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QUANTITATIVE RAPID AND FINITE TIME STABILIZATION OF THE
HEAT EQUATION

SHENGQUAN XIANG

ABSTRACT. The null controllability of the heat equation is known for decades [21, 25, 34]. The finite
time stabilizability of the one dimensional heat equation was proved by Coron-Nguyén [15], while
the same question for high dimensional spaces remained widely open. Inspired by Coron—Trélat

[16] we find explicit stationary feedback laws that quantitatively exponentially stabilize the heat

equation with decay rate A and CeCVr estimates, where Lebeau—Robbiano’s spectral inequality [34]

is naturally used. Then a piecewise controlling argument leads to null controllability with optimal
cost Ce®/T | as well as finite time stabilization.

1. INTRODUCTION

Let © be an open domain in R? with smooth boundary and w C Q an open subset. We are
interested in the stabilization and controllability of the internal controlled heat equation,

(1.1) yr = Ay + 1,/ in Q,
(1.2) y =0 on 0f.

1.1. Stabilization problems. It is well known that in the 90’s the null controllability of the above
system was simultaneously discovered by Lebeau—Robbiano and Fursikov—Imanuvilov via different
approaches [25, 34], rely on Lions’ H.U.M. [36], Russell’s idea on controllability and observability
[11], and most importantly Carleman estimates [9, 26]. See [32] for a complete and pedagogical
introduction on these different but somehow complementary methods. Later on many people have
contributed in the related controllability problems [16, 20, 22, 23, 24].

Though the study on the controllability of the heat equation is nearly complete, less is known
concerning stabilization. Generally speaking, exponential stabilization for the heat equation even
for evolution equations with operators generating analytic semi-groups should be easier than null
controllability problems. Indeed from a spectrum point of view one needs to stabilize finitely
many unstable modes, which in some sense is easier than unique continuation problems, while null
controllability corresponds to observability inequality. The controlled wave equation is probably the
best example to see this difference, Hormander—Tataru—Robbiano—Zuily [27, 30, 10, 42] proved the
unique continuation for arbitrary control domain, while observability requires the control domain
satisfying G.C.C. [1, 8] according to Bardos—Lebeau—Rauch. Several methods have been introduced
for exponential stabilization problems on partial differential equations, among which the most
commonly used should be the so-called Riccati method motivated from finite dimensional optimal
control theory (see for example [2, 3, 5, 35, 36, 39]). Modulo some systematic arguments, in the
end of the day it suffices to solve some non-linear algebraic Riccati equation in order to define a
stabilizing feedback law. Though powerful the feedback law is not explicit, because it is an implicit
solution of the Riccati equation, for which even the numerical computation is demanding. Thus
it is always asked to design simper and more efficient exponentially stabilizing feedback laws that
provide quantitative stabilizing estimates.
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Finite time stabilization can be regarded as one of the ultimate questions to be asked for control
theory, which is definitely much more involved than null controllability problems. In fact, even for
the one dimensional heat equation the finite time stabilization problem was solved quite recently
by Coron—Nguyén [15], the controllability of which was known for nearly half century [21]. We
refer to the paper by Coron and the author [18, Introduction] for a detailed review on this problem.
The crucial point for [15] is the exponential stabilization by stationary feedback laws for decay

rate A with quantitative estimates eCVA via backstepping method. The backstepping method, first
introduced by Krstic and his collaborators [29], corresponds to moving the spectrum with the help
of some feedback laws. It has been improved in [12, 4], which turned out to be quite efficient
for many one dimensional models [13, 17, 48]. From a spectrum point of view, this method is
different from any other stabilizing techniques concentrating on finite dimensional low frequency
terms, as a result it can be applied to hyperbolic type systems. However, it is a challenging
problem to introduce backstepping method for models in high dimensional spaces. Because the
other stabilization methods are rather abstract and the backstepping method provides satisfying
eCVA estimates, it was believed that the generalization of backstepping should appear before the
proof of finite time stabilization of the heat equation.

1.2. The main results. In this paper, we solve the finite time stabilization problem of the heat
equation in any dimensional space, and provide a quantitative exponential stabilization method.
Instead of using Riccati methods, or of generalizing backstepping to high dimensional spaces, we
use a straightforward Lyapunov functional method. It turns out that the exponential stabilization
of the heat equation with arbitrary decay rate A can be achieved via simple and explicit feedback
laws. Surprisingly, the spectral estimates found by Lebeau—Robbiano is naturally and elegantly
used to provide an eCVA stabilizing estimate. Thanks to this powerful estimate, by applying a
standard piecewise controlling argument we further prove the null controllability via stabilization
approach, and more importantly, solve the finite time stabilization problem with arbitrarily small
time 7' > 0 (hence small-time stabilization).

Before stating the detailed theorems, we briefly explain some terminologies used for finite time
stabilization. A time-varying feedback law U is an application

{U:RXLQ(Q) —  L*(Q)
(t;y) = Uty).

A stationary feedback law is such an application only depends on L?(€2), and a T-periodic feedback
law is a time-varying feedback law such that U (t+T;y) = U(t;y). The closed-loop system associated
to a feedback law U is the evolution equation

(1.3) {yt = Ay+ LU ), (8,) € (s,400) x O,

y(t,x) =0, (t,x) € (s,400) x .

Eventually we are interested in T-periodic proper feedback laws. Heuristically speaking, a feedback
law U is called proper if the Cauchy problem associated to the closed-loop system (1.3) admits a
unique solution for every s € R and for every initial data yo € L?(£2) at time s. Therefore, formally
we are allowed to define a “flow”, ®(t,s;y0), as the state at time ¢ of the solution of (1.3) with
initial state y(s,z) = yo(x), where yo € L*(Q) and t > s. Please follow Section 4.1 for precise def-
initions on solutions of closed-loop systems, proper feedback laws, “flow” with respect to systems
with proper feedback laws, as well as finite time stabilization.

Successively we are able to prove the following theorems concerning rapid stabilization, null
controllability, and finite time stabilization in Section 2, Section 3, and Section 4 respectively. In
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Section 2 we also comment on the stabilization of nonlinear systems and the stabilization on higher
regularity spaces.

Theorem 1.1 (Quantitative rapid stabilization). There exists an effectively computable constant
C > 0 such that for any X\ > 0 we construct an explicit stationary feedback law Gy : L*(2) — L?(2),
such that the closed-loop system

Yt = Ay + 1,G\y in €,
y=0 on 00,

1s exponentially stable:
A
19(, 53 50)l| 220 + 11wGA®(E, 5 90) |2y < CeV e 2 [yo| 120y, Vs € R,V £ € [s5,4+00).

Theorem 1.2 (Null controllability with optimal cost). There exists an effectively computable con-
stant C' > 0 such that, for any T € (0,1), for any yo € L*(), we find an explicit control flo(t; @)
for the control system (1.1)—(1.2) such that the unique solution verifies

y(0,z) = yo(x) and y(T,z) =0,
moreover,
1w f (@)l Lo 0,m;22(0)) < ec/THyOHB(Q)-

Theorem 1.3 (Semi-global finite time stabilization with explicit feedback laws). For any A > 1,
for any T > 0, we construct an explicit T -periodic proper feedback law U satisfying

1/2

11Ut )l 220) < Cllyllzz@) + 20yl ) Yy € L(Q), VEER,

with some C' effectively computable, that stabilizes system (13) in finite time:

(i) (2T stabilization) ®(2T +t,t;y0) =0, Vt € R, V [|yollr2() < A
(ii) (Uniform stability) For every § > 0 there exists an eﬁectwely computable n > 0 such that

(ol 2@ < m) = ([t 90)||12() <6, V' €R, Ve (t',400)).

Remark 1.4. Let us emphasize that the “uniform stability” condition is one of the essential dif-
ferences between null controllability and finite time stabilization. Indeed, this condition is crucial
for stabilization problems as in reality systems may have errors and exist perturbations, thus the
stabilizing system are required to overcome these difficulties. Another main difficulty for closed-loop
stabilization compared to open-loop control is that the feedback only depends on current states, while
control may depend on backward states.

Statement on notations: for readers convenience we summarize some notations and constants
that will be defined and used later on. Moreover, once a constant is defined, from then on we will
use it directly. Notations (75, €;) and N(\) about eigenvalues defined in Section 2.2; orthogonal pro-
jection Py, P% defined after equation (2.12); truncated operator K, in (2.3); vy and py in (2.13);
feedback law Fy in (2.14); ry in (2.15); the partition T),, A, and I, by (3.1). All the following
constants are independent of A > 0: C; defined in Proposition 2.5; Cs in equation (2.15); I' by
(3.5) and Cs5 by (3.7).

Acknowledgments. The author would like to thank Jean-Michel Coron for having attracted his
attention to this problem and for fruitful discussions. He is grateful to Emmanuel Trélat, Luc
Robbiano, Can Zhang, Klaus Widmayer, and Joachim Krieger for their comments that helped
improve the exposition.



4 SHENGQUAN XIANG

2. RAPID STABILIZATION

2.1. Well-posedness results. In this section we quickly review the well-posedness results for the
following Cauchy problem

Yt = Ay =+ f(t,il]), (ta x) € (t17t2) X Q:
(2.1) y(t,x) =0, (t,z) € (t1,t2) x 09,

y(tl,CC) = 90(55)7
as well as the related closed-loop systems with stationary feedback laws i.e. f(t,x) = Ly, where £
is a bounded operator on L?(Q).

The well-posedness for both open-loop systems and closed-loop systems with stationary feedback

laws are well-known, here we adapt the definition of the solution in the transposition sense, for which
the well-poseness results are derived from classical Hille—Yosida semi-group theory. Transposition

sense solution is introduced by Lions [30], for those who are not familiar with those definitions, we
refer to the monograph by Coron [11, Chapter 1-2] for an excellent introduction on this subject.

Definition 2.1. Let t1,t2 € R be such that t; < ta. Let yo € L*(Q) and f(t,z) € L?(t1,to; L*()).
A solution to the Cauchy problem (2.1) is a function y € CO([t1,t2]; L2(Q)) N L2(t1, t2; HF (Q)) such
that, for every T € [t1,t2] and for every ¢ € CO([t1,7]; H'(Q)) such that

by € L2 ((t1,12) x Q), A¢p € L*((0,T) x Q), and ¢(t,-) € HY(Q)V t € [ty, 7],

one has
/Qy(T,a?)tb(T,w)dx—/Qyo(m)¢(t1,x)dw—/tl /quﬁdxdt—/tl /Q(¢t+Agb)ydafdt—0.

Theorem 2.2. For any T € (0,1], for any yo € L*(Q), and for any f € L*(0,T;L?*(%Y)), the
Cauchy problem (2.1) has a unique solution. Moreover, this solution satisfies
yOlz2@) < [lyollzz) + 2l fllz20,602(0)), V't € (0,17,
VY2 0,6020)) < llvollzzi) + 21| fll20,6:02(0)), V't € (0,T].

We do not recall the solution definition to closed-loop systems with stationary feedback laws as
classical. Besides it can be covered by the more general definition of solutions for time-varying feed-
back systems that will be presented in Section 4.1. Concerning closed-loop systems with stationary
feedback laws we have the following well-posedness results.

Theorem 2.3. Let ¢; € L?(2),1 < i < n be given functions. Let l; : L*>(Q) — R,1 < i < n be
given bounded linear operators. For any yo € L*(Q) the Cauchy problem

v = Ay + (T Lw)e:), (o) € (0,T) x

y(t,x) =0, (t,z) € (0,T) x 09,

y(0,2) = yo(z),
has a unique solution.

Similar results exist for non-linear Lipschitz stationary feedback laws, the proof of which is a
simple modification based on fixed point arguments and a priori estimates. For r € (0,1/2] we
introduce the cutoff function x, € C*(R;[0,1]) and the Lipschitz operator K, : L?(2) — L?(f2)
satisfying

(2.2) xr(x) =1for x € [0,7], xr(z) =0 for z € [2r, +00),
(2:3) Kew) =y xr (Ilyll2() » ¥y € L*(Q).
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Theorem 2.4. Let T € (0,1]. Let r € (0,1/2]. Let p; € L*(Q),1 < i < n be given functions.
Let I; - L?(Q) — R,1 < i < n be given bounded linear operators. For any yo € L*(Q) the Cauchy
problem

v = Ay + 1K (S L)), (o) € (0,7) x 2,

y(t,l‘) =0, (t,I') € (OaT) x 09,

y(0,z) = yo(z),

has a unique solution.

Proof. Tt suffices to prove the local (in time) existence of a unique solution. For ease of notations we
simply denote the feedback law 1,/C, ( Yoy li(y)goi) as H(y), whose value is bounded by C|[y|[12(q)-

The feedback law H is Lipschitz in L?(2) with Lipschitz constant L.

For [|yo||z2(q) = R, we select some T < min{(4C)~2, (4L)~2} and denote Xz by the Banach
space C°([0,T]; L2()) with the corresponding norm given by the C°([0,77]; L2(€))-norm. We
further define X=(2R) as the 2R-radius closed ball in Xz. Next, for any y € X% we denote S(y) as
the unique solution of the Cauchy problem (2.1) on [0, 7] with the initial state yo and the source
term 7(y). Thanks to Theorem 2.2, this solution is also in L2(0, T} H}(Q)). By applying Theorem
2.2 one easily verifies that

ISW)llx- < 2R, Vy € X5(2R),

1
15(1) = S2llaz < Sllyr = vellaz, ¥ y1,92 € X5(2R),

which, together with Banach fixed point theorem, yields the existence of the unique solution. [

2.2. Spectral estimates. Let us consider the Laplace operator with Dirichlet boundary condition
A H2(Q) N HE(Q) — L*(Q), there is a Hilbert orthogonal basis of L?(Q):
O<m<n<<n<..<mH<..,
—Ae; = Tie; with ¢;]gpq = 0.
Different 7,, may coincident, but every eigenvalue only have finite algebraic multiplicity. For any

given positive number A > 0, we define N(A) the number of eigenvalues (counting multiplicity)
that are not strictly bigger than A, i.e. Ty(n) < A < Tn(x)41. Moreover, the distribution of {74},

obeys Weyl’s law: N(\) ~ (27)~%wy vol(Q)AY2, where wy is the volume of the unit ball. For ease
of notations, in the following, if there is no confusion sometimes we simply denote Ny by V.

Proposition 2.5. The eigenfunctions {e;}3°, satisfy

1) Orthonormal basis: (e;, ;) r2(q) = dij-
2) (Unique continuation) The symmetric matriz Jy given below is invertible,

(2.4) In = ((eir€) 12(w))

3) (Tunneling estimate) There exist Co > 0 that is independent of T, such that

N
ij=1"

llenl 72 = Cgte™ V™.

4) (Spectral estimate) There exist C1 > 1 that is independent of X > 0 such that

N(N) N(X)
1D aieill 72 = Crle VA > al.
i=1 i=1
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Proof. 1) This is a well-known result upon self-adjoint operators with compact resolvent.

2) This is a consequence of the unique continuation of the Dirichlet operator. One can see Barbu—
Triggiani [3] for more general results.

3) First proved by Donnelly—Fefferman in [19] for compact Riemannian manifolds, the latest related
result is given by Léautaud—Laurent [31] for hypoelliptic equations.

4) This highly non-trivial observation is found by Lebeau-Robbiano [34] via Carleman estimates,
which is essentially the core of their proof on null controllability of the heat equation. Indeed the
form eV is optimal once @ # (2, as illustrated in [32]. However, the optimality of the constant C,
which clearly depends on the geometry of (Q,w), is still open. This kind of spectral inequalities
has been extensively studied in the literature, for example, [28] for nodal sets of Laplace operator,
[33] for bi-Laplace operators, [I, 11] for Laplace operators on measurable sets, [7] for degenerate
one dimensional elliptic operators, [10] for Stokes operators, etc. ]

As a direct consequence of property 4) of the preceding proposition, we have a quantitative
estimate of Jy as quadratic form.

Lemma 2.6. For YN(/\) = (al’a%__,,aN(/\)), we have
Yoo InoYaey = Crle™ Y [y 3.

Actually, letting NV be presenting Ny, we get

N N N
YNINYN = D aileie) o= | D aiei, Y aje; = 1> aieill 72 > Crle™ OV v 3
i—1 j=1 i=1

1<ij<N 12(w)
2.3. Rapid stabilization via Lyapunov function approach and explicit feedback law.
The following rapid stabilization result is inspired by the Lyapunov function idea introduced by
Coron—Trélat [16], where it was used as an intermediate step for their proof of global controllability
of steady states of non-linear parabolic equations in one dimensional space. This idea has been
adapted to various models, for example [17] on global controllability of one dimensional wave
equations and [13] for others. However, though relatively efficient and effectively calculable, no
attempt on quantitative estimates has been made. Probably this is because in the proof some
general theories as Kalman’s rank condition and stabilization matrix are used.

Instead of using abstract stabilizing matrix arguments, here we construct precise Lyapunov
functionals and quite surprisingly the spectral estimates by Lebeau—Robbiano are naturally used.
That is the reason we get a quantitative rapid stabilization result with CeCV™ estimates.

For any given A\ > 0, we suggest control terms in forms of ZZN(A) eilwui(t) with u;(t) € R, thus
consider the following controlled problem:

N(N)
(2.5) Yy = Ay + 1, equi(t) | in Q,
i=1
(2.6) y =0 on 00.
In the rest part of this section, we simply denote Ny by N. By decomposing
(27) y(ta li) = z; (y(t)v 6i)L2(Q)ei = Z;yi(t)eiv

(28) 1w€j = Z (Luej: ei)LQ(Q)ei = Z (61‘, ej)LQ(w)eia

i=1 i=1
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and by defining

yi(t) ui(t) ik
(2.9) Xn(t) = yQ..(.t) , Un(t) = u?,(.t) A= o ’
yn (t) un (t) TN

we know, thanks to the definition of Jy in (2.4), that the finite dimensional system Xy (¢) satisfies
(2.10) XN(t) = ANXn(t) + INUn(2).

For any given A (thus N is given), for vy, uy > 0 that will be fixed later on, we suggest the
feedback law

(2.11) Un(y(t)) == —mXn (1),
as well as the Lyapunov function:

— 2 L L 2
(2.12) Vi) = mal Xnl3+ (Paw. Pay) , o Wy € L(Q),

where || Xy|[3 is given by X5 Xy = 32N 42 = HPNszLQ(Q), Py is the projection on Vect{e;} Y,

and P be its co-projection. Thanks to Theorem 2.3, the closed-loop system (2.5)—(2.11) is well-
posed. According to the preceding feedback law, y(t) and Xy (t) verify

Xn(t) = ANXN(t) — TN XN (t),

N
yr = Ay — il <Z eiyi(t)> in €2,
i=1
y =0 on 0N.

As we know from Theorem 2.4 that the solution of the above closed-loop system y is indeed in
CO([0,T); L2()) N L*(0, T; HY(2)), which further implies that X and %(XN) in C°([0, T]; RY),
%y and %(P]#y) in L2(0,T; H~1(Q2)). Consequently

d

_ d 2 d L L
2V ((0) =z I Xnl 3+ 2 (Pl Phy) |

d d
_ ZIX 2 I
g g gl +2 (P, dty>H |

@ @) H(®)

holds in the distribution sense in L(0,T).
On the one hand we know that

d 1 _
NA&HXN”% — X% (AL + Ay — 2Jw) X = 2 X% (Av—mJn) Xn < =2 Gy e O Xy |3

On the other hand we have

N
d
2 PLy,y> =2(Pyy, Ay — 2y | Pyy, lw eiyi(t) ,
<N at” [ gr@yxm-1(2) <N >f’fé(ﬂ)xH‘l(Q) N Z 12()

=1

(o)
=-2 > 7yl -2 (Pﬁy, 1w(PNy)>L2
i=N+1
2P yll720) + 20 1Prull 20 [ Pryll2 ),
2
g
—2X[Pyyll72() + APl 720 + TAHPN?JH%Q(Q),

@’

IN

IN

2
v
= —MPyylliz(q) + TAHXNH%-
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Therefore,

d —-1,-C1vV 2 L1012 73 2
2V W) = =2 Cy e IXN12 = AllPx Y720y + X2

Motivated from the above estimate, we choose

(2.13) I\ = Cleolﬁ)\, M) = 02 QCl\f

which further yields
d

SV (1) < ~20 N1 X3 = M PSul2a ) + mNIXxl,

— X N3 = AlIPxyll72 (0
= = (Al XN 1B + 1Py 20 ) = —AV((2)):
Since py > 1 for C7 > 1, we know that,
ly(D)l220) < V(uE) < eV ((0) < e M pally(0)][220) < C22YAe M|y (0)][22q

thus R
ly()]1 22 < CreY2e™2y(0)]| 120y

Moreover since the control (feedback) is given by

wf(t :E = —MNlw <Zel i )7

we know that

A
17t 22 < Ml Xvell: < mlly®lz@) < ACTEY 62! [y(0)]|2()-

By applying the above explicit feedback law, we get the following rapid stabilization result. For
any A > 0 we define an explicit stationary feedback law Fy : L%(Q) — L?(1),

; VA
(2.14) FAY == Z (y, €i) el — Py with y, = Cre“ VAN,
i=1

where Py (y) is the projection on the sub-space spanned by {ei},fi(l)‘ ), and N(A) is the number

of eigenvalues (counting multiplicity) that are not strictly bigger than A. Clearly, there exists
Cy > 2(C such that for all A > 0,

(2.15) AC2200YA 02e20VA 30OV 0OV < 0pe@2VA =

< "
Theorem 2.7. For any A > 0 the closed-loop system

ye = Ay + 1o Fry in Q,
y=0 on 09,
is exponentially stable. More precisely, for any s € R the Cauchy problem
NV
Yy = Ay — e ; (y(t),ei) L2(Q)ei , V(t,x) € [s,+00) X £,

y(t,z) =0, Y(t,x) € [s,+00) x 01,
y(s,z) = yo(w),
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has a unique solution in C°([s,+o0); L2(Q))NL?

loc

(s, +00; HY(RY)), and this unique solution verifies

(2.16) [yl 20y < C1e™Y e |y 2y, Yt € [, +00),
(2.17) 1Ay (@) L20) < Czec”ae—%(t_s)Hyol\LZ(Q)a Vi€ [s,+00).

2.4. Rapid stabilization for higher regularity. Actually the feedback law F) presented in
(2.14) and Theorem 2.7 also stabilizes the system in H&(Q) space, let us briefly comment on this
issue without going into details. We refer to Brezis [0, Chapter 9-10] and Lions—Magenes [37] for
related well-posedness results.

Let the Hilbert space H&(Q) be endowed with scalar product fQ Vu - Vu. The eigenfunc-

tions {e;/\/7;}32; form an orthonormal basis of H}(). For any yo € H}(Q2) and any f(t,x) €
L%(0,T; L?(f2)), the Cauchy problem (2.1) admits a unique solution y(t) in C°([0,T]; HE(Q)) N
L?(0,T; H?(2)), thanks to the a priori estimate,

1Ayl 72(0 :22()) + 1YY 72060 < V90l Z20) + 1 F11220.0 22000y ¥t € (0, T,

We further adapt the notations in the preceding section, and even the same choice of vy. For any
A > 0, we consider the Lyapunov functional on H}(Q):

Vi(y) = il Xnoyll3 + HPJi\[;(A)yH?{g(Q)’ Vy e Hi(Q),

with i) :=~3/A. It is actually equivalent to the H{(£2) norm by

B < Vi) < (142 Il o) Yo € @)

Then, similar estimation implies that the solution y(t) of the closed-loop system (2.5)—(2.11) with
feedback law F verifies, where N means N (),

Vi(y(t) < 2 Cr e Y| Xn |3 - 2 (PFAY, Ay = 11u(Pry)) o)
< —2X [ X5 = MIPFyll7n q 1@~ 1PRAY|72(q) + 1PAAY] 720y + 13l Prylli2);
< =201 X w13 ~ /\HPNyHHl + Al X w13,
< “AVA(y()).
The stabilization on H}(£2) space becomes more important when it is combined with the Sobolev

embedding H'(Q) C LP(Q) with p = . As for stabilization for even higher regularities, H?()N

H{ () for example, probably one needs to replace the control setting 1, f by x. f with some smooth
truncated function x,,(z) that is supported in w and equals to 1 in an open subset w; C w.

2.5. Rapid stabilization for nonlinear systems. Indeed the same feedback F) also stabilizes
some nonlinear systems provided the initial data is small, we also comment on this issue without
going into details. Again we adapt the notations and the choice of v, in Section 2.3.

Let us consider the two dimensional subcritical heat equation with w C Q C R2,

= Ay+1y° -l (Pypyy) inQ,
y =0 on 0f.

By defining
 {(.3
Yo (®) = (P (1), e2e)) -
and by denoting N by N()), we know that
XN(t) = ANXN(t) — ’)/)\JNXN(t) + YN(t).
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As a consequence
d
M&HXNH% = XN (AN + Ay —2nJn) XN + oy (Yo Xy + X4 YN)
< 2PN - 20|V Pyl ooy + 201 | o (Pay) d,
Q

and

d 1 3
i (Piw.Pi) L@ 2(Pi: Ay~ Lo (Pyw) + v >H&<ﬂ)xH*1<Q)’

3 1 72
<~ MIPRullTa) — Sl IVERUlI72(0) + AIPxull720) + 511X [5 +2 /Q v* (Pity) do,

A 1
= —§HPJ¢?UH%2(Q) + ][ X w3 — §HVPJJV_?/H%2(Q) + 2/91/3 (Pﬁy) dx.
By recalling Ladyzhenskaya’s inequality
1/2 1 2
1£llz@) < VRIS 0 IV 1l oty ¥ F € HE(Q),

we further get

IN

d A
G0 < (=3 ) V) - 5101 + 2l Puslloo + 2y I Pl

A
2

IN

) V)~ 2119311320 + 1603] 181320y [V

IN

(
(_;> V(y(®) — V9|20 @ - 16W<y(t>>> :

Let us define

r _
(2.18) Ry = ? < (8uy) L.

Then for any initial data yo satisfying ||yo||z2(q) < Rx we have
V(y(t) < e 2V (y(0), V£ >0,

which further implies,

2 2 2
ly(8)]320) < V1) < e 2V (y(0) < e 2 ma|ly(0)][3210) < CF* e 2! [y(0)][32q

Therefore the unique solution of the closed-loop system decays exponentially as

_A
()] 220y < C1eY e 3 yoll 2y, ¥ lfyollzeiy < Ra, V¢ € [0, +00).

In the end, let us remark that without the feedback law the solution may blow up.

3. NULL CONTROLLABILITY WITH OPTIMAL COST ESTIMATES

Armed with the CeCV> estimates (2.16)—(2.17), exactly the same procedure proposed in [15,
, 16] by using piecewise stabilizing controls leads to the null controllability. In this section we
construct similar feedback laws while keeping an extra attention on control costs. Two different kind

of precise feedback laws (control) are considered with control costs CeT and Ce¥ respectively.

We mainly focus on the following weaker result, Theorem 3.1, for which the feedback law (control)
is nice and the calculation is easy. After that easy modification leads to stronger cases, Corollary
3.2 and Theorem 3.3.
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Theorem 3.1. There exists C3 > 0 such that, for any T € (0,1) and for any yo € L*(2), we
find an explicit control f(t,z) for the control system (1.1)—(1.2) such that the unique solution with
initial data y(0,z) = yo(x) verifies y(T') = 0. Moreover, the controlling cost is given by,

2
|1 f(2, CC)HLOO(O,T;L?(Q)) < /T HyoHL2(Q)

Proof of Theorem 3.1. We only treat the case 1/T be integer to simplify the presentation. Let us
take some I" > 0 independent of T" € (0,1) that will be fixed later on.

Control design. Let T = % with np € N*. We define,

1 1
(3.1) T,:=T——, I, := [Ty, Tht1), \n:= 2nt for Vo > np = T
n
for any n > ny we consider the control (feedback law) as Fy, on interval I,,.
More precisely, first on I, we consider the closed-loop system (1.1)—(1.2) with feedback law Fng
and y(0,z) = yo(x). According to Theorem 2.7 this system has a unique solution @7|jnT. Next, we
consider the closed-loop system with feedback law Fnpi and Y(Tnp+1, %) == Y(Tnpt1,x) on L4,
which, again, admit a unique solution Y| Topi1” We continue this procedure on {I,};,,. to find

1) € CU([0,T); L*(Q)) such that y(T) := lim,_,p— §(t) = 0, and that

Yljo, s the solution of the Cauchy problem (2.1) with control 1, fl5, = 1uFx,Yl1,,Yn > nr.

We denote the above constructed solution by y(t) which, by Theorem 2.7, verifies

n2
(3:2) ly(t)]] 20y < Cre e (To)llr2(), VE € In, Vn = nr,
(3.3) P2y ()] 120y < Cae?™ e (To)llL2(q), Vt € In, Vn > nr.
Therefore, for n > np + 1 the value of the solution on T, is controlled by,
T 2 _r2%?
(3.4) (T2 < | TT Cre™ e 5 ) llvollr2a)
k=nrp

Inspired by the preceding estimates, we choose the constant I' > 0 be such that

2
(3.5) C1eC1Tn? 04yeCeln® < 057 vy e N*
The above choice of T', combined with (3.4), lead to
2

n—1
_sar?
(3.6) |y (To)llL2(0) < H e~ 16" lyollr2(), ¥ n > np + 1.

k:TLT

Essentially, it already implies that y(7},) is strictly decaying to 0 at time 7'. Next, we concentrate
on its cost, i.e. the norm of the control term. From (3.2), (3.3), (3.5), and (3.6) we know that for
n>nr+1landtel,,

2 2 n—1 7@ N
Ol 220 1Fx 3Bl 2) < e | TT e 35% | llvoll 20

k=nr

<exp | (3( Zk? =) | 1ol z2(o) < Ilyollz2(o)

_nT
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On the other hand, for n = ny we know that

JA 2 Cs3
37 Nyl 2@ IFAyOll 2y < e |yollr2() = €167 [|yol2(q) = €72 |[voll L2 ()
_I?
where C3 1= 5.

In conclusion, the constructed solution y(¢,z) with control 1, f (¢, x) satisfies

y(®)l L2 and |1, f(t, )lr2@) — 0, ast =T,

_r2_
y(O)lr2() and [[1wf(t, )l z200) < €167 [|yo||2(q), ¥t € [0,T],

which completes the proof. ([l

Actually Theorem 3.1 can be easily improved to the following one via simple modification on the
choice of T}, and A,,.

Corollary 3.2. For any € € (0,1), there exists C§5 > 0 such that, for any T € (0,1), for any
Yo € L%(Q), we can find an explicit control f(t,x) for the control system (1.1)—(1.2) such that the
unique solution with initial data y(0, x) = yo(x) verifies y(T,x) = 0. Moreover, the cost is controlled
by

< (/T

1w f(t, )| oo (0.1 22(02)) lyol[z2-

Idea of the proof. Indeed, it suffices to take

1

(3.8) Tem =T =~ A = 2p2k+1) for Vn > np =

1
; T1/k’
for some k > 1/¢, and to find some suitable I'.. We observe that the energy decay on interval Iy,
is dominated by

k+1 _ .72, k+1
CleC’ngn e cl'in

Y

which allows us to find some T'. satisfying (3.5) type estimates. O
However, e/ T'° is the best estimate that we can achieve from partitions of type (3.8), which
is slightly weaker than the optimal cost [38]: e“/T. Eventually with another choice of partition we
can also get the optimal cost from stabilization approach.

Theorem 3.3 (Optimal cost). There exists CY > 0 such that, for any T € (0,1) and for any
Yo € L*(Q), we find an explicit control f(t,x) for the control system (1.1)~(1.2) such that the
unique solution with initial data y(0,x) = yo(x) verifies y(T,z) = 0. Moreover, the controlling cost
s given by

0
11w f (t,2)| oo 0,120 < €95/ [lyoll .

Proof. As illustrated above we adapt another type of construction to get this optimal result. For
the ease of presentation, we only consider the case 1/T = 2" with ny € N*. More precisely, we
consider the following partition as well as the piecewise controlling method explained in the proof
of Theorem 3.1 (see Control design),

1
T ;= 27 m0 <1 - 2n> ,I0:= (10,70, 1), A = Q2220+ for ¥ iy > 0,

where @ > 0 is a given constant satisfying

Q2
Clelem, Coe20m < e, ¥VYm>1.
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Suppose that y(t) is the unique solution satisfying the designed control, then for n > 1 we are able
to estimate y(7},) by

nl T M —(ng+k+1)
[y (To)| L2 ) < (H CreCrV g2 ) 1yollL2(0)
k=0
nl +k Q% ongthk
< (H Cp @120 e 2 ) lvoll 220
k=0
n—1 o2 o
< (H e s ) lvoll2(0)-
k=0
For n > 1, the preceding estimate further implies that the control term on ¢ € I0 satisfies,
-1
no+n Q72 no+n " _Q72 no+k
1L Fro y ()l z2() < Coe®?@™ ™ |Jy(To) | 20y < €16 (H e 82 ) lvollz2) < llvollz2q)-
k=0

Therefore, the L>(0,T; L?(£2)) norm of the control term 1, f is dominated by its L>(TY, T7; L*(Q))
norm. As a consequence, we know that for any ¢ € [0, 7],

2

" e .
L f(t )] r2(0) < C2eP9* ™ |yollr2() < €T I|yollz2() With C§ = 16

O

Remark 3.4. It is noteworthy that the e/ type cost is optimal to many other systems, for example
the Stokes system [10] where similar spectral estimates are proved.

4. FINITE TIME STABILIZATION

In this section, we construct T-periodic proper feedback laws that stabilize system (1.1)—(1.2) in
finite time: Theorem 4.4.

4.1. Time-varying feedback laws and finite time stabilization. We are interested in time-
varying feedback laws, more precisely proper feedback laws. The following definition of time-varying
feedback laws that allows the closed-loop system admit a unique solution borrows directly from the
paper [18].
First, we recall the closed-loop system associated to a time-varying feedback law U.

yr = Ay +1,U(Ly), V (¢, 2) € (s, +o0) x 1,
(4.1)

y =0 on 0f.

Definition 4.1. Let s; € R and s2 € R be given such that s1 < sa. Let
U:[s1,s0] x L2()) — L*Q)
(t;y) = Ut y).

Lett) € [s1, 82, ta2 € (t1, 82], and yo € L*(Q). A solution on [t1,t2] to the Cauchy problem associated
to the closed-loop system (4.1) with initial data yo at time ty is some y : [t1,t2] — L*(Q)) such that

t € (ti,ta) = f(t,x) := U(t;y(t)) € L2(t1,t2; L2()),
y 18 a solution (see Definition 2.1) of (2.1) with initial data yo at time t1 and the above 1, f(t,x).

The so-called proper feedback laws is a time-varying feedback law such that the closed-loop
system always admit a unique solution.
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Definition 4.2. Let s1 € R and so € R be given such that s1 < so. A proper feedback law on
[s1,s2] is an application

U:[s1,s0] x L2()) — L*Q)

(t:y) = Ult;y).
such that, for every t; € [s1,ss], for every ta € (t1, s3], and for every yo € L*(R), there exists a
unique solution on [t1,ts] to the Cauchy problem associated to the closed-loop system (4.1) with
initial data yo at time t1 according to Definition /.1.
A proper feedback law is an application U

U:RxL3(Q) — L*Q)
(t;y) = Ut y).

such that, for every s1 € R and for every so € R satisfying s1 < so, the feedback law restricted to
[s1,82] x L?(Q) is a proper feedback law on [sy, sa].

For a proper feedback law, one can define the flow ® : A x L2(Q2) — L2(Q), with A := {(¢,s); t >
s} associated to this feedback law: ®(¢,s;yp) is the value at time ¢ of the solution y to the closed-
loop system (4.1) which is equal to yo at time s.

Finally we state the exact definition of the finite time stabilization.

Definition 4.3 (Finite time stabilization of the heat equation). Let T' > 0. A T'-periodic proper
feedback law U stabilizes the heat equation in finite time, if the flow ® of the closed-loop system
(4.1) wverifies,

(i) (2T stabilization) ®(2T +t,t;90) =0, Vt € R, ¥V yo € L*(Q).

(ii) (Uniform stability) For every 6 > 0, there exists n > 0 such that

(Nwollrzy <) = (1@t 90)l| 2@ <6, VI €R, Vi€ (', +00)).

4.2. Finite time stabilization. We only work on the case when 1/7 is an integer, as the other
cases can be trivially treated by time transition.

Different from null controllability we do not pay extra attention to the “stabilizing cost” with
respect to 1. Indeed, we directly apply the feedback law constructed in the preceding section as
combination of stationary feedback laws F), on interval I,,. Then, F),6 can be regarded as “\,
frequency” feedback, which is sensible with respect to the states for large n. For example, for
some given yo € L%(Q) we consider the Cauchy problem of the closed-loop system with Fy and

y(Ty) = yo. Thanks to Theorem 2.7, ||y(t)|| is uniformly bounded by C’leClﬁHyoH on I,. By
letting n tends to oo, we are not allowed to get “uniform stability”, as commented in Remark 1.4.
Therefore, we introduce some truncated operator on feedback laws, especially for high frequencies
A, to guarantee “uniform stability”. However, in this case the natural a priori bound for the Cauchy
problem that can be expected is Ce||yo|| + €, Ve > 0. As a result the cost can not be bounded by
Cllyol|, that explains why we do not characterize the stabilizing cost in details with respect to 7T
However, thanks to the precise construction of the feedback laws that will be presented in this
section, for any given T an effectively computable stabilizing cost depending on “starting time”
and “initial state” can be obtained.

Before stating the detailed stabilizing theorem, we first recall the following notations and facts:
truncated operator K, : L*(Q) — L?*(Q) such that (W)l 2y < min{1, |[yl[z2(q)}, defined in (2.3),

stationary feedback law Fy : L2(Q) — L2(Q) with ||Fx|| < C2eV> = (1)) 7L, given by (2.14),

1 1
Tn:=T——, In:=[Tn,Thi1), A= 2n? for Yn > np = T defined in (3.1).
n
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Next, we show that the feedback law, Ky, (F,y), satisfies

(4.2) Ky, (Fau) lr2() < min{1, 4 /2llyl[L2(0)}-

Indeed, by the choice of K, ~and F), we prove the preceding inequality by two steps.
If H]—',\ny||L2(Q) < 2ry,, then

s, (Frut) ey < [1Fa3llzz) < /200 1P 0llz20) < o/ 2l0llz2(0),

moreover, it is also bounded by 1 as 2r, < 1.
If [|Fx,yllL2(@) > 27a,, then by the choice of K, ~we know that K, (Fy,y) = 0.

Theorem 4.4 (Semi-global finite time stabilization of the heat equation). Let T'= 1/np € (0,1)
with np € N*. Let A > 1. For any integer Ny > np, the T-periodic feedback law U(t;y) :
R x L2(Q) — L%(Q) given by
Fry, YyeL?*(Q),Vtel,Vnr<n<Nr,
(4.3) Uljo,ryxrzoy (9) = b Yue st 2 . iy
, Kry, (Fry), Vy € L (Q),Vt e L,,¥Yn>Np+1,
is a proper feedback law for system (4.1).
Moreover, for an effectively computable large Ny the feedback law (4.3) stabilizes system (4.1)
in finite time:
(i) (2T stabilization) ®(2T +t,t;y0) =0, Vt € R, V|[|yol[r2(0) < A
(ii) (Uniform stability) For every § > 0, there exists an effectively computable n > 0 such that

(woll L2 < m) = (15 90)||12() < 6, V' €R, Ve (t,400)).

Proof of Theorem /.3. Thanks to the CeCVA estimate, the proof of Theorem 4.4 is rather standard.
Here we mimic the treatment for similar results on one dimensional parabolic equations [15]. The
proof is followed by three steps: the feedback law is proper; condition (i); and condition (7).

Step 1. First, we show that the feedback law given by (4.3) is proper. Without loss of generality,
we only need to prove that for any s € [0,T) and for any yo € L?(2) the Cauchy problem

ye = Ay + 1.0t y), () € (s,T) x
y(t,z) =0, (t,z) € (s,T) x 09,
y(s,z) = yo(),
has a unique solution y, and lim,_,p— y(¢) € L?(2). Actually, the existence of a unique solution on

each interval I, follows directly from Theorem 2.3 for n < Np and from Theorem 2.4 for n > Nr.
Hence,

ylsm) (1) € CO([s, T); L*(Q2)).
Moreover, ||y(t)||z2(q) is uniformly bounded on [s,T’) thanks to Theorem 2.7 and Theorem 2.2.
Therefore, the control term on time interval [s, T) is uniformly bounded in L?(f2), thus by applying
Theorem 2.2 again we know that
Yl (t) € CO[s, T); L2(2)) N L2 (s, T: Hy ().

Or equivalently, lim,_,;— y(t) € L?>(Q) can be proved by the Cauchy sequence argument suggested
in [15, page 1018 for (4.42)]. Therefore, the flow ®(s,t;y) is well-defined on A x L?(Q).

Step 2. Next, we need to find a suitable integer Np such that the proper feedback law (4.3)
stabilize system (4.1) in finite time, mainly focus on condition (7).

Lemma 4.5. The following energy estimate concerning the flow of the closed-loop system holds,

r2 52
(4.4) |R(T, 5590) | r2(0) < 2+ € V| |yoll 20y, ¥ lyollr2) < A, Vs €10,T).
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Proof of Lemma 4.5. For any given ||yo||2() < A.
If s € [Tny+1,T), then since the feedback is bounded by 1, Theorem 2.2 yields

1@(T, 5390) | 22(0) < llyollr2(o) + 2-

If s € [0,TN;+1), then we estimate ||®(Tnyy1,5;90)||12(0). Suppose that s € I, with np <

n < Nrp, then direct calculation shows that (recalling some estimates from Section 3, especially
(32)-(3.6)),

Nr
A
1@ (Tnp 41,83 90) | L2(0) < Cre@VAn ( 11 Clecl‘A’“e_;(T’““_Tk)> yollz2(0)
k=n+1

Nt 5

2 2 _I'%p2

< CleC1Fn ( | I CleC1Fk e~ Tk ) ||y0‘|L2(Q)7
k=n+1

r2 o Nr 3122
<erm” ( H et ) 1yoll 20,
k=n+1
r2 \2
< €16V ||yo| £2()-

Next, for y(Tny+1) := ®(Tny+1,8;yo) we adapt the case that s € [T, 4+1,7) to get the required
result. O

By applying Lemma 4.5 we know that for any s € [0,7') and for any [|yo|[z2(q) < A,

2
[|@(T, s;590)||p2) < 2+ eTTNTA.

Let us define y(T') := ®(T, s;yo). The next step is to show that ®(27,T;y(T)) = 0, which requires
us to seek for suitable Np such that for every n > Np 4 1 we have,

(4.5) Ky, (Fr, @, T;9(T))) = Fa, @(t, T;y(T)), Yt € I, + T.
For ease of notations we simply denote the unique solution of the closed-loop system by
y(t) :=@(t, T;y(T)),Vtel[T 2T
Thus, in order to prove (4.5) it suffices to show that
PO r2) <A, VEE L+ T, V> Ny + 1.

As we know from the proof of Lemma 4.5, or from (3.6), that

~ NT 3F2 k2 _ F2 N2 NT 3F2 k2
15T )lz@ < | T e 5% ) 10 < 24 | T e 4 )
k:nT k}:?’LT
and that for n > Ny + 1,
- 2 N2 Nt ar2 2 n—1 - 2
N9(To)llr2(0) < 26 °TA H e 16 H e~ T6 7
k=np k=Np+1

and that forn > Ny +1landte I, + T,

2 2

~ ~ I'n2 ~ fiad
NFr T r20) < NT(T0) | 2(0) C2e™ < [|T(T0) |l 2(@)e 10"
Therefore, it suffices to find Ny such that for every n > Np + 1 we have
NT n—1
2 Q2 Q2 2 2
26%N%A H 37%]& H 67%]& e%nz < e,%n2.

k:TLT k:NT+1



QUANTITATIVE RAPID AND FINITE TIME STABILIZATION OF THE HEAT EQUATION 17

Thus one only needs to find the existence of Ny such that

N
N2 EX 3F2k2 ﬁ(N 1)
916 NF A H e e s T <1,

k=nr

which is obviously possible for any given A > 1.
Step 3. Finally, in order to complete the proof of finite time stabilization, it only remains to
prove that the proper feedback law given by (4.3) satisfies condition (7¢): uniform stability.
Thanks to Step 2 we know the existence of C such that

12, T y0)llL2) < CllyollLz@), ¥ lvollL2@) < 1,V ¢ € [T, +00).

As a consequence for any ¢ > 0 there exists 77 € (0, 0) such that

(4.6) @@, T5yo)llL20) < 0, Y lyollrz) < 1, Vit € [T, +00).
Moreover, there exists some € > 0 such that
(4.7) 1®(t, s;y0)llL2() <10, Y |yollp2@) <&, Vs €[0,T), Viels T

Indeed, thanks to Theorem 2.2 and the fact that |[IC;, (y)|| < 1, there exists T € (0,T) such that

(4.8) 1@ (¢, 5:90) |20y < 7, ¥ loll 2 < 71/2, Vs € [T,T), Ve ls,T).

Because the time-varying feedback law U on [O,TV) is given by finitely many stationary feedback
laws, there exists some ¢ € (0,77/2) such that

(4.9) || (¢, s; yo)HLz <n/2, ¥ HZ/0HL2 @ <& Vse [0, T) Vitels, T]

In conclusion, inequalities (4.8)7(4.9) yields (4.7); then estimates (4.6)—(4.7), as well as the fact
that ®(27, s;y0) = 0, imply the uniform stability condition (i). O
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