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Abstract

We consider a two-type reducible branching Brownian motion, defined as a two type branching particle
system on the real line, in which particles of type 1 can give birth to particles of type 2, but not reciprocally.
This process has been shown by Biggins | ] to exhibit an anomalous spreading behaviour under specific
conditions: in that situation, the rightmost particle at type t is much further than the expected position
for the rightmost particle in a branching Brownian motion consisting only of particles of type 1 or of type
2. This anomalous spreading also has been investigated from a reaction-diffusion equation standpoint
by Holzer | , ]. The aim of this article is to study the asymptotic behaviour of the extremal
process of the two-type reducible branching Brownian motion. If the branching Brownian motion exhibits
an anomalous spreading behaviour, its asymptotic differs from what it typically expected in branching
Brownian motions.

1 Introduction

The standard branching Brownian motion is a particle system on the real line that can be constructed as
follows. It start with a unique particle at time 0, that moves according to a standard Brownian motion. After
an exponential time of parameter 1, this particle dies giving birth to two children on its current position. The
two daughter particles then start independent copies of the branching Brownian motion from their current
position. For all ¢ > 0, we write A; the set of particles alive at time ¢, and for u € N; we denote by X, ()
the position at time ¢ of that particle.

The branching Brownian motion (or BBM) is strongly related to the F-KPP reaction-diffusion equation,
defined as

Oyu = %Au—u(l—u). (1.1)

More precisely, given a measurable function f: R — [0,1], set for z € R and ¢t > 0

u(x) = B ( [T rex.) +z>> ,

u€N

then u is the solution of (1.1) with ug(z) = f(z). In particular, setting M; = max,en, Xu(t), we note that
the tail distribution of —M; is the solution at time ¢ of (1.1) with uo(2) = 1{.<0}-

Thanks to this observation, Bramson [ ] obtained an explicit formula for the asymptotic behaviour
of the median of M;. Precisely, he observe that setting

3
=2t — ——_logt 1.2

the process (M; — my,t > 0) is tight. Lalley and Sellke | ] refined this result and prove that M; — m;
converges in law toward a Gumbel random variable shifted by an independent copy of % log Z ., where Z,
is the a.s. limit as t — oo of the derivative martingale, defined by

Zi= 3 (V3 — X, (1))eV2Xu=2t,
ueN
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The derivative martingale is called that way as it is related to the derivative, at the critical point, of the

additive martingale, introduced by McKean in | ], defined as
Wi(0) = 3 fXu-tt),
ueNy

It was shown in | ] that (W;(6),t > 0) is uniformly integrable if and only if |#| < v/2 and converges to an
a.s. positive limit W, (6) in that case. Otherwise, it converges to 0 a.s. This result has later been extended
by Biggins | ] and Lyons | ] to the branching random walk, which is a discrete-time analogous to
the BBM.

The behaviour of the particles at the tip of branching Brownian motions was later investigated by Aidékon,
Berestycki, Brunet and Shi [ ] as well as Arguin, Bovier and Kiesler [ , , ]. They

proved that the centred extremal process of the standard BBM, defined by

& = Z Ox ., (t)—m,

uENt

converges in distribution to a decorated Poisson point process with (random) intensity ﬂc*Zooe’ﬁzdx.
More precisely, there exists a law © on point measures such that writing (D;,j > 1) i.i.d. point measures

with law © and (§;,j > 0) the atoms of an independent Poisson point process with intensity ﬂc*e’ﬁidx,
which are further independent of Z.,, and defining

o = Z Z 55j+d+%1ogZoc’

j>1deD;

we have lim;_, ., & = € in law, for the topology of the weak convergence. We give more details on these
results in Section 3.

We refer to the above limit as a decorated Poisson point process, or DPPP(\/ic*ZOOe"/Q’”d:L‘, D). Maillard
[ ] obtained a characterization of this type of point processes as satisfying a stability by superposition
property. This characterization was used in | ] to prove a similar convergence in distribution to a DPPP
for the shifted extremal process of the branching random walk. Subag and Zeitouni | ] studied in more
details the family of shifted randomly decorated Poisson random measures with exponential intensity.

In this article, we take interest in the two-type reducible branching Brownian motion. This is a particle
system on the real line in which particles possess a type in addition with their position. Particles of type 1
move according to Brownian motions with variance o1 and branch at rate $; into two children of type 1.
Additionally, they give birth to particles of type 2 at rate «. Particles of type 2 move according to Brownian
motions with variance oo and branch at rate 82, but cannot give birth to descendants of type 1.

In | ], Biggins observe that in some cases multitype reducible branching random walks exhibit an
anomalous spreading property. Precisely, the rightmost particle at time ¢ is shown to be around position vt,
with the speed v of the two-type process being larger than the speed of a branching random walk consisting
only of particles of type 1 or uniquely of particles of type 2. Therefore, the multitype system can invade its
environment at a larger speed that the one that either particles of type 1 or particles of type 2 would be able
to sustain on their own.

Holzer | , ] extended the results of Biggins to this setting, by considering the associated system
of F-KPP equations, describing the speed of the rightmost particle in the system in terms of o1, 81,02 and
B2 (the parameter a does not modify the speed of the two-type particle system). Our aim is to study in more
details the position of the maximal displacement, in particular in the case when anomalous spreading occurs,
for this two type BBM. We also take interest in the extremal process formed by the particles of type 2 at
time ¢, and show it to converge towards a DPPP.

Recall that the reducible two-type BBM is defined by five parameters, the diffusion coefficient 0%, o2 of
particles of type 1 and 2, their branching rate 5, B2, and the rate « at which particles of type 1 create
particles of type 2. However, up to a dilation of time and space, it is possible to modify these parameters in
such a way that 03 = 2 = 1. Additionally, the parameter « plays no role in the value of the speed of the
multitype process. We can therefore describe the phase space of this process in terms of the two parameters
0% := 0% and B = f1, and identify for which parameters does anomalous spreading occurs. This is done in
Figure 1.
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Figure 1: Phase diagram of the process.

We decompose the state space (3,0?) € R2 into three regions:

1
Cr= {(5,02) Lo? > 7{/?1} + 1{5>1}726ﬂ_ 1}

1
Crr = {(6,02) ot < = 1 2 ﬂ>}

C111={(5»02):02+ﬁ>2and02< 256_1}.

If (B,02) € Cy, the speed of the two-type reducible BBM is /2302, which is the same as particles of type 1
alone, ignoring births of particles of type 2. Thus in this situation, the asymptotic behaviour of the extremal
process is dominated by the long-time behaviour of particles of type 1. Conversely, if (3,02) € Crz, then the
speed of the process is v/2, equal to the one of a single BBM of particles of type 2. In that situation the
asymptotic behaviour of particles of type 2 dominates the extremal process. Finally, if (3,0%) € Crz1, the
speed of the process is larger than max(y/2, v/2802), and we will show that in this case the extremal process
will be given by a mix of the long-time asymptotic of particles of type 1 and 2.

For all t > 0, we write A; the set of all particles alive at time ¢, as well as N} and N? the set of particles
of type 1 and type 2 respectively. We also write X,,(t) for the position at time ¢ of u € N, and for all s < ¢,
X..(s) the position of the ancestor at time s of particle u. If u € N, we denote by T'(u) the time at which
the oldest ancestor of type 2 of u was born. The main result of that article gives the asymptotic behaviour of
the extremal process in this 2-type BBM for Lebesgue-almost every values of 02 and 3 (the value of o does
not impact significantly the asymptotic behaviour of the extremal process).

We divide the main result of our article into three theorems, one for each area the pair (3,0?) belongs
to. We begin with the asymptotic behaviour of extremal particles when (3, 02) € Cr, in which case we claim
that the extremal point measure is similar to the one observed in a branching Brownian motion of particles
of type 1.

Theorem 1.1 (Domination of particles of type 1). If (3,02) belong to Cy, then there exists a constant ey >0

. T ) . (I ._ 283 3
and a point measure distribution ®\*) such that setting m; ' : 202pt N logt we have
. _ o) .
tli)rgo 6Xu(t)—m§’) &) in law,
ueN?

for the topology of the weak convergence, where D isa DPPP(\/?ﬁ/O’QC(I)ZC(xl))e_V 28/7%2 Q. W) ) where

1) . s 33 38/07X . (1) 26t
zZJ tliglo g\:ﬂ( 2020t — X, (t))e a.s.

Additionally, we have lim P(M; < m" +2)=E <e—0<r>2§>ev2‘” ) for all z € R.
— 00

If (B8,02%) € Cr1, we show that the extremal process of the two-type BBM is similar to the extremal process
of a single BBM of particles of type 2.



Theorem 1.2 (Domination of particles of type 2). If (3,0?) belong to Cry, then writing c, > 0 the prefactor
of the intensity measure in the extremal process of the standard BBM and ® the law of its decoration, setting

m,EH) =y = 2t — %logt, we have
. —gun
I SE ML O
ueEN?

for the topology of the weak convergence, where 5&{” is a DPPP(\/QC*ZOOe_‘/%dx, D) and Z . is defined in
Z V2
Lemma 5.53. Additionally, for all x € R we have tlim P(M; < mEH) +z)=E (e_C*Z“’e ’ ) .
—00
Finally, if (8,02%) € Crrr, then the anomalous spreading occurs. The extremal process contains only

particles of type 2, but particles travel much farther than the maximal displacement that would have been
observed in a BBM of particles of type 1 or of type 2.

Theorem 1.3 (Anomalous spreading). If (3,02) belong to Cryr, then setting

t and 0= 2571

V20 -a)(B-1) 1—o0?

Jm D> by, mn = €L in law,
uENf
for the topology of the weak convergence, where E, is a DPPP(@C(IH)WDO(G)e’GIdx, DUID ) and
o Wool0) = limy oo Yy, IXu®)—t(B+6%/20%) s the q.s. limit of an additive martingale of the BBM of
particles of type 1 with parameter 0,

2 _
m{I10 _ o”—f

we have

o the constant c(rrpy > 0 and the point measure distribution QUID are defined in Section 7.
Additionally, for all x € R we have tlirn P(M,; < mEI”) t2)=E (e,c(I”>WW(9)e—em> '
— 00

Remark 1.4. Contrarily to what happens in Theorems 1.1 and 1.2, the extremal process obtained in Theo-
rem 1.3 is not shifted by a random variable associated to a derivative martingale, but by an additive martingale
of the BBM. Additionally, it is worth noting that contrarily to the median of the maximal displacements in
domains C; and Cj;, when anomalous spreading occurs there is no logarithmic correction in the median of
the maximal displacement.

Remark 1.5. Observe that in Theorems 1.1-1.3 we obtain the weak convergence in law of the extremal
processes to DPPPs as well as the convergence in law of their maximum to the maximum of this DPPP.
These two convergences can be synthesized into the joint convergence of the extremal process together with
its maximum, which is equivalent to the convergence of (&, ¢) for all continuous bounded function ¢ with
bounded support on the left (c.f. e.g. | , Lemma 4.4]).

The rest of the article is organized as follows. We discuss our results in the next section, by putting
them in the context of the state of the art for single type and multitype branching processes, and for
coupled reaction-diffusion equations. In Section 3 we introduce part of the notation and results on branching
Brownian motions that will be needed in our proofs, in particular for the definition of the decorations laws of
the extremal process. We introduce in Section 4 a multitype version of the celebrated many-to-one lemma.
Finally, we prove Theorem 1.2 in Section 5, Theorem 1.1 in Section 6 and Theorem 1.3 in Section 7.

2 Discussion of our main result

We compare the results obtained here for the two-type reducible branching Brownian motion we introduced
above to the pre-existing literature. We begin by introducing the optimization problem associated to the
computation of the speed of the rightmost particle in this process. Loosely speaking, this optimization
problem is related to the “choice” of the time between 0 and ¢ at which an ancestral lineage has to switch
from type 1 to type 2. The optimization problem was introduced by Biggins [ ] for the computation
of the speed of multitype reducible branching random walks. This allows to loosely describe the heuristics
behind the main theorems.

We then compare Theorem 1.3 to the results obtained on the extremal process of time-inhomogeneous
branching Brownian motions, and in particular with the results of Bovier and Hartung | ]. In Section 2.3,
we apply our results to the work of Holzer | , ] on coupled F-KPP equations. We end this section
with the discussion of further questions of interest for multitype reducible BBMs and some conjectures and
open questions.



2.1 Associated optimization problem and heuristic

Despite the fact that spatial multitype branching processes have a long history, the study of the asymptotic
behaviour of their largest displacement has not been a very active subject until recently. As previously
mentioned, Biggins | | computed the speed of multitype reducible branching random walks. This process
is a discrete-time particles systems in which each particle gives birth to offspring in an independent fashion
around their position, with a reproduction law that depends on their type, under the assumption that the
Markov chain associated to the type of a typical individual in the process is reducible. Ren and Yang | ]
then considered the asymptotic behaviour of the maximal displacement in an irreducible multitype BBM.

In | ], Biggins gives an explicit description of the speed of a reducible two-type branching random
walk as the solution of an optimization problem. In the context of the two-type BBM we consider, the
optimization problem can be expressed as such:

vmax{pa+(1p)b:pe[0,1], p<2“;ﬂ) <0, p<2a;5)+(1p) (b;1> go}. (2.1)

This optimization problem can be understood as follows. It is well-known that if a < /2028 and b > /2,
there are with high probability around eP*(? —a?/20%)+o(t) partiches of type 1 at time pt to the right of position
pta, and a typical particle of type 2 has probability e(1=Pt(1=0"/2)+0(t) of hayving a descendant to the right of

position (1 — p)bt at time (1 — p)bt. Therefore, for all (p, a,b) such that

2 2 2
p€[0,1],p<;025> SO,p<;‘2B)+(lp)(zl> <0,

by law of large numbers there should be with high probability particles of type 2 to the right of the position
t(pa + (1 — p)b) at time t.

If we write (p*, a*,b*) the triplet optimizing the problem (2.1), it follows from classical optimization under
constraints computations that:

1. If (B,02) € Cr, then p* = 1 and a* = /2802, which is in accordance with Theorem 1.1, as the extremal
particle system is dominated by the behaviour of particles of type 1, and particles of type 2 contributing
to the extremal process are close relatives descendants of a parent of type 1;

2. If (B,0%) € Crz, then p* = 0 and b* = /2, which is in accordance with Theorem 1.2, as the extremal
particle system is dominated by the behaviour of particles of type 2, that are born at time o(t) from
particles of type 1;

3. If (,6,0’2) € Cryr, then

o2+ B5-2 9 g—1 B—1
P=sa—p-1 “ " 7V1-2 ™ 1- o2
We then have v = ——5=%"__ which corresponds to the main result of Theorem 1.3. Additionally,

2(1-02)(8-1)’
the Lagrange multiplier associated to this optimization problem is 8 = /2 f:(fl? =b= 5.

In particular, the optimization problem associated to the case (3,0%) € C;rr can be related to the following
interpretation of Theorem 1.3. The extremal process at time ¢ is obtained as the superposition of the extremal
processes of an exponentially large number of BBMs of type 2, starting around time tp* and position tp*a*.
The number of these BBMs is directly related to the number of particles of type 1 that displace at speed
a*, which is known to be proportional to Wag(8)e!(1=(a)?*/20%) Tt explains the apparition of this martingale
in Theorem 1.3, whereas the decoration distribution ®!?) is the extremal process of a BBM of type 2
conditionally on moving at the speed b* > v.

For Theorem 1.1, a similar description can be made. We expect the asymptotic behaviour to be driven by
the behaviour of particles of type 1, therefore the extremal process of particles of type 2 should be obtained
as a decoration of the extremal process of particles of type 1. However, as we were not able to use result of
convergence of extremal processes together with a description of the behaviour of particles at times ¢t — O(1),
we do not obtain an explicit result for ¢y and D). However, with similar techniques as the ones used in
[ ] or | ], explicit constructions should be available.

Finally, in the case covered by Theorem 1.2, the above optimization problem indicates that the extremal
process of the multitype reducible BBM should be obtained as the superposition of a finite number of BBMs
of particles of type 2, descending from the first few particles of type 2 to be born. The random variable Z



is then constructed as the weighted sum of i.i.d. copies of the derivative martingale of a standard BBM and
the decoration is the same as the decoration of the original BBM.

To prove Theorems 1.1-1.3, we show that the above heuristics hold, i.e. that with high probability the set
of particles contributing to the extremal processes are the one we identified. We then use previously known
results of branching Brownian motions to compute the Laplace transforms of the extremal point measures
we are interested in.

The solution of the optimization problem (2.1) is also solution of v = sup{a € R : g(a) < 0}, where g is
the largest convex function such that

2 2
z Y
V|z| < /2802, g(x) < (W - ) and Vy€eR, g(y) < 5 1,
see [ | for precisions. The function z — % — [ is known as the rate function for particles of type 1,

and y — % — 1 is the rate function for particles of type 2.
We then observe that the three cases described above are the following:

1. If (B,0?) € Cr, then v = /2302 = sup{z € R : 2% /20% — 3 < 0}.
2. If (B,0%) € Cp1, then v = V2 = sup{y € R: 7’2—2—1 < 0}.

3. If (B,02) € Cryr1, then v > max(y/2802,1/2).

In other words, the anomalous spreading corresponds to the case when the convex envelope g crosses the
x-axis to the right of the rate functions of particles of type 1 and 2.

\/l \\\ Ve |

(c) Case III: The anomalous spread-
ing of the multitype process which is
faster that the process consisting only
of particles of type 1 or 2.

(a) Case I: The speed of the multitype (b) Case II: The speed of the multi-
process is the same as the speed of the type process is the same as the speed
process of type 1 particles. of the process of type 2 particles.

Figure 2: Convex envelope g for (3,0?) in any of the three domains of interest. The rate function of particles
of type 1 and 2 are drawn in blue and yellow respectively, the function g of the multitype branching process
is drawn in green.

As mentioned above, Ren and Yang | ] studied the asymptotic behaviour of irreducible multitype
BBM, and computed the speed at which that process invades its environment. In that case (i.e. such that
for all pair of types ¢ and j, individuals of type ¢ has positive probability of having at least one descendant of
type j after some time), this asymptotic behaviour is similar to the one obtained for a single-type BBM, with
branching rate and variance obtained by considering the invariant measure of the Markov process describing
the type of a typical individual. The notion of anomalous spreading in this case is thus very different, and we
do not expect to observe particles in the extremal process that preserved their time for a position proportion
of their ancestral history. As a result, we do not expect an asymptotic behaviour similar to the one observed
in Theorem 1.3 to occur in irreducible multitype BBM.

2.2 Relation to time-inhomogeneous branching processes

The results presented here, in particular in the anomalous spreading case, are reminiscent of the known
asymptotic for the extremal process of time-inhomogeneous branching Brownian motions. This model was

introduced by Fang and Zeitouni [ ], and is defined as follows. Given ¢t > 0, the process is a BBM
consisting only of particles of type 1 until time ¢/2, at which time they all become simultaneously particles
of type 2. It has been showed | , ] that depending on the value of (3,0?), the position of the



maximal displacement at time ¢ can exhibit different types of asymptotic behaviours. In particular, the
logarithmic correction exhibit a strong phase transition in the phase space of (3, 02).

Looking more closely at the convergence of the extremes, Bovier and Hartung [ , ] obtained
the convergence in distribution of the extremal process of the time-inhomogeneous BBM. In particular, for a
multitype BBM with parameters (3,02) € Crrr such that particles change from type 1 to type 2 at time p*t,
they showed that the extremal process converges towards &;{”), with an extra % log t logarithmic correction
for the centring. This is in accordance with our heuristic as we expect that the particles contributing to the
extremal process at time ¢ to have been born from particles of type 1 around time p*¢.

Generalized versions of time-inhomogeneous BBM have been studied, in which the variance of particles
evolves continuously over time | , ]. In that case, the maximal displacement grows at constant
speed with a negative correction of order ¢t'/3. Tt would be interesting to construct a multitype BBM, possibly
with an infinite number of types, that would exhibit a similar phenomenon.

2.3 F-KPP type equation associated to the multitype branching Brownian mo-
tion

Observe that similarly to the standard BBM, the multitype BBM can be associated to a reaction diffusion
equation in the following way. Let f,g: R — [0, 1] be measurable functions, we define for all z € R:

u(t,) =BY | [ fXu@®) +2) T] 9(Xu(t) + )

ueN} ueN?

v(t,z) =B | J] r&u®+2) J] 9Xu® +2) | =E@ | ] 9(Xu®) +2)

ueN} ueN? ueN?

where P(1) (respectively P(Q)) is the law of the multitype BBM starting from one particle of type 1 (resp. 2),
and we use the fact that particles of type 2 only produce offspring of type 2.

As under P the process behaves as a standard BBM, the function v is a solution of the classical F-KPP
reaction-diffusion equation

O = %Av —v(l—v) with v(0,z) = g(z). (2.2)

To obtain the partial differential equation satisfied by u, we observe that under law P(*) one of the three
following events might happen during the first d¢ units of time:

o with probability Sdt + o(dt), the original particle of type 1 branches into two offspring of type 1 that
start i.i.d. processes with law P(1);

o with probability adt + o(dt) the particle of type 1 branches into one offspring of type 1 and one of
type 2, that start independent processes with law P(*) and P(?) respectively;

o with probability 1— (3+ «)dt, the particle diffuses as Brownian motion o B, with diffusion constant o2.

As a result, we have
u(t +dt, x) = pdtu(t, z)* + adtu(t, z)v(t,z) + (1 — (8 + a)dt)E (u(t,z — 0 Bgy)) + o(dt)

2
=u(t,z)+dt <02Au(t,x) — pu(l —u) — ou(l — v)) .
This, together with (2.2) show that (u,v) is a solution of the following coupled F-KPP equation

Oyu = ";A — fu(l —u) — au(l —v)
v =1Av—v(l—0) (2.3)
w(0,2) = f(z), v(0,z) = g(z).

This non-linear coupling of F-KPP equation was introduced by Holzer | ]. In that article, the author
conjectured this partial differential equation to exhibit an anomalous spreading phenomenon, and conjectured
a phase diagram for the model [ , Figure 1]. Our main results confirm this conjecture, and the diagram
we obtain in Figure 1 exactly matches (up to an adaptation of the notation o2 ~ 2d, 8 ~ « and a ~» 3) the
one obtained by Holzer. Additionally, Theorems 1.1-1.3 give the position of the front of v; in (2.3).



When starting with well chosen initial conditions f,g (for example such that there exists A > 0 satisfying
f@)=g(x)=1for v < —A and f(z) = g(x) =0 for z > A), we obtain the existence of a function v; such
that for all z € R,

tlinolo(u(t’ T — vt)’ U(t, T — vt)) = (wl (x>’ w2(x))v

where (wy,ws) is a travelling wave solution of the coupled PDE and:

. 2 _ 24 3 .
1. if (B,0%) € Cy, then vy, = /2802t 72\/W10gt,

2. if (B,02) € Cy1, then vy = V2t — %\/ﬁlogt;
3. if (B8,02) € Cr11, then v, = vt, with v defined in Theorem 1.3.

Holzer further studied a linearised version of (2.3) in | ], and showed the anomalous spreading in that
context. However, the phase diagram in that case is of a different nature as the one we obtain in Figure 1.
We believe the phase diagram of this linearised PDE equation should be related to first moment estimates
on the number of particles above a given level in the multitype BBM.

The equation (2.3) should also be compared to the partial differential equation studied in | ]. In that
article they considered a population with a family of traits indexed by a parameter § € (Omin, Omax), that
modifies the motility of particles. This was proposed as a model for the invasion of cane toads is Australia,
as that population consists of faster individuals, that sacrifice part of their reproduction power as a trade
off, and slower individuals that reproduce more easily. The multitype BBM we consider here could then be
thought of as some toy-model for this partial differential equation.

2.4 Future developments

We recall that Theorems 1.1-1.3 cover the asymptotic behaviour of the two-type reducible BBM assuming
that (8,02%) € Cr UCrI UCrrr. However, it does not give the asymptotic behaviour of this process when
(8,0?) belongs to the boundary of this set. Understanding the behaviour of the process at these points
could help understanding the phase transitions occurring between the different areas of the state space. This
would allow results similar to the ones developed in | ] for time-inhomogeneous BBM to be considered
in reducible multitype BBM.

We conjecture the following behaviours for the branching Brownian motion at the boundary between
areas Cr and Cyyy.

Conjecture 2.1. Assume that 8 > 1 and 02 = 2;71, then there exists ¢ > 0 and ® such that

Z —\/2B02t+ o
Xo(t 2802t L logt
UGMQ ( ) ﬁ VQB/UQ €

converges to a DPPP(cZéé)e*V Qﬁ/"%dx,ﬁ).

Indeed, in this situation, particles u of type 2 contributing to the extremal process are expected to satisfy
t —T(u) = O(t*/?). Therefore, the extremal process keeps an intensity driven by the derivative martingale of
particles of type 1, and the decoration point measure is given by the extremal process of a BBM of particles
of type 2 conditioned to travel at speed /2502 > /2.

Similarly, at the boundary between areas C;; and Cyjy, the following behaviour is expected.

Conjecture 2.2. Assume that f > 1 and 0® = 2 — 3, then there exists ¢ > 0 and a random variable Z such
that

> 0, (t)—V3t+ 2 logt
ueN?

converges to a DPPP(cZe_ﬁmdx,iD).

There, we used the fact that particles u of type 2 contributing to the extremal process are expected to
satisfy T'(u) = O(t'/?).

In the case when 8 < 1 and 028 = 1, which corresponds to the boundary between cases C; and Cjz, the
picture is less clear as at all time s between 0 and ¢, particles should have the same probability to reach the
maximal position, at least to the first order, as the BBM of particles of type 1 and of particles of type 2 have
same speed.

Further generalisations of the model we consider in this article could be considered. A more general
reducible multitype branching Brownian motions with a finite number of states would be expected to exhibit



a similar behaviour. Omne could also allow particles to have different drift coefficients in addition to the
different variance terms and branching rates. In that situation, one expects an optimization problem similar

to the one studied in | | to appear, with a similar resolution of proving that the trajectory followed by
particles reaching the maximal position is the same as the one inferred from the solution of the optimization
problem.

Proving Theorems 1.1-1.3 for two-type reducible branching Brownian motions in which particles of type 1
and type 2 split into a random number of children at each branching event, say L; for particles of type 1 and
Lo for particles of type 2 would be a other natural generalisation of our results. A natural condition to put
on the reproduction laws to obtain the asymptotic behaviour observed in Theorem 1.3 is

E(LilogLy) + E(Lz2log L) < 0.

It is worth noting that anomalous spreading might occur even if E(Ls) < 1, i.e. even if the genealogical tree
of a particle of type 2 is subcritical and grows extinct almost surely.

While we only take interest here in the asymptotic behaviour of the extremal particles in this article, we
believe that many other features of multitype branching Brownian motions might be of interest, such as the
growth rate of the number of particles of type 2 to the right of at with a < v, the large deviations of the
maximal displacement M; at time ¢, or the convergence of associated (sub)-martingales.

3 Preliminary results on the branching Brownian motion

We list in this section results on the standard BBM, that we use to study the two-type reducible BBM. For
the rest of the section, (X¢(u),u € N)i>o will denote a standard BBM, with branching rate 1 and diffusion
constant 1, i.e. that has the same behaviour as particles of type 2. To translate the results of this section to
the behaviour of particles of type 1 as well, it is worth noting that for all 5,0 > O:

<\‘/%Xﬁt(u), ue N5t>t>0 (3.1)

is a branching Brownian with branching rate 8 and diffusion constant o2.

The rest of the section is organised as follows. We introduce in Section 3.1 the additive martingales of the
BBM, and in particular the derivative martingale that plays a special role in the asymptotic behaviour of the
maximal displacement of the BBM. We then provide in Section 3.3 a series of uniform asymptotic estimates
on the maximal displacement of the BBM. Finally, in Section 3.4, we introduce the decoration measures and
extremal processes appearing when studying particles near the rightmost one in the BBM.

3.1 Additive martingales of the branching Brownian motion

We begin by introducing the additive martingales of the BBM. For all § € R, the process

0Xt(u)7t<§+l)
Wi(0) := E e , t>0 (3.2)
ueNy

is a non-negative martingale. It is now a well-known fact that the martingale (W;(0),t > 0) is uniformly
integrable if and only if |§] < v/2, and in that case it converges towards an a.s. positive limiting random
variable

W (8) := lim Wi(6). (3.3)
t— o0
Otherwise, we have lim;_, o, W3(0) = 0 a.s. This result was first shown by | ]. It can also be obtained by
a specific change of measure technique, called the spinal decomposition. This method was pioneered by Lyons,
Pemantle and Peres [ ] for the study of the martingale of a Galton-Watson process, and extended by
Lyons | ] to spatial branching processes setting.

For all |§] < v/2 the martingale limit W, (6) is closely related to the number of particles moving at speed

6 in the BBM. For example, by | , Corollary 4], for all h > 0 we have

. t(2 -1 2sinh(6h)

tli}l{.lo tl/ze ( 2 ) Z ]-{\X,u(t)—9t|§h} = TWOO(G) a.s. (34)

ueNy

This can be thought of as a local limit theorem result for the position of a particle sampled at random at time
t, where a particle at position z is sampled with probability proportional to e?*. A Donsker-type theorem was



obtained in | , Section C] for this quantity, see also | ]. In particular, for any continuous bounded
function f, one has

. 60X, (t)— e Woo 0 _z2
Jim Z f(Xt(lt/)z Bt)eX —t(%+1) _ \/%)/Re T f(2)dz as. (3.5)

This justifies the fact that the variable W, (6) appears in the limiting distribution of the extremal process
in the anomalous spreading case, by the heuristics described in Section 2.1.
To prove Theorem 1.3, we use the following slight generalization of the above convergence.

Lemma 3.1. Let a <b and X\ > 0. For all continuous bounded function f :[a,b] x R = R, we have

1 At+btt/2 e Kuls) 0Xu(s)— (gﬂ) W (0) .2
S— 0s ul8)=8| 3 _ 00 —z_
lim /\ Z f ( el t1/2 )e ds /[a b]XRe X f(r, z)drdz a.s. (3.6)

t—00 t1/2 ttatl/? 2T\

Proof. As a first step, we show that (3.6) holds for f : (r,2) = 1{,¢[as19(2), With g a continuous compactly
supported function. Using that

. _ _s(& W (6) 22
lim ()\1/2M> 69Xu(s) 5(92 +1) _ VoY) / ez Al/QZ dz a.s,
Hooué;sg e o J & Ta )

by (3.5) we immediately obtain that

At+btt/? 2
i e [ g (et 5000 4, gD [ e
t—o0 t1/2 X+atl/2 TG s 27\ Jr

Then, using that s'/2 = (M)Y/2 4 O(1) as t — oo, uniformly in s € [\t + at'/? X\t + bt'/2b] and the uniform
continuity and compactness of g, for all ¢ > 0 we have

sup |9\ 20 /5112) + g(a/t1/2)| < e
sE[At+atl/2 At+bt1/2b],zER

for all ¢ large enough. Therefore, for all ¢ > 0,

. 1 At-+btt/? o o o ( 2
hmsupm/)\ S o (Relrr) — g (Zutte) [ eoxe0-s(541) g

1/2
t—o0 t+atl/ UENS

At+bt!/? ox 02,
< lim sup/ ee wio)=s (5 )ds =W (0) a.s.
t—=oo  JXt+at!/2  oNr

Letting € — 0, we finally obtain

1 At+bt1/2 s . e W (9) .
§ s— (s)—0 O0Xu(s)—s( 5 +1 _ Weo —=
tll>I£lo /2 /)\t+at1/2 f ( 2 g ) € ( )ds V2m /[a b] e f{rz)drdz as. (37)

We now assume that f is a continuous compactly supported function on [a,b] x R. For all i < n, we set
fi(r, @) = Lirglati(b—a) fm.at(it1)(b—a)/m)} f (@ +i(b — a) /n, T).

Using the uniform integrability of f, for all n large enough, we have H f— Z?:l fi H < e. As a result, we

have
At+bt/?

1 s X Os s Xu s
hmsup t1/2 / Z f ( tl/)\2t7 151/)2 ) Zfl ( tl/ét7 t(1/2 )
A

tatt/? e

02
eexu(s)—s( 3 +1)d5 < eWy as.

Therefore, using (3.7), we obtain

lim sup
t—o0

1 At-+btt/? RN W (8 P
m//\ Z f (étl/ét’ e 1:(1/2 )e Xulor=o( H)ds - (©) / e 2 f(r,z)drdz
la,b] xR

t+atl/2 27

< 2eW a.s.
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Letting & — 0 therefore proves that (3.6) holds for compactly supported continuous functions.

Finally, to complete the proof, we consider a continuous bounded function f on [a,b] x R. Let R > 0,
given xr a continuous function on R such that 1y,j<ry < Xr(2) < 1fjz/<r+1}, the previous computation
shows that

1/2

1 ALt Xu(s)—0s _e( 82

. w(s)—0: At Xu(s)—0s\ 0X,(s)—s +1

th—g)lo t1/2 Z XR( t(l/)2 )f(stl/z ) t(l/)2 )6 (2 )dS
At+atl/2 weN,

22
= / e 2 f(r,z)xr(2)drdz a.s.
[a,b] xR

Additionally, setting K = || f||, for all ¢ large enough we have

1 et Xy (s)—0s st Xu(s)—0s) 6Xu(s)—s(E+1
m/}\ Z (1_XR< ut(l/)z ))f(ﬂ/);ta ut(l/)z )6 (2 )dS

t+att/? u€N;
1/2
KAt ) e
—_— — /2 Xu(s)—0s 0Xu(s)—s(H+1

= />\t+at1/2 zj; <1 Xn ()\ 2172 € (% )v
ueNs

which converges to %[R(l - XR()\I/QZ/?))e*édz as ¢ — oo. Thus, letting ¢ — oo then R — oo
completes the proof of this lemma. O

3.2 The derivative martingale

The number of of particles that travel at the critical speed v/2, cannot be counted using the additive martingale
(as it converges to 0 almost surely). In this situation, the appropriate process allowing this estimation is the
derivative martingale (Z;,t > 0). Its name comes from the fact that Z; can be represented as —% ‘ gz We(0),

more precisely
Zy= Y (V2t — Xy(u))eV2Xe(=2, (3.8)

ue./\/'f,
Despite being a non-integrable signed martingale, it was proved by Lalley and Sellke | ] that this mar-
tingale converges to an a.s. positive random variable
Zoo := lim Z; a.s. (3.9)
t—o00

In the same way that the limit of the additive martingale gives the growth rate of the number of particles
moving at speed 6, the derivative martingale gives the growth rate of particles that go at speed v/2. As a
result, it appears in the asymptotic behaviour of the maximal displacement, and results similar to (3.4) and

(3.5) can be found in | , | in the context of branching random walks.
We mention that the limit Z., of the derivative martingale is non-integrable, and that its precise tail has
been well-studied. In particular, Bereskycki, Berestycki and Schweinsberg | | proved that
2
P(Ze > )~ Y2 s oo (3.10)
x
Similar results were obtained for branching random walks by Buraczewski [ ] and Madaule | ].

They also obtained a more precise estimate on its asymptotic, that can be expressed in the two following
equivalent ways

E(Zoliz <az}) = V2logz +O(1) as z — oo, (3.11)
1—E(e =) =v2Xlog A+ O(\) as A — 0. (3.12)
Maillard and Pain | ] improved on these statements and gave necessary and sufficient conditions for the

asymptotic developments of these quantities up to a o(1). We refer to their article for a much more complete
review on this subject. We mention that the equivalence between (3.11) and (3.12) can be found in | )
Lemma 8.1], which obtain similar necessary and sufficient conditions for the asymptotic development of the
Laplace transform of the derivative martingale of the branching random walk under optimal integrability
conditions.

11



3.3 Maximal displacement of the branching Brownian motion

A large body of work has been dedicated to the study of the maximal displacement of the BBM, defined by
M; = maxy,en, Xi(u). We recall here some estimates related to its study. We begin by observing that the
BBM travels in a triangular-shaped array, and that for all y > 0

P(3t>0,ueN: Xi(u) > V3t +y) <e V2, (3.13)

which shows that with high probability, all particles at time ¢ are smaller than /2t + y in absolute value.
Recall that Lalley and Sellke [ ] proved that setting m; = /2t — % logt, the maximal displacement

of the BBM centered by m; converges in distribution to a shifted Gumbel distribution. More precisely, there

exists ¢, > 0 such that

lim P(My <mi+2)=E (exp (—C*Zooefﬁz)> . (3.14)

t—o0
An uniform upper bound is also known for the right tail of the maximal displacement. There exists C' > 0
such that for all £ > 0 and = € R, we have

P(M; > my +2) < C(1+z4)e” V2", (3.15)

This estimate can be obtained by first moment methods, we refer e.g. to | ] for a similar estimate in the
branching random walk, which immediately implies a similar bound for the BBM.

In the context of the anomalous spreading, seen from the heuristics in Section 2.1, it will also be necessary
to use tight estimates on the large deviations of the BBM. These large deviations were first studied by

Chauvin and Rouault | ]. Precise large deviations for the maximal displacement were recently obtained
in [ , , , ], proving that for all o > /2, there exists C(p) € (0, 1) such that
C i/
Py > 01 +1) ~ie D~ /2 V100 (3.16)

V2mto

uniformly in |y| < ry, for all function r, = o(t).
Additionally, from a simple first moment estimate, one can obtain an uniform upper bound for this large
deviations estimate on the maximal displacement.

Lemma 3.2. For all 0 > /2 and A > 0, there exists C > 0 such that for all y > —At'/?, we have

Ce—(Qz/Q—l)t y?

P(Mt > ot +y) < Te—gy— 2t .

This result is based on Markov inequality and classical Gaussian estimates, that appear later in our paper
in more complicate settings. We thus give a short proof of this statement.

Proof. Observe that for ¢ large enough, we have ot + y > §t for some positive constant §. Then, by Markov
inequality, we have

P(M; > ot +y) =P (Fue N, : X, (u) > ot +y) <E (Z n{Xt(u)ZgHy}) .
UENf,

Using that there are on average e’ particles alive at time ¢ and that the displacements of particles are Brownian
motions, that are independent of the total number of particles in the process, we have

E ( > ]I{Xt(u)>gt+y}> =¢'P(B; > ot +y).
ueN;

This fact is often called the many-to-one lemma, we develop in Section 4 a multitype versions of that result.
We now use the following well-known asymptotic estimate on the tail of the Gaussian random variable

that )
1 z°

P(By >x) < e” 2 forallz>0. (3.17)
V2mx
This yields
(ot+y)*
B ( > ﬂ{xt<u>>gt+y}> =P (B2 o2 4yt ) <O e
uwEN

2

< Ot /2100 /2) —ou— 7
completing the proof. O
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3.4 Decorations of the branching Brownian motion

We now turn to results related to the extremal process of the BBM. Before stating these, we introduce a
general tool that allows the joint consideration of the maximal displacement and the extremal process of a
particle system. Denote by 7 the set of continuous non-negative bounded functions, with support bounded
on the left. The following result can be found in | , Lemma 4.4].

Proposition 3.3. Let P,, P be point measures on the real line. We denote by max Py, (respectively maxP),
the position of the rightmost atom in this point measure. The following statements are equivalent

1. lim,, oo P, = P and lim,, o maxP,, = max P in law.
2. limy,—y00 (Pr, max P,,) = (P, max P) in law.
3. forall p € T, lim,_,oc E (e7(Pn#)) = E (e~ P¥)).

In other words, considering continuous bounded functions with support bounded on the left instead of
continuous compactly supported functions allow us to capture the joint convergence in law of the maximal
displacement and the extremal process. We refer to the set 7 as the set of test functions, against which we
test the convergence of our point measures of interest.

The convergence in distribution of the extremal process of a BBM has been obtained by Aidékon, Beresty-

cki, Brunet and Shi | ], and by Arguin, Bovier and Kiesler | ]. They proved that setting
& = Z 6Xt(u)fmt7
ueN

this extremal process converges in distribution towards a decorated Poisson point process with intensity
¢+ Zso\/2¢7V22dz. The law of the decoration is described in [ ] as the limiting distribution of the
maximal displacement seen from the rightmost particle, conditioned on being larger than /2t at time t.
More precisely, they proved that there exists a point measure D such that

Jim B <6Xp ( Z (X (u) — Mt))

M, > ﬂt) — E (exp (— (D, ¢))) (3.18)
ueN

for all function ¢ € 7. Note that D is supported on (—o0,0] and has an atom at 0.
The limiting extremal process £ can be constructed as follows. Let (§;);en be the atoms of a Poisson

point process with intensity \/ﬁe_ﬁzdz, and (Dj,j € N) i.i.d. point measures, then set

Eoo = Z Z 55j+d+%logzoo’

jeN deD;

where > dep, Tepresents a sum on the set of atoms of the point measure D;.

In view of Proposition 3.3 and (3.14), we can rewrite as follows the convergence in law of the extremal
process of the BBM, with simple Poisson computations.

Lemma 3.4. For all function ¢ € T, we have

lim E (e—<ft~’>) —E (exp (—c*Zoo /(1 - e—W](z))\/?e—ﬁZdz» :

t—o0

where we have set U[p] : z — —log E (e*@"P('*z»).

In the context of large deviations of BBM, a one-parameter family of point measures, similar to the one
defined in (3.18) can be introduced. These point measures have first been studied by Bovier and Hartung
[ ] when considering the extremal process of the time-inhomogeneous BBM. More precisely, they proved
that for all o > /2, there exists a point measure D¢ such that

Jim E <exp (— S e(Xi(u) - M») ’Mt > Qt> — E (exp (— (D% ). (3.19)
ueNy

In | ], an alternative construction of this one parameter family of point measures was introduced,
which allows its representation as a point measure conditioned on an event of positive probability instead
of a large deviation event of probability decaying exponentially fast in ¢. Let us begin by introducing a few

13



notation. Let (B, t > 0) be a standard Brownian motion, (i, %k > 1) the atoms of an independent Poisson

point process of intensity 2, and (Xt(k) (u),u € M(k),t > 0) i.i.d. BBMs, which are further independent of B
and 7. For o > /2, we set

Df =60+ Y Lin<ty D OB, -ore+Xn( and D¢= lim Df. (3.20)
k>1 ueka

In words, the process De consists in making one particle start from 0 and travel backwards in time according
to a Brownian motion with drift o. This particle gives birth to offspring at rate 2, each newborn child starting
an independent BBM from its current position, forward in time. The point measure D¢ then consists of the
position of all particles alive at time 0.

As a first step, we mention the following result, which can be thought of as a spinal decomposition
argument with respect to the rightmost particle. This result can be found in [ , Lemma 2.1].

Proposition 3.5. For allt > 0 set

& = Z Ox, (u)—M;
uEN

the extremal process seen from the rightmost position. For all measurable non-negative functions f, F, we
have

E (f(M; — ot)F(&})) = e0=¢/D'E (e_gBtf(Bt)F(ﬁtg)]l{55((0,00)):0})

It then follows fg)m (3.16) and the above proposition that the law D¢ can be represented by conditioning
the point measure D¢, as was obtained in | , Theorem 1.1].
Lemma 3.6. For all o > /2,

e the constant C(o) introduced in (3.16) is given by C(0) = P(D?((0,00)) = 0).

o the law of the point measure DO introduced in (3.19) can be constructed as

P(D?¢ € -) = P(D? € |D?((0,0)) = 0).

We end this section with an uniform estimate on the Laplace transform of the extremal process of the

BBM, that generalizes both (3.16) and (3.19).

Lemma 3.7. Let o > /2, we set

gtg(m> = Z 6Xt(u)—gt+m'
uENt

Let A > 0, for all p € T, we have
6(1792/2)t
V2t

uniformly in |z| < At'/2, ast — oo, where We[p] : z — —log E (e~ (P e(+2)),

B (1-c(#@0) = o) e / eme (1= eV ) dz(1 4+ 0(1)),

Proof. Let L > 0, recall from Lemma 3.2 that
P(M;>ot—2z+ L)< Ctil/zet(lff/z)egz_%:e*QL.
Thus, as ¢ is non-negative, we have
0<E (1 - e*<55<z>#’>) ~E ((1 - e*<55<m>*">) I{Mtggt_xﬂ}) < O V2 0=/ o oL (3.91)

We also recall that the support of ¢ is bounded on the left, i.e. is included on [R,00) for some R € R.

Observe then that e~ (£/(®)¥) = 1 on the event {M; < ot — z + R}.
We now use Proposition 3.5 to compute

E ((1 — e*<£f(z),w>) ]].{Mt_gt+xe[R,L]})

_ -2 (egBt (1 _ e—<5fwst+w>) L

{ac-i—Bt6[R,L],5§((0,oo))—0}> J
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where 7, (¢)(-) = ¢(z + -). Therefore, setting

Gt($7 Z) =E ((1 - 6_<,Dtg77'z§0>> 1{55((0700)):0}

Bt:z—x>,

we have
2 i SQ L —-1/2
2=\ onte " T B ((1 _ e (e (z)"p>) ]l{Mt—Qt-i-wE[R,L]}) = / et Gy (2, y)dy, (3.22)
R
with the o(t~/2) term being uniform in |z| < At'/2,
With the same computations as in the proof of [ , Lemma 3.4], we obtain

lim sup Gi(z,y) = lim inf Gi(z,y)=E ((1 - e_<DQ’TW>> ]1{5g((0 oo))-O})

E700 |z <ap/2 t—00 [z <At1/2

=C(0)E (1 — e*@”ﬁys&)) 7

using the construction of D? given in Lemma 3.6. Therefore, using (3.21) and applying the dominated
convergence theorem, equation (3.22) yields

1'2 o
limsup sup (&1 /orte 0"t E ((1 — e (w)’@)) —C(o) /

t—o00 \1-|§A,51/2 R

e~ YE (1 _ e—(DL’Jw)) dy’
< Ceok,

which, letting L — oo, completes the proof. O

Remark 3.8. Note that applying Lemma 3.7 to function ¢(z) = 1{.>0} yields (3.16), and up simple compu-
tations, this lemma can also be used to obtain (3.19).

4 Multitype many-to-one lemmas

The many-to-one lemma is an ubiquitous process in the study of branching Brownian motions. This result
links additive moments of the BBM with Brownian motion estimates. We first recall the classical version of
this lemma, before giving a multitype version that applies to our process.

Let (X, (t),u € M;) be a standard BBM with branching rate 1. The classical many-to-one lemma can be
tracked back at least to the work of Kahane and Peyriére | , | on multiplicative cascades. It can
be expressed as follows: for all ¢ > 0 and measurable non-negative functions f, we have

B ( D f(Xu(s),s < t)) = 'E(f(Bs,s <)), (4.1)

uENt

with B a standard Brownian motion.

Recall that A} (respectively N?) is the set of particles of type 1 (resp. type 2) alive at time ¢. Note that
the process (X, (t),u € N}')i>0 is a BBM with branching rate 8 and diffusion 0. Thus in view of (3.1), (4.1)
implies that for all measurable non-negative function f

E Z f(Xu(s),s <t) | = 'B(f(6Bs,s <t)).
ueN}

Similarly, writing P the law of the process starting from a single particle of type 2. As this particle
behaves as in a standard BBM and only gives birth of particles of type 2, this process again is a BBM,
therefore

E® | Y f(Xu(s),s <t) | =" B(f(Bs,s <)),

ueN?

writing E(?) for the expectation associated to P(?).
The main aim of this section is to prove the following result, which allows to represent an additive
functional of particles of type 2 appearing in the multitype BBM by a variable speed Brownian motion.
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Proposition 4.1. For all measurable non-negative function f, we have

E| ) f(Xu(s),s<t),T(w) ] = a/ot =K (f((6Buns + (By — Bups),u < t),s))ds,
ueN?

where we recall that T(u) is the birth time of the first ancestor of type 2 of u.

To prove this result, we begin by investigating the set B of particles of type 2 that are born from a particle
of type 1, that can be defined as

B—{UEUt>0N2( —b}
We observe that B can be thought of as a Poisson point process with random intensity.

Lemma 4.2. Conditionally on F' = o(X,(t),u € N}, t > 0), the point measure Zé(xu(s),ng(u)) is a
ueB
Poisson point process with intensity adt ® Z O( X (5),5<t) -
ueN}

Proof. This is a straightforward consequence of the definition of the two-type BBM and the superposition
principle for Poisson process. Over its lifetime, a particle of type 1 gives birth to particles of type 2 according
to a Poisson process with intensity «, and the trajectory leading to the newborn particle at time ¢ is exactly
the same as the trajectory of its parent particle up to time t. O

A direct consequence of the above lemma is the following applications of Poisson summation formula.
Corollary 4.3. For all measurable non-negative function f, we have

(Zf .5 < T(u >>> - Q/OOO "B(f(Ba,s < t))dt, (4.2)

ueB
(exp ( Z f(Xu(s),s <T(u )))) = exp —a/ Z 1 — e fXulo)sst) gy (4.3)
ueB ueN}

Proof. Denote by F!' = o(X,(s),u € N}, s > 0) the filtration generated by all particles of type 1. We can

compute
(Z F(Xu(s),s < T(u)

ueB

using Lemma 4.2. Then using Fubini’s theorem and (4.1), we conclude that

(Z F(Xu(s),s < T(u >>> B a/ooo E(f(Bsys < t))dt.

ueB

Similarly, using the exponential Poisson formula, we have

<eXp< > f(Xuls),s < T(u ))) |]"1> = exp fa/ S 1 I uesg |

ueB uEN}

thus integrating this formula completes the proof of this corollary. O
We now turn to the proof of the multitype many-to-one lemma.

Proof of Proposition J.1. Let f,g be two measurable bounded functions. For any u,u’ particles in the BBM,
we write v’ %= u to denote that v’ is a descendant of u. We compute

E( ) f(Xu(s)s < T(w)g(Xu(s),s € [T(u),1])

ueN?

=E | > Lrwen /(Xuls),s <T(w) Y 9(Xu(s),s € [T(u), 1))

ueB u’,G./\/’t
=E (Z Liry<ey f(Xu(s), s < T(U))w(T(ULXu(T(U)))) :
u€B
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using the branching property for the BBM: every particle u € B starts an independent BBM from time T'(u)
and position X, (T (u)). Here, we have set for z € R and s > 0

o(s,z) = E® Z g(z+ X, (r—s),r €[st])
uEN; s

A (g (Z‘ + B,_;, T € [S’t])) ’

by the standard many-to-one lemma. Additionally, by Corollary 4.3, we have

E( ) f(Xu(s)s < T(w)g(Xu(s),s € [T(u),1])

ueN?

=a /00 PE(f(0B,,r < s)p(s,0By))ds
0

. /oo 6ﬁs+tfsE(f(O.er < s)g (O’Bs + (BT — Bs)ﬂ" e [s,t])) ds.
0

Using the monotone class theorem, the proof of Proposition 4.1 is now complete. O

5 Proof of Theorem 1.2

We assume in this section that (3,02) € Cyy, i.e. that either 02 > 1 and 6> < L or 62 <1 and 0? < 2 — 3.
In that case, we show that the extremal process is dominated by the behaviour of particles of type 2 that are
born at the beginning of the process. The main steps of the proof of Theorem 1.2 are the following:

1. We show that for all A > 0, there exists R > 0 such that with high probability, every particle u of
type 2 to the right of m,gH) — A satisfy T'(u) < R.

2. We use the convergence in distribution of the extremal process of a single-type branching Brownian
motion to demonstrate that the extremal process generated by the individuals born of type 2 before
time R converges as t — 0.

3. We prove that letting R — oo, the above extremal process converges, and the limiting point measure
is the point measure of the full two-type branching Brownian motion.

In this section, we write v = /2802 and 0 = /25/02, which are respectively the speed and critical
parameter of the branching Brownian motion of particles of type 1. Recall that mgn) =2t — 2%/5 logt, we
begin by proving that with high probability, no particle of type 2 that was born from a particle of type 1

after time R has a descendant close to mEH).

Lemma 5.1. Assuming that (3,02) € Cyy, for all A >0, we have

lim limsupP(Ju € N2 : T(u) > R, X, (t) > m{") — A) = 0.

R—oo {00

Proof. Let K > 0, we first recall that by (3.1) and (3.13), we have
P(3t>0,ueN: X,(t) >vt+K) <e K,

i.e. that with high probability, all particles of type 1 stay below the curve s — vs + K.
We now set, for R, A, K > 0 and t > 0:

V(A R K) =) >R xr o @<or@ ek} ampem@ )
ueB

where M} is the position of the rightmost descendant at time ¢ of the individual w. In other words, Y;(4, R, K)

is the number of particles of type 2 born from a particle of type 1 after time R, that were born below the

curve s — vs + K and have a member of their family to the right of mgn) — A. Observe that by Markov

inequality, we have

P(Fuec N7 : T(u) > R, X, (t) > m§“) —A) <P (3 >0ueN : Xu(t) >vs+ K) +P(Yi(A, R K) > 1)
<e "M+ E(Yi(A, R, K)).
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To complete the proof, it is therefore enough to bound limsup,_,  E(Y;(4, R, K)). Using the branching
property and Corollary 4.3, we have

(Y;&(A R K) (Z IL{T('u,)E Rt} {XT('U.) u)<vT(u)+K}F( (u)vXT(u)(u))>

u€B
t
:Oé/ BBSE (F(t—&UBS) ]l{UBsgvs+K}) dS, (51)
R
where we have set F(r,z) = P (x + M, >mi - A).
By (3.15), there exists C' > 0 such that for all z € R and ¢ > 0, we have
PO (M > m{!" +2) < C(1+ay)e V>,

so that for all s <'t,

F(t—s,2) = P (M > m{!) + V25 + ;2 log 525 — 4 — o)
3
t+1 2 —V2(V2s—2—A)
< P EE— 1 2 - . 2
_C<t—s+1) (+\[s+x)e (5.2)

We bound E(Y;(A, R, K)) in two different ways, depending on the sign of o2 — 1.
First, if 02 < 1, we observe that the condition X, (s) < vs+ K does not play a major role in the asymptotic
behaviour of E(Y;(A, R, K)). As a result, (5.1) and (5.2) yield

t 3/2
B(Y(ARK)<cet [ (LT ) st-og ((1+V2s+0(B,)-) V275 ) as,
R t—s + 1

and as E ((1 + \/58 + O'(Bs)_) e\/EUBS) S C(l 4 8)60257 we have

3
2

E(Y;(A, R,K)) < Ce /<7j_si1) (s+1)exp (s (B+0>—2))ds.

Hence, as (3,02) € Crr and 02 < 1, we have 3+ 02 — 2 < 0. Therefore, by dominated convergence theorem,
limsup E(Y;(A, R, K)) < CeA/ (s+1)exp (s (ﬁ +02— 2)) ds,
t—o0 R

which goes to 0 as R — oo, completing the proof in that case.

We now assume that o > 1. In that case, the condition X, (s) < \/2802%s + K is needed to keep our
upper bound small enough, as events of the form {X,(s) > vs} have small probability but Y;(A, R, K) is
large on that event. Using the Girsanov transform, (5.1) yields

E(Yi(A, R, K))

t
ga/ E (7P F(t — 5,0B, + vs)l{,p,<k}) ds
R

t 3
Vaa [T —vaa-ws (_tEL N2 VZ-0)0 B,
SCO{B L e ( ) (t—s—|—1> E (6( ) (1 + (U + \/5)5 =+ (Bg)_) ]]‘{BaSK}> dS,

using (5.2). As (3,0?) € C;r and 0 > 1, we have fo? < 1. This yields in particular 8 < 2 hence v/2—6 > 0.
Integrating with respect to the Brownian density, there exists C' > 0 such that

B (2075 (14 V3(/Bo? + )5 + (B)-) Lincxy) < C(1+ )l V207K,

yielding

! 41 \?
E(Y;(A, R, K)) < CaeV?4+(V2-0)0K / o—2(1—y/Be?)s (t++1> (14 )tds.
R — S

Then by dominated convergence, as 1 — /802 > 0, we deduce that

t—o0

limsup E(Y;(A, R, K)) < C’aeﬁAJr(‘/i*G)”K/ e 2=VB)s (1 4 s)%ds7
R

which decreases to 0 as R — oo, completing the proof. O
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We now use the known asymptotic behaviour of the extremal process of the branching Brownian motion,
recalled in Section 3 to compute the asymptotic behaviour of the extremal process of particles satisfying
T(u) < R, defined as

R ._
gft=>" Lirw)<ryOx, (1) —mD-
uGNtZ

For any u € B, and ¢t > 0, we set
2= Y (Vo Xy(u))e VA=V,

u/eNf
u'=u

where we recall that u’ 3= u denotes that u' is a descendant of u. Note that by (3.9) and the branching
property, Zt(") converges a.s. to the variable Zc(fo‘) = litm inf Zt(u). Moreover, e‘ﬂ(X“(T(“))_ﬂT(“))Zég) (i)Zoo,

—00
where Z, is the limit of the derivative martingale of a standard branching Brownian motion.

Lemma 5.2. For all p € T, we have flim <€tR, <p> = <5£, g0> in law, where EE is a decorated Poisson point
L— 00

process with intensity C*ZR\@e’ﬁzdm and decoration law ®, with Zg := Z H{T(U)SR}Z&L).
ueB

Proof. Let ¢ € T be a test function. Observe that using the branching property of the branching Brownian
motion, we have

E (exp (—(&1 9))) =E [ FE@w, Xrww) ],
uweB:T(u)<R

where Fy(s,z) = E®) (exp <— Y uen, P+ X (u) — m,ﬁ”h)) for 0 < s <t and z € R. Using again that

mEII) _ mgl_ls) + /254 0(1) as t — 0o, we have by Lemma 3.4

Jim Fi(s, z) = E® (exp (—c*Zooe\/%_% /(1 - e_q’[sp](z))\/ie_ﬁzdz)) )
—»00

where Z, is the limit of the derivative martingale in a standard branching Brownian motion. Therefore, by
dominated convergence theorem,

Jim B (exp (—(&F, o)) =B <exp <C*ZR /(1 - eww](z))ﬁeﬁzdz» :

with Zg = Y ucB H{T(U)SR}Z&‘), completing the proof. O
We then observe that ££ converges in law as R — oo to £ (1) the point measure defined in Theorem 1.2.
Lemma 5.3. For all p € T, we have limg_, <5£, <p> = <5(”), <p> in law, where Z o = Y ueB Zé@‘).

Proof. Recall that Z,, > 0 a.s. therefore (Zg, R > 0) is increasing and Z,, = limg_,o, Z exists a.s. Given
that for all function ¢ € T,

E (e*<5“~’>) =E (exp <—c*ZR/(1 - e—WW))\/ie—ﬁZdz)) ,

to prove that £Z converges in law, it is enough to show that Z,, < co a.s.
To show that result, we use a variation on Kolmogorov’s three series theorem: If we have

(u) 1

Z ]]-{XT(u)(u)SUT(u)}P (Zoo > 1’.7: v O’(B)) < oo as. (5.3)
u€eB

and Z ]]-{XT(U)(u)SvT(u)}E (Zég) A 1‘]-"1 vV U(B)) < oo as., (5.4)
u€B

then Z,, < oo a.s, where we recall that F* = o(X,(t),u € N;,t > 0).
Indeed, first note that there are finitely many u € B such that X, (T(u)) > v/2T(u). Additionally, using
(5.3), by the Borel-Catelli lemma we have that almost surely there are finitely many u € B whose contribution
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to Z is larger than 1. Finally, by (5.4), we have that the sum of the contributions of all other variables has
finite mean. As a result, these two equations prove that Z., < oo.
To prove (5.3) and (5.4), we use that for all z € R, we have

P(Zxe® <1)<Ce® and E((Zoe®)Al)<C(l14x_)e",

by (3.11). Hence, using that Zég)@eﬁ(xT('w(“)_ﬁT(“))Zoo it is enough to show that

V2X 1wy (w)—2T(u .
2;3]1{XT<u>(U)SvT(u)} (1 + (\@Xﬂu)(U) —QT(U)) )6 e =2 < 0o as. (5.5)
ue

This quantity being a series of positive random variables, we prove that this series has finite mean to conclude.
By Corollary 4.3, we have

VX (0)—2T
E (2;8 H{XT(u)(U)SUT(u)} (1 + (ﬂXT(u) (u) - 2T(”))_> VX ) () =2 (u))
ue

= O‘/ ¢*E (1{035@5} (1 + (\/ﬁaBs - 25) > e‘/§63525> ds.
0 _

Similarly to the proof of Lemma 5.1, we bound the above quantity in two different ways depending on whether
o2>1loro?<1.
If 02 < 1, we have

R ((1 + (VaoB, - 28)) eﬁfst—%) < (1 + s)exp (s (6 + 8- 2)),

which decays exponentially fast as (8,02) € C;r and o < 1. Therefore, we have

V2X 1wy (w)=2T (u
E (Z L Xy () <07 (00} <1+ (ﬁXT(u)(u) —2T(u)) )e 7w (W) =27 ( )) < 00,
ueB

proving (5.5), hence (5.3) and (5.4), therefore that Z., < co a.s. in that case.
If 02 > 1, we have

”*E (ﬂ{aBs<v8} (1 + (\/iaBs —~ 23)_) eﬂﬁBs—28>
=E (]l{BSSO} (1 + (\@UBS —2(1— \/@)s)> e\/§033> 2(Ve?B-1)s
<c(+s)exp (s (Vo2B-1)).

As (B,0%) € Cr; and 02 < 1 we have once again

E (% L Xy () <o ()} (1 + (ﬁXT(u) (u) = QT(U))

> e\@XT(u,)(U)QT(u)> < 00,

which proves that Z,, < oo a.s. in that case as well. O
Using the above results, we finally obtain the asymptotic behaviour of the extremal process in case Cyj.

Proof of Theorem 1.2. Using Proposition 3.3, we only need to prove that for all ¢ € T, we have
lim E (e_<5t790)) ) (€7<5(”)v9">) .

t—o0

Let ¢ € T, and set A € R such that ¢(z) = 0 for all z < A. By Lemma 5.1, for all € > 0, there exists
R > 0 such that P (ff(p) # &(p)) < €. Then, using that ¢ is non-negative, so that (£ff,¢) < (&, ¢) and

e~ (€:%) is bounded by 1, we have E (e_<gtR"'°>> <E (e_<£"“‘°>> <E (e_<gﬁ’“’>> + &. Applying Lemma 5.2

and Lemma 5.3 to let ¢, then R, grow to oo, we obtain

E (e_<g(”)’“°>) < liminf E (ei<£"“">) <limsup E <67<£t’“">) <E (e_<5(”)’9">> +e.

t—o00 t— 00

Letting € — 0 we obtain that lim; . E (e7¢¢©%)) = E (e_<€(m’“’>) for all ¢ € T, which completes the proof
of Theorem 1.2 by Remark 1.5. O
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We end this section by conjecturing a possible direct formula for the computation of Z., as the limit of
a sub-martingale of the multitype BBM.

Conjecture 5.4. We have lim o0 3, c 2 (V2t — X, (t))eVZXuD=2t = 7 g5,

6 Proof of Theorem 1.1

In this section, we assume that (3,02) € Cr, that is either 02 > 1 and 02 > %, or 02 <1ando?< 25*671. In
that situation, we show that the extremal process of particles of type 2 is mainly driven by the asymptotic of
particles of type 1, and that any particle of type 2 significantly contributing to the extremal process at time
t satisfies t — T'(u) = O(1), meaning that they have a close ancestor of type 1.

To prove Theorem 1.1, we first show that for all ¢ € T, (£, ) converges, as t — oo to a proper random
variable. By | , Lemma 5.1], this is enough to conclude that & converges vaguely in law to a limiting
point measure £. We then use that with high probability, no particle of type 2 born before time R contributes,
to the extremal process of the multitype BBM. Then, by the branching property, it shows that £ satisfies a
stability under superposition probability which, by | , Corollary 3.2], can be identified as a decorated

Poisson point process with intensity proportional to Z((,é)e*”dx.
For the rest of the section, we denote by v = /2802 and 6 = /23/0? the speed and critical parameter

of the BBM of particles of type 1. Recall that mgl) = vt — % logt. To prove the results of this section, we
use an extension on (3.13) that can be written as follows. For all t > 0, we write a; = = log(t + 1). There
exists C' > 0 such that for all £ > 0 and K > 0, we have

P(3s<tiueN!: X (u) >vs—ap+ar—s + K) < C(K + 1)e K. (6.1)
This result was proved in [ ] in the context of branching random walks, and has been adapted to
Brownian settings in | , Lemma 3.1].

We first show the tightness of the law of the number of particles of type 2 born to the right of mEI) —A.

Lemma 6.1. We assume that (8,02%) € C;. For all A, K > 0, there exists Ca x >0 and § > 0 such that for
all R > 0, we have

limsup E Z ]l{X (t)>m(1)_A}]l{T(u)thR}]l{Xu(s)gvsfatJrat,erK,ng(u)} < Ca ek
t—o00 weN? wAT =10

Proof. Let A, K, R > 0, we set
Yi(A, K, R) = Z H{Xu(t)zmif)_A}]l{T(u)thR}]l{Xu(s)gvsfatJrat,stK,sST(u)}~
uEJ\/t2

We use Proposition 4.1 to compute the mean of Y;(A, K, R) as

t—R
E (Y,(A, K, R)) g/ efstt=sp (O—Bs + B~ By >mD — A 0B, <vr—ay+ar, + K,r < s) ds
0

t—R
S/ E (eiangF(t -5, UBS - at)]]-{UB,,,gat,,,.farkK,rSs}) dSv
0

using the Markov property at time s and the Girsanov transform, where F(r,z) = e"P(B, > vr — x). By
)\2
1—)\1}-‘,-7

the exponential Markov inequality, for all A > 0, we have F(r,z) < e”er( ) This implies

t—R 22 3\
E(Y,(A,K,R)) < / e3¢ 4 1) E (em—")Bs11{(,BT§at_r_at+K7r§S}) ds. (6.2)
0

We now bound this quantity in two different ways depending on the sign of o2 — 1.
First, if 02 > 1, then v > 6, in which case using (6.2) with A\ = v, we obtain

t—-R 30
E(Y:(A, K, R)) < / e(tis)(livzm) (t+1)20E (ea(vie)Bs I]'{UBTSQt,fr_atJFKJ'SS}) ds.
0

We now use that for all A > 0, there exists C' > 0 such that for all 0 < s < t, we have

A

% 3
E (e’ % 1iop,<a, —artkr<sy) < CM (7t;jfl) Y s+1)7E (6.3)
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This bound can be obtained by classical Gaussian estimates, rewriting

Ao Bg
E (e*% 108, <a, ,—aitK.r<s})

3\
< CerE (%) * Ze‘AkP(UBS —ast+ar+Ke[-k—1,-kl,0B, <arr —ar + K,r <),
k>0

3
and showing that the associated probability can be bounded uniformly in k,¢ and s < ¢t by Ck(s+1)" 2, with
computations similar to the ones used in | , Lemma 3.8] for random walks. Therefore, (6.3) implies
that

§t 1 3v
2(t — 20
(t=s+1) ds.

t—R
1
E(Y}(A,K, R)) S CA,K/ e(t—s)(1—1;2/2) (t + ) y
0 (s+1)2

As (B,02) € Cr, we have v = \/2(02 > /2,50 1 — % < 0. As a result

t 3 3v
2 2(t — 20 50+3v
/2 Q(t—8)(1—v2/2) (t+1)2(t 53+ 1) ds < Ce=v* /24 1 1) %5
0 (s+1)2

9

which converges to 0 as t — oo, and
t=R 2 (t—‘rl)%(t—s—l—l)% o 2 3v 2
/5 e(t—s)(l—v /2) ds < C/ e(l—v /2)s(s+ 1)%(318 < Ce(l—v /2)R/2.
5 R

3
; (s +1)7

This completes the proof of the lemma in the case o2 > 1.
We now assume that o2 < 1. We have that

1—9u+ﬁ=1—26+ﬁ=5(i—2)+1
2 o2 2 ’

o

Therefore, as long as 0% > %, which is the case as 0 < 1 and (B,02) € C;, we have 1 — fv + % < 0.

Therefore, for all 4 > 0 small enough such that
1= (0+8)v+ L < g,
using (6.2) with A = 0 + 4, we have

t—R R 3(6+9)
E(Y;(4,K,R)) < / =)A=+ O+ (4 4 1)790 E (e lpp car ,—arrir<sy) ds.
0

So with the same computations as above, we obtain once again that

limsup E(Y; (4, K, R)) < C4 xe °F,

t—o0

which completes the proof. O

Using the above computation, we immediately obtain that with high probability, only particles of type 2
having an ancestor of type 1 at time ¢t — O(1) will contribute substantially to the extremal process at time ¢.

Lemma 6.2. Assuming that (3,02) € Cr, for all A >0, we have

lim limsupP(Ju € N2 : T(u) <t — R, X, (t) > mi" — A) = 0.

R—oo t—o00
Proof. We observe that for all K > 0, we have
PEuec N2 :T(u) <t—R,X,(t) > mgl) —A)<PEs<t,u e N Xu(s) >vs+ar —ar_s)
+PEueN? :T(u) <t—R X, (t) >mi") — A Xu(s) <vs—ay +ar_s, s < T(u)).
Then, using (6.1), the Markov inequality and Lemma 6.1, we obtain

limsup P(Fu € NP : T(u) <t — R, X, (t) > mi" — A) < O(K + 1)e % + Cy ge F.

t—o0

Letting R — oo then K — oo completes the proof. O
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For all R > 0, we set

R ._
&= Z l{T(“)Zt*R}éXu(t)—mEI)'
ueN?

We now show that £F converges in law as t — co.

Lemma 6.3. Assume that (3,0%) € C;, there exists cgp > 0 and a point measure distribution D® such that
for all ¢ € T, we have

. R .
tliglo (&f, ) = <Eoo,<p> in law,
where EE is a DPPP(crZoe %% dx,DF).

Proof. We can rewrite

t - Z Z 6 /()= Xu (t—R)+ X, (t—R)— Z TXu(t—R)— §1)81(~2U)’

ueN! L u'eN; weN}E

u'=u

where 7, is the operator of translation by z of point measures, and £} is the point process of descendants of
individual © € N;_g at time t, centred around the position of u at time ¢t — R. Note that conditionally on
FL on, (% u € Ny_g) are i.i.d. point measures with same law as € := Z OXu(R)-
ueNE
Let o € T, we set L € R such that ¢(z) = 0 for all 2 < L. By the branching property, we have

E (e—<5f>¢>) —E EH F(R, X, (t—R)—my) | =E

)

( _ZuENl _IOgFR(Xu(t_R)_mt))
e t—R

where Fr(z) =E (exp (— ZueNi oz + Xu(R))>) Observe that by Jensen transform, we have

R
—log Fr(z) <E | Y ¢z +Xu(R) | < / P E=IE(p(x 4 0B, + B; — By))ds
uENE 0

(B+DR —a

Therefore, by (3.17), we have —log Fr(x) < Crel®t9% A1 for all z € R.

By Lemma 3.4, recall that ) Oy (t—R)—m(1) COnverges vaguely in law to a DPPP £! with intensity
t—R ull—=1)=1m,

c,0Z..e 0GR 45 and decoration law D2 the law of the decoration point measure of the BBM with
branching rate 8 and variance o2. Additionally, it was proved by Madaule [ | in the context of branching
random walks, and extended in [ ] to BBM settings, that (£',epis5) < 0o a.s. for all § > 0, where

egrs(x) = (”5 . As a result, using the monotone convergence theorem, we obtain

lim E( (& ’w>) =E (67<£17710gFR>) .

t—o0

This proves that 7 converges in law, as t — oo, to a point process that can be obtained from & ! by replacing
each atom of £' by an independent copy of the point measure €. O

We now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let ¢ € T, we observe that
0B (e ) B () <P e N T() <t - R X0 2 i - 4)

which goes to 0 as ¢t then R — oo, by Lemma 6.2. Additionally, by Lemma 6.3, we have

lim E( (& ’“0>) =E (e_<g£>’“’>> .

t—o0

Moreover, using that R — E (67<5tR"/’>) is decreasing, we deduce that

lim E (e*<5t’“">) = lim E (67<S°Iz"’9>) . (6.4)

t—o0 R—o0
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Additionally, as R+ Eﬁ is increasing in the space of point measures, we observe that we can construct the
family of point measures (££, R > 0) on the same probability space in such a way that almost surely, <5£, g0>
is increasing for all . We denote by () its limit.

By | , Lemma 5.1], to prove that & admits a limit in distribution for the topology of vague con-
vergence, it is enough to show that for all non-negative continuous functions with compact support, (&, )
admits a limit in law which is a proper random variable. By (6.4), and using the monotonicity of £%, we
immediately obtain that lim; o (&, ) = p(p) in law. Therefore, to prove that & converges vaguely in
distribution, it is enough to show that for all ¢ € T, u(p) < oo a.s. which is a consequence of the tightness
of (&, ¢).

Let ¢ € T, we write L € R such that ¢(z) =0 for all z < L. For all A > 0 and K > 0, we have

P&, p) > A) <P(Es<t,JueN;: Xu(s) >vs—ar+a_s + K)

1
+ ZE <<5t7 g0>]1{maxu€N§ Xu(s)gvs—at+at_s+K,s§t}) .

The first quantity goes to 0 as K — oo by (6.1). Therefore, for all ¢ > 0, we can fix K large enough so that
it remains smaller than /2. By Lemma 6.1 by a constant depending on L and K. Hence, we can choose A
large enough such that for all t > 0, P({&, ¢) > A) < ¢, proving the tightness of (&, ¢).

We then conclude that & converges vaguely in law as ¢t — oo to a limiting point measure that we write €.
This point measure also is the limit as R — oo of ER, by (6.4). This allows us to show that (&, ) — <g, np>
in law for all ¢ € T, so we conclude by Proposition 3.3 that the position of the rightmost atom in & also
converges to the position of the rightmost atom in .

To complete the proof of Theorem 1.1, we have to describe the law of £. For all s > 0, using the branching
property, we have

& = Z TXu(s)fvs+at_Sfatgt(E)s
ueN}

where conditionally on Fj, (Et(fl, u € N,) is a family of independent point measures with same law as &_,
under law PM) or P®) depending on the type of u. As no particle of type 2 born at an early time will have
a descendant contributing in the extremal process by Lemma 6.2, we obtain that, letting ¢ — oo,

—(d) —(u
&= Z TXu(s)fusg( )7
ueN}

where E(u) are i.i.d. copies of £, that are further independent of F. This superposition property characterizes
the law of £ as a decorated Poisson point process with intensity proportional to e~%*dx, shifted by the
logarithm of the derivative martingale of the branching Brownian motion by [ , Corollary 3.2], with
similar computations as in | , Section 2.2]. O

7 Asymptotic behaviour in the anomalous spreading case

We assume in this section that (02, 3) € Cjyy, i.e. that B+ 02 > 2 and 02 < 256_1. In particular, it implies
that 8 > 1 and 02 < 1. Under these conditions, we set
5—1

- 42 — —
0 := 21_02, a:=0“0, b:=60 and p:=

o+ B2
28-1(1-0?)

which are the values of a, b and p solutions of (2.1), described in terms of the parameter 6 which plays the
role of a Lagrange multiplier in the optimization problem. Note that a < /2302, b > /2 and p € (0,1).
Recall that in this situation, the maximal displacement is expected to satisfy

8o

(I11)
my; ’ =wvt, where v=ap+b(l—p)= .
' 2(8=1)(1 - 0?)

As mentioned in Section 2.1, under the above assumption, we are in the anomalous behaviour regime. In
this regime, we have v > max(y/2, v/2802), in other words, this furthest particle travelled at a larger speed
than the ones observed in the BBM of particles of type 1, or in a BBM of particles of type 2. Moreover, given
the heuristic explanation for (2.1), we expect the furthest particle u of type 2 at time ¢ to satisfy T'(u) =~ pt
and X, (T(u)) ~ apt.
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The idea of the proof of Theorem 1.3 is to show that this heuristic holds, and that all particles participating
to the extremal process of the multitype BBM are of type 2, and satisfy T'(u) ~ pt and Xp(,(u) =~ apt. We
then use the asymptotic behaviour of the growth rate of the number of particles of type 1 growing at speed
a to complete the proof. We begin by proving that with high probability, there is no particle of type 2 far

above level m,EHI) at time ¢.

Lemma 7.1. Assuming that (02, 8) € Crrr, we have lim limsup P (Hu e N X, (t) > mﬁ”’) + A) =0

A—00 {00

Proof. The proof of this result is based on a first moment method. For A > 0, we compute, using the
many-to-one lemma the mean of X;(A4) = Eue/\/f ll{X (Ozm{ DA} Using (3.17), there exists C' > 0 such

that for all £ > 1, we have

E(X,(A)) = / Pstt—sp (JB + (B; — By) zm§””+A) ds
0

v 2 t v 2
/ per(t—s)CVO2s +1—s __Luem? / ot (ts) — )
0 0

it 4) e 2eTsti-mds < Ot 1/2 e 2oTatt o,
v

Therefore, setting ¢ : u — fu+1—u — by change of variable we have, for all ¢ large enough

2
v
2(c2u+1—u)’

1
E(X:(A)) < Ctl/z/ exp (tp(u)) e A du,
0

We observe that

2 2

v
and ¢ (u) = —2(1 - UZ)QW,

v

@' (u) Zﬂ—l—(l—UQ)m

hence ¢ is concave, and maximal at point © = p, with a maximum equal to 0. By Taylor expansion, there
exists 6 > 0 such that ¢(u) < —8(u — p)? for all u € [0, 1]. Therefore, we have

1
E(X:(A)) < Ce_A“tl/z/ e 0Pt gy < CemAY /0.
0

As a result, applying the Markov inequality, we have
P (JueN?: Xu() = mi"") 4 4) = P(X,(4) 2 1) < B(X,(4)),
thus there exists C' > 0 such that
lim sup P (au eNZ: X, (1) > miTTD 4+ A) < Ce A,

t—o0

which converges to 0 as A — co. O

Next, we show that every particle of type 2 that contribute to the extremal process of the BBM branched
from a particle of type 1 at a time and position close to (pt,apt).

Lemma 7.2. Assuming that (02,8) € Crrz, for all A > 0, we have

Rlim limsupP(Ju € N7 : X, (t) > m§”’) — A,|T(u) — pt| > Rt'/?) =0, (7.1)
0 t—o0
and hm limsupP(Ju € N7 : X, (t) > m(lH — A, | X (u) — apt| > RtY/?) = 0. (7.2)

R—oo t—o00

Proof. Let A > 0 and £ > 0. By Lemma 7.1, there exists K > 0 such that with probability (1 — &) no particle

is above level mEHI) + K at time ¢ for all ¢ large enough. For R > 0, we now compute the mean of

(1)
Y (A K, R Z {X t)— (I”)e[ AK]} {|T(u) pt|>Rt1/2}
ueN?

By Proposition 4.1, setting I;(R) = [0,t]\[~Rt'/?, Rt'/?] we have

E (Yt(l)(A,K, R)) - / Pstt=s)p (UBS + (B — B)) —m{") e [- A, K]) ds
I:(R)

p—Rt 1
< Cevil/? / et‘p(“)du—F/ ey | |
0 p+Rt—1/2

—1/2
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using the same notation and computation techniques as in the proof of Lemma 7.1. Thus, using again that
there exists 6 > 0 such that ¢(u) < —(u — p)? for some § > 0, by change of variable z = t*/2(u — p) we
obtain that
E (v, (4, K R)) < Ce™ / e 07 dz.
R\[-R,R]

Therefore, by Markov inequality, we obtain that

limsupP(Ju € N7 : X, (t) > mEIH) — A, |T(u) — pt| > RtY/?)

t—o0

t—o00

<limsup P(Ju € N2 : X, (t) > mﬁIH) + K) + Cetv / e 07 qz.
R\[-R,R]

As a result, with the choice previously made for the constant K, we obtain that

lim sup limsup P(Ju € N2 : X, (t) > m{"™ — A, |T(u) — pt| > Rt'/?) <e.
R—o0 t—o00

By letting € — 0, we complete the proof of (7.1).
We now turn to the proof of (7.2). By (7.1), we can assume, up to enlarging the value of K that

limsupP(Fu € N7 : X, (t) > mi”l) — A, |T(u) — pt| > Kt'/?) < e.

t—o0

We now compute the mean of

@) _
YA K R) =) L@ -miera )} Hime —pi<xo 2} X, @ w) —aptzret 2}
ueN?

Using again Proposition 4.1, we have

pt+Kt'/?

E (Yt(z)(A,K, R)) :/

Psti—sp (aBs + (B — By) —m{""D € [~ A, K], |0 B, — apt| > Rt1/2>
pt—Kt1/2

PR )
_ 2(B8—1)(s—pt 0(cBs+Bi—Bs
B / _Kt1/2 ¢ Ele . 0Bs+(Bit—Bs)+(b—a)(pt—s)€[-A,K] ’
pt—Kt
|o Bs—a(pt—s)|>Rt'/?
by Girsanov transform, using that s +t — s — %(025 +t—s5) = 2(8 - 1)(pt — s) and straightforward
computations. Next, using that 6(b — a)(pt — s) = —2(8 — 1)(s — pt), for R large enough, we obtain

E (Y}”(A, K, R))

<2KtY2K sup P <UBpt+r + By — Bpiyr + (b—a)r € [-A, K], |0Bpi4r — ar| > Rtl/Q) .
| <Kt/

Then, by classical Gaussian computations, 0 Byt — (0 Bpiyr + By — Bpitr) UQ(pH"Tz’j:;ELp)fr

dent of 0 Bpi1, + By — Bpiyr. We deduce that for R large enough, we have for all ¢ large enough

is indepen-

| \5111(121/2 P ((TBPH_T + By — Bptyr + (b—a)r € [-A, K], |0 Bptyr — ar| > Rtl/z)

40?p(1—p)

<C(A+ Kt '/*P <|Bl| > g «'21)+1—p)> _

As a result, using again the Markov inequality, we have

limsupP(Ju € N7 : X, (t) > mi”I) — A, | Xy (u) — apt| > Rt'/?)

t—o0

<limsupP(Ju € N7 : X, (t) > mEHI) — A, |T(u) — pt| > Kt'/?)

t—o0

FlimsupP(Fu € A7 2 X, (1) 2 mi!") 4 K) + O(A + K)K<P (I&l >R <”2p+l_p)> |

25(1—
t—00 402p(1-p)
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Hence, letting R — oo, with the choice made for the constant K, we obtain

lim sup lim sup P(3u € N7 : X, (t) > mgnl) — A | X (u) — apt| > Rt'/?) < 2¢,
R— t—o00

and letting ¢ — 0 completes the proof of (7.2). O

The above lemma shows that typical particles of type 2 that contribute to the extremal process of the
multitype BBM have their last ancestor of type 1 around time pt and position pat. We now prove Theorem 1.3,
using this localization of birth times and positions of particles in B that have a descendant contribution to the
extremal process at time ¢, with high probability. Then, using Lemmas 3.1 and 4.2 we compute the quantity
of contributing particles and with Lemma 3.7 to obtain the value associated to each contribution.

Proof of Theorem 1.5. Let R > 0, we set

R ._
E = D L r(—ptl< Rz, X () —apt <072} 0x, (1)l
ueEN?

Lemma 7.2 states that the extremal process £f is close to the extremal process of the BBM. Precisely, for
all ¢ € T we have

() -n (o)
<P (3ue NP Xu(t) 2 mi!"D — A, (T(w) — pt, X (T(w)) — apt) & [~Re'?, ReV?2)
where A is such that the support of ¢ is contained in [—A, 00). As a result, by Lemma 7.2 we have

lim limsup |E (67<5"R’4’0>) —-E (e*w"“’))‘ =0, (7.3)

R—o0 500

S0 to compute the asymptotic behaviour of E (e‘<5"“’>), it is enough to study the convergence of £F as t
then R grows to oo.
Let R > 0 and ¢ € 7. Using the branching property and Corollary 4.3 we have

(s8) e
E (e o ) =E{e _a/,, 2 Yixu(o-am<rszy FE = 5. Xu(s) —apt)ds | |

t—Rt'/2 oN
with F(r,z) =1 - E® (6 Z“EN’% W(Xu(r)bwrmb((lp)tr))). Additionally, by Lemma 3.7, we have

eA=E)(Ap)t=r) oy (b
e —————

F((1—p)t —r,z) = C(b) (—p)i-1) /e—ez (1= e E) dz(1 4 o(1))

27t(1 — p)
(1-5)(1-p)t 2y, (a=br)®
_ C(b)L Oz— (145 )r— 2(1—p)t /6_0z (1 _ e_q’b[LP](Z)) dZ(l _’_0(1))’
27t(1 — p)

as t — oo, uniformly in |r| < Rt'/? and |z| < Rt'/?, where we used that § = b. Thus, setting

O(y) := aC(b) /6702 (1 — ef‘yb[“"](z)) dz

_ (@+(a=bt)r)? .
and Gr(r,x) = I{jz4arj<rye 207  we can now rewrite the Laplace transform of ER as

E <e_<gtR’“°>>

(1-82)(1-p)t [pt+Rt/? )
e 2 )—a _ 97y (s— s— w(8)—as
- E <exp (—@(w)m/ 3 a0 o g (et Xelg)en) gr ] ).
(1 —p) Jp EN.

t—Rtt/2

1—02 20

By definition of the parameters, we have g+ % =1+ 9—22 — 829" and fa = B+ # — ([3 — “—22), therefore

we can rewrite

E <e_<gtR’¢>>

1 pt+Rt1/? ox 9202 ¢ X (s)—
=E | exp —@(@)7/ E I Xul) =B+ =) (Stf/g , S as) dr) |, (7.4)
2mt(1 = p) Jpt—rerz S

27



where we used that (1 —p)(1 — %) +p(1 - 7) =0.

202
We now observe that by Lemma 3.1, using (3.1), we have

1 pt+Rt'/? 9 5
lim 7/ R G aLTE (s—pt Xu(s)fapt> dr

1/2 t1/2 t1/2
t—o0 t1/ pt—Rt1/2 ST

_ (zt(a=b)r)?
e 20 re  20-p) ]1{|z+ar|§R}drdZ

\/27rp02 / R,R]x
where W (6) = limy—yo00 Y ,c N IXu(®O—tB+7H) i the limit of the additive martingale with parameter @
for the branching Brownian motion of type 1. As a result, writing

_ (zH(a=t)n)?
e e 0P L{|z4ar|<rydrdz € (0,00),

27T\/p1— JQ/RR]X]R

by dominated convergence theorem, (7.4) yields

t—o0

lim E (¢~ (7)) = B (exp (~erWeo (6)0()))

This convergence holding for all ¢ € T, note that by [BBCN20, Lemma 4.4], we have that £F converges
weakly in distribution as t — oo to a DPPP(0erWo (0)e%%dz, D), as t — oo, with D° the law of D° defined
in (3.19) and ¢g a positive constant depending on R.

To complete the proof, we now observe that by monotone convergence theorem, we have

. _ (z4(a=b)r)? 1
lim ¢ e 307 re 20-» dr =

R — .
R—o0 271'\/p (1 —p)o? /]RXR b—a

Therefore, letting ¢ — oo then R — oo, (7.3) yields

(7)< o (20 (- o))
IIT) aC'(b)

As a result, using [BBCV20, Lemma 4.4], the proof of Theorem 1.3 is now complete, with c( = 35-1)
and DU the law of D deﬁned in (3.19). O
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