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SMALL-TIME LOCAL STABILIZATION OF THE TWO DIMENSIONAL
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

SHENGQUAN XIANG

ABSTRACT. We provide explicit time-varying feedback laws that locally stabilize the two dimen-
sional internal controlled incompressible Navier—Stokes equations in arbitrarily small time. We also
obtain quantitative rapid stabilization via stationary feedback laws, as well as quantitative null
controllability with explicit controls having eC/T costs.

1. INTRODUCTION

Let © be a bounded connected open set in R? with smooth boundary. Let the controlled domain
w C () be a nonempty open subset. We are interested in the stabilization and null controllability
of the two dimensional incompressible Navier—Stokes system with internal control,

y—Ay+(y-V)y+Vp=1,f nQ,
(1.1) divy=20 in €,
y=20 on 0f),

where, the state y(t, -) and the control term f(¢,-) are in H. We adapt the standard fluid mechanics
framework,

H:={yecL*(Q)?: divy=0inQ, y-n =0 on 0Q},
Ve :={y € H&(Q)2 :divy=0inQ} and V:={y € H&(Q)2}7

with V, < V < H < L2(Q)? < V' < V', We have taken the viscosity coefficient as 1 to simplify
the presentation.

When dealing with stabilization problems the control term f is regarded as a feedback control
governed by some “feedback application” that depends on current states and time, U (¢;y):

(1.2) f(t) = U(ty(t, x)),
where the application U is the so called time-varying feedback law,

{ U: RxH — H

ty) = Ulty).
The closed-loop system associated to the preceding feedback law U is the evolution system (1.1)—
(1.3). A stationary feedback law is such an application only depends on H. A T-periodic feedback
law is a time-varying feedback law that is periodic with respect to time, i.e. U(T + t;y) = U(t;y).
A proper feedback law U, roughly speaking, is some time-varying feedback law such that, for every
s € R, and for every yp € H as initial state at time s, i.e. y(s,z) = yo(z), the closed-loop system

(1.1)=(1.3) admits a unique solution. For the closed-loop system with proper feedback law we can
define the “flow”, ®(t, s;yo0), as the state at time ¢ of the solution of (1.1)—(1.3) with initial state

y(s, ) = yo(z).

(1.3)

The local controllability and stabilization of Navier—Stokes equations have been extensively stud-
ied in the literature. Based on global Carleman estimates introduced by Fursikov—Imanuvilov [25]
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2 SHENGQUAN XIANG

a nearly complete local exact controllability result is obtained in [21], other works include but not
limited to [12, 20, 22, 24, 31, 34]. Eventually one can even control the system locally via some
reduced control terms [13]. The global controllability of Navier—Stokes equations with controlling

on boundary (namely Lions’ problem), which, different from the cases on Riemannian manifolds
[, 11], is far away from been answered due to boundary layer difficulties, by far the best results
are given by [14, 15].

The study on local exponential stabilization around 0 and other trajectories of Navier—Stokes
equations both with internal controls or with boundary controls is fruitful, notably based on Riccati
type methods by optimal control theory. For example, [2, 5] for local exponential stabilization with
finite dimensional internal control (feedback laws); exponential stabilization by boundary feedback
laws [3, 23, 32]; stabilization around trajectories or unstable steady states [4, 7, 33], etc. To the
best of our knowledge, result on quantitative rapid stabilization or even finite time stabilization
of Navier—Stokes equations is extremely limited, we refer to [19] for a detailed review on these
questions.

Recently, the author has introduced a method to stabilize the multi-dimensional heat equations in
finite time [37], which is based on quantitative rapid stabilization relying on spectral inequalities and
Lyapunov functionals, as well as piecewise feedback laws. Methodologically speaking, the technical
spectral inequalities is achieved via local Carleman estimates on elliptic operators up to boundaries
(as always fulfilling Hérmander’s pseudoconvex condition), starting from the seminal paper [27, 28]
these results can be regarded as standard, at least compared to wave type operators; the Lyapunov
functions [18] aim at finding artfully chosen energy and multiplier to characterize the variation of
the energy from a global point of view without knowing any microlocal information, which have been
extensively developed in the study of hyperbolic systems of conservation laws as well as scattering
theory [0, 26, 30, 38]; the piecewise (in time) feedback law is formulated by [16] to stabilize the one
dimensional heat equation in finite time together with the backstepping method, instead of using
stationary feedback laws. This method shares several advantages:

e The designed feedback laws are simple and explicit to be compared with some other sta-
bilization techniques, for instance the powerful Riccati method requires on solving some
algebraic nonlinear Riccati equation.

e The quantitative rapid stabilization combined with the piecewise continuous feedback law
argument leads to finite time stabilization. It also provides a constructive approach to
null controllability without applying Lions’ fundamental H.U.M. [30] sharing explicit (and
probably optimal) controlling costs.

e The feedback laws are stable under perturbation. As a direct consequence, the same feed-
back law can be used to stabilize (rapidly or even in finite time) nonlinear models with
satisfying costs.

Inspired by [37] we prove the following theorems concerning quantitative rapid stabilization,
local null controllability with cost estimates, and finite time stabilization for the two dimensional
incompressible internal controlled Navier—Stokes equations, the proofs of which are presented in
Section 3, Section 4, and Section 5 respectively. In Section 2 we introduce some preliminary results
concerning well-posedness of Navier-Stokes equations, spectral inequalities of Stokes operators, as
well as the related control problems.

Theorem 1.1 (Quantitative rapid stabilization). There exists an effectively computable constant
Cy > 0 such that for any A > 0 we can construct an explicit stationary feedback law Fy : H —
H, such that the closed-loop system (1.1)—(1.2) with the feedback law U(t;y) := Fay is locally
exponentially stable:

1B(E, 55 90) |2 + [[Fa®(t, 5590)| |3 < 2C2e2Y 263079 [yo|3y, ¥ s € R,V £ € [5, +00),
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for any ||yo||ln < 0516*02\&.

Theorem 1.2 (Quantitative null controllability with cost estimates). There exists an effectively

C
computable constant Cy > 0 such that, for any T € (0,1), and for any ||yo|lx < e~ T we can find
an explicit control fljo)(t, ) satisfying

O3
F (s )| oo 0,m520) < €7 lyol |,
such that the unique solution of the controlled system (1.1) with initial state y(0,x) = yo(x) and
the control f|jo 1) verifies y(T,z) = 0.

Theorem 1.3 (Small-time local stabilization with explicit feedback laws). For any T > 0, we find
an effectively computable constant A and construct an explicit T-periodic proper feedback law U
satisfying
1Tl < min{L, 20|yl Yy e M, Ve € R,
that stabilizes system (1.1)—(1.3) in finite time:
(i) (2T stabilization) ®(2T +t,t;y0) =0, Yt € R, V ||yolln < Ar.
(ii) (Uniform stability) For every 6 > 0 there exists an effectively computable n > 0 such that

(Iwollre <) = (12,3 p0)llr < 6, V' €R, Vit € (¢, +00)) .

2. PRELIMINARY

2.1. Functional framework. We refer to the book by Chemin [9] for the functional analysis
framework and well-posedness results concerning Navier—Stokes equations, and the book by Coron
[10] for introduction on the related control theory. In the context if there is no confusing sometimes
we simply denote L?(2)? by L?(Q2) or L.
(1) Leray projection and spectral decomposition.

According to Helmholtz decomposition, for any u € L?(Q)? there exist unique v € H and
Vp € L?(2)? such that u = v + Vp, which defines the (orthogonal) Leray projection P on L?(Q)?%:

P: L}(Q)? — H
{ U — Pu:=u— Vp.

Notice that for any f € H,

Pl < w2z < 1f 122 = 1/

which allows us to estimate the control term via || f||z2 (or equivalently || f]|#)-
Let {e;}?2; C Ve, be the orthonormal basis of H given by the eigenvectors of the the Stokes
operator
—Ae; + Vp; = 1i¢;  in €,
dive; =0 in €,
e; =0 on 0f2,
with0 <7 <1 <713<...<7, <...and lim;_,o 7; = +00. Let H be the low frequency subspace
of H, and Py be its orthogonal projection,
Hy = Vect{e;}V, C V.
In terms of the above eigenvectors Leray projection can be extended to V',
P: V — V'
u +— Pu:=u— Vp,

2
loc

(Q), and Vp belongs to V2 as polar space of V,,
VO .= {f eV (fiv)yiy =0, Ve VU}.

where p € L
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More precisely,
o0
Py = Z <u, 6i>V’><Vei eV for ueV,
=1

N

Pyu := Z <u, €i>vf><vei €V, for ueV,
=1

IE”JLVu = Z U, €; V'xvel eV for ueV,
i=N+

oo
Py = Z u ), gpei €H  for ue L*(Q)?,
=1
which satisfies,

<U7U>v’xv < >V’ <V, <IP’u v>V[,xV(,’ YueV, Yve,.

Furthermore, the related H-norm, V,-norm, and V,-norm can be characterized by

S| (i) paggyel” = IPulf < llull3e  for w e L2(2)?,

o0

2
> (w, ei)LQ(Q)Qy 7 = [|Pul|}, < |[ul[}  foru eV,
i=1
oo
2 _
Do)y 7t = IPully, = [lull}y, <[l for ue V.

i=1

(2) Spectral inequalities.

For any A > 0, we denote by N(A) the number of the eigenvalues that are smaller than or equal
to A, i.e. Tv(n) < A < Ty(x)+1, and define the following symmetric matrix Jy(y),

N(A)

(21) JN(/\) = ((ei, ej)LQ(w)2>i,j:1 .
Proposition 2.1 (Spectral inequalities). There ezists an effectively computable constant C1 > 1
only depends on (2, w) that is independent of A > 0 such that, for any A > 0 and for any Enoy =

(a1,a2,...,an()) € RNYW) the following inequality holds,
EJI\}(A)JN(/\)EN(/\) 2 Cl_lefolﬁHEN(,\)H%-

Proof. This is a Lebeau-Robbiano type spectral inequality [23]. By letting N be representing Ny,
we get
N
EYINEn = ) a (€ir€5) 22 = I > aieillfae = Crle= Y| Ex |3,
1<i,j<N i=1

where we have recalled the spectral inequality concerning the Stokes operator from the recent paper
[8, Theorem 3.1],

Ceclf <Zalel )d;v>2a

7-1<)\ TZS)\
Or equivalently, the preceding positive quadratic form can be read as

C’leclﬁ/ (PN(A)y)Qde‘ > /Q (PN()\)y)Zdl‘, Vy € H.
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(3) Nonlinear terms.
Next, we define the following bilinear map Q as well as trilinear functional B,

Q: VxV — V'
(u,v) +— div (u®wv)”’
B(u,v,w) := <Q(u,v),w>v,xv, Y u,v,w e V.
Proposition 2.2 (Nonlinearity estimates). There exists a constant ¢y such that for any u,v and
w in YV, we have the following estimates,
B(u,u,w) = {(u- V)u,w>v,xv if u € Vo,
B(u,v,w) + B(u,w,v) =0 ifu € Vs,

1 1 1 1
|1B(u, v, w)| < col lull fo[[0l| L2 [Vl £ [Vl f2[[ V]| 2.

2.2. Open loop controlled (inhomogeneous) Navier—Stokes systems. The open loop con-
trolled equation is indeed an inhomogeneous equation with a force term located in the controlled
domain. A general inhomogeneous equation (without any restriction on force terms) is presented

by,

yr — Ay + (y-V)y+ Vp = f(t,z), (t

div y(t,l‘) = O) (tvx) € (tl,tg) X Q7
y(t,z) =0, (t

y(tlvx) = yO(x)a T € Qa

(2.2)

where t9 can be taken as +o0o. We are interested in the solutions under Leray’s weak solution

sense [29]: for any yo € H and any f € L2 (t1,t2;)’), the solution of equation (2.2) is some
y € C([t1,ta]; H) N LE (t1,t2; V) such that, for any test function ¢ in C([t1,t2]; V,), the vector

field y satisfies the following condition:

(50 66 = (0 6(0)) 3, + [ (A0() +810(5) )y,

t

(2.3) —|—/ (y(s) ®y(s),V¢(s))L2(Q)2ds +/

t1 t1

(F(5)0(5)) oy, s,

for every t € [t1, ta].

Theorem 2.3 (Leray theorem on well-posedness and stability of the solutions). For any yo € H
and any f € L2 (t1,t2; L?(2)?), the Cauchy problem (2.2) admits a unique solution. This unique
solution is also in Hlloc(tl,tz; V!). Moreover, there exists some constant Cy independent of t1 and

to such that this unique solution satisfies,

1 t 1 t
(2.4) 2||y(t7w)|%+/t IVy(s,2)||72ds = 5|Iyol|%+ t <f(3)ay(5)>v{,xvgds’
1 1
t t
(2.5) Hy(t,x)l%+/t IVy(s,z)||F2ds < \|y0H3{+C’0/t £ (s)]|72ds,
1 1

for any t € [t1,ta].
Furthermore, the Leray solutions are stable in the following sense. Let y (resp. z) be the Leray
solution associated with yo (resp. z9) in H and f (resp. g) in the space L3 (t1,+00; L*(Q)?), then

loc
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forw:=y — z and for any t € (t1,+00) we have
t t
()2 + / [Vaw(s, @) [2ads < (Hwo\r% +Co / 10— g><s>uizds) exp(CLE*(1)),
1 1

t t
E(t) := min {||yo||% +Co / 1£(5)|32ds, ] 0l 3 + Co / ||g<s>|r%2ds} -
1 1

Actually Theorem 2.3 holds for f in L? (t1,+o00;)"), for which the related inequalities are governed

loc

by the L?(V!)-norm of f and the constant Cy can be taken as 1.

2.3. Time-varying feedback laws, closed-loop systems, and finite time stabilization. In
this section we recall the precise definition of time-varying feedback laws as well as the related
closed-loop solutions.

Definition 2.4 (Closed-loop systems). Let s; € R and sy € R be given such that sy < sa. Let the
time-varying feedback law on interval [s1, s2] be an application

(2.6) {U: [Sl,SQ}X% — H

(t;y) = Ut y).

Let ty € [s1, 82], t2 € (t1,s2], and yo € H. A solution on [t1,t2] to the Cauchy problem associated to
the closed-loop system (1.1)—(1.2) with (2.6) for initial data yo at time ty is some y : [t1,t2] — H
such that

t € (t1,t2) = f(t,2) = LU y(t) € L2(t, t2; L*(Q)?),
y is a Leray solution of (2.2) with initial data yo at time t; and the above force term f(t,x).

Definition 2.5 (Proper feedback laws). Let s; € R and sy € R be given such that s; < sy. A
proper feedback law on [s1, s3] is an application U of type (2.6) such that, for every t, € [s1,S2],
for every ta € (t1,s2], and for every yo € H, there exists a unique solution on [t1,ts] to the Cauchy
problem associated to the closed-loop system (1.1)—(1.2) with (2.6) for initial data yo at time t;
according to Definition 2./.

A proper feedback law is an application U of type (1.3) such that, for every s; € R and for every
s9 € R satisfying s1 < sa, the feedback law restricted to [s1,s2] X H is a proper feedback law on
[s1, s2].

For a proper feedback law, one can define the flow ® : A x H — H associated to this feedback
law, with A := {(¢,s); t > s}: ®(t,s;y0) is the value at time ¢ of the solution y to the closed-loop
system (1.1)—(1.3) which is equal to yp at time s.

Definition 2.6 (Finite time local stabilization of Navier-Stokes equations). Let T' > 0. A T-
periodic proper feedback law U locally stabilizes the two dimensional Navier-Stokes equation in
finite time, if for some € > 0 the flow ® of the closed-loop system (1.1)—(1.3) verifies,

(i) (2T stabilization) ®(2T + t,t;y0) =0, YVt € R, V ||yo|ln < &,
(ii) (Uniform stability) For every 6 > 0, there exists n > 0 such that
(lyollz < n) = (12,5 y0) |l <0, V' €R, YVt € (', +00)).

2.4. Well-posedness of closed-loop systems. Finally we present well-posedness results con-
cerning closed-loop systems with stationary Lipschitz feedback laws. Concerning linear feedback
laws one has the following well-posedness result.
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Theorem 2.7. Let T > 0. Let given vector functions {p;}I'; € H and bounded linear operators
{Li}1 : H — R. For any yo € H the Cauchy problem

—Ay+ (V) + Vp = (T Lw)e), (L) € (0.7) x O,
divy =0, (t,x) € (0,T) x Q,
y(t,z) =0, (t,z) € (0,T) x 0%,
y(0,2) = yo(x), z €,

admits a unique solution.

As will consider finite time stabilization problems we also introduce “cutoff” type feedback laws.
For any r € (0,1/2] we find some smooth cutoff function y, € C(R™;|0,1]) satisfying

1 ifze]0,r],
2.7 T =
27) xr(@) {O if x € [2r,+00),
and further define the following related Lipschitz operator IC,. : H — H,
(2.8) Ke(y) ==y -xr (lylln), Yy € H,

satisfying, for some constant L, depending on r,

()3 < minL, [|y[[2},
Er(y) = K (D)l < Lelly = 2lln, Yy, 2 € .

Theorem 2.8. Let T' > 0. Let r € (0,1/2]. Let given vector functions {¢;};—, € H and bounded
linear operators {l;}1, : H — R. For any yo € H the Cauchy problem

—Ay+(y- V)y+Vp= LK (S bw)e), (o) e (0.1)x 9,
divy =0, (t,x) € (0,T) x Q,
y(t,z) =0, (t,z) € (0,T) x 89,
y(0,z) = yo(x), zeq,

admits a unique solution.

Both the closed-loop systems with linear feedback laws and the closed-loop systems with Lipschitz
nonlinear feedback laws are well-posed correspond to Theorem 2.7 and Theorem 2.8, the detailed
proofs of which we omit. Indeed, local (in time) existence and uniqueness of solutions are based on
Leray’s theorem 2.3 concerning energy estimates and stability of the solutions, and Banach fixed
point theorem. Let the Lipschitz constant of the feedback law be L, let the feedback of y is always
bounded by C||y||x, and let ||yo||x = M. For some T small enough to be fixed later on we consider
the Banach space,

Xz = C([0,T); H) N L*(0,T; Vy),

M) = {y € X il = 30 700 + 1901200 702y < 4AM2 )
as well as the following application,
{ St Xp(2M) — Xz
y = S(y),

where S(y) is the solution of Cauchy problem (2.2) with the initial state yo and force (control) term
f= 1w/CT(Z?:1 l,(y)np,) One can check that, thanks to Theorem 2.3, the preceding application is

a contraction map on Xz(2M) for T sufficiently small, e.g.

T < min {(4CoC?) ™, (1Co L exp(4C, M) ™'},
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thus admits a fixed point ¥ which is the unique solution of the closed-loop system. Moreover, since
= S(y) is the solution of the Cauchy problem (2.2) with control f = 1,k (Y1, 1;(¥)p;), thanks

to Theorem 2.3, this solution also belongs to the space H'(0,7;V"). In the end, some a priori

energy estimates lead to global (in time) solutions.

We also emphasize that the Lipschitz condition is crucial in order to guarantee the uniqueness.

Otherwise one may need to use other compactness arguments to prove existence of solutions, see

for example [17].

5. On the choice of constants. In this section we conclude the values of the constants that
will be used later on, which also correspond to the constants that appeared in Theorem 1.1 and
Theorem 1.2.

e For any given A > 0, we define

(2.9) = CrefYAN and oy = AZ = C2e201VA 5
e By recalling the definition of C} in Proposition 2.1, we further select some Cy € [3C}, +00)
such that for all A > 0,

(2.10) (1+ /\Cl)eclﬁ, 8(1+ )\)0126201\&, 9000%6301\5 < Cpe®2VA,
and define
(2.11) Ty = (02602\[\)*

e Then we choose some constant () > 0 satisfying

2
(2.12) C1eC19m 0heC20m < e%im, Vm>1,
and select
Q2

2.13 Cy = —.
(2.13) yi= 2

3. QUANTITATIVE RAPID STABILIZATION

Inspired by the recent work [37] on the stabilization of the heat equations, we directly define the
following stationary feedback law
(3.1) Fay = =Py, Yy €H,

and consider the following closed-loop system,

ye=0y—(y - V)y—Vp-—mnlsPyy inQ,
(3.2) divy=0 in €,
y=20 on 012,

where, and from now on, we simply denote N(\) by N. Furthermore, the low frequency system
satisfies

d
(3-3) 7 (]P’Ny) =Py (Ay) — Py ((’y : V)Z/) — Py <1wIP’Ny)-
Because y lives in ‘H, we can decompose

y(t,z) = Py(t, z) = Zyz &,

o0 [e.e]

wez Z w€l76j LQ(Q)er Z(eivej)L2(w)2ejv

Jj=1 Jj=1
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which further implies

]PN(leNy> =Py (Ldiyi(t)ei) ZZyZ ez,e] L2(w)2
i=1

i=1 j=1

Furthermore, for y in V, the nonlinear term (y - V)y (which is equivalent to div (y ® y)) belongs to
the space V', thus

Mz

]P) y v y7el V’XV
=1
moreover
N
- ZTiyiei-
i=1
By defining
yl(t) _<(y ' V)y, 61>V’><V(t) -7
(3‘4) XN(t) = yQ(t) ,YN(t) — _<(y ' V)y, 62>V’><V(t) ,AN — —1T9 ’
yN(t) _<(y : V),% eN>lev(t) —TN

we know that the finite dimensional system Xy (t) satisfies the following ordinary differential equa-
tion,

(3.5) Xn(t) = ANXn(t) = In XN (E) + Yi (D).
Let us consider the following Lyapunov functional on H: for every y € H,

(86) V() = 1 Py, Py) e + (PRo:PRy) |, = mlIXnl3 + (PR, Phy)

satisfying

L2(Q)2 L2(Q)2 ’

19ll72(02 < V() < mllyllizqpe Yy € H,

where
N
1 Xnlf5 = Z?Jf = (IP)NyuPNy)L2(Q)2-

Let T' > 0. Concerning the variation of the value of the above Lyapunov function, at least
when the solution is regular enough, for example y € C([0,T];V.) N C°([0,T);V,) and (thus)
Pyy € C([0,T]; Hy), one has

d d N
—||X Py, P
GV ) = m G IXw B+ 5 (Pho o) o

. d
= 2 X XN +2 <PN?J7 yr (Pﬁy)> ,
Vo XV

d
= 2 X} (ANXN —nJINXN + YN) +2 <PN3J, 7 > ;

t Vo x V!

where the value of —X]EYN is given by
(B (- Vw)Bay) = (B(4- V). Pxy) = V)u.Bay)y o, = Blyy. Py).

Eventually, according to Theorem 2.3 and Theorem 2.7, the solution y lives indeed in the space
HY0,T;V))nC°([0,T);H) N L?(0,T;V,). This further implies that Ay and (y - V)y belong to
L?(0,T;V"), the finite dimensional projection Yy is in L2(0, T;RY), 4 (Xy) is in L2(0, T;RY), Xy
is in C°([0, T|; RY), £ (Pny) isin L*(0,T; Hy), 4 (Pyy) and Ly live in L2(0,T;V.,). Consequently,
the preceding equations hold in the distribution sense in L'(0, 7).

V! xVo
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Moreover, on the one hand, thanks to Proposition 2.1, Proposition 2.2, as well as the choice of
~vx and py, we have

QMAX]’Z\;'XN7
=2 X} (An — nJIn) XN + 2 X Yy,

1

< =2 (C1eYR) X1 = 20 Pyl + 2By, 3, Pay) .

< =2 AIXN |3 = 260l [VPNy[Z2 () + 26acol9l L2V Yll L2 [ PNy L2 ()
< =2 |IXN 5 = 2| VPNl 22 () + 2macollyll2o) Vol T2

On the other hand,

d
PN:% > )
< ar’ Vo x VL,

=2 <Pﬁy, Ay —(y-V)y —nloPny — Vp> ;
Vo x V!

P,)—Q (Pi,lp) —2< -V,Pl> ,
<Ny y, "2 BNy Py o (v V)y, Pyy —

[o.¢]
=-2 ) myl—2m (l%y, 1wIP>Ny)
i=N+1

e~ 2B (y, y,l%y) :

o0
<=2 Y iyl + 2%l Pyyll 2o 11wPryll 2@ + 2B(y, v, Pry),

i=N—+1
2
!
<-Z AIIP ylli20) — HVJP’ Ull720) + MPAUI[L20) + NN + 2c0llyll 2@ Vol ()
§—*>\||TfD yll72() — HV]P’ yllZ2() + AMIXN13 + 2c0llyl 2 @) VY1220

Combining the preceding three inequalities, we further derive that

d
(V@) < 2MAA|!XNH2—2uAIIVIP’NyIILz y + 2uncol[yl] 2o V¥l 20y

APy s SIVBIa ey + 1 MIXNE + 2eollylL e IV
< i NIX 1~ S MIPA ey — 511 V312 + Amrcollyllzz IVl
A
< (=3) Vo) = 319010y + trcullylzio Vol
(3.7) <=5 ) VE®) = IVylliag) ( 5 — 4V 2 (y(1) ).

Keep in mind that the continuous function V(y(t)) € WH1(0,T) and that inequality (3.7)
holds almost everywhere with both hand sides being L'(0,7"). Inspired by the above formula,
at first by ignoring the first term in the right hand side of (3.7), we know that the value of
min{V (y(t)), (8urco) "2} decreases with respect to time. Therefore, if V(y(0)) < (8uaco)~2 then
the value of V (y(t)) is always strictly smaller than (8pyco) 2. As a consequence in the preceding
inequality one can next ignore the second term involving Vy, which results in the fact that the
Lyapunov functional V (y(t)) decay exponentially with decay rate /2.

More precisely, by the choice of ry from (2.10)—(2.11), for any initial data yo € H satisfying
lyollr2(q) < 7a we have

V(o) < mallyoll720y < mark < (9uaco) ™ < (8uaco) %,
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which, combined with the fact due to inequality (3.7) that for almost every ¢ in (0,7),

d/ . _
= (min {V (u(0), (81me0) 2} ) <0,
implies that the continuous function min {V (y(t)), (8uxco) 2} is always smaller than (9uxco) 2.

Hence V (y(t)) is always smaller than (9sco)~2, which, combined with inequality (3.7), yields that
for almost every ¢ in (0,7,

G ) < (=5) Voo

Therefore, the continuous function V(y(t)) verifies
V() < e 2'V(y(0). Vi € 0.7,
Consequently
_2 _2 _2
1(8) 20 < V() < e 3V (5(0)) < e lly(0)] Baggy < CR2YRe 3 y(0)] B

Therefore, for any initial data yo € H satisfying ||yo|[z2(n) < 7 the unique solution decays
exponentially,

A
ly(®)llz2(@) < Cre™ e 2 [y(0)]|12(@), ¥ ¢ € [0, +00),
1Py z2) < Myl r2@) < ACTe QCIIC_Z':HZJ( 0)llz2(0),V t € [0, +00),
which can be quantified in the following theorem.

Theorem 3.1 (Local stabilization with linear feedback laws). For any A > 0, for any ||yo||n < ra,
and for any s € R the Cauchy problem

- Ay + (y ' V)y + vp = _'7/\1w]:)\y7 (ta l’) € [S> +OO> X Q>

(3.8) div y =0, (t,x) € [s,4+00) x Q,
y(t,x) =0, (t,x) € [s,4+00) x 012,
y(s,2) = yo(z), z €,
has a unique solution in CO([s,+oc); H) N L2 (s,+00;V,). Moreover, this unique solution verifies
(3.9) (@)l < C1e™ e 3 yoly, V1 € 5, +00),
(3.10) 1y (t)l e < Cae®Y e 30 gy, ¥ ¢ € [5, +00).

Nonlinear feedback laws

Actually similar result also holds for nonlinear feedback laws K;, (Fry) provided by equations
(2.7)-(2.8) and (3.1). From the preceding theorem we observe that for initial state ||yo||ly < 73,
the unique solution y(t) of the Cauchy problem (3.8) satisfies

(3.11) [ Fxy ()] 220y < Coe®Y e 309 jyo|| 12y < Coe®2VPr3 = 1y, Yt € [5, +00).
Now, we replace the hnear feedback law Fy by K, (Fay) (see equation (2.8)), which satisfies

(3.12) ey (Fay) lL2(0) < min{1, 4 /2[[yll L2 () }-

Indeed, if || Fayl[z2(q) < 27», then since the operator norm || Fy[| < vy < ry ', we have,

s (Fap) 20y < 13l z20) < 1/2nl1Bwllz2@) < \/2rllBalllyllza) < y/2119ll220)

If [[Fayllz2(q) > 27a, then by the definition of Ky, we know that K, (Fay) = 0, which completes
the proof of the condition (3.12).
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Finally, we show that for ||yo|lz < r% the solution of the closed-loop system with feedback law
Kr, (Fay) also decays exponentially. Indeed, it suffices to prove that the solution y verifies

Kry (Fay(t)) = Fay(t), Vit € [s,+00),
which, by recalling the definition of K., in (2.7)—(2.8), is true according to (3.11),
IFry(Olr2) < C2e%Y ol 2y < Coe®2V 3 =y, V t € [5,+00).

Theorem 3.2 (Local stabilization with nonlinear Lipschitz feedback laws). For any A > 0, for any
llyoll# < 3, and for any s € R the Cauchy problem

y— Ay + (y-V)y+ Vp = —n1uKs, (Fay), (t,x) € [s,+00) x Q,

divy =0, (t,x) € [s,+00) x Q,
(3.13)

y(t,2) =0, (t,2) € [5, +00) x 9O,

y(s,:v) = yO(x)7 x €,

has a unique solution in CO([s,+o0); H) N L2, (s, +00;V,). Moreover, this unique solution verifies

ly(E)llz < CreCr¥2e™ 1) |yg| gy, ¥t € [, +00),
[ Fay(8)|l3 < Cae2¥2e™ 3| |yg| 13y, ¥t € [, 400).
4. QUANTITATIVE NULL CONTROLLABILITY WITH COST ESTIMATES

In this section we construct feedback laws (controls) that yield the solutions decay to zero in
finite time.

Theorem 4.1. There exists C3 > 0 such that, for any T € (0,1), for any yo € H satisfying

C
llyol| < e~ T we construct an explicit control f(t,x) for the controlled system (1.1) such that the
unique solution with initial data y(0,x) = yo(x) verifies y(T,z) = 0. Moreover,

Cs
y )| Leo(0,17H) = ollH-
£t )] <eT ||yl

Proof. For the ease of presentation, we only consider the case when 1/T = 2" with ng € N*. The
other cases can be treated via time transition, i.e. if T € (27™~1,27™) then we simply let the
feedback law U(t;y) := 0 on the time interval [2=™~1 T]. More precisely, we consider the following
partition of [0, 7] and piecewise feedback laws,

1
(4.1) T, =270 <1 — 2n> s Iy = [Th, Tht1), Ani= Q%220+ for any n > 0,
(4.2) for any n > 0 we consider the control (feedback law) as Fy, on interval I,.

Control design.

Step 1. Let the constant Ry > 0 be sufficiently small to be fixed later on. First, for ||yo||x < Rr, on
the interval Iy we consider the closed-loop system (1.1)-(1.2) with feedback law U := Fj,
and initial data y(0,z) = yo(x). Assuming that Ry < r),, then according to Theorem 3.1
the closed-loop system has a unique solution y| 1, that decays exponentially with decay rate
Ao/4.

Step 2. Next, we consider the closed-loop system with feedback law Fy, and y(71,z) = y(11,z)
on I;. Again we assume ||y(77)|| < ry, to find a unique solution y|7, that is exponentially
stable.

Step 3. By continuing this procedure on I,, and by always assuming ||y(7},)|| < 7, , we find a stable
solution y|r, .

Step 4. We denote this constructed solution glj 7y € C°([0,T); H) by yljo7)-

Step 5. For some sufficiently small Ry we prove that ||y(T},)|| is indeed smaller than r) for every
n € N, and show that the solution tends to zero as y(T') := lim;_,;— y(t) = 0.
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Step 6. Eventually, thanks to Step 5, y|jo 7 is the unique solution of the Cauchy problem (2.2) with
the control term f given by f|1, := Fx,y|1,, Vn > 0, which satisfies y(7") = 0.
Step 7. We calculate precise cost estimates.

First we assume that for every I,, the value ||y(T},)||z2 is smaller than ry _, which, together with
Theorem 3.1, implies that the solution y|;, verifies

(4.3) ly(D]lL2 <01601Q2n0+ne_722(n0+n>(t To)|ly(T, T)llL2(q), Vt € In,
(4.4) P2y ()| L2 (q) < CoeC2@2 " e T2 (=T 1y(T,) || 120y, VE € I

Consequently, for every n > 1 the value of y(7},) is dominated by

n—1
_ Ak 9—(ng+k+1)
y(To)llr2 ) < (H Cref1V ke 270 ) 1vollz2(0)

k=0
n-l k Q k
(HC S ) 9ol 22
k=0
nol Q2 E Q% ong+k

S (H 6672n0+ e—?QnO ) ||y0”L2(Q)
k=0
n—1 7Q .

no+

= (He or 2 ) Yol | L2 ()

k=0
Q2
(4.5) =exp( Qg (gn — )) loollz

Observe that the above inequality also holds for n = 0. Furthermore, for any n > 1 and for any
t € I,, the control term is bounded by

no+n 5Q%  potn—
46) 100z < GO (T < exo (-2 il

Clearly, the right hand side of the inequalities (4.5) and (4.6) tend to 0 as n tends to oco. Therefore,
it suffices to prove the assumption ||y(T},)||r2 < 7y, to close the “bootstrap” and to conclude the
null controllability. By recalling the definitions of A\, 7y, , and ) we know that

Q2 n, n n n
e o1 20T < (Cpe@2 9T T = (Che®2VA )Tl =y VmEN,

Hence, it suffices to find some Rp > 0 such that

2
(4.7) Ry exp ( Q ——2m0(2" 1)) < e_WQnO "<y, YneN.
Thus one can take
2 . 2 c 2
(4.8) Ry = e~ %2 = ¢"HT = ¢~ 7 where Cs = %

It only remains to estimate the controlling cost. Thanks to (4.6) we know that

1 Or2@) < llyollz2(e), Vit € [T, T].
As for t € [0,T1) and the control f|f,(t), we have

0 s
120yl r2(0) < C2e“>“*™ [[yol| 20y < % *lyoll2@) < €7 llyoll L2(0)-
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C
In conclusion, for any ||yo|[z < e~ T, the constructed solution y(t,z) and control f(t,z) satisfy

y(t, )2 and ||f(t, )2 — 07, ast = T,

(. 220y and 17 (t 2@ < €T lluollzaay. Yt € 0.7
U

Remark 4.2. If we replace the linear feedback laws {Fy,y}nzy by {Kr, (]:,\ y)} ° | on interval

L., then similar result holds. Indeed, according to Theorem 3.2 it suffices to find some initial state

such that for every n € N the value of ||y(Ty,)|| is smaller than T%\n. More precisely, instead of

2C,

- 2
taking some Rp > 0 that verifies (4.7), one only needs to find Ry := e ToT = e~ T satisfying

Q2

RTGXP< ol ——-2m0(2" 1)> < e_%2 o < r?\n, VneN,

to guarantee that for every n € N we have ||y(Ty,)||r2 < r?\n.

5. SMALL-TIME LOCAL STABILIZATION

As in the preceding section, we only focus on the case when T' = 1/2" with ng be integer. We
also adapt the same construction of 7, and A, given by (4.1) in Section 4.

Theorem 5.1 (Small-time local stabilization of Navier-Stokes equations). Let T' = 1/2™ with
ng € N*. The following T-periodic feedback law U(t;y) : R x H — H satisfying (3.12),

(5.1) U‘[O’T)Xﬂ(t; y) =Ky (Fa9), VyeH,Vtel,,¥neN,

is a proper feedback law for system (1.1)—(1.2). Moreover, for some effectively computable constant
Ap this feedback law stabilizes system (1.1)—(1.2) in finite time:

(i) (2T stabilization) (2T +t,t;yp) =0, YVt € R, V||yollx < Ar.
(ii) (Uniform stability) For every § > 0, there exists an effectively computable n > 0 such that
([I(wolln < m) = (|9, 5 90)|[n <6, V' €R, Vi€ (t',+00)) .

Proof of Theorem 5.1. We mimic the prove of the finite time stabilization of the heat equations
[16, 37], as relatively standard, see also [19, 35, 36] for similar results. The proof is followed by five
steps:

Step 1. The feedback law U is a proper feedback law, i.e. for any yg € H and for any initial time
s € R there exists a unique global (in time) solution.

Step 2. Null controllability: ®(7',0;y0) = 0 for any yo satisfying ||yo||n < Rr = 67%. Moreover,

C 2C!
(5.2) 19t 0:90)ll3 < €7 |lyoll3e, ¥ llyollae < e T, ¥t € 0,7,
Step 3. For any i > 0, there exists some () € (0,7) such that
(5'3) H(I)(t73;y0)HH < ﬁa v HyOH'H < 5@% Vse [OvT)7 Vie [S,T].
Step 4. 2T stabilization: ®(27,s;y0) = 0, for any s € [0,7), for any yo satisfying ||yo||ln <

€ (e*%) =: Arp.

Step 5. Uniform stability as direct consequence of Step 2—4.

Step 1. It suffices to prove that for any s € [0,7T") the closed-loop system has a unique solution on
[s,T]. Indeed, thanks to Theorem 2.8 there exists a unique solution on I,, for any I,, that intersects
with [s,T). Hence we find a unique solution y in C%([s,T);H) N L2 (s,T;V,). Observe that

the control (provided by the related feedback law) is smaller than 1, d.e.||f(t, 2)|[r2(s, ) < VT.
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Theorem 2.3 implies that the solution y is indeed in C°([s, T]; H) N L?(s, T;V,). Finally, thanks to
Theorem 2.3 again, the unique solution y never blow up,

ly(t, )17 + [yt )22 (g 22y < lloll3 + Colt = 5), ¥Vt € (5,+00).

Step 2. This step is a consequence of Theorem 4.1 and Remark 4.2. N
Step 3. Thanks to the fact that ||f(¢,2)||% < 1 and Theorem 2.3, there exists T € (0,7T) such
that

19t 5590) 12 < 77, ¥ llyol I < 77/2, ¥ s € [T, T), Vi € [s,T].

Observe that the feedback law U on [0, T) is composed by finitely many stationary feedback laws
on intervals {I,}, while, thanks to Theorem 3.2, on each of these intervals I, the system is locally
exponentially stable. Consequently, there exists some ¢ = ¢(7) € (0,7/2) such that

19(t, 5390) I < 77/2, V |[wolln < e, Vs €[0,T), Viels,T].

2C3

Step 4 is a trivial combination of Step 2 and Step 3 by taking e (e‘T
Step 5 follows directly from Step 2—4. For instance, for § > 0, we can take

o = min{s(é),e_%} <6 and n:=¢e(d1) < 01 <.
Indeed, for s € [0,T), and for ||yo||zx < 7, thanks to the choice of 1 as €(d1), Step 3 yields,
Hy@)l = |2, s3y0)lln < 01, Vi€ [s,T].
Next, thanks to the choice of 1, Step 3 and Step 2 lead to
@, s3y0)lln = ||@Q, T5y(T))||ln < 6, Vit € [T,2T],
(2T, s30) = (2T, T;y(T)) = 0.
]
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