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LOCAL BOXICITY

LOUIS ESPERET AND LYUBEN LICHEV

ABSTRACT. A boz is the cartesian product of real intervals, which are either bounded
or equal to R. A box is said to be d-local if at most d of the intervals are bounded.
In this paper, we investigate the recently introduced local bozicity of a graph G, which
is the minimum d such that G can be represented as the intersection of d-local boxes
in some dimension. We prove that all graphs of maximum degree A have local boxicity
O(A), while almost all graphs of maximum degree A have local boxicity Q(A), improving
known upper and lower bounds. We also give improved bounds on the local boxicity as
a function of the number of edges or the genus. Finally, we investigate local boxicity
through the lens of chromatic graph theory. We prove that the family of graphs of local
boxicity at most 2 is x-bounded, which means that the chromatic number of the graphs in
this class can be bounded by a function of their clique number. This extends a classical
result on graphs of boxicity at most 2.

1. INTRODUCTION

In this paper, a real interval is either a bounded real interval, or equal to R. A d-box
in R? is the cartesian product of d real intervals. A d-box representation of a graph G is
a collection of d-boxes (By)ycv () such that for any two vertices u,v € V(G), u and v are
adjacent in G if and only if B, and B, intersect. The bozxicity of a graph G, denoted by
box(G), is the minimum integer d such that G has a d-box representation'. This parameter
was introduced by Roberts [31] in 1969, and has been extensively studied.

In this paper we investigate the following local variant of boxicity, which was recently
introduced by Bléasius, Stumpf and Ueckerdt [5] (see also [26] for a more general framework
on local versions of graph covering parameters). A d-boz in R? is local in dimension i if
its projection on dimension i is a bounded real interval (equivalently, if the projection
is distinct from R). A d-local boz in some dimension d’ > d is a d’-box that is local in
at most d dimensions. A d-local box representation of a graph G in some dimension d’
is a collection (By)yey (q) of d-local boxes in dimension d' such that for any two vertices
u,v € V(G), u and v are adjacent in G if and only if B, and B, intersect. The local
bozicity of a graph G, denoted by lbox(G), is the minimum integer d such that G has a
d-local box representation in some dimension.

It directly follows from the definition that for any graph G, lbox(G) < box(G). This
raises two types of natural questions: (1) can we improve known upper bounds (and extend
known lower bounds) on the boxicity to the local boxicity, and (2) can we extend known
properties of graphs of boxicity at most d to graphs of local boxicity at most d?

In this paper we prove several results along these lines. The boxicity of graphs of
maximum degree at most A has been extensively studied in the literature [1, 2, 8, 17, 33],
with currently almost matching bounds of O(Alog!*t°") A) [33] and Q(AlogA) [8, 15].
It was proved by Majumder and Mathew [28] in 2018 that graphs of maximum degree A
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(ANR-18-CE40-0032), and by LabEx PERSYVAL-lab (ANR-11-LABX-0025).

IWe remark that allowing intervals of the type (—co,a) and (a,400) does not modify the definition of
boxicity, but it will be more convenient to restrict ourselves to real intervals as defined above (that are
either bounded or equal to R) when we study local boxicity.
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have local boxicity at most 29198 2A where log denotes the binary logarithm and log*
denotes the binary iterated logarithm, defined as follows:

log*t = min{k € N| loglog...logt < 1}.
k
times

They also deduced from a result of [25] that there are graphs with maximum degree A
and local boxicity 2(A/log A). Here we improve these two bounds as follows. We say that
almost all graphs of some class C satisfy some property P if the proportion of n-vertex
graphs of C satisfying P (among all n-vertex graphs of C) tends to 1 as n — oc.

Theorem 1.1. There are constants C,Coy > 0 such that the following holds for every
integer A. FEwvery graph of maximum degree A has local boxicity at most C1A, while
almost all graphs of mazximum degree A have local bozicity at least CoA.

Using a connection between the (local) dimension of partially ordered sets and the
(local) boxicity of graphs [1, 28], Theorem 1.1 directly implies that partially ordered sets
whose comparability graphs have maximum degree A have local dimension O(A), and this
bound is optimal up to a constant factor (see [10] for more details and results on the local
dimension of posets).

Majumder and Mathew [28] proved that every graph on m edges has local boxicity at
most (221°6" V™ 1 1),/m. By adapting their argument and using Theorem 1.1 we improve
their bound as follows.

Theorem 1.2. There is a constant C3 > 0 such that every graph with m edges has local
bozicity at most Cs3v/m. On the other hand, in the regime m = ©(n?), almost all n-vertex
graphs with m edges have local bozicity Q(y/m/logm) = Q(n/logn).

It was proved by Majumder and Mathew [28] that n-vertex graphs have local boxicity
O(n/logn), so Theorem 1.2 implies that almost all n-vertex graphs with m = ©(n?) edges
have local boxicity ©(n/logn).

Theorem 1.1 and Theorem 1.2 will be proved in Section 3.

For a sequence of probability spaces (€2, Fpn,Ppn)n>1 and a sequence of events (A, )n>1,
where A,, € F,, for every n > 1, we say that (A;),>1 happens asymptotically almost surely
or a.a.s. if lim P,(A4,)=1.

n—-+00

For any p € [0,1] and n € N, the random graph G € G(n,p) is defined from the empty
graph on n vertices by adding an edge between each pair of vertices with probability p
and independently from all other pairs.

It was proved in [3] that for any p < 1 — 40711#, G € G(n,p) has boxicity Q(np(1 —
p)) a.a.s., and in particular if p < 1 — e for some constant ¢ > 0, then the boxicity is
a.a.s. (np). Recall that n-vertex graphs have local boxicity O(n/logn), so there is a
clear difference between the two parameters in the dense regime (when p is a constant,
independent of n).

For any € > 0, if np < 1—¢, the random graph G € G(n, p) consists of a set of connected
components, each containing at most one cycle a.a.s., and as such has local boxicity at
most two (see Lemma 4.1). Our next result concerns the local boxicity of the random
graph G(n,p) in the sparse regime np € [1 — e,n'~¢]. In this regime we prove that the
local boxicity is a.a.s. ©(np), which in particular implies the lower bound of (np) on the
boxicity of the random graph G(n, p), obtained in [3].

Theorem 1.3. Let ¢ € (0,1) and G € G(n,p) with np € [1 —e,n'"¢]. Then there is a
constant Cy = Cy(e) such that asymptotically almost surely

1 - np <lbox(G) < Cy - np.
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The proof of Theorem 1.3 will be given in Section 4.

It was proved by Thomassen in 1986 that planar graphs have boxicity at most 3 [34],
which is best possible (as shown by the planar graph obtained from a complete graph on 6
vertices by removing a perfect matching [31]). It is natural to investigate how this result
on planar graphs extends to graphs embeddable on surfaces of higher genus. It was proved
in [33] that graphs embeddable on surfaces of Euler genus g have boxicity O(v/glogg),
which is best possible [18]. We prove the following version for local boxicity.

Theorem 1.4. For every integer g > 0, every graph embeddable on a surface of Fuler
genus at most g has local bozicity at most (70 4 04(1)),/g. On the other hand, there exist
a constant Cs > 0 (independent of g) such that some of these graphs have boxicity at least

Cs\/g/logg.

Theorem 1.4 will be proved in Section 5. The girth of a graph G is the length of a
smallest cycle in G (if G is acyclic, it girth is infinite). We now turn to graphs G whose
complement, denoted by G€¢, has girth at least 5. In this class of very dense graphs we
can determine the local boxicity fairly accurately. Given a graph G = (V, E), the average
degree of G, denoted by ad(G), is defined as 2|E|/|V|.

Theorem 1.5. If G is a graph such that G¢ has girth at least five, then lbox(G) >
Lad(GC) 1 1J
5 :

In the special case of regular graphs, we give a more precise bound.

Theorem 1.6. Let G be a graph and let k € N. Suppose that G¢ is k-regular and has
girth at least five. Then,

e if k is even, or if k is odd and G° contains a perfect matching, then lbox(G) =
L% + 1J, and

e if k is odd and G° does not contain a perfect matching, then 1box(G) = %

A classical result is that the graph obtained from K, (n even) by removing a perfect
matching has boxicity n/2 [31], while Theorem 1.6 shows that the same graph has local
boxicity 1. More generally, if G is a non-complete regular graph on n vertices, whose
complement has girth at least 5, then G has boxicity at least n/4 [3], while Theorem 1.6
shows that the local boxicity of G can be very low. This shows a major difference between
boxicity and local boxicity. Note that regular graphs of odd degree, girth at least five and
no perfect matching exist, see [9] and [19]. This shows that the second case in Theorem 1.6
cannot be neglected in our analysis. Theorem 1.5 and Theorem 1.6 will be proved in
Section 6.

We conclude the paper with a study of some connections between local boxicity and
graph coloring. We recall that the chromatic number x(G) of a graph G (the minimum
number of colors in a proper coloring of G) is at least the clique number w(G) of G (the
maximum number of pairwise adjacent vertices in G). It is well known that there exist
graphs with bounded clique number and arbitrary large chromatic number, and classes
that do not contain such graphs are fundamental objects of study. We say that a class
C is x-bounded if there is a function f such that for any graph G € C, x(G) < f(w(Q))
(see [32] for a recent survey on y-boundedness).

It is well known that the class of graphs of boxicity at most 2 (also known as rectangle
graphs) is x-bounded [7, 21, 22|, while there are triangle-free graphs of boxicity 3 and
unbounded chromatic number [6]. Since the class of graphs of boxicity at most 2 is
contained in the class of graphs of local boxicity at most 2, a natural question is whether
this larger class is still x-bounded. We prove that this is indeed the case (as the asymptotic
complexity of our y-bounding function is certainly far from optimal, we make no effort to
optimize the multiplicative constant 320).
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Theorem 1.7. Let G be a graph of local bozicity at most 2 and let r = w(G). Then,
x(G) <320 - 73 log(2r).

In addition, we give an improved upper bound in the case of triangle-free graphs, which
is an analogue of a theorem of Asplund and Griinbaum [21] for boxicity (although we do
not prove that our bound is sharp).

Theorem 1.8. The chromatic number of any triangle-free graph G = (V, E) with local
bozicity at most two is at most 18.

Theorem 1.7 and Theorem 1.8 are proved in Section 7.

2. PRELIMINARIES

2.1. Boxicity and local boxicity. The intersection of d graphs G; = (V, E;) (1 < i < d)
on the same vertex V' is the graph G = (V, E; N ---N Ey). As observed by Roberts [31],
a graph G has boxicity at most d if and only if G is the intersection of at most d interval
graphs. In one direction, this can be seen by projecting a d-box representation of G on
each of the d dimensions, and in the other direction it suffices to take the cartesian product
of the d interval graphs. Equivalently, the edge-set of G¢ (the complement of G) can be
covered by at most d co-interval graphs (complements of interval graphs).

Similar alternative definitions exist for the local boxicity. Consider an interval graph G
and an interval representation of G (in which we allow intervals to be either bounded real
intervals or equal to R). Note that if some vertex v is mapped to R, then v is universal
in G, which means that v is adjacent to all the vertices of G. This implies the following
alternative definition of local boxicity (see [5]). A graph has local boxicity at most d if
and only if G is the intersection of ¢ interval graphs Gy, ..., Gy (for some £ > d), such that
each vertex v of G is universal in all but at most d graphs G; (1 < ¢ < /). Equivalently,
there exist ¢ co-interval graphs Hy, ..., H; which are all subgraphs of G¢, and such that
E(G°) = E(Hy)U---UFE(Hy) and each vertex of V(G) = V(G°) is contained in at most
d graphs H;, (1 <i </).

In the remainder of the paper, it will sometimes be useful to consider these alternative
definitions of local boxicity instead of the original one.

Let G be a graph and fix a vertex v of G. Let (By)ucc be a d-box representation of
G — v. By adding one dimension in which v is mapped to 0, the neighborhood N (v) of v
to [0, 1], and the remaining vertices of G to 1, we obtain the following.

Observation 2.1. For every graph G and for every vertex v € G, box(G) < box(G—v)+1
and 1box(G) < 1box(G —v) + 1.

Given a graph G = (V,E) and a subset S of vertices of G, we denote by G[S] the
subgraph of G induced by S, and by G(S) the graph obtained from G by adding edges
between every two vertices u, v of G that do not both lie in S. Note that the vertex sets
of G and G(S) coincide. As all the vertices of G — S are universal in G(S), they can be
mapped to R in every dimension without loss of generality, and thus the following holds.

Observation 2.2. For every graph G and subset S of vertices of G, lbox(G(S)) =
Ibox(G[S]).

Given a bipartition A, B of the vertex set of a graph G, we denote by G(A, B) the graph
obtained from G by adding edges between any pair u, v of vertices such that v and v are
on the same side of the bipartition (equivalently, by making A and B cliques in G).

Observation 2.3. For every graph G = (V, E) and any bipartition A, B of V, we have
G = G(A)NG(B)NG(A, B) and thus Ibox(G) < Ibox(G[A])+1box(G[B])+1box(G(A, B)).
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In the definitions of local boxicity, the dimension d’ of the space or the number d’ of
interval graphs in the intersection is unbounded (as a function of d). We now observe that
we can always assume without loss of generality that d’ is bounded.

Observation 2.4. FEvery n-vertex graph G of local bozicity at most d has a d-local box
representation in dimension d < dn.

To see this, note that each vertex is universal in all but at most d dimensions, so if
there are more than dn dimension, in some dimension ¢ all vertices are mapped to R. In
this case dimension i can be omitted.

We use this simple observation to associate to each n-vertex graph G of local boxicity
d a unique binary word as follows. Consider a d-local representation of G, in dimension
d < dn. For each vertex v of G, we record the number d, of dimensions in which v is
not universal, and for each such dimension 7, we record i and the interval of v in this
representation. We can always assume without loss of generality that the ends of each
interval in an interval representation of an n-vertex interval graph are integers in [2n], so
this takes at most

[logd| +d- ([log(dn)| + 2[log(2n)]) < (d+ 1)logd + 3dlogn + 5d + 1

bits per vertex. Assuming d > 2, this is at most 3dlogn + 7dlogd bits per vertex, and
thus the complete description of G takes at most nd(3logn + 7logd) bits in total. This
binary word is enough to reconstruct G, so this implies the following.

Observation 2.5. For any integers n,d > 2, there are at most 2"d(3logn+7logd) jaheljed
n-vertex graphs of local boxicity at most d.

There are 2(3) labelled n-vertex graphs, so this immediately implies the following result,
which was established in [25] (with a different multiplicative constant).

n
21logn -

Corollary 2.6. Almost all n-vertex graphs have local boxicity at least

Proof. By Observation 2.5, there are at most 219"#19e" ]abelled n-vertex graphs of local

boxicity at most d, and thus at most 910n?/21 — 0(2(3)) n-vertex labelled graphs of boxicity
at most It follows that almost all n-vertex graphs have local boxicity at least
O

n
21logn*

n
21logn*

It was proved by Liebenau and Wormald [27, Corollary 1.5] that for any 1 < A <n—2
there are at least (n/e2A)An/2 = 9Anlog(n/e*A)/2 p_yertex A-regular graphs. We obtain
the following consequence of Observation 2.5.

Corollary 2.7. For any ¢ > 0 and any A(n) = O(n'~¢), almost all n-vertex graphs of
mazimum degree A = A(n) have local bozicity at least 57 A.

Proof. By Observation 2.5, there are at most 2107419e" Jahelled n-vertex graphs of local
boxicity at most d, and thus at most 210nAclogn/21 — 5 (gAnlog(n/ e*h)/ 2) n-vertex labelled
graphs of boxicity at most %. It follows that almost all n-vertex graphs of maximum
degree A = A(n) = O(n'=¢) have local boxicity at least % O

There are n
<(7%)) > exp (mIn(n(n — 1)/2m))

n-vertex labelled graphs on m edges. A similar proof as that of Corollary 2.6 and Corol-
lary 2.7 shows the following.

Corollary 2.8. For any function m = ©(n?), almost all n-vertex graphs with m edges
have local boxicity Q(y/m/logm).
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In the regime m = O(n?), graphs have Euler genus g = ©(n?) (this follows from Euler’s
formula, which easily implies that for any n-vertex graph with m-edges and Euler genus
g, we have m/3 —n+2 < g <m —n+ 1). This implies the following.

Corollary 2.9. For any function g = ©(n?), almost all n-vertex graphs with Euler genus
g have local bozicity Q(,/g/logg).

2.2. Probabilistic preliminaries. The following lemma is widely known as Chernoff’s
inequality, see Corollary 2.3 in [23] or Theorem 4.4 in [29].

Lemma 2.10. Let X be a binomial random variable Bin(n,p), and denote u = E[X]|. We
have

P(X > (1+0)u) <exp (—3%) for every 6 > 0,
P(X <(1—-0)u) <exp (—627“) for every ¢ € [0, 1].

A direct application of Chernoff’s inequality is that the number of edges in G € G(n, p)
is highly concentrated. This can be used to deduce the following.

Corollary 2.11. For every e € (0,1) and every p = p(n) > 0 such that np € [1 —e,n'~¢],
the binomial random graph G € G(n,p) has local boxicity at least 55 - np asymptotically
almost surely.

Proof. By Lemma 2.10 we know that the number of edges of G is a.a.s. between n’p/3
and n?p. Let us condition on the random variable m and on the a.a.s. event that m €
[n2p/3,n%p]. Then, the random graph G € G(n,m) has a uniform distribution among all
graphs with n vertices and m edges. On the other hand, the number of n-vertex graphs
with m edges is at least exp(mIn(n(n—1)/2m)) > exp(en?plnn/4) for every large enough
n. By Observation 2.5, the number of n-vertex graphs graphs of boxicity less than enp/41
is at most
exp (n- S2(3Inn + 7ln(np))) = o (exp(en’plnn/4)).

Thus, only a negligible proportion of all graphs on n vertices and m edges have boxicity
less than enp/41 a.a.s. It follows that when np € [1 —e,n! 7], G has local boxicity at least
enp/41 a.a.s. O

The next lemma is widely known under the name Lovasz Local Lemma, see [16].

Lemma 2.12 ([16], page 616). Let Gp be a graph with vertex set [n] and mazimum
degree d, and let A1, ..., A, be events defined on some probability space such that for each
i € [n],P(A;) < 1/4d. Suppose further that each A; is jointly independent of the events
(Aj)ijQE(GD)' Then, P(Ai N---NAS) > 0.

2.3. Other combinatorial preliminaries. For every r,t,k,s € NJ2 <t < k < s, a
Steiner system with parameters (t, k, s) is a family S1,Se,...,S, of k-element subsets of
[s], called blocks, such that every t-element subset of [s] is contained in exactly one block.

One may easily deduce that this implies r = (j) / (’f)

We will use Steiner systems to prove results on local boxicity with the help of the
following observation (recall that the notation G(S) was introduced in Section 2.1).

Lemma 2.13. Fiz a graph G = (V, E) and integers k,s € N such that 2 < k < s, and let
Vi, Va,..., Vs be a partition of V.. Let r = (;)/(g) and (S1,S9,...,Sy) be a Steiner system
with parameters (2,k,s). Then,
s—1
Ibox(G) < 7= - [nax lbox(G[UieSjV;;]).

J<r
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Proof. We first prove that G' = ;¢ G<Uz€S Vi). Since all the graphs G<Uz€5’ Vi) are
supergraphs of G, it suffices to show that every non-edge uwv in G appears in at least one
of the graphs G(UZGS Vi), and thus in at least one of the graphs G[UZGS Vi]. Note that
{u,v} is a subset of V U Vj, for some pair ¢, j, and by definition of Steiner system {i,j} is
a subset of some block Sp. It follows that u,v € (J;cg, Vi, as desired.

Recall that by Observation 2.2, Ibox(G(S)) = lbox(G[S]) for any subset S of vertices of
G, since vertices of G — S can be mapped to R in every dimension. This implies that, in
addition, there is a Ibox(G[S])-local box representation of G(S) in which all the boxes of
the vertices of G — S are 0-local.

A simple property of Steiner systems is that every element of [s] is contained in exactly
% blocks, and thus every set among (V1, Va, ..., V)
G[UZES Vi], 1 < j < r. Hence, we conclude that

Ibox(G) < =1 11;1;1; lbox(G[UieSjVi]),
as desired. m

To be able to use Steiner systems we will need to following well known construction.
For every prime number ¢, the affine plane over F, is a geometric object consisting of 7>
points and ¢® + ¢ lines such that:

e every line contains g points,
e every point is contained in ¢ + 1 lines, and
e every pair of points is contained in exactly one line?.

Observation 2.14. For every prime number q € N, the affine plane over F, is a Steiner
system with parameters (2,q,q>).

Because the affine plane only exists for specific values of ¢, we will need the following
result of Dusart, see [11]. Stronger results were established in the sequel by the same
author in [12, 13] and by Baker, Herman and Pintz in [4].

Theorem 2.15 ([11], Theorem 1.9). For every real number t > 3275 there is a prime

O

number in the interval {t t+ T Qt

Corollary 2.16. For every real number t > 32752 there is a square of a prime number in
the interval [t t+ 1z t}

Proof. Let k € N be the least integer such that ¢t < k?. Then, we have that k? € [t t+

2v/t + 1] and by Theorem 2.15 there is a prime number ¢ in the interval [kz k+ TTn2 k}
We conclude that ¢? is in the interval [k:Q, k2 + 13%’“2 . Since t < k? and k? + 13%]“22]6 <
t+2vt+1+ %{\%I) t—l—l o for every real number ¢ > 32752, the claim is proved. [

3. LOCAL BOXICITY AND MAXIMUM DEGREE

For every A € N with A/In A > 32752, fix a prime number ¢ = ¢(A) with

¢ € [mA’lnAA (1+m>]

(such a prime number ¢ exists by Corollary 2.16). Let S; = (51, S2,...,S,) be the Steiner
system over [¢?] with parameters (2, ¢, ¢%) given by Observation 2.14 (so in particular each

of the sets S1,S5s,...,S, has size ¢ and r = (q;)/(g) =q(qg+1)).
We start by proving the following lemma.

2Indeed, the affine plane over F; may be defined for every ¢ that is a power of a prime number. Although
we do not give a precise definition of this object, we state its properties, which will be of interest for us.
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Lemma 3.1. Consider an integer A with A/In A > 32752, and let ¢ = q(A) and S, =
(S1,52,...,5y) be as defined above. For every A-reqular graph G one may partition the
vertices of G into ¢* sets V1, Va, ..., V2 so that for every j € [r], the graph G[Uz‘esj Vi

has mazimum degree at most (1 +4 quA> %.

Proof. Let us color the vertices of G uniformly at random and independently with the
colors 1,2,...,¢%. Fix a vertex v € G. For every color i € [¢?], let X; be the number
of neighbors of v in color i. Lemma 2.10 (Chernoff’s inequality) directly implies that for
every vertex v € V(G), j € [r] and ¢ € [0, 1],

P(ZXiZ(l—i-é)?) < exp (—%). (1)

iESj
For each color i € [¢%], let V; be the set of vertices of G colored in i. This produces a

partition of the vertex set of G into ¢ color classes Vi, Va, ..., V2. Let v be a vertex of
G and let Vj, be the set containing v for some k € [¢?]. For every j € [r], let A;, be the

event that the number of neighbors of v in the set Uiesj Vi is at least (1 + 44/ %)é.

q
By (1) the probability for this event is at most A~16/3,

Now, for every j € [r| and every v € V(G), the event A;, is independent from the
family of events (Aj v )jrcir] v:de (v’ ,v)>3- The number of events that remain is less than
r(1+A+A?) < 2¢(qg+1)A? < 4A3. One may conclude that for every A in the range given
by the lemma, the assumptions of Lemma 2.12 (the Lovész Local Lemma) are satisfied
for the dependency graph of the events (A;,);elrvev(a) With vertices (Aj.)jecpvev (@)
and edges A;,Aj v for every two pairs (j,v) and (j’,v’) such that A;, and Aj . are
not independent. We conclude that the event ﬂje[r],UEV(G) A;v happens with positive
probability, which concludes the proof. ]

For any real number A, let lbox(A) be the maximum local boxicity of a graph of
maximum degree at most A.

Corollary 3.2. For any A € N with A/In A > 32752, let ¢ = q(A) be as defined above.

Then we have
box(A) < (g+ 1) - Tbox( (1 + 4\/@)%),

Proof. As every graph of maximum degree at most A is an induced subgraph of some
A-regular graph (see for instance Section 1.5 in [30]) and local boxicity is monotone under
taking induced subgraph, it is enough to prove that every A-regular graph has local

boxicity at most (¢ + 1) - Ibox((1 + 4 quA)%).
This is a direct consequence of Lemma 2.13 (with k¥ = ¢ and s = ¢?), combined
with Lemma 3.1. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Corollary 2.7 it is enough to prove the upper bound.
Define the function

-1 . —1
. | | 18 _ | | 18-4"
1>1 ]

1>1

Note that « is well defined since for every fixed ¢ > 2 we have

18-4° _ . 18-4°
| TT(1+555) | =20+ o)k,

i>1 i>1
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which converges to some real number. Note that « is an increasing function and for every
A > 2 we have a(A) < 1 (since a(A) is defined as a product of factors in the interval
(0,1)). Moreover, for every A > 4,

(1 n 1n128A) a(A2/3) = (1 n 1n128A> I1 (1 + W)il = a(A).

i>1

We now prove that
there is a constant C' > 1 such that for every A > 2,lbox(A) < Ca(A) - A. (%)

We argue by induction on A. First, using any existing bound on the (local) boxicity of
graphs of bounded degree, for any fixed Ag (to be chosen later) one may find C' > 1 such
that for every A € [2,Ag], Ibox(A) < Ca(A) - A. Now, suppose that for some A; > Ay,
(%) holds for every A < A; — 1. We prove (%) for A = A;. By choosing Ay so that
Ao/ InAg > 32752, we have by Corollary 3.2 that

Ibox(A) < (g + 1) - Ibox <<1 +4 qlnf) 3) , (2)

N———

: 2 A A 7 .
Wlth q € [m, oA (1 =+ m :| NOtlce that

2 <VAlA (3)
and
A 7 A 7
q“§<\/w(1+m/mm)>“§ s (U wame) L @)

Moreover, by choosing Aj large enough, we obtain that for every A > A

[ A 7 /| A 8 A 9
InA (1 T 1n2(A/lnA)> tlsyma (1 T ln2A> tlsyma (1 + ln2A) ’ (5)
and furthermore,
In A
L+ 4955 < 14+ 44/20/ 58 < 1+ Fx (6)

By combining (3), (4), (5) and (6) with the induction hypothesis (and using the fact
that « is an increasing function), we obtain that for Ay large enough

Ibox(A) < C(1+1H§A) (1+ﬁ)a((1+4\/qlnA/A)\/AlnA)A

< c (1 + %) a(AY3)A = Ca(A)A,

which completes the proof of (x). Since a(A) < 1 for any A > 2 and lbox(1) = 1 we
obtain that lbox(A) < CA for any A > 1, as desired. O

We now explain how to deduce Theorem 1.2 from Theorem 1.1.

Proof of Theorem 1.2. By Corollary 2.8, it suffices to prove the upper bound. Let S be
the set of vertices of degree at least /m. Then G — S has maximum degree /m, and thus
local boxicity O(y/m) by Theorem 1.1. On the other hand we have |S|-y/m < 2m and
thus |S] < 2y/m. It then follows from Observation 2.1 that G has local boxicity at most

Ibox(G — S) + 2y/m = O(y/m). O
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4. PROOF OF THEOREM 1.3

A multicyclic component in a graph G is a connected component of G that contains
at least two cycles. We will need a preliminary lemma, which may be found in a more
general form as Lemma 2.10 in [20].

Lemma 4.1 (Lemma 2.10 in [20]). Let p = ¢/n with ¢ < 1. Then, the probability that a
graph G € G(n,p) contains a multicyclic component is at most ﬁ
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. The lower bound was already proved in Corollary 2.11, so we con-
centrate on the upper bound. If np > Inn, then it is simple consequence of Chernoff’s
inequality that the maximum degree of the random graph G € G(n,p) is at most 2np
a.a.s. (see for example Theorem 3.4 in [20]). Thus, in this regime, the upper bound follows
directly from Theorem 1.1.

Fix an arbitrary small real number ¢ > 0. We now concentrate on the regime np €
[1 — &,In?7n] (here we choose In?n so to have Inn < In?n < n!/3). Partition the vertex
set of G in [2(1 + €)np]| subsets uniformly at random (that is, every vertex is put into
each of the [2(1 + €)np]| subsets with the same probability, and independently from the
other vertices). By Lemma 2.10, the number of vertices in any of the [2(1 4 &)np] subsets

is at most +S LA™ with probability 1 — exp(—0O(n/np)) =1 —o(1/n). We condition on

[2(1+€)np]
this event. Thus, the union of every two subsets induces a binomial random graph with
parameters n/ < 2% and
< 1 — (14+¢/2)/(1+¢) — (+¢/2)/(14¢)
p= 2(1+e)n/[2(1+e)np| — 2(1+e/2)n/[2(14+e)np] — n! :

By Lemma 4.1 for n = n’ and ¢ = (14 ¢/2)/(1 + ¢) and a direct union bound we
conclude that the probability that there is a multicyclic component in the graph induced

by the union of any two of the above subsets of vertices is O ((EZI/Z;B;)) = O(n?p%).

All in all, the probablity that the union of some two subsets of vertices induces a graph
with a multicyclic component is at most

[2(14¢&)np] -0 (L) +O(n?*p?) (1 — [2(1 +e)np] -0 (2)) = o(1).

Moreover, graphs without multicyclic components have boxicity at most two (and there-
fore, local boxicity at most two as well). The proof is completed by Lemma 2.13, applied
with k£ =2, s = [2(1 + )np], and choosing Cy > 0 such that [2(1 + e)np] < Cynp for all
np € [1 —¢,In?n] (noting that for any integer ¢, the edge-set of the complete graph K
forms a Steiner system with parameters (2,2, 7¢)). O

5. LOCAL BOXICITY OF GRAPHS OF BOUNDED GENUS

This section is dedicated to an analogue of the following result of Scott and Wood [33]
for local boxicity.

Theorem 5.1 (Theorem 16 in [33]). The boxicity of any graph with Euler genus at most
g is at most (124 o(1))v/glng.

For this we only need to modify a single step of their proof, where they use the fact
that n-vertex graphs have boxicity at most n. Instead, we use the following result.

Theorem 5.2 (Theorem 12 in [28]). Any graph on n wvertices has local bozicity at most
24 2

“logn”

For the sake of completeness, we recall the main steps of the proof of Theorem 16 in
[33], and how we implement the modification.
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Proof of Theorem 1.4. By Corollary 2.9 it is enough to prove the upper bound. We closely
follow the proof of Theorem 16 in [33]. The proofs of the claims below can be found there.

Claim 1 ([33]). G contains a set X of at most 60g vertices, for which box(G \ X) < 5.
If | X| < 10%, then
Ibox(G) < box(G) < box(G \ X) + | X| <5+ 10%,

and the theorem holds.

If | X| > 10%, fix G; = G(V' \ X). Let Y be the set of vertices in V'\ X with at most two
neighbours in X, and let Z be the set of vertices in V'\ X with more than two neighbours
in X. Define G, = G(X,Y) and G3 = G(X U Z). Then G = G; N G2 N G3, and thus
Ibox(G) < lbox(G1) + Ibox(G2) + Ibox(G3).

Claim 2 ([33]). box(G1) = box(G[V \ X]) <5 and box(G2) < 481n1n(1000g).
Denote H = G[X U Z].

Claim 3 ([33]). For any k > 7, the vertex set X U Z can be partitioned in two subsets, A

and B, such that box(H(A)) < (k+2)[2e1n(3002g)], box(H (A, B)) < 2+3(k+1) In(3002g)

and |B| < %. O

By Observation 2.2 and Theorem 5.2 we have lbox(H (B)) = lbox(H[B]) < 24@5%.

—6) In( 2%

By Observation 2.3, we deduce that ’

Ibox(G3) = lbox(H)
< lbox(H(A)) + 1box(H (A, B)) + Ibox(H (B))
< box(H(A)) + box(H (A, B)) + Ibox(H(B))

< (14 2e(k + 2)In(30029)) + (2 + 3(k + 1) In(30029)) + 24@%.
k—6

A

Choosing k = Liﬂ, we obtain

Tn
box(G3) < (4(2e +3) +24-6/4+0(1))/g < (70 + 0(1))/9.
We deduce that
Ibox(G) < box(G1) + box(G2) + (704 o(1))/g = (70 + o(1))1/9.
This concludes the proof. ]

6. PROOFS OF THEOREM 1.5 AND THEOREM 1.6
We start with the following simple observation.

Observation 6.1. Every co-interval graph of girth at least five is a forest in which each
connected component has diameter at most 3. On the other hand, every tree of diameter
at most 3 is a co-interval graph.

Proof. Denote by P, the path of length four and by Cs the cycle of length five. Then, Py
contains an induced cycle of length four and Cf contains an induced cycle of length five.
This shows that P; and Cf are not chordal, and thus not interval graphs. Since interval
graphs are closed under taking induced subgraphs, this proves the first part of the claim.

Any tree T with diameter at most 3 that contains at least one edge consists of two
adjacent vertices u, v, together with a set S, of leaves adjacent to u and a set S, of leaves
adjacent to v (where the two sets are possibly empty. Mapping u to {0}, v to {2}, all
the elements of S, to [1,2], and all the elements of S, to [0, 1], we obtain an interval
representation of T¢, as desired. This proves the second part of the claim. ]
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Proof Theorem 1.5. Let d = ad(G¢) and ¢ = lbox(G). By definition of local boxicity
and Observation 6.1, the edge-set of G¢ can be covered by a collection of trees such that
each vertex is contained in at most ¢ of these trees. It follows that the edge-set of G¢ can
be partitioned into a collection of trees such that each vertex is contained in at most /¢
of these trees. Each tree can be oriented such that each vertex has out-degree at most
1, while exactly one vertex has out-degree 0. It follows that G¢ itself has an orientation
where each vertex has out-degree at most ¢, while at least one vertex has out-degree less
than ¢. Hence, G° has average degree less than 2¢. It follows that ¢ > d/2, and since ¢ is
an integer, ¢ > |d/2 +1]. O

Lemma 6.2. Let G be a graph and k € N be odd. Suppose that G¢ is a k-regular graph
with girth at least 5 that does not contain a perfect matching. Then,

lbox(G) > &£3.

Proof. Let n = |V(G)|. As every l-regular graph has a perfect matching, we can as-
sume that k& > 3. Assume for the sake of contradiction that lbox(G) < % Then,
Ibox(G) < % By definition of local boxicity and Observation 6.1, the edge-set of G°
can be partitioned into a family 7 of trees of diameter at most 3, such that each vertex is
contained in at most % of the trees. In each tree T' € T, pick a vertex rp which is not
a leaf in T (if no such vertex exists, pick any vertex rp of T'), root T" at rp, and orient
each edge of T towards the root. Since T is a tree of diameter at most 3, this orientation
of T has the property that each vertex has out-degree at most 1, and there is at most
one vertex u distinct from the root that has in-degree at least 1 in 1. Moreover if such
a vertex u exists, it is adjacent to the root (see Fig. 1). This orientation of each tree
T € T yields an orientation of G¢ with out-degree at most % Let us denote by DT the
set of vertices of out-degree £+!, and define D~ = V(@) \ D*. For each vertex v of G,
let 6(v) = d*(v) — d~(v), where d* (v) and d~(v) denote respectively the out-degree and
in-degree of v in the orientation of G¢ defined above. Note that vertices v € DV satisfy
6(v) = 1, while vertices v € D™ satisfy §(v) < —1. Since 3,y 0(v) = 0, it follows that
|DF| > |D~| and thus [D¥| > & and [D™| < %.

ur T

FIGURE 1. An orientation of a tree of diameter at most 3 towards a root
r7, which is not a leaf. The vertex up is the only vertex distinct from rp
with in-degree at least 1.

Consider some vertex v which is a root in ¢ > 1 trees of 7. Then d* (v) < % — 1 and
thus d(v) = 2d*(v) —k <1 —2i < —1, with equality only if i = 1. Hence, > .- 6(v) <
—|T|, with equality only if the roots rr are all distinct. Since Y, cy () d(v) = 0 and
> wep+ 0(v) = |DT|, we obtain |T| < |DT|, with equality only if the roots rr are pairwise
distinct.

Each vertex v € DT has positive in-degree, and thus v is a non-root with in-degree
at least 1 in at least one tree of 7. By the property of our orientation mentioned above
(using the crucial fact that trees of 7 have diameter at most 3), recall that each tree T’
of T contains at most one vertex of DT with in-degree at least one in T'. It follows that
|T| > |D™|, with equality only if each tree T' of T contains a unique vertex of Dt with
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in-degree at least one in 7. This shows that |7| = |D"| and the equality implies that
the roots (r7)re7 all distinct and each tree T of T contains a different vertex of D with
in-degree at least one in T. Therefore, the function T' € T +— ur € DT, where up is the
unique vertex of DT with in-degree at least 1 in T, is a bijection. Note that for every
T € T, ur and rp are adjacent, and since the roots rp are pairwise distinct, the set of
edges between ur and rr, for T € T, forms a matching in G¢. Since |T| = |D*| > %, this
matching is a perfect matching of G, a contradiction. g

We are now ready to prove Theorem 1.6.

Proof of 1.6. By Theorem 1.5 and Lemma 6.2 it is sufficient to prove the upper bound.
Assume that G° has an orientation with out-degree at most d, for some integer d. For
every vertex v € V(G¢), define T, to be the tree with root v containing all the edges
directed towards v. Then, |J,cqe Ty = G¢ and every vertex participates in at most d + 1
trees. By Observation 6.1, each of these trees is a co-interval graph, and thus G has local
boxicity at most d.

Assume first that k is even. Then, G¢ has an Eulerian orientation, i.e. an orientation
in which each vertex has out-degree k/2 and in-degree k/2, and the observation above
implies that G has local boxicity at most k/2 + 1, as desired.

If k is odd, then G* has an orientation in which each vertex has out-degree at mos
(this can be seen by decomposing greedily G° into a union of edge-disjoint cycles and a
forest, and finding an orientation with out-degree at most 1 of each of these graphs). The
observation above then implies that G has local boxicity at most % +1= %, which
proves the theorem when G¢ has no perfect matching.

Finally, assume that k is odd and G°¢ contains some perfect matching M. Then, the
graph obtained from G¢ by removing all the edges of M has an Eulerian orientation. For
each edge uv € M, let Ty, be the tree consisting of the edge uv together with the edges
oriented towards u, and the edges oriented towards v (recall that G° has girth at least 5,
so these edges induce a tree). Then, (J,,cps Tuv = G, and every vertex participates in

k1
b5

% +1= % trees. By Observation 6.1, each of these trees is a co-interval graph, and

thus G has local boxicity at most %, as desired. ([l

7. PROOFS OF THEOREM 1.7 AND THEOREM 1.8

We will need the following two results (for the first one the exact constants are not
given explicitly in [7] but can be easily deduced from their proof).

Theorem 7.1 ([7]). Every graph with bozicity at most two and clique number at most r
has chromatic number at most 320r log(2r).

Theorem 7.2 ([21]). Every triangle-free graph with bozxicity at most two has chromatic
number at most 6.

We say that a graph of local boxicity at most 2 is of type (1, 1) if the graph has a 2-local
box representation in which each box is local in at most one dimension distinct from the
first dimension.

Lemma 7.3. Let G be a graph of type (1,1) and cligue number w(G) = r. Then x(G) <
32072 log(2r). Moreover, if r = 2, then x(G) < 12.

Proof. Consider a d-dimensional 2-local box representation (By)ycc of G such that each
box is local in at most one dimension distinct from the first dimension. For each vertex
v, let I,, be the interval obtained by projecting B, on the first dimension. Let G be the
interval supergraph of G associated to the intervals (I,),cq. For every 2 < i < d, let D;
be the set of vertices whose boxes are local in dimension i. Let Dy = V(G) — Uy<j<q Di-
Observe that D1, ..., Dy form a partition of the vertex-set of G. For any 1 < i < d, let
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P; be the family of connected components of G1[D;], and let P = |J,-;<,P; (note that P
forms a partition of V(G)). o

For each set S € P, G1[S] is connected and thus the set Is = (J,cg 1o is an interval. Let
H be the interval graph with vertex set P associated to the family of intervals (Ig)sep. We
claim that H has clique number at most r. Indeed, suppose for the sake of contradiction
that r 4+ 1 of the intervals (Ig)sep have non-empty intersection. Then there are r + 1
vertices vi,va,...,v,41 from different sets of P, for which ﬂ1§i§r+1 I,, # @. Thus, the
graph (G contains the complete graph on vy, vs,...,v,41. Note that if there is an edge in
(G1 between two vertices u, v lying in different sets Sy, S, € P, respectively, then the sets
S, and S, do not lie in the same set D;, and thus u and v are adjacent in G. This shows
that every edge of G between vertices from different sets of P also appears in G, which
implies that GG contains a clique of size r+ 1, a contradiction. Hence, H has clique number
at most 7, and since it is an interval graph, x(H) < r. Fix an r-coloring of H, and for
each S € P, fix a coloring of G[S] with at most 3207 log(2r) colors (such a coloring exists
by Theorem 7.1 since G[S] has boxicity at most 2).

We now assign to each vertex v € G a pair of colors as follows. Let S € P be such that
v € S. Then, the first color assigned to v is the color of S € V(H) = P in the coloring of
H, and the second color is the color of v in G[S]. The total number of colors assigned is
at most 7 - 3207 log(2r) = 32072 log(2r). It remains to prove that this is a proper coloring
of G. Let uv be an edge of G. If u and v lie in the same set S € P, then since we have
chosen a proper coloring of G[S] the second colors of u and v are different. If v and v lie
in different sets S, .5, of P, then since uv is also an edge of G1, S, and S, are adjacent in
H and thus the first colors of u and v are different. This shows that x(G) < 32072 log(2r).

Assume now that r» = 2. Then by Theorem 7.2 each graph G[S] is 6-colorable, and thus
G itself has a coloring with at most 2 -6 = 12 colors, as desired. O

We are now ready to prove Theorem 1.8 and Theorem 1.7.

Proof of Theorem 1.8. Let (B,)ycc be a 2-local box representation of G in some dimension
d. We say that a vertex v is local in dimension ¢ if its d-box B, is local in dimension ;.
If G has local boxicity at most 1, it is the complete join® of interval graphs, and since G
is triangle-free, this implies that G itself is a (triangle-free) interval graph, and thus has
chromatic number at most 2. So we can assume that some vertex v is local in two different
dimensions, say 1 and 2 without loss of generality. For any 1 < i < d, let D; be the set
of vertices of G that are local in dimension i. Note that v € D; N D, and G[D; N Do)
has boxicity at most 2, and thus x(G[D; N D3]) < 6 by Theorem 7.2. This shows that if
V = D1 UDs, x(G[V\ (D1AD2)]) <6.

Note that all vertices of V \ (D; U Dj) are neighbors of v, and therefore form an
independent set in G. Since there is no pair of vertices u € DN Dy and w € V'\ (D1 UD>)
that are local in a common dimension, all vertices of D1 N Do are adjacent to all vertices
of V'\ (D1 U D3). In particular, if V' # Dy U Da, the set D1 N Dy is also an independent
set in G. In this case we conclude that x(G[V \ (D1AD»)]) < 2.

If Dy \ Dy is an independent set, since G[D1] is of type (1, 1), it follows from Lemma 7.3
that x(G) < x(G[D1]) + x(G[D2 \ D1]) + x(GIV \ (D1 U D9)]) < 124+ 1+1 = 14.
The symmetric argument shows that if Dy \ D2 is an independent set, then x(G) < 14.
Consequently, we can assume that neither D;\ Dy nor Dy\ Dy is an independent set, and in
particular G[D1 \ D2] and G[D2\ D1] both contain at least one edge. Fix uw € G[D1\ D2].
We now consider two cases.

e Assume first that u and w are local together in a third dimension, say dimension 3
without loss of generality. Then, since uw is not part of a triangle in G, D2\ D; C

3The complete join of k graphs G1,...Gy is obtained from the disjoint union of G, ... Gy by adding
all possible edges between G; and Gj, for any 1 <i < j < k.
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Ds. If D1\ Dy € D3, without loss of generality there is a vertex in D; \ (D2 U Ds3),
and this vertex is adjacent to every vertex in Dy N D3 = Do \ D;. Thus, Dy \ Dy
is an independent set, which contradicts our assumption above. Hence, we can
assume that D; \ Dy C D3, and thus D1 ADy C Ds. Since G[Ds] is of type (1,1)
it follows from Lemma 7.3 and the discusion above that

X(G) < X(G[D1ADs]) + X(GV \ (D1 AD)]) < 12 + 6 = 18,

e We can now assume without loss of generality that v € D3 and w € D4. Note
that in this case D3 # D1 and D4 # D;p. Then, since uw is not part of a triangle
in G, Dy \ D1 C D3 U Dy. Moreover, if D1 \ Dy € D3 U Dy, then there is a
vertex w € Dy \ (D2 U D3 U Dy), which is connected to every vertex in Dy \ Dy,
and therefore Dy \ D; is an independent set, contradicting our assumption. Thus,
D1ADy C D3 U Dy. Note that if D3N Dy = @& or Dy N Dy = &, then all vertices
of Dy \ Dy are adjacent to u, or all are adjacent to w, respectively. In both cases
we obtain that Ds \ D; is an independent set, a contradiction. This shows that
DsNDs # @ and DoNDy # @. Since G[DlﬁDg, DQﬂD4] and G[Dl NDy, DgﬂDg]
are complete bipartite graphs, each of D N D3, D1 N Dy, Do N D3 and Dy N Dy
is an independent set. Since D1ADy C D3 U Dy, this shows that G[D1ADs] is
4-colorable. Thus,

X(G) < x(G[D1ADs]) + x(G[V \ D1AD;]) <4+ 6 = 10.
This concludes the proof of the theorem. O
In the proof of Theorem 1.7 we made no effort to optimize the multiplicative constant.

Proof of Theorem 1.7. We will prove by induction on r > 2 that any graph of local boxicity
at most 2 and clique number at most r has chromatic number at most 32073 log(2r). The
claim holds for » = 2 by Theorem 1.8. Suppose now that » > 3 and the property holds
for r — 1. Let G = (V, E) be a graph of local boxicity at most 2 and clique number at
most r, and let (B,)yec be a 2-local box representation of G in some dimension. If G
has local boxicity at most 1, then G is the complete join of interval graphs, and thus
X(G) = w(G) = r, so we can assume that some box B, is local in two dimensions,
say in dimensions 1 and 2 without loss of generality. For ¢ = 1,2, let D; be the set
of vertices whose boxes are local in dimension ¢ (and note that v € D; N Dy). As all
the vertices of V'\ (D1 U D3) are neighbors of v, the graph G[V \ (D; U D2)] has clique
number at most r — 1, and by the induction hypothesis it has a coloring with at most
320(r — 1)%log(2(r — 1)) < 320(r — 1)3log(2r) colors. Each of G[D;] and G[Ds] is of type
(1,1) and thus both G[D;] and G[Dz \ D;] have a coloring with at most 32072 log(2r) by
Lemma 7.3. It follows that G has a coloring with at most

320(r — 1)3log(2r) + 2 - 32072 log(2r) < 32013 log(2r)

colors, as desired. O

8. CONCLUSION AND OPEN PROBLEMS

Two natural problems are to close the gap between the lower bound of Q(y/m/logm)
and the upper bound of O(y/m) for graphs with m edges, and the lower bound of Q(,/g/ log g)
and the upper bound of O(,/g) for graphs of Euler genus g.

We have proved that the family of graphs of local boxicity at most 2 is y-bounded, which
extends a classical result on graphs with boxicity at most 2. It was proved in [24] that if
G is the complement of a graph of boxicity at most 2, then x(G) = O(w(G) logw(G)), and
thus the family of complements of graphs of boxicity at most 2 is xy-bounded. A natural
question is whether this extends to the family of complements of graphs of local boxicity
at most 2.
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Question 1. Is the family {G°|lbox(G) < 2} x-bounded?

It was observed by James Davies (personal communication) that the answer to this
question is negative. Given an integer n > 2, the shift graph S, is the graph whose
vertices are the ordered pairs (4, j) with 1 < ¢ < j < n, with an edge between (7, j) and
(k,¢) if and only if j = k or £ = 4. It can be checked that S, is triangle-free, and Erdés
and Hajnal [14] proved that for any n > 2, x(S,) = [logn]. James Davies noted that
the complement of S,, has local boxicity at most 2: to see this, map each pair (,7) to
the n-dimensional box whose projection is equal to {0} in dimension ¢, {1} in dimension
j, and R in the other dimensions. This shows that the family of triangle-free graphs in
{G¢|1box(G) < 2} has unbounded chromatic number, and thus Question 1 has a negative
answer.

Recent development. After we made our manuscript public, the authors of [28] im-
proved their bound on the local boxicity of graphs of maximum degree A to O(A), match-
ing the bound of Theorem 1.1 (and as a consequence, also matching the bound of Theo-
rem 1.2). Their proof avoids the use of number theoretic tools altogether.
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