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CENTRAL LIMIT THEOREM FOR BIFURCATING MARKOV CHAINS

S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

ABSTRACT. Bifurcating Markov chains (BMC) are Markov chains indexed by a full binary tree
representing the evolution of a trait along a population where each individual has two children.
We first provide a central limit theorem for general additive functionals of BMC, and prove the
existence of three regimes. This corresponds to a competition between the reproducing rate
(each individual has two children) and the ergodicity rate for the evolution of the trait. This
is in contrast with the work of Guyon (2007), where the considered additive functionals are
sums of martingale increments, and only one regime appears. Our first result can be seen as a
discrete time version, but with general trait evolution, of results in the time continuous setting
of branching particle system from Adamczak and Milto$ (2015), where the evolution of the trait
is given by an Ornstein-Uhlenbeck process.

Secondly, motivated by the functional estimation of the density of the invariant probability
measure which appears as the asymptotic distribution of the trait, we prove the consistence and
the Gaussian fluctuations for a kernel estimator of this density. In this setting, it is interesting
to note that the distinction of the three regimes disappears. This second result is a first step
to go beyond the threshold condition on the ergodic rate given in previous statistical papers on
functional estimation, see e.g. Doumic, Hoffmann, Krell and Roberts (2015).

Keywords: Bifurcating Markov chains, bifurcating auto-regressive process, binary trees, fluc-
tuations for tree indexed Markov chain, density estimation.

Mathematics Subject Classification (2020): 60J05, 60F05, 60J80, 62G05, 62F12.

1. INTRODUCTION

Bifurcating Markov chains are a class of stochastic processes indexed by regular binary tree
and which satisfy the branching Markov property (see below for a precise definition). This model
represents the evolution of a trait along a population where each individual has two children. To
the best of our knowledge, the term bifurcating Markov chain (BMC) appears for the first time in
the work of Basawa and Zhou [4]. But, it was Guyon who, in [21], highlighted and developed a
theory of asymmetric bifurcating Markov chains. Since the works of Guyon, BMC theory has been
enriched from probabilistic and statistical point of view and several extensions and models using
BMC has been studied; we can cite the works (see also the references therein) of Bercu, de Saporta
& Gégout-Petit [7], Delmas & Marsalle [17], Bitseki, Djellout & Guillin [9], Bitseki, Hoffmann &
Olivier [10], Doumic, Hoffmann, Krell & Robert [20], Bitseki & Olivier [11, 12] and Hoffmann &
Marguet [23].

The recent study of BMC models was motivated by the understanding of the cell division
mechanism (where the trait of an individual is given by its growth rate). The first model of BMC,
named “symmetric” bifurcating auto-regressive process (BAR), see Section 2.4 for more details in
a Gaussian framework, were introduced by Cowan & Staudte [16] in order to analyze cell lineage
data. Since the works of Cowan and Staudte, many extensions of their model were studied in
Markovian and non-Markovian setting (see for e.g. [11] and references therein). In particular, in
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2 S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

[21], Guyon has studied “asymmetric” BAR, see Example 2.3 below, in order to prove statistical
evidence of aging in Escherichia Coli. E. Coli is a rod-shaped bacterium which has two ends called
pole. One of the pole is new and the other is older. It reproduces by dividing in two, thus producing
two new cells, one has the new pole of the mother and the other one has the old pole of the mother.
Using BMC, it was concluded in [21], in accordance with the data and statistical analysis from
[31], that on average, the growth rate of old pole cells is slower than that of new pole cells.

Let us also note that bifurcating Markov chains have been used recently in several statistical
works to study the estimator of the cell division rate [20, 10, 23]. Moreover, another studies, such
as [19], can be generalized using the BMC theory (we refer to the conclusion therein).

In this paper, our objective is first to establish a central limit theorem for additive functionals of
BMC and second to apply this for functional estimation of the density of the invariant probability
measure associated to the BMC. With respect to our first objective, notice that asymptotic results
for BMC have been studied in [21] (law of large numbers and central limit theorem) and in [9]
(moderate deviations principle and strong law of large numbers). See [17] for the law of large
numbers and central limit theorem for BMC on Galton-Watson tree. Notice also that recently,
limit theorems, in particular law of large numbers, has been studied for branching Markov process,
see [24] and [15], and that large values of parameters in stable BAR process allows to exhibit two
regimes, see [3]. However, the central limit theorems which appear in [21, 7, 17] have been done for
additive functionals using increments of martingale, which implies in particular that the functions
considered depend on the traits of the mother and its two daughters. The study of the case where
the functions depend only on the trait of a single individual has not yet been treated for BMC (in
this case it is not useful to solve the Poisson equation and to write additive functional as sums
of martingale increments as the error term on the last generation is not negligible in general).
For such functions, the central limit theorems have been studied recently for branching Markov
processes and for superprocesses [1, 26, 28, 32]. Our first results can be seen as a discrete version
of those given in the previous works, but with general ergodic hypothesis on the evolution of the
trait. Unlike the results given in [21, 7, 17], we observe three regimes (sub-critical, critical and
super-critical), which correspond to a competition between the reproducing rate (here a mother
has two daughters) and the ergodicity rate for the evolution of the trait along a lineage taken
uniformly at random. This phenomenon already appears in the works of Athreya [2]. For BMC
models, we stress that the three regimes already appears for moderate deviations and deviation
inequalities in [9, 8, 14].

We present our results in two frameworks. The first one, which corresponds to a point-wise
approach, is in the spirit of [21, 17]. It is well adapted, for example, in parametric statistic,
where we are interested in estimating “real” parameters of the model. The second one, which
corresponds to an L?(u) approach, where p is the invariant probability measure associated to the
BMC, has been motivated by applications in nonparametric statistic, for “functional” estimation
of parameters of the model. In those two approaches we provide a different normalization for the
fluctuations according to the regime being critical, sub-critical and super-critical, see respectively
Corollaries 3.1, 3.2 and 3.4. We shall explicit in a forthcoming paper, that those results allow
to recover the one regime result from [21] for additive functionals given by a sum of martingale
increments.

Motivated by the functional estimation of the density of the invariant probability measure u,
we develop a kernel estimation in the L?(u) framework under reasonable hypothesis (which are in
particular satisfied by the Gaussian symmetric BAR model from Section 2.4). This gives a second
family of results on the convergence and Gaussian fluctuations of the estimator. It is interesting,
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and surprising as well, to note that the distinction of the three regimes disappears when considering
the density estimation and that estimations using different generations provide asymptotically
independent fluctuations, see Theorem 3.7 and Remark 3.8. Notice that in the framework of [21],
where one is summing martingale increments over different generations (which is a setting different
from the density estimation), the asymptotic independence of averages over different generations
appears also in [17]. Eventually, we present some simulations on the kernel estimation of the density
of . We note that in statistical studies which have been done in [20, 10, 13], the ergodicity rate it
assumed to be less than 1/2, which is strictly less than the threshold 1/+/2 for criticality. Moreover,
in the latter works, the authors are interested in the non-asymptotic analysis of the estimators.
Now, with the new perspective given in our paper, we think that the works in [20, 10, 13] can be
extended to the case where the ergodicity rate belongs to (1/2,1).

The paper is organized as follows. We introduce the BMC model in Section 2.1, and consider
two sets of assumptions: the point-wise approach in the spirit of [21] in Section 2.2 and the L?(u)
approach in Section 2.3. Those latter are in particular used for the estimation of the density of pu.
We check in Section 2.4 that the Gaussian BAR model fulfilled the hypothesis from the point-wise
and the L?(u) approaches. The main results are presented in Section 3. See Section 3.1 for results
in the sub-critical case, which are particular cases of more general results stated in Sections 5,
with technical proofs in Sections 6 (point-wise approach) and 7 (L?(u) approach). See Section
3.2 for results in the critical case, which are particular cases of more general results stated in
Sections 9, with technical proofs in Sections 10 (point-wise approach) and 11 (L?(u) approach).
See Section 3.3 for results in the super-critical case, which are particular cases of more general
results stated in Sections 13, with technical proofs in Section 14 (point-wise approach). After some
general fluctuations results for average of different functions over different generations in Section
3.4, which are proved in Sections 8 (sub-critical case), 12 (critical case) and 15 (super-critical case),
we present the convergence and fluctuations for the kernel estimation of the density of i in Section
3.5. We provide some simulations in Section 3.6.

The proof relies essentially on explicit second moments computations and precise upper bounds
of fourth moments for BMC which are recalled in Section 4.2.

2. MODELS AND ASSUMPTIONS

2.1. Bifurcating Markov chain: the model. We denote by N the set of non-negative integers
and N* = N\ {0}. If (E, €) is a measurable space, then B(E) (resp. By(E), resp. B4 (F)) denotes
the set of (resp. bounded, resp. non-negative) R-valued measurable functions defined on E. For
feB(E), weset || f|l,, =sup{|f(z)], z € E}. For a finite measure A on (E,€) and f € B(E) we
shall write (X, f) for [ f(z)d\(z) whenever this integral is well defined. For n € N*, the product
space E™ is endowed with the product o-field €. If (E,d) is a metric space, then € will denote
its Borel o-field and the set C,(E) (resp. C4(FE)) denotes the set of bounded (resp. non-negative)
R-valued continuous functions defined on E.

Let (S,.7) be a measurable space. Let @) be a probability kernel on S x ., that is: Q(-, A) is
measurable for all A € .7, and Q(z,-) is a probability measure on (S5,.#) for all z € S. For any
f € Byp(S), we set for z € S:

(1) (QF)(x) = /S f(v) Q(a.dy).

We define (Qf), or simply Qf, for f € B(S) as soon as the integral (1) is well defined, and we have
Qf € B(S). For n € N, we denote by Q" the n-th iterate of @ defined by Q° = I, the identity

map on B(S), and Q"1 f = Q"(Qf) for f € By(9).
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Let P be a probability kernel on S x .#®2 that is: P(-, A) is measurable for all A € .®2 and
P(z,-) is a probability measure on (5%, .7%2) for all z € S. For any g € B,(S?) and h € B,(S?),
we set for z € S:

@) (Pg)(z) = /S (.,7) Pla,dy,dz) and (Ph)(x) = /S hly.2) P, dy, dz).

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S3) (resp. Ph for h € B(5?)), as soon as the
corresponding integral (2) is well defined, and we have that Pg and Ph belong to B(S).

We now introduce some notations related to the regular binary tree. We set Top = Gy = {0},
Gr = {0,1}* and T}, = Uo<r<i Gr for k € N*, and T = |J,cy G,. The set G corresponds to the
k-th generation, Tj to the tree up to the k-th generation, and T the complete binary tree. For
1 € T, we denote by |i| the generation of i (]i| = k if and only if i € Gi) and iA = {ij;j € A}
for A C T, where ij is the concatenation of the two sequences i,j € T, with the convention that
i =i = .

We recall the definition of bifurcating Markov chain from [21].

Definition 2.1. We say a stochastic process indexed by T, X = (X;,i € T), is a bifurcating Markov

chain (BMC) on a measurable space (S,.7) with initial probability distribution v on (S,.) and
probability kernel P on S x .72 if:

- (Initial distribution.) The random variable Xy is distributed as v.
- (Branching Markov property.) For a sequence (g;,i € T) of functions belonging to By(S?),
we have for all k > 0,

E[ 11 9:(Xi, Xi0, Xir)lo (X35 € Tk)} = [ P9:(x0).
1€Gy, i€Gy,
Let X = (X;,i € T) be a BMC on a measurable space (.S, .%) with initial probability distribution
v and probability kernel P. We define three probability kernels Py, P, and Q on S x .¥ by:
1
Py(x,A) =P(x,AxS), Pi(x,A)=Px,SxA) for(z,A)eS xS, and Q= i(PO + Py).

Notice that Py (resp. Py) is the restriction of the first (resp. second) marginal of P to S. Following
[21], we introduce an auxiliary Markov chain Y = (Y,,,n € N) on (5,.%) with Y, distributed as
Xy and transition kernel Q. The distribution of Y, corresponds to the distribution of X, where
I is chosen independently from X and uniformly at random in generation G,,. We shall write E,,
when Xy = x (i.e. the initial distribution v is the Dirac mass at x € S).

We end this section with a useful inequality and the Gaussian BAR model.
Remark 2.2. By convention, for f, g € B(S), we define the function f®g € B(S?) by (f®g)(z,y) =
f(z)g(y) for z,y € S and introduce the notations:
foamg=5(f®g+g® ) md [&?=]of
Notice that P(g ®sym 1) = Q(g) for g € B4 (S). For f € BL(S), as f @ f < f? Qgym 1, we get:
(3) P(f2%) =P(f ® f) < P(f* @oym 1) = Q(f?) .

Ezample 2.3 (Gaussian bifurcating autoregressive process). We will consider the real-valued Gauss-
ian bifurcating autoregressive process (BAR) X = (X, u € T) where for all w € T:

Xuo = agXy + by + €q0,
Xu1 = a1 Xy + b1 + eqn,
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with ag,a1 € (—1,1), bp,b; € R and ((ey0,€u1), v € T) an independent sequence of bivariate
Gaussian N(0,T") random vectors independent of Xy with covariance matrix, with o > 0 and p € R
2

such that |p| < o2:
a? p
Then the process X = (X,,u € T) is a BMC with transition probability P given by:

) dydz,

0.2

1
Plx,dy,dz) = ————exp | ————=g(x,y, 2
(@, dy, d2) 2my/ot — p? p( 2(04_P2)g( )
with

9(z,y,2) = (y — apx — by)*> — 2po*(y — apx — bo)(z — a1 — b1) + (z — arz — b1)*.

The transition kernel Q of the auxiliary Markov chain is defined by:

Q(l’7dy) = <e*(y7a0:p—b0)2/20-2 -’—ef(yfala:*bl)z/QUz) dy

1
2V 2mo?
2.2. Assumptions in the point-wise approach. In this section, we follow the approach of [21]

and consider ergodic theorem with respect to the point-wise convergence.

For a set F' C B(S) of R-valued functions, we write F2 = {f%; f € F}, FQF = {fo® f1; fo, f1 €
F}, and P(E) = {Pf;f € E} whenever a kernel P act on a set of functions E. We state first a
structural assumption on the set of functions we shall consider.

Assumption 2.4. Let F C B(S) be a set of R-valued functions such that:

(i) F is a vector subspace which contains the constants;

(ii) F? C F;

(i) F C L'(v);

(iv) F F C LY(P(x,-)) forallxz € S, and P(F® F) C F.

The condition (iv) implies that Py(F) C F, Pi(F) C F as well as Q(F) C F. Notice that
if f € F, then even if |f| does not belong to F, using conditions (¢) and (iz), we get, with
g = (14 f%)/2, that |f| < g and g € F. Typically, when (S, d) is a metric space, the set F can
be the set Cy(S) of bounded real-valued functions, or the set of smooth real-valued functions such
that all derivatives have at most polynomials growth.

We consider the following ergodic properties for Q.

Assumption 2.5. There exists a probability measure p on (S,.7) such that F C L*(n) and for
all f € F, we have the point-wise convergence lim, ., Q" f = {(u, ) and there exists g € F with:

(4) Q" ()| <g foralln eN.
We consider also the following geometrical ergodicity.

Assumption 2.6. There exists a probability measure u on (S,.%) such that F C L'(u), and
a € (0,1) such that for all f € F there exists g € F' such that:

(5) Q" f — (u, )| <@g for alln €N.

A sequence f = (f¢, £ € N) of elements of F' satisfies uniformly (4) and (5) if there is g € F' such
that:

(6) Q"(fe)l <g and [Q"fr — (u, fo)| < a”g foralln,f € N.
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This implies in particular that |f,| < g and |{u, fe)| < (u,g). Notice that (6) trivially holds if f
takes finitely distinct values (i.e. the subset {f;; ¢ € N} of F is finite) each satisfying (4) and (5).

We consider the stronger ergodic property based on a second spectral gap.

Assumption 2.7. There erxists a probability measure p on (S,.) such that F C L'(u), and
a € (0,1), a finite non-empty set J of indices, distinct complex eigenvalues {caj, j € J} of the
operator Q with |a| = o, non-zero complex projectors {R;, j € J} defined on CF, the C-vector
space spanned by F, such that Rj o Rjy = Ry o Rj = 0 for all j # j' (so that ZjleRj is also
a projector defined on CF) and a positive sequence (B,,n € N) converging to 0, such that for all
f € F there exists g € F and, with 0; = a;/a:

(7) Q"(f) = (. f) = " 3207 Rs(f)| < Buag for alln € N.
jeJ
Without loss of generality, we shall assume that the sequence (3,,n € N) in Assumption 2.7 is
non-increasing and bounded from above by 1.

Remark 2.8. In [21], only the ergodic Assumptions 2.4 and 2.5 were assumed. If F' contains a
set A of bounded functions which is separating (that is two probability measures which coincides
on A are equal), then Assumption 2.4 and 2.5 imply in particular that p is the only invariant
measure of Q. Notice that the geometric ergodicity Assumption 2.6 implies Assumption 2.5, and
that Assumption 2.7 implies Assumption 2.6 (with the same « but possibly different function g).

Ezample 2.9. Let (S,d) be a metric space with . its Borel o-field and let ¥ be a Markov chain
uniformly geometrically ergodic, i.e. there exists « € (0,1) and a finite constant C' such that for
all z € S:

(8) 19" (2, ) — pllrv < Ca™,

where, for a signed finite measure 7 on (S,.7), its total variation norm is defined by ||7||ry =
SUP s (s), fl <1 |{m, f)|. Then, taking for F' the set of R-valued continuous bounded function
Cp(5), we get that properties (i-iii) from Assumption 2.4 and Assumption 2.6 hold. In particular,
Equation (8) implies that (5) holds with g = C'|| f|| .-

2.3. Assumptions in the L?(;1) approach. We assume that y is an invariant probability measure
for Q. In this section we consider an L?(u) approach, which will be used later on for the estimation
of the density of pu.

We state first some regularity assumptions on the kernels P and Q and the invariant measure g
we will use later on. Notice first that by Cauchy-Schwartz we have for f,g € L*(u):

[P(f @ g)* < P(f2©1) P(1®g?%) <49(f*) Ag?),

so that, as p is an invariant measure of Q:

1/2 1/2
(9) IP(F @) ragay < 2120 20 1206°) 120 < 20 F s 191123
and similarly for f,g € L?(u):
(10) (1, P(f@9)) <20 f 20y 1191 L2y -

We shall in fact assume that P (in fact only its symmetrized version) is in a sense an L% (1) operator,
see also Remark 2.11 below.
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Assumption 2.10. There exists an invariant probability measure, u, for the Markov transition

kernel Q.
(i) There exists a finite constant M such that for all f,g,h € L*(p):

(11) 1P(9F @oym 99) 2y < MILF Lo 190250
(12) [P (P(Qf @sym Q) @sym Q) (| 2y < M Sl L2y 191 L2y 171l 220y
(13) [ P(f @sym Qg) ||L2(#) <M ||f||L4(”) ||g||L2(u) .

(ii) There exists ko € N, such that the probability measure vQ¥o has a bounded density, say vo,
with respect to p. That is:

vQ™ (dy) = wo(y)u(y) dy  and |vollo < +oo.

Remark 2.11. Let u be an invariant probability measure of Q. If there exists a finite constant M
such that for all f,g € L?(u):

(14) [P(f®9) ||L2(u) =M ||fHL2(M) H9||L2(M)7

then we deduce that (11), (12) and (13) hold. Condition (14) is much more natural and simpler
than the latter ones, and it allows to give shorter proofs. However Condition (14) appears to be
too strong even in the simplest case of the symmetric BAR model developed in Example 2.3 with
ag = a1 and by = b;. Let a denote the common value of ag and a;. In fact, according to the value
of a € (—1,1) in the symmetric BAR model, there exists k; € N such that for all f,g € L?(u)

(15) 1P(Q% F @ Q% g) oy < M Fllz2gy 1912y,

with k; increasing with |a|. As we shall consider only the case |a| € [0,1/4/2] (corresponding to
the sub-critical and critical regime for the L?(u) approach), it will be enough to consider k; = 1
(but not sufficient to consider k1 = 0). For this reason, we consider (11), that is (15) with k3 = 1.
A similar remark holds for (12) and (13). In a sense Condition (15) (and similar extensions of
(12) and (13)) is in the same spirit as item (ii) of Assumption 2.10: ones use iterates of Q to get
smoothness on the kernel P and the initial distribution v.

Remark 2.12. Let p be an invariant probability measure of Q and assume that the transition
kernel P has a density, denoted by p, with respect to the measure u®?2, that is: P(xz,dy,dz) =
p(x,y, z) p(dy)u(dz) for all x € S. Then the transition kernel Q has a density, denoted by g,
with respect to p, that is: Q(z,dy) = q(z, y)u(dy) for all x € S with ¢(z,y) = 27! fs(p(x,y,z) +
p(z, z,y)) p(dz). We set:

(16) b(z) = </S q(x,y)Qu(dw)m-
Assume that:

(17) I1PH) |2,y < +00,
(18) | P(PH9?) Deyrm b) [,y < +00,

and that there exists a finite constant C' such that for all f € L*(u):
(19) 1P g ) gy < C 11l -
Since [Qf| < || f |2, b, we deduce that (17), (18) and (19) imply respectively (11), (12) and (13).



8 S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

We consider the following ergodic properties of Q, which in particular implies that p is indeed
the unique invariant probability measure for Q. We refer to [18] Section 22 for a detailed account on
L?(u)-ergodicity (and in particular Definition 22.2.2 on exponentially convergent Markov kernel).

Assumption 2.13. The Markov kernel Q has an (unique) invariant probability measure u, and
Q is L%(u) exponentially convergent, that is there exists o € (0,1) and M finite such that for all

fer?(u):
(20) 19" f = (s PNl 2y € Ma™ | £l 2y for alln €N,

We consider the stronger ergodic property based on a second spectral gap (compare with As-
sumption 2.7). (Notice in particular that Assumption 2.14 implies Assumption 2.13.)

Assumption 2.14. The Markov kernel Q has an (unique) invariant probability measure p, and
there exists o € (0,1), a finite non-empty set J of indices, distinct complex eigenvalues {a;, j € J}
of the operator Q with |a;| = «, non-zero complex projectors {R;, j € J} defined on CL?*(p), the
C-vector space spanned by L?(u), such that RjoR;r = Ry oR; =0 for all j # j' (so that dierRj
is also a projector defined on CL%(n)) and a positive sequence (B,,n € N) converging to 0 such
that for all f € L*(u), with 0; = aj/a:

(21) 19" = (s ) = @™ D 07 Ry ()l 2y < BraIf 22wy for all n € N,

jeJ
Remark 2.15. Assume that Q has a density g with respect to an invariant probability measure p
such that h € L?(u), where b is defined in (16), that is:

(22) /32 q(z,y)? p(dx)p(dy) < +oo.

Then the operator Q is a non-negative Hilbert-Schmidt operator (and then a compact operator)
on L?(u). Tt is well known that in this case, except for the possible value 0, the spectrum of Q
is equal to the set 0,(Q) of eigenvalues of Q; ¢,(Q) is a countable set with 0 as the only possible
accumulation point and for all A € 0,(Q) \ {0}, the eigenspace associated to A is finite-dimensional
(we refer for e.g. to [6, chap. 4] for more details). In particular, if 1 is the only eigenvalue of Q
with modulus 1 and if it has multiplicity 1 (that is the corresponding eigenspace is reduced to the
constant functions), then Assumptions 2.13 and 2.14 also hold. Let us mention that g(z,y) > 0
pu(dz) ® p(dy)-a.s. is a standard condition which implies that 1 is the only eigenvalue of Q with
modulus 1 and that it has multiplicity 1, see for example [5].

We end this section with regularity properties of functions used for kernel density estimators.

Assumption 2.16. Let (fon, n > € > 0) be a sequence of real-valued measurable functions defined
on S such that:

(1) There exists p € (0,1/2) such that sup,~y>¢ 2~ " || femllco is finite.
o 1/2

(ii) The constants ¢ = sup,>¢sq || fenllL2(u) and a2 = sup,seso | 2(F7,,) |07 are finite.
(iii) There exists a sequence (d¢n,n > £ > 0) of positive numbers such that A = sup,,> s> 0¢n
is finite, lim, o0 0¢.n = 0 for all £ € N, and for alln > £ > 0:

(s | fenl) + (s P(fen @) < Gens
and for all g € B4(S):
(23) 1201 el ey Q) 1520y < St 19112
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(iv) The following limit exists and is finite:
. - 2
(24) 0% = lim 27| fon 72, < oo
=0

Remark 2.17. Notice that if for all n > £ > 0 and g € B, (S) we have:
1201 el @eyin 9) 2y < Fon 11920

then we get (23) and |(u, P(fr.n®?))| < ¢26,, which simplifies (iii) of Assumption 2.16. This

hypothesis would be the natural companion to (14).

Remark 2.18. We stress that (i) and (ii) of Assumption 2.16 imply the existence of finite constant
C' such that for alln > ¢ > 0:

(s i) < M femlloelu f7,) < C 322 and  (u, f,) < O3 27
For the critical case, we shall assume Assumption 2.16 as well as the following.

Assumption 2.19. Keeping the same notations as in Assumption 2.16, we further assume that:

(v)
. —1/2 _
(25) lim n ; 2742 5,,, = 0.

(vi) Forallm >1£>0:

(26) 19( fe.nDlloo < e,
For the super-critical case, we shall assume Assumptions 2.16, 2.19 as well as the following.

Assumption 2.20. Keeping the same notations as in Assumption 2.19, we further assume that
202 > 1 and:

(27) sup (2a2)”_€6?,n < +4oo and, for all £ €N, lim (2042)”_45271 =0.

0<t<n n— 00

Notice that condition (27) implies (25) when 2a? > 1. The next example gives the framework
for the kernel estimation of densities.

Ezample 2.21. Let S = R? with d > 1. Let « be such that dy € (0,1). Let f € B(R%) be a kernel
function such that

(28) [flle <400, N flly <400, [[flly=1 and  lim |z[f(z) =0,
—+00

||

where [ f |, = (Jga |F(W)[P dy)'/P. Let (s, ¢ € N) be a sequence of positive bandwidths defined by
sp =279, For x € R?, we consider the sequences of functions (ff, ¢ € N) defined by:

(29) fily) = szd/zf (ac;y) for y € R%.
¢

Using the notations of Remark 2.12, assume that P (and thus Q) has a density, p (resp. ¢) with
respect to u®? (resp. u) and that p has a density, still denoted by j, with respect to the Lebesgue
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measure. Recall h defined by (16). We assume the following constants are finite:

(30) Co = sup (1(z) + q(z, y)u(y)),
(31) Cr= sup / d () ()2, v, 2),
y,2€R4 JRA

(32) Cy = /Rd dz p(x) sup (/Rd dy p(y)b(y) p(2) (p(x, y, 2) +p(w7z,y))->2

z€Rd

We consider the sequences of functions (fy,, n > ¢ > 0), (fid Vs > £ >0) and (f[ s >42>0)
defined by:

(33) fon=fE 0, [iS=[F and f), = filioy.
We first check that they satisfy (i-iii) from Assumption 2.16 and (v-vi) from Assumption 2.19. We

consider only the sequence ( f@ n, M > £ > 0), the arguments for the other two being similar. We

have || fon |l = s_d/2 | £l =2"=947/2| f]|_.. Thus property (i) of Assumption 2.16 holds with
p=dvy/2. We have || fon ||2 =1 and thus:

1 fen 720 < W fenlly il < Co and Q0201 < [l fenlly _sup q(z,y)uly) < Co.
z,y€
We conclude that (ii) of Assumption 2.16 holds with ¢ = g2 = Cé/z. We have (u,|fon]) <
Co Hle , and [(p, P(fen®?))] < Cy ||f||1 d_,. Furthermore, for all g € B, (R?), we have

d/2 d
1P fenl G Q) 2 < Cos 111y 19120 We also have [|2(1feal) o < Coll £, s

This implies that (iii) of Assumption 2.16 and (vi) of Assumption 2.19 hold with d,,, = csfb/_ze =

2~ (=0d7/2 for some finite constant ¢ depending only on Cp, C1,Cy and || f I, With this choice
of &g, notice that (v) of Assumption 2.19 also holds.

Recall that dy < 1. Moreover, if we assume that 247 > 202, where « is the rate given in As-
sumption 2.13 (this is restrictive on 7 only in the super-critical regime 2a2 > 1), then Assumption
2.20 also holds with the latter choice of dg ,.

Let = be in the set of continuity of x. According to Theorem 1A in [27] (which can be stated in
dimension d) and since || f ||, = 1, we have that:

. x 112 s xr\2\ __
Zliglo ||fg ||L2(M) = gliglo<u7 (fé) > = /.L(J,‘)

We deduce that the sequences of functions (fy,, n > ¢ > 0), (fi4 (s> €>0)and (ff,, n>0>0)
satisfy (iv) of Assumption 2.16 with o2 defined by (24) respectively given by:

(34) o =2u(x), ()2 =2u(x) and (0°)% = p(x).

2.4. Symmetric BAR. We consider a particular case from [16] of the real-valued bifurcating
autoregressive process (BAR) from Example 2.3. We keep the same notations. Let a € (—1,1) and
assume that a = ag = a1, bg = by = 0 and p = 0. In this particular case the BAR has symmetric
kernel as:

P(x,dy,dz) = Qx, dy)Q(z, dz).

We have Qf (x) = E[f(az + 0G)] and more generally Q" f(z) = E [f (a"z + V1 — a**0,G)|, where
G is a standard N(0, 1) Gaussian random variable and o, = o(1 — a?)~/2. The kernel Q admits
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a unique invariant probability measure y, which is N(0,02) and whose density, still denoted by p,
with respect to the Lebesgue measure is given by:

(2) = V1-—a? oxn [ — (1—a?)z?

N 207 )

The density p (resp. ¢) of the kernel P (resp. Q) with respect to u®? (resp. u) are given by:
p(@,y,2) = q(z,y)q(z, 2)

and

1 —az)? (1 -a?)y? 1 .
q(z,y) = ———xp ( (y ) + ( )Y > e*(a2y2+a2m272azy)/202 .

1—a 202 202 7\/1—(12
Notice that g is symmetric. The operator Q (in L?(p)) is a symmetric integral Hilbert-Schmidt
operator whose eigenvalues are given by 0,(Q) = (a”,n € N), their algebraic multiplicity is one
and the corresponding eigen-functions (g, (z),n € N) are defined for n € N by :

gn(x) = Gn (0;1 SIJ) ,

where g,, is the Hermite polynomial of degree n (go = 1 and g1(x) = z). Let R be the orthogonal
projection on the vector space generated by g, that is Rf = (u, fg1) g1 or equivalently, for z € R:

(35) Rf(z) =0, ' 2 E[Gf(0.G)].

2.4.1. The pointwise approach. Consider F the set of functions f € €2(R) such that f, f and
f” have at most polynomial growth. And assume that the probability distribution v has all its
moments, which is equivalent to say that F' C L'(v). Then the set F satisfies Assumption 2.4.
We also have that ' C L'(u). Then, it is not difficult to check directly that Assumption 2.7 also
holds with J = {jo}, aj, = @ = a, B, = a™ and R, = R (and also Assumptions 2.7 and 2.7 hold).

2.4.2. The L?*(p) approach. Recall b defined (16). It is not difficult to check that:

b(a) = (1 =) e (L) 2

1+a2 w) foerR,

and h € L?(u) (that is [p. q(z,y)? p(z)p(y) dedy < +00). Using elementary computations, it is
possible to check that Qb € L*(u) if and only if |a| < 37'/* (whereas h € L*(u) if and only if
la] < 371/2). As P is symmetric, we get P(h®?) < (Qh)? and thus (17) holds for |a| < 371/4.
We also get, using Cauchy-Schwartz inequality, that [|P(f ®sym b) |2,y = 1(Q)(Q0)[12() <
[ f 0 zauy 190) [ sy, and thus (19) holds for |a| < 3-1/4. Some elementary computations give

that (18) also holds for |a| < 0.724 (but (18) fails for |a| > 0.725). (Notice that 271/2 < 0.724 <
371/4)) As a consequence of Remark 2.12, if |a| < 0.724, then (11)-(13) are satisfied and thus (i)
of Assumption 2.10 holds.

Notice that ©QF is the probability distribution of a* Xg+0,v1 — a?* G, with G a N(0, 1) random
variable independent of Xy. So property (ii) of Assumption 2.10 holds in particular if v has
compact support (with kg = 1) or if v has a density with respect to the Lebesgue measure, which
we still denote by v, such that ||v/ul|, is finite (with ky € N). Notice that if v is the probability
distribution of N(0, p3), then pg > o, (resp. po < o,) implies that (ii) of Assumption 2.10 fails (is
satisfied).

Using that (g,/v/n!, n € N) is an orthonormal basis of L?(p) and Parseval identity, it is easy to
check that Assumption 2.14 holds with J = {jo}, oj, = a = a, 5, = a" and R, = R.
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We end this section, by checking that the constants Cp, C; and Cy defined in (31), (32) and
(30) are finite. The fact that Cy is finite is clear. Notice that:

C1 = sup /Rddw(x)u(y)u(Z)p(%y?z)= sup /Rddw(x)u(y)u(Z)q(%y)Q(w,Z)§C§-

y,z€R4 y,z€R4

We also have, using Jensen for the second inequality (and the probability measure u(y)q(z,y) dy):

Co=4 [ dep(z) sup ( dyu(y)h(y)u(z)q(x,wq(a:,z))
Rd zeR4 Rd

<402 /Rd dx p(x) (/Rd dy n(y)b(y) q(ﬂ&@/))2

2
<A4CH 10172,
< 400.

Following the conclusion of Example 2.21, we get that if f is a kernel function and (s, = 2%, £ € N)
with v € (0,1) and 27 > 2a2, a sequence of positive bandwidths, then the sequences of functions
(femn, n>€>0), (fi5,, n>€>0)and (f7,, n>€>0) defined by (33) satisfy Assumptions 2.16
(with o2 in (24) given by (34)), 2.19 and 2.20. (Notice that, as a = a, if 202 < 1, then 27 > 24>
holds a fortiori.)

3. MAIN RESULTS

Let X = (Xy,u € T) be a BMC on (5,8) with initial probability distribution v, and probability
kernel P. Recall Q is the induced Markov kernel. We shall assume that p is an invariant probability
measure of Q. The invariant measure is unique in the L?(u) approach as Assumption 2.13 holds;
see Remark 2.8 on the uniqueness of the invariant probability measure in the point-wise approach.
For a finite set A C T and a function f € B(S), we set:

Ma(f) = F(X0).
i€A
We shall be interested in the cases A = G,, (the n-th generation) and A = T,, (the tree up to the
n-th generation). We recall from [21, Theorem 11 and Corollary 15] that under Assumptions 2.4
and 2.5 (resp. and also Assumption 2.6), we have for f € F the following convergence in L?(p)
(resp. a.s.):

(36) lim |G| "' Mg, (f) = (u. f) and  lim |T,|"" Mz, (f) = (u, f).

Using Lemma 7.1 and the Borel-Cantelli Theorem, one can prove that we also have (36) with the
L?(u) and a.s. convergences under Assumptions 2.10-(ii) and 2.13.

We shall now consider the corresponding fluctuations. We will use frequently the following
notation:

f=f—{uf) for feL(n).

3.1. The sub-critical case: 2a? < 1. For f € B(S), when it is well defined, we set:

(B87)  TEU() = (i )+ Y28 (u P (9578?)) and TRU(S) = TEO() + 2585 (),

k>0
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where

SRS = Do (0 FO ) + 3027, P (9 F @uym 7)),
E>1 k>1
r>0
As a direct consequence of Remarks 5.1 and 4.1, and the more general Theorem 5.2 (point-wise
approach) and Corollary 5.3 (L?(u) approach), we get the following result. Its proof is given in
Section 5.1 for the point-wise approach, and left to the reader in the L?(u) approach, as it is very
similar.

Corollary 3.1. Let f € B(S) and X be a BMC with kernel P and initial distribution v such that,
with o € (0,1/+/2), either Assumptions 2.4 and 2.6 are in force and f € F, or Assumptions 2.10
and 2.18 are in force and f € L*(u). Then, we have the following convergence in distribution:

_ & d d
Gal 20, () = -

—— G1 and |To| "Mz, (f) —— G,

where Gy and G are centered Gaussian random variables with respective variances L3 (f) and
$Ub(f) given in (87), which are well defined and finite.

3.2. The critical case 202 = 1. In the critical case a = 1/1/2, we shall denote by R; the projector
on the eigen-space associated to the eigenvalue o; with a; = 6;a, |6;| = 1 and for j in the finite
set of indices J, see Assumptions 2.7 or 2.14. Since Q is a real operator, we get that if o; is a non
real eigenvalue, so is @;. We shall denote by ﬁj the projector associated to @;. For f € B(S),
when it is well defined, we set:

(38) SE) = D PR() Dy Ry (1)) and - SFE(f) = BF(F) +2553(S),

jeJ
where

B =3 73 PO Bom T

As a direct consequence of Remarks 9.1 and 4.1, and the more general Theorem 9.2 (point-wise
approach) and Corollary 9.3 (L?(u) approach), we get the following result. The proof which mimic
the proof of Corollary 3.1 is left to the reader.

Corollary 3.2. Let f € B(S) and X be a BMC with kernel P and initial distribution v such that,
with a = 1/+/2, either Assumptions 2.4 and 2.7 are in force and f € F, or Assumptions 2.10, 2.13
and 2.1/ are in force and f € L*(u). Then, we have the following convergence in distribution:

~ d ~ 4
(nIGul) 2 Me, (F) = Gi, and  (n[Ta))"2Ms, (F) =5 Go,

n—0o0

where G and Gs are centered Gaussian real-valued random variables with respective variance
S (f) and S$(f) given in (38), which are well defined and finite.

Remark 3.3. We stress that the variances S§°(f) and & (f) can take the value 0. This is the case
in particular if the projection of f on the eigenspace corresponding to the eigenvalues a; equal 0
for all j € J. In the symmetric BAR model developed in Section 2.4, this holds if {u, g1 f) = 0, that
is if E[G f(01G)] = 0, with G a standard N(0,1) Gaussian random variable (this is in particular
the case if f is even).
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3.3. The super-critical case 2a? > 1. This case is more delicate. We shall only consider the
point-wise approach. The next Corollary is a direct consequence of Corollary 13.5. See also the
more general Theorem 13.2; as well as Corollary 13.4 when J is not reduced to a singleton.

Corollary 3.4. Let X be a BMC with kernel P and initial distribution v. Assume that Assumption
2.4 and 2.7 hold with o € (1/+/2,1) in (7). Assume o is the only eigen-value of Q with modulus
equal to o (and thus J is reduced to a singleton), then we have for f € F':

—-n 3 P —n e P 2¢
(20)™" Mg, (f) ——— Moo(f) and (2a)7"Mr,(f) ——

n—oo 20 — 1

Moo (f),

where Moo (f) is a random variable defined in Corollary 15.5.

Remark 3.5. We assume hypothesis from Corollary 3.4 hold, and let R be the projector on the
eigen-space of Q associated to the eigenvalue a. The random variable M (f) defined in 13.5 is
L?(u) integrable and we have E[My(f)] = (v, Rf). We stress that if R(f) = 0, then M. (f) = 0.
In the special case of the symmetric BAR, numerical studies reveal us that when R(f) = 0, the
normalisation (2a))~™ is not the good one. In fact, our intuition is that if R(f) = 0, we have to find
the eigenvalue of highest modulus, say o’, such that the projection of f on the corresponding eigen-
space is non-zero; and then if 2(a/)? > 1, we are again in a super-critical regime and the correct
normalization should be (2a/)~™ instead of (2a)™". These facts are illustrated in the numerical
studies below for the symmetric BAR (see Section 3.6).

Remark 3.6. Tt is possible to develop an L?(u) approach result similar to Corollary 3.4. But, we
stress that Assumption 2.10 may not hold even for symmetric BAR model presented in Section
2.4 if the ergodic rate a is too large, see the comments in Section 2.4.2 (if |a| > 0.725, then (18)
fails and thus (12) might not hold in general). One way to prove the result is either to assume
further regularity on the kernel P (in the spirit of (15)) or assume (11) (which always holds in
the symmetric case: P(x,dy,dz) = Q(x,dy)Q(x,dz)) and further integrability conditions on the
functions f, that is f € L¥(u).

3.4. Preliminary results for the kernel estimation. In view of the density estimation of the
invariant probability measure, we shall prove the following result, whose proof is given in Section
8 for the sub-critical case (o € (0,1/4/2)), in Section 12 for the critical case (o = 1/v/2) and in
Section 15 for the supercritical case (a € (1/4/2,1)). In this section Assumption 2.10 and 2.13 are
in force. Because of condition (ii) in Assumption 2.10 which roughly state that after kq generations,
the distribution of the induced Markov chain is absolutely continuous with respect to the invariant
measure p, it is better to consider only generations k > kg for some kg € N (and thus remove the
first kg — 1 generations in the forthcoming quantity N, ¢(f) defined in (44). For this reason, we
introduce for § = (fs, £ € N) a sequence of elements of L*(p):

n—ko
(39) NG ® =1Gal ™2 Y Me,_,(fo)

£=0
Theorem 3.7. Let X be a BMC with kernel P and initial distribution v such that Assumption 2.10
(with ko € N) is in force. We suppose also that the following assumption holds: Assumption 2.13 if
a € (0,1/v/2) (sub-critical case); Assumption 2.14 if o = 1/\/2 (ecritical-case); Assumptions 2.1/
and 2.20 if o € (1/+/2,1) (super-critical case). Let (fon, n > € > 0) satisfying Assumption 2.16
for a € (0,1), Assumption 2.19 for a € [1/v/2,1) and Assumption 2.20 for a € (1/v/2,1). Then,
we have the following convergence in distribution:

NI L q,

n—oo
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where f, = (fon, £ € N) with the convention that fo, = 0 for £ > n and where G is a centered
Gaussian random variable with finite variance o defined in (24).

Remark 3.8. Assume o7 = lim, . || fon ||i2(u) exists for all £ € N; so that o2 defined in (24) is
also equal to ), 2402. According to additive form of the variance o2, we deduce that for fixed
k € N, the random variables (|G,L|*1/2M¢;,n4(fg,n), L e{o,..., k}) converges in distribution, as n

goes to infinity towards (Gy, £ € {0,...,k}) which are independent real-valued Gaussian centered
random variables with variance Var(Gy) = 2~%02.

3.5. Statistical applications: kernel estimation for the density of y. The purpose of this
Section is to study asymptotic normality of kernel estimators for the density of the stationary
measure of a BMC. We will assume the following set of hypothesis which precise: i) the ergodicity
of the BMC; ii) the regularity of the BMC kernel transition and stationary distribution; iii) the
regularity of the kernel used for the estimation; and iv) the choice of the bandwith. For simplicity,
we shall consider the framework of Example 2.21.

To be precise, let X = (X,,u € T) be a BMC on R?, with d > 1 with initial probability
distribution v, and probability kernel P. We denote Q the associated transition kernel on R? and p
its stationary probability measure (which will be well defined and unique as we shall assume some
ergodicity properties). For the sake of clarity, we summarize below the assumptions which will be
in force in this section.

Assumption 3.9.

(i) Ergodicity hypothesis: We assume that the ergodicity Assumption 2.13 holds with some
a e (0,1).

(ii) Regularity of the BMC kernel and initial distribution: We assume that Assumption
2.10 on the L?(u) regularity of the kernel P and on the reqularity of initial distribution v
holds. The kernel P (and thus Q) has a density, say p (resp. q), with respect to p®?
(resp. 1) and p has a density, still denoted by p, with respect to the Lebesque measure. We
assume that the constants Co, C1 and Cy defined by (30), (31) and (32) are finite. (We
mention Remark 2.12 where some integrability condition on p and q implies Assumption
2.10 on the L*(p) reqularity of the kernel P.)

(iii) Regularity for the estimation kernel: We consider an integrable and square integrable
kernel K € B(R?) such that [, K(x)de = 1 and f = K/||K||, satisfies the condi-
tions (28).

(iv) The choice of the bandwith: For n € N, we set s, = 277 for some v € (0,1/d) and
297 > 202 (which is only restrictive in the super-critical regime o > 1/+/2).

We define the following kernel estimators of the density u, for A, € {G,,,T,} and z € R%:
(40) fia, () = [An] 15yt Y K (s, (@ = X)) -
u€eh,
Let us mention that those statistics are strongly inspired from [25, 29, 30]. We have the consistency

of the estimator fia, (z) for = in the set of continuity of p. Its proof is given in Section 16.

Lemma 3.10. Let X be a BMC with kernel P and initial distribution v, K be an estimation kernel
and let a bandwith (sp,n € N) such that Assumption 3.9 is in force. Then, we have, for x in the
set of continuity of u and A, € {G,,T,},

li_>m ba, () = p(x) in probability.
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The following assumptions on g and K will be useful to control de biais term. For s € R,
let |s| denote its integer part, that is the only integer n € N such that n < s < n+ 1 and set
{s} = s — | s] its fractional part.

Assumption 3.11. We assume that Assumption 3.9 holds and there exists s > 0 such that the
following holds.

(iv) The density u belongs to the (isotropic) Hélder class of order (s,...,s) € Re:
The density p admits partial derivatives with respect to x;, for all j € {1,...d}, up to the
order |s| and there exists a finite constant L > 0 such that for all x = (x1,...,14), € RY,
teRandje{l,...,d}:

olsly obsly
(x—ja t) —
8xJLsJ

()] < Llz; — |,

where (x_j,t) denotes the vector x where we have replaced the jth coordinate x; by t, with
the convention 80u/8x9 = pu.

(v) The kernel K is of order (|s|,....[s]) € N: We have [p, |z|*K(z)dz < oo and
Je 28 K(2)dz; =0 for all k € {1,...,[s]} and j € {1,...,d}.

(vi) Bandwith control: We have v > 1/(2s + d), that is lim,,_,«, |G,|s2*T¢ = 0.

Notice that Assumption 3.11-(iv) implies that p is at least Holder continuous as s > 0. We
now study asymptotic normality of the density kernel estimator. The proof of the next theorem is
given in Section 16.

Theorem 3.12. Assume that Assumption 3.11 holds. Then, for A, € {G,,T,}, we have the
following convergence in distribution:

where G is a centered Gaussian real-valued random variable with variance || K |5 p(z).

Remark 3.13. We stress that the asymptotic variance is the same for A,, = G,, and A, = T,,.
This is a consequence of the structure of the asymptotic variance o2 in (24) and the fact that
lim, o0 |Tr|/|Gr| = 2.

Remark 3.14. Using the structure of the asymptotic variance o2 in (24) (and see also Remark
3.8), it is easy to deduce that |Gn\1/2si/2(ﬁ¢;,n%(x) — u(x)) are asymptotically independent for

¢e{0,...,k} for any k € N.

Remark 3.15. In Example 2.21, we have seen that in order to satisfy Assumption 2.20, the band-
width must be a function of the geometric rate of convergence via the relation 297 > 2a2. This
means that for the bandwidth selection problems for the estimation of the density p, the geometric
rate of convergence « could be interpreted as a regularity parameter just like the regularity of the
unknown function . With this new perspective, we think that the works in [13] can be extended
to the cases where o € (1/2,1) by studying an adaptive procedure with respect to the unknown
geometric rate of convergence «.

3.6. Numerical studies.
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3.6.1. Illustration of phase transitions for the fluctuations in the point-wise and L?(u) cases. We
consider the symmetric BAR model from Section 2.4 with a = o € (0,1). Recall a is an eigen-
value with multiplicity one, and we denote by R the orthogonal projection on the one-dimensional
eigenspace associated to a. The expression of R is given in (35).

In order to illustrate the effects of the geometric rate of convergence v on the fluctuations, we
plot for A,, € {G,,, T,}, the slope, say b, of the regression line log(Var(|A,|~* My, (f))) versus
log(|Ay|) as a function of the geometric rate of convergence a. In the classical cases (e.g. Markov
chains), the points are expected to be distributed around the horizontal line y = —1. For n large,
we have log(]A,|) ~ nlog(2) and, for the symmetric BAR model, Corollaries 3.1, 3.2 and 3.4 yields
that ba., ~ hi(a) with hi(a) = log(a? V 271)/log(2) as soon as the limiting Gaussian random
variable in Corollaries 3.1 and 3.2 or M (f) in Corollary 3.4 is non-zero.

For our illustrations, we consider the empirical moments of order p € {1,...,4}, that is we use
the functions f(x) = «P. As we can see in Figures 1 and 2, these curves present two trends with
a phase transition around the rate o = 1/y/2 for p € {1,3} and around the rate a?® = 1/v/2 for
p € {2,4}. For convergence rates o € (0,1/4/2), the trend is similar to that of classic cases. For
convergence rates a € (1/4/2,1), the trend differs to that of classic cases. One can observe that
the slope b, increases with the value of geometric convergence rate a. We also observe that
for a > 1/4/2, the empirical curves agrees with the graph of hi(a) = log(a? v 271)/log(2) for
f(z) = aP when p is odd, see Figure 1. However, the empirical curves does not agree with the
graph of h; for f(z) = 2P when p is even, see Figure 2, but it agrees with the graph of the function
hao(a) = log(a* v 271)/log(2). This is due to the fact that for p even, the function f(x) = 2P
belongs to the kernel of the projector R (which is clear from formula (35)), and thus M (f) = 0.
In fact, in those two cases, one should take into account the projection on the eigenspace associated
to the third eigenvalue, which in this particular case is equal to 2. Intuitively, this indeed give a
rate of order hy. Therefore, the normalization given for f(z) = zP when p even, is not correct.

3.6.2. Estimation of the invariant density for symmetric BAR. In order to illustrate the central
limit theorem for the estimator of the invariant density p, we simulate ny = 500 samples of
a symmetric BAR X = (X}ﬂ),u € T,) with different values of the autoregressive coefficient
a = a € (—1,1). For each sample, we compute the estimator fis, (z) given by (40) and its
fluctuation given by

(41) G = [An|"2s0/? (Tin, () — (=)
for € R, the average over A,, € {G,,, T,}, the Gaussian kernel

1 2
K(z)= ——e®/?
(@)= 7%=
and the bandwidth s,, = 277 with v € (0,1). Next, in order to compare theoretical and empirical
results, we plot in the same graphic, see Figures 3 and 4:

e The histogram of (,, and the density of the centered Gaussian distribution with variance
() | K |5 = p(x)(2y/7) " (see Theorem 3.12).

e The empirical cumulative distribution of (,, and the cumulative distribution of the centered
Gaussian distribution with variance p(z) || K ||§ = p(z)(2y/7) "L

Since the Gaussian kernel is of order s = 2 and the dimension is d = 1, the bandwidth exponent -~y
must satisfy the condition v > 1/5, so that Assumption 3.11-(vi) holds. Moreover, in the super-
critical case, v must satisfy the supplementary condition 27 > 2a?2, that is v > 1+ log(a?)/log(2),
so that Assumption 3.9-(iv) holds. In Figure 3, we take a = 0.5 and o = 0.7 (both of them
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FIGURE 1. Slope b, (empirical mean and confidence interval in black) of the
regression line log(Var(|A, |~ My, (f))) versus log(|A,|) as a function of the geo-
metric ergodic rate «, for n = 15, A,, € {G,, T} and f(z) = a? with p € {1,3}.
In this case, we have R(f) # 0, where R is the projector defined from formula
(35). One can see that the empirical curve (in black) is close to the graph (in red)
of the function h;(a) = log(a? v 271)/log(2) for a € (0,1).

corresponds to the sub-critical case as 2a® < 1) and v = 1/5 + 1073. The simulations agree
with results from Theorem 3.12. In Figure 4, we take @ = 0.9 (super-critical case) and consider
v =0.696 and v = 1/5 + 1073, In the former case Assumption 3.9-(iv) is satisfied as v = 0.696 >
1 + 1og((0.9)?)/log(2), and in the latter case Assumption 3.9-(iv) fails. As one can see in the
graphics Figure 4, the estimates agree with the theory in the former case (y = 0.696), whereas
they are poor in the latter case.
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FIGURE 2. Slope b, (empirical mean and confidence interval in black) of the
regression line log(Var(|A, |~ My, (f))) versus log(|A,|) as a function of the geo-
metric ergodic rate «, for n = 15, A,, € {G,, T} and f(z) = af with p € {2,4}.
In this case, we have R(f) = 0, where R is the projector defined from formula
(35). One can see that the empirical curve (in black) does not agree with the
graph (dash line in red) of the function hy(a) = log(a? Vv 271)/log(2) for 202 > 1;
but it is close to the graph (in blue) of the function hy(a) = log(a* v 271)/log(2)

for a € (0,1).

4. FURTHER NOTATIONS AND MOMENTS FORMULA

4.1. Notations for average of different functions over different generations. Recall that

for f € LY(u), we set f=f- (i, f). In order to study the asymptotics of Mg, ,(f), we shall
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FIGURE 3. Histogram and empirical cumulative distribution of ¢, given in (41)
with z = —1.3, n =15, A,, = G,, and v = 1/5+ 1073, We consider the ergodicity
rate: a = 0.5 for the two left graphics and o = 0.7 for the two right.
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FIGURE 4. Histogram and empirical cumulative distribution of ¢, given in (41)
with z = —1.3, n = 15, A,, = G,, and the ergodic rate « = 0.9 (super-critical
case). We consider the bandwith exponent v = 0.696 (which satisfies Assumption
3.9-(iv)) for the two left graphics and v = 1/5 + 1073 (which does not satisfy
Assumption 3.9-(iv)) for the two right.

consider the contribution of the descendants of the individual ¢ € T,,_,; for n > ¢ > 0:
(42) N. () = 1Gn| V2 Mig,,_ -, (F),
where iG,,_jjj—¢ = {ij, j € G,_|;j—¢} C Gy—¢. For all k € N such that n > k + £, we have:
Mg, ,(f) = VIGal > NEA(F) = VIGul NS y(f)-
1€Gy
Let f = (fe, £ € N) be a sequence of elements of L'(1). We set for n € N and i € T,,:

n—|i| n—|i|

(43) Noi(F) = Y N (fo) =1Gnl 72 > Mig,_,_,(fo).
=0

£=0
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We deduce that Y ,cq Nii(f) = |G| /2 " Mg, _,(f) which gives for k = 0:

(44) Noo(f) = 1Gal ™2 Ma,_, (fo).
£=0

The notation N,, y means that we consider the average from the root () to the n-th generation.
We shall prove the convergence in law of N, 4(f) for the point-wise and L?(u) approaches in the
following sections.

Remark 4.1. We shall consider in particular the following two simple cases. Let f € L'(u) and
consider the sequence f = (fp,£ € N). If fo = f and fy = 0 for £ € N*, then we get:

Noo(f) = |Gul 72 M, (f).
If fo = f for £ € N, then we shall write f = (f, f,...), and we get, as |T,| = 2"*! -1 and |G,,| = 2™
Npo(£) = 1Gu| V2 My, (f) = V2 =277 [T, |72 M, (f).
Thus, we will easily deduce the fluctuations of Mt (f) and Mg, (f) from the asymptotics of N,, 4(f).

To study the asymptotics of N, ¢(f), it is convenient to write for n > k > 1:

k—1
(45) Nn,@(f) = |Gn‘71/2 ZMGT (]?n—r) + Z an(f)
r=0 1€Gy

If f = (f, f,...) is the infinite sequence of the same function f, this becomes:
(46) Noo£) = 1Gal " /2Mz, () = Gul 72 M () + > NualD).
1€Gy
In the following proofs, we will denote by C' any unimportant finite constant which may vary

from line to line (in particular C' does not depend on n nor on f).

4.2. Moments formula for BMC. Let X = (X;,i € T) be a BMC on (5,.) with probability
kernel P. Recall that |G,| = 2" and Mg, (f) = > ;cq, f(Xi). We also recall that 2Q(z, A) =
Pz, Ax S)+P(x,S x A) for A €.”. We use the convention that ), = 0.

We recall the following well known and easy to establish many-to-one formulas for BMC.

Lemma 4.2. Let f,g € B(S), z € S andn > m > 0. Assuming that all the quantities below are
well defined, we have:

(47) E, [Mg, (f)] = |Gn| Q" f(z) = 2" Q" f(2),
(48) E. [Mg,(f)?] = 2" Q"(f*)(x) + >_ 2"t Q=+t (P (QF f @ @ f)) (),
k=0

(49)  Eq[Me, (f)Mg,, (9)] = 2"Q™ (9Q" "™ f) (2)
m—1
+ Z 2n+k Qm—k—l (g) (ng ®sym Qn—7n+kf)) (J})
k=0
We also give some bounds on E, [Mg, (f)*], see the proof of Theorem 2.1 in [9]. We will use

the notation:
g®2 =gR®g.
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Lemma 4.3. There exists a finite constant C' such that for all f € B(S), n € N and v a probability
measure on S, assuming that all the quantities below are well defined, there exist functions ;.
for 1 <5 <9 such that:

9
E, = v,

j=1
and, with hy, = Q*~1(f) and (notice that either ;| or |(v,v;)| is bounded), writing vg = (v, g):

10| < C27QM(f1),
n—1

bl < C22% Y 27 pQ P (Q F (| F1) @syn i) |
k=0

n—1
|¢3,n| < c22n Z o~k qkp (ankfl(f2)®2> ’

k=0
4] < C 24P (|P(hno1®?) 2% ),
n—1k—1

|'(/)5,n| < 024n Z Z 2—2k—rQr.:P (Qk_r_l|ﬂ)(hn_k®2)|®2) ,
k=2 r=0
n—1k—1

|Y6.n| < C2°" 222 B P (QF TP (B ®) @y QVTTTH()) |

iz a| < C23 Z Z 27K QP (QF TP (B k @y Q7 TH(S?)) Sy hns) |,

k—1r—1
[sn| <C2 Y NN 2R IQIP(1Q7T TP (hy @) | @sym (98 TP (B k@) )

k=2 r=13j=0
n—1

k—1r—1
|¢9,n| < 024n Z _k_T_ijwJ (QT'_j_llj) (hnfr ®sym Qk_T_lT (hnfk®2)) ®sym hnfj) |

r=1j=

=
[|
N

We shall use the following lemma in order to bound the term |vis .

Lemma 4.4. Let u be an invariant probability measure on S for Q. Let f,g € L*(u). Then we
have for all r € N:

(PP @ 19D) < 20 Fll7a 190130,

Proof. We have

(i, PQIfP @ 19D) < (u, PUQTIFY? @ 1) (, PL @ g* )M
< 20, QTP {, Qg "IN
< 20 |1 (s 19D,

where we used Hoélder inequality and that v @ w = (v ® 1) (1 ® w) for the first inequality, that
Pv®1) < 2Qv and P(1®wv) < 2Qu if v is non-negative for the second inequality, Jensen’s inequality
and that p is invariant for Q for the last. O
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5. THE SUB-CRITICAL CASE: 202 < 1

We shall consider, when well defined, for a sequence § = (f;, ¢ € N) of measurable real-valued
functions defined on S, the quantities:

(50) S (F) = S (F) + 255 (),

where:

(61) IR =32 D+ Y P (95 )s?)),
>0 £>0,k>0

(52) E;ub(f) = Z 2_Z<Ma kak—€f€> + Z 2T_é<:u’7 P (Qrfk: ®sym Qk_é—i_rff))'
0<t<k Oféﬁk

Remark 5.1. Recall the definitions of S8 (f) and X3P (f) given in (37). If we take f = (£,0,0,...),
we have 35UP(f) = Z2b(f). If we take f = (f, f,...), the infinite sequence of the same function f,
we have X5UP(f) = 25500 (f).

5.1. The point-wise approach. In this section Assumptions 2.4 and 2.6 are in force. We have
the following result whose proof is given in Section 6.

Theorem 5.2. Let X be a BMC with kernel P and initial distribution v such that Assumptions
2.4 and 2.6 are in force with a € (0,1/+/2). We have the following convergence in distribution for
all sequence f = (fo,0 € N) of elements of F satisfying Assumptions 2.6 uniformly, that is (6) for

some g € F':

(d)
Ny o(F) —

where G is a centered Gaussian random variable with variance X5 (§) given by (50), which is well
defined and finite.

G,

Convergence in distribution of N, ¢(f) allows to recover the convergence in distribution of
|G|~ Y2(Mg, (fo), ..., Mg, ,(fr)). We end this section with the proof of Corollary 3.1.

Proof of Corollary 3.1. Take the infinite sequence § = (f,0,0,---), where only the first component
is non-zero, to deduce from Theorem 5.2 the convergence in distribution of |G,|~*/?Mg, (f) =
N,,.0(f). Next, take the infinite sequence f = f = (f, f,...) of the same function f in Theorem 5.2
and use (46) and as well as lim, o |G, |/|Tyn| = 1/2, to get the convergence in distribution for
ITnl =12 Mr, (f) = (IGnl/ITal)'/2 Ny o (£). O

5.2. The L?(u) approach. In this section Assumption 2.10 and 2.13 are in force. Because of
condition (ii) in Assumption 2.10 which roughly state that after ko generations, the distribution
of the induced Markov chain is absolutely continuous with respect to the invariant measure p,
it is better to consider the quantity IV, ¢(f) defined in (44) (see also (45)) without the kg first
generations. Mimicking the proof of Theorem 5.2 and Corollary 3.1, we get the following result,
see a detailed proof in Section 7. Recall N}fg] (f) defined in (39).

Corollary 5.3. Let X be a BMC with kernel P and initial distribution v such that Assumptions

2.10 (with ko € N) and 2.13 are in force with o € (0,1/+/2). We have the following convergence

in distribution for all sequence § = (fo, ¢ € N) bounded in L*(p) (that is supey || fe 24y < +o0):
N[ko](f) L G

n,0 n—o00
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where G is centered Gaussian random variable with variance Y5 (f) given by (50) which is well

defined and finite.

6. PROOF OF THEOREM 5.2

Let (pn,n € N) be a non-decreasing sequence of elements of N* such that, for all A > 0:

(53) Pn<n, lim p,/n=1 and lim n—p, — Alog(n) = +oo.
n—oo

n—oo

When there is no ambiguity, we write p for p,,.

Let 4,7 € T. We write ¢ < j if j € ¢T. We denote by 7 A j the most recent common ancestor of
i and 7, which is defined as the only u € T such that if v € T and v < i, v < j then v < u. We
also define the lexicographic order i < j if either ¢ < j or v0 < ¢ and vl < j for v =i A j. Let
X = (X;,i € T) be a BMC with kernel P and initial measure v. For i € T, we define the o-field:

F; = {Xu;u € T such that u < i}.
By construction, the o-fields (F;; i € T) are nested as F; C F; for i < j.

We define for n € N, i € G,,_p, and f € F the martingale increments:

(54) Api(P) = Noi(F) = E[Naa(DIFi] and Au(f) = Y Anal):

1€Gn—p,
Thanks to (43), we have:
Pn _ n B
D NaalD) = [Gal MY Me, () =[Gl 7 YT Me, ().
1€Gn_p, =0 k=n—pn
Using the branching Markov property, and (43), we get for i € G, _,p,
Pn B
B (Noi (D T3] = E [N (] X1 = 6o/ 3 i, [Me,, (7).
£=0

We deduce from (45) with k& = n — p,, that:

(55) Noo(F) = An(f) + Ro(n) + Ri(n),

with

(56) Ro(n) = [G,|~/? zn: Mg, (fa—k) and Ri(n)= > E[N.:()|F].
k=0 i€Gn_p,

We have the following elementary lemma.
Lemma 6.1. Under the assumptions of Theorem 5.2, we have the following convergence:

lim E[Ry(n)?] = 0.

n—roo
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Proof. For all k£ > 1, we have:

k—1

Eo[Me, (fa-1)?] < 28 g1(2) + ) 250 Q71 (P(g2 © g2)) (@)
£=0

k—1

< 2% gy () + 2° 2(2(12)293(33)
=0

< Qk 94(3:)7

with g1, 92,93,94 € F and where we used (48), (6) twice and (4) twice (with f and g replaced by
2(9% + (u, g)?) and gy, and with f and g replaced by g and g5) for the first inequality, (4) (with f
and g replaced by P(g2 ® g2) and g3) for the second, and that 2% < 1 and g4 = g1 + (1 —2a2)"1g3
for the last. As g4 € F C L'(v), this implies that E[Mg, (f,_)?] < ¢22¥ for some finite constant
¢ which does not depend on n or k. We can take c¢ large enough, so that this upper bound holds
also for k = 0 and all n € N, thanks to (6). We deduce that:

n—p—1 n—p—1
(57)  E[Ro(n)'? <[Gn7? Y E[Mg, (far)’]/? <c27? Y 282 <3c27P/2
k=0 k=0

Use that lim,,_,.. p = 00 to conclude. O
We have the following lemma.
Lemma 6.2. Under the assumptions of Theorem 5.2, we have the following convergence:
. 21
lim B[Ry (n)?] =0.

Proof. We set for p > ¢ > 0:

(58) Ri(t,n)= > B[N (folF],

iEanp

so that, thanks to (43), Ri(n) = > j_, R1(¢,n). We have for i € G,,_,:
(59)  |Gu'2E [N}, (f)| ] =B [Mis, (flX] = Bx, [Me, ()] = |Gyel 97~ fu(X0),

where we used definition (42) of me for the first equality, the Markov property of X for the second
and (47) for the third. We deduce that:

Ri(£,n) = |G| 2 |Gpere| Mg, (77" fo).

Using (48), we get:

E, [R1(€,n)2] = |Gn| ™ [Gp_¢[* E, [(MGHP(QP_ZJZZ))?

= G| |Gpel? 2P Q" P((QP 1 £1)?) (2)
n—p—1

G Gyt Y] 2n QR (p (P fe?) ) (a).
k=0
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We deduce that:

n—p—1
E, [Rl (f, n)2} < a2(p—€)2p—2£ Qn_p<92)($) + 2p—2€ Z a2(k+p—€) Qk Qn—p—k—l (33 (g ® g))
k=0
n—p—1
(60) < a2(1’7€)2p724 <91(1')+ Z (2a2)k92(1,)>
k=0

< (20%)7 (20) % g3(2),

with g1, 92,93 € F' and where we used (6) for the first inequality, (4) twice (with f and g replaced
by ¢? and g; and by P(g®g) and go) for the second, and that 2a? < 1 for the last. Since
g3 € F C L'(v), this gives that E [R;(¢,n)?] < (2a)P(2a)72(v, g3). We deduce that:

p
E R < S E[Ri(6n)2]"? < ann (v.g5) 72,
=0

with the sequence (a1, n € N) defined by:

P
(61) arpn = (20°)7%> "(20)7".
£=0
Notice the sequence (a1 ,,n € N) converges to 0 since lim,, ., p = 00, 202 < 1 and
» 2a/(2a — 1) if 2a > 1,

> Ra)F<ip+1 if 200 = 1,

£=0 (2a)7P/(1 - 2a) if2a < 1.
We conclude that lim, . E [Ry(n)?] = 0. O

We now study the bracket of A,,:
(62) Vin)= Y E[A(7)?F].
i€Gn—p,

Using (43) and (54), we write:

(63)  V(n) =G~ Y Ex, (Z MGpﬂ,e(fe)> — Ra(n) = Vi(n) +2Va(n) — Ry(n),
£=0

ieGn—Pn
with:
p"L ~
Vit = (€7 30 D Ex, [Me,, (7]
1€Gn—_p,, £=0

Vam) =G, Y Y Ex, M, (f)Ms,, ()]

i€Gpn_p, 0<U<k<p,
Ro(n)= Y E[Nu.(fIX]>.
ieGWr—Pn
Lemma 6.3. Under the assumptions of Theorem 5.2, we have the following convergence:

lim E[Ry(n)] = 0.

n—roo
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Proof. We define the sequence (ag,,,n € N) for n € N by:

» 2
(64) ag, =27° (Z(Qoz)£> .

£=0

Notice that the sequence (agn,n € N) converges to 0 since lim,,_, o p = 00, 202 < 1 and

» (20)PT /(200 — 1) if 2a > 1,
> ) <ip+1 if 20 = 1,
£=0 1/(1 - 20) if 20 < 1.

We now compute E, [Ra(n)].

p
Ex [R2(n)] = |Gn‘71 Z ]Eac ]Eac ZMiGp,g (fNE)|XZ‘|
1€Gr_p L £=0
- , 5
= |Gn‘*1 Z E, (ZEX’ {Mgp[(fg)}>
1€Gr_p | \¢=0

p N2
= (Gl Gyl 07 ( (D218, 07 ) (@)
=0

(65) <27 (Z@a)”_e) Q"7 (g*)(x)

=0
< agng1(x),

with g1 € F' and where we used the definition of N,, ;(f) for the first equality, the Markov property
of X for the second, (47) for the third, (6) for the first inequality, and (4) (with f and g replaced
by g2 and g;) for the last. We conclude that lim,,_, E[R2(n)] = 0, using that (v, g;) if finite as
g €FC Ll(l/). U

We have the following technical lemma.

Lemma 6.4. Under the assumptions of Theorem 5.2, we have that Y53 (§) defined in (52) is well
defined and finite, and that a.s. lim,,_, Va(n) = 5% () < +oc.

Proof. Using (49), we get:
(66) Va(n) = Vs(n) + Vs(n),
with
Vs(n) = G|t Y Y orfort ( FoQht fz) (X)),
i€Gy_p 0<E<k<p

p—k—1

Vo) = G700 Y N artirgris(rtR) (T(Qrfkéésmek_”Tﬂ))(Xi).

i€Gy—p 0<U<k<p T=0
We consider the term Vg(n). We have:
(67) Vs(n) = |Gnp|™ Mg, _, (He.n),
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with:

(68) Hon= > A, Lisnepy and A, =2770Qr7 12050 (1p (07 fi @y, 05547 ) ).
0<t<k
r>0

Using (5) and since P(Q"(F) ® Q¥—*7(F)) C F and lim,,_, o, p = +00, we have that:

lim h{"), = hie,

n— o0
where the constant hy ¢, is equal to 2" ~¢{u, P (Qrfk Qsym Qk_e'”fg)). Using (5), we also have
that:

() | < 27f k2 QR (9 (g @ )
< 27"72 ak76+2r

*9

with g. € F' (which does not depend on n, r, k and ¢) and where we used (6) for the first inequality
and (4) (with f and g replaced by P (¢ ® ¢g) and g.). Taking the limit, we also deduce that:

|hk,€,r| S 2r—€ ak—£+2r Gs.

Define the constant

(69) H(f)= Y heer= D 270 P (9 fi @m 7))
0<t<k 0<t<k
r>0 r>0

which is finite as

2c
(70) 2’)"7€ ak7€+2r — < 400.
Py TS

Using (5) (with f and g replaced by P (Qrfk ®sym Q’“’”Tﬂ) and gi¢,r), we deduce that:

0 _p—1—(r+k
B, = hiea| <27 apT1m0FRY g

Set ro € N* and gry = 3" 0<pc ki p50; kvr<ro Ikt~ Notice that g, belongs to F' and is non-negative.
Furthermore, we have:

[Hon = Ho(DI < > 2~ ar =0 0g, 4 S (10, 1 1(rsnepy + e

0<t<k 0<t<k
r>0 r>0
kVr<rg rVk>rg

< (ro+1)2 270t P10 g 41 (1) g

with
’Yl(ro) — Z 2'r—€ ak—£+2'r_
0<t<k
r>0

rVk>rg
Using (36) with n replaced by n—p and f replaced by g. and g,,, and that lim,,_,., a? = 0 as well
as lim,,_,ooc n — p = 00, we deduce that:

limsup [Gy—p| ™" Mg, _, (|Hon — Ho()]) < v(ro){u, g)-

n—oo

Thanks to (70), we get by dominated convergence that lim,, o v1(79) = 0. This implies that:
nh_{go ‘Gn—prl Manp(|H6,n — Hg(f)|) = 0.
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Since |Gp—p| ™! Mg, _, (+) is a probability measure, we deduce from (67) that a.s.:

lim Ve(n) = lim [Gop| ™ Mg, _, (Hon) = Ho()) = 3 27~(1P (9 fi @uym 7)),

n—oo

0<e<k
r>0
Similarly, we get that a.s. lim, . V5(n) = Hs(f), with the finite constant Hx(f) defined by:
(71) H;(f) = Z 27, Q" o).

0<t<k
Notice that 5" (f) = Hs(f) + Hg(f) is finite thanks to (6) and (70). This finishes the proof. [
Using similar arguments as in the proof of Lemma 6.4, we get the following result.

Lemma 6.5. Under the assumptions of Theorem 5.2, we have that X3P (f) in (51) is well defined
and finite, and that a.s. lim,,_,, V1(n) = S50 (§).

Proof. Using (48), we get:

(72) Vi(n) = Va(n) + Va(n),
with
Va(n) =G|t D D 22 QP (f7)(X),
i€Gp_p =0

p—1 p—£—-1

Vi) = G0 30 30 3T 2t ar o (p 0k fre? ) ) ().

i€Gp_p £=0 k=0

We consider the term Vy(n). We have:

(73) Vi(n) = |anp|_1MGn7p(H4,n)»

with:

(74) Hip= 3 b Lk and b =200 1050 (9 0k fie?)).
£>0, k>0

Using (5), we have that:

: (n) _
Jim by = e

where the constant hy j is equal to 2F=C(y, P (Qkfg®2>>. We also have that:

Ihg| < 280k = (P (g @ g))
< 2kfé a2k Js,

with g. € F' (which does not depend on n, ¢ and k) and where we used (6) for the first inequality
and (4) (with f and g replaced by P (¢ ® ¢g) and g.). Taking the limit, we also deduce that:

lhes| <28 Fa? g,
Define the constant

(75) Hi(f)= Y hew

>0, k>0



30 S. VALERE BITSEKI PENDA AND JEAN-FRANCOIS DELMAS

which is finite as:

(76) > 2 =2/(1 - 207) < foc.
>0, k>0

Using (5) (with f and g replaced by P (Qkﬂ@Q) and ge 1), we deduce that:
\hénk) — heg| < 28 fapm R g,

Set 7o € N and g, = ZZ\/k<m ge.i;- Notice that g,, belongs to F'. Furthermore, we have:

|Hap — Hi(f)| < > 26 larm 7R b 3" (|h1§"k)| Liore<p—1y + |hek )

IVEk<rg INk>1g

< (ro+1)%270 P12 g+ 45 (10) g,

with ya(rg) = 2 Z@vk>m 2F= a2k Using (36) with n replaced by n — p and f replaced by g. and
9ro, and that lim,,_,., o =0 as well as lim,,_,oc 7 — p = 00, we deduce that:

limsup G, —p| ™ Mg, (1Han — Ha()]) < 72(r0) (11, g5)-

n— oo

Thanks to (76), we get by dominated convergence that lim,, . v2(r9) = 0. We deduce that:
T [Goyl ™ Mo, ([Hi — Ha()]) = 0.

Since |G,,—p| 7! Mg, () is a probability measure, we deduce from (73) that a.s.:

n—p

Tim Vi(n) = T [Gypl ™ Mo, (Hip) = Ha(f) = > 2", P (94 f2?)).

£20,k>0
Similarly, we get that a.s. lim,,_,o Va(n) = Hs(f) with the finite constant Hs(f) defined by
(77) Hy(F) = > _ 27" (. f7)-
£>0

Notice that %5%P(f) = Hs(f) + Ha(f) is finite thanks to (6) and (76). This finishes the proof. O
The next Lemma is a direct consequence of (63) and Lemmas 6.3, 6.4 and 6.5.

Lemma 6.6. Under the assumptions of Theorem 5.2, we have the following convergence in prob-
ability lim,,_,, V(n) = 3P (§), where, with ¥5%°(f) and S5 (f) defined by (51) and (52):

BRR() = BUb() = B () + 283,
We now check the Lindeberg condition using a fourth moment condition. We set:

(78) Rs(n)= Y E[A.(f].
1€Gr—p,

Lemma 6.7. Under the assumptions of Theorem 5.2, we have that lim,,_,~, R3(n) = 0.

Proof. We have:
Rs(n) <16 > E[Nui(5)?]

i€Grp

(79) S16(+1"Y D E|NL(f)Y,

£=04i€Gp_p
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where we used that (3, _,ax)* < (r+1)33,_,a} for the two inequalities (resp. with r =1 and
r = p) and also Jensen inequality and (54) for the first and (43) for the last. Using (42), we get:

(30) E [N (f)!] = 16l P o(X0)], with By e(z) = B, [ Mg, ,(f)].
Thanks to Lemma 4.3, we get there exists g1 € F such that for alln >p > /¢ > 0:
(81) [ ] < 2P0 gy

We deduce that:

p
Ry(n) <160° > Y |G, 2220 ~IE [gy(X;)]
0=0i€Gn_,

< 160272 P E Mg, (g91)]
< 16n>27("7P) (y, Q" Py,

where we used (47) for the third inequality. Since g1 belongs to F', we deduce from (4) that
Qn~Pg; < go for some go € F and all n > p > 0. This gives that:

Rs(n) < 16032~ 7P) (1 g,).

This ends the proof as lim,, .o, p = 00 and lim, . n — p — Alog(n) = +oo for all A > 0. d

We can now use Theorem 3.2 and Corollary 3.1, p. 58, and the remark p. 59 from [22] to deduce
from Lemmas 6.6 and 6.7 that A, (f) converges in distribution towards a Gaussian real-valued
random variable with deterministic variance ¥5"P(f) given by (50). Using (55) and Lemmas 6.1
and 6.2, we then deduce Theorem 5.2.

7. PROOF OF COROLLARY 5.3

We first state a very useful Lemma which holds in sub-critical, critical and super-critical cases.

Lemma 7.1. Let X be a BMC with kernel P and initial distribution v such that (ii) from Assump-
tion 2.10 (with ko € N) is in force. There exists a finite constant C, such that for all f € B, (S)
all n > kg, we have:

(82)  IGu'ElMe, (N S Cllfllprgy and |Gal'E[Mg, (f)*] <CY 2" HQkfIIZLz(H)-
k=0

Proof. Using the first moment formula (47), (ii) from Assumption 2.10 and the fact that p is
invariant for Q, we get that:

|Gl E[Me, (/)] = (1,9 f) < 10l (1, Q"7 f) = 10 ]l {2, £)-
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We also have:

Gl T'E [Mg, (f)?] = (1, Q"(F*)) + Z_: 28 (v, Q" F 1 (P(QF f2?))

k=0
n—1
< @)+ Y28 QMR ((24)))
k=0
n—ko n—1
<@ QM)+ D 2w R+ D 22 ((Qr )
k=0 k=n—ko+1
n—ko
<O Q[T
k=0

where we used the second moment formula (48) for the equality, (3) for the first inequality, Jensen
inequality for the second, and (ii) from Assumption 2.10 and the fact that p is invariant for Q for

the last. O
We set for k € N*:
1/k
(83) () =sup | fallprgy and  ar(P) = sup [|Q(fa) . -
neN neN

We now follow very closely the proof of theorem 5.2 and we keep notations from this section.
We will denote by C' any unimportant finite constant which may vary from line to line (but in
particular C' does not depend on n nor on f, but may depends on kg and || v ||, ). Recall (pn,n € N)
is such that (53) holds. Assume that n is large enough so that n — p,, — 1 > kg. We have:

k
NIT6) = An(f) + BE () + Ra(n),

where A, (f) and Ry(n) are defined in (54) and (56), and :
n—pn—1

R (n) = [Gul™* Y Mg, (fas).

k=ko
Lemma 7.2. Under the assumptions of Corollary 5.3, we have the following convergence:
. ko 21
nlLrgOE[RO (n)“] = 0.

Proof. Assume n — p > ko. We write:

n—p—1
R (n) = Gu| ™2 >0 Y Mig,_, (fap)-
k=ko iGGkO

We have that Zz‘eGkO E[Mig,_,, (fo—i)?] = E[Mg,, (h,n)], where:

hk,n(fw =E, [MGk—kO (.fn—k)z]'

We deduce from (ii) from Assumption 2.10, see (82), that ]E[MGko (hin)] < C{u, hg,n). We have
also that:

k k
~ ~ 2
(s ) = B[ Me, o (fa-)?] S C 28N 28 Q fup gy < C2F 5() D 2% < 027 &5(f),
=0 £=0
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where we used (82) for the first inequality (notice one can take ko = 0 in this case as we consider
the expectation E,), (20) in the second, and 2a? < 1 in the last. We deduce that:

(34) E[RY (027 < [Gal 2 " (2E [Mey, (hin)])
k=ko

V2 < corl2ey(p),
where we used that the sequence § is bounded in L?(u). Use that lim,, ., p = oo to conclude. [J
We have the following lemma.
Lemma 7.3. Under the assumptions of Corollary 5.3, we have the following convergence:
. 2 o
nILH;oE [R1(n)*] =0.
Proof. We set for p>£€>0,n—p> ko and j € Gg,:
Rij(t,n)= > E[N..(f)IF],

iejanpfk'O
so that Ri(n) =Y 7_, > ey, B1i(fin). Using (59), we get for j € Gy,
Ryj(6,n) = |G| 7 |Gpitl My, -, (9" fo)-
We deduce from the Markov property of X that E[R; (¢, n)%|F;] = 27" T20=0 p, . (X;) with
hep(z) =E, [MGn—p—kD (QP~¢f,)?|. We have, thanks to (ii) from Assumption 2.10, see (82), that:

Y ElRi;(6n)%) = 27" 07O [Mg, (hep)] < C27" 2070 (ke ).

JE€Gk,
We have:
~ n—p—ko o,
(85) (s hen) =By [Ma,,,, ()% <C2070 37 219507 o,
k=0

< 2ot ),

where we used (82) for the first inequality (notice one can take kg = 0 in this case as we consider
the expectation E,), (20) in the second, and 2a? < 1 in the last. We deduce that:

Z E [Ry(¢, n)2] < CaPP=09r=262(5),

J€Gk,
We get that:
) 1/2
(86) E[Ri(n)2"* <3 (2% 3 E[Ry(6n)?]]| < Ceff)arn,
=0 jEGkO

where the sequence (ai,,,n € N) defined in (61) does not depend on § and converges to 0. Then
use that f is bounded in L?(u) to conclude. O

Remark 7.4. From the proof of Lemma 7.2, see in particular (84) and of Lemma 7.3, see in
particular (86), we deduce that

B [(N560) - 209)] < a0 0
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where the sequence (ag,,,n € N) converges to 0 and does not depend on f.

We now study the bracket of A (f), V(n) = Y, , E [An,i(f)?Fi]. Recall that V(n) =
Vi(n) + 2Va(n) — Ra(n) with Vi(n), Vo(n) and Ra(n) defined after (63).

Lemma 7.5. Under the assumptions of Theorem 5.2, we have the following convergence:

lim E[Ry(n)] = 0.

n—oo

Proof. From the proof of Lemma 6.3, we have using (ii) from Assumption 2.10:

E [R2(n)] = ‘Gnrl |anp| (v,Q"7P <<Z |Gp7£‘ Qp—éﬂ) 2>>
£=0

2
p
(87) <c27r (ZG,)@ |Q”_€fe||m(#)> :

=0
We deduce that:
(88) E [Ry(n)] < C & (F) agm,

where the sequence (ag,,,n € N) defined in (64) does not depend on f and converges to 0. Then
use that f is bounded in L?(u) to conclude. O

The proof of the following lemmas are written in such a way that part of their arguments will
be used in the proof of Theorem 3.7 in the sub-critical case. We first study the limit of Va(n).

Lemma 7.6. Under the assumptions of Corollary 5.3, we have that in probability lim,,_,, Va(n) =
Y5UP(f) with TP (§) finite and defined in (52).

Proof. We recall Vs(n) and Vg(n) defined from (66). We consider the term Vi(n), and we recall,
see (67), that:

Ve(n) = |Gn—p|_1MGn7p(H6,n)7
with, see (68):

How= 3" ), Lpanay and B, =20 Q0708 (9 (07 fy o, 04040 ).

0<t<k
r>0

Recall H@(f) = 20§4<k”20 hk,g)r with h;%g)?w = 2”_€<,u, P (Qrfk Qsym Qk—€+Tfé)> = </J,7 hl(:gﬂ“> from
(69). Thanks to (10) and (20), we get that:

89) kel SC2TQ fillpag 125 Fell gy < C27 5" 2| foll pa gy I fill 2 -

We deduce that |hge,| < C 27 a*~+2rcd(§) and, as the sum Y, ; ;502" ‘a2 is finite:

(90) |Hs(f)| < Ce5(f).

We write Hy(§) = HY(§) + Bgn(f), with

(91) HY'(f) = > hkersnepy and Ben() = D hwer Lisrspy-
0<t<k 0<t<k

r>0 r>0
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Aslimy, o0 1irqi>p) = 0, we get from (89), (90) and dominated convergence that limy, o Ben(f) =
0 and thus:

(92) lim Hy"(f) = He(f).

n—oQ

We set Ag.n(f) = Hon — Hé"] (f) = Zogkk(hg? » = Nier) Lrqk<py, o that from the definition of
r>0 ”
Vs(n), we get that:

Vo(n) = Hg () = |G pl ™" Me, , (Asn(7)-
We now study the second moment of |G, —,|™* Mg, _, (A6,(f)). Using (82), we get for n —p > ko:

n—p
Gl 2E [Ms,_, (A6.n()?] < C1Cupl™ 3 2 99 (Ao () 32 -
j=0

Recall ¢k (f) and gx(f) from (83). We deduce that
_ o
197 (Ao iz < D IR, = htstr | o Lirtnent

0<t<k
r>0
<C Z or—t op=1=(r+k)+j Hg) Qrfk ®sym Qk—e—&-rfé H 1{T+k<p}
0<t<k ( ) 2w
r>0
(93) <Ca(fa? Y 2 tar RaAT
0<e<k
r>1
(94) +Cal 3 2t H P (fuoam FR) L ey
0<t<k ®)
< Cer(fles(f)e? D 2t ar R
0<t<k
r>0

(95) < Cea(f)ea(f) o,

where we used the triangular inequality for the first inequality; (20) for the second; (11) for r > 1
and (20) again for the third; (13) for r = 0 to get the c4(f) term and co(f) < cq(f) for the fourth;
and that Y2 g 502" ‘@72 s finite for the last. As 3772 (2a%)7 is finite, we deduce that:

©) B | (V) — HED) | =160 2B (Mo, (on ()] < CHEG 20,

We now consider the term Vs(n) defined just after (66):
Vs(n) = |Gn—p|_1MGn7p(H5,n)7
with
Hsn= 3 M) lpsy and Ay =27 00 (f’“Qk_gf“)'
0<e<k
Recall the constant Hj(f) = D o<y, hk,e with hy e = 2=, frQ¥ ¢ fy) from (71). We have using
Cauchy-Schwartz inequality and (20) that:

(97) el < C 275 foll gy | fill 2y < €27 0" 3 ().
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As the sum Y, 27 ‘e~ is finite, we deduce that:

(98) |Hs(f)| < C e3()

We write Hs(f) = HY"(§) + Bs.(f), with

(99) HI() Z hielik<py = Z 27, il fi)lhsyy and Bsa(f) = Z Pke Likspy-
0<t<k 0<t<k 0<t<k

As limy, 00 1ix>py = 0, we deduce from (97) and (98) that lim, o Bsn(f) = 0 by dominated
convergence and thus:

(100) lim H(f) = Hs(f).

n—oo

We set A5, (f) = Hs n —H[n]( ) =2 0<e<r(h ng hi,e) 1k<py, so that from the definition of V5(n),
we get that:

(101) V(n) = () = |Gnpl ™" Me, _, (A5n(7))-
We now study the second moment of |G, _,|™* Mg, (As5,(f)). Using (82), we get for n —p > ko:

n—p
|Gn—p‘72E [Manp(A&n(f))Q] <C |Gn—p|71 Z 2j || Qj (A5,n(f)) Hiz(#) .

=0

We also have that:
||Qj(A5n ||L2(u) Z ||th

L2(p) l{kSP}

0<t<k
(102) <C Z 270 PRI | f,QR 22y Lik<py
0<t<k
(103) < Ce(f) o

where we used the triangular inequality for the first inequality, (20) for the second, and Cauchy-
Schwartz inequality for the last. As Z;’;O(Zoﬂ)j is finite, we deduce that:

(104)  E {(Vk(n) — Hy" (f))z} = |Gup| *E [Mg,_, (A5 n()?] < C ()27,

Since co(f) < ca(f), we deduce from (96) and (104), as Va(n) = Vs(n) + Vs(n) (see (66)), that:
2
ws) & | (e - 8) | < otz i BYH = B+ G

Since, according to (92) and (100) and 5P (f) = Hg(f) + H(f) (see (52)), we get lim,,_, o0 H5"(f) =
25 (f). This implies that lim,_,« Va(n) = 23" (f) in probability.
O

We now study the limit of V3 (n).

Lemma 7.7. Under the assumptions of Corollary 5.3, we have that in probability lim,,_,~, V1(n) =
YU (§) < 400 with B () finite and defined in (51).
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Proof. We recall Vi(n) = Va(n) + Vi(n), see (72) and thereafter for the definition of V3(n) and
Vi(n). We first consider the term Vy(n), and we recall, see (73), that:

Va(n) = [Gnp|™ Mg, _,, (Ha,n),
with, see (74):

Hin= 3 W ey and A0 =208 (p (04762)).
£>0,k>0

Recall the constant Ha(f) = > p5q g0 hes with hey = 2= (1, P (Qkfg®2>> from (75). Thanks
to (3) and (20), we have:

52
(106) el < 2HNQ  fel o < €210 | felag < €21 (),
and thus, as the sum 21820, k>0 2F=£a2F is finite:
(107) [Ha(f)| < C (D).
We write Hy(f) = H" (§) + By (f), with
(108) Hé[ln] (f) = Z h(,k 1{€+k<p} and B4,n(f) = Z hg,k 1{€+k2p}-
€0, k>0 €0, k>0

Using that lim, o 1{p4x>py = 0, we deduce from (106), (107) and dominated convergence that
lim,, 00 Ba,n(f) = 0, and thus:

(109) lim H'(f) = Ha(f).

n—oo
We set Ay () = Hyp — H'(f) = Z@zo,kzo(hg,nk) — hek) L{e+k<p}, SO that from the definition of
Va(n), we get that:
Va(n) = H' () = Gyl ™ Me, -, (Aan(f).
We now study the second moment of |G, —,|™* Mg, (A4,(f)). Using (82), we get for n—p > ko:

n—p
|Gn—p‘72E [Manp(A&n(f))ﬂ <C |Gn—p|71 Z 2j || Qj (A4,n(f)) Hiz(#) .
7=0

Using (3), we obtain that || P(f; ® f) 20 < c3(f). We deduce that:

197 (Asn Mo < D IR = hes
£>0,k>0
<C Z ok—€ o p—1=(C+k)+j | P (Qkfé®2) I
£>0,k>0
<Ca(fal Y 2 a1,
>0, k>0

(110) +0aT Y2 a2 (), L)
>0

|L2(lt) 1{€+k}<p}

1
R

(111) <)o,
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where we used the triangular inequality for the first inequality; (20) for the second; (11) for k > 1
and (20) again for the third; and (3) as well as ca(f) < cq(f) for the last. As Z;’;O(Qaz)j is finite,
we deduce that:

1) B | (i) - BY)| = [0l B (Mo, (s < Cebi2 0,

We now consider the term V3(n) defined just after (72):
‘/3(”) = |GW—P|_1MG”—1)(H3,R)7

with

H; . = Z hgn) li<py and hén) =27 g (sz) .

€0
Recall the constant Hj(f) = > ,50he with hy = 2=, f2) = <H7h§")> from (77). As hy <
| fe ||i2(u) < c3(f), we get that Hs(f) < 2¢3(f). We write H3(f) = H:g”] (f) + Bs,n(f), with
(113) Hgn] (f) = Z hy 1{g§p} and Bgﬁn(f) = Zh@ 1{g>p}.
£>0 €0

As lim,, oo 1i>py =0, we get from dominated convergence that lim,,_, B3 ,(f) = 0 and thus:

(114) lim HY(F) = Hs(f).

n—oo

We set As ,,(f) = Hs,p, — H?[)n] f) = Zbo(hén) — hg) 1{4<p}, so that from the definition of V3(n), we
get that: B
(115) Va(n) = By () = |Gupl ™' Me,_, (A3n(7))-

We now study the second moment of |G,,_,|™* Mg, _, (A3 (). Using (82), we get for n —p > kq:

n—p
(116) Gopl 2 [Ms,_, (As.0(5))?] < C1Gu—pl ™ 3 27199 (s (1) 32, -
=0

We have that
197 (A3 (D) [l 2 < D NQREY = hel 2 Lie<ny

>0
(117) <OY 2 QG Ly with g = f7
>0
(118) < 6’224 ol tr=t | f£2 ”LQ(;;,) Lgo<py
>0

<Cd(f e,

where we used the triangular inequality for the first inequality; and (20) for the third. As
Z;’;O(Zoﬂ)j is finite, we deduce that:

) ]E{<‘%<”)£@M(”>2}'Gﬁ—w|2E[ﬂ4Gn_p@4an<ﬂ>ﬂ < Cd(f2 .
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Since c3(f) < eq(f), we deduce from (112) and (119) that:
) & (i) - #70) ] < oz win 7Y =BG - G

Since, according to (109) and (114) 5P (f) = H4(f) + Hs(f) (see (51)), we get lim,, o0 H{n] f) =
¥5UP(§). This implies that lim,, . Vi (n) = 25U (f) in probability.
0

The next Lemma is a direct consequence of (63) and Lemmas 7.5, 7.6 and 7.7.

Lemma 7.8. Under the assumptions of Corollary 5.3, we have lim,, o, V(n) = X5 (§) in proba-
bility, where, with 5P (f) and S5 (f) defined by (51) and (52), we have:

S0 (f) = S0 () + 2550 7).

We now check the Lindeberg condition using a fourth moment condition. Recall R3(n) =
>icG,_,, E [Ay,i(f)*] defined in (78).

Lemma 7.9. Under the assumptions of Corollary 5.8, we have that lim,,_,~, Rs(n) = 0.

Proof. Recall (79) and (80) from the proof of Lemma 6.7, so that:

Ry(n) <Cn* Y~ 301Gl 2B lhne (X)), with hne(e) = Ea [ Mg, ,(fo)*].

£=04€Gp_p

Using (82) (with f and n replaced by hy, ¢ and n — p), we get that:

(121) Rs(n) <Cn®27"7 3R, [MGp_g (fe)ﬂ :
£=0

Now we give the main steps to get an upper bound of E, [MGW ,( fg)“}. Recall that:

I fell Ly < C ea(p)-
We have:

(122) E, [Ms,  (f)'] <Cel() forte{p—2p—1p}

Now we consider the case 0 < £ < p — 3. Let the functions ¢; ¢, with 1 < j <9, from Lemma
4.3, with f replaced by f; so that for £ € {0,...,p — 3}
9

(123) E, {MGp_e(fNK)Zl} = (b p)-

j=1
We now assume that p — ¢ — 1 > 2. We shall give bounds on (u, % ,—¢) based on computations

similar to those in the second step in the proof of Theorem 2.1 in [9]. We set hy, = Qkflfg so that
for k € N*:

(124) Ihicllp2guy < Cafea(f) and  [lhy|lpag,) < Cealf).

We recall the notation f ® f = f®2. We deduce for k > 2 from (11) applied with hy = Qhy_; and
for k =1 from (9) and (124) that:

Ca?Fc3(f) for k> 2,

2
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Upper bound of (u, |11 ,—¢|). We have:
(126) {1, [rp—el) < C2P75 (u, QP f)) < C 2274 4 ().

Upper bound of |(u, %2 p—¢)|. Using Lemma 4.4 for the second inequality and (124) for the
third, we get:
p—L—1

(127) |<,u7 ¢2,p—€>| S 022(]07@) Z 2ik|<,ua ij} (Qpieikilﬂff‘:s) ®sym hp—ﬁ—k)>|
k=0
p—£—1

< 02270 N7 2R [ hp—emrll gy
k=0

< 0 220=0 cA(y).

Upper bound of (i, |13 ,—¢)|. Using (10), we easily get:

p—L€—1
(128)  (pfspel) < C22070 37 27k (1, Q8P (00 R 1 (fR)0?)) < C 22070 i),
k=0

Upper bound of (u, [1)4,—¢)|. Using (10) and then (125) with p — ¢ —1 > 2, we get:
<Na |’l/)4,p—€|> < 024(177[) <,U,, P (|?(hp—€—1®2) ®2 |)>

(129) < 02200 | P(hyg1®?) |32,
<C 94(p—1) H4(p—0) cg(f)
(130) < 02277 ci(f).

Upper bound of (u, |15 ,—¢)|. We have:

p—l—1k—1

(1, s piel) < C210=0 N~ S o=l

k=2 r=0
with
T = 272 (0, P (@ Py 1 @)]22)).

Using (10) and then (125), we get:

_ 2
(131) T < €272 || P(hye -k ®?)|I72 ()
(132) <0270 (D) Lpmpo—1y + C 27 P NG (1) Lpcpoi—ay-
We deduce that (u, |15.,_¢|) < C22=0 ci(f).

Upper bound of (u, |16 p—¢|). We have:

p—l—1k—1

(1, s pel) < 2300 3™ N ol

k=1 r=0
with
T, = 27 (1, 0P (95 1P (- 4®7) | @y 271 (F))).
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Using (10) and then (125), we get:
6 - 1
(133) 00 < O2F P (hpmei®) [l o 1997 () D2
(134) <C2 PG Lpmpr-1y + C 275 ”P D (1) () Lipcp—r-2)
We deduce that (i, |16 ,—e|) < C22P=0 ci(f).
Upper bound of |{u, 7 ,—¢)|. We have:

p—4—1k—1

(135) (s tr pe)| < C220=0 N~ N o=l

k=1 r=0
with
(136) Fg,]r = 27k|<;“’7 QP (Qkiril? (hp—l—k ®Sym Qpieikil(]‘?)) ®sym hp—f—r)>|~
For k < p— ¢ — 2, we have:

7 B =
(137) FE€7]T S C2 k || P (hP—Z—k ®sym Qr ek l(fg)) ||L2(,u) || hp—lf—r ||L2(,u)

<C27 || hp—p—i—1 22 | QP—t=k=2(f7) 22 () o ey () k<p_i—2
< C27Fa?P=R) (1) e () Lip<p—r—2},

where we used (10) for the first inequality; (11) for the second; and (124) for the third. We now
consider the case k = p— ¢ — 1. Let g € B, (S). As 2ba® < b3 + a3 for a,b non-negative, we get
that g ® ¢ < ¢° ®sym 1 and thus:

(138) P(g Deym 97) < 29(g°).
Writing A, = 7

p—L—1,1r°
Ar =277 (0, P (972D (o @ f7) By o )|
< C2 00, P (9P @ 19777 o))
< 027 =964().

we get using (138) for the first inequality and Lemma 4.4 for the second:

Since ca(f) < cu(f), we deduce that |(u, ¥7,—¢)| < C 22~ ().
Upper bound of (u, |1)s p—¢|). We have:

p—Ll—1k—1r—1

_ —i (8
(139) (s [ pel) < C22070 3 NN oI

k=2 r=1j=0

with
Tl <2757 (0, QP (1771 (hygy @?) | Dsym 18T 71P (hy—g-i®?) |)).
Using (10) and then (125) (twice and noticing that p — £ —r > 2), we get:
8 ket
(140) Thty < C275 P (e @) [l 1P (rpeb@®) [
(141) < 0220 () (PRI + ()L 1y )

We deduce that (i1, [t)s ,—o|) < C 22~ ci().
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Upper bound of (i, |19 ,—¢|). We have:

p—Ll—1k—1r—1

(142) (s [opmel) < C22070 37 SR "2

k=2 r=135=0
with
r}j’}m <27, P QTP (hp—pmy @sym Q5P (hp—o—k®?)) | @sym [hp—e—j]))-
For r < k — 2, we have:
9 ke e
Tt < C2757 [P (hpmimr Gy D777 P (hypmemk®?)) Il o [ ip—e—s Il 2
(143) <Cc2kr [ Pp—e—r—1 ||L2(,L) P (hp—f—k®2) HLQ(M) [ fp—e—; ||L2(#)
(144) < 27 R Q2= () (012@_(_]6) (F) li<p oy + () 1{k:p7€71}> ;

where we used (10) for the first inequality; (11) asp — ¢ —r > 2 and k —r — 1 > 1 for the second;
and (124) (two times) and (125) (one time) for the last. For r =k — 1 and k < p — £ — 2, we have:

9 _
TP S C2 2P (hyrisr @sym P (hp—e-k®2)) o ol 2
— 2
(145) <C27 [ Pp—e—k ||L2(M) [ ||L2(u) | hp——j HL2(M)
(146) < 0272 MR (),

where we used (10) for the first inequality; (12)* as p — £ — k > 2 for the second; and (124) (three
times) for the last. For r =k — 1 =p — ¢ — 2, we have:

Fg]m <C272=0 P (sz Qsym P (fz®2)) ||L2(u) 1 Pp—e—; |l 12,
(147) < 027200 P (0fe @y A7) |

(148) < 0272070 () P &3 (),

L2(n) [ hp—e—; ”LZ(H)

where we used (10) for the first inequality, (3) (with f replaced by fe) for the second and (11) as
well as (125) (with p — £ — j > 2) for the last. Taking all together, we deduce that (u, |9 p—¢|) <
C 22079 c4(§) &3(F).

Wrapping all the upper bounds with (123) we deduce that for £ € {0,...,p — 3}
By [Ms, ()] < C220-0¢k(p).
Thanks to (122), this equality holds for ¢ € {0,...,p}. We deduce from (121) that:
(149) R3(n) < Cn®27(7P) ci(f).
This proves that lim, ., R3(n) = 0. O

The proof of Corollary 5.3 uses then the same arguments as the proof of Theorem 5.2.

INotice this is the only place in the proof of Corollary 5.3 where we use (12).
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8. PROOF OF THEOREM 3.7 IN THE SUB-CRITICAL CASE (202 < 1)

We keep notations from Section 7 and assume that Assumptions 2.10 and 2.13 hold with « €
(0,1/v/2). Let (frn, n > £ > 0) be a sequence of function satisfying Assumption 2.16. We set
fen =0for £ >n >0 and f, = (fo,n, ¢ € N). Recall the definition of ¢4 (f) and gx(f) in (83).
Assumption 2.16 (ii) gives that ca = sup,,cy c2(fn) and g2 = sup,, ¢y ¢2(f») are finite. In particular
we have for all /,n € N that:

[ fenll Loy < e

2
We deduce from Remark 7.4 that E [(Nr[f(%] (fn) — An(fn)> ] < ag .y, ¢3 for a sequence (ag n,n €

N) which converges to 0 and does not depend on the sequences f,,. We consider the bracket of the
martingale A, (f,) given by V(n) = Zie@,t,p E [Ani(Fn)? 53]

Lemma 8.1. Under the assumptions of Theorem 3.7 (2% < 1), we have that V (n) converges in
probability towards o defined by (24).

Proof. Let f € L?(u) and recall that f = f — (i, f). We deduce from (u, f) = (u, Qf) < || Qf ||, <
1907212 that:

(150) 19f 1l 2112017 and (%) o0 <4190 | -
Note that thanks to Assumption 2.16 we have, for all k, ¢, € N, and j > 0:
(51 lim (e e feadl =0 and  lim (0, P (9" fn G 9 fon )] = 0.
Indeed, we have thanks to Assumption 2.16 (iii):
[ty Fen @ o)l < N1QFen g (bt | Frnl) < 4020212 01| Frn) < 402 81

We also have thanks to Assumption 2.16 (iii), for g = Q71| fs,| and r = 0:

(1, P (Qrfk,n Rsym ije,n)>| < (uw? (|fk,n| Bsym Qg)>
< </,L, P (1 ®sym Qg)></’[’a |fk,n

<219l L2y Okom
< 2C2 6k,n7

and for r > 1 using (150) and that (u, P(1 ®sym h)) = (1, h) :
|<M7:P (QTfk,n ®sym ijé,n)” S </’La P (1 ®sym Qg)> || Qrfk,n Hoo S 2 q2 6€,n~

Then use that for all k € N fixed, we have lim,, oo Ik, = 0 to conclude that (151) holds.

Recall that V' = V; + 2V5 — Ry with V4, V2 and Ry defined after (63) with f replaced by fy,.
According to the proof of Lemma 7.8, see (88), we have lim,,_,, Ra(n) = 0 in probability.

> + H g)(|fk,n ®sym Qg) ||L2(p¢)

We now prove that lim,,_, V2(n) = 0 in probability. For this we give a second look at the proof
of (105). Recall the definition of ¢; and gx given in (83). More precisely, the term (94) can be
bound from above using (150) and || P(fy @sym Q5 fr) r2g < | felloe 1 P(fk @sym 1) 200 <
2¢2(f) c2(f) as k > £, and thus (95) can be replaced by Ccz(z)

(c2(f) + g2(f)) @?. Therefore the
upper bound in (96) can be replaced by Cc(f) (ca(f) + ¢2(f)) 9-("=P)  The term (102) can be
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bound from above using || f,Q* ¢ f; 2 < | fr 2 Ak~ fy |l < c2(f) g2(f) as k > £, and thus
(103) can be replaced by Cea(f) ¢2(f) . Therefore the upper bound in (104) can be replaced by
Cc(Ha3(5) 2= =P, As Vy = Vi + Vs, we deduce that (compare with (105) and replace § by f,):

E [(Vﬂn) - <fn>)2] < C (ch(fn) + (i) (i) 277 < O (ch+ Fag) 277,

with HQ["] (f) = H5[n] ) +Hf[j"] (). Since according to (ii) in Assumption 2.16 ¢z and gz are finite, we
deduce that lim,,_, o Va(n) — Hgn] (fn) = 0 in probability. We now check that lim,, Hén] (fn) = 0.
Using (91) and (99), we get that:

‘Hgn] (fn)| < Z 2—€|<’u’ fk,anif.}Fé,nﬂ + Z 27«7@“#7 P (Qrfk,n ®sym Qki@rrﬁ,n)”'

k>£>0 k>0>0

r>0
Recall the definition of A in Assumption 2.16 (iii). Thanks to (20) and (10) we have:
(152) s fon Q5 fon)] < 5 ¥,

(e, P (Qrfk,n ®sym Q’““Tfem)” < C2akttrr

Since Y ocpcp 27kt + 3 g<per 27 CaF T2 s finite, we deduce from (91), (99), (151) and dom-
- r>0

inated convergence that lim,, . Hé"] (fn) = 0. This implies that lim,,_,~ V2(n) = 0 in probability.

We now prove that lim, ,o, V1(n) = 0% in probability. For this we give a second look at

the proof of (120). More precisely, concerning Vi(n), the term (110) can be bound from above
using || P(fe ® fo) |2 < 112(f7) 20 < g3(§) (thanks to (3) for the first inequality) and thus

(111) can be replaced by C (c3(f) + ¢3(f)) a?. Then the upper bound in (112) can be replaced by
C (cA(H)+a5(f)) 2:(”*1’). Concerning V3(n), the more delicate term (117) can be bound from above
using (with g = f?):

P
224 | Qj+p7€§ HLZ(H) 1{€§p} =27"]g ||L2(H) 1{j=0} + 224 [ Qj+p7€719§ ||L2(H) 1{j+p—é>0}
£>0 £=0
<CEF)2 P10y + CZ 27 /P Qg l22(0)
£>0
< C(f) 27—y + C a3 () o,
where we used (150) for the last inequality. Therefore the upper bound in (119) can be replaced
by Cci(f)2 " +Cq3(f) 2= P As V; = V; + V3, we deduce that (compare with (120) and replace
f by fr):

B | (V) - #0) | < € ((lh) +ad) 20 4 2 ).

with B () = HY' () + H]". Since ¢}(f) < () 2 (5n) < Cp 3(Fa) 227 with p € (0,1/2) and
some finite constant C, according to (i) in Assumption 2.16, and since lim,,_,, p/n = 1 so that
2-(1=2p) < 9=(n=P) (at least for n large enough), we deduce from (ii) in Assumption 2.16 that:

E {(vl (n) — B <fn>)2] <O (tabtCpd) 270
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and thus lim,, ., V1 (n) — H {"] (f») = 0 in probability. We check that lim,,_, ., H {n] (fn) = 2. Recall
(see (113) and (108)) that:

HYY () = 027 0, ) Loy and [HP ) < D0 257 (0P (95 fen®?)).
>0 >0, k>0

Thanks to (3) and (20) (see also (106)) we have that |<M,T(Qkf~[’n®2)>| < Oc2a®F. Using
Assumption 2.16 (iii), we get that

(153) (s P(Femn® D] < (s P(Fen @) + (s frn)® < (14 A)Spn.

We deduce from (151) (for £ > 1) and the previous upper-bound (for ¥ = 0) and dominated
convergence that lim,, . Hé[ln] (fn) = 0.

We now prove that lim,, H?En] (fn) = 02. We define 02 = >, 27| fon ||2L2(u)’ so that by
Assumption 2.16 (iv), lim, o 02 = o2. We have:

P

n p
JH () — 021 < >0 27 20 + D> 27 i fen)? < 327+ A 2705,

f=p+1 £=0 £=0

Then use dominated convergence to deduce that lim, oo |[HY" (J,) — 02| = 0. This implies that
lim,, 00 V1 (n) = 0% in probability.

Use that V = V; + 2V5, — Ry and the previous convergences to deduce the result. O

We now check the Lindeberg condition using a fourth moment condition. We set Rz(n) =
ZieGn_p E [Ani(F2)*], see (78). The proof of the next lemma is a delicate adaptation of the
proof of Lemma 7.9.

Lemma 8.2. Under the assumptions of Theorem 3.7 (2% < 1), we get lim,,_,~, R3(n) = 0.

Then, we end the proof of Theorem 3.7 in the sub-critical case by arguing as in the (end of the)
proof of Corollary 5.3.

Proof of Lemma 8.2. We keep notations from the proof of Lemma 7.9. In this setting, (121), (122)
and (123) hold with f, replaced by fr,, and c4(f) by ca(fn). We now look precisely at the terms in
(123). Set hy = Qk’lfgm which is consistent with notations from the proof of Lemma 7.9. From
(126), we get:

(1, 1 p—el) < C277° ci(Fn).
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From (127), we get, with g = | fo.|*:

p—L—1
|</’('7 w2,p—€>| < 022(1)_[) Z 2_k|</’(‘a Qkfp (Qp_l_k_l(‘ff,nlg) ®sym hp—é—k>>|
k=0
p—L£—1
= 22070 N 2R, P (97 N(G) @y hp—e—i))]
k=0

p—f—1
(154) < 022 7h Z 27" ||Qp7£7k71§||1;2(u) [tk |l 20
k=0
p—L0—1
<220 N 2R 2RO g o fon o
k=0

<O E3(5,) e,

where we used that (1, P(1 Qsym hp—e—k)) = 2(1t, Qhp_¢—x) = 0 for the equality, (10) for the second
inequality, (20) and (124) for the third. We easily deduce from (128), distinguishing according to
k=p—{—1 (then use (10)) and k < p — £ — 2 (then use |9(f7,,)| < 443, see (150)) that:
(155) (s [93.pel) < C2771 (i) + C 22070 g3c3.
From (130), we get:

(s [apel) < C2070 e},
As P(fr.n®?) < Q(fgn) < g3, we deduce that

156 P (fon®?) <C
(156) |7 (fen® ||L2(u) <Cqac
and thus that C272(°=9 ¢i(§) in (132) (corresponding to k& = p — £ — 1) can be replaced by
C 22— g2 ¢2, so that:
(s 195 p—el) < C 2279 (03 + ¢3).

The same trick in (134) and using that || Q7(f?) < 4q2 min(qs, c2) for all j € N* (see (150))
lead to:

Iz

{1, W6.p-el) < C 22079 a3
The term |{x, ¥7 p—¢)| is more delicate. We first consider I‘EZ]T defined in (136) when k =p—¢—1.

Writing A, = Fz[ﬁffl,r and setting g = P (fg ®sym ff), we get that:

Ay =270 D P QP29 @ hy o))
= 27(p7£71)|<,u, P (Qp*zfriQQ Qsym hP—e—T')H
<C 9—(p=9) I Qp_é_r_2fj ||L2(“) | hp—e—r ||L2(H)
< 027 P02t (35 Y ¢y,

where we used for (1, P(1®sym hp—¢—r) = 0 for the second equality; (10) for the first inequality; and
(20) and that (see (138) with g = fen) [ 92, < c3(f,) for second. We now consider k < p—¢—2.
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We deduce from (137) that:
; B o
O, < C27 1 (hymrmi @y @~ D) Whpmter g

<C27F | hppy, ”Lz(u) a5 || hp—e—r HLZ(#)
<C2” k 2(p l— k:)c q
We deduce from (135) that:
(1, Y7, p—e)| < C2P7 “ei(fn) 2 +C 22070 g3,
According to (3) and (150), we have:
P (hpo-r®?) < Qh2_,_p) <493 fork=p—L—1.
So we can replace the term c3(f) in (141) by g3 and deduce from (139) that:

(s s pil) < C 2207963 (5 + a3)
Similarly the term c3(f) in (144) can be replaced by q3. Notice that
17 (2 @apm QD) I, < CaBes,

so the term c3(f) in (148) can be replaced by q2. We then deduce from (142) and the computations

thereafter, that:
(1 [o,p—el) < C22P79 3 (5 +q3) .

In conclusion, we get that:

p—3 9
Rs(n) < Cn27" P [ c4(fa) + DD (1t 0jp—e)
=0 j=1

p—3

<COnf2m? <c4 )+ > (27 (4 ) + ciu)ez) + 227063 (e %+q%>}>

£=0
< Cn? (2700720 4200+ 63) ) o,

where, we used (121), (122) and (123) for the first inequality; and cj(f,) < C ¢% 22" and c}(f,) <
C ¢y 22" with p € (0,1/2) thanks to Remark 2.18 and (i) from Assumption 2.16 for the last one.
As p € (0,1/2) by Assumption 2.16 (i), we deduce that lim,_,. R3(n) = 0. O

9. THE CRITICAL CASE: 202 =1

In the critical case @ =1/ /2, we shall denote by R; the projector on the eigen-space associated
to the eigenvalue a; with a; = 0, |0;| = 1 and for j in the finite set of indices J. Since Q is
a real operator, we get that if o; is a non real eigenvalue, so is @;. We shall denote by ﬁj the
projector associated to @;. Recall that the sequence (8,,n € N) in Assumptions 2.7 or 2.14 is
non-increasing and bounded from above by 1. For all measurable real-valued function f defined
on S, we set, when this is well defined:

(157) f=r- ZfR with = f—(u, f).
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We shall consider, when well defined, for a sequence §f = (f¢,¢ € N) of measurable real-valued
functions defined on S, the quantities:

(159) B () = D) + 255 (),

where:

(159) SEE) =D 27 Ph ) = D027 (1, PR (fr) Ry R (i),
k>0 k>0 jed

(160) S5 = Y 2T ORGP L),
0<t<k

with, for k,¢ € N:

(161) fro=>_ 057  Ri(fr) @aym R;(fo)-

jedJ

Notice that f; , = f; and that f; , is real-valued as 6" R;(fr) @ R;(fo) = 057" Ry (fi) @R (fo)
for j such that oy = @; and thus R; = R;.

Remark 9.1. Recall the definitions of X (f) and X§¢( f) given in (38). If we take f = (f,0,0,...),
we have XU (f) = ¢t (f). If we take f = (f, f,...), the infinite sequence of the same function f,
we have X (£) = 2291t ( f).

9.1. The point-wise approach. We shall consider sequences f = (f,¢ € N) of elements of F
which satisfies Assumption 2.7 uniformly, that is such that there exists g € F' with:

(162) Q" (fo)l < g, |Q"(fg)| <a"g and \Q"(fg)| < Bna™g for all n,f e N.

We deduce that there exists a finite constant c¢; depending only on {a;, j € J} such that for all
teN,neN, joe J:

(163)  |fel < g, |fel <g, [ fo)l < (. 9), ‘29? ij(fz)‘ <29 and [R;(fo)l <cyg,
jeJ

where for the last inequality, we used that the Vandermonde matrix (67; j € J,n € {0,...,|J[-1})
is invertible. Notice that (162) holds in particular if (7) holds for all f € F and f = (f,, n € N)
takes finitely distinct values in F' (i.e. the set {f;; ¢ € N} C F is finite). The proof of the following
result is given in Section 10.

Theorem 9.2. Let X be a BMC with kernel P and initial distribution v. Assume that Assumptions
2.4 and 2.7 hold with o = 1/\/§ We have the following convergence in distribution for all sequence
f= (fe,? € N) of elements of F satisfying Assumptions 2.7 uniformly, that is (162) for some g € F':

n~ 2N, o(f) Y, q,

n—o0

where G is a Gaussian real-valued random variable with variance L (f) given by (158), which is
well defined and finite.
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9.2. The L?() approach. In this section we use Assumptions 2.10, 2.13 and 2.14. We recall

Ngka] (f) defined in (39). We shall consider sequences § = (f;, ¢ € N) which satisfies Assumption
2.14. We have the following result whose proof, given in Section 11, mimics that of Theorem 9.2
and Corollary 3.2.

Corollary 9.3. Let X be a BMC with kernel P and initial distribution v such that Assumptions
2.10 (with kg € N), 2.13 and 2.14 are in force with o = 1/\/5 We have the following convergence
in distribution for all sequence § = (fo, ¢ € N) bounded in L*(p) (that is supey | fe lzagu <+o0):

(d)

n— oo

_ k
n 2N () G,

where G is centered Gaussian random variable with variance Y"(§) given by (158), which is well

defined and finite.

10. PROOF OF THEOREM 9.2

We keep notation from Section 6. Let (p,,n € N) be an increasing sequence of elements of
N such that (53) holds. When there is no ambiguity, we write p for p,,. Recall the definitions of
A, (f) and N,, ¢(f) from (54) and (55), as well as Ro(n) and R;(n) from (56). We have the following
elementary lemma.

Lemma 10.1. Under the assumptions of Theorem 9.2, we have the following convergence:

nl;rrgo n~'E[Ro(n)?] = 0.

Proof. Following the proof of Lemma 6.1, and using that 2a2 = 1 so that 25;3(2042)‘7 =k, we get
there exists some finite constant ¢ depending on f such that E[Mg, (fn_x)?] < ¢ (k + 1)2F for all
k > 0. This implies that:

n—p—1 n—p—1

E[Ro(n)?]"/? <|Gn|™/? Y E[Mg, (far)’]/? <c27"? > VE+12"2 < Ceyn2 2
k=0 k=0
Then use that lim,,_,o, p/n = 1 to conclude. O

We have the following lemma.

Lemma 10.2. Under the assumptions of Theorem 9.2, we have the following convergence:

lim n~'E[Ri(n)?*] =0.

n—oo

Proof. Following the proof of Lemma 6.2 with the same notations, and using that 2o = 1 so
that S27-27"(202)% = n — p in (60), we get that there exists g3 € F such that E [R1(€,n)?] <
(n—p+1)(20)~2(v, g3), where Ry (¢,n) is defined in (58). As2a = v/2 and Ri(n) = >_0_, Ri(4,n),
we deduce that:

P
E [Rl(n)2] 1/2 < ZE [Rl(é, n)2]1/2 <4v/n—p+1{v, g3>1/2.
(=0

Use that lim, - p/n = 1 to conclude. O

Recall A, () defined in (54), and its bracket defined by V/(n) =3_;cc E [Ay,,i(f)%F;] defined
n (62). Recall, see (63), that V(n) = Vi(n) 4+ 2Va(n) — Ra(n). We study the convergence of each
term of the latter right hand side.
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Lemma 10.3. Under the assumptions of Theorem 9.2, we have the following convergence:

lim n~Y2E[Ry(n)] = 0.

n— oo

Proof. Following the proof of Lemma 6.3 with the same notations and using that 2% = 1 so
that >-7_,(2a)® < C2P/2 in (65), we get that E[Ra2(n)] < C (v,g1), with g1 € F. This gives the
result. g

Recall ff, defined in (161). For k,¢,r € N, we will consider the C-valued functions on S2:
(164) fror = (Z% Rj(fk)) ®sym (Z ot jzj(fe)) and  fi o0 = frr — Tre
jeJ jeJ

Lemma 10.4. Under the assumptions of Theorem 9.2, we have that a.s. lim,_ n*IVQ(n) =
SS(§) with X§E(F) defined by (160) which is well defined and finite.

Proof. We keep the decomposition (66) of Va(n) = Vs(n) + Vs(n) given in the proof of Lemma 6.4.
We first consider the term Vs(n) given in (67) by:

(165) Vﬁ(n) = |anp|_1Manp(H6,n)»
with:
(166) Hon= > h') lginepy and A =2r-fQrri=(rh) (9> (Q’“fk ®sym Q’“—“’“fz)) :
0<t<k<p
r>0
We set
(167) H6,n = Z Bl(cT,Ll?,'r 1{T+k:<p}

0<t<k<p;r>0
where for 0 </ < k<pand 0<r<p-—k:

E(n) — 27‘7@ ak7€+2r prlf(r+k) (:Pfk,é,r) _ 27(k+l)/2 prlf(r+k) (:Pfk,l,r%

)

where we used that 2a2 = 1. We have:
|h](.;7fé),r _ E;:é),r‘ < 2rlep717(r+k) (.:P ( Qrfk ®sym QkflJrrfz _ ak7£+2rfk,€m
<C or—¢ ﬂrak_ng Qr—1-(r+k) (g) (g®9))
< C B 2702 g1,
where we wrote (with v’ and f replaced by r and f and by k — ¢+ r and f;) that
(168) Q" f=0" a0 R(f)

jeJ

and used (162), (163) and that (8,, n € N) is non-decreasing for the second inequality and used
(4) (with f and g replaced by P (¢ ® g) and g¢7) for the last. We deduce that:

|H6,n - H6,n| < Z \hgfgm - BEJ,L[?JJ 1{r+k<p} < C <Z ﬂr) gf'

0<b<k<p,r>0 r=0
As lim,,_, o B, = 0, we get that lim,_,oon™'>"""_ 8, = 0. We deduce from (36) that a.s.:
(169) lim n"|G,—p| "Mg,_, (|Hen — Honl) = 0.

n—roo
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[n] _ . .
We set Hg ' = ZO§€<k§p;r20 hior Lpgrapy withfor 0 <l <k <pand 0<r<p—k:

(170) hk,é,r = 2_(k+£)/2<:u’7 fPfk,f,T> = </’6’ BI(CTLZ),T>
Notice that:
|}_Ll(€7,ll?,r — hk7g,r‘ < 27(k+€)/2 Z ’Qpili(TJrk) (:P(:ijk Qsym jzj/fé)) - <.U’a :P(:R]fk ®sym :Rj'ff»
7,3'€J

< 9= (k+0/2qr=1=(t8) §™ g
g’ ed
=9~ (k+0/2pp=1=(rth) g,

where we used (5) (with f and g replaced by P(R;fr ®sym Rjfe) and g /) for the second
inequality and gi . = ijj/e] Gk,e,j,5+ for the equality. We have that gy, belongs to F. Since
[P feer] < Plfrer] <4P(g®g), thanks to the fourth inequality in (163), we deduce from (4) (with
f and g replaced by 4P(g ® g) and g3) that forall0 </ < kand 0 <r <p—k:

I, < 27002 g and Jhe,] <2707 (u, g3).

Set ro € N and g, = > <pcp<p, Jk,e- Notice that g, belongs to F' and is non-negative. Further-
more, we have for n large enough so that p > 2rg:

[He — HY| < > B, = e Lirsnany

0<t<k<p
r>0
p—k—1 p—k—1
—(k4+0)/2 p—1—(r+k = (n)
D D A S D D O (lhk,é,r‘+|hk7€$) Lrskap)
0<t<k<ro r=0 0<t<k<p =0
k>rq

<Cgu+ Y, (k)22 (g4 (1.g3))
0<t<k<p,k>rg

< Cgry +Cn272 (g5 + (1, 93)).
We deduce that:
lim sup n_l\Gn,prl M@nfp(|ﬁ6,n — H([in]|) <C 2_7'0/2(u, gs).

n—oo

Since ry can be arbitrary large, we get that:

(171) Tim 1Y G| Tt Mg, (1Ho,n — HE'J) = 0.
We set for k,¢ € N:

(172) Wio = 27002 (0 P ).

Using the last inequality in (163) and the definition (161) of f}; ,, we deduce there exists a finite
constant ¢ independent of n such that, for all k,¢ € N, \h,’;’d < 2= (+0/2 " This implies that
HE =3 0cpep(k+1)|hy | is finite and (see (160)) the sum:

(173) Hy(f) = > hi,=35"()

0<t<k
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is well defined and finite. We write:

hk,@,r = h/t,f + hg,é,rv
with

Z,Z,r = 2_(k+€)/2 <:U’7 ?flg,l,r>a
where we recall that f7,, = frer — fi,, and
(174) H([;n] _ Hén],* + Hén]m
with
Hf[;n]’* = Z (p— k)hy,, and H([sn]’o = Z B o Lirt<p)-

0<t<k<p 0<l<k<p;r>0
Recall lim,, o, p/n = 1. We have:

I HEY — HE ()] < o7 tp = UHE )|+ 07 Hy + D ki,

0<t<k
k>p

so that lim,, o |n_1H6[n]"* — H{(§)] = 0 and thus:
(175) lim n ' HM = HE ().

n—oo
We now prove that n~'H"® converges towards 0. We have:

(176) f]g,f,r = Z (ej’oj)rgf/_e :ijk Qsym :Rj’fg-
.47 €J,030,1#1

This gives:
|Hf[sn]’o| = Z 2_(k+z)/2</%9>f1§,e,r> 1{r+k<p}
0<t<k<p,r>0
p—k—1
(177) < >0 S PR fi Ragm Ry )| | D (65085)"
0<t<k<p .37 €, 656, #1 r=0

<g,

with ¢ = (1, P(g®9)) Yocpeney 2 FT23 ey 0,0, 2111 = 6;,0;|~1, and where we used (176)
for the first inequality, the last inequality of (163) for the second. Since J is finite, we deduce

that c is finite. This gives that lim, n_le[in]’o = 0. Recall that Hén] and H{ (f) are complex
numbers (i.e. constant functions). Use (174) and (175) to get that:

(178) lim n 'HY = HE(f)

n—oo

so that, as |G,_,|7! Mg, _,(+) is a probability measure, a.s.:

(179) lim n Y Gy~ Mg, (HM) = H(f).

n— 00 nor

In conclusion, use (169), (171), (179) and the definition (165) of Vi(n) to deduce that a.s.:
lim n~'Ve(n) = Hy(f) = 3 27HHOP2 G0 Pf ) = TP,

n—oo
0<t<k
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where f; , is defined in (161) and YSHY(§) in (160). Recall that:

Vi) = [Gal ™ >0 > 20 (0 (X) = Gy T M, (@),

1€Gy, —p 0<L<k<p

where
o= Y 27t h (f0Er).
0<t<k<p
We have:
|(I>n| < Z 27£ak7£Qp7k(92) < Z 27(k+€)/2g1 < 0917
0<t<k<p 0<t<k<p

where we used (5) for the first inequality and (4) (with f and g replaced by g and g;) in the
second. Then, use (36) to conclude that a.s.:

lim n~'Vs(n) = 0.

n—oo

This ends the proof of the Lemma. O
Using similar arguments as in the proof of Lemma 10.4, we get the following result.

Lemma 10.5. Under the assumptions of Theorem 9.2, we have that a.s. lim,_ nilvl(n) =
SS(§) with X§(F) defined by (159) which is well defined and finite.

Proof. We recall Vi(n) = Vi(n) + Vy(n), see (72) and thereafter for the definition of V3(n) and
Va(n). We first consider the term Vz(n). Recall that Va(n) = |G—p|Mgn—p(®,) with &, =

D027 QPE(f2). We have f? < g2 and QP~(g?) < g1 for some g; € F and thus |®,| < 2g;.
We therefore deduce that a.s. lim, o, n~1V3(n) = 0.

We consider the term Vy(n) = |Gp—p| ' Mg, _, (Han) (see (73)) with Hy,, given by (74):
Hin= S WLk and b =200 =00 (3 0k fe?)).
£>0,k>0
Recall fo o defined in (164). We set Hy, = 2050, k>0 l_zé?k) 1io4r<py With
712",3 =2k QP 1= R (P, ) = 27 QPR (P, L)
where we used that 2a% = 1. We have:
Ih = R < 25 t0r 1m0 (9 (|08 @ 98y — 0™ fren))
<O Bra®t PR (P (g @ g))
< B2 gi,

with g} € F, where we used (162), with the representation QF f; = QF f, + o djed O¥R; (fe), (163)
for the second inequality and (4) for the last. We deduce that:

|Hyp — Hyp < Z ‘hﬁnk) - Bgnk” Liorrapy <2 (Z 5k> 91

£>0, k>0 k=0
As lim, 00 Bn = 0, we get that lim,, oo n ™! ZZ:O Br = 0. We deduce from (36) that a.s.:
(180) lim n|G,_p| "Mg,_, (|Hin — Hanl) = 0.

n—oQ
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We set Hz[ln] =050, k>0 ek Liopr<py With:

hew =27, P o).
Notice that:
R = heal <270 7 | @D (PR, fe Doy Ry fe)) = (1 PRy fe Gy Ry fo))
3.3’ €Jd
<otarm 1) S g
j.3'ed

— g lapl-WHk) g,
where we used (5) (with f and g replaced by P(R; fo ® R/ f;) and gy ; ;) for the second inequality
and gy = Zj,j'eJ ge,j.; for the equality. We have that gy belongs to F. Since |Pfo x| < P|fr.en] <

4P(g ® g), thanks to the fourth inequality in (163), we deduce from (4) (with f and g replaced by
4P(g ® g) and g3) that:

R <27Cgs and  |hexl <27 (u, g3)-

Set 7o € N and ¢,, = ZO<€<7’0 g¢. Notice that g¢,, belongs to F' and is non-negative. Furthermore,
we have for n large enough so that p > 2rq:

(Hap — HYY < 37 (B = hos
£>0, k>0

< Z A S Z (‘Bgflk)‘ + |h€,k|) Lrik<py
0<t<ro, k>0 0>70, k>0

<SCgrg+ Y (=027 (95 + (1:95)Lie<p)

0>rg
<Cgr, +1277 (g5 + (1, 93))-
We deduce that:

Lioikepy

limsup ™} Gpp| ' Mg, _, (|Hyn — Hy"'|) < 21770 (1, g3).

n— oo

Since ry can be arbitrary large, we get that a.s.:

(181) lim n~ |G, |t Mg, ,(|Han — H')) = 0.

n— oo

Now, we study the limit of Hin]. We set for k,¢ € N:

hy = 276<M7'J’f2‘,e>-
Using the last inequality in (163) and the definition (161) of f;,, we deduce there exists a finite

constant ¢ independent of n (but depending on §) such that, for all £ € N, |h}| < ¢27*. This implies
that Hy = > ,5,(¢ + 1)[hy| is finite and the sum

Hi(f)=> h;
>0
is well defined and finite. We write:
hey = hz + h;,kv
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with b9, = 27, Pf2, ), where £, = feen — fi, is defined in (164), and
ap = By e,
with B = 37,0 0(p — Ohf and B =300 00 h8 4 Leskepy- We have:
" H — HY ()] < 7t — UH () + 07 Hy + Y k),
>p
so that limy_e0 [~ HI™™ — HZ(§)| = 0 and thus:
(182) lim o~ H" = HI ().

n—oo
We now prove that n=tH Jln]’o converges towards 0. We have:
(183) Foon= > (058" Ry fe ®sym Ry fo.
5.5'€J, 0,0, #1

This gives:

|H£"]v°|:’ Z 27Z<H7(szo,é,k>1{£+k<p}
>0

p

<>t > PR fe RS | D 056)"]

>0 54" €7, 050, 7#1 k

{—1

[}

with ¢ = 5 (1, P(9 © 9)) X027 2, e 0,0, 41 |1 —6;0;]", and where we used (183) for the
first inequality, the last inequality of (163) for the second. Since J is finite, we deduce that c is

finite. This gives that lim,, . n ™1 H, 4[1"]’0 = 0. Recall that H Ln} and Hj(f) are complex numbers
(i.e. constant functions). Use (182) to get that:
. —1rrln] _ pyx
nh_}n;on Hy™ = Hi(f)
so that, as |G,—p| ™! Mg, _,(-) is a probability measure, a.s.:
(184) lim 7G|~ M, ,(HY) = H;(§).

n—oo

In conclusion, use (180), (181), (184) and the definition (73) of V4 (n) to deduce that a.s.:
lim n~'Va(n) = Hi() = > _2~“(u, Pfie) = 57 (),

n—oo
£>0
where f;, is defined in (161) and X(f) in (159). O
The proof of the next Lemma is a direct consequence of (63) and Lemmas 10.3, 10.5 and 10.4.

Lemma 10.6. Under the assumptions of Theorem 9.2, we have the following convergence in
probability: 4 _
lim =1V (n) = S7() + 2557(),

n—oo

where X$(§) and S57(F), defined by (159) and (160), are well defined and finite.
We now check the Lindeberg condition. Recall R3(n) defined in (78).
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Lemma 10.7. Under the assumptions of Theorem 9.2, we have that lim,, ., n~2R3(n) = 0.

Proof. Keeping the notation of Lemma 6.7, using Lemma 4.3 (with the main contribution coming
from g, and g, therein), we get (compare with (81)) that for n > p > £ > 0:

el < (p— )22 0 gy,
with hy,e(z) = E, [Mgpfl(fg)ﬂ and g, € F. Following the proof of Lemma 6.7, we get that:

n"2Ry(n) < 16032 7P (1 gy).
This ends the proof as lim,, o, p = 00 and lim,,—,oc 7 — p — Alog(p) = +oo for all A > 0. O

The proof of Theorem 9.2 mimics then the proof of Theorem 5.2.

11. PROOF OF COROLLARY 9.3

We keep notations from Section 7 on the sub-critical case, and adapt very closely the arguments
of this section. We recall that cy(f) = sup{|| fn | zx(,), n € N} for all k € N. We recall that C
denotes any unimportant finite constant which may vary from line to line, which does not depend
on n or f.

Lemma 11.1. Under the assumptions of Corollary 9.3, we have that lim,, E[n_lR’SO (n)?] = 0.
Proof. Mimicking the proof of Lemma 7.2, we get:

lim E[RE(n)?]/? < lim Ces(f) Vn27P/2 = .

n—oo n oo

This trivially implies the result. O

Lemma 11.2. Under the assumptions of Corollary 9.3, we have that lim,,_,o, E[n™1 Ry (n)?] = 0.

Proof. Mimicking the proof of Lemma 7.3, we get E[R;(n)?]'/2 < Cca(f)y/n — p. Aslim, o p/n =
1, this implies that lim,, . E[n"'R;(n)?] = 0. O

Similarly to Lemma 7.5, we get the following result on Ra(n).
Lemma 11.3. Under the assumptions of Corollary 9.3, we have that lim,, o, E[n~"2Ry(n)] = 0.
We now consider the asymptotics of Va(n).

Lemma 11.4. Under the assumptions of Corollary 9.3, we have that lim,, . n~'Va(n) = L§1¢(F)
in probability, where XS (f), defined in (160), is well defined and finite.

In the proof, we shall use the analogue of (13) with f replaced by f in the left hand-side, whereas
f € L*(u1) does imply that f € L*(u) but does not imply that f € L*(u). Thanks to (13), we get
for f € L*(u) and g € L*(p), as R; f = a; 'QR; f and |a;| = o, that:

19 (f ©em 99) +a™ 1P (2R, ) By 29) 1
jeJ
< C (I llgaguy + 11z ) N9lz2g
(185) S C NS pagay 19 llL2 g -

<19 (7 ©um 00)

HL?(# ”Lz(u)
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Proof. We follow the proof of Lemma 10.4. We keep the decomposition (66) of Va(n) = Vs(n) +
Vi (n) given in the proof of Lemma 6.4. We recall Vg(n) = |G,—p| ' Mg, _, (He,n) with Hg ,, defined
n (166). We set

V(n) = |Gn—p‘71MGn7p (He,n)

with Hg.,, defined in (167). For f € L(u), we recall f defined in (157). We set:
hyyt = 20—t Qr= 1= (P(Q7 (i) @y VT (f2)),
W' = 2P (PO (f) @y QT (Y Ry (£2)))),
jeJ
hyyY = 2r=Car= 1= (P(Q7 (ST R (f) sy Q7 (F))),
JjeJ

so that h,(ce)r = h,(cnz .+ ZZ 1Ll zg Thanks to (11) for » > 1 and (185) for r = 0, we have using
Jensen’s inequality, (21) and the fact that the sequence (8,,r € N) is nonincreasing:
I fillL2qy forr =1,

(n,1) —(k+£)/2
||hk,Z,1" ||L2(Hf) <C2 BT|f€||L2(lL){||fk”L4( ) for r = 0.
I

Using the same arguments, that (u, R;(g)) = 0 for g € L?(u) (as R;(g) is an eigen-vector of Q
associated to ;) and that || >, ; R;(fe) || < C [ fellpz(,) (as R; are bounded operators on

L?()), we get:

L2 (w)

I fell 2, forr=1,

(n,2) (n,3) —(k+£)/2
135 2y + 100 oy < C2FFO28, 0 fell oy {ka lpagy forr=0.
173

We deduce that
—(k+0)/2
(186) Z H hké r LQ( ) < Cc?(f) (f)2 / Br-

Using (82) for the first inequality, Jensen’s inequality for the second inequality, the triangular
inequality for the third inequality and (186) for the last inequality, we get:

(187) E[(Ve(n) = Vs(m)*] = [Gup| *ElMe, _, (Hs(n) — Hs(n))?]
< ClGup| ™ Y 27 (|Q™ (Ho(n) — Ho(n)) |72,
m=0

- 2
< C|He(n) — He(n) [ 72(,
p—k—1 3

Z Z ZH Eznkl)ér L2(/1. )2

0<t<k<p r=0 i=1

< Ceaff) (Zﬁr) .

We deduce that
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and then that
(188) lim E[n~2(Vs(n) — Vs(n))?] = 0.

n—oo
We recall hy ¢, defined in (170) and that:

p—k—1

HM = Z Z hieer = (1, Ho ).

0<t<k<p r=0

We have:
n—p
_ n _ m o n 2
E[(Vo(n) — H{")?) < ClGuop| ™" D7 2 (| Q™ (He o — H™) |12,
m=0

2
n—p p—k—1
< C|Gpyp| ™ Z om ( Z amrerrkg=(kH0/2 | g ||L2(”))

2
1

—k—
S C(n - p)|Gn—P|_l Z Z 2—(p+£—r)/2 || j)(fk,f,r) ||L2(H)

0<t<k<p r=0

2
<C(n—p)lan|1< > 2(e+k)/2||Z:Rj(fk)”L?(u)”Z:Rj(ff)|L2(u)>

0<l<k<p JjeJ JjeJ
<C(n-— p)|anp|_1 & (f),
where we used (82) for the first inequality, (20) for the second, a = 1/+/2 for the third, (11) and the

fact that Q3" ; R f) = X250y ;R (f), with [a;] = 1/4/2, for the fourth, || i Ri(Dllzze <
[ fllz2(, for the last. From the latter inequality we conclude that:

(189) lim E[n~2(Ve(n) — H)? = 0.

n—oo

Recall A} , defined in (172) and Hg(f) defined in (173). Using (10), we have:
Bial < 027072 ™ R () [ oy IRy () 2, < C2-FFO2305).
JjeJ
This implies that H (f) < Cc3(f) and then that H¢ (f) is well defined. Following the proof of (178),
and using (10) in the upper bound (177) so that:
{1, P(Rjr fi @sym ijm( S 2Ry (Fi) L2y 1R Pl L2y < C Lol L2y 1 el L2

we prove that:

(190) lim n HIM = HE ().

It follows from (188), (189) and (190) that:
(191) lim_ E[(n~"Va(n) — Hg ()] = 0.

We recall Hs[n] (f) defined in (99). From (101), we have:
Efn~2Va(n)?] < 207 2(Gnpl E [Ma,_, (As.n(1)] + 2072 H" (7).

5
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Using (97) with a = 1/1/2, we get |H5[,"] (f)] < C 3(f) and thus:
lim n 2HM" ()% = 0.

n—oo
Next, as (103) holds for o = 1/v/2, we get (104) with the right hand-side replaced by C c}(f) (n —
p)2~("=P) and thus:
lim n ?|G,—p| 2E [Mg,_,(45.,(f)%] = 0.

n—oo

It then follows that:

li_>m E[n"2V5(n)?] = 0.
Finally, since Va(n) = Vs5(n)+Vs(n), we get thanks to (173) that in probability lim, n~Va(n)
He (F) = 2574(F).
Lemma 11.5. Under the assumptions of Corollary 9.3, we have that in probability lim,,_,, V1(n) =
YU (F), where SSTY(T), defined in (159), is well defined and finite.

Proof. We recall the decomposition (72): Vi(n) = Va(n)+ Vi(n). First, following the proof of (191)
in the spirit of the proof of (112), we get:

Tim B0 WVa()=Hi (D)2 =0 with  H{() = 3027 (P Ry(f0)@am®; (f0))) = 55707
>0 jedJ

Let us stress that the proof requires to use (9). Since -, 2= (u, P jeq R (fo) @sym R (fo)))] <
2050 274c2(f), we deduce that X§"(f) is well defined and finite. Next, from (115) we have

o

Eln~2Vs(n)2) < 202G, _,| 2 E [Mg,  (Asn()?] + 20 2HY (5)2.

It follows from (119) (with an extra term n — p as 2a? = 1 in the right hand side) and (114) that
lim,, 00 E[n™2V3(n)?] = 0. Finally the result of the lemma follows as V; = V3 + Vj. O

We now check the Lindeberg condition using a fourth moment condition. Recall R3(n) =
>icG,_, E [Ay,i(f)*] defined in (78).
Lemma 11.6. Under the assumptions of Corollary 9.3, we have that lim,, .. n~2R3(n) = 0.

Proof. Following line by line the proof of Lemma 7.9 with the same notations and taking o = 1/ V2,
we get that concerning |{(u, ¥ p—s)| or (i, |1); p—el), the bounds for ¢ € {1,2, 3,4} are the same; the
bounds for i € {5,6,7} have an extra (p — £) term, the bounds for i € {8,9} have an extra (p — /)2
term. This leads to (compare with (149)):

R3(n) < Cn’ 2~ (n—p) ()
which implies that lim,, .. n=2R3(n) = 0. O

The proof of Corollary 9.3 then follows the proof of Corollary 5.3.

12. PROOF OF THEOREM 3.7 IN THE CRITICAL CASE (2a? = 1)

We keep notations from Sections 8 and 11. We assume that Assumptions 2.10 and 2.14 hold
with a = 1/v/2. Let (fr.n, n > £ > 0) be a sequence of function satisfying Assumptions 2.16 and
2.19. We set fr,, =0 for £ >n >0 and §, = (fr.n, ¢ € N). Recall the definition of c(f) and ¢x(f)
in (83). Assumption 2.16 (ii) gives that ca = sup,,cy c2(fn) and qa = sup,,cy ¢2(f») are finite.

Lemma 12.1. Under the assumptions of Theorem 8.7 (202 = 1), we get lim,, o, E[RE°(n)?] = 0.
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Proof. Mimicking the proof of Lemma 7.2, we get, as lim,, o, p/n = 1:

lim E[RE(n)?] < C lim c3(fa)n 27" < Ccj lim n27F = 0.

n—oo

O
The proof of the next lemma differs from Lemma 11.2, because of the missing term n~! in front
of Ry(n)%
Lemma 12.2. Under the assumptions of Theorem 3.7 (2% = 1), we get lim,,_, o E[R1(n)?] = 0.
Proof. We keep notation from the proof of Lemma 7.3. Notice that (26) implies that:

(192) || Qfé,n HLz(H) < || Qfl,n “LQ(H) < || Q(‘f[,nD HL2(M) < 5€7n~
We deduce that for k € N:

(193) Q" fo.n Ir2gn < oF 16 1 sy + 2l ik—o)-
Using the first inequality of (85) with f,, instead of f, (20) and (193), we get:

n—p—~ko

_ s 2
</~L7h€,n> <Co2"? Z 2k HQkQP eff,nHLz(M)
k=0
n—p—ko

oty oy 2 -
< 02" P20 Z 2ka? =210 f, , Ir20) Yktrp—e>1y + C 277 || fom H2L2(M) 1i=py
k=0

<C(n—p)2n Pt e;  +C2" P31y,
From the first inequality of (86), we have

P
E[Ry(n)*]Y2 < O3 ((n—p)27" 67, + 1y 2773)
=0

<C <2p/2c2 +vnYy 272 5&”) .

=0
Then use (25) to conclude. 0

Following the proof of Lemma 7.5, we get the following result.
Lemma 12.3. Under the assumptions of Theorem 3.7 (2% = 1), we get lim,,_, o E[R2(n)] = 0.
We now consider the limit of Va(n).

Lemma 12.4. Under the assumptions of Theorem 3.7 (2% = 1), we get lim,, o Va(n) = 0 in
probability.

Proof. To prove that lim,_,+ Va(n) = 0 in probability, we give a closer look at the proof of (105).
Recall the definition of ¢, and g given in (83). More precisely, the term (94) can be bound from
above using (150) and || P(fi @sym "~ “F)ll 120,y < 19Felloo 1P(Fr Rsymm D)l 12, < 202(F) e2(f)
as k > £, and thus (95) can be replaced by Ceca(f) (c2(f) + g2(f)) o?. Therefore the upper bound
in (96) can be replaced by Cc2(§) (c2() + ¢2(§))* (n — p)2~("~P). The term (102) can be bound
from above using ||kak_lfeHL2(#) < ||fk||L2(u) 195 fo |l < c2() q2(f) as k > £, and thus
(103) can be replaced by Cca(f) g2(f) @?. Therefore the upper bound in (104) can be replaced by
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CEH @) (n—p)2= =P As Vo = Vs + Vs, we deduce that (compare with (105) and replace § by

g [(Vﬂn) - " <fn>)2] < C (3(Fa) + S(0) 3(Fa)) (n—p)27" V)
<C (3+¢3q35) (n—p)2- "7,

with H(1,) = HM (5,) + B (fn) Since according to (ii) in Assumption, 2.16 co and g2 are finite,
we deduce that lim,, ,~ Va(n)— (fn) = ( in probability. We now check that lim,, . H2 (fn) =
0. From (99), we get that \HEE“] (fn)| < Y hses02 N p  Fen Q¥ o), and using (151) and (152)
p 9L k—t

which are a consequence of Assumption 2.16, and the fact that ), ,~ is finite, we get

by dominated convergence that lim,, ... H, 5[,"} (fn) = 0.
Using (91), we get that:

p—k—1

(194) HP < DD D0 2P (9 Fen Oy @ o ).

E>£>0 r=0
Using (10) and (26) (or more precisely (192)) , we obtain:

p—k—1

HE ) < 30 S 29 frn Nl o 19 Fon Nl 2,

k>0>0 r=0
p—k—1

DD D S B P

E>6>0 r=0

n
<n Z 2_6(54,71.
£=0

Then, use (25) to conclude. O

Lemma 12.5. Under the assumptions of Theorem 3.7 (2o = 1), we get lim,, o, V1(n) = o2 in

probability.

Proof. To prove that lim,, ,o, V1(n) = o2 in probability, we give a closer look at the proof of
(120). More precisely, the term (110) can be bound from above using (150) and thus (111)
can be replaced by C (c3(f) + ¢3(f)) o/. Therefore the upper bound in (112) can be replaced
by C (c3(f) + ¢5(f)) (n—p)2=("=P). The term (118) can be bound from above by C ¢3(f) o’ 277/2,
as a = 1/4/2, and the upper bound in (119) can then be replaced by C c}(f) n2™". As V; = V,+ V5,
using (i) from Assumption 2.16, we deduce that (compare with (120) and replace f by f,):

E |:(V1 (n) N HF] (f")>2] <cC (C%(fn) + (é(fn)) (n — p) 2~ (n=p) + Cci(f) n29—"n
<C(3+a3) (n—p)2” "7 4 Cn2 072,

with H™(5,) = H"(§,) + H"(,,). This implies that lim,,_, Vl( )— H" (§,) = 0 in probability.
See the proof of Lemma 8.1 to get that lim,_, ng] (fn) = 0. Recall (108) for the definition of
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HM(5). We have:
). :

H Gl < 30 2P (9 s s
£>0; k>0

p—1
< Y 2 Ql el Lierrapy + D27 N P(fen®?))]
£>0; k>1 =0

<CnY 270, + C1+A)Y 2760
£=0 £=0

Thanks to (25) from Assumption 2.19, we get lim,,_ oo Hz[ln] (fn) = 0, and thus lim,, H{n](fn)
o?. This finishes the proof.

o

As a conclusion of Lemmas 12.3, 12.4 and 12.5 and since V(n) = Vi (n) + 2V2(n) — Ra(n) (see
(63)), we deduce that lim,, o, V(n) = o2 in probability.

We now check the Lindeberg condition using a fourth moment condition. Recall Rz(n) =
2 i, E [Ani(f)*] defined in (78).

Lemma 12.6. Under the assumptions of Theorem 3.7 (2% = 1), we get lim,,_,oo n 2R3(n)= 0.

Proof. Following line by line the proof of Lemma 8.2 with the same notations and taking a = 1/v/2,
we get that concerning |1, v; p—¢)| or (i, [ti p—e|), the bounds for i € {1,3,4} are the same; the
bounds for i € {2,5,6} have an extra (p—£) term, the bounds for i € {7,8,9} have an extra (p—¥¢)?
term. This leads to:

Ry(n) < Cn® (277 () +27"cl(n) 2 + 27079 (3 + 03) ).
Then conclude as in the proof of Lemma 8.2. 0

Then, we end the proof of Theorem 3.7 with 2a? = 1 by arguing as in the (end of the) proof of
Corollary 9.3.

13. THE SUPER-CRITICAL CASE: 2¢2 > 1 FOR THE POINT WISE APPROACH

We consider the super-critical case o € (1/v/2,1) in the point-wise approach. We shall assume
that Assumption 2.7 holds. Recall (7) and (21) with the eigenvalues {a; = 6,5 € J} of Q,
with modulus equal to a (i.e. |6;] = 1) and the projector R; on the eigen-space associated to
eigenvalue «;. Recall that the sequence (8,,n € N) in Assumption 2.7 can be (and will be) chosen
non-increasing and bounded from above by 1.

We shall consider the filtration H = (¥, n €) defined by H,, = o(X;,i € T,,). The next lemma
exhibits martingales related to the projector ;.

Lemma 13.1. Let X be a BMC with kernel P and initial distribution v. Assume that Assumption
2.4 and 2.7 hold with o € (1/+v/2,1) in (7). Then, for all j € J and f € F, the sequence
M;(f) = (Mn;(f),n € N), with

My, ;(f) = (205)™" Mg, (R; (f)),

is a H-martingale which converges a.s. and in L? to a random variable, say My ,;(f).
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Proof. Let f € F and j € J. Use that R;(F) C CF to deduce that E [|M,_;(f)|?] is finite. We
have for n € N*:

E[Mn,j(f)‘j{n—l] = (2043')7” Z E[:ij(XiO) + ijf(Xz'l)‘j'fn—l]
1€Gn_1
=(205)™" ) 20R;f(X))
1€Gp_1

= (205)""70 Y 0 RF(X)
i€Gpr_1
= Mpn1,(),
where the second equality follows from branching Markov property and the third follows from the
fact that R; is the projection on the eigen-space associated to the eigen-value o; of Q. This gives

that M;(f) is a H-martingale.
We also have, writing f; for R;(f):

E [|Mn;(f)I?] = (20)7*"E [ Mg, (f;) Mg, (f;)]

n—1
= (20%) 7" (1, Q715 )) + (20) 72 3 2, 9" (@1 @y 9°F)
k=0

(195) = (2a%)7" W, Q (I3 *) + (217" Z_:(%Q)k(l/, QP (f5 @eym [5))
k=0
n—1
< (20%) (v, 91) + (20°) 7Y (20%) (v, 9o)
k=0
< (v, g3),

where we used the definition of M, ; for the first equality, (49) with m = n for the second equality,
the fact that f; (resp. ?J) is an eigen-function associated to the eigenvalue «; (resp. @;) for the
third equality, (4) twice (with f and g replaced by |f;|? and g1 and by P (f; ®sym ?J) and go) for
the first inequality and 2a? > 1 as well as g3 = g1 + g2/(2a? — 1) for the last inequality. Since g3
belongs to F' and does not depend on n, this implies that sup,cy E [| M, ;(f)|?] < +oc. Thus the
martingale M;(f) converges a.s. and in L? towards a limit. O

Now, we state the main result of this section. Recall that §; = o; /v and [0;| = 1 and M ; is
defined in Lemma 13.1.

Theorem 13.2. Let X be a BMC with kernel P and initial distribution v. Assume that Assump-
tions 2.4 and 2.7 hold with o € (1/+/2,1) in (7). We have the following convergence in probability
for all sequence § = (fo,¢ € N) of elements of F satisfying Assumptions 2.7 uniformly, that is
(162) holds for some g € F':

(20%) 2N, 0() = D (20) 700 Mg j(fe) —— 0.

n—oo
¢eN jeJ

Remark 13.3. We stress that if for all £ € N, the orthogonal projection of fy on the eigen-spaces
corresponding to the eigenvalues 1 and «;, j € J, equal 0, then My ;(f;) =0 for all j € J and in

this case, we have
n P
(20%) 2N, 0(f) —— 0.

n—oo
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As a direct consequence of the previous Theorem and Remark 4.1, we deduce the following
results. Recall that f = f — (u, f).

Corollary 13.4. Under the assumptions of Theorem 13.2, we have for oll f € F:

P
(20) "My, (f) =07 (1 — (2a6;)" N Mo (f) == 0
JjeJ
—n n P
(20) "M, (F) = Y07 Moy () S
jeJ

Proof. The proof follows easily if, in Theorem 13.2, we first take f = (f, f,...), the infinite sequence
of the same function f, and next, f = (f,0,...), the infinite sequence where only the first component
is non-zero, and then use (44). O

We directly deduce the following two Corollaries.

Corollary 13.5. Under the hypothesis of Theorem 13.2, if o is the only eigen-value of Q with
modulus equal to o (and thus J is reduced to a singleton), then we have:

(207) PN (f) —— > (20)~ Muc(fo),
leN

where, for f € F, Moo (f) = limp 00 (20) 7" Mg, (R(f)), and R is the projection on the eigen-space
associated to the eigen-value «.

14. PROOF OF THEOREM 13.2

Recall the sequence (8, n € N) defined in Assumption 2.7 and the o-field H,, = o{X,,u € T, }.
Let (pn,n € N) be a sequence of integers such that p,, is even and (for n > 3):

2
(196) ?" <Pn<m, lim (n-p.) =00 and lim a”"TPIB, =0,

n—oo

Notice such sequences exist. When there is no ambiguity, we shall write p for p,,. We deduce from
(45) that:

(197) N o(f) = Ro(n) + Ra(n) + Ta(f),
with notations from (55) and (56):

RO(n) = |Gn|_1/2 zn: MG%(fn—k)v
k=0
To(f) = Ri(n) = Z E[Ny,i(F)[Hn—p.],
1€Gn—p,
Ri(n)=An= Y (Nui(f) = E[Nni(D|Hns,])-
iGGn_:,;n

Furthermore, using the branching Markov property, we get for all i € G,,_5,:

(198) B[N, i ()|Hn—p,] = E[Nni ()| Xi].

We have the following elementary lemma.

Lemma 14.1. Under the assumptions of Theorem 13.2, we have the following convergence:

lin;o(ZaQ)_"]E [Ro(n)*] = 0.

n—r
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Proof. We follow the proof of Lemma 6.1. As 202 > 1, we get that E[Mg, (fu_r)?] < 28(202)% (v, g)
for some g € F and all n > k > 0. This implies, see (57), that for some constant C' which does not
depend on n or p:

1/2

E [Ro(n)?]? < C277/2(20%) (D)2,

It follows from the previous inequality that (20%)~"E [Ro(n)?] < C(2a))=??. Then use 2« > 1 and
lim,, o p = 00 to conclude. O

Next, we have the following lemma.
Lemma 14.2. Under the assumptions of Theorem 13.2, we have the following convergence:
: 2\—n 21
nl;n;Q(Qa ) "E [R4(n)*] = 0.

Proof. First, we have:

E[Rs(n)*) =E || Y (Nai(p) — E[Nasi(P)IX:])
i€Gh_p

=E | Y E[(Nni(f) = E[Nni(D)IXi])*[Hnp]
i€Gn_p

(199) <E| > ENL()X]|

_ieGn—ﬁ

where we used (198) for the first equality and the branching Markov chain property for the second
and the last inequality. Note that for all ¢ € G,,—; we have

. 2
E [E[Nni()*1Xi]] = |Gul'E (Z Mz‘G,a_k(fe)> | Xi
£=0

< |Gn|_1 (ZEXi [MGﬁe(f€)2]1/2> ,

£=0

where we used the definition of N,, ;(f) for the equality and the Minkowski’s inequality for the last
inequality. We have:

p—t—1
Ex,[Me,_,(fo)?) = 2275QP () (Xi) + Y 2P~ HHRQr= k=1 (p(QF f @ Q8 fi)) (X3)
k=0
p—t—1
<207 g0(X5) + 2P~k QPR (P (g1 ® 1)) (X3)
k=0
p—t—1
< 27709y (Xs) + 2074202k g5 (X;)
k=0

< (20)*P g4 (X,),
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where we used (48) for the first equality, (ii) of Assumption 2.4 and (6) for the first inequality, (4)
and (iv) of Assumption 2.4 for the second, and 2a? > 1 for the last. The latter inequality implies
that, with g5 equal to g4 up to a finite multiplicative constant:

N 2
P

(200) E[Nn,i(f)*1X:]] < |Gn| ™! (Z(M)(ﬁ@) 91(Xs) = 27"(20)*7 g5(X:).-

£=0

Using (199), (200) and (47) as well as Assumption 2.5 with g € F, we get:
(20%)""E[R4(n)’] < (20%)7"2" P27 (20)* (v, Q" g5) < (20%)" "N (v, gg).
We then conclude using that 22 > 1 and lim,, o (n — p) = oc. O

Now, we study the third term of the right hand side of (197). First, note that:

T,(f)= > E[Nn(f)|Xi]

1€Gn_p
ﬁ ~
= D G Exi (Mg, (fo)]
ieanﬁ =0
ﬁ ~ ~ ~
= G712 >0 > 2Pt (fy) (Xa),
ieGn_ﬁZ:O

where we used (198) for the first equality, the definition (43) of N, (f) for the second equality and
(47) for the last equality. Next, projecting in the eigen-space associated to the eigenvalue «;, we
get

T, (f) = TV (5) + T (),

where, with f = f — (u, f) — > jes Ri(f) defined in (157):

TO6) = 1672 Y Y2 (97 () (X0),

iEG",l; =0
D
T ) = [Gal 72 D7 Y 277 a0 R (fo) (X,
1€Gy—p £=0 jeJ

We have the following lemma.

Lemma 14.3. Under the assumptions of Theorem 13.2, we have the following convergence:

lim (202)~"/?E[|TV(f)]] = 0.

n—oo
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Proof. We have:

(20) " PEITVHI < 20) B | D Y 2279 (fo) (X))
i€Gp_p £=0

P
<a)TE| Y Y 2P B g(Xs)

iEGn P £=0

P

Z —L 7(n p+L) ﬁ <V Qn— >

=0

where we used the definition of T)\* )(f) for the first inequality, (162) for the second and (47) for
the equality. Using (4) and the property (iii), we get that there is a finite positive constant C
independent of n and p such that (v, Q""Pg) < C. Using the first and third Conditions in (196),
we get that limy, oo SUpeqo,.. 5} of(”’?”e)ﬁﬁ_g = 0. Thus, we deduce by dominated convergence,

as 202 > 1, that lim,_,o (202)~"/2E[| TV (f)]] = 0. O

Now, we deal with the term T,(ZQ)(f) in the following result. Recall M, ; defined in Lemma 13.1.

Lemma 14.4. Under the assumptions of Theorem 13.2, we have the following convergence:

(202) 72T () = 3 (20) 3000 Moo s (fo) —— 0.

¢eN jed
Proof. By definition of T2(f), we have T2(f) = 27"/23°0_ (2a)"~* dies 0 ‘M, ;(fe) and thus:
(201) (2a%)7 PP () =Y (20)7 Y 9§L4Moo,j(fz)
LeN JjeJ
P o'}
=2 2a)T 30 (Mo (fe) = Moo (f)) = 3 (20)7° 307 Moci(fo).
=0 JjeJ L=p+1 JjeJ

Using that |6;| = 1, we get:

P P
|Z (20) 73 0P (Mo (fo) = Moo s (f)) < D(20) ™D Bl Mo (fe) = Moo (fo)l)-
=0 £=0

jeJ jeJ

Now, using (6), a close inspection of the proof of Lemma 13.1, see (195), reveals us that there
exists a finite constant C' (depending on f) such that for all j € J, we have:

(202) sup sup E[| M, ;(fo)|*] < C.
LeN neN

The L?(v) convergence in Lemma 13.1 yields that:
(203) 3UII\>IE[|Moo,j(fe)\ ]<C. and sup SUPZE | M (fe) = Moo 3 (fo)l] < 2|7V
€

¢eN neN
Since Lemma 13.1 implies that lim,,_,oc E[|M,, ;(fe) — Moo ;(fe)|] = 0, we deduce, as 2a > 1 by the
dominated convergence theorem that:
2
. n é
(204) dim B (2007 07 (M j(fe) = Moo 3 (f2)] = 0.

£=0 JjeJ
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On the other hand, we have
(205)

Ell > 20)7 > 07 ‘Maci(fo)l < Y (20)7" Y E[[Moc(fo)l] < [TV Y (20)7
t=p+1 jed =p+1 jed t=p+1
where we used |0;| = 1 for the first inequality and the Cauchy-Schwarz inequality and (203) for
the second inequality. Finally, from (201), (204) and (205) (with lim,, oo Yo p+1(2a =0), w
get the result of the lemma. D
15. PROOF OF THEOREM 3.7 IN THE SUPER-CRITICAL CASE (2a% > 1)

We assume a € (1/4/2,1). We follow line by line the proof of Theorem 3.7 in Section 12 with
a > 1/\@ instead of o = 1/\@, and use notations from Sections 7, 8 and 11. We recall that
¢ = sup{c2(fn), n € N} and g2 = sup,,cy ¢2(f») are finite thanks to Assumption 2.16 (ii). We will
denote C' any unimportant finite constant which may vary line to line, independent on n and f,.
Let (pn,n € N) be an increasing sequence of elements of N such that (53) holds. When there is no
ambiguity, we write p for p,,.

Lemma 15.1. Under the assumptions of Theorem 3.7 (202 > 1), we get lim,, o E[RE(n)?] = 0.

Proof. Mimicking the proof of Lemma 7.2 or Lemma 12.1, we get, as lim, o, p/n = 1:

lim E[RE(n)?] < C lim 3(f,)(202)"P27P < Cc2 lim (2a2)" P27 = 0.
n—oo n—o0 n—00

O

Lemma 15.2. Under the assumptions of Theorem 3.7 (202 > 1), we get lim,,_,o E[R1(n)?] = 0.

Proof. Following the proof of Lemma 12.2 with a? > 1/2, we get:

- 1/2
E[Ry 1/2<CZ 26 £5Kn+1{g 2" C2)

£=0

<C (2_p/2C2 + Z 2/2 (2a2>(n—f)/2(sz’n> .

Then use (27) and dominated convergence theorem to conclude. O
From Lemmas 15.1 and 15.2, it follows that
Jim B[N, (i) = An ()] = 0
Lemma 15.3. Under the assumptions of Theorem 3.7 (202 > 1), we get lim,,_, oo E[R2(n)] = 0.
Proof. From (87) and (192) we get

E[Ry(n)] < Ce3277 + () 27/2(20%) =075, ,,)°.
=0

Then use (27), 2a? > 1 and dominated convergence theorem to conclude. O
We now consider the limit of V2(n).

Lemma 15.4. Under the assumptions of Theorem 3.7 (202 > 1), we get lim,, o, Va(n) = 0 in
probability.
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Proof. Following the proof of Lemma 12.4 with o > 1//2, we get that the upper-bound in (104)
can be replaced by Cc3(f)q3(f) a*™~P). We get that for r > 1:

H T(Qrfk,n ®sym Qki@mﬁfe,n) ||L2(“) < CQZTJrkizék,nfsé,n < 0(20[2)771 2(2+k)/2o[2(r+k)7

where we used Assumption 2.19 (vi) for the first inequality and Assumption 2.20 for the second.
Thus the bound (93) can be replaced by C (202)~(»~P)aJd. The term (94) is handled as in the
proof of Lemma 12.4. This gives that (95) can be replaced by C a. Therefore the upper bound

in (96) can be replaced by C' a?("~P). As Vo = Vi + Vs, we deduce that E[(Va(n) — HQ["] (fn))?] <
Ca?("=P) (Compare with (105) and replace f by f,.) It follows that lim,, ., Va(n) — Hg[n] (fn) =0
in probability. As in the proof of Lemma 12.4 we also have lim,,_, HE[)"] (fn) = 0. Using (10) and
(192) , we deduce from (194) and Assumption 2.20 that:

p—k—1

HO Gl <o Y 2t 00 Y Y 2 b R
0<t<k<p 0<t<k<p r—=1
<C Z 9= -0 k: Z ) (n— €)/2+C Z —(n— p)2 (L+Ek)/2
0<t<k<p 0<t<k<n

< C(2a%) (P,

Since Hz[n] (fn) = HE[)n] (fn) + H([;n] (fn), it follows that lim, . |H[n]( fn)] = 0. We deduce that
lim;,—, o0 V2(n) = 0 in probability. O

Lemma 15.5. Under the assumptions of Theorem 3.7 (2o > 1), we get lim,, o, V1(n) = 0% in

probability.

Proof. We follow the proof of Lemma 12.5 with o > 1/1/2 and use the same trick as in the proof
of Lemma 15.4 based on Assumption 2.20. We get, with the details left to the reader:

E[(Va(n) — HY(f0))%) < CaP).
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We set gp, = fgn From (117), we have for j € {0,...,n — p}:

P p
197 (Asn (M2 < C Y270 1197 e, Loy +C D 27 (19 Gl o Liizy

=0 =0
p—1
= C277 gpnllzz =0y + C D27 197771 QGem) Nl 2y 1ii=0)
=0
p .
+C Y 27 QPN QGen) () Lz
£=0
p—1
<C2P | fllag 1g=op + € D27 a?HIQGe nl L2 Lj=0)
£=0
p .
+C Y 27 P 1QG | L2 L1y
=0

P
< C27P | femllTe( 1gj=0y + C (a5 +¢3) ZTKO[HP_Z
=0
< Ce3) 272" 150y + C (a3 + ¢3) ¥ 77,
where we used Remark 2.18, (ii) of Assumption 2.16, (20) and (150). From the latter inequality,
we get using (115) and (116):
E[(Vs(n) = Hy" (1))*] < C(270720" 4 0?),

The latter inequalities imply that lim, . E[(Vi(n) — Hl[n] (f2))?] = 0. with H1 (fn) HF] (fn) +
HI(5,). From the proof of Lemma 8.1 we have lim,,_,. H"(f,) = 2. Next, we have

HP < D 2 P (9 Fen®? ) Lesnery

£>0, k>0

p—1
<C Z 0o Lttk<py T Cz 27 (1, P(fen®?))]
>0, k>1 =0
p—1
<C Y 2 (20?) T Ly + C+A) Y 27(20%) (0702
>0, k>1 =0

< C(202)~7P) £ O(1 4 A) (2a%) 72,

where we used (108) and the definition of hy therein for the first inequality; (10) for the second;
Assumption 2.16 (iii), Assumption 2.19 (vi), (153) and Assumption 2.20 (twice) for the third. We
deduce that lim,_ o [HY" (7,)| = 0. This ends the proof. O

We now check the Lindeberg condition. For that purpose, we have the following result.
Lemma 15.6. Under the assumptions of Theorem 3.7 (202 > 1), we have lim,, oo n~2R3(n) = 0.
Proof. From (121), (122) and (123), we have

p 9
Ry(n) < On®27" 7l (5) + 027" 30" (1, )

=0 j=1
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Now, we will bound above each term in the latter sum. For that purpose, we will follow line by
line the proof of Lemma 7.9 with f, instead of f and we will intensively use (26) and (192). We
will also use the fact that for all nonnegative sequence (ar,f € N) such that 3,5 ;a, < oo, the

sequence (D, ag(Qaz)”*fdzn, n € N) is bounded as a consequence of the first part of (27) from
Assumption 2.20. (Notice that by the second part of (27) and the dominated convergence theorem,
the latter sequence converges towards 0; but we shall not need this.). Recall from Assumption 2.16
that p € (0,1/2).

The term n®27"7Pc}(f,). From the first inequality in Remark 2.18, we have

n327”7pcﬁ(fn) < OpP2- (=201,

The term n327""7 Z]Z;g’(u, |1 p—e|). Using (126) and Remark 2.18, we get:

p

327 3 ([ i) < Ot (200,
=0

The term 132777 S"0=% (1,45, ¢)|. From (127) and distinguishing the case k = p — £ — 1
and k < p— ¢ — 2, we get following the approach given in (154) for the latter case and using (26)
for the latter case:

(s 2, p-e)| < C 2270227 4 C (20)* P~ 0220057
This implies that

p—3 p—3 p—3
n32—n—p Z<M’ |¢2,p*€|> < Cn32_n(1_2p) Z 2—2 + Cn32—n(1—2p) Z 2—[ (2042)1)—65271
£=0 =0 £=0

< On327n(172p)'
The term n32-""? Zf;g’(u, |13 p—e|). From (155) we have

b
P2 Y ey € O O g
£=0

The term n*27""" Z‘Z;gﬁh |4, p—e|). From (129) we have
(1t |7/J4,p—é|> < 022(117@)((2@2);)7[5?7”)2 < C 22(—0)
and thus
p—3

B2 ([ p-il) < Cnd2 .
£=0

The term n32-"°7 Z?;g’(u, [t5,p—e]). From (131) and distinguishing the case k = p — ¢ — 1
(and using (iii) of Assumption 2.16), k = p—¢—2 and k < p—¢—3 (and using (27) of Assumption
2.20), we get (1, |15 p—¢|) < C22P~9 and thus

p—3
P27 ", s o) < CmP27P
£=0
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The term 13277 S0 =2 (11, |1hg ,_¢|). Very similarly, from (133), we have

p—3
27y (s o piel) < CnP2THT.
£=0

The term n32 7P Z?;g [{p; Y7 p—e)|. We set g = P (hp,g,k ®sym Qp_e_k_l(ff)) . Using
that (u, P(1 ®sym hp—e—r) =0, (136) and (10), we obtain
D7, = 2741, P (Gn) Gy & (Fen))
< O 1D Gn) g 19972 (o) g -
For k =p— /¢ — 1, we have
7 —(p— —r—1/~ —0—2—r ry —(p— —L—r n
P;L]—E—l,r <0270 | QF "G, ) 2 127 =2-1(Qf, ) g2 < C2 (=0 q2(p=t=1)52 o2m,
where we used (20), (192) and the following inequality:
¢ F2 2n
1P (e Daym (FE) gy < C B2
which is a consequence of (i) and (iii) of Assumption 2.16, (26) from Assumption 2.19 and
1201 ] @y £y < NS D Ly =C N el sy < Cen2.
Next, for k < p — ¢ — 2, using (20), (192), (26) and (ii) of Assumption 2.16, we obtain
7 - —r—1/~ —L—2—r 3
T < C27 Q5 Grn) o 119977277 (Qem) 2
< 2R T By o 12070 e G
< C27ke2P=tg2

Thanks to Assumption 2.20, it follows from the foregoing that

p—€—1k—1
(s rpe)| < €257 3™ N2 Tl < 0220027067 227 + (202)77167,,),
k=1 r=0
and thus, we obtain
p—3
n327 PN ()] < CnP (27172 g TRy,
=0

The term n32~"? 523 (4 [hg /). From (140) and distinguishing the cases k = p — £ — 1
and k < p— £ — 2, we have,

FLS]M < C27 Rt P02 (L o1y + 07 L h<p—i—2)),

where we use (11), (20) and (192) for the case k < p— £ — 2, and we used in addition (156) for the
case k = p— ¢ — 1. From (139), the latter inequality implies that
p—3 p—3
n327 PN " [s pel) < CnP27 Py " 272(202)P ST (14 (207)P7167,) < OB,
=0 =0
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The term n32- "7 37" <u, |19 p—e]). From (143), (145) and (147) with §, instead of f, using
(11), (20), (192) and (156), we obtain
(1 [o,p—el) < C22P=0 (2227467, (1+ (2a2)P7467,) .
It then follows that

p—3 p—3
n32—n—p Z<M7 ‘wQ,pféb < Cn32—n+p Z 2—@(2042)19—@6?% < Cn32—n+p.
£=0 £=0
From the previous bounds, we deduce that lim,,_,, R3(n) = 0. a

Finally, arguing as in the (end of the) proof of Corollary 9.3, we end the proof of Theorem 3.7
in the super-critical case.
16. PROOF OF THE STATISTICAL RESULTS
We recall the following result due to Bochner (see [27] for more details).

Lemma 16.1. Let (s,,n € N) be a sequence of positive numbers converging to 0 as n goes to
infinity. Let g : R* — R be a measurable function such that fRd lg(z)|dx < +o0. Let f:RY = R

be a measurable function such that || f ||, < 400, [pa |f(y)ldy < +oo and limyg 1o |z|f(x) = 0.
Define

(o) =5 [ 55 =)oty

Then, we have at every point x of continuity of g,

Jm  ga(z) = g(z / fly
Proof of Lemma 3.10. We begin the proof with A,, = T,,. We have the following decomposition:

(206) fi, (@) — () = wr||Gd/| o) + Bal),

where f, = (fo.n, £ € N) with the functions f,,, defined by f,.(y) = sn??K (spt(x — ) Lio<ny

for y € RY; N, g is defined in (44) with f replaced by f,; and the bias term:
Bn(x |T | d/2 Z 2" E f@n - ( ) <M7 Sn K( (Q?— ))> —/.L(J})
s "z

Thanks to Remark 2.21, with this choice of functions (f¢,, n > £ > 0), we have that Assumptions
2.16, 2.19 and 2.20 hold. First, since lim,, o, |G, |s¢ = co as v < 1, we get, as a direct consequence
of Theorems 3.7:

(Gn| : .
nh_{r;o W 0(fn) =0 in probability.

Next, it follows from Lemma 16.1 that lim,, .o, B, (z) = 0. By considering the functions f;,(y) =
s;d/2K (s;l(x — y)) lip—py fory € R?, we similarly get the result for the case A, = G,,. g
Proof of Theorem 3.12. The sub-critical case and A,, = T,,. We keep notations from the proof
of Lemma 3.10. From Theorem 3.7 and from the decomposition (206), it suffices to prove that

(207) lim |T,|/2s%2B, (z) = 0.
n—oo
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Using that

d
w(@ = spy) — p(x) = Z(H(Il = SpY1s - Tj — SnYj Tjtls - - -5 Td)

j=1

- ,LL((El —SnYly -5 Tj—1 — SnYj—1, L5, Ljgly-- -, l’d)),

the Taylor expansion, Assumption 3.11, we get, for some finite constant C' > 0,

Tl /2522 Buo) = \[Talst | [ oK (s (@ = )y = o)
=Tt | [ Kt =50 = )]
<oy de [ x5
< Om

Then Equation (207) follows, since lim,, o |G, |s25*¢ = 0. Finally, the result follows from Theorem
3.7 and (207). This ends the proof for A,, = T,.

The sub-critical case and A, = G,,. The proof is similar.

The critical and super-critical cases. The proof follows the same lines, using Theorem 3.7 in
the critical and super-critical cases and the decomposition (206). O
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