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T I M E  C O M P L E X I T Y  O F  

T U R I N G  M A C H I N E S  

D .  Y u .  G r i g o r ' e v  

MULTIDIMENSIONAL 

UDC 510.52 

It i s  p r o v e d  tha t  the  w o r k  of an i n d e t e r m i n a t e  m - d i m e n s i o n a l  T u r i n g  m a c h i n e  wi th  t i m e  c o m -  

p l ex i t y  t can  be  s i m u l a t e d  on an i n d e t e r m i n a t e  k - d i m e n s i o n a l  (k -< m) T u r i n g  m a c h i n e  with t ime  

c o m p l e x i t y  t 1 - (~ /m)+( l /k )+e  ffor  any e > 0). M o r e o v e r ,  the fo l lowing  g e n e r a l i z a t i o n  to the m u l t i -  

d i m e n s i o n a l  c a s e  of the f a m i l i a r  t h e o r e m  of H o p c r o f t ,  P a u l ,  and  V a l i a n t  is  p r o v e d :  the work  of 

an m - d i m e n s i o n a l  T u r i n g  m a c h i n e  wi th  t i m e  c o m p l e x i t y  t l o g i / m t  it(n) -> n] can be s i m u l a t e d  on 

an a d d r e s s  m a c h i n e  w o r k i n g  wi th  t i m e  c o m p l e x i t y  t .  

In the  p r e s e n t  p a p e r  i t  is  p r o v e d  tha t  the w o r k  of an i n d e t e r m i n a t e  m - d i m e n s i o n a l  T u r i n g  m a c h i n e  wi th  

t i m e  c o m p l e x i t y  t can  be s i m u l a t e d  on an i n d e t e r m i n a t e  k - d i m e n s i o n a l  (k -< m) T u r i n g  m a c h i n e  with t i m e  c o m -  

p l e x i t y  t i + ( 1 / k ) ' f i / m ) + e  (for  any  e > 0).  

In a d d i t i o n ,  i t  is  r e m a r k e d  tha t  the  f a m i l i a r  r e s u l t  [1] on the t i m e  ga in  in p a s s i n g  f r o m  T u r i n g  m a c h i n e s  

to  m a c h i n e s  wi th  a r b i t r a r y  a c c e s s  to  the m e m o r y  (in o t h e r  w o r d s ,  r a n d o m  a c c e s s  m a c h i n e s ,  RAM, cf.  [2]) can  

be  g e n e r a l i z e d  to  the  m u l t i d i m e n s i o n a l  c a s e ,  m o r e  p r e c i s e l y ,  to  s i m u l a t e  an m - d i m e n s i o n a l  T u r i n g  mach ine  

w o r k i n g  wi th  t i m e  c o m p l e x i t y  t t o g l / m t  it(n) ~ n f o r  any n],  on a RAM with  t i m e  c o m p l e x i t y  t .  M o r e o v e r ,  the 

l a s t  s i m u l a t i o n  can be e f f e c t e d  on the a p p a r a t u s  i n t r o d u c e d  by  S l i s e n k o  and  c a l l e d  in [3] an a d d r e s s  m a c h i n e  

(AM). It i s  a s p e c i f i c a t i o n  of a RAM and i s  c h a r a c t e r i z e d  by  the f ac t  tha t  in the  c o u r s e  of the  e n t i r e  w o r k  to 

i t s  c o n c l u s i o n ,  the  length  of  the  r e g i s t e r s  u s e d  does  not  e x c e e d  log2 t  + c ,  w h e r e  t i s  the  t i m e  of w o r k  (the n u m -  

b e r  c is  f i xed  f o r  a g iven  AM).  

By DTM (ITM) we s h a l l  denote  a d e t e r m i n a t e  ( i n d e t e r m i n a t e )  m u l t i d i m e n s i o n a l  T u r i n g  m a c h i n e  (for the  

p r e c i s e  d e f i n i t i o n ,  cf .  [4]). In the  c a s e  when s o m e  a s s e r t i o n  i s  t r ue  bo th  fo r  DTM and f o r  ITM,  we use  the 

no t a t i on  TM,  and h e r e  i t  is  u n d e r s t o o d  tha t  e i t h e r  a l l  a p p a r a t u s e s  c o n s i d e r e d  in the  g iven  a s s e r t i o n  a r e  d e t e r -  

m i n a t e  o r  t hey  a r e  a l l  i n d e t e r m i n a t e .  

1. In the  f i r s t  po in t  of T h e o r e m  1, which  i s  p r o v e d  b e l o w ,  t h e r e  i s  g iven  an e s t i m a t e  of the amoun t  of 

t i m e  f o r  s i m u l a t i n g  ITM of h i g h e r  d i m e n s i o n  on a m a c h i n e  of l o w e r  d i m e n s i o n .  The m e t h o d  u s e d  is  not  s i m u -  

l a t ion  o n - l i n e ,  in c o n t r a s t  wi th  the  m e t h o d  a p p l i e d  in [5], wi th  which  t h e r e  was  ob t a ined  an e s t i m a t e  of the  

a m o u n t  of t i m e  in l o w e r i n g  the d i m e n s i o n  on DTM.  We note  tha t  the e s t i m a t e  o b t a i n e d  in Sec .  1 fo r  ITM i s  

b e t t e r  than the c o r r e s p o n d i n g  e s t i m a t e  f r o m  [5] f o r  DTM (which m e a n s  a l s o  the e s t i m a t e  fo l lowing  f r o m  [5] fo r  

ITM).  The u p p e r  bound  g iven  in Sec .  1 i s  s l i g h t l y  w o r s e  than the l o w e r  bound  o b t a i n e d  in [4] fo r  o n - l i n e  s i m u -  

l a t ion  of TM on TM of l o w e r  d i m e n s i o n .  N a m e l y  (we use  the  no ta t ion  of [5] and  the c o r r e c t i o n  of the  r e s u l t  of 

[4] m a d e  in [5]), i t  fo l lows  f r o m  [4] t ha t  f o r  any e > 0 
~__L- 

T r a n s l a t e d  f r o m  Z a p i s k i  Nauehnykh  S e m i n a r o v  L e n i n g r a d s k o g o  O t d e l e n i y a  M a t e m a t i c h e s k o g o  In s t i t u t a  
im .  V. A. S t e k i o v a  AN SSSR, Vol .  88, pp.  47 -55 ,  1979. O r i g i n a l  a r t i c l e  s u b m i t t e d  M a r c h  23, 1976. 
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The method  used  be low a l lows one to do even  m o r e .  In s tudying  TM the ques t ion  a r i s e s  of the c o n d e n s a -  

t ion of the t r a j e c t o r i e s  of the heads .  T r a j e c t o r i e s  can be " sp r e a d  ~ ove r  a m u l t i d i m e n s i o n a l  l a t t i ce .  ~ e  

me thod  m a k e s  it poss ib le  to s imu la t e  the o r i g i n a l  ITM in such a way that  the heads  s i m u l a t i n g  ti~e ITM do not 

leave the l i m i t s  of a cube with s m a l l  edge.  We note that  the method  of [5] a l so  a l lows one to get a s i m i l a r  r e -  

su l t  - to s i m u l a t e  the work  of a TM with capac i ty  complex i ty  L and t ime  complex i ty  t ,  by a k - d i m e n s i o n a l  TM, 

work ing  in a cube with edge L I /k-1,  but  the e s t i m a t e  of t ime  he re  is  worse  than - t L  l / k -  i Upon s i m u l a t i n g  

ITM on ITM of the s ame  d i m e n s i o n  one can ach ieve  condensa t i on  c lose  to op t imal  for  power  (with a r b i t r a r y  

exponen t  l a r g e r  than one) loss  of t i m e .  

In p rov ing  the second  point  of T h e o r e m  1 u s i ng  the s ame  method  it is shown that  upon lower ing  the d i m e n -  

s ion by one,  one can get condensa t ion  c lose  to op t ima l ,  with a l m o s t  no loss  in t i m e .  

THEOREM 1. Let  k -< m be n a t u r a l  n u m b e r s  and e > 0. Then for  any m - d i m e n s i o n a l  ITM M, work ing  

with t ime  complex i ty  t and capac i ty  complex i ty  L,  one can c o n s t r u c t  

1. a k - d i m e n s i o n a l  ITM MI, work ing  with t ime  complex i ty  ~ - ~ + e  in a cube with edge ~ §  ; 

2. an (m + 1 ) - d i m e n s i o n a l  ITM M2, work ing  with t ime  complex i ty  ~ r ~  in a cube with e d g e ~  +$ , 

where  M 1 and M 2 both have the s ame  output as  M. 

(For  the ease  k = 1, point  1 of the t h e o r e m  o v e r l a p s  with the ba s i c  r e s u l t  of [6], ex tended  to ITM.) 

We give two a u x i l i a r y  l e m m a s .  The f i r s t  of them is a m u l t i d i m e n s i o n a l  g e n e r a l i z a t i o n  of L e m m a  2 of [7] 

and was used  in p rov ing  a m u l t i d i m e n s i o n a l  g e n e r a l i z a t i o n  (whose f o r mu l a t i on  is given in [8]) of the ba s i c  r e s u l t  

of [71. 

LEMMA 1. Le t  the heads  of the m - d i m e n s i o n a l  ITM M on the piece A of a zone (not n e c e s s a r i l y  con-  

nec t ed ) ,  con t a in ing  S > 2m + 1 ce l l s ,  o c c u r  T t i m e s .  Then one can find a hyperp lane  ~, o r thogonal  to one of 

the d i r e c t i o n s  of the l a t t i ce ,  such that  

1) on each  of i t s  s ides  the re  a re  s i t ua t ed  no m o r e  than 2 ( ~ ) S  c e i l s  of the piece A; 

2) the n u m b e r  of p a s s a g e s  of heads  of the ITM M (in handl ing  the piece A) th rough (~ does not  exceed  

c l T / S  i / m ,  where  c i depends  only on m and the n u m b e r  of heads  of the ITM M. 

Proof .  F o r  each  of the m axes  of the la t t ice  by convent ion  we cal l  one d i r ec t i on  on the axis  r igh t ,  the 

o the r  left .  We s ing le  out the r ight  (left) hype rp i ane  p a s s i n g  th rough  nodes  of the l a t t i ce ,  o r thogonal  to the 

d i r ec t i on  c o n s i d e r e d  and such that  on the lef t  (right) s ide of it  the re  a re  s i tua ted  no m o r e  than ~ ce i l s  

of A. 

The 2m h y p e r p i a n e s  s ing led  out as a r e s u l t  (for a l l  m d i r e c t i ons )  bound a p a r a l l e i e p i p e d  H, in which,  by 

v i r tue  of the choice of h y p e r p i a n e s ,  a re  s i t ua t ed  not  l e s s  than ~--~-~y)~ c e i l s  of A. Hence one of the s ides  of I1 

has length not  l e s s  than k ~ 4 - ~ j  . Consequen t ly ,  one can f ind a hyperp lane  ~, or thogona[  to th is  side and 

i n t e r s e c t i n g  1], through which heads of the ITM M pass  not m o r e  than e l t /S  1/m t i m e s .  

LEMMA 2. Let  Pl  = {1) . . . . .  Pi+l be ob ta ined  f r o m  Pi by r e p l a c i ng  i ts  m a x i m a l  e l e m e n t  a by some two 

al  and a 2 s u e h t h a t a j  >- ca (j = 1, 2, 1 /2  >_ c > 0), where  a 1 +a2 = a .  Then any e l e m e n t  of PN does not  exceed  

1 /eN.  

By induct ion  on N one can prove that  if a 1 _> . . .  _> a N are  a l l  e l e m e n t s  of PN, then a N ~ cal .  Hence 
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We proceed to the proof of Theorem 1 (both points will be proved in para[iel).  

~ ~ + s  in the of point We choose r sufficiently large~_ that one has ~ < d. = k-  ~ . ( 2 m + 0  < - k  case . and 

< ~-~+~ r < ~ in the case of point 2. 
I 

I 

The simulat ion of the work of M wi l t  consist of the fol lowing, We choose a (indeterm inate) hyperplane 

with the proper ty  indicated in Lemma I ,  then we apply Lemma 1 to the l a rge r  piece of the zone and thus r k 

t imes  (in the case of point 2 r m+l t imes) we apply Lemma 1 (in both cases  if there remains  a piece of the zone 

containing no more  than 2m + 1 cei ls ,  then we no longer subdivide it). Each time upon application of Lemma 1 

we subdivide indeterminately the la rges t  in number  of cells of the pieces of the zone. Let  us agree that the 

le t ter  c with indices will denote constants ,  independent of t, L, s. 

It wiU be proved by induction that the ent ire  zone of the ITM M can be s imulated in the memory  of the 

ITM M 1 ( o r  M2), accommodat ing it in a cube with side c3L (~ log~/kL (respectively,  c3Lfl log~/m+lL), while to 

each ceil of the active zone of the ITM M cor responds  

there  is at tached a cube of side log~/kL (respectively,  

or iginal  cell  of the m e m o r y  of the ITM M. 

its image,  a cell  of the memory  of Ml (or M2), to which 

log~/m+lL) in which there is written the address  of the 

Let  a piece of the active zone of the ITM M, consist ing of s cel ls ,  be divided in the way descr ibed above 

in N = r k (respect ively,  N = r m+l) pieces ,  containing s I -~ . . .  -> s N, respect ively ,  active cei ls .  We apply 

L e m m a  2 to the collection of numbers  ~sl/s . . . . .  SN/S) and we get that sl -< s / cN,  here and later  c = 1/(2m + 1). 

By the inductive assumption,  the pieces of the zone of the ITM M, corresponding to s i, are already packed in 

cubes with sides c3s ~ log~/kL (respectively,  c3s ~ log~/(m+l)L), so that the t ime required by M I (or M 2) for 

s imulat ing the work of the ITM M on these pieces does not exceed c2 t i s~ - l /m  log2 L (respectively,  c2tiiog2s i �9 

log 2 L); e2wi l lbeehosen  at the end. F o r  pieces of the zone containing no more than 2m + I cei ls ,  the inequali- 

t ies indicated for  the lengths of the sides of the cubes can be sat isf ied at the expense of a suitable choice of c 3. 

Since the pieces cor responding  to s i can be disconnected,  one es t imates  the sum of the t imes necessa ry  

for  some head of the ITM M 1 (or M2), over  all intervals  in which the head of the ITM M modeled by it are found 

in a piece of the zone corresponding  to s i. 1Vioreover, one es t imates  that at the s t a r t  of each such interval  the e o r -  

responding head of the ITM M I (or M2) is found in the image of the ceil in which at the s tar t  of this interval the 

head of the ITM M modeled by it is situated. 

The work of the ITM M 1 (or M 2) consis ts  of steps of two types.  F i r s t ly ,  there is the direct  simulation of 

the work of the ITM M for  steps at which the heads of the ITM M do not pass through the cuts made by the hyper-  

planes (steps of the f i rs t  type include considerat ion of the contents of cei ls ,  the entry of the new content, change 

of state). Secondly i s the  sea rch  for images of cells  into which heads of the ITM M pass af ter  intersect ing cuts.  

The lat ter  will be effected indeterminately by shor tes t  paths, at the end of the search  it is only neces sa ry  to 

verify that the address  of the ceil  [it is entered in a cube with side iog~/kL (respectively,  log 1/(m+l) ] is r e -  

quired.  

Cubes of the m e m o r y  of the ITM M1 (or M 2) with sides c3s[ ~ log~/kL (respectively,  c3s ~ log~/(m+l)L), 

where 1 -< i -< N, can be packed into a cube with side c3rs ~ log~/kL (respectively,  c3rsr log~/(m+l)L). Then by 

L e m m a  2 
--~/~ 0~0!/K. S ~ ~ - -  ilk 
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and,  r e s p e c t i v e l y ,  

4 

by v i r t ue  of the cho ice  of c~,/3, which  p r o v e s  the induc t ive  s t e p  on the length  of a s ide  of the cube of the m e m o r y  

of the ITM M 1 (or M~). 

It r e m a i n s  to e s t i m a t e  the t i m e .  In hand l ing  a p i e c e  of  the zone c o r r e s p o n d i n g  to s ,  a t  a s t ep  of the f i r s t  

t ype  the ITM M 1 (or M S) by  the induc t ive  assumption s p e n d s  t i m e  not  g r e a t e r  than 

r e s p e c t i v e l y ,  

At a step of the second type the ITM M s (or M S) speiids time not exceeding 

r e s p e c t i v e l y ,  

T, -- c,  

! 
w h e r e  s l ,  tj (1 _< j _< N) a r e  the n u m b e r  of c e l t s  and  the t i m e s  of hand l ing  t hem on the ITM M in p i e c e s  of the 

zone which  a r e  cut  out by the  h y p e r p l a n e s  at  the j - t h  s t ep  of the p r o c e s s  d e s c r i b e d  above .  

The sum z~ C~IJ}/{ ~) bounds (by Lemma 1) the number of steps in whose time cuts happen, and 

e3s ~ log2L ( r e s p e c t i v e l y ,  e3s~ log2L) bounds  the  n u m b e r  of s t e p s  of the ITlVI M~ (or M S) in the s e a r c h  fo r  the 

i m a g e  of the n e c e s s a r y  c e l l  a f t e r  p a s s i n g  th rough  a cut .  S ince  s / m  s �9 e N, one has  

r e s p e c t i v e l y ,  

4 

&. 

z 
Hence  fo r  the ITM M s one has  T4+T/~C~JCS ~ov]~+r ( { - 5 )  ~o~,~<c~ts "~o~.~, the l a s t  in-  

e q u a l i t y  is  a c h i e v e d  by a s u i t a b l e  cho ice  of e 2 [we note  tha t  the cho ice  of c3, c~ fo r  the ITM M~ (or M 2) d id  not  

depend  on the cho ice  of e~). A n a l o g o u s l y  f o r  the ITM M S one has  

a t  the e x p e n s e  of a s u i t a b l e  cho ice  of c 2. The induc t ive  s t ep  on bounding  the t ime  is  v e r i f i e d  and T h e o r e m  i i s  

p r o v e d .  

2. In the s e c o n d  s e c t i o n  we g e n e r a l i z e  to the  m u l t i d i m e n s i o n a l  c a s e  one of the r e s u t t s  of []1. 'The p r o o f  

u s e s  the m e t h o d  p r o p o s e d  in [1] and the m e t h o d  of Sch6nhage [9] fo r  s i m u l a t i n g  in r e a l  t i m e  a TM by the 

K o l m o g o r o v  - U s p e n s k i i  a l g o r i t h m  [10]. In connec t ion  with the f ac t  that  the p roo f  has  a e o m p i l a t i o n a l  c h a r a c t e r ,  

i t  i s  not  r e c o u n t e d  in g r e a t  d e t a i l  

THEOREM 2. L e t  the  k - d i m e n s i o n a i  TM M work  with t ime  c o m p l e x i t y  not  e x c e e d i n g  t (t(n) ~> nlog~/kn).  

Then t h e r e  e x i s t s  an AM R, work ing  wi th  t ime  c o m p l e x i t y  t / l o g / k t  and having  the s a m e  output  as  M. 
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In the f i r s t  s t a g e  of the p r o o f ,  j u s t  a s  in [1], we t r a n s f o r m  (with l i n e a r  de lay)  the TM M into a TM M' so  

t ha t  M '  b e c o m e s  b l o c k - r e s p e c t e d ,  cf .  [1], wi th  the b l o c k  c i l o g i / k t ,  w h e r e  the c o n s t a n t  c t wi l l  be c h o s e n  l a t e r .  

We d iv ide  the  m e m o r y  of M '  into c u b e s  wi th  s ide  c 1 l o g t / k t .  The r e q u i r e m e n t  of be ing  b l o c k - r e s p e c t e d  is  tha t  

a l l  the  t i m e  of w o r k  of the  TM M'  i s  d i v i d e d  into i n t e r v a l s  of l ength  c l  t o g l / k t ,  and  in the c o u r s e  of one i n t e r v a l  

no head  i n t e r s e c t s  b o u n d a r i e s  of c u b e s .  

To s a t i s f y  the r e q u i r e m e n t  of b l o c k - r e s p e c t  we r e p l a c e  e a c h  head  of the  TM M b y  3 k heads  of the TM M' 

and we add  f u r t h e r  f o r  e a c h  of t h e s e  h e a d s  a h e a d - i n d i c a t o r ,  wh ich  in s o m e  c h o s e n  cube with  m a r k e d  f a c e s  wi l l  

s i m u l a t e  the p o s i t i o n  of the head  in the  cube  and  s i g n a l  the t i m e  when i t  goes  p a s t  the b o u n d a r y .  

A l l  the  t i m e  i n t e r v a l s  of  the  w o r k  of M'  a r e  d i v i d e d  into  b a s i c  and a u x i l i a r y .  In the t ime  of b a s i c  i n t e r -  

va l s  t h e r e  o c c u r s  s i m u l a t i o n  of the w o r k  of M, in the  t i m e  of a u x i l i a r y  i n t e r v a l s  heads  a s s u m e  in i t i a l  p o s i t i o n s .  

The i n i t i a l  p o s i t i o n  of the  3 k heads  c o r r e s p o n d i n g  to  a head  of the  TM M, at  the  beg inn ing  t ime  of a b a s i c  i n t e r -  

va l  is  the fo l lowIng .  One h e a d ,  we s h a l l  c a l l  i t  c e n t r a l ,  is  found in a c e l t  of the  TM M'  c o r r e s p o n d i n g  to tha t  

c e l l  of the TM M in which  i t s  head  b e i n g  m o d e l e d  i s  found.  The r e m a i n I n g  (3 k - 1) h e a d s  which  we c a l l  p e r i p h -  

e r a l  a r e  found in n e i g h b o r i n g  c u b e s  on the b o u n d a r i e s  in c e l l s  c l o s e  to tha t  c e l l  in which  the c e n t r a l  head  is  

found (here  and l a t e r  we d e s c r i b e  the  w o r k  of the  3 k h e a d s  of the TM M ' ,  c o r r e s p o n d i n g  to one head  of the TM 

M, the w o r k  of the  r e m a i n i n g  h e a d s  i s  s i m u l a t e d  a n a l o g o u s l y ) .  In the t ime  of mo t ion  of the s i m u l a t e d  head  of 

the  TM M i n s i d e  a cube th i s  cond i t ion  is  p r e s e r v e d .  

Suppose  a t  s o m e t i m e  a head  of the TM M p a s s e s  t h rough  the b o u n d a r y  into  one of the  n e i g h b o r i n g  c u b e s .  

In t h i s  c a s e  the c o r r e s p o n d i n g  c e n t r a l  h e a d  r e m a i n s  on the b o u n d a r y ,  i t s  r o l e  s t a r t s  to be  p l a y e d  by  the c o r r e -  

s p e n d i n g  p e r i p h e r a l  h e a d ,  and  a l l  the  r e m a i n i n g  (3 k - 1) h e a d s  a r e  found at  e a c h  fo l lowing  m o m e n t  in c l o s e s t  

c e i l s  to the new c e n t r a l  head .  Then t h e r e  can  a g a i n  o c c u r  a change  of c e n t r a l  h e a d ,  e t c .  The c o n s t r u c t i o n s  

i n d i c a t e d  a l l ow the b l o c k - r e s p e c t  cond i t ion  to be s a t i s f i e d .  

By  the c o n f i g u r a t i o n  of the TM M' fo r  the s t a r t  of a t ime  i n t e r v a l  we m e a n  the  con ten t  of a l l  cubes  in 

which  a t  t h i s  t i m e  t h e r e  i s  found at  l e a s t  one h e a d  of the TM M'  ( these cubes  wi l l  be c a l l e d  ac t i ve  f o r  th i s  i n t e r -  

va l ) ,  and  n e i g h b o r h o o d  r e l a t i o n s  be tween  ac t i ve  c u b e s .  By the  cho ice  of the c o n s t a n t  c i  one can a c h i e v e  tha t  

the  n u m b e r  of  a l l  p o s s i b l e  c o n f i g u r a t i o n s  does  no t  e x c e e d  c2t ~ f o r  s o m e  ~ < 1. 

The p r e l i m i n a r y  s t a g e  of the w o r k  of the AM R c o n s i s t s  of the fo l lowing .  A l l  p o s s i b l e  c o n f i g u r a t i o n s  of 

the  TM M'  a r e  e n t e r e d  in the m e m o r y  of  AM (for e a c h  c o n f i g u r a t i o n  one n e e d s  a f i xed  n u m b e r  of r e g i s t e r s ) .  

Next  a f i xed  n u m b e r  of  r e g i s t e r s  of the  AM R a r e  a v a i l a b l e  f o r  the e n t r y  of the  con ten t  of the  a c t i v e  cubes  a f t e r  

the  w o r k  of M '  in the  c o u r s e  of a t i m e  i n t e r v a l  of l ength  c ,  [ o g l / k t ,  the new s t a t e ,  the  s i t ua t ion  of h e a d s ,  and 

the i nd i ca t i on  of  n e i g h b o r h o o d s  of new a c t i v e  cubes  in r e l a t i o n  to  the  o ld .  

The p r o p e r  s i m u l a t i o n  of  the  w o r k  of M'  u s e s  wha t  was  done by  the AM R in the p r e l i m i n a r y  s t age  and the 

c o n s t r u c t i o n  of SchSnhage  [9] (the a u t h o r  c o n s i d e r e d  i t  i n a p p r o p r i a t e  to r e p r o d u c e  in d e t a i l  the  c o n s t r u c t i o n  of 

[9]). The m e m o r y  of the TM M '  can be  d e s c r i b e d  in the  f o r m  of a t r e e  a n a l o g o u s  to  S c h S n h a g e ' s  t r e e ,  but  to 

i t s  l e a v e s  a r e  " a t t a c h e d "  c u b e s  wi th  s ide  c ~ l o g l / k t  (the hand l ing  of th i s  t r e e  i s  e a s i l y  s i m u l a t e d  in r e a l  t i m e  on 

an AM).  The con ten t  of the  ac t i ve  cubes  is  ch a nge d  in a c c o r d  wi th  the p r e l i m i n a r y  s t a g e ,  the SchSnhage t r e e  

i s  u s e d  f o r  f o r m i n g  the c o n f i g u r a t i o n  at  the  s t a r t  of the  nex t  t i m e  i n t e r v a l  - the t r e e  wi th  " a t t a c he d"  cubes  

a l l o w s  one to  show the  con ten t  and  n e i g h b o r h o o d  r e l a t i o n s  b e t w e e n  ac t ive  c u b e s .  
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The time of work at the pre l iminary  stage is e s t imated  as c3 ta  log~/kt,  the t ime of p roper  simulation is 

es t imated  as c t t / l o g t / k t .  Since the length of the entry  of one active cube does not exceed ck[og~t,  by lowering 

c~ it is easy  to sat isfy the condition on the length of r eg i s t e r s  formuta ted  in defining AM (of. [3]). 

The author  e xp re s se s  thanks to A. O. S[isenko for  in te res t  in the work,  S. V. Pakhamov for  helpful dis-  

cuss ions ,  and A. P. Bel ' tyukov for  valuable comments .  
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