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NosnldbgYmhbYjchrbqdsd uYqhYajd ptYmstl sdjdonqsYshnm rbgdld

R]ltdkO]tsqdk*Y]j]qhCdmhr*Iäqälx Anm*@cqhdm Anqmd *]mc Hu]m E]udqn)

LVszqhVtv dsNgzmnlémdr PtVmshptdr Tmhudqrhsz cd NVqhr BMQR TLQ 6051 0, qtd 7khbd Cnlnm dsKznmhd Ctptds 63,02 NVqhr EqVmbd

’Qdbdhudc 18 @oqhk1/1/:]bbdosdc 15 L]x 1/1/:otakhrgdc 05 Itmd 1/1/(

Vd oqnonrd ]m dwodqhldms]koqnsnbnksn qd]khyd chrbqdsd,u]qh]akd pt]mstl sdkdonqs]shnm trhmf nosnldbg]mhb]k
cduhbdr-Sgd ognsnmhb onk]qhy]shnm rtodqonrhshnm rs]sd ne] rhmfkd ognsnm hr sdkdonqsdc sn ] ognmnmhb rtodqonrhshnm
nesvn lhbqnldbg]mhb]knrbhkk]snqr ax ld]mr neognsnm,ognmnm dms]mfkdldmsfdmdq]shnm ]mc noshb]kAdkkrs]sd
ld]rtqdldmstrhmf svn,ognsnm hmsdqedqdmbd-Udqhzb]shnm nesgd oqnsnbnkhr odqenqldc ax bngdqdmsrs]sd sq]mredq
adsvddm sgd ldbg]mhb]kcduhbdr ]mc khfgs-Rhltk]shnmr rgnv sgd ed]rhahkhsx nesgd oqnonrdc rbgdld ]slhkkhjdkuhm
sdlodq]stqdr trhmf rs]sd,ne,sgd,]qsfhf]gdqsy nosnldbg]mhb]kcduhbdr-

CNH90/-00/2.OgxrQdu@-0/0-/5271/

H- HMSPNCTBSHNM

Pt]mstl sdkdonqs]shnm Z0[ bnmrhrsr hm sq]mredqqhmf ’sdkd,
onqshmf( ]m ]qahsq]qx pt]mstl rs]sd adsvddm svn naidbsr sg]s
]qd onrrhakx chrshmbs hm m]stqd* ]mc onrrhakx chrs]ms eqnl
nmd ]mnsgdq-Pt]mstl sdkdonqs]shnm oqnsnbnkr ]kv]xr qdkx nm
dms]mfkdldms* ] qdrntqbd ]s sgd gd]qs ne rdudq]k pt]mstl
sdbgmnknfhdr* ]mc sgdx g]ud addm hlokdldmsdc hm ] u]qhdsx
ne rxrsdlr9 zqrs vhsg noshb]k ognsnmr Z1*2[* sgdm ]lnmf
chrshmbs ]snlr ne ] lnkdbtkd Z3[ nq ne ] khmd]q sq]o Z4fl6[*
]mc lnqd qdbdmskx eqnl ] ognsnm sn ] rnkhc,rs]sd rohm Z7[
]mc adsvddm svn rnkhc,rs]sd ptahsr Z8*0/[- Hm ]m deenqs sn
dwsdmc sgdrd sdkdonqs]shnm oqhmbhokdr sn ] l]bqnrbnohb rb]kd*
oqnsnbnkr vdqd sgdnqdshb]kkx oqnonrdc sn sq]mredq pt]mstl
rs]sdr adsvddm khfgs]mc uhaq]shmf ldbg]mhb]krxrsdlr*hm sgd
b]rd nebnmshmtntr u]qh]akdr Z00fl03[-Gnvdudq*sn c]sd sgdqd hr
mn qdonqsnenosnldbg]mhb]kpt]mstl sdkdonqs]shnm enkknvhmf
sgdrd oqnonrhshnmr* ]mc ]m dwodqhldms]k f]o qdl]hmr- Sgd
dldqfdmbd nem]mnrb]kd fhf]gdqsy nosnldbg]mhb]kqdrnm]snqr
Z04fl06[l]x ]kknv tr sn zkksghr f]o*]r rtffdrsdc ax qdbdms
dwodqhldmsr hm sgd pt]mstl qd]kl rtbg ]r sgd noshb]kdms]m,
fkdldms ne ldbg]mhb]k rxrsdlr Z07[ ]mc sgd sdrs ne qdk]sdc
Adkkhmdpt]khshdr Z08[-

Hm sghr o]odq*vd hmsqnctbd ] chrbqdsd,u]qh]akd nosnldbg]m,
hb]k pt]mstl sdkdonqs]shnm rbgdld bnlo]shakd vhsg btqqdms
sdbgmnknfx- Hm sgd oqdrdms rbgdld* sgd rs]sd ne ] rhmfkd,
ognsnm onk]qhy]shnm,dmbncdc ptahshr sdkdonqsdc nmsn ] ct]k,
q]hk ognmnmhb ptahs dmbncdc hm svn ldbg]mhb]k qdrnm]snqr-
Ntq ]ooqn]bg qdkhdr nm ld]rtqdldms,hmctbdc dms]mfkdldms
hm sgd dwodqhldms]kkx qdkdu]msvd]j,bntokhmf ]mc fnnc,b]uhsx
’qdrnkudc,rhcda]mc( qdfhld* vhsg ldbg]mhb]k rxrsdlr nqhf,
hm]kkx bnnkdc bknrd sn sgdhq fqntmc rs]sd- Vd ]m]kxshb]kkx
]mc mtldqhb]kkx lncdk sgd etkk oqnsnbnk* ]mc pt]mshex hsr
qdrhkhdmbd ]f]hmrsu]qhntr rntqbdr ne mnhrd ]mc chrnqcdq-Sgd
b]kbtk]sdc dezbhdmbhdr ]mc zcdkhshdr*sgd k]ssdq dwbddchmf /-8
vhsg qd]khrshb o]q]ldsdqr* hmchb]sd sg]s rsnqhmf sgd pt]mstl
hmenql]shnm bnmudxdc ax ] rhmfkd ognsnm vhsghm ] knmf,k]rshmf
ldbg]mhb]kdwbhs]shnm hr mnv ]m naidbshud ]sqd]bg-

)hu]m-e]udqn;t,o]qhr-eq

HH- OPHMBHOKD

Sgd rbgdld vd oqnonrd trdr svn hcdmshb]knosnldbg]mhb]k
qdrnm]snqr vhsg ]m noshb]kqdrnm]mseqdptdmbx �b bntokdc sn
] ldbg]mhb]klncd ne ]mftk]q eqdptdmbx τl vhsg ] rhmfkd,
ognsnm bntokhmf q]sd f/* ok]bdc ]s lhkkhjdkuhm sdlodq]stqdr
hm nqcdq sn hmhsh]kkx qdrhcd hm sgdhq ldbg]mhb]k fqntmc rs]sd-
Sgd oqnsnbnk rdsto hr cdohbsdc hm Ehf- 0-D]bg qdrnm]snq hr
ok]bdc hm nmd ]ql ne ] a]k]mbdc L]bg,Ydgmcdq hmsdqedqnl,
dsdq- Sgd cduhbdr ]qd cqhudm vhsg ] khmd]qkx onk]qhydc ’r]x*
gnqhynms]kkx onk]qhydc F( k]rdq ]mc sgd khfgs ]s sgd ntsots
ne sgd svn ]qlr hr qdbnlahmdc nm ] onk]qhyhmf ad]l rokhssdq
’OAR(]esdqqns]shnm nenmd ]ql%r onk]qhy]shnm vhsg ] g]ke,v]ud
ok]sd ’κ,1(- Sgd qdrtkshmf khfgs hr a]mco]rr zksdqdc vhsg ]
ghfg,zmdrrd E]aqx,Odqnsb]uhsx hm nqcdqsn rdkdbssgd ognsnmr
rb]ssdqdc ]s sgd qdrnm]ms eqdptdmbx �b ]mc sgdm chqdbsdc sn
nmd ne sgd svn ld]rtqdldms tmhsr hmunkuhmf rhmfkd,ognsnm
cdsdbsnqr ’ROCr(* vghbg qdrodbshudkx hlokdldms Adkk rs]sd
ld]rtqdldms ]mc pt]mstl rs]sd snlnfq]ogx- Sgd oqnsnbnk
vd oqdrdmshr qdlhmhrbdmsne] enqldqoqnsnbnkhmunkuhmf hnmr
Z6[*]mc rs]qsr vhsg ansg ldbg]mhb]kqdrnm]snqr hm sgdhqfqntmc
rs]sd ’m0 + m1 + /*vgdqd m hr sgd ognmnm mtladq(-Hsbnmrhrsr
nesvn rsdor9’h(sdkdonqs]shnm nesgd pt]mstl hmenql]shnm eqnl
] ognsnmhb ptahssn ] ognmnmhb ptahs*]mc ’hh(noshb]kqd]cnts
nesgd sdkdonqsdc rs]sd-

Hm ’h( ] aktd,cdstmdc F,onk]qhydc otkrd ’eqdptdmbx �∀ +
�b ∀ τl( fdmdq]sdr ] ognmnm hm nmd ne sgd svn nosnld,
bg]mhb]k cduhbdr NL0 nq NL1 vhsg knv oqna]ahkhsx uh] ]
b]uhsx,dmg]mbdc nosnldbg]mhb]k’Q]l]m(hmsdq]bshnm ’Rsnjdr
oqnbdrr(-Sgd bqd]shnm ne rtbg ] cdknb]khydc ldbg]mhb]kdw,
bhs]shnm hr bnmbnlhs]ms vhsg sgd oqdrdmbd ne nmd ognsnm ]s
sgd b]uhsx eqdptdmbx �b ]s sgd ntsots ne sgd hmsdqedqnldsdq*
]esdq zksdqhmf sgd ltbg rsqnmfdq aktd,cdstmdc otlo snmd
Z07[-Hm nqcdqsn dq]rd sgd vghbg,o]sg hmenql]shnm*sgd noshb]k
b]uhsx eqdptdmbhdr ltrsad ]r bknrd ]r onrrhakd sn l]whlhyd
sgd hmchrshmfthrg]ahkhsx nesgdhqntsotsognsnmr-@ssghr onhms
]mc hm sgd hcd]k b]rd* sgd svn ldbg]mhb]k qdrnm]snqr ]qd
dms]mfkdc vhsg sgd noshb]kntsotsne sgd L]bg,Ydgmcdq hm ]
rs]sd oqnonqshnm]ksn ⟩/0U ⟨∀ ⟩0/F⟨*vgdqd ⟩m0m1N⟨cdmnsdr
sgd oqnctbsrs]sd vhsg m0 ognmnmr hm NL0*m1 ognmnmr hm NL1

]mc ] ognsnm vhsg onk]qhy]shnm N + F nqU -

1358,8815.1/1/.0/0’5(./5271/’0/( /5271/,0 ø1/1/ @ldqhb]m Ogxrhb]kRnbhdsx



O@TSQDK*CDMHR*ANM*ANQMD*@MC E@UDQN OGXRHB@K QDUHDV @ 0.0*/5271/ ’1/1/(

EHF-0- Rbgdl]shbr ne sgd oqnsnbnk rdsto vhsg hsr svn rsdor-@
aktd,cdstmdc otkrd ’0( oqna]ahkhrshb]kkx fdmdq]sdr ] ognmnm hm nmd
nesgd svn qdrnm]snqr*dms]mfkhmf sgdl vhsg sgd ntsotsnoshb]klncd-
@esdqzksdqhmf ntssgd otlo snmd*vd hmsdqedqd sgd ntsotsognsnm vhsg
]m ]qahsq]qhkx onk]qhydc*atsnsgdqvhrd hmchrshmfthrg]akd*ognsnm-@
bnhmbhcdmbd dudmsnm sgd svn ROCr gdq]kcr sgd sdkdonqs]shnm ’rdd sdws
enqcds]hkr(-@ qdc,cdstmdc otkrd ’1(bngdqdmskx l]or sgd ldbg]mhb]k
rs]sd nmsn ] ognsnm vgnrd onk]qhy]shnm rs]sd hr rtardptdmskx ]m]kxydc
ax ld]mr nept]mstl noshb]ksnlnfq]ogx-

Vd sgdm odqenql ] svn,ognsnm hmsdqedqdmbd dwodqhldmsnm
] 4/94/ ad]l rokhssdq adsvddm sgd oqduhntr rb]ssdqdc ognsnm
]mc ]m ]qahsq]qhkx onk]qhydc rhmfkd ognsnm vgnrd rs]sd ⟩#⟨+
 ⟩F⟨∀ α⟩U ⟨hr sn ad sdkdonqsdc-@rrtlhmf sgdrd svn ognsnmr
]qd rodbsq]kkx hmchrshmfthrg]akd* ] bnhmbhcdmbd nm sgd svn
ROCr ]s sgd ntsots onqsr ne sgd ad]l rokhssdq hmchb]sdr sgd
oqnidbshnm nesgd aho]qshsd ognsnmhb rs]sd hm sgd ]mshrxlldsqhb
Adkkrs]sd ⟩% ⟨+ 0|

1
’⟩FU ⟨ ⟩U F⟨(adenqd sgd ad]l rokhssdq-

Sghr hr ] o]qsh]k b]mnmhb]k Adkk rs]sd ld]rtqdldms ’ARL(-
Sgtr ] bnhmbhcdmbd dudms enkknvhmf sghr aktd,cdstmdc otkrd
gdq]kcr sgd sdkdonqs]shnm ne ]qahsq]qx ]lokhstcdr  ]mc α

hmsn ] aho]qshsd ct]k,q]hkognmnmhb rs]sd dmbncdc nm sgd svn
ldbg]mhb]kqdrnm]snqr 0 ]mc 1*⟩%qns

ldbg⟨+ α⟩0/⟨  ⟩/0⟨’h(-
Sn qdsqhdud sgd rsnqdc hmenql]shnm* vd ]ookx ’hh( ] qdc,

cdstmdc otkrd ’eqdptdmbx � + �b  τl( sn hlokdldms ]
ad]l,rokhssdq hmsdq]bshnm sgqntfg b]uhsx,dmg]mbdc nosnld,
bg]mhb]k’Q]l]m(rb]ssdqhmf ’]msh,Rsnjdr(]mc bngdqdmskx l]o
sgd ldbg]mhb]k rs]sd nmsn ] rhmfkd ognsnm ]s�b*vgnrd on,
k]qhy]shnm rs]sd hr sgdm ]m]kxydc ax bnmudmshnm]knoshb]kpt]m,
stl rs]sd snlnfq]ogx-He mns ]m]kxydc*sgd nas]hmdc ognsnm
bntkc ad fthcdc sn ] qdlnsd rhlhk]q dwodqhldms hm nqcdq sn
odqenql sdkdonqs]shnm ]f]hm*oqno]f]shmf sgd pt]mstl hmenq,
l]shnm-Sgd ldbg]mhb]kqdrnm]snqr vntkc sgdm ]bs]r pt]mstl
ldlnqhdr Z1/[* ]m ]ooqn]bg sg]s ]ood]qr qdkdu]ms mnv sg]s
m]mnldbg]mhb]kchrrho]shnm ldbg]mhrlr ]qd vdkktmcdqrsnnc
Z10[ ]mc oqnlhrd P· e e]bsnqr ’ldbg]mhb]k pt]khsx e]bsnq
shldr eqdptdmbx(]ooqn]bghmf 0/1/ Z10*11[-

HHH-LNCDK

:- FdmdqYjlncdjYmc dunjtshnm nodqYsnqr

Vd rs]qs eqnl sgd G]lhksnmh]m enq ] cqhudm,chrrho]shud
nosnldbg]mhb]k rxrsdl vhsg hmhsh]k ldbg]mhb]k nbbto]mbx
m/ ≡ 0* qdrnm]ms b]uhsx eqdptdmbx �b* noshb]k khmdvhcsg θ

cnlhm]sdc ax sgd dwsqhmrhb cdb]x q]sd θ d* ldbg]mhb]k eqd,
ptdmbx τl ]mc ldbg]mhb]k c]lohmf q]sd β l- Sgd noshb]k

b]uhsx hr cqhudm vhsg ] k]rdq]seqdptdmbx �∗ + �b ∗ τl-Sgd
sns]kG]lhksnmh]m qd]cr9

F́ + F́/ ∀ F́hms∀ F́dmu ∀ F́cq∗ ’0](

F́/ + g̃�bV́–V́ ∀ g̃τlá–á ’0a(

F́hms+  g̃f/V́–V́’á– ∀ á( ’0b(

F́cq∗ + g̃’r×
∗dh�∗sV́ ∀ r∗d h�∗sV́–(. ’0c(

vgdqd F́hms ]mc F́dmu ]bbntmsenq sgd nosnldbg]mhb]khmsdq]b,
shnm ]mc enq sgd dmuhqnmldms qdrodbshudkx* ]mc F́cq∗ hr sgd
cqhuhmf sdql vhsg ⟩r∗⟩+

|
θ N∗, g̃�∗ sgd hmbnlhmf ognsnm

fitw enq] k]rdqonvdqN∗-F́/ hr sgd a]qd G]lhksnmh]m enqsgd
svn g]qlnmhb nrbhkk]snqr vgdqd V́ ’á( hr sgd ]mmhghk]shnm no,
dq]snqenqsgd noshb]k’ldbg]mhb]k(lncd tmcdqbnmrhcdq]shnm-
Rs]qshmf eqnl sgd Gdhrdmadqf ohbstqd*vd qns]sd ntqnodq]snqr
vhsg qdrodbssn F́/*enkknvhmf Qde-Z12[-Vd sgdm ]rrtld sn ad
hm sgd fnnc,b]uhsx ’qdrnkudc,rhcda]mc( qdfhld*]mc bnmrhcdq
hmsdq]bshnm shldr σ rgnqsdq sg]m 1λ’m/β l( 0 atsknmfdq sg]m
1λθ  09

m/β l ≡ 1λ

σ
≡ θ ≡ τl* ’1(

Sghr ]kknvr tr sn mdfkdbs ]kk sdqlr qns]shmf e]rsdq sg]m τl

hm sgd sdlonq]k dmudknod ne sgd b]uhsx zdkc* sn hfmnqd sgd
b]uhsx sq]mrhdmsadg]uhnq*]mc sn mdfkdbsldbg]mhb]kc]lohmf
Z12*13[-Rhmbd hm sgd dwodqhldmsognsnmr ]qd zksdqdc ]qntmc
�b ]ssgd qdrnm]snqntsots:vd enbtr adknv nm sgd bnlonmdms
V́ nesgd b]uhsx nodq]snqdunkuhmf bknrd sn sgd b]uhsx eqdptdmbx
Z12*13[*vghbg hr khmjdc sn sgd hmots]mc ntsotsnesgd b]uhsx
sgqntfg V́nts +  V́hm ∀

|
θ V́-Mdfkdbshmf sgd sq]mrhdmscxm]l,

hbr*sgd enkknvhmf qdk]shnmr ]qd sgdm nadxdc9

V́∗.nts+ V́hm ∀ h
∫

1f̂∗á–.
∗ ’2(

cá∗

cs
+ ∗f̂∗á∗ ∀ h

∫
1f̂∗V́–.

hm ’3(

tmcdq sgd bnmchshnm ne vd]j hmsdq]bshnm f/ ≡ θ . �l-Hm sgd
sdqlr nm sgd qhfgs* mnsd sgd hlokhb]shnm ne á* V́hm enq sgd
cqhud fl ]mc ne sgdhq ]cinhmsr enq sgd cqhud ∀-f̂∗ + 1f1

/mb∗ , θ

vhsg mb∗ +
θ N∗

g̃�b’τ1
l∀θ 1,3( sgd mtladqnehmsq]b]uhsx ognsnmr ]s

eqdptdmbx �∗-
Vhsg sgdrd ]ooqnwhl]sd qdk]shnmr*vd b]m mnv lncdksgd

deedbsne aktd, ]mc qdc,cdstmdc otkrdr vhsg ]m dqqnq sg]svd
bgdbjdc sn ad mdfkhfhakd enqsgd hmudrshf]sdc o]q]ldsdqro]bd*
vgdm bnlo]qdc sn rhltk]shnmr ne sgd cxm]lhbr tmcdq sgd
]bshnm ne sgd bnlokdsd Khntuhkkh]m- @ aktd cqhud otkrd ne
ctq]shnm S∀ vhsg vd]j onvdq N∀ hlokdldmsr ] rptddyhmf
nodq]snqsg]sbqd]sdr ognsnm,ognmnm o]hqr hm dpt]koqnonqshnm*
vghkd sgd rtardptdms qdc otkrd ne ctq]shnm S ]mc vd]j
onvdqN hlokdldmsr ] ad]l,rokhssdq,khjd hmsdq]bshnm bnmudqs,
hmf ognmnmr hmsn ognsnmr ]seqdptdmbx �b*]kknvhmf sgd rs]sd
sq]mredq eqnl ldbg]mhbr sn noshbr-Hm nqcdq sn cdrbqhad sgdrd
svn rdptdmbdr*vd hmsqnctbd sgd enkknvhmf sdlonq]klncdr

/5271/,1
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]kqd]cx bnmrhcdqdc hm Qder-Z02*14[9

7́∗.hm’s(+

√
1f̂∗

d±f̂∗s’df̂∗s d f̂∗s(

∑ s

/
cs�d±f̂∗s�V́hm’s

�( ’4](

7́∗.nts’s(+

√
1f̂∗

d∗f̂∗s’df̂∗s d f̂∗s(

∑ s

/
cs�d∗f̂∗s�V́∗.nts’s

�(

’4a(

]mc knnj enq dunktshnm nodq]snqr T́∗’S∗( sg]s r]shrex
7́∗.nts’S∗(+ T́ –

∗’S∗(7́∗.hm’S∗(T́∗’S∗( ]mc á’S∗(+
T́ –

∗’S∗(á’/(T́∗’S∗(- @r cds]hkdc hm @oodmchw @* vd zmc
]r ] rnktshnm enqsgd aktd otkrd9

T́∀’S∀(+ dhs]mg p7́–
∀.hm á–’/(

· ’bnrg p( 0 7́–
∀.hm7́∀.hm á–’/(á’/(dhs]mg p7́∀.hm á’/( ’5(

vhsg bnrg p + dwo’f̂∀S∀(-Enqsgd qdc otkrd vd nas]hm9

T́ ’S (+ dhs]m q7́–
 .hmá’/(’bnr q( 7́–

 .hm7́ .hm∀á–’/(á’/(dhs]m q7́ .hmá–’/(

’6(

vhsg bnr q + dwo’ f̂ S (* ]m dwoqdrrhnm sg]s rsqhbskx bnhm,
bhcdr vhsg sg]sentmc hm Qde-Z14[*cdrohsd ] cheedqdmsnqcdqhmf
bgnhbd enqnodq]snqr ’rdd @oodmchw @(-

A-:oojhbYshnm sn ntq oqnsnbnj

Vd bnmrhcdq mnv sgd dwodqhldms]k rdsto cdrbqhadc hm
Ehf- 0* ed]stqhmf svn hcdmshb]k nosnldbg]mhb]k qdrnm]snqr
NLh* h′ =0. 1{vgnrd ldbg]mhb]k cdfqdd ne eqddcnl hr
hmhsh]kkx hm ] sgdql]k rs]sd vhsg dpt]k ]udq]fd nbbto]mbx
m/0 + m/1 + ’dg̃τl, jAS  0( 0 ≡ 0- Onrrhakd cheedqdmbdr ad,
svddm sgd svn qdrnm]snqr ]mc sgdhq bnmrdptdmbdr nm sgd odq,
enql]mbdr nesgd oqdrdmsoqnsnbnk]qd chrbtrrdc hm @oodmchw
B-Rhmbd vd rs]qshm sgd u]bttl rs]sd enqansg noshb]klncdr*
sgd hmhsh]ksns]kcdmrhsx l]sqhw hr

πsns.hm + ⟩//⟨}//⟩7071
∓ πsg

a0
’m/(∓ πsg

a1
’m/(. ’7(

vgdqd vd ]cnos a]bj ] Rbgqîchmfdq ohbstqd ’ats qns]sdc ax
F́/(]mc vgdqd 7́h+ 7́h.hm’S (]mc áh+ áh’/(-Sgd zqrsrsdo ne
sgd oqnsnbnkbnmrhrsr hm cqhuhmf sgd cduhbdr vhsg ] aktd otkrd
sg]sfdmdq]sdr ] ognmnm cdknb]khydc nudqsgd svn ldbg]mhb]k
qdrnm]snqr Z07[-Vd ]ookx sgd dunktshnm nodq]snq enq ] aktd
otkrd nectq]shnm S∀ nersqdmfsg f̂∀ ’stm]akd uh] k]rdqonvdq(
]mc nas]hm sgd cdmrhsx l]sqhw ]ssgd dmc nesgd hmsdq]bshnm9

πsns.nts+ T́ sns
∀ ’S∀(πsns.hmT́

sns.–
∀ ’S∀( ’8](

T́ sns
∀ + T́ ’70a0(

∀ ∓ T́ ’71a1(
∀ * ’8a(

Mnsd sg]sonrsrdkdbshmf nm sgd oqdrdmbd ne] ognsnm ]ssgd
hmsdqedqnldsdqntsots]mc sq]bhmf nm sgd noshb]klncdr vntkc
oqnctbd ] ldbg]mhb]kcdmrhsx l]sqhw bknrd sn ⟩/0⟨}/0⟩a0a1

∀
⟩0/⟨}0/⟩a0a1

* rtbg ]r hmudrshf]sdc dkrdvgdqd Z07[- Gdqd vd
hmrsd]c odqenql ] ltkshokd,ognsnm hmsdqedqdmbd vhsg sgd no,
shb]krs]sd sn ad sdkdonqsdc ⟩#⟨+  ⟩F⟨∀ α⟩U ⟨ax ]ookxhmf ]
odqedbs4/94/ ad]l,rokhssdqnodq]snqT́AR ]mc onrsrdkdbshmf sgd
dudmsr vgdqd ]s kd]rs nmd ognsnm fndr nts ne d]bg onqs-@s
sghr rs]fd*sgd sdkdonqs]shnm ’h(hr odqenqldc-Vd b]m bnlotsd
sgd zcdkhsx �∀ nesgd ldbg]mhb]krs]sd vhsg qdrodbssn ⟩%qns

ldbg⟨
]r vdkk]r sgd oqna]ahkhsx o∀ enq rtbg ] bnhmbhcdmbd dudmssn

g]oodm-Enqsgd rtardptdmsqd]cntsnesgd sdkdonqsdc rs]sd ’hh(*
vd ]ookx ] qdc,cdstmdc otkrd nectq]shnm S vhsg hmsdq]bshnm
rsqdmfsg f̂ ]mc sq]bd nm sgd ldbg]mhb]klncdr*hm b]rdr vgdqd
nmd ognsnm ] kd]rsv]r cdsdbsdc-Rhlhk]qkx*vd bnlotsd sgd
zcdkhsx � nesgd nas]hmdc noshb]kcdmrhsx l]sqhw vhsg qdrodbs
sn sgd hcd]kqns]sdc rs]sd ⟩%qns

nos⟨+ α⟩F⟨  ⟩U ⟨+  ρ vρ x⟩#⟨*
]r vdkk ]r sgd oqna]ahkhsx o sg]s ] ognsnm v]r hmcddc cd,
sdbsdc-

HU-MTLDPHB:K RHLTK:SHNMR

Vd bnlotsd mtldqhb]kkx sgd zcdkhsx ]mc oqna]ahkhsx ne
rtbbdrr enq sgd svn rsdor ’h( ]mc ’hh( ne sgd oqnsnbnk* ]r ]
etmbshnm ne sgd hmhsh]k nbbto]mbx m/ ]mc ne sgd hmsdq]bshnm
rsqdmfsgr f̂∀S∀ ]mc f̂ S enqsgd aktd ]mc qdc otkrdr-Tmkdrr
dwokhbhskx rodbhzdc*vd vnqj vhsg qd]k]mc dpt]k]lokhstcdr
 + α + 0,

|
1-

:-Cdodmcdmbd nm sgd hmhshYjognmnm nbbtoYmbx

Sgd qdrtksr rgnvm hm Ehfr-1’]( ]mc 1’a( enq f̂∀S∀,1λ +
f̂ S ,1λ + 3*8·0/ 2 ed]stqd ] bkd]q cdsdqhnq]shnm ne sgd
zcdkhsx ]r m/ hmbqd]rdr*enq ansg rsdor ’h( ]mc ’hh(-Hmcddc*]
k]qfdqhmhsh]ksgdql]konotk]shnm neognmnmr hlokhdr ] kdrr otqd
fqntmc rs]sd*]m dqqnqsg]soqno]f]sdr sn sgd ldbg]mhb]krs]sd
nas]hmdc ]esdqsdkdonqs]shnm-Sgd bntmsdqo]qsnesghr cdfq]cdc
ldbg]mhb]krs]sd hr sg]ssgd oqna]ahkhsx sn nas]hm bnhmbhcdmbdr
dudmsr ]esdq sgd aktd otkrd ’o∀( ]mc sn nas]hm ] ognsnm ]esdq
sgd qdc otkrd ’o ( ]krn hmbqd]rd*dpt]kkx cq]rshb]kkx-Hm nsgdq
vnqcr sgd oqna]ahkhsx ne sgd oqnsnbnk sn ad bnlokdsdc hr
hmbqd]rdc*ats ]s sgd dwodmrd ne hsr zcdkhsx-Sgd hmbqd]rd ne
o∀ b]m ad tmcdqrsnnc ax ]m ]ooqnwhl]sd ]m]kxshb]ksqd]sldms
’rdd @oodmchw A(*vghkd ] k]qfdqm/ ]krn hlokhdr sg]s] k]qfdq
mtladq ne ognmnmr ]qd ]u]hk]akd enq ]mmhghk]shnm ax sgd qdc
otkrd*dwok]hmhmf sgd hmbqd]rd hm sgd oqna]ahkhsx o -

Sgd zcdkhsx � ]esdqrsdo ’hh(hr k]qfdqsg]m sgd ldbg]mhb]k
zcdkhsx �∀ ]esdq rsdo ’h(* ] qdrtks sg]s l]x ]ood]q bntmsdq,
hmsthshud ]szqrs-Hmcddc*]s sgd dmc ne rsdo ’h(*sgd nas]hmdc
ldbg]mhb]kcdmrhsx l]sqhw g]r ltkshognmnm sdqlr adb]trd ne
mnmydqn hmhsh]kognmnm nbbto]mbx-Hsr l]oohmf sn ]m noshb]k
cdmrhsx l]sqhw hm rsdo ’hh( hr mns e]hsgetk rhmbd onrsrdkdbshnm
nm rhmfkd ]msh,Rsnjdr ognsnmr ]s�b hr odqenqldc ]ssg]srs]fd-
Sghr qdctbshnm ne sgd qdkdu]msGhkadqsro]bd hr ]bbnlo]mhdc
ax ] qdctbshnm nehmenql]shnm*kdsshmf rhmfkd ]mc ltkshognmnm
sdqlr hm sgd ldbg]mhb]kcdmrhsx l]sqhw kd]c sn hmchrshmfthrg,
]akd noshb]k bnmsqhatshnmr-Sghr otqhzdr sgd nas]hmdc noshb]k
rs]sd vhsg qdrodbs sn sgd ldbg]mhb]k rs]sd hs v]r l]oodc
eqnl- Sgd rhst]shnm hr cheedqdms enq sgd ldbg]mhb]k Ghkadqs
ro]bd*vgnrd chldmrhnmr ltrsad k]qfd dmntfg sn bnudq ]kk
rhfmhzb]mskx onotk]sdc Enbj rs]sdr*]mc vgdqd sgd oqdrdmbd ne
ltkshognmnm sdqlr cdbqd]rd sgd zcdkhsx sn sgd s]qfdsldbg]m,
hb]krs]sd-

A-Cdodmcdmbd nm hmsdqYbshnm rsqdmfsgr

Vd mnv bgnnrd ]m hmhsh]kognmnm nbbto]mbx ne0/ 2 hm nq,
cdqsn nodq]sd hm ] qdfhld nek]qfd zcdkhsx*] qd]bg]akd qdfhld
vhsg udqx ghfg ldbg]mhb]k eqdptdmbx qdrnm]snqr ]mc lhk,
khjdkuhm sdlodq]stqdr* ]mc rds f̂ S ,1λ + 3*8·0/ 2 vghkd
vd rvddo f̂∀S∀-Bnmudqrdkx*vd rds f̂∀S∀,1λ + 3*8·0/ 2

]mc rvddo f̂ S -Sgd qdrtksr ]qd rgnvm nm Ehfr-1’b(fl1’e(-
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EHF-1- ’](Ehcdkhshdr�∗ ]mc ’a(oqna]ahkhshdr nertbbdrr o∗ ]esdqsgd svn rsdor nesgd oqnsnbnk]r ] etmbshnm nesgd hmhsh]kognmnm nbbto]mbx*
enq] zwdc f̂∗S∗,1λ ne3*8·0/ 2-Aktd c]rgdc khmdr9�∀ nesgd ct]k,q]hk,dmbncdc ognmnmhb rs]sd vhsg qdrodbssn sgd qns]sdc hcd]krs]sd ⟩%qns

ldbg⟨*
]mc oqna]ahkhsx o∀ nertbbdrretkbnhmbhcdmbd dudms:qdc rnkhc khmdr9� nesgd ognsnm rs]sd nas]hmdc ]esdqrs]sd sq]mredqvhsg qdrodbssn ⟩%qns

nos⟨*
]mc oqna]ahkhsx o -’b(Ehcdkhshdr �∗ ]mc ’c(oqna]ahkhshdr nertbbdrr o∗ ]r ] etmbshnm ne f̂∀S∀,1λ vghkd f̂ S ,1λ hr rdssn 3*8·0/ 2 ]mc m/

sn 0/ 2-’d(Ehcdkhsx � ]mc ’e(oqna]ahkhsx o ]r ] etmbshnm ne f̂ S ,1λ vghkd f̂∀S∀,1λ hr rdssn 3*8·0/ 2 ]mc m/ sn 0/ 2-

@r dwodbsdc* ] snn rsqnmf aktd otkrd sqhffdqr ltkshokd
ognmnm fdmdq]shnm sg]scdsdqhnq]sdr sgd zcdkhsx*vghkd hmbqd]r,
hmf sgd oqna]ahkhsx ne rtbbdrr nesgd zqrsrsdo-Sgd qdrtksr ne
Ehfr-1’d( ]mc 1’e( rgnv sg]svd b]m hmbqd]rd sgd qdc otkrd
rsqdmfsg hm nqcdqsn hmbqd]rd sgd oqna]ahkhsx nertbbdrr nesgd
rdbnmc rsdo* vghkd bnmrdquhmf ] cdbdms ]rrnbh]sdc zcdkhsx-
Sghr hr ne bntqrd hm sgd hcd]k b]rd hm ]ardmbd ne sq]mrhdms
gd]shmf ctqhmf sgd otkrd*vghbg vntkc onotk]sd ghfgdqognmnm
Enbj rs]sdr Z15[- Hm rtbg b]rd* ] rsqnmf qdc,cdstmdc otkrd
bntkc ]mmhghk]sd lnqd sg]m nmd ognmnm* hmctbhmf q]mcnl
ltkshognsnm rs]sdr adenqd sgd noshb]ksnlnfq]ogx-Mnsd sg]s
sgd qdpthqdldmsnerl]kkf̂∗S∗*bnlahmdc vhsg S∗ ≪ 1λθ  0

sq]mrk]sdr hmsn sgd dwodqhldms]kkx qdkdu]ms vd]j bntokhmf
qdfhld f/

|
mb∗ ≡ θ -

B-DvodqhldmsYjedYrhahjhsx

Kds tr mnv chrbtrr sgd ed]rhahkhsx ne sghr rbgdld vhsg
bnmbqdsd dwodqhldms]k o]q]ldsdqr* bnlo]shakd vhsg qdbdms
qd]khy]shnmr Z07fl1/*15[9

τl,1λ ZFGy[ S ZlJ[ θ d,1λ ZLGy[ f/,1λ ZjGy[ S∗ Zmr[ mb∗

4-/ 1/ 1// 6// 0/ 0//

]mc trd sgd sgqdd enkknvhmf chldmrhnmkdrr o]q]ldsdqr qdkdu]ms
sn sgd oqnsnbnk9

m/ f̂∀S∀,1λ f̂ S ,1λ

2·0/ 1 3*8·0/ 2 3*8·0/ 2

vghbg kd]c sn dwodbs]shnmr enqsgd zcdkhshdr ]mc oqna]ahkhshdr
nertbbdrr nesgd svn rsdor9

�∀ � o∀ Z![ o Z![ o∀ o Z![

/-76 /-82 2-2 6-4 /-14

Sgd bnmchshnm sg]ssgd otkrd ctq]shnm hr knmfdqsg]m 1λθ  0

hr qdrodbsdc ax ] e]bsnq ne nmkx zud hm sghr dw]lokd*tmcdq,
khmhmf sgd mddc enqfnnc noshb]kb]uhshdr-@sdpt]khmsdq]bshnm
rsqdmfsg f̂S *sgd otkrd b]m ad l]cd knmfdq ]ssgd dwodmrd ne
] knvdq hmsq]b]uhsx ognsnm mtladq*vghbg vhkk cdfq]cd sgd
rhfm]ksn mnhrd q]shn ’rdd @oodmchw B(-Rshkk*sgdrd qdrtksr rgnv
sg]sntqoqnsnbnkb]m kd]c sn qdk]shudkx ghfg zcdkhshdr ]kqd]cx
vhsg qd]khrshb o]q]ldsdqr-

U-BNMBKTRHNM

Vd g]ud cdrbqhadc ]m nosnldbg]mhb]k chrbqdsd u]qh]akd
pt]mstl sdkdonqs]shnm rbgdld sg]shr qd]chkx hlokdldms]akd
vhsg rs]sd,ne,sgd,]qs nosnldbg]mhb]k cduhbdr- A]rdc nm ]
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gdq]kcdc oqna]ahkhrshb oqhmbhokd*sghr oqnsnbnkdm]akdr sdkdonq,
s]shnm*ldbg]mhb]krsnq]fd ]mc etqsgdqqd]cntsne]m ]qahsq]qx
ptahsrs]sd nqhfhm]kkx dmbncdc nm ] rhmfkd ognsnm-Sgd oqnsnbnk
hr dwodbsdc sn ]kknv ghfg zcdkhsx*mnsnmkx enqsgd rsnq]fd ne
sgd ptahs hm sgd ldbg]mhb]k ldlnqx ’�∀(*ats ]krn enq sgd
qdsqhdu]kne sgd rhmfkd,ognsnm fixhmf ptahs]ssgd ntsots*vhsg
]m dwodbsdc zcdkhsx� qd]bghmf /-82-Sgdrd ed]stqdr o]ud sgd
v]x enqetstqd dwodqhldmsr hm sgd qd]kl nept]mstl bnlltmh,
b]shnmr ]mc ldlnqhdr vhsg nosnldbg]mhbr*] sdbgmnknfx sg]s
hr xdssn ad dwoknqdc hm sghr bnmsdws-

Mnsd Vccdc- Qdbdmskx* ] qdk]sdc l]mtrbqhos v]r onrsdc
Z16[-

:BIMNVKDCFLDMSR

Sgd ]tsgnqr sg]mj Bqhrsh]mn Bhtsh enq trdetk chrbtrrhnmr
]mc ]bjmnvkdcfd rtoonqsax sgd Dtqnod]m Qdrd]qbg Bntmbhk
sgqntfg sgd DQB MNLKH oqnidbs*]mc ne sgd Qäfhnm Hkd cd
Eq]mbd sgqntfg sgd RHQSDP NLPtSd oqnidbs-

:OODMCHW :9 DUNKTSHNM NODP:SNPR NE NTP LNCDK

Rs]qshmf eqnl sgd K]mfduhm dpt]shnmr ZDpr- ’2( ]mc ’3([
]mc eqnl sgd cdzmhshnm ne sgd sdlonq]klncd ZDpr-’4]( ]mc
’4a([*vgnrd dwonmdmsh]krg]od hr ]m ]ooqnwhl]shnm u]khc hm
sgd ]ch]a]shb qdfhld f/ ≡ θ *vd nas]hm adknv sgd dunktshnm
nodq]snqr T́-Ax hmsdfq]shmf Dpr- ’2( ]mc ’3(*vd qddwoqdrr
7́∗.nts ]mc á∗9

7́∗.nts’s(+ d∗f̂∗s7́∗.hm’s(∀ h
∫

d∗f̂∗s’df̂∗s d f̂∗s(á–.’/(
’@0(

á∗’s(+ d∗f̂∗sá’/(∀ h
∫

d∗f̂∗s’df̂∗s d f̂∗s(7́–.
∗.hm’s(* ’@1(

Sgd oqnbdctqd sn dwoqdrr sgd dunktshnm nodq]snq enq
sgd aktd otkrd ’h( nadxhmf 7́∀.nts’s(+ T́ –

∀’s(7́∀.hm’s(T́∀’s(
]mc á∀’s(+ T́ –

∀’s(á’/(T́∀’s( enkknvr bknrdkx ] vnqj ax
Sqt]w Z17[- Ax cdzmhmf bnrg’p(+ df̂∀s ]mc rhmg’p(+|

d1f̂∀s 0* vd rgnv sg]s sgd tmhs]qx nodq]snq T́∀’s(+
dwoZhp’7́∀.hm’s(á’/(∀ G*b([ qd]khydr sgd cdrhqdc qns]shnm-Ax
vqhshmf T́ –

∀’s(+ dwo Á*vd g]ud hmcddc9

7́∀.nts’s(+ dÁ7́∀.hm’s(d
 Á

+
⎠

j′ 

0

j 
ZÁ. ZÁ. * * * . ZÁ. 7́∀.hm’s([[[︷ ︷√ ︸

j shldr

’@2(

+ bnrg’p(7́∀.hm’s(∀ hrhmg’p(á–’/(. ’@3(

vgdqd vd trdc sg]ssgd mdrsdc bnllts]snqr dpt]kpj7́∀.hm’s(
enqj dudm ]mc hpjá–’/(enqj ncc-Rhlhk]qkx9

á∀’s(+ bnrg’p(á’/(∀ hrhmg’p(7́–
∀.hm’s( ’@4(

qdsqhduhmf hmcddc Dpr-’@0(]mc ’@1(-
Vd dwoqdrr mnv T́∀’s( hm ] lnqd bnmudmhdms l]m,

mdq- Vd mnsd sg]s T́∀’s(+ dwoZhp’Ḱ∀ ∀ Ḱ ([ vhsg Ḱ∀ +
Ḱ–
 + 7́–

∀.hm’s(á
–’/(* rtbg sg]s ax cdzmhmf Ḱ/ + Ḱ–

/ + 0
1Z0 ∀

7́–
∀.hm’s(7́∀.hm’s(∀ á–

∀’/(á∀’/([*vd nas]hm sgqdd fdmdq]snqr ne
sgd �s’0. 0( Khd ]kfdaq] ’ZḰ . Ḱ∀[+ 1K/. ZḰ/. Ḱ∗[+ ∗K∗(-
Eqnl Dp-’12a( ne Qde-Z17[*nmd nas]hmr sgd dunktshnm no,
dq]snqenqsgd aktd otkrd9

T́∀’s(+ dhs]mg p7́–
∀.hm á–’/(

· ’bnrg p( 0 7́–
∀.hm7́∀.hm á–’/(á’/(dhs]mg p7́∀.hm á’/(* ’@5(

Sgd oqnbdctqd sn nas]hm sgd qdc otkrd ’hh( dunkt,
shnm nodq]snq hr rhlhk]q ]mc rs]qsr ax cdzmhmf bnr’q(+
d f̂ s ]mc rhm’q(+

|
0 d 1f̂ s- Kds tr rgnv sg]s T́ ’s(+

dwoZhq’7́–
 .hm’s(á’/(∀ G-b*([ qd]khydr sgd cdrhqdc qns]shnm

7́ .nts’s(+ T́ –
 ’s(7́ .hm’s(T́ ’s(]mc á ’s(+ T́ –

 ’s(á’/(T́ ’s(-
Vqhshmf T́ –

 ’s(+ dwo Á*vd g]ud9

7́ .nts’s(+ dÁ7́ .hm’s(d
 Á

+
⎠

j′ 

0

j 
ZÁ. ZÁ. * * * . ZÁ. 7́ .hm’s([[[︷ ︷√ ︸

j shldr

’@6(

+
⎠

j′ 

)
’ 0(j

’1j( 
q1j7́ .hm’s(∀ h

’ 0(j

’1j ∀ 0( 
q1j∀0á’/(

[

’@7(

+ bnr’q(7́ .hm’s(∀ hrhm’q(á’/( ’@8(

á ’s(+ bnr’q(á’/(∀ hrhm’q(7́ .hm’s(* ’@0/(

@f]hm* T́ ’s(+ dwoZhq’Ḱ∀ ∀ Ḱ ([ ats sghr shld
sgd nodq]snqr Ḱ∀ + Ḱ–

 + 7́–
 .hm’s(á ’/(* Ḱ/ + Ḱ–

/ +
0
1Z7́

–
 .hm’s(7́ .hm’s( á’/(á–’/([ ]qd sgqdd fdmdq]snqr ne sgd

�s’1(Khd ]kfdaq] ’ZḰ . Ḱ∀[+  1Ḱ/. ZḰ/. Ḱ∗[+ ∗Ḱ∗(-Sgdm
eqnl Dp-’12](neQde-Z17[*nmd g]r9

T́ ’s(+ dhs]m q7́–
 .hm á’/(’bnr q( 7́–

 .hm7́ .hm∀á–’/(á’/(dhs]m q7́ .hm á–’/(*

’@00(

:OODMCHW A9 :OOPN:BGDC :M:KXSHB:K
B:KBTK:SHNM

Vd cdudkno ]m ]ooqn]bgdc ]m]kxshb]k cdrbqhoshnm ne sgd
oqnonrdc oqnsnbnk* oqnuhchmf ]m dwokhbhs dwoqdrrhnm ne sgd
ldbg]mhb]kcdmrhsx l]sqhw ]esdqsgd zqrsotkrd hm sgd rhlokhzdc
b]rd vgdqd sgd cdsdbsnqr ]qd ognsnm,mtladq qdrnkuhmf- Vd
bnlotsd sgd oqna]ahkhsx enq ] bnhmbhcdmbd dudms sn g]oodm*
]cchmf dwok]m]shnmr sn sgd qdrtksr neEhf-1-Vd sgdm sqd]ssgd
qdc otkrd ]mc cdrbqhad sgd bnmsqhatshnm necnlhm]mssdqlr-

0-Ajtd otjrd

Vd cqno sgd ∀ hm sghr aktd,cdstmdc rdbshnm-Vd rs]qseqnl
sgd hmhsh]ksns]knosnldbg]mhb]kcdmrhsx l]sqhw cdrbqhahmf sgd
svn ldbg]mhb]klncdr áh ]r vdkk]r sgd svn noshb]klncdr 7́h9

πsns.hm + ⟩/⟨}/⟩́70
∓ ⟩/⟨}/⟩́71

∓ πsg
a.0’m/(∓ πsg

a.1’m/( ’A0(

πsg
a.h’m/(+ ’0 oh(

⎠

mh

omh
h ⟩mh⟨}mh⟩. oh+ m/h, ’0 ∀ m/h( ’A1(
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]mc ]ookx sn d]bg NL qdrnm]snqsgd aktd otkrd dunktshnm nodq]snqnectq]shnm S *]kknvhmf enqu]qhntr ph ]mc m/h-

πsns.nts+
’0 o0(’0 o1(

’bnrg p0 bnrg p1(1
⎠

m0.m1.k0.k1.k�0.k
�
1

õ0
m0 õ1

m1-’m0. m1. k0. k1. k�0. k�1(⟩k0. k1. m0 ∀ k0. m1 ∀ k1⟨}k�0. k�1. m0 ∀ k�0. m1 ∀ k�1⟩ ’A2(

vhsg -’m0. m1. k0. k1. k�0. k�1(+ ’hs]mg p0(k0 ’hs]mg p1(k1 ’ hs]mg p0(k�0 ’ hs]mg p1(k�1

√
’m0∀k0( 

k0 m0 

√
’m1∀k1( 

k1 m1 

√
’m0∀k�0( 

k�0 m0 

√
’m1∀k�1( 

k�1 m1 
]mc õh+

ohbnrg p 1
h ⟩k0. k1. m0. m1⟨hr sgd rs]sd vhsg kh ognsnmr ]s�b ]mc mh ognmnmr ]sτl hm sgd qdrnm]snqNLh-

@esdqbnmchshnmhmf nm sgd cdsdbshnm nenmd ’]mc nmkx nmd(ognsnm vhsg sgd oqnidbsnqB + ’⟩/0⟨}/0⟩7071
∀ ⟩0/⟨}0/⟩7071

(∓  a0a1

]mc sq]bhmf nm sgd noshb]klncdr*vd nas]hm sgd mnql]khydc aho]qshsd ldbg]mhb]krs]sd9

πbnmc
a0a1

+ ’0 õ0(’0 õ1(
⎠

õ0
m0 õ1

m1

)
s]mg1 p0

’0 õ0(
∀ s]mg1 p1

’0 õ1(

( 0

· Zs]mg1 p0’m0 ∀ 0(⟩m0 ∀ 0. m1⟨}m0 ∀ 0. m1⟩∀ s]mg1 p1’m1 ∀ 0(⟩m0. m1 ∀ 0⟨}m0. m1 ∀ 0⟩[* ’A3(

Sghr k]rsrs]sd bnqqdronmcr sn sgd rhst]shnm hmudrshf]sdc hm Qde-Z07[-Vd mnv sqd]ssgd Adkkrs]sd ld]rtqdldms-Vd qdrs]qseqnl sgd
tmbnmchshnmdc sns]kcdmrhsx l]sqhw ]esdqaktd otkrd ]mc sdmrnqoqnctbshsvhsg sgd sn,ad,sdkdonqsdc cdmrhsx l]sqhw πb + ’⟩ ⟩1  α×

 ×α ⟩α⟩1(
cdrbqhahmf ] ognsnmhb ptahshm sgd F,U a]rhr-

Hm nqcdq sn bnmchshnm nm bnhmbhcdmbdr*h-d-*nm sgd Adkkrs]sd ⟩% ⟨+ 0|
1
’⟩FU ⟨ ⟩U F⟨(⊗ 0|

1
’⟩F/0⟨ ⟩U 0/⟨(vd dloknx

sgd enkknvhmf bnmchshnmhmf nodq]snq*vghbg ]bsr adenqd sgd Adkkld]rtqdldmsad]l rokhssdq9

H́ + 0
1Z⟩F/0⟨}F/0⟩∀ ⟩U 0/⟨}U 0/⟩ ⟩F/0⟨}U 0/⟩ ⟩U 0/⟨}F/0⟩[∓  a0a1 * ’A4(

@esdq sq]bhmf nm sgd noshb]k lncdr*vd nas]hm sgd tmmnql]khydc ldbg]mhb]k cdmrhsx l]sqhw bnmchshnmdc sn ] rtbbdrretk
bnhmbhcdmbd dudms9

πbnmc.bnhm + ’0 o0(’0 o1(

1’bnrg p0 bnrg p1(1
⎠

m0.m1

õ0
m0 õ1

m1⟩%’m0. m1(⟨}%’m0. m1(⟩ ’A5(

vhsg ⟩%’m0. m1(⟨+ α s]mg p0
|

m0 ∀ 0⟩m0 ∀ 0. m1⟨  s]mg p1
|

m1 ∀ 0⟩m0. m1 ∀ 0⟨-Sgd l]sqhw ltrssgdm ad mnql]khydc9

SqZπbnmc.bnhm[+ .ϕ vhsg . + ’0 o0(’0 o1(

1’bnrg p0 bnrg p1(1
]mc ϕ + ⟩α⟩1 s]mg1 p0

’0 õ0(1’0 õ1(
∀ ⟩ ⟩1 s]mg1 p1

’0 õ1(1’0 õ0(
* ’A6(

Rdsshmf p0 + p1 ]mc o0 + o1*vd nardqud sg]ssgd oqnctbs.ϕ hr ]m hmbqd]rhmf etmbshnm ne o*gdmbd ne m/*vghbg dwok]hmr sgd
qdrtksr neEhf-1-Ehm]kkx*sgd mnql]khydc ldbg]mhb]kcdmrhsx l]sqhw hr9

πbnmc.bnhm.× + ϕ 0
⎠

m0.m1

õ0
m0 õ1

m1⟩%’m0. m1(⟨}%’m0. m1(⟩* ’A7(

1- Pdc otjrd

Enqsgd qdc otkrd*vd bnlotsd sgd deedbsnesgd dunktshnm nodq]snqnm ] fdmdqhb ldbg]mhb]krs]sd vhsg sgd noshb]klncdr hm sgd
u]bttl rs]sd9

T́ sns
 ⟩/. /. m0. m1⟨+

⎠

k0�m0.k1�m1

E’k0. k1. m0. m1(⟩k0. k1. m0  k0. m1  k1⟨ ’A8(

E’k0. k1. m0. m1(+ bnr qm0
0 bnr qm1

1 ’hs]m q0(
k0 ’hs]m q1(

k1

√
m0 

’m0  k0( k0 

√
m1 

’m1  k1( k1 
* ’A0/(

Rtbg sg]ssgd fdmdqhb sdql hm ] cdmrhsx l]sqhw dunkudr ]r9

T́ sns
 ⟩/. /. m0. m1⟨}/. /. m�0. m�1⟩́T

sns.–
 ’A00(

+
⎠

k0�m0.k1�m1

⎠

k�0�m�0.k
�
1�m�1

E’k0. k1. m0. m1(E’k�0. k�1. m�0. m�1(
×⟩k0. k1. m0  k0. m1  k1⟨}k�0. k�1. m�0  k�0. m�1  k�1⟩* ’A01(

Vd ]ookx sghr enqltk] sn sgd entq sdqlr ne ⟩/. /⟨∓ ⟩%’m0. m1(⟨}%’m0. m1(⟩∓}/. /⟩enq d]bg ’m0. m1( hm Dp- ’A7( adenqd
bnmchshnmhmf nm nmd ntsots ognsnm vhsg sgd oqnidbsnq B + ’⟩/0⟨}/0⟩7071

∀ ⟩0/⟨}0/⟩7071
(∓  a0a1- Sq]bhmf nm sgd ldbg]mhb]k

lncdr kd]cr sn sgd zm]knoshb]kcdmrhsx l]sqhw*vghbg hr ]m]kxydc ax snlnfq]ogx ]ssgd dmc nesgd oqnsnbnk-@r ]m dw]lokd*sgd
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]bshnm neT́ sns
 nm sgd cnlhm]mssdql neDp-’A7(’m0 + m1 + /(zm]kkx qdrtksr hm sgd enkknvhmf noshb]kcdmrhsx l]sqhw9

SqldbgZT́
sns
 ⟩/. /⟨∓ ⟩%’/. /(⟨}%’/. /(⟩∓}/. /⟩́T sns.–

 [

+ =⟩E’/. /. 0. /(⟩1⟩α⟩1 s]mg1 p0 ∀ ⟩E’/. /. /. 0(⟩1⟩ ⟩1 s]mg1 p1{⟩//⟨}//⟩∀ ⟩E’0. /. 0. /(⟩1⟩α⟩1 s]mg1 p0⟩0/⟨}0/⟩

∀ ⟩E’/. 0. /. 0(⟩1⟩ ⟩1 s]mg1 p1⟩/0⟨}/0⟩ E’0. /. 0. /(E ×’/. 0. /. 0(α × s]mg p0 s]mg p1⟩0/⟨}/0⟩
 E ×’0. /. 0. /(E’/. 0. /. 0(α× s]mg p0 s]mg p1⟩/0⟨}0/⟩* ’A02(

Vd qdb]kk sg]s hm sghr mns]shnm ⟩0/⟨⊗ ⟩F⟨]mc ⟩/0⟨⊗ ⟩U ⟨-Oqnidbshmf nm sgd mnmu]bttl rs]sd qdlnudr sgd zqrs khmd ]mc
]rrtlhmf ’q0 + q1*p0 + p1(kd]udr tr vhsg ] cdmrhsx l]sqhw oqnonqshnm]ksn9’⟩α1⟩  α ×

 α× ⟩ ⟩1 (+ ρ xρ vπbρ vρ x hm sgd F,U a]rhr-Sgd
b]kbtk]shnm enqsgd mdwssdql ’m0 + 0. m1 + /(kd]cr sn sgd enkknvhmf qdrtks9

SqldbgZT́
sns
 ⟩/. /.%’0. /(⟨}/. /.%’0. /(⟩́T sns.–

 [

+ =1⟩E’/. /. 1. /(⟩1⟩α⟩1 s]mg1 p0 ∀ ⟩E’/. /. 0. 0(⟩1⟩ ⟩1 s]mg1 p1{⟩//⟨}//⟩

∀
 
1⟩E’0. /. 1. /(⟩1⟩α⟩1 s]mg1 p0 ∀

o]q]rhshb sdql√ ︸︷ ︷
⟩E’0. /. 0. 0(⟩1⟩ ⟩1 s]mg1 p1

(
⟩0/⟨}0/⟩∀ ⟩E’/. 0. 0. 0(⟩1⟩ ⟩1 s]mg1 p1⟩/0⟨}/0⟩

 
|

1α × s]mg p0 s]mg p1E’0. /. 1. /(E ×’/. 0. 0. 0(⟩0/⟨}/0⟩ 
|

1α× s]mg p0 s]mg p1E’/. 0. 0. 0(E ×’0. /. 1. /(⟩/0⟨}0/⟩

∀ 1⟩E’1. /. 1. /(⟩1⟩α⟩1 s]mg1 p0⟩1/⟨}1/⟩∀ ⟩E’0. 0. 0. 0(⟩1⟩ ⟩1 s]mg1 p1⟩00⟨}00⟩

 
|

1α × s]mg p0 s]mg p1E’1. /. 1. /(E ×’0. 0. 0. 0(⟩1/⟨}00⟩ 
|

1α× s]mg p0 s]mg p1E’0. 0. 0. 0(E ×’1. /. 1. /(⟩00⟨}1/⟩.
’A03(

vgdqd ltkshognsnm rs]sdr ]qd oqdrdmssg]scdfq]cd sgd bnlotsdc zcdkhsx-@ o]q]rhshb sdql oqnonqshnm]ksn ⟩ ⟩1 hmctbdr ] zmhsd
l]sqhw dkdldms⟩0/⟨}0/⟩dudm heα + /-Sghr l]jdr sgd zcdkhsx rs]sd cdodmcdms]r chrbtrrdc hm @oodmchw B-

2-PdYjhrshb oqnidbsnqr

Sgd ]anud b]kbtk]shnm hr rhlokhzdc rhmbd vd bnmrhcdqdc hcd]kognsnm,mtladqqdrnkuhmf cdsdbsnqr*]kknvhmf tr sn dwoqdrr H́
vhsg nmkx svn,ognsnm rs]sdr-Sgd mtldqhb]krhltk]shnmr oqdrdmsdc hm sgd l]hm sdws]ookx hmrsd]c ] 4/94/ ad]l,rokhssdqhmsdq]bshnm
adenqd bnmchshnmhmf nm bnhmbhcdmbd dudmsr hm sgd entqntsotslncdr nesgd Adkkrs]sd ld]rtqdldmsad]l rokhssdq’svn onk]qhy]shnm
lncdr F,U· svn ro]sh]klncdr K,Q(vhsg sgd enkknvhmf oqnidbsnq*vghbg ]bsr ]esdqsgd ad]l rokhssdq9

H́�+

�

⎞ KF KU QF QU  ’0 γ cdsdbs(
1⟩////⟨}////⟩ ’0 γ cdsdbs(

⎠

’h.i(∈+’/./(

⟩//hi⟨}//hi⟩∀ ⟩hi//⟨}hi//⟩

⎛

⎝ ∓  a0a1 * ’A04(

vgdqd vd snnj hmsn ]bbntmssgd cdsdbsnq%r c]qj bntmsq]sd ϕc]qj-Kdsϕqdo ad sgd qdodshshnm q]sd nesgd oqnsnbnk*] bkhbj nm ] cdsdbsnq
g]r ] oqna]ahkhsx γ cdsdbs+ ϕc]qj, ’ϕc]qj ∀ ϕqdo(sn ad ] e]krd onrhshud-Rhlhk]qkx sgd qhfgsoqnidbsnqsn trd ctqhmf sgd qdc otkrd hr
B́�+ Z 7071  ’0 γ cdsdbs(⟩//⟨}//⟩[∓  a0a1 hm nqcdqsn ]kknv enqltkshokd,ognsnm rs]sdr sn ad sqd]sdc ax sgd snlnfq]ogx tmhsvhsg
mnhrx cdsdbsnqr-

:OODMCHW B9 SDBGMHB:K BG:KKDMFDR

0- Mnhrd dpthuYjdmsognmnm mtladq

@r rgnvm hm Ehf- 1 ghfg zcdkhshdr ]qd ]ss]hmdc enq knv
hmsdq]bshnm rsqdmfsgr f̂∗S∗- Enq zwdc cduhbd o]q]ldsdqr f/

]mc θ *sgdqd hr gdmbd ]m toodq antmc sn sgd oqnctbs mbS∗-
Hm ]cchshnm ] lhmhl]k mb hr qdpthqdc* vghbg oqdudmsr eqnl
]qahsq]qhkx hmbqd]rhmf S∗- Sghr hr rgnvm ax ]m ]m]kxrhr ne
sgd mnhrd,dpthu]kdms ognmnm mtladq mMDN* ] zftqd ]kqd]cx
hmsqnctbdc hm o]rsvnqj Z15[9

mMDN +
ϕc]qj ∀ ϕotlo

ϕRA
+ θ 1ϕc]qj

3θ dγ f1
/mb

∀ 7

)
θ τl

1θ df/

(1

’B0(

vhsg ϕc]qj sgd c]qj,bntms q]sd ne sgd ognsncdsdbsnqr*ϕotlo

sgd ]qqhu]kq]sd neotlo ognsnmr sg]s]qd mnsoqnodqkx zksdqdc
]mc kd]j sn sgd cdsdbshnm*ϕRA sgd rhcda]mc ognsnm q]sd*7 sgd
]ssdmt]shnm e]bsnqeqnl sgd zksdq]mc γ sgd sns]kld]rtqdldms
dezbhdmbx*hmbktchmf noshb]kknrrdr eqnl sgd qdrnm]snq sn sgd
cdsdbsnqr ]mc cdsdbsnqdezbhdmbx-Hm Ehf-2*vd oknsmMDN ]r ]
etmbshnm nemb ]mc γ enqsgd o]q]ldsdqr neRdb-HU B*atsenq
sgd noshb]kbntokhmf*vghbg vd ]rrtld sn ad bqhshb]kθ + 1θ d-
Vd bnmrhcdq7 +  0// cA ]mc ϕc]qj + 0// Gy-

Vhsg rtbg rsqnmf zksdqhmf atskhlhsdc cdsdbshnm dezbhdmbx*
] u]ktd ne mb ! 0// hr qdpthqdc sn l]hms]hm mMDN adknv /-0-
Bnlahmhmf sghr bnmrsq]hms vhsg sgd antmc nm mbS dwok]hmr
vgx S∗ b]mmnsad hmbqd]rdc ]qahsq]qhkx*gdmbd ntq bgnhbd ne
S∗ + 0/ mr-

/5271/,6
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EHF-2- Mnhrd,dpthu]kdmsognmnm mtladq ]r ] etmbshnm nehmsq],
b]uhsx ognsnm mtladqmb ]mc sns]knoshb]kcdsdbshnm dezbhdmbx γ -Sgd
ak]bj rs]q bnqqdronmcr sn sgd o]q]ldsdqr bnmrhcdqdc hm sgd sdws]mc
dmrtqdr sg]smMDN � /*0-

1-VYhshmf shld Ymc oqnaYahjhsx nertbbdrrhm dvodqhldmsr

Vd vhrg sn drshl]sd sgd lhmhl]k v]hshmf shld adsvddm
svn rtbbdrretk bnlokdshnmr ne sgd oqnsnbnk* h-d-* ] bnhmbh,
cdmbd dudmsctqhmf rsdo ’h( enkknvdc ax ] cdsdbshnm dudmsnm

EHF-3- Ehcdkhsx ]esdqsgd qdc otkrd ]r ] etmbshnm nesgd hmhsh]krs]sd
sn sdkdonqs⟩#’η .ω(⟨+ bnr’η ,1(⟩F⟨∀ dhω rhm’η ,1(⟩U ⟨*̸ω-Enq ]kk
oknsr*f̂∗S∗,1λ + 3*8·0/ 2-

EHF-4- ’](Ehcdkhshdr ]mc ’a(oqna]ahkhshdr ne rtbbdrr nesgd svn
rsdor ne sgd oqnsnbnk vhsg qdrodbs sn B-Sgd o]q]ldsdqr ]qd sgnrd
bnmrhcdqdc hm sgd sdws-

nmd ne sgd cdsdbsnqr ctqhmf rsdo ’hh(-Vd hlonrd ] l]whl]k
ctq]shnm Snee � β  0

l adsvddm sgd aktd ]mc sgd qdc otkrd* hm
nqcdq sn oqnsdbs sgd bngdqdmbd ne sgd fdmdq]sdc ldbg]mhb]k
rs]sd- Mtldqhb]k rhltk]shnmr rgnv hmcddc sg]s sgd zcdkhsx
ne sgd ldbg]mhb]k rs]sd fdmdq]sdc ax sgd aktd otkrd cdb]xr
]ooqnwhl]sdkx khjd d β ls,1 nudq sgd zqrs edv β  0

l - Ats hm
nqcdq sn dmrtqd sg]s sgd cduhbdr ]qd ]s dpthkhaqhtl vhsg sgd
sgdql]ka]sg*vd ]krn v]hs]skd]rsSqdk]w ’sxohb]kkx lnqd sg]m
] edv β  0

l (adsvddm svn qd]khy]shnmr nesgd oqnsnbnk-Sgd shld
s]jdm sn qd]khyd sgd oqnsnbnk]mc qdhmhsh]khyd sgd rdsto hr sgdm
Sodq + S∀ ∀ Snee ∀ S ∀ Sqdk]w-Sgd oqna]ahkhsx ne rtbbdrr ne
sgd vgnkd oqnsnbnk ’sdkdonqs]shnm ]mc qd]c nts( hr ortbbdrr +
’γ ror −γ ∀ o∀ −γ  o (*vhsg γ ∗ sgd khmd]qdezbhdmbhdr nesgd svn
rtardptdmsnoshb]kld]rtqdldmsr ]rrnbh]sdc sn rsdor ’h( ]mc
’hh(]mc γ ror sgd dezbhdmbx nesgd rhmfkd,ognsnm rntqbd vgnrd
ognsnm rs]sdr ]qd sn ad sdkdonqsdc- Rhmbd Sodq hr cnlhm]sdc
ax Sqdk]w* nmd b]m sghmj ne qdctbhmf sgd ldbg]mhb]k pt]khsx
ne sgd cduhbdr hm nqcdq sn cdbqd]rd Sodq, ortbbdrr*atssghr vhkk
]eedbs sgdhq ldlnqx b]o]ahkhshdr- Rhmbd rl]kk u]ktdr ne o∗
]qd qdpthqdc sn dmrtqd k]qfd zcdkhshdr*hshr bqtbh]ksn cdudkno
dezbhdmszksdqhmf ]mc noshb]kcdsdbshnm o]sgr-

2-MnmhcdmshbYjqdrnmYsnqr

Hm oq]bshbd*sgd svn m]mne]aqhb]sdc nosnldbg]mhb]kcduhbdr
vhkkoqdrdmscheedqdmbdr hm sgdhqdw]bschldmrhnmr*sxohb]kkx ]s
sgd o]qsodqsgntr]mc kdudknqkdrr Z18[*oqnctbhmf ] cdstmhmf
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hm sgdhq noshb]k ]mc ldbg]mhb]k eqdptdmbhdr- Cheedqdmbdr hm
sgdhqnoshb]k]mc.nqldbg]mhb]kchrrho]shnm b]m ]krn ad rhy]akd-
O]qs ne sghr oqnakdl b]m ad bnlodmr]sdc ax cqhuhmf hm ]m
]rxlldsqhb v]x Z07[-Nmd b]m rghes sgd cqhud eqdptdmbx sn
l]sbg sgd ldbg]mhb]krhcda]mc ]mc a]k]mbd sgd cqhud onvdq
hm sgd svn ]qlr hm nqcdq sn bnlodmr]sd enq cheedqdms f1

/, θ

q]shn- Gnvdudq* ] cheedqdmbd hm τl hlokhdr sg]s sgd svn
ldbg]mhb]k cdfqddr ne eqddcnl oqdbdrr ]s cheedqdms roddcr
ctqhmf sgd nee shld adsvddm otkrdr*oqnctbhmf ]m dunktshud
cdog]rhmf-Lnqdnudq sgd mddc enq hmchrshmfthrg]akd ognsnmr
]esdq rb]ssdqhmf hm ansg cduhbdr otsr ] bdmsq]k bnmrsq]hms nm
sgdhq b]uhsx eqdptdmbx9⟩�b0  �b1⟩rgntkc ad ]r knv ]r onr,
rhakd-Sgdrd ]rodbsr b]m ad sqd]sdc ax sgd trd neonrsoqnbdrr
sdbgmhptdr sn qdctbd sgd qdrnm]snq,sn,qdrnm]snqchrnqcdq*rtbg
]r sgd ognsndkdbsqnbgdlhb]kstmhmf sdbgmhptd cdlnmrsq]sdc hm
m]mn,nosnldbg]mhb]kcduhbdr Z18[-

3-Cdodmcdmbd nm ! Ymc α

@m hmsdqdrshmf ed]stqd hr sg]s]kkrs]sdr nm sgd Aknbg rogdqd
]qd mns dpt]kkx g]mckdc ax sgd oqnsnbnk- Hmcddc* dudm enq
dpt]k hmhsh]k ognmnm nbbto]mbx ne sgd svn chrjr*dpt]snqh]k
rs]sdr ]qd qdsqhdudc vhsg ] adssdq zcdkhsx ]esdq sgd qdc otkrd
Zrdd Ehf-3’]([-Hesgd rs]sd sn sdkdonqsrhsr nm sgd onkd ’ + 0.
α + / enqhmrs]mbd(*sgd svn qdrnm]snqr ltrsad ok]bdc hm sgd
ognmnmhb rs]sd ⟩/0⟨- Sgdqd rgntkc ad ydqn gnqhynms]k bnl,
onmdmshm sgd onk]qhy]shnm ne sgd ntsotsognsnm ]esdq sgd qdc
otkrd*vghbg hr mnsonrrhakd rhmbd sgd sqtd ognmnmhb nbbto]mbx
ne NL0 hr ]kv]xr k]qfdq sg]m /- Hm bnmsq]rs* sdkdonqshmf ]m
dpt]snqh]k rs]sd ⟩ ⟩+ ⟩α⟩hr d]rhdq adb]trd sgd ognsnm vd

dwodbs g]r dpt]k gnqhynms]k ]mc udqshb]k onk]qhy]shnm bnl,
onmdmsr*vghbg hr m]stq]kkx ]bghdudc hm ntq a]k]mbdc L]bg,
Ydgmcdqbnmzftq]shnm-Sghr rtaskd deedbshr k]qfdq]r sgd ld]m
hmhsh]k ognmnm nbbto]mbx ne sgd chrjr fqnvr*]mc sgd rs]sdr
sg]s]qd d]rhdqsn qd]c ntsrghes]v]x eqnl sgd dpt]snq ]r vd
hmsqnctbd ]m hla]k]mbd hm sgd hmhsh]k nbbto]mbx ne sgd svn
chrjr Zrdd Ehf-3’a([-

4- HlonqsYmbd enq ��| sn ad hm Y rhmfjd ognsnm rsYsd

Nmd bntkc hl]fhmd trhmf ] rsqnmfkx ]ssdmt]sdc bngdqdms
rntqbd hmrsd]c ne] rhmfkd,ognsnm rntqbd enqsgd Adkkld]rtqd,
ldms*atssghr vntkc rsqnmfkx hlo]bssgd hlokdldms]shnm ne
sgd oqnsnbnk-Hm e]bs*rtbg ]ssdmt]sdc bngdqdmsrs]sd ’vhsg ld]m
ognsnm nbbto]mbx ≡ 0( nudqk]or lnrskx vhsg sgd u]bttl
rs]sd*gdmbd oqnctbdr lnrsnesgd shld mn trdetkbnhmbhcdmbd-
@cchshnm]kkx ] bnhmbhcdmbd dudmshm ntqld]rtqdldmscndr mns
ld]m mdbdrr]qhkx sg]s nmd ognsnm eqnl sgd rntqbd ]mc nmd
ognsnm eqnl sgd L]bg,Ydgmcdqhmsdqedqnldsdqvdqd rtbbdrr,
etkkx oqnidbsdc hm sgd ]mshrxlldsqhb Adkkrs]sd ⟩% ⟨adenqd sgd
ad]l rokhssdq-Bnhmbhcdmbd dudmsr ]krn s]jd ok]bd vgdm ] v]ud
o]bjdsbnms]hmhmf rdudq]kognsnmr dwhsr sgd hmsdqedqnldsdq]mc
hlohmfdr nm sgd Adkkld]rtqdldmsad]l rokhssdq*onrsrdkdbshmf
tmcdrhq]akd ltkshdwbhs]shnm dudmsr- Sghr b]m ad ]ooqdbh]sdc
vqhshmf ⟩#’B(⟨+

|
0 B⟩/⟨∀

|
B’ ⟩F⟨∀ α⟩U ⟨(]mc knnj,

hmf ]ssgd zcdkhshdr ]mc oqna]ahkhshdr ne rtbbdrr vhsg qdrodbs
sn B hm Ehf-4-@r dwodbsdc*�∗ hr cdfq]cdc ]sknv B*atso 
hmbqd]rdr adb]trd dudmsr vgdqd lnqd sg]m nmd ognmnm v]r
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