. Tt remains to show
that the isomorphism ¢{7iZ ~ Id lifts to a natural transformation ¢;%i:# — Id. First we note that
the functors

(5.2) PLog} (a')ypriirs?iZ (1]

and
PLog (a)opris 17 Tors 7 i (1]

are t-exact and the counit of the adjunction (J;” ,J%) induces a natural transformation from
the second one to the first one. Hence, the functor (5.2) induces an exact endofunctor H” of
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AM(A' X Y), together with a natural transformation ?Log™ (a Nty oG, oi —H",. Butwe also
have an invertible natural transformation of ¢t-exact functors

Idps(m(atxy)) = tq77 q7i2 (connection isomorphisms)
St ry 51 (base change)
= pLogf/( a'Vprdrs 512 [1] (by BH as above)

and all the maps in it are defined in the categories DA (—), so it induces an invertible natural
transformation Id 4 (a1 xy) — H’,. Composing it with PLog” (a a), oG ,o0i — H', and using
the isomorphism from ¢;Z to the mapping fiber of pLog’”(a’)j/[ oF, — Plog ’(a’)j/[ oG ,, we
finally get the desired natural transformation §_y:

Piand S a3 — i — Plog”(a/)y 0 G yoi — HYy ~Tdpeg(arxy))-
Finally, we check that the natural transformation

«  Pluna SuPly
Pouw — p//zp. Pw —— Dlu
is the identity. The two functors p*,pp*,[1] and p*,[1] are exact and equal to the derived functor
of their H?, and the natural transformations

D) 0.0y D Dy (1] = DYy [1]

are also defined by extending their action on the H%’s, so it suffices to check that they are equal on
these H"’s. But this follows from the analogous result for the category of perverse sheaves.

Step 3: We can now use the Brown Representability Theorem to see that the proposition is true
more generally if f is the projection p: X := E— Y of a vector bundle E on Y. Indeed, given a k-
variety S, let Ind(.#Z(S)) be the abelian category of Ind-objects of .#(S) and consider the bounded
derived category DP(.#(S)) as a full subcategory of the unbounded derived category D(Ind(.#(S)))
(see e.g. Theorem 15.3.1 of Kashiwara—Schapira’s book [KS06]). As the morphism p : E — Y is
smooth, the functor p*, extends to a triangulated functor L : D(Ind(.#(Y))) — D(Ind(.Z(E))).
By the Brown Representability Theorem (see e.g. Theorem 4.1 of Neeman’s article [Nee96] or
the book [NeeOl] by the same author), the functor L admits a right adjoint R : D(Ind(.#Z (E)) —
D(Ind(#Z(Y))).

To prove that p*, admits a right adjoint p, it suffices to check that, given M € DP(.#(E)),
the object R(M) belongs to the subcategory DP(.#(Y)). This can be checked on a finite Zariski
open covering of Y that trivializes E and thus follows from the case of a projection Aj. — Y proved
in step 2. That p# satisfies (2) can again be checked on a finite Zariski open covering of Y that
trivializes £ and we conclude using step 2.

Step 4: By steps 1 and 3, the proposition is true if f is an affine morphism. Indeed, if f is affine,
then we can write f = po i, where 7 is a closed immersion and p : F — Y is a vector bundle on Y.

Step 5: We now consider the case of an arbitrary morphism f : X — Y in (Sch/k). By
Jouanolou’s trick (cf. Jouanolou’s paper [Jou73]), there exists a vector bundle E — X and an
affine E-torsor p : X = X. As p is affine, we know the proposition for p by step 3. Moreover,
the unit Id — p# p*, is an isomorphism; indeed, it suffices to show this after restricting to an
open covering of X, so we may assume that the morphism p is isomorphic to the second projection
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A" x X — X, and then the result follows from point (3) of the proposition. As the unit of the
adjunction (p*,, p’) is an isomorphism, the left adjoint p*, is fully faithful.

Let g = fop. As X is affine, the morphism g is affine. Also, we show as before that the
unit Id — pfzp:;z is an isomorphism, so we get an isomorphism fZ = f;?p;?pf@ ~ gfzpf@. We
set f4 = g” p*,; by the calculation we just did, this satisfies condition (2). It remains to show
that f:# is right adjoint to f*,. Let K € ObDP.Z(Y) and L € ObDP.#(X). Then we have
isomorphisms

Hompo 4 vy (K, f% L) = Homps vy (K, g7 p'y L) ~ Homy,, 45 (9°a K PluL)
~ Homy,, (%) (020 Lo K 020 L),
and the last group is isomorphic to Hompu 4 (x)(f%, K, L) by the full faithfulness of p*,. O

Proposition 5.3. For every smooth morphism f : X — Y in (Sch/k) the functor
fig : DP(A(Y)) = DP(A (X))
admits a left adjoint fz. Moreover

(1) the natural transformation
fﬁ‘@rat% — rat{f’f&’”

obtained from 9{[ by adjunction, is invertible;
(2) for every cartesian square

X’LX
N
A v

with f smooth, the exchange 2-morphism fé//[g;{ — gjﬂfﬁ“ﬂ is invertible.

Proof. The assertion (2) is an immediate consequence of (1) since the functor rat;# is conservative.

We deduce the proposition from (.2 using Verdier duality. Let f : X — Y be a smooth morphisms
of relative dimension d. Note that f7, has a left adjoint given by

£ =07 17 (—d)[-2d]DY .

Therefore we similarly set f;* := Dy f#(—d)[-2d]D¥ .

Let A be an object in DP(.# (X)) and B be an object in D?(.#(Y)). Then, and [2.6] provide
isomorphisms

Hom(f;% A, B) ~ Hom(Dy? B, f;# (—d)[—2d|D3¥ A) ~ Hom(f7 (d)[2d]Ds¥ B,D¥ A)
~ Hom(A, D f*,(d)[2d]Dy¥ B) ~ Hom(A4, f*,B).

This shows that ( fﬁ/” , f*y) form a pair of adjoint functors. Note that the counit 4 oy of the
adjunction is given by the composition

tox F et e vt N e ()
(5.3) Iy — DY f7 DY — (DY) —— 1d

and the unit 7 n; by the composition

e A g . e .
(5.4) d 25 (DE)? =5 DE 5 17DE s o 1
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To show that the morphism

f]j ratsf —>fu raty/ f//zfn —>ft1 foratd fﬁ —”aty fﬁ

is invertible, it is enough to check that it is equal to the morphism

)

[ ratl ——= Dy 7 (—d)[-2d]rat{ D

-
v
DY raty? £ (—d)[-2dDE ——~ rat{/”f&’”

where 7.?” is the invertible natural transformation of Using the expressions of “# oy and A n;
given in (53) and (4], this follows directly from[Z6] (2) and 26 (1), which ensure that the diagram

DZ filADE rats! 2 (DZ)2 3 (d)[drats?
Tv;” \fﬁ) l@;{)l
DY 5, [dlraty? D i (d)[d) (DY )?raty? G2 fi(d)[d]raty?
laf@ g T(a%‘ )
F(@dDZ ratf Dy & F3(Dldlratf (D2

is commutative.
O

The pair (j*,,i*,) is conservative, since so is the pair (j%,,i%,). This follows from the existence
of the isomorphisms 9]/” , 07 and the fact that rat is a conservative functor.

To finish the proof of (1] it remains to check that, if s is the zero section of p : AL — X, then
pu/” s is an equivalence of categories. By construction

Dy s =D pl (-1)[- ]DAls

Note that the isomorphism D?, AL 7 ~ 57 Df? exists in the category of (constructible) étale motives.

Therefore, the compatibility of the Betti realization with the four operations (see [Ayol0, Théoréme
3.19]) implies by the universal property of the categories of perverse motives that this isomorphism
lifts to an isomorphism ]D)A//‘/1 s ~ s D% . As a consequence, we get an isomorphism

pi’ s =D pl s (~1)[-2DY ~ 1d(-1)[-2].
This shows that pu/” 5% is an equivalence of categories and concludes the proof of Bl

5.3. Complement to the main theorem. The following proposition complements [5.1]

Proposition 5.4. Let f: X — Y be a morphism of quasi-projective k-varieties. Then, the natural
transformations

5}?” : ratj?lf!//, — f}rat{f’ p?” : f,gzratX — raty f,
are invertible.
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Proof. By [Ayol0, Théoréme 3.4], it just remains to check that &7 is invertible if i : Z — X is a
closed immersion. Let j : U < X be the open immersion of the complement of Z in X. Then, we
have a commutative diagram

+1

i7i'yratd rat¢ iZ it ratd ——
TE;” T(f’f” )~
ifzraté”i!/ﬂ ratj?l j?ratﬁ”jjﬂ _H
va” T'y{”
ratj{li{[z’!j[ ratj?l rat%j:”jj/[ .
which implies that the image of 5{” under i is invertible since all the other morphisms are.
Therefore &7 is also invertible. O

5.4. Some consequences. In this subsection, we draw some immediate consequences of the main

theorem ([B.1]).

Geometric local systems are motivic. A Q-local system £ on a quasi-projective k-variety X will
be called geometric if there exists a smooth proper morphism g : Z — X such that .2 = R'¢,Q for
some integer i € Z. We will say that . is motivic if there exists an object L in DP(.# (X)) such
that . and rat (L) are isomorphic in the category DP(#(X)).

Corollary 5.5. A geometric Q-local system £ on a quasi-projective k-variety X is motivic.

Proof. If the local system .Z is geometric, there exists a smooth proper morphism g : Z — X
such that ¥ = R'g.Qy for some integer i € Z. Then .# is the image under the functor rats
of the perverse motive °H?(g:# Qé’[ ), where °H' is the cohomological functor associated with the
constructible t-structure (see below). O

Remark 5.6. In this remark, we denote by H’ the standard cohomology functors on the category
DP(#(X)). Let £ be a geometric Q-local system on a smooth quasi-projective variety of (pure)
dimension d and choose a smooth proper morphism g : Z — X, an integer j € Z such that
% =R7¢,Q. As Z is smooth and g is proper and smooth, the constructible sheaves R'¢.Q are
all Q-local systems on X. Hence the complexes (R‘g.Qz)[d] are perverse sheaves and therefore
(R'g.Qz)[d] = PH g,Qy for every i € Z. In particular, £[d] = PHI*?g,Qz and it follows that
Z|d] is the image under rat¥ of the perverse motivic sheaf A := H/+4(g:# Q7).

Intersection cohomology. The four operations formalism allows the definition of a motivic avatar of
intersection complexes. In particular, intersection cohomology groups with coefficients in geometric
systems are motivic. More precisely:

Corollary 5.7. Let X be an irreducible quasi-projective k-variety and £ be a Q-local system on
a smooth dense open subscheme of X. If £ is motivic (in particular if £ is geometric), then the
intersection cohomology group IH'(X,.%), for i € Z, is canonically the Betti realization of a Nori
motive over k.

Proof. Let d be the dimension of X and .Z be a Q-local system on a smooth dense open subscheme
U of X. Since .# is motivic, there exists an object L € DP(.#(U)) such that £ is isomorphic
to rat? (L). Since Z[d] is a perverse sheaf on U and rat{? is conservative, the complex L[d] is
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a perverse motivic sheaf on U that is belongs to .#(U). Then, with the notation of 619 the
intersection complex

ICx(Z) :=Im(PH};? Z[d] - PH’;Z 2[d])
is canonically isomorphic to the image under rat% of the perverse motivic sheaf j,’fl L[d] =
Im(H(j;” L[d]) — H°(j:# L[d])). This implies that I[H(X, %) := H~4(X,ICx (%)) is the Betti

realization of the Nori motive H=%(7# j;# L[d]) where m : X — Speck is the structural morphism.
O

This shows, in particular, that intersection cohomology groups carry a natural Hodge structure.
If X is a smooth projective curve, and £ underlies a polarizable variation of Hodge structure, then
the Hodge structure on the intersection cohomology groups was constructed by Zucker in [Zuc79,
(7.2) Theorem, (11.6) Theorem]. In general, it follows from Saito’s work on mixed Hodge modules
[Sai90b] and a different proof has been given by de Cataldo in [dC12]. We consider the weights in
the next section (see and [6:29).

Leray spectral sequences. Let f : X — Y be a morphism of quasi-projective k-varieties and %
be a Q-local system on X. Then, we can associate with it two Leray spectral sequences in Betti
cohomology: the classical one

H' (Y, R f,.%) = H™*(X, &)

and the perverse one
H(Y,PH f,.) = H""5(X,Z).

The main theorem of Arapura’s [Ara05] shows that, if £ = Qx is the constant local system on
X and the morphism f is projective, then the classical Leray sequence is motivic, that is, it is
the realization of a spectral sequence in the abelian category of Nori motives over k (see precisely
[Ara05, Theorem 3.1]).

This property is still true without the projectivity assumption and also more generally if the
local system .Z is geometric:

Corollary 5.8. If the local system £ is motivic (in particular if it is geometric), then the classical
Leray spectral sequence and the perverse Leray spectral sequence are spectral sequences of Nori
motives over k.

Proof. The result follows from the functoriality of the direct image functors. O

In particular, the Leray spectral sequences are spectral sequences of (polarizable) mixed Hodge
structures. The compatibility of the classical Leray spectral sequence result in Hodge theory was
already proved by Zucker in [Zuc79] when X is a curve and more generally, for both spectral
sequences, by Saito if . underlies an admissible variation of mixed Hodge structures (see [Sai90b]).
This result has been recovered by de Cataldo and Migliorini with different techniques in [dCM10].

Nearby cycles. The theory developed here also shows that nearby cycles functors applied to perverse
motives produce Nori motives.

Corollary 5.9. Let X be a quasi-projective k-variety, f : X — A4 a flat morphism with smooth
generic fiber X,, and £ be a Q-local system on X,,. If £ is motwic (in particular if it is geometric),
then, for every point x € X, (k) and every integer i € Z, the Betti cohomology H'(V (%)) of the
nearby fiber is canonically a Nori motive over k.
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Proof. The nearby cycles functor ¢ := W ;[—1] is t-exact for the perverse ¢-structure. Since it exists
in the triangulated category of constructible étale motives (see [Ayo07b|) and the Betti realization
is compatible with the nearby cycles functor by [Ayol0, Proposition 4.9], the universal property
ensures the existence of an exact functor 1/)1{” © M(X,) - M(X,) and an invertible natural
transformation ratj{i 1/)1{” ~ 1/;frat%] .

Let d be the dimension of the generic fiber X,. Since £ is motivic, there exists an object
L in DP(.#(X,)) such that £ and ratj{‘:7 (L) are isomorphic. As .Z[d] is perverse and ratj{‘:7 is

conservative, the complex L[d] belongs to .#(X,). So we conclude that H*(¥;(.¥),) is the Betti
realization of the Nori motive H' =% (2 L[d)).
' U

Ezxponential motives. The perverse motives introduced in the present paper and their stability under
the four operations could be used also in the study of exponential motives as introduced in Fresan—
Jossen’s book [EJ18]. Indeed, recall that Kontsevich and Soibelman define an exponential mixed
Hodge structure as a mixed Hodge module A on the complex affine line A such that p.A4 = 0,
where p : AL — Spec(C) is the projection (see the paper [KS1I] of Kontsevich and Soibelman).
Their definition can be mimicked in the motivic context and the abelian category of exponential
Nori motives can be defined as the full subcategory of .# (A}) formed by the objects which have
no global cohomology.

Constructible t-structure. Let us conclude by a possible comparison with Arapura’s construction
from [Aral3]. Let X be a k-variety and consider the following full subcategories of DP (. (X))

‘DS = {A e DP(#(X)): H"(2*yA) =0, V2 € X,V k> 0},
‘D?% .= {A e DP(#(X)): H*(x*yA) =0,V2 € X,V k <0}

As in 4.6. Remarks of M. Saito’s [Sai90b| (see also [Aral3, Theorem C.0.12]), we can check that
these categories define a t-structure on DP (.7 (X)).

Let % (X) be the heart of this t-structure. Then, the functor rat¥ induces a faithful exact
functor from 24 (X) into the abelian category of constructible sheaves of Q-vector spaces on X.
Then, using the universal property of the category of constructible motives M(X, Q) constructed
by Arapura in [Aral3], we get a faithful exact functor M(X,Q) — < (X). Is this functor an
equivalence? If X = Speck, then both categories are equivalent to the abelian category of Nori
motives, so this functor is an equivalence.

6. WEIGHTS

In this section, we will use results on motives and weight structures from Bondarko’s and Hébert’s
papers [Bonl4l Hil]. To apply these references directly in our context, we will make use of the
fact that, if S is a Noetherian scheme of finite dimension, then Ayoub’s category DA (S5) is
canonically equivalent to the category of constructible Beilinson motives studied in Cisinski and
Déglise’s book [CD19]. This follows from [CD19, Theorem 16.2.18] and will henceforth be used
without further comment. (Note also that, though the authors of [Boni4, [Hi1] have chosen to use
Beilinson’s motives, étale motives could have been used.)

6.1. Continuity of the abelian hull. Remember that, in chapter 5 of Neeman’s book [Nee01],
there are four constructions of the abelian hull of a triangulated category. The first one gives a lax
2-functor from the 2-category of triangulated categories to that of abelian categories, but the other
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three constructions give strict 2-functors. If we use the fourth construction, which Neeman calls
D(8) (see [Nee(ll Definition 5.2.1]), then the following proposition is immediate.

Proposition 6.1. Let 8§ be a triangulated category, and suppose that we have an equivalence of
triangulated categories 8§ —» 2 — hﬂiel 8, where I is a small filtered category.

Then the canonical functor A™(8) — 2 — lim, _, A" (8;) is an equivalence of abelian categories.

6.2. Etale realization and /-adic perverse Nori motives. Let S be a Noetherian excellent
scheme finite-dimensional scheme, let £ be a prime number invertible over S; we assume that S is a
Q-scheme. (By Exposé XVIII-A of [ILO14], the hypotheses above imply Hypothesis 5.1 in Ayoub’s
paper [Ayol4al.) Under this hypothesis, Ayoub has constructed an étale ¢-adic realization functor
on DA (S), compatible with pullbacks.

Theorem 6.2. (See [Ayolda| sections 5 and 10.) Denote by DP(S, Qy) the category of constructible
(-adic complexes on S. Then we have a triangulated functor RE : DA4(S) — D2(S, Q¢) for every
S and, for every morphism f : S — S’, with S’ satisfying the same hypotheses as S, we have an
invertible natural transformation

Of: [*oRY — RY o f*.

Using results of Gabber (see [Gab04], and also sections 4 and 5 of Fargues’s article [Far09]), we
can construct an abelian category (S, Q) of ¢-adic perverse sheaves on S, satisfying all the usual
properties. In particular, we get a perverse cohomology functor PHY := PH? o R : DA(S) —
2(8, Qo).

Definition 6.3. Let S be as above. The Abelian category of £-adic perverse motives on S is the
Abelian category

M(S)y = A" (DAL(S),PHY).
By construction, the functor 7 Hy has a factorization

M
ratg,

DA (9) LN M)y —= P(S,Qu)

where ratg{’g is a faithful exact functor and pHB” is a homological functor.

By the universal property of .Z(S),, we also get pullback functors between these categories as
soon as the pullback functor between the categories of f-adic complexes preserves the category of
perverse sheaves.

We will use the following important fact: If we fix a base field k of characteristic 0 and only
consider schemes that are quasi-projective over k, then the main theorem (stated in [B]) stays true
for the categories .#(S),. Of course, we have to replace DY (S) and the Betti realization functor
by D2(S, Q/) and the étale realization functor in all the statements. Indeed, the proof of the main
theorem, of of the statements that it uses, still work if we use the f-adic étale realization instead
of the Betti realization. The only result that requires a slightly different proof is B. I3} we have to
show that the f-adic realization of Ayoub’s logarithmic motive Zog,’ is the local system used in
Beilison’s construction of the unipotent nearby cycle functor (see 1.1 and 1.2 of Beilinson’s [Bei87D)]
or Definition 5.2.1 of [Mor1§]). As in the proof of B3] it suffices to check this for n = 1, and then
it follows from Lemma 11.22 of Ayoub’s [Ayol4a].
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6.3. Mixed horizontal perverse sheaves. Let k be a field and S be a k-scheme of finite type.
Suppose that k is finitely generated over its prime field. We also fix a prime number ¢ invertible
over S. The category D®, (S, Q) of mixed horizontal Q,-complexes and its perverse t-structure with
heart &2,,,(S, Q) (the category of mixed horizontal ¢-adic perverse sheaves on S) were constructed
in Huber’s article [Hub97] (see also [Morl8| section 2]). We recall the definition quickly and refer
to [Hub97] and [Morlg] for the details. First we consider the category DP(S, Q) of horizontal
complexes on S, which is by definition the 2-colimit of the categories D?(2", Q;), where 2" runs
over all flat finite type models of X over regular subalgebras A of k that are of finite type over Z
and have k as their fraction field. There is an obvious functor n* : DE(S, Q¢) — D2(S, Q,), which is
triangulated and conservative, and a perverse t-structure on DE(S, Q) that is characterized by the
fact that n* is t-exact. Also, the functor n* is fully faithful on the heart of this ¢-structure ([Morl8,
Proposition 2.6.2]).

We say that an object of DE(S, Q) if it extends to a complex K on a model 2" of X as before
such that all the (ordinary) cohomology sheaves of K are successive extensions of punctually pure
sheaves in the sense of Deligne’s [Del80]. The category D® (S, Q) of mixed horizontal complexes is
the full subcategory of DE(S, Q) whose objects are mixed complexes. The perverse t-structure on
DP (S, Q) restricts to a t-structure on DY (S, Q¢), whose heart is the category &, (S, Q) of mixed
horizontal perverse sheaves; this last category is a full subcategory of the heart of the perverse
t-structure on DP(S, Q¢), so n* induces a fully faithful functor 2, (S, Q¢) — 2(S, Q).

Now we want to show that the realization functor ratgffe s M(S)e — P(S,Qu) factors through
the fully faithful functor £2,,(S, Q¢) — (S, Qu).

We have a continuity theorem for the categories of étale motives, proved by Ayoub in [Ayol5|
Corollaire 1.A.3] and [Ayol4al Corollaire 3.22] and by Cisinski-Déglise in [CD19, Proposition 15.1.6]).

Theorem 6.4. Let S be a Noetherian scheme of finite dimension. Suppose that we have S =
1'&ni€ s S;, where all the S; are finite-dimensional Noetherian schemes and all the transition maps
S; — S; are affine. Then the canonical functor 2 — li_ngl.el DA.(S;) = DA.(S) is an equivalence
of monoidal triangulated categories.

Using the definition of mixed horizontal ¢-adic complexes, we immediately get the following
corollary.

Corollary 6.5. Let S and ¢ be as in the beginning of this subsection. Then the étale realization
functor DA(S) — D2(S, Q¢) factors through a functor DA (S) — DE(S, Qq).

Corollary 6.6. With the notation of the previous corollary, the essential image of the functor
DA, (S) — D2(S,Qp) is contained in the full subcategory D2 (S, Qq). In particular, the perverse
cohomology functor PHY : DA«(S) — 2(S, Qq) factors through the subcategory 2., (S, Qe).

Proof. This follows from the facts that DA« (S) is generated by the Tate twists of motives of
smooth S-schemes (see Definition 15.1.1 and Proposition 15.1.4 of [CD19]) and that mixed hori-
zontal complexes are preserved by direct images and Tate twists (see [Hub97, Proposition 3.2] for

direct images, the stability by Tate twists is easy).
O

Corollary 6.7. The essential image of the realization functor ratgffg  MS)e = P(S,Qu) s
contained in the subcategory P, (S, Q).

We will also denote the resulting faithful exact functor .#(S) — £,,(S, Q¢) by ratgffl.
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Remark 6.8. Suppose that k is not necessarily finitely generated over its prime field. We define
DP (S, Q) as the 2-colimit of the categories D (S’, Qy), for S’ a model of S over a finitely generated
subfield of k. This category inherits a perverse t-structure from the perverse t-structures on the
DP (S, Q¢), whose heart we denote by 2, (S, Q). The obvious functor 2,,,(S, Q) — Z(S, Q) is
only exact faithful in general (not necessarily fully faithful), but the the perverse cohomology functor
PHY : DA4(S) — 2(S, Q) still factors through this functor as in Corollary [6.6] (by Theorem [6.4)),
so we get a faithful exact realization functor .Z(S)e — Pm(S, Qo).

6.4. Continuity for perverse Nori motives. Like the triangulated category of motives, the
category of perverse Nori motives satisfies a continuity property.

Proposition 6.9. Let S be a scheme and £ be a prime number satisfying the conditions of [6.2.
We assume that S = @iel S;, where (S;)ier is a directed projective system of schemes satisfying
the same conditions as S, and in which the transition maps are affine. We also assume that the
pullback by any transition map S; — S; preserves the category of perverse sheaves, and that there
exists a € Z such that, if f; + S — S; is the canonical map, then f;|a] preserves the category of

perverse sheaves for every i € I. Under these hypotheses, the functors fi[a] induce a functor
2— h?r?l,///(sz)g — ,///(S)g,

and this functor is full and essentially surjective.
If moreover the canonical ezact functor 2 —lim, (S, Q/) = Z(S,Qy) induced by the f¥[a]

is faithful, then the canonical functor
2 - hﬂ%(sl)g — %(S)g
el
is an equivalence of abelian categories.

Proof. This follows from and
O

Corollary 6.10. Let S and ¢ be as above, and suppose also that S is integral. Then, if n is the
generic point of S, the canonical exact functor

2 —1%1;///((])@ — M (),
where the colimit is taken over all nonempty affine open subschemes of S and where the image of
Ky € Ob A (U), is Kyn[—dim S], is an equivalence of categories.
Proof. By [6.9 it suffices to check that the similar functor

2 —lim 2(U,Q0) = 2 (1, Q)
U

is faithful. Let K be an object of 2 —lim P (U, Q) whose image in Z£(n, Q) is 0, and let U be
a nonempty open affine subscheme of S such that K comes from an object K’ of 2(U, Q). After
shrinking U (which does not change K'), we may assume that K'[—dim S] is a local system. Then
the condition K7 [—dim S| = 0 implies that this local system is zero, hence that K = 0.

O
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6.5. Comparison of the different categories of perverse Nori motives. In the next proposi-
tion, we compare the ¢-adic definition of perverse motives with the one used previously and obtained
via the Betti realization.

Proposition 6.11. Suppose that k is a field of characteristic 0 and that S is quasi-projective over
k.

We write pg for the canonical ezact functor A" (DA(S)) — (S, Qq) induced by PHY. If o
is an embedding of k into C, then we also have an exact functor p, from A*™(DA(S)) to 2(S)
induced by PHO. Then:

(1) If £,¢' are two prime numbers, then Kerp, = Ker ppr. In particular, we get a canonical
equivalence of abelian categories M (S)s = M (S)e.

(2) If 0 : k — C is an embedding, then Ker p, = Kerp,. In particular, we get a canonical
equivalence of abelian categories M (S)e = M (S).

Proof. We first treat the case S = Speck. If k can be embedded in C, then (2) follows from Huber’s
construction of mixed realizations in Huber’s [Hub00], and (1) follows from (2). In the general case,
(1) follows from the case where k can be embedded in C and from [6.9] applied to the family of
subfields of k£ that can be embedded in C.

Now we treat the case of a general k-scheme S. As in the first case, (1) follows from (2) and
from So suppose that we have an embedding ¢ : k — C. We prove the desired result by
induction on the dimension of S. The case dim .S = 0 has already been treated, so we may assume
that dim S > 0 and that the result is known for all the schemes of lower dimension. We denote
by M ~— [M] the canonical functor DA,(S) — A" (DA(S)); as DA4(S) is a triangulated
category, this is a fully faithful functor. Let X be an object of A" (DA« (S)). By construction
of A"(DA(S9)), there exists a morphism N — M in DA(S) such that X is the cokernel of
[N] — [M]. Then pg(X) is the cokernel of PH)(N) — PHY (M), so p¢(X) = 0 if and only PH)(N) —
PHP(M) is surjective. Similarly, p,(X) = 0 if and only if PH*(N) — PH°(M) is surjective.
We can check these conditions on a Zariski open covering of S, so we may assume that S is
affine. Choose a nonempty smooth open subset U of S such that the restrictions to U of ps(M),
pe(N), po (M) and p,(N) are all locally constant sheaves placed in degree —dim.S. As S is affine,
after shrinking U, we may assume that U is the complement of the vanishing set of a nonzero
function f € O(S). By Proposition 3.1 of Beilinson’s [Bei87bh], we have that po(N) — p¢(M)
is surjective if and only if both p¢(N) iy — pe(M);y and pq)?”pg(N) — pq)?”pg(M) are, which
is equivalent to the surjectivity of po(Njy) — pe(Mjy) and p(®sN) — pg(®yM). We have a
similar statement for p,. As dim(S — U) < dim(S), we can use the induction hypothesis to reduce
to the case S = U. It suffices to check the result on an étale cover of S, so we may assume
that S has a rational point x. Let ¢ : # — S be the obvious inclusion. As p¢(N)[—dim S] and
pe(M)[— dim S] are locally constant sheaves on S, the morphism pe(N) — pg(M) is surjective if
and only if pe(i*N[— dim S]) — pe(i* M[— dim S]) is, and similarly for p,. So we are reduced to the
result on the scheme x, which we have already treated. O

Corollary 6.12. Let k be a field of characteristic 0 and S a quasi-projective scheme over k. We have
a canonical Q-linear abelian category of perverse Nori motives M (S), together with a cohomological
functor PH®, : DA (S) — #(S), with a (-adic realization functor raté{[l s AM(S) = P(S,Qq) for
every prime number £, with a Betti realization functor ratgffa s M(S) = P(S) for every embedding
o:k — C, and it has a formalism of the 4 operations, duality, unipotent nearby and vanishing
cycles compatible with all these operations.
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We fix a field k£ of characteristic zero and a quasi-projective scheme S over k. We first define
weights via the {-adic realizations.

Definition 6.13. Let w € Z. Let K be an object of #(S). We say that K is of weight < w (resp.
>w) if ratg{{é(K) € Ob(Zn(S,Qr)) is of weight < w (resp. > w) for every prime number £. We
say that K is pure of weight w if it is both of weight < w and of weight > w.

In 618 we will a more intrinsic definition of weights that does not use the realization functors.

Definition 6.14. A weight filtration on an object K of #(S) is an increasing filtration WK on
K such that W; K = 0 for i small enough, W; K = K for i big enough, and W; K/W,_1K is pure of
weight i for every i € Z.

The next result follows immediately from the similar result in the categories of mixed horizontal
perverse sheaves (see Proposition 3.4 and Lemma 3.8 of Huber’s [Hub97)).

Proposition 6.15. Let K, L be objects of #(S), and let w € Z.
(1) If K is of weight < w (resp. > w), so is every subquotient of K.
(2) If K is of weight < w and L is of weight > w + 1, then Hom 4 (g)(K, L) = 0.

Recall that, if A and B are objects of an abelian category endowed with increasing filtrations
(F;A);cz and (F; B);cz, then a morphism u : A — B is called compatible (vesp. strictly compatible)
with the filtrations if, for every i € Z, we have u(F;A) C F;B (resp. u(F;A) = u(A) N F;B).

Corollary 6.16. A weight filtration on an object of A (S) is unique if it exists, and morphisms
of M (S) are strictly compatible with weights filtrations. In particular, if an object of M (S) has a
weight filtration, then so do all its subquotients.

6.6. Application of Bondarko’s weight structures. Let S be as in the previous subsection.
We will now make use of Bondarko’s Chow weight structure on DA (S). Let Chow(S) be the full
subcategory of DA (.S) whose objects are direct factors of finite direct sums of objects of the form
fiQx(d)[2d], with f : X — S a proper morphism from a smooth k-scheme X to S and d € Z.
Then, as shown by Hébert in [H11, Theorem 3.3], and also by Bondarko in [Bonl4, Theorem 2.1],
there exists a unique weight structure on DA (S) with heart Chow(S) (see [H11, Definition 1.5]
or [Bonl4l Definition 1.5] for the definition of a weight structure).

In particular, for every object K of DA (S), there exists an exact triangle A - K — B BN (not
unique) such that A (resp. B) is a direct factor of a successive extension of objects of Chow(S)][]
with 4 <0 (resp. i > 1).

Proposition 6.17. Every object of #(S) has a weight filtration. Moreover, if S = Speck and o
1s an embedding of k in C, then the notion of weights of [6.13 coincides with that of Section 10.2.2
of the book [HMS17] of Huber and Miiller-Stach.

Proof. We first prove that, if M is an object of Chow(S), then PHY, (M) is pure of weight 0 in
our sense, and also in the sense of [HMSI7] Section 10.2.2] if S = Spec k with k embeddable in C.
The second statement is actually an immediate consequence of [HMS17, Definition 10.2.4] and of
the motivic Chow’s lemma (see for example [Hil, Lemma 3.1]). To prove the first statement, by
definition of the weights on £,,(5, Q¢), we may assume that k is finitely generated over Q; then
the statement follows immediately from [BBD82, 5.1.14] (see the remark on page 116 of [Hub97]).

Then we note that every object of .Z(S) is a quotient of an object of the form ?HY, (M), for
M € Ob(DA4(S)) (because this is true for objects of A*™(DA(S))). So it suffices to prove the
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result for objects in the essential image of PHY,. Let M € Ob(DA(S)), and let K =?HY,(M).
Let w € Z. By the first part of the proof, if M is a direct factor of a successive extension of objects
of Chow(S)[i] with ¢ < w (resp i > w + 1), then PH%, (M) is of weight < w (resp. > w + 1) in
our sense, and also in the sense of [HMS17] when this applies. In general, using the Chow weight
structure of Bondarko, we can find an exact triangle A — M — B 2+ Such that A (resp. B)
is a direct factor of a successive extension of objects of Chow(S)[i] with i < w (resp i > w + 1).
Applying PH,, we get an exact sequence PHY,(A) — K — PHY,(B), with PH?,(A) of weight < w
and PH%, (B) of weight > w + 1. If we set W, K = Im(*H’,(A) — K), then W, K is of weight
<w and K/W,, K is of weight > w + 1. This defines a weight filtration on K. O

Weights and the related weight filtration so far have been defined and constructed for perverse
motives via the f-adic realizations. As we shall see now, we can also define weights more directly.
Let DA (S)w<; be the full subcategory of DA (S) whose objects are direct factors of successive
extensions of objects of Chow(S)[w] with w < ¢ and consider the Abelian category

M(S)w<i = A (DA(S)w<i, "HY),

for some prime number ¢. It follows from [6.11] that this category, up to an equivalence, does not
depend on £. Indeed, the universal property provides a commutative diagram (up to isomorphisms
of functors)

DAct(S>w§i —_— Aad (DACt(S)’WSi)
ll lJ \
DA (S) A" (DAL(S)) — = P (S, Qo)

\/

pH?

where I is the inclusion and J, g, are exact functors. As by construction . (S),<; := A*(DA«(S)w<i)/ Ker g
it suffices to show that Ker g, is independent on ¢. Let A be an object in Aad(DAct(S)wgi). Since
A belongs to Ker g, if and only if J(A) belongs to Ker p; our claim follows from [6.11]

The inclusion DA« (S)w<i € DA(S) induces a faithful exact functor

WU @ '//(S)wgi — .//(S)

Let K be an object in . (S). Given an object (L, « : u;(L) — K) in the slice category A (S)w<i/ K
we can consider the subobject Im a0 of K and define W; K to be the union of all such subobjects in
K, that is, we set
W, K = colim Im .
(L) e M (S)w<i/ K
This construction is functorial in K (and moreover using the inclusion of DA ¢ (S)w<i in DA (S)w<it1
it is easy to see that it defines a filtration on K).

Proposition 6.18. Let K € #(S). Then, W, K =W, K, for every integer i € Z.

Proof. As observed in the proof of 617, if M belongs to DA« (S)w<i, then PH, (M) is of weight < i.
Hence, the functor wu; takes its values in the Abelian subcategory of .Z(.S) formed by the objects
of weight < i. As a consequence, for (L, a) in the slice category .#(S),<i/K, the subobject Im o
of K is of weight < ¢ and therefore W, K C W, K.
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Conversely, there exists an epimorphism e : PH%, (M) — K where M belongs to DA (S). By
construction

Wi?H, (M) :=1m (PH%,(A) = *H’,(M)) C W;*H", (M)

where A is an object of DA (S)w<; that fits in an exact triangle A - M — B 21 such that B is
a direct factor of a successive extension of objects of Chow(S)[w] with w > ¢ + 1. Therefore, since
the weight filtration on K is the induced filtration (see [6.16), we get

WK = e(W;?H®,(M)) C e(W;?H%,(M)) C W, K.
This concludes the proof. O

6.7. The intermediate extension functor. Recall the definition of the intermediate extension
functor, that already appeared in the proof of (.71

Definition 6.19. Let j : S — T be a quasi-finite morphism between quasi-projective k-schemes.
We define a functor 5;% : #(S) — 4 (T) by

il (K) = Im(H°(ji” K) — H°(j:” K)).

Note that, as j is quasi-finite, the functor j,/” is right exact and the functor j:# is left exact.
In particular, the functor j!{fl preserves injective and surjective morphisms, but it is not exact in
general.

Proposition 6.20. Let j : S — T be an open immersion, and let w € Z. Then, if K € Ob . (S)
is of weight < w (resp. of weight > w, resp. pure of weight w), so is j,“f’K
Also, the functor ],{fl is exact on the full abelian subcategory of objects that are pure of weight w.

Proof. 1t suffices to show these statement for mixed ¢-adic perverse sheaves. The first statement
follows from [BBD82] 5.3.2] (more precisely, if j is not affine, it follows from [BBD82] 5.1.14 and
5.3.1] ). The second statement follows from [Mor18, Corollary 9.4]. O

6.8. Pure objects. Let us start with the definition of objects with strict support on a given closed
subscheme.

Definition 6.21. Let Z be a closed integral subscheme of S, and denote the immersion Z — S by
i. We say that an object K of .4 (S) has strict support Z if K|s_z = 0 and if, for every nonempty
open subset j : U — Z, the adjunction morphism K — (ij) (ij)*, K is injective and induces an
isomorphism between K and (ij)i% (ij)*, K.

Remark 6.22. For example, if K|g_; = 0 and if there exists a smooth dense open subset j : U — Z
such that rat (Ky)[— dim U] (or any rat%(Kw)[— dim U] for some prime number ¢) is locally
constant and Kz = j;% (K \v), then K has strict support Z. Indeed, this follows from the similar
result for perverse sheaves, which follows from [BBD82, 4.3.2] (note that the proof of this result

does not use the hypothesis that L is irreducible).

Proposition 6.23. (Compare with [BBD82, 5.3.8].) Let K be an object of #(S), and suppose
that K is pure of some weight. Then we can write K = @, Kz, where the sum is over all integral
closed subschemes Z of S, each Kz is an object of M (S) with strict support Z, and Kz = 0 for all
but finitely many Z.
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Proof. We prove the result by Noetherian induction on S. If dim S = 0, there is nothing to prove.
Suppose that dim S > 1, and let j : U — S be a nonempty open affine subset of S. After shrinking
U, we may assume that U is smooth and that ratZ (K)[— dim U] is a locally constant sheaf on U.
Let w be the weight of K. Then [Morl8, Corollary 9.4] implies that j:% j*, K/j;% j*,K is of weight
> w + 1, so the adjunction morphism K — j;k’”jj”K factors through a morphism K — j,‘f’jjf/K
Similarly, the adjunction morphism j/{ j*yK — K factors through a morphism j!/fl iy — K. By
definition of j!{k”, the composition j!‘f’jj”K — K — 377 j%,K is the identity of ji”j*,K. So we
have K = j!/f/jjﬂK ® L, with j*,L = 0. The first summand has strict support U by the remark
above, and Ly = 0, so the conclusion follows from the induction hypothesis applied to Ljs_y. U

Theorem 6.24. Let S be as before, and let w € Z. Let M (S)w be the full abelian subcategory of
A (S) whose objects are motives that are pure of weight w.
Then A (S). is semi-simple.

Proof. By [6.23] we may assume that S is integral, and it suffices to prove the result for the full
subcategory .#(S)?, of objects in .#(S),, with strict support S itself.

Let 1 be the generic point of S. By [6I0] we have a full and essentially surjective exact functor
(given by the restriction morphisms) 2 — lim, , M (U) — A (n), where the limit is over the projective

system of nonempty affine open subsets U of S. For such a U, we denote by .#(U)% the full
subcategory of .# (U) whose objects are motives that are pure of weight w and have strict support
U. By Proposition [6.17 the functor above induces a full and essentially surjective functor 2 —

ligU M(U)w — A (N)w, and, by [6.23 this is turn gives a full and essentially surjective functor

2 — lim MUY — A (n)w. Moreover, if j : U — S is a nonempty open subset, then the exact

w

functor j*, : #(S)), — #(U)S, is an equivalence of categories, because it has a quasi-inverse,
given by ji”. So we deduce that the restriction functor .#(S)%, — .#(n). is full and essentially
surjective. But this functor is also faithful, because the analogous functor on categories of ¢-adic
perverse sheaves is faithful. So .#(S)% — .#(n), is an equivalence of categories, which means that
we just need to show the theorem in the case S =1, i.e. if S is the spectrum of a field.

Now suppose that S = Speck. Then, by 69 # (k) = 2 — hﬂk, M (K, where the limit is
over all the subfields k' of k that are finitely generated over Q. So it suffices to show the theorem
for k finitely generated over Q. But then we can embed k into C, and the conclusion follows from

[HMS17, Theorem 10.2.7]. O

Definition 6.25. Let K be an object of DP.# (X) and w € Z. We say that K is of weight < w
(resp. of weight > w, resp. pure of weight w) if, for every i € Z, the perverse motive H'K is of
weight < w 414 (resp. of weight > w + i, resp. pure of weight w + 7).

Corollary 6.26. Let K, L be objects of #(S). If K and L are pure of respective weights i and j,

Proof. By Lemma 4.5 of M. Saito’s [Sai91], this follows from the existence of the weight filtration
and the fact that it is strictly compatible with morphisms of .#Z(S), and from the semi-simplicity
of pure objects of .#Z(S5).

O

Corollary 6.27. (1) There exists a unique weight structure (see [Bonldl Definition 1.5]) on
DP.#(S) whose heart is the full subcategory of complexes of weight 0.
(2) Let K, L be objects of DP*.#(S) and w € Z. If K is of weight < w and L is of weight > w,
then Hompp 4 sy (K, L) = 0.
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(8) The weight structure of (1) is transversal to the canonical t-structure on DP.#(S) in the
sense of Definition 1.2.2 of Bondarko’s paper [Bonl2]. _
(4) If K € ObDP.#(S) is pure of some weight, then K ~ @, H' K[—i].

Proof. To prove (1), we apply part IT of Theorem 4.3.2 of [BonI0] to the triangulated category
DP.#(S) and the full subcategory 7 of complexes of weight 0. This subcategory is stable by
finite coproducts and direct summands, and it generates D”.#(S). Indeed, to prove the second
statement, it suffices to show that the triangulated subcategory generated by o/ contains Z(S);
but every perverse motives is a successive extension of pure perverse motives (by the existence of
the weight filtration), and, if K is a pure perverse motives, then some shift of K is an «/. By
Theorem 4.3.2 of [Bonl0)], there exists a weight structure on DP.#(S) with heart < if and only
if, for every objects K, L of &/ and every integer n > 0, we have Hompo 4 (s)(K, L) = 0. As the
functor Hom is cohomological in each variable, we may assume that K and L are concentrated in
one degree, so that there exist objects A and B that are pure of respective weights 7 and j such
that K = A[—i] and L = B[—j]. Then Homps_4(s) (K, L[n]) = Exty(lbsj (A, B) is zero by [6.26

We prove (2). We have Hompp 4 () (K, L) = Hompp_z(s) (K [~w], L[-w]). As K[—w] is of weight
< 0 and L[—w] is of weight > 1, the statement follows from Proposition 1.3.3(1) of [Bonl0].

Point (3) follows immediately from the existence of the weight filtration on objects of . (S).

We prove(4). Let w be the weight of K. Let ¢ € Z. Then 7<;K and 7-,K are pure of weight
w, so Homppe_z(g) (7> K, 7<; K[1]) = 0 by (3), so the exact triangle 7<; K — K — 75, K 2Ly splits.
This implies the statement. O

Theorem 6.28. Let f : X — S be a proper morphism of quasi-projective k-varieties with X
irreducible. Let j : U — X be an open immersion, and K be a perverse motive on U. If K is pure
of weight w, then Hz(f:”],‘flK) 18 a motiic perverse sheaf that is pure of weight w + 1.

Proof. Let us say that L € DP(.#(S9)) is pure of weight w if HL is pure of weight w + i for every
i € Z. For such an L, by [612] it follows from the Weil conjectures proved by Deligne in [Del80)]
that f:# L is pure of weight w (see the remark after [lub97, Definition 3.3]). Hence, ensures
that f:7 j!/fl K is pure of weight w. This gives the conclusion. g

In particular, this provides (for geometric variations of Hodge structures) an arithmetic proof of
Zucker’s theorem [Zuc79, Theorem p.416] via reduction to positive characteristic and to the Weil
conjectures [Del80, Théoréme 2]. More generally, in higher dimension:

Corollary 6.29. Let k be a field embedded into C. Let X be an irreducible proper k-variety and
Z be a Q-local system on a smooth dense open subscheme U of X of the form £ = R"%g.Qy
where g : V. — U 1is a smooth proper morphism and w € Z is an integer. Then, the intersection
cohomology group TH'(X,.%), for i € Z, is canonically the Betti realization of a Nori motive over
k which is pure of weight i +w. In particular, IH (X,.%) carries a canonical pure Hodge structure
of weight i + w.

Proof. Let d be the dimension of X, w : X — Spec(k) be the structural morphism and j be the inclu-
sionof U in X. As in[5.7] TH'(X, %) is the Betti realization of the Nori motive H*=4(7:# j; H**4(g:# Q{¥)),
which is pure of weight w + 4 by [6.2§ |
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