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Abstract Estimating thermal conductivity of snow, firn, and porous ice is key for modeling the
thermal regime of alpine and polar glaciers. Whereas thermal conductivity of snow was widely
investigated, studies on firn and porous ice are very scarce. This study presents the effective thermal
conductivity tensor computed from 64 3-D images of microstructures of snow, antarctic firn, and porous ice
at —3, —20, and —60°C. We show that, in contrast with snow, conductivity of firn and porous ice correlates
linearly with density, is approximately isotropic, and is largely impacted by temperature. We report that
performances of commonly used estimates of thermal conductivity vary largely with density. In particular,
formulas designed for snow lead to significant underestimations when applied to denser ice structures.

We present a new formulation to accurately estimate the thermal conductivity throughout the whole
density range, from fresh snow to bubbly ice, and for any temperature conditions encountered in glaciers.

Plain Language Summary Understanding how temperature fluctuations are propagated
through snow, firn, and porous ice is crucial for many applications related to alpine and polar glaciers.
Whereas thermal conductivity of snow was widely investigated, studies on firn and porous ice are

very scarce. This study provides the effective thermal conductivities computed from 64 3-D images of
microstructures of snow, antarctic firn, and porous ice at temperatures of —3, —20, and —60°C. For the
first time, the evolution of thermal conductivity over the full range of density is revealed, from fresh
snow, with up to 80% of air, to bubbly ice, with less than 10% of air. We show that, in contrast with snow,
thermal conductivity of firn and porous ice correlates linearly with density, is approximately isotropic,
and is largely impacted by temperature. Assessing some commonly used predictive formulas of thermal
conductivity of snow, firn, and porous ice, we found that none allowed for robust estimations throughout
the full density range. In particular, formulas designed for snow lead to significant underestimations when
applied to denser ice structures. We present a new density- and temperature-based formula to accurately
estimate thermal conductivity of snow, firn, and porous ice in alpine or polar conditions.

1. Introduction

Many glaciers and ice sheets processes depend on thermal conditions: surface snow metamorphism, firn
densification, ice deformation, or basal sliding, for instance. How temperature fluctuations are propagated
through snow, firn, and porous ice is therefore crucial to understand, as its modeling is required in a variety of
applications such as the interpretation of paleoclimatic data from ice cores (e.g., Barnola et al., 1991; Goujon
et al., 2003; Salamatin et al., 1998; Schwander et al., 1997), past climate reconstruction from temperature
profiles (e.g., Dahl-Jensen et al., 1998; Gilbert et al., 2010; Gilbert & Vincent, 2013; Van Ommen et al., 1999),
interpretation of englacial temperature observation (e.g., Funk et al., 1994; Gilbert et al., 2014; Liithi & Funk,
2001), climate-cryosphere interactions studies and future scenarios (e.g., Gilbert et al., 2014, 2016; Seddik
etal., 2012), glacier hazard assessment (e.g., Gilbert et al., 2015, 2018), or ice mass balance monitoring (e.g.,
Cummings et al., 2013; Reijmer & Hock, 2008).

Snow thermal conductivity was largely investigated based on field and laboratory experiments, and several
quadratic or exponential density-based regressions were proposed (Fukusako, 1990; Satyawali & Singh, 2008;
Schneebeli & Sokratov, 2004; Sturm et al., 1997; Yen, 1981). A large scatter was however often reported when

CALONNE ET AL.

13,079


http://publications.agu.org/journals/
https://orcid.org/0000-0001-6091-0186
https://orcid.org/0000-0001-9931-7769
http://dx.doi.org/10.1029/2019GL085228
http://dx.doi.org/10.1029/2019GL085228
https://doi.org/10.1029/2019GL085228
https://doi.org/10.1029/2019GL085228
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2019GL085228&domain=pdf&date_stamp=2019-11-16

Arru

100

AND SPACE Sl

Geophysical Research Letters 10.1029/2019GL085228

plotting conductivity versus density, which was attributed to additional influences of the snow microstruc-
ture other than density and also to different measurements biases (see, e.g., Calonne et al., 2011; Morin
et al., 2012). In addition, experimental values of thermal conductivity often correspond to apparent thermal
conductivities, which characterize all the heat transport processes involved and not purely conduction. Over-
coming the experimental issues, numerical simulations on 3-D tomographic images of snow microstructures
allowed to retrieve the effective thermal conductivity tensor (Calonne et al., 2011; Kaempfer et al., 2005). The
term effective refers to the property of a composite material as defined in material sciences (e.g., Kanit et al.,
2006). Anisotropy of the thermal conductivity tensor could then be quantified and appeared to be signifi-
cant for some snow types, implying enhanced heat conduction in particular directions (Calonne et al., 2011;
2014; Lowe et al., 2013). Differences up to a factor 2 between the vertical and the horizontal components
were reported for depth hoar (Riche & Schneebeli, 2013). This anisotropy was correlated with the structural
anisotropy of the snow microstructure. Such microstructures, preferentially arranged in one direction, will
exhibit higher conductivity values along that direction. Thermal conductivity of snow increases overall with
decreasing temperature, although variations are nonlinear and depend on density (the denser, the larger
the influence) (Calonne et al., 2011; Sturm et al., 1997). They result from the variations of the air and ice
thermal conductivity themselves with temperature, which are opposite and of different magnitude.

Data on thermal conductivity of firn and porous ice are very scarce: Giese and Hawley (2015) provide a single
bulk value of the top first 30 m of firn at Summit, Greenland, and Marchenko et al. (2019) present eight
vertical profiles of firn conductivity of 10 m depth and 1 m resolution at Lomonosovfonna, Svalbard. In both
studies, thermal conductivity is obtained by best matching modeled temperature profiles to in situ measured
ones. A linear correlation between density and conductivity is found but comes with a large scatter, which
is attributed to measurement errors (Marchenko et al., 2019). The microstructure of firn and porous ice
can be noticeably different at a given density because of the different thermomechanical constraints they
underwent (Burr et al., 2018, 2019; Lomonaco et al., 2011). Its influence was however never investigated.

Because of the lack of data and dedicated predictive formulas, thermal conductivity of firn and porous ice
is often estimated based on parameterizations actually designed for snow, that is, for densities between 100
and 550 kg/m3, without being able to evaluate their performances at higher densities. Marchenko et al.
(2019) indicate that snow-designed parameterizations may underestimate firn conductivity. As summarized
in Table 1, some of the most commonly used formulas to model heat conduction in glaciers are the following:

« the average of the Van Dusen and the Swcherdtfeger formulas, often described as lower and upper limits,
respectively (Paterson, 1994) (e.g., used in, Humphrey et al., 2012; Liithi & Funk, 2001; Van Ommen et al.,
1999)

« the Yen formula (e.g., used in, Arthern & Wingham, 1998; Cummings et al., 2013)

« the Sturm formula (e.g., used in, Reijmer & Hock, 2008; Zwinger et al., 2007)

« the Schwander formula (e.g., used in, Goujon et al., 2003)

« the Calonne formula (e.g., used in, Gilbert & Vincent, 2013; Gilbert et al., 2014)

Most of these predictive formulas were developed for a given temperature range (Table 1). To estimate
thermal conductivity at temperatures outside of the given range, a multiplicative factor accounting for the
variations of the ice thermal conductivity with temperature, neglecting the variations in air, is often applied
(e.g., Gilbert et al., 2014; Schwander et al., 1997; Zwinger et al., 2007). In contrast, some models of heat trans-
fer assume constant density and temperature, relying on constant values of thermal conductivity (e.g., Hills
et al., 2018; Larour et al., 2012).

The aim of this paper is to extend our knowledge on effective thermal conductivity, up to now limited to
snow, to denser ice structures, using the 3-D images-based computation technique. To do so, we used 27 3-D
images of antarctic firn and porous ice microstructures complemented by 37 3-D images of seasonal snow
microstructures, covering a density range from 100 to 888 kg/m>. The evolution of the thermal conductivity
tensor with density, variations with temperature between —3, —20, and —60°C, and tensor anisotropy are
first discussed. Comparisons with previous data sets as well as estimates from common parameterizations
and standard models are then presented. A new predictive formula, valid for fresh snow to bubbly ice, is
finally proposed.
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Table 1

Main Characteristics and Description of Commonly Used Formulas to Predict Thermal Conductivity of Snow, Firn, and Ice

Name

Formula Density p (kg/m3)  Temperature (°C) Comments

Yen

Calonne

Sturm

Van Dusen

Schwerdtfeger

Schwander

kea, = 0.024-1.23 X 107#p + 2.5 X 1075 p? 100-550 -3°C

kschwander = ki<_

1.885
kyen = 2.22362( ﬁ) 80-600 not defined regression on experimental

measurements data (Yen, 1981).

regression on 3-D images-based
computations data (Calonne et al.,
2011).

ksturm = 0.023 + 0.234 ﬁ for p < 156 70-560 —1to -77°C regression on needle probe

(average —15°C) measurements data (Sturm et al.,

2
Kyurm = 0.138-1.01 =2 + 3.233(L) for 156 < p < 600 1997).

1000

kyg =21x1072 +42x10™4p +2.2x 10793 “snow” 0to —30°C regression on experimental

measurements data (Van Dusen &
‘Washburn, 1929).

kschwerd. = %ki “dense snow to full range analytical formula (Schwerdtfeger,
' bubbly ice” 1963).
2-05£
2 ) “ full range full range combines a regression on
experimental data (Mellor, 1977)
and the Schwerdtfeger formula

(Schwander et al., 1997).

Pi

2. Instruments and Methods

2.1. 3-D Images

This study is based on a set of 64 3-D images that includes 37 images of snow samples and 27 images of
firn and porous ice samples, all from previous studies. Firn samples are subsamples of Antarctic ice cores
from three locations: Dome C, near Concordia Station (75°6’S, 123°21’E); Lock In, located at 136 km away
from Concordia Station (74°8.310'S, 126°9.510'E); and Vostok, obtained during different previous expedi-
tions (Burr et al., 2018; Coléou & Barnola, 2001; Gautier et al., 2016). They were extracted at depths ranging
from 23 to 133 m, covering different levels of densification until the close-off. Snow samples originate from
previous field samplings or controlled cold-laboratory experiments (Calonne et al., 2014; Coléou et al., 2001;
Flin et al., 2004, 2011). The main seasonal snow types as defined by the international classification of sea-
sonal snow grains (ICSSG) (Fierz et al., 2009) are represented. The 3-D images are binary images (air or ice)
of resolutions between 5 and 15 pm and of dimensions between 2.5% and 72 x 25 mm?. Details on samples
preparation and image acquisition as well as the reference papers can be found in Table S1 of the supporting
information.

2.2. Effective Thermal Conductivity Tensor

The full 3-D tensors of effective thermal conductivity k (W-m~!-K~!) were computed from the 3-D images
of the 64 samples of this study, following the method described by Calonne et al. (2011). A specific bound-
ary value problem arising from a homogenization technique (Auriault et al., 2009; Calonne et al., 2014) is
solved on representative elementary volumes extracted from the 3-D images for given values of air conduc-
tivity k, and ice conductivity k;. We used the software Geodict, which is based on finite difference method
(Thoemen et al., 2008). Here, we performed computations at —3, —20, and —60°C using k; = 2.107, 2.330,
and 2.900 W-m~!-K~! and k, = 0.024, 0.023, and 0.019 W-m~!-K~1, respectively, following Paterson (1994)
for the ice conductivity values and Yen (1981) for the air conductivity values. As the nondiagonal terms of
the tensor k are negligible, we consider only the diagonal terms k,, ky, k,, which correspond to the eigen-
values of k (the image axes X, y, and z correspond to the principal directions of the microstructure, z being
along the direction of gravity). Besides, k, = k,, so k is transversely isotropic. We refer to k as the average of
the diagonal terms of k, to k, as the vertical component, and to k,,, as the horizontal component defined as
the average of k, and k. Anisotropy of the thermal conductivity tensor is analyzed based on the anisotropy
ratio defined as A, = k,/ kxy (e.g., Calonne et al., 2011, 2014; Riche & Schneebeli, 2013).

2.3. Density, Correlation Lengths, and Structural Anisotropy
Density p (kg/m3) was computed from 3-D images by a standard voxel counting algorithm using an ice den-
sity of p; of 917 kg/m? (ice density variations with temperature were neglected in this study). Correlation
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lengths [, I, , and [, (mm) were used as a characteristic length of the ice and pore structure in the x, y,
and z directions, respectively. They were obtained by first computing from 3-D images the two-point corre-
lation functions S,(xp) for the air phase, T, being a vector oriented along the coordinate axes f = (x, y, z) of
length |rs| = r; ranging from 0 to the image size in the § direction with increments of 1 pixel size (Torquato,
2002). Correlation lengths lc/j were then obtained by fitting the two-point correlation functions to an expo-
nential equation of form S,(r;) = (¢ — ¢*) exp(-r, /lcﬁ) + ¢?> where ¢ = 1 — f is the porosity (Calonne

et al., 2014; Léwe et al., 2013). As snow is a transversely isotropic material, the structural anisotropy of the
microstructure was then characterized based on the ratio A; =1, / lcxy, where lcxy is the mean of [, and lcy.

3. Results and Discussion

3.1. Evolution With Density at —3°C

The evolution of the vertical and horizontal components of the effective thermal conductivity tensor at —3°C
as a function of density is presented in Figure 1a. Averaged values range from 0.06 W-m~1.K~!, for a precipi-
tation particles sample of density 102 kg/m?3, to 2.00 W-m~1-K~!, for the porous ice sample extracted at 133 m
depth at Dome C of density 888 kg/m3. The strong dependency of conductivity with density is clearly high-
lighted. The quadratic relationship observed for snow smoothly transitions into a linear relationship for firn
and porous ice. The transition seems to occur around 450 kg/m?. Above that, a change in density proportion-
ally translates into a change in thermal conductivity, independently of the considered density. Below that,
the same change in density leads to smaller changes of thermal conductivity, which depend on the consid-
ered density. This behavior of the conductivity-density relationship is related to the high contrast between
the thermal conductivity of air and ice combined with morphological effects of the microstructure. At low
densities, ice grains are insulated by the predominant surrounding pore space. The few bonds between ice
grains play then a critical role in the overall heat conduction as they act as heat paths. Hence, during a
change in density, the portion of ice added or removed elsewhere than at ice bonds has little impact on the
overall heat conduction. This portion of “inefficient” ice results in a reduced change in the effective ther-
mal conductivity. As structures get denser and more connected, the portion of “inefficient” ice decreases,
so the impact of a density change on thermal conductivity gets larger, as shown from light to dense snow
(Figure 1a). The portion of “inefficient” ice finally vanishes at higher densities, from about 450 kg/m?3.
Changes in density translate then into proportional changes in thermal conductivity.

Fitting conductivity and density of the firn and porous ice samples at —3°C, and constraining a value of
2.107 W-m~1.K! at 917 kg/m?, we obtained the following linear regression:

kg = 2.107 +0.003618(p — p;) o

with a R? of 0.99 and a standard deviation lower than 10~ W-m~1.K~!. This regression is valid in the range
550-917 kg/m? and can be used for firn, porous ice, and pure ice. Plotting the data in a vertical profile,
the deeper the firn and ice samples, the denser the samples and the higher the conductivity (Figure 2a).
Between 23 to 133 m depth, density evolves from 566 to 888 kg/m?, and averaged thermal conductivity at
—3°C evolves from 0.87 to 2 W-m~1-.K~1.

3.2. Variation With Temperature

Results described above are valid for a rather warm environment (—3°C). Temperatures in glaciers fluctuate
and can reach very low temperatures. At Dome C for example, surface temperatures vary between —25°C in
summer and —70°C in winter, whereas temperature at 5 m depth is about —55°C year-around (Brucker et al.,
2011). Overall thermal conductivity increases with decreasing temperature (Figures 1b and 2a), following
the dependency of pure ice conductivity (Calonne et al., 2011; Paterson, 1994; Sturm et al., 1997; Yen, 1981).
The thermal conductivity of the Vostok firn sample of density 774 kg/m3 increases by a factor 1.4 between —3
and —60°C for instance (from 1.6 to 2.2 W-m~!.K~!). Variations depend however on density in a nonlinear
manner. Firn and porous ice above 600 kg/m? are affected the most: variations of their thermal conductivity
with temperature actually correspond approximately to the one in pure ice. Increase is about 37% from —3
to —60°C and of 10% from —3 to —20°C. Those variations decrease to about 20% and 5% at 300 kg/m?3, for
both temperature fluctuations, respectively, and become negligible at lower densities. At very low densities,
variations even change direction and our lightest snow sample of 102 kg/m? shows a thermal conductivity
4% larger at —3°C than at —60°C.
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Figure 1. Effective thermal conductivity versus density: (a) horizontal and vertical components k,, and k, at —3°C,
(b) averaged values k at —3, —20, and —60°C, and (c) anisotropy ratio .4; at —3°C. Estimates from the new formulation
equation (5) and the SC model are also shown. Snow types correspond to the ICSSG (Fierz et al., 2009): precipitation
particles (PP), decomposed and fragmented particles (DF), rounded grains (RG), faceted crystals (FC), depth hoar (DH),
and melt forms (MF). Air and ice thermal conductivities at —3, —20, and —60°C are indicated in dotted lines in (b).
3.3. Anisotropy
Looking closely at the T-shaped symbols in Figure 1a, differences between the horizontal and vertical com-
ponents of the thermal conductivity can be found but tend to vanish above 600 kg/m?3. No or very little
anisotropy is indeed observed for firn and porous ice samples, with most anisotropy ratio .4, close to 1
(Figure 1c). Anisotropy tends overall to vanish with density and depth, the highest anisotropy of firn of 1.11
being shown for a Dome C sample collected at 23 m depth of density 565 kg/m3. This indicates that a sin-
gle orientationally averaged value of thermal conductivity is sufficient to describe heat conduction in any
direction of firn and porous ice. In contrast, ratios observed for snow vary largely, independently on den-
sity (Figure 1c). Besides, anisotropy of the thermal conductivity of snow is overall well correlated with the
anisotropy of the correlation length: A, ranges from 0.66 for a rounded grains sample with a A, of 0.67,
CALONNE ET AL. 13,083
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Figure 2. (a) Density and averaged thermal conductivity evolution with depth computed from 3-D images (diamonds)
and estimated from equation (5) (dots) at —3, —20, and —60°C. (b) Anisotropy ratio of the thermal conductivity at —3°C
versus anisotropy ratio of the correlation length computed from 3-D images (black color) and estimated from the SC
model with ellipsoidal inclusions equations (3) and (4) (green color). Firn samples are shown by diamonds, and snow
samples are shown using the symbols of the ICSSG as in Figure 1c.

to 1.57 for a depth hoar sample with a A; of 1.34 (Figure 2b). This highlights the influence of the struc-
tural anisotropy of the microstructure on conductivity, as previously reported (Calonne et al., 2014; Lowe
et al., 2013). Such a correlation is not observed for firn and porous ice, for which variations of Alc’ ranging
from 0.91 to 1.19, do not coincide with the almost invariant A4, around 1 (Figure 2b). This implies that at
high density the influence of the structural anisotropy, which refers mostly to the shape of the pore spaces
embedded in the dominant portion of ice, becomes insignificant for heat conduction.

3.4. Comparison With Other Data

We compare now our values of thermal conductivity with the data of Marchenko et al. (2019) and Giese and
Hawley (2015) presented in section 1 (Figure 3a). Authors reported temperatures fluctuating between —15
and —40°C at the Summit site (Giese & Hawley, 2015) and between 0 and —20°C at the Lomonosovfonna
site (Marchenko et al., 2019). We thus plotted here our results at —20°C, as the more relevant to be com-
pared with. General trends are in agreement but data of Marchenko et al. (2019) shows more scatter and
overall larger values than ours. As discussed by the authors, the scatter likely reflects uncertainties related
to measurement deviations or vertical mismatches between density profiles and temperature profiles.

3.5. Comparison With Predictive Formulas

3.5.1. Estimates at —3°C

Next, we evaluate the performance of the commonly used parameterizations listed in Table 1. In addition, we
evaluate an analytical homogenization method called the self-consistent (SC) approximation for spherical
inclusions (Bruggeman, 1935; Hill, 1965; Torquato, 2002). It provides thermal conductivity estimates k.
based on density along with the air and ice conductivity and is defined as

2 + a2 +4(d - Dk;k,

se 2(d-1)

with a:ki<d£—1)+ka<d<1—£>—1> and d=3.
Pi Pi

We compare first the different estimations with our results at —3°C in Figure 3b. Values of error, relative
error, and standard deviation can be found in the supporting information (Table S2 and Figure S1). All the
snow-designed formulas (Yen, Sturm, and Calonne) perform rather poorly for firn and porous ice above
550 kg/m?3, for which a significant underestimation is found with errors (kyynaeqa — k) between —0.1 and
—0.3 W-m~1.K~!, whereas k ranges from 0.8 to 2.0 W-m~-K~! in this density range. This leads to relative
errors (Kegimaea — K)/k between about —12% to —30%. Note that the underestimation is also true at lower
densities for the Sturm formula (see, Calonne et al., 2011; Morin et al., 2013 for details). On the other hand,
the mean Van Dusen-Schwerdtfeger largely overestimates the thermal conductivity within the snow den-
sity range (100-550 kg/m?) with errors up to 0.2 W-m~1-K~! and relative errors exceeding 100%. Overall,

@)
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Figure 3. Comparison of the evolution of the thermal conductivity with density between (a) our computations at
—20°C and the data of Giese and Hawley (2015) and Marchenko et al. (2019), and (b) our computations at —3°C and
estimates from the commonly used parameterizations described in Table 1, the SC model, as well as equation (5).
The bulk thermal diffusivity provided by Giese and Hawley (2015) (25 m?/year) was converted in terms of thermal
conductivity (0.48 W-m~1.K~1) using a bulk density of 425 kg/m3 and a density-dependent specific heat capacity at
—30°C of 1,412 Jkg 1.K~1.

the SC model and the Schwander formula provide estimates closest to our data. Still, their performances
are not consistent with density. For instance, between 100 and 200 kg/m?3 the SC model underestimates
the thermal conductivity by about —40% and the Schwander formula overestimates it by 25% to 50% in the
range 250-450 kg/m3. Moreover, none of the models is able to accurately reproduce the thermal conductiv-
ity of light snow with densities below 150 kg/m?>. Relative errors from all the models are over +25%, and up
to around —40% for the SC model, Calonne, Yen, and Schwander formulas (not to mention the mean Van
Dusen-Schwerdtfeger). The corresponding errors are of the order of 0.02 W-m~!-K~!. Although this could
appear insignificant, a factor 0.75 to 0.6 on the thermal conductivity of low-conductive snow layers, acting
as insulating barriers, can impact greatly the overall heat transfer in some cases (Calonne et al., 2011).
3.5.2. Temperature Effects

Next, we assessed the modeling of the thermal conductivity variations with temperature. As introduced
earlier, this effect is classically taken into account through the variations of the pure ice conductivity with
temperature, neglecting the ones of air conductivity. For formulas defined at given temperatures, a multi-
plicative factor k;/ k{ef is applied, where k; is the ice thermal conductivity at the target temperature and kiref
is the ice conductivity value at the temperature at which the formula is valid (as used in, Gilbert et al., 2014;
Zwinger et al., 2007). We found that this method works reasonably well, with only slightly higher deviations
between estimations and computations at —60°C than at —3°C. Mean absolute errors and standard devia-
tions from the Calonne formula are of 0.10 +0.12 W-m~!-K~! at —60°C compared to 0.07 + 0.07 W-m~1.K~1
at —3°C, for instance. Accounting for the temperature-dependency of ice conductivity seems thus overall
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sufficient. This simplification could however not be evaluated at low densities, densities for which the con-
tribution of the air conductivity might be more significant, given the relatively poor predictions of formulas
in this density range. The SC model is the only formula that accounts for variations of the ice and air con-
ductivities with temperature. It predicts that below 300 kg/m3 the thermal conductivity no longer increases
with decreasing temperature but decreases (switch from a predominant contribution of the ice conductiv-
ity to a predominant contribution of the air conductivity). This however does not fit our computations, for
which this switch in the temperature effect is way less pronounced and occurs around 100 kg/m? (Figure 1b).
To simply assess the contribution of air conductivity, we compared the SC estimates obtained with k; and
k, at —3°C with the ones obtained with k; at —3°C and k, at —20°C and at —60°C. The latter options lead
to thermal conductivity about 5% and 20% larger, respectively, within the density range 0-250 kg/m?3, dif-
ferences that quickly vanish above. Accounting for the air contribution seems thus not primordial at first,
except when focusing on light snow and when large temperature variations are considered.

3.5.3. Anisotropy

All the above formulas provide a single, isotropic value of thermal conductivity. This seems suitable for
firn and porous ice but not for snow, for which thermal conductivity can be anisotropic and should then
be described depending on orientations. Along this line, a density-based regression was suggested to access
the vertical component of the thermal conductivity of depth hoar and faceted crystals specifically (Riche
& Schneebeli, 2013). More convincingly, estimates of the vertical and horizontal thermal conductivity from
density and structural anisotropy of the microstructure were presented by Lowe et al. (2013) and Calonne,
Flin, et al. (2014). In particular, the SC model can be formulated for ellipsoidal inclusions, considering a
transverse isotropic tensor of thermal conductivity, the degree of structural anisotropy being captured by the
aspect ratio b/a of the ellipsoid (Giraud et al., 2007; Kushch & Sevostianov, 2014). This model was applied
to snow during a temperature gradient metamorphism and reproduced reasonably well the evolution of the
thermal conductivity in both vertical and horizontal directions and the development of anisotropy with time
(Calonne et al., 2014). SC estimates of the vertical and horizontal components of thermal conductivity are
written as follows:

. L —(ky(p = QD+ k(1 =) = Q) — /A,

= = 3
SCye sc,, SCyy 200-1) (3)

) —(ky(p — (1 =2Q) + k(1 — ) — (1 = 2Q)) — 1/ A\,
<z 2(1-2Q)-1)

“4)

with
A, = (ky(d — Q) + k(1 — @) — Q) — 4(Q — 1)Qkik,
AN, =Uk(p—-1-2Q)+k(@—-¢)—(1—- 2Q))% — 4((1 - 2Q) — 1)(1 — 2Q)k;k,

1 7 0 — )
Q_Z(l—y2)<1 J/Z_Itan (\/yz 1)) ify>1

2 1++y/1-y2
Q= 1 ~|1- 4 In ’ if y<1
21 =7 2/1-72 \1-y1-22

where y is linked to the aspect ratio of the ellipsoid and the anisotropy ratio of k.. by y = (a/b)x 4/ kscZ / kscxy.

Here, we applied this SC model to our data, defining the aspect ratio based on the correlation lengths such
asb/a = A, . Overall, the estimated anisotropy ratios of thermal conductivity reproduce remarkably well
the computed ones (Figure 2b).

3.6. A New Predictive Formulation

We aimed here at providing a single formulation to allow for robust estimates of thermal conductivity
over the complete density range 0-917 kg/m? and for any temperature conditions, so it could be used for
snow, firn, and porous ice in alpine or polar conditions. To do so, we combined the firn linear regression
equation (1), which describes the density-conductivity relationship kg’f (p) in firn at —3°C, and the quadratic

m
regression of Calonne et al. (2011), which describes the density-conductivity relationship k™ (p) in snow

snow
at —3°C. The contribution of these two regressions are determined by a weight factor 6 that depends on the
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current density with respect to a transition density value. The temperature effect is taken into account by
multiplicative factors that reflect the variations of air and ice conductivity with temperature compared with
their values at —3°C. The new formulation reads

ki(Dk,(T) k,(T)
Kenow fim(p- T) = (1 = G)Wk;fw(p) O ket (p) ©)
with
0= 1/ (1 + exp(—Za(p - ptransition)))
kit (p) = 2.107 + 0.003618(p — p;)

kI (p) = kg, = 0.024-1.23 X 107*p + 2.5 X 107°p?

where k;(T) and k,(T) are the ice and air conductivity at the temperature T, kl?ef = 2.107 W-m~'K™! and
k' = 0.024 W-m~"-K~! are the ice and air conductivities at the reference temperature T, of —3°C, respec-
tively, a = 0.02 m3/kg, and pypsiion = 450 kg/m3 (value providing the best match with our computations)

corresponds to the density value at which the major contribution switches between k;ﬁfo . and kgerfn

Estimates from equation (5) are shown in Figures 1-3. Additional description of the errors can be found
in the supporting information (Figure S1 and Table S2). Estimates follow closely the computed values, per-
forming better than any of the parameterizations or model presented earlier. The mean absolute error and
standard deviation are very low, 0.02 + 0.02 W-m~1-K~! at —3°C and of 0.02 = 0.03 W-m~!.K~! at —60°C.
Performances are consistent throughout the density range, with errors that do not exceed 0.05 W-m~1.K~1
at —3°C and 0.12 W-m~1.K~! at —60°C, and relative errors less than +25%. One exception concerns den-
sity below 150 kg/m? where relative errors are up to —40%, as already pointed out for the Calonne formula.
One advantage of this new formulation is that the Calonne formula implemented to describe the thermal
conductivity of snow with density can be easily replaced by a future, more suitable formulation.

4. Conclusions

The tensor of effective thermal conductivity at —3, —20, and —60°C, obtained by 3-D images-based computa-
tions, is presented for 27 firn and porous ice samples from cold sites in Antarctica and for 37 seasonal snow
samples. The evolution of the thermal conductivity over a wide range of density from fresh snow to bubbly
ice is then revealed. Averaged values range from 0.06 to 2.00 W-m~1-K~! for densities from 102 to 888 kg/m?>.

We reported that (1) the thermal conductivity of firn and porous ice can be very well estimated based on
a linear relationship with density (R?> = 0.99, standard deviation = 10~> W-m~!.K~!), contrasting with the
quadratic and more scattered correlation reported for snow, (2) no or very little anisotropy was observed
for firn and porous ice, indicating that a single, orientationally averaged conductivity value is sufficient to
describe heat fluxes in any direction, again in contrast with snow for which modeling of the vertical and
horizontal component of the thermal conductivity can be necessary, and (3) temperature greatly influences
thermal conductivity of firn and porous ice, the influence above 600 kg/m? being already about the one
observed in pure ice, for example, an increase of about 35% is reported from —3 to —60°C in this density
range. Accounting for the variations of ice conductivity with temperature seems overall sufficient, except
for light snow subjected to large temperature fluctuations for which the contribution of air conductivity
variations should also be considered.

Comparing our results to predictive formulas of thermal conductivity used in heat transfer modeling of
alpine and polar glaciers, none of the formulas allowed for robust estimations throughout the density range.
In particular, snow-designed parameterizations provide underestimated values, up to —30%, when applied
to firn and porous ice. The analytical SC model provides overall fair estimates and, most remarkably, allows
capturing the anisotropy of thermal conductivity. We present a new density- and temperature-based for-
mula to accurately estimate isotropic thermal conductivity of snow, firn, and porous ice in alpine or polar
conditions. Further studies should be undertaken to confront our findings to different polar and alpine envi-
ronments than the Antarctic cold accumulation zone condition investigated here. Our research offers new
opportunities to improve heat transfer modeling in glaciers and ice sheets.
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