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The INTEGRAL view of the pulsating hard X-ray sky: from accreting and transitional millisecond pulsars to rotation-powered pulsars and magnetars
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In the last 25 years a new generation of X-ray satellites imparted a significant leap forward in our knowledge of X-ray pulsars. The discovery of accreting and transitional millisecond pulsars proved that disk accretion can spin up a neutron star to a very high rotation speed. The detection of MeV-GeV pulsed emission from a few hundreds of rotation-powered pulsars probed particle acceleration in the outer magnetosphere, or even beyond. Also, a population of two dozens of magnetars has emerged. INTE-GRAL played a central role to achieve these results by providing instruments with high temporal resolution up to the hard X-ray/soft, gamma-ray band and a large field of view imager with good angular resolution to spot hard X-ray transients. In this article we review the main contributions by INTEGRAL to our understanding of the pulsating hard X-ray sky, such as the discovery and characterization of several accreting and transitional millisecond pulsars, the generation of the first catalog of hard X-ray/soft γray rotation-powered pulsars, the detection of polarization in the hard X-ray emission from the Crab pulsar, and the discovery of persistent hard X-ray emission from several magnetars.

Introduction

Since 1967, the pulsar phenomenon has provided the largest share of information we have obtained so far on the properties of neutron stars (henceforth NS) [START_REF] Hewish | Observation of a Rapidly Pulsating Radio Source[END_REF][START_REF] Pacini | Energy Emission from a Neutron Star[END_REF][START_REF] Gold | Rotating Neutron Stars as the Origin of the Pulsating Radio Sources[END_REF]. By now, emission coherently modulated by the NS rotation has been observed at all wavelengths, from the radio to the very high energy domains. A few physical mechanisms can produce pulsations observed at X-ray and soft gamma-ray energies covered by IN-TEGRAL, namely magnetically channeled accretion of matter transferred from a companion star in a binary system, spreading of the thermonuclear burning front over the NS surface resulting from the ignition of accreted matter (so-called type-I X-ray burst oscillations), pulsed emission powered by the rotation of the strong electro-magnetic field anchored to the NS surface and/or the dissipation of such a field in magnetars. Observing pulsars has been crucial to measure fundamental properties of NSs (such as masses, radii, magnetic fields) and understand their evolution (see, e.g., [START_REF] Ghosh | Rotation and Accretion Powered Pulsars[END_REF]).

In this chapter we review the main results achieved by the INTEGRAL mission [START_REF] Winkler | The INTEGRAL mission[END_REF] on accreting and transitional millisecond pulsars, rotation-powered pulsars and magnetars. In this regard, the hard X-ray (20 keV-1 MeV) imager IBIS/ISGRI [START_REF] Ubertini | IBIS: The Imager on-board INTEGRAL[END_REF][START_REF] Lebrun | ISGRI: The INTEGRAL Soft Gamma-Ray Imager[END_REF] played a major role, as it combined a large field of view (29 • × 29 • with a fully coded field of 8 • × 8 • ), fine angular resolution (12 full-width half-maximum) and high temporal resolution (60 µs, [START_REF] Kuiper | Absolute timing with IBIS, SPI and JEM-X aboard INTEGRAL. Crab main-pulse arrival times in radio, X-rays and high-energy gamma -rays[END_REF]). The X-ray (3-35 keV) monitor JEM-X [START_REF] Lund | JEM-X: The X-ray monitor aboard INTEGRAL[END_REF] complemented these properties providing a better angular resolution of 3 and sensitivity to softer energies, although with a smaller field of view (the fully illuminated part is ∼ 4.8 • × 4.8 • -wide).

The structure of the article is the following. In Sec. 2 we review the INTEGRAL contribution to the study of accreting millisecond pulsars, Gyr-old and relatively weakly magnetized ( 10 8 -10 9 G) NSs that were spun-up to their current fast spin period (P 1 -10 ms) by the accretion of matter transferred from a low mass companion star (≤ M ). These sources also show bursts of soft X-rays caused by the thermonuclear burning of the material accreted on the surface and the INTEGRAL results are summarized in Sec. 2.5. We refer the reader to the article by Sazonov et al. for the results obtained for slower and/or non-pulsating NSs in low-mass X-ray binaries, and to the article by Kretschmar et al. for the case of X-ray pulsars in high-mass X-ray binaries, both in this volume. Sec. 3 describes the role played by INTEGRAL in discovering and characterizing transitional millisecond pulsars, a small sample of sources that are able to alternate between phases of emission as a low-mass X-ray binary and regimes characterized by radio pulsar emission. Studies of pulsars powered by the rotation of their magnetic field, including both slower (P ∼ 0.1 -10 s) and strongly magnetized (B ∼ 10 11 -10 13 G) classical pulsars and recycled millisecond pulsars (P ∼ 1 -10 ms; B ∼ 10 8 G) are presented in Sec. [START_REF] Ghosh | Rotation and Accretion Powered Pulsars[END_REF]. Finally, INTEGRAL observations of NSs powered by the dissipation of their intense (B ∼ 10 13 -10 14 G) magnetic field (so-called magnetars) are summarized in Sec. 5.

Accreting millisecond pulsars

Accreting millisecond pulsars (AMSPs in the following) are NSs that transiently accrete the plasma captured from a low-mass companion star (M 2 ≤ M ) via Rochelobe overflow ( [START_REF] Wijnands | A millisecond pulsar in an X-ray binary system[END_REF]; see [START_REF] Patruno | Accreting Millisecond X-Ray Pulsars[END_REF][START_REF] Campana | Accreting Pulsars: Mixing-up Accretion Phases in Transitional Systems[END_REF] for reviews). Their magnetic field (B p 10 8 -10 9 G) is strong enough to truncate the disk in-flow before the plasma reaches the surface of the NS. The in-falling matter is then channeled by the magnetic field of the NS to the magnetic polar regions of the NS surface. As long as the magnetic and spin axes are misaligned and the emission beam crosses the line of sight, this produces coherent pulsations mainly observed in the X-ray domain.

The spin periods of AMSPs range between 1.6 and ∼ 10 ms. According to the recycling evolutionary model [START_REF] Bisnovatyi-Kogan | Pulsars and close binary systems[END_REF][START_REF] Alpar | A new class of radio pulsars[END_REF][START_REF] Radhakrishnan | On the origin of the recently discovered ultrarapid pulsar[END_REF], such an extremely quick rotation is achieved during a prolonged (≈ 0.1 -1 Gyr) X-ray bright phase of accretion of matter lost by a low-mass companion star. The ∼300 millisecond radio pulsars known to date are then assumed to be the descendants of low mass X-ray binaries (LMXBs in the following). In these systems, a radio pulsar turns on as soon as the pressure of the pulsar wind inhibits the in-fall of matter lost by the companion and accretion ceases (see also Sec. 3).

So far, AMSPs have been found in binaries hosting either a main sequence star (M 2 ∼ 0.1 -0.5 M , P orb ≈ a few hours), a brown dwarf (M 2 ≈ 0.05 M , P orb 1 -2 hr) or a white dwarf (M 2 ≈ 0.01 M , P orb 40 min) were found. These values are similar to those of binary millisecond radio pulsars whose signal is irregularly eclipsed by matter ejected by the pulsar wind and engulfing the binary system. These eclipsing radio pulsars are dubbed either black widow (M 2 ≈ 0.05 M , [START_REF] Fruchter | A millisecond pulsar in an eclipsing binary[END_REF][START_REF] Draghis | Multiband Optical Light Curves of Black-widow Pulsars[END_REF] pulsars (M 2 1 M , [START_REF] D'amico | An Eclipsing Millisecond Pulsar with a Possible Main-Sequence Companion in NGC 6397[END_REF][START_REF] Strader | Optical Spectroscopy and Demographics of Redback Millisecond Pulsar Binaries[END_REF]) depending on the mass of the companion star, and are generally considered to share a close evolutionary link with AMSPs [START_REF] Kluzniak | Nature and evolution of the eclipsing millisecond binary pulsar PSR1957 + 20[END_REF][START_REF] Van Den Heuvel | Fate of the companion stars of ultra-rapid pulsars[END_REF][START_REF] Ruderman | Late Evolution of Very Low Mass X-Ray Binaries Sustained by Radiation from Their Primaries[END_REF]. Discovering AMSPs and measuring their spin evolution is crucial to understand what is the maximum spin that can be reached by a NS through accretion. In turn, this indirectly probes whether continuous gravitational-wave spin-down torques are required to limit the accretion driven spin up to the minimum observed period of a millisecond pulsar, ≈ 1.5 ms [START_REF] Chakrabarty | The spin distribution of millisecond X-ray pulsars[END_REF][START_REF] Papitto | Spin frequency distributions of binary millisecond pulsars[END_REF][START_REF] Patruno | The Spin Distribution of Fast-spinning Neutron Stars in Low-mass X-Ray Binaries: Evidence for Two Subpopulations[END_REF]. The X-ray pulsed emission of AMSPs is emitted close to the surface of a rapidly rotating object that attains a speed of up to ≈ 15% of the speed of light at the equator. General and special relativity effects shape the energy and trajectory of X-ray photons in a way that can be disentangled through X-ray pulse profile fitting. This makes AMSPs among the best candidates to measure simultaneously the mass and radius of a NS and draw constraints on its equation of state ( [START_REF] Poutanen | On the nature of the X-ray emission from the accreting millisecond pulsar SAX J1808.4-3658[END_REF]; see also [START_REF] Watts | Colloquium: Measuring the neutron star equation of state using x-ray timing[END_REF] for a recent review).

Discovery and follow-up of AMSPs with INTEGRAL

The two dozens of AMSPs discovered so far are all X-ray transients. They undergo a few weeks-long X-ray outbursts and spend most of the time in quiescence, although episodes of X-ray activity lasting up to a few years have also been observed. Recurrence times range from a few months to more than 15 years, for sources which have been observed only once, so far. During outbursts, the mass accretion rate rarely exceeds a few per cent of the Eddington rate (L X ≈ 10 36 -10 37 erg s -1 ), whereas in quiescence the luminosity is much lower (L X < ∼ 10 32 erg s -1 ). The discovery of new systems of this class requires instruments with a large field of view and a good sensitivity.

The instruments on-board INTEGRAL perfectly satisfy these requirements and managed to discover the X-ray outbursts of eight sources that were later identified as AMSPs (out of a total of 22; see Table 1, [START_REF] Falanga | Accreting millisecond X-ray pulsars: 10 years of INTEGRAL observations[END_REF] and references therein), and to study their X-ray emission from the onset of the outbursts nearly down to the return in quiescence. Since the launch of INTEGRAL the large field of view of the IBIS/ISGRI imager has been exploited to monitor regularly the Galactic bulge [START_REF] Kuulkers | Announcement of INTEGRAL Galactic Bulge monitoring program and (re)brightening of GRO J1655-40[END_REF][START_REF] Kuulkers | The INTEGRAL Galactic bulge monitoring program: the first 1.5 years[END_REF], where most of the transient LMXBs are expected. The highly eccentric long orbit and the special pointing strategy adopted by INTEGRAL allowed IBIS/ISGRI to accumulate several thousands of kiloseconds of observations in each monitored region, with a few-hours long uninterrupted coverage, and achieve a hard (20 -200 keV) X-ray flux sensitivity as low as a few × 10 -11 erg cm -2 s -1 even in crowded regions. For a distance between 5-8 kpc, this limiting sensitivity corresponds to a luminosity of ≈ 10 35 erg s -1 , which is usually reached by AMSPs already during the earliest stages of their outbursts, and attained again towards the end of the outbursts before the switch back to quiescence. IBIS/ISGRI observations were also often complemented by data in the soft band covered by JEM-X at similar sensitivity.

These features, complemented by the good angular resolution of the two instruments, proved crucial to discover AMSPs and disentangle their emission from foreground sources (see Fig. 1). These imaging capabilities were particularly important to identify IGR J00291+5934, which is located only ∼ 18 from the close-by persistent intermediate polar V609 Cas [START_REF] Falanga | INTEGRAL and RXTE observations of accreting millisecond pulsar IGR J00291+5934 in outburst[END_REF], and IGR J17511-3057, which is located only ∼ 20 away from the other AMSP XTE J1751-305 and whose discovery outburst was partly contaminated by a faint activity episode of the latter source ( [START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF], see Fig. 2. The good angular resolution of IBIS/ISGRI and JEM-X has also proven fundamental to clearly distinguish the type-I X-ray bursts emitted by the AMSP IGR J17498-2921 from those going off in the nearby bursters SLX 1744-300/299 and 1A 1742-294, located at 0.9 • and 0.86 • , respectively, from the AMSP [START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17498-2921[END_REF]. In 2010 INTEGRAL also discovered the LMXB IGR J17480-2446 in the globular cluster Terzan 5 [START_REF] Bordas | A hard X-ray transient in the direction of Terzan 5 detected by INTEGRAL[END_REF][START_REF] Ferrigno | INTEGRAL and RXTE spectral analysis of IGR J17480-2446, the new transient in Terzan 5[END_REF]. The source was subsequently identified as a 90 ms pulsar [START_REF] Strohmayer | EXO 1745-248 is an 11 Hz Eclipsing Pulsar[END_REF] orbiting a low-mass companion star in a 21 hr orbit ( [START_REF] Papitto | The spin and orbit of the newly discovered pulsar IGR J17480-2446[END_REF], see Sec. 2.5 for details).

INTEGRAL observations have also been extensively carried out to follow up AM-SPs first detected by other facilities and which underwent one or multiple outbursts since the beginning of the mission science operations in 2002. In a few cases (e.g. XTE J1751-305, SAX J1748.9-2021, SAX J1808.4-3658), the INTEGRAL seasonal pointings toward the Galactic bulge detected the onset of some of the outbursts of AM-SPs already discovered. The LMXB nature of Swift J1749.4-2807 was first established during its 2010 outburst announced by INTEGRAL [START_REF] Pavan | INTEGRAL and Swift detection of high energy emission from Swift J1749.4-2807[END_REF][START_REF] Chenevez | INTEGRAL/JEM-X detection of an X-ray burst from Swift J1749.4-2807[END_REF]; the source was later indentified as a 1.9 ms AMSP which showed 1.7 ks-long X-ray eclipses [see, e.g., [START_REF] Ferrigno | RXTE observations of the 518 Hz accreting transient pulsar Swift J1749.4-2807[END_REF][START_REF] Altamirano | Discovery of an Accreting Millisecond Pulsar in the Eclipsing Binary System SWIFT J1749.4-2807[END_REF], making it the first and only eclipsing AMSP discovered so far, with important consequences for the determination of the NS mass and radius [START_REF] Jonker | Chandra X-ray and Gemini near-infrared observations of the eclipsing millisecond pulsar SWIFT J1749.4-2807 in quiescence[END_REF]. The first outburst of MAXI J0911-655, was also observed by INTEGRAL [START_REF] Sanna | Discovery of a new accreting millisecond X-ray pulsar in the globular cluster NGC 2808[END_REF][START_REF] Bozzo | IN-TEGRAL observation of MAXI J0911-655[END_REF][START_REF] Ducci | INTE-GRAL detection of MAXI J0911-655: still active[END_REF], which also provided a long term monitoring of the source reporting on the discovery of significant hard X-ray emission more than 450 days after the onset of the event [START_REF] Victor | INTEGRAL detection of continued hard X-ray emission from MAXI J0911-655[END_REF]. 

The X-ray light curves

IBIS/ISGRI and JEM-X provided long term monitoring data with high cadence which have been important to extract light-curves of AMSP outbursts and identify the physical mechanisms driving the outburst onset and decay. The light curves observed were generally characterized by a fast rise (a few days) and an exponential decay (up to several weeks) which terminated with a break followed by a linear decay extending down to the limiting observable flux for both IBIS/ISGRI and JEM-X (see Fig. 2).

This behaviour has been commonly interpreted in terms of the disk instability model, in which the irradiation of the accretion disk by the central X-ray source plays a key role in the shaping of the light curve profile [START_REF] King | The light curves of soft X-ray transients[END_REF]. Modelling of the light curves observed by the Rossi X-ray Timing Explorer (RXTE, [START_REF] Bradt | X-ray timing explorer mission[END_REF]) showed that the timescale of the decay and its luminosity at a characteristic time are linked to the outer radius of the accretion disk [START_REF] Powell | Mass transfer during low-mass Xray transient decays[END_REF]. The break observed during the X-ray flux decay at the end of the outburst is thought to be associated with the lowest X-ray luminosity at which the outer disk region can be kept in a hot high-viscosity state by the centrally illuminating source. When the outer disk region enters the cool low-viscosity state, the mass accretion rate onto the compact object is effectively cut-off and the source starts its return to quiescence. The application of this model to the INTEGRAL data gave compatible results [START_REF] Falanga | INTEGRAL and RXTE observations of accreting millisecond pulsar IGR J00291+5934 in outburst[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17498-2921[END_REF][START_REF] Ferrigno | RXTE observations of the 518 Hz accreting transient pulsar Swift J1749.4-2807[END_REF]. So far, only IGR J00291+5934 has shown a double-peaked outburst [START_REF] Lewis | The double-peaked 2008 outburst of the accreting milli-second X-ray pulsar[END_REF][START_REF] Hartman | A Double Outburst from IGR J00291+5934: Implications for Accretion Disk Instability Theory[END_REF], while a few other AMSPs have undergone "re-flares" toward the later stages of the return to quiescence. The mechanism(s) driving these re-brightening episodes is still a matter of debate [see, e.g., 73, 74, and references therein]. The typical luminosity at which the re-flares occur is close to the detection limit for both IBIS/ISGRI and JEM-X and thus these events are hardly observable by INTEGRAL.

The hard X-ray spectra of AMSPs

The spectra of AMSPs in outburst measured by INTEGRAL are typically hard and dominated by a power law dF/dE ∝ E -Γ , with photon index Γ ∼ 2, extending up to 100 keV or beyond [START_REF] Poutanen | Accretion-powered millisecond pulsars[END_REF]. Most likely, these hard X-ray photons originate from the accretion columns above the polar caps, where electrons energized by the shock between the infalling plasma and the NS surface up-scatter the surface soft photons to higher energies [START_REF] Gierliński | Phase-resolved X-ray spectroscopy of the millisecond pulsar SAX J1808.4-3658[END_REF][START_REF] Gierliński | Physics of accretion in the millisecond pulsar XTE J1751-305[END_REF]. In most cases, the combined IBIS/ISGRI+JEM-X spectra could be well fit with a thermal Comptonization model compps [START_REF] Poutanen | The Two-Phase Pair Corona Model for Active Galactic Nuclei and X-Ray Binaries: How to Obtain Exact Solutions[END_REF] in the slab geometry assumed for the accretion columns [START_REF] Falanga | INTEGRAL and RXTE observations of accreting millisecond pulsar IGR J00291+5934 in outburst[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17498-2921[END_REF][START_REF] Falanga | INTEGRAL spectroscopy of the accreting millisecond pulsar XTE J1807-294 in outburst[END_REF][START_REF] Falanga | Simultaneous INTEGRAL and RXTE observations of the accreting millisecond pulsar HETE J[END_REF][START_REF] Ferrigno | RXTE observations of the 518 Hz accreting transient pulsar Swift J1749.4-2807[END_REF]. The main model parameters are the Thomson optical depth τ T ∼ 1-3 across the slab, the electron temperature kT e ∼ 25-50 keV, the temperature kT bb ∼ 0.3-1.0 keV of the soft-seed blackbody photons (assumed to be injected from the bottom of the slab), and the emission area A bb ∼ 20 km 2 .

Fig. 3 shows a typical broad-band AMSP spectrum observed during the decay of an outburst, fitted with a compps model. The spectrum observed during an outburst of the transitional millisecond pulsars IGR J18245-2452 is instead significantly harder, with a photon index Γ ∼ 1.3 and seed photons coming from a larger region and characterized by a lower temperature ( [START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF], see Sec. 3.1). INTEGRAL observations of Aql X-1, which has been detected as an AMSP only for a couple of minutes [START_REF] Casella | Discovery of Coherent Millisecond X-Ray Pulsations in Aquila X-1[END_REF], also caught the source in a state characterized by a very hard spectrum extending up to 150 keV [START_REF] Rodriguez | The faint 2005 hard state outburst of Aquila X-1 seen by INTEGRAL and RXTE[END_REF]. The spectra of several INTEGRAL-detected AMSPs have been also observed by using combined INTEGRAL and (quasi-)simultaneous XMM-Newton [START_REF] Jansen | XMM-Newton observatory. I. The spacecraft and operations[END_REF] and NuSTAR [START_REF] Harrison | The Nuclear Spectroscopic Telescope Array (NuSTAR) High-energy X-Ray Mission[END_REF] observations. Although they have been clearly found to be dominated by hard power-law components, typically ascribed to the Comptonization of seed thermal photons in agreement with previous INTEGRAL results, the extension into the soft X-ray regime frequently revealed the presence of a additional thermal components originating from hot spots on the NS surface or from the inner disk boundary. In addition, a broad iron line produced by the reflection of the X-ray photons onto the inner regions of the accretion disk surrounding the compact object was sometimes also observed [START_REF] Papitto | XMM-Newton detects a relativistically broadened iron line in the spectrum of the ms X-ray pulsar SAX J1808[END_REF][START_REF] Cackett | Broad Relativistic Iron Emission Line Observed in SAX J1808.4-3658[END_REF][START_REF] Sanna | Spectral and timing properties of IGR J00291+5934 during its 2015 outburst[END_REF][START_REF] Sanna | NuSTAR and NICER reveal IGR J17591-2342 as a new accreting millisecond X-ray pulsar[END_REF][START_REF] Salvo | NuSTAR and XMM-Newton broad-band spectrum of SAX J1808.4-3658 during its latest outburst in 2015[END_REF]. In at least one case, high spectral resolution observations carried out with the gratings on-board Chandra were able also to detect outflows from the outer regions of the accretion disk [START_REF] Nowak | Chandra-HETGS Characterization of an Outflowing Wind in the Accreting Millisecond Pulsar IGR J17591-2342[END_REF], and to provide hints of an expanding hot corona with high outflow velocities also in the case of IGR J00291+0034 [START_REF] Paizis | Chandra and RXTE spectroscopy of the accreting msec pulsar IGR J00291+5934[END_REF].

Little spectral variability, if any, has been generally observed during the course of an outburst. SAX J1748.9-2021 in the globular cluster NGC 6440 clearly made an exception. It has been observed to switch between hard and soft spectra [START_REF] Patruno | Phase-Coherent Timing of the Accreting Millisecond Pulsar SAX J1748.9-2021[END_REF] such as occurs in the so-called "Atoll" sources [START_REF] Hasinger | Two patterns of correlated X-ray timing and spectral behaviour in low-mass X-ray binaries[END_REF]. The combined extensive monitoring performed with IBIS/ISGRI and JEM-X during the source outburst in 2015 was able to efficiently catch one of these spectral state changes ( [START_REF] Li | Mixed H/He bursts in SAX J1748.9-2021 during the spectral change of its 2015 outburst[END_REF]; see Fig. 4); a dramatic transition from a hard to a soft state state occurred over roughly half a day, about ten days after the onset of the outburst. In that outburst the source reached a peak luminosity of about 5 × 10 37 erg s -1 , a value higher than usually observed from AMSPs. After the state change, the spectrum observed with XMM-Newton appeared to be very soft with a Comptonization electron temperature around 2 keV [START_REF] Pintore | Broad-band spectral analysis of the accreting millisecond X-ray pulsar SAX J1748.9-2021[END_REF]. The (quasi) si- multaneous spectrum observed with INTEGRAL also revealed the presence of a hard power-law component with a photon index of 2.3. Similar hard tails are often observed in Z-sources (see e.g. the INTEGRAL spectrum of Sco X-1, [START_REF] Salvo | A Hard X-Ray View of Scorpius X-1 with INTEGRAL: Nonthermal Emission?[END_REF][START_REF] Revnivtsev | Hard Xray emission of Sco X-1[END_REF]) and atoll sources in the soft state (see e.g. the IBIS/ISGRI spectrum of GX 13+1 [START_REF] Paizis | Average hard X-ray emission from NS LMXBs: observational evidence of different spectral states in NS LMXBs[END_REF], and the XMM-Newton/INTEGRAL spectrum of GX 3+1 [START_REF] Pintore | Study of the reflection spectrum of the accreting neutron star GX 3+1 using XMM-Newton and INTEGRAL[END_REF]) and are interpreted in terms of Comptonization of photons off electrons with a non-thermal distribution of velocity. This non-thermal component may be related to high energy electrons injected in the Comptonization region by a (failed?) jet or powered by magnetic reconnections close to the accretion disk. During the outburst occurred in October 2017, SAX J1748.9-2021 showed instead a standard outburst X-ray luminosity of 3 × 10 36 erg s -1 and a more common hard spectrum (photon index Γ ∼ 1.6 -1.7, and electron temperature of 20 keV, [START_REF] Pintore | A faint outburst of the accreting millisecond X-ray pulsar SAX J1748.9-2021 in NGC 6440[END_REF]). This demonstrates the importance of a high-energy monitor such as INTEGRAL for addressing the spectral state of these sources and individuate peculiar ones.

The hard X-ray pulse profiles

AMSPs are relatively faint X-ray transients and the amplitude of their pulsations is < ∼ 10 per cent, [START_REF] Patruno | Accreting Millisecond X-Ray Pulsars[END_REF]. For this reason, usually X-ray pulsations could not be discovered independently by INTEGRAL without a previous detection by a large area focusing or collimated instruments, as those on-board RXTE, XMM-Newton, and more recently NuSTAR and The Neutron Star Interior Composition Explorer Mission (NICER, [START_REF] Arzoumanian | The neutron star interior composition explorer (NICER): mission definition[END_REF]).

Only during the 2015 outburst of IGR J00291+5934, did INTEGRAL data statistics reach a sufficient level to measure the pulsar ephemeris directly from the IBIS/ISGRI event files [START_REF] Kuiper | TEGRAL ToO observation of IGR J00291+5934 during its[END_REF], obtaining parameters compatible with those derived by RXTE. Once the spin and orbital parameters of an AMSP were provided, the INTEGRAL data could be folded to increase the signal-to-noise ratio and carry out a pulse timing analysis in a very broad energy range, covering up to a few hundreds of keV. In this way, IBIS/ISGRI detected X-ray pulsations up to 150 keV from IGR J00291+5934 [START_REF] Falanga | INTEGRAL and RXTE observations of accreting millisecond pulsar IGR J00291+5934 in outburst[END_REF], IGR J17511-3057 [START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF], IGR J17498-2921 [START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17498-2921[END_REF], and IGR J18245-2452 [START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF], while an accurate analysis of the data has not been published yet for recently discovered IGR AMSPs, such as IGR J16597-3704, IGR J17379-3747, IGR J17591-2342 and IGR J17062-6143 (Kuiper et al. in prep.). The measurements obtained by IBIS/ISGRI permitted to perform an analysis of the pulsed fractions in a hard (> 20 keV) X-ray domain previously poorly covered by other instruments. Different trends were observed from source to source. IGR J17511-3057, IGR J17498-2921 and IGR J18245-2452 showed a constant, or slightly decreasing pulsed fraction above 10 keV, compatible with the results obtained by RXTE for SAX J1808.4-3658 and XTE J1751-305 (see left panels of Fig. 5 labelled as (b) and (c); see [START_REF] Falanga | Energy-dependent ˜100 µs Time Lags as Observational Evidence of Comptonization Effects in the Neutron Star Plasma Environment[END_REF] and references therein). A decrease of the pulsed fraction at high energies has been explained in the context of the two pulsed components assumed to originate from the hot-spot on the NS surface and from the accretion column above the poles ( [START_REF] Gierliński | Phase-resolved X-ray spectroscopy of the millisecond pulsar SAX J1808.4-3658[END_REF][START_REF] Gierliński | Physics of accretion in the millisecond pulsar XTE J1751-305[END_REF], see Sec. 2.3). The soft blackbody radiation from the hot-spots is more beamed along the axis than the hard photons produced by Compton up-scattering in the accretion columns, naturally accounting for the lower pulsed fraction observed at higher energies [START_REF] Poutanen | On the nature of the X-ray emission from the accreting millisecond pulsar SAX J1808.4-3658[END_REF]. On the other hand, a clear increase of the pulsed fraction with energy above ∼ 50 keV was observed from IGR J00291+5934

(see left panel labelled as (a) in Fig. 5). Embedding of the accretion columns in a Compton cloud was proposed to explain this [START_REF] Falanga | Energy-dependent ˜100 µs Time Lags as Observational Evidence of Comptonization Effects in the Neutron Star Plasma Environment[END_REF]. the electron cross section and the resulting Compton optical depth decrease in fact at high energies, allowing a larger fraction of the pulsed harder X-rays to reach the observer un-scattered. Note that a trend of increasing pulsed fraction with energy, albeit already at softer X-rays, was observed by other missions (e.g., RXTE, XMM-Newton and NuSTAR) also from SAX J1748.9-2021 [START_REF] Patruno | Phase-Coherent Timing of the Accreting Millisecond Pulsar SAX J1748.9-2021[END_REF][START_REF] Sanna | Timing of the accreting millisecond pulsar SAX J1748.9-2021 during its 2015 outburst[END_REF], Swift J1756.9-2508 [START_REF] Patruno | The long-term evolution of the accreting millisecond X-ray pulsar SwiftJ1756.9-2508[END_REF][START_REF] Sanna | 9-2508: spectral and timing properties of its 2018 outburst[END_REF] and, to a lesser extent, Swift J1749.4-2807 [START_REF] Ferrigno | RXTE observations of the 518 Hz accreting transient pulsar Swift J1749.4-2807[END_REF].

INTEGRAL crucially contributed also to reveal the complex dependence of time lags of pulsed photons with energy (see right panel of Fig. 5, taken from [START_REF] Falanga | Energy-dependent ˜100 µs Time Lags as Observational Evidence of Comptonization Effects in the Neutron Star Plasma Environment[END_REF]). The measured soft lags mean that the low-energy pulses are delayed relative to pulses at higher energies. Below ∼ 10 keV, soft photons generally lag hard photons, although the opposite behavior was observed during an outburst of the transitional millisecond pulsar IGR J18245-2452 (see Sec. 3.1). Observed soft phase/time lags were explained either in terms of down-scattering of hard photons emitted in the accretion columns by the colder surrounding plasma [START_REF] Falanga | Energy-dependent ˜100 µs Time Lags as Observational Evidence of Comptonization Effects in the Neutron Star Plasma Environment[END_REF][START_REF] Cui | Soft Phase Lags of Pulsed Emission from the Millisecond X-Ray Pulsar SAX J1808.4-3658[END_REF][START_REF] Titarchuk | Why Is It Difficult to Detect a Millisecond Pulsar in Neutron Star X-Ray Binaries?[END_REF] or by the broader emission pattern of hard photons Comptonized in the accretion columns with respect to soft photons emitted from the NS hot spots, which make harder photons to be seen before the softer ones as the NS rotates [START_REF] Poutanen | On the nature of the X-ray emission from the accreting millisecond pulsar SAX J1808.4-3658[END_REF][START_REF] Gierliński | Physics of accretion in the millisecond pulsar XTE J1751-305[END_REF][START_REF] Ibragimov | Accreting millisecond pulsar SAX J1808.4-3658 during its 2002 outburst: evidence for a receding disc[END_REF]. Above an energy of 6 keV, the dependence of the lags observed from IGR J00291+5934 reverses, and the harder photons (∼ 100 keV) arrive later than the softer (∼10-20 keV) ones. In the Comptonization scenario this is explained by the fact that higher energy photons were up-scattered more times and took longer to reach the observer [see, e.g., 32, 99, 31, and references therein].

Thermonuclear type-I X-ray bursts

The INTEGRAL observing strategy generally implies a few-day long observations toward a pre-defined region of the sky. The INTEGRAL monitoring programs aimed at the Galactic bulge, as well as dedicated observational campaigns devoted to specific sources, often offered nearly uninterrupted light curves of all sources in the field and covering a significantly larger fraction of the outbursts of AMSPs with respect to other telescopes. These light curves were particularly useful to search for thermonuclear type-I X-ray bursts and accurately constrain their recurrence time as a function of the mass accretion rate ( ṁ) inferred from the observed non-burst X-ray flux [START_REF] Lewin | X-Ray Bursts[END_REF]. Fig. 6 shows an example of a particularly intense burst observed by INTEGRAL from the AMSP HETE J1900.1-2455 [START_REF] Falanga | Simultaneous INTEGRAL and RXTE observations of the accreting millisecond pulsar HETE J[END_REF], during which the double peaked profile in the IBIS/ISGRI data proved that a photospheric radius expansion took place [see, e.g., 107, for a recent review]. On the other hand, the light curves of most of the thermonuclear bursts shown by the AMSPs observed by INTEGRAL were characterized by a fast rise and an exponential decay lasting a few tens of seconds. Such short burst profiles indicate that the ignition most likely occured in presence of hydrogenpoor material, suggesting that either the accreted material is hydrogen-deficient or that 280 the CNO abundances in AMSPs was slightly higher than the solar value [see, e.g., [START_REF] De Falco | The 2015 outburst of the accretion-powered pulsar IGR J00291+5934: INTEGRAL and Swift observations[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF][START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17498-2921[END_REF][START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF][START_REF] Falanga | Simultaneous INTEGRAL and RXTE observations of the accreting millisecond pulsar HETE J[END_REF][START_REF] Li | Mixed H/He bursts in SAX J1748.9-2021 during the spectral change of its 2015 outburst[END_REF][START_REF] Ferrigno | RXTE observations of the 518 Hz accreting transient pulsar Swift J1749.4-2807[END_REF]. In the case of IGR J17511-3057, this suggestion could be strengthened by the fact that the variation of the burst recurrence time as a function of ṁ (see Fig. 7) was found to be much shorter than that predicted in case of helium-ignition models [START_REF] Falanga | Spectral and timing properties of the accreting X-ray millisecond pulsar IGR J17511-3057[END_REF].
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Among the many thermonuclear bursts observed by INTEGRAL from the more than a hundred of bursting sources known [see, e.g., 108, for a recent catalogue of the bursts observed by JEM-X], it is worth mentioning here the peculiar case of IGR J17480-2446. This source is located in the Globular Cluster Terzan 5 and underwent so far a single bright detectable outburst in 2010 [START_REF] Bordas | A hard X-ray transient in the direction of Terzan 5 detected by INTEGRAL[END_REF] which displayed a number of remarkable unique features. First of all, pulsations were clearly detected at a spin period of about 91 ms, making this a unique source linking AMSPs and slower spinning pulsars in LMXBs [START_REF] Strohmayer | EXO 1745-248 is an 11 Hz Eclipsing Pulsar[END_REF][START_REF] Papitto | The spin and orbit of the newly discovered pulsar IGR J17480-2446[END_REF][START_REF] Papitto | The pulse profile and spin evolution of the accreting pulsar in Terzan 5, IGR J17480-2446, during its 2010 outburst[END_REF][START_REF] Testa | The near-IR counterpart of IGR J17480-2446 in Terzan 5[END_REF]. Evolutionary calculations suggested that this binary system might have formed through a close encounter between the NS and its companion within the globular cluster, and that the compact object is only a mildly recycled pulsar as accretion did not begin earlier than a few 10 7 yr ago [START_REF] Patruno | The Peculiar Evolutionary History of IGR J17480-2446 in Terzan 5[END_REF]. Furthermore, the source showed several hundreds of thermonuclear bursts along the outburst. The recurrence time markedly decreased during the rising part of the outburst ( [START_REF] Motta | X-ray bursts and burst oscillations from the slowly spinning X-ray pulsar IGR J17480-2446 (Terzan 5)[END_REF][START_REF] Linares | Millihertz Quasi-periodic Oscillations and Thermonuclear Bursts from Terzan 5: A Showcase of Burning Regimes[END_REF]; see Fig. 8).

Close to the outburst peak the frequency of the bursts became so high and their peak flux so close to the level of the persistent emission that they could no longer be identified by visual inspection in the source light curve ( [START_REF] Motta | X-ray bursts and burst oscillations from the slowly spinning X-ray pulsar IGR J17480-2446 (Terzan 5)[END_REF][START_REF] Altamirano | Low-frequency Quasi-periodic Oscillation from the 11 Hz Accreting Pulsar in Terzan 5: Not Frame Dragging[END_REF], see Fig. 8), but rather emerged as mHz quasi periodic oscillations in the Fourier power density spectrum [START_REF] Revnivtsev | New class of low frequency QPOs: Signature of nuclear burning or accretion disk instabilities?[END_REF]. A careful analysis of the spectral softening of the emission during the burst decay proved unequivocally that they had all a thermonuclear origin [START_REF] Motta | X-ray bursts and burst oscillations from the slowly spinning X-ray pulsar IGR J17480-2446 (Terzan 5)[END_REF][START_REF] Linares | On the Cooling Tails of Thermonuclear X-ray Bursts: The IGR J17480-2446 Link[END_REF][START_REF] Chakraborty | Terzan 5 transient IGR J17480-2446: variation of burst and spectral properties with spectral states[END_REF]. Although a decrease of the recurrence time with increasing mass accretion rate had been theoretically anticipated [START_REF] Heger | Millihertz Quasi-periodic Oscillations from Marginally Stable Nuclear Burning on an Accreting Neutron Star[END_REF], this was the first time that it was observed in an LMXB in such great detail. This made IGR J17480-2446 a unique laboratory to test thermonuclear burning models. All the thermonuclear bursts also displayed burst oscillations at a frequency within a few per cent of the spin rotation of the NS, proving for the first time that millisecond rotational velocities are not required to produce these kind of tim- ing features and ruling out models based on this assumption [START_REF] Cavecchi | Implications of Burst Oscillations from the Slowly Rotating Accreting Pulsar IGR J17480-2446 in the Globular Cluster Terzan 5[END_REF]. IGR J17480-2446 also displayed a clear evidence of a fast-moving disk wind with ejection velocity up to ∼3000 km s -1 , a rare feature in NSs hosted in LMXB and much more common in systems harboring accreting BHs [START_REF] Miller | A Fast X-ray Disk Wind in the Transient Pulsar IGR J17480-2446 in Terzan 5[END_REF]. In addition, the source endured an extremely high level of crustal heating during the outburst, which did not seem to have cooled completely even 5.5 years since the end of the outburst [START_REF] Degenaar | Evidence for crust cooling in the transiently accreting 11-Hz X-ray pulsar in the globular cluster Terzan 5[END_REF][START_REF] Degenaar | Continued Neutron Star Crust Cooling of the 11 Hz X-Ray Pulsar in Terzan 5: A Challenge to Heating and Cooling Models?[END_REF][START_REF] Ootes | Continued cooling of the accretion-heated neutron star crust in the X-ray transient IGR J17480-2446 located in the globular cluster Terzan 5[END_REF]. Peculiar burst properties have also been observed from SAX J1748.9-2021. The burst recurrence time drastically decreased from ≈ 2 to ≈ 1 hr as the source underwent an abrupt hard-to-soft state spectral transition ( [START_REF] Li | Mixed H/He bursts in SAX J1748.9-2021 during the spectral change of its 2015 outburst[END_REF], see Fig. 4). The relation between the burst recurrence time and the mass accretion rate indicated that in both states the bursts were consistent with being produced by a mixture of H and He.

INTEGRAL observations of thermonuclear type-I X-ray bursts from LMXBs also played an important role in the study of the properties of the X-ray coronae from the effect of the burst emission on the surrounding accretion flow (see [START_REF] Degenaar | Accretion Disks and Coronae in the X-Ray Flashlight[END_REF] and references therein). Stacking of 123 bursts observed by INTEGRAL from the persistent LMXB 4U 1728-34 revealed a deficit of hard 40-80 keV photons compared to the persistent emission due to the enhanced corona cooling caused by the soft burst photons [START_REF] Kajava | X-ray burstinduced spectral variability in 4U 1728-34[END_REF]; such a deficit had not been detected before by RXTE [START_REF] Ji | Possible hard X-ray shortages in bursts from KS 1731-260 and 4U 1705-44[END_REF], possibly due to the different response and background contamination. The reader is referred to the article by Sazonov et al. in this volume for more details on bursts of LMXBs.

Transitional millisecond pulsars

According to the classical recycling picture [START_REF] Bisnovatyi-Kogan | Pulsars and close binary systems[END_REF][START_REF] Alpar | A new class of radio pulsars[END_REF][START_REF] Radhakrishnan | On the origin of the recently discovered ultrarapid pulsar[END_REF], the switch on of a millisecond radio pulsar powered by the rotation of its magnetic field should occur only after the Gyr-long mass accretion phase in a LMXB has ceased and the pulsar wind pressure becomes dominant. However, the possibility that a source could swing between a radio pulsar behaviour and a LMXB regime also over much shorter timescales (days to weeks) had been proposed already a few years before AMSPs were actually discovered [START_REF] Stella | Do Quiescent Soft X-Ray Transients Contain Millisecond Radio Pulsars?[END_REF][START_REF] Campana | The neutron stars of Soft X-ray Transients[END_REF][START_REF] Burderi | Where May Ultrafast Rotating Neutron Stars Be Hidden?[END_REF]. When the X-ray luminosity of a transient LMXB drops below 10 32 erg s -1 at the end of an outburst, the magnetospheric radius of a ∼ 10 8 G NS spinning at a period of a few milliseconds expands beyond the light cylinder radius of the pulsar, r LC = 71.6(P s /1.5 ms) km, where P s is the pulsar spin period. A radio pulsar powered by the rotation of its magnetic field could then eject the residual disk matter and power the emission of the binary in quiescence. The discovery that AMSPs were weakly magnetized X-ray transients which dropped to an X-ray luminosity of 10 31 -10 32 erg s -1 during quiescence (see Sec. 2.2) was compatible with such a picture [START_REF] Campana | An XMM-Newton Study of the 401 Hz Accreting Pulsar SAX J1808.4-3658 in Quiescence[END_REF]. Furthermore, the optical luminosity of quiescent AMSPs turned out to be too large to be compatible with reprocessing of such a faint X-ray emission, suggesting it was instead due to reprocessing of the more powerful spin-down energy [START_REF] Burderi | The optical counterpart to SAX J1808.4-3658 in quiescence: Evidence of an active radio pulsar?[END_REF]. The rate at which AMSPs spin down during quiescence [START_REF] Hartman | The Long-Term Evolution of the Spin, Pulse Shape, and Orbit of the Accretion-powered Millisecond Pulsar SAX J1808.4-3658[END_REF] and the fast and complex orbital evolution [START_REF] Hartman | The Long-Term Evolution of the Spin, Pulse Shape, and Orbit of the Accretion-powered Millisecond Pulsar SAX J1808.4-3658[END_REF][START_REF] Di Salvo | Orbital evolution of an accreting millisecond pulsar: witnessing the banquet of a hidden black widow?[END_REF] were also very similar to those observed from the so-called redback millisecond radio pulsars [START_REF] Strader | Optical Spectroscopy and Demographics of Redback Millisecond Pulsar Binaries[END_REF][START_REF] Roberts | Surrounded by spiders! New black widows and redbacks in the Galactic field[END_REF]. However, deep searches for radio pulsations from AMSPs in quiescence were not successful, even when conducted at high radio frequencies (5 and 8 GHz) at which free-free absorption is less important [START_REF] Patruno | Radio Pulse Search and X-Ray Monitoring of SAX J1808.4-3658: What Causes Its Orbital Evolution?[END_REF][START_REF] Burgay | A Search for Pulsars in Quiescent Soft X-Ray Transients. I[END_REF][START_REF] Iacolina | Search for pulsations at high radio frequencies from accreting millisecond X-ray pulsars in quiescence[END_REF].

The quest for sources switching back and forth between a radio pulsar and an accretion powered phase finally succeded when the radio pulsar PSR J1023+0038 showed indications of a past accretion disk activity [START_REF] Archibald | A Radio Pulsar/X-ray Binary Link[END_REF], and eventually with the discovery of IGR J18245-2452, an AMSP that is detected as a radio pulsar during quiescence [START_REF] Papitto | Swings between rotation and accretion power in a binary millisecond pulsar[END_REF]. Dubbed transitional millisecond pulsars (see [START_REF] Campana | Accreting Pulsars: Mixing-up Accretion Phases in Transitional Systems[END_REF] and Papitto, in prep., for reviews), these sources are crucial to investigate how the interaction between the NS magnetosphere and the disk in-flow determines the pulsar emission regime. INTE-GRAL played a crucial role in the recent discovery of this class mainly thanks to its all-sky monitoring capabilities. On one hand it detected the onset of the outburst of IGR J18245-2452 [START_REF] Eckert | IGR J18245-2452: a new hard X-ray transient discovered by INTEGRAL[END_REF]; on the other, its catalogue included steady and relatively faint hard sources which were later identified as candidate transitional millisecond pulsars through multi-wavelength follow-up observations [START_REF] Strader | A New γ-Ray Loud, Eclipsing Low-mass X-Ray Binary[END_REF][START_REF] Coti Zelati | Prolonged sub-luminous state of the new transitional pulsar candidate CXOU J110926[END_REF].

Swinging between accretion and rotation-powered states, IGR J18245-2452

In 2013, IBIS/ISGRI discovered the transient IGR J18245-2452 in the globular cluster M28 [138, see Fig. 9]. The luminosity observed from the transient (3 × 10 36 erg s -1 at a distance of 5.5 kpc) suggested that it was powered by mass accretion in a binary system. Subsequent observations of type-I X-ray bursts both by INTEGRAL [START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF] and Swift [START_REF] Papitto | Swings between rotation and accretion power in a binary millisecond pulsar[END_REF] identified the compact object in the binary as a NS. Finally, a coherent Xray periodicity at the 3.9 ms spin period of the NS was detected thanks to high-time resolution XMM-Newton observations; the spin and orbital parameters of this newlydiscovered AMSP were the same as those of a radio pulsar detected a few years before when the X-ray source was in quiescence, so unveiling the transitional nature of the system [START_REF] Papitto | Swings between rotation and accretion power in a binary millisecond pulsar[END_REF].

IBIS/ISGRI and JEM-X observations measured the properties of this transitional pulsar in the accretion phase and allowed to put it in the context of AMSPs [START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF]. The observed spectral energy distribution (see Fig. 10) was dominated by a power law component with a photon index of Γ = 1.32(1) and a cut-off energy of 122 +21 -16 keV. Inter- preted in terms of Comptonization of soft photons radiated from the NS hot spots, the spectral energy distribution measured from IGR J18245-2452 was the hardest among AMSPs. X-ray pulsations were detected by IBIS/ISGRI up to 60 keV, with a pulsed fraction of ∼ 10%, compatible with the values detected at low energies (see the top panel of Fig. 11). The high energy pulses of IGR J18245-2452 lagged behind the pulses detected at soft X-rays by up to 150 µs (see the middle panel of Fig. 11). This was normally not observed in other AMSPs (see Sec. 2.4) and was ascribed to a peculiar energy dependence of the emission pattern of the hot spots on the NS surface [START_REF] De Falco | The transitional millisecond pulsar IGR J18245-2452 during its 2013 outburst at X-rays and soft gamma-rays[END_REF]. Type-I X-ray bursts observed by INTEGRAL and Swift were all powered by ignition of Helium.

X-ray sub-luminous transitional millisecond pulsars

The month-long outburst observed in 2013 from IGR J18245-2452 has been the only bright accretion event observed from a transitional millisecond pulsar so far. Other transitional millisecond pulsars, such as PSR J1023+0038 [START_REF] Archibald | A Radio Pulsar/X-ray Binary Link[END_REF] and XSS J12270-4859 [START_REF] Bassa | A state change in the low-mass X-ray binary XSS J12270-4859[END_REF], have persisted for years in an accretion disk state characterized by a much fainter X-ray luminosity (L X 5 × 10 33 erg s -1 ), variable among two roughly constant levels (dubbed high and low modes) and frequent flares [START_REF] Martino | The intriguing nature of the high-energy gamma ray source XSS J12270-4859[END_REF][START_REF] Linares | X-Ray States of Redback Millisecond Pulsars[END_REF][START_REF] Patruno | A New Accretion Disk around the Missing Link Binary System PSR J1023+0038[END_REF][START_REF] Bogdanov | Coordinated X-Ray, Ultraviolet, Optical, and Radio Observations of the PSR J1023+0038 System in a Low-mass X-Ray Binary State[END_REF]. This peculiar accretion disk state is also characterized by a variable, bright continuous radio emission [START_REF] Deller | Radio Imaging Observations of PSR J1023+0038 in an LMXB State[END_REF][START_REF] Bogdanov | Simultaneous Chandra and VLA Observations of the Transitional Millisecond Pulsar PSR J1023+0038: Anti-correlated X-Ray and Radio Variability[END_REF] and by an unexpected gamma-ray (∼ GeV) emission with a power roughly comparable to that observed in the X-ray band [START_REF] Stappers | A State Change in the Missing Link Binary Pulsar System PSR J1023+0038[END_REF][START_REF] Torres | A Search for Transitions between States in Redbacks and Black Widows Using Seven Years of Fermi-LAT Observations[END_REF]. X-ray pulsations were detected only in the high mode [START_REF] Archibald | Accretion-powered Pulsations in an Apparently Quiescent Neutron Star Binary[END_REF][START_REF] Papitto | X-ray coherent pulsations during a sub-luminous accretion disc state of the transitional millisecond pulsar XSS J12270-4859[END_REF], simultaneously to unexpectedly bright optical pulses [START_REF] Ambrosino | Optical pulsations from a transitional millisecond pulsar[END_REF][START_REF] Papitto | Pulsating in Unison at Optical and X-Ray Energies: Simultaneous High Time Resolution Observations of the Transitional Millisecond Pulsar PSR J1023+0038[END_REF].

The ability of IBIS/ISGRI in detecting faint, quasi persistent hard X-ray sources was crucial to identify such transitional pulsars in this enigmatic state. The case of XSS J12270-4859 is illustrative. A program of optical spectroscopy of unidentified INTE-GRAL sources showed the presence in its spectrum of broad, double-peaked emission lines originating from an accretion disk [START_REF] Masetti | Unveiling the nature of INTEGRAL objects through optical spectroscopy. V. Identification and properties of 21 southern hard X-ray sources[END_REF]. While such a spectrum hinted at a cataclysmic variable, the presence of a gamma-ray counterpart detected by the Fermi/LAT instrument suggested an atypical low-mass X-ray binary instead [START_REF] Martino | The intriguing nature of the high-energy gamma ray source XSS J12270-4859[END_REF][START_REF] Hill | The bright unidentifiedγ-ray source 1FGL J1227.9-4852: can it be associated with a low-mass X-ray binary?[END_REF][START_REF] Martino | X-ray follow-ups of XSS J12270-4859: a low-mass X-ray binary with gamma-ray Fermi-LAT association[END_REF]. The IBIS/ISGRI spectrum was described by a power law with a hard photon index (Γ = 1.3) extending up to 100 keV without a detectable cut-off [START_REF] Martino | The intriguing nature of the high-energy gamma ray source XSS J12270-4859[END_REF]. The continuous detection by IBIS/ISGRI showed that the source could persist in such a state for at least a decade, possibly powered by a millisecond pulsar that ejects disk mass through the propeller effect [START_REF] Papitto | A propeller scenario for the gamma-ray emission of low-mass X-ray binaries: the case of XSS J12270-4859[END_REF][START_REF] Papitto | A Propeller Model for the Sub-luminous State of the Transitional Millisecond Pulsar PSR J1023+0038[END_REF] or accreting material at a very low rate [START_REF] D'angelo | Accretion discs trapped near corotation[END_REF][START_REF] Bozzo | Magnetospheric radius of an inclined rotator in the magnetically threaded disk model[END_REF]. The transitional nature of the source was eventually demonstrated when its disk disappeared [START_REF] Bassa | A state change in the low-mass X-ray binary XSS J12270-4859[END_REF] and it switched on as a radio pulsar [START_REF] Roy | Discovery of Psr J1227-4853: A Transition from a Low-mass X-Ray Binary to a Redback Millisecond Pulsar[END_REF].

Cross referencing the INTEGRAL IBIS/ISGRI catalogue with that of the Large Area Telescope (LAT; 20 MeV -300 GeV) aboard the Fermi Gamma-ray Space Telescope [START_REF]Fermi Large Area Telescope Fourth Source Catalog[END_REF] turned out to be one of the most effective techniques to identify strong candidate transitional millisecond pulsars in such a faint and peculiar accretion disk state (see Fig. 12), and allowed the identification of the candidates IGR J04288-6702 [START_REF] Strader | A New γ-Ray Loud, Eclipsing Low-mass X-Ray Binary[END_REF] and IGR J11098-6457 [START_REF] Coti Zelati | Prolonged sub-luminous state of the new transitional pulsar candidate CXOU J110926[END_REF]. Follow-up observations of these two sources at optical and soft X-ray energies hinted at similar time variability properties as those observed from the other known transitional millisecond pulsars. However, their transitional nature is yet to be firmly established, waiting for a switch to the radio pulsar state hopefully in the near future.

Rotation-powered pulsars

Before the launch of INTEGRAL, highly magnetized (B 10 11 -10 12 G) rotationpowered pulsars were already known to emit steadily from radio frequencies up to high-energy γ-rays. The Compton Gamma-Ray Observatory (CGRO) had increased the number of detected high-energy (E ≥100 MeV) γ-ray pulsars to a total of eight (see [START_REF] Thompson | Gamma-ray pulsars: the Compton Observatory contribution to the study of isolated neutron stars[END_REF] for a review). However, the timing signatures and spectral shapes were only measured for three pulsars in the energy band from ∼ 20 keV to ∼ 5 MeV (or higher): the Crab pulsar (PSR B0531+21), PSR B1509-58 and the Vela pulsar (PSR B0833-45). This very small sample exhibited very different characteristics. The Crab and Vela pulsars showed double-peaked pulse profiles, while PSR B1509-58 showed a broad single pulse. The latter had a spectral shape peaking in luminosity at MeV energies, vastly different from that of the Crab [START_REF] Kuiper | COMPTEL detection of pulsed gamma -ray emission from PSR B1509-58 up to at least 10 MeV[END_REF]. The Vela pulsar was only marginally detected at hard X-ray/soft gamma-ray energies but appeared to be the strongest pulsar at GeV energies, where it reached maximum luminosity with a spectral shape completely different from both the Crab and PSR B1509-58 [START_REF] Hermsen | Gamma-Ray Pulsar Studies with COMPTEL[END_REF].

Before the launch of INTEGRAL, high-energy non-thermal emission from highly magnetized rotating NSs was believed to originate from particle acceleration along the open magnetic field lines in the pulsar magnetosphere. The different competing models could be grouped in two categories, the so-called Polar Cap (PC) models and Outer Gap (OG) models. In the PC scenario charged particles (mainly e + e -) are accelerated along the open field lines in the vicinity of the magnetic poles. Subsequent cascade processes (starting with curvature radiation or inverse Compton scattering) give rise to the emergent high-energy spectrum (e.g. [START_REF] Daugherty | Polar CAP Models of Gamma-Ray Pulsars: Emission from Single Poles of Nearly Aligned Rotators[END_REF]). In the OG scenario the acceleration of charged particles and production of high-energy radiation takes place in charge depleted gaps between the null-charge surface and the light cylinder above the last closed field lines (e.g. [START_REF] Cheng | Energetic Radiation from Rapidly Spinning Pulsars. I. Outer Magnetosphere Gaps[END_REF][START_REF] Cheng | Energetic Radiation from Rapidly Spinning Pulsars. II. VELA and Crab[END_REF]). It was also predicted that due to their quick rotation, millisecond pulsars should be fairly strong high-energy gamma-ray emitters [START_REF] Srinivasan | Millisecond pulsars: A new population of gamma ray sources?[END_REF].

With the launch in June 2008 of Fermi, the LAT produced ground-breaking results at high-energy γ-rays. The number of detected γ-ray pulsars increased from eight to ∼ 250 (status in 2019), including 90 millisecond pulsars (MSPs). These numbers can be compared to the seven pulsars securely detected above 100 MeV with the Energetic Gamma Ray Experiment Telescope (EGRET) aboard CGRO and the single recycled MSP J0218+4232, likely detected above 100 MeV [START_REF] Kuiper | The likely detection of pulsed high-energy gamma -ray emission from millisecond pulsar PSR J0218+4232[END_REF]. The number of γ-ray sources totals more than 5000 in the fourth Fermi catalog [START_REF]Fermi Large Area Telescope Fourth Source Catalog[END_REF], including 239 identified pulsars and many candidate rotation-powered pulsars. These results stimulated also major developments in theoretical modelling of the high-energy emissions in pulsar magnetospheres. The new emission characteristics, e.g. spectral turnover at GeV energies, pulse morphologies, favoured OG models over PC models [START_REF] Harding | High-Energy Emission from Millisecond Pulsars[END_REF] and Slot Gap models [START_REF] Dyks | Two-Pole Caustic Model for High-Energy Light Curves of Pulsars[END_REF][START_REF] Muslimov | High-Altitude Particle Acceleration and Radiation in Pulsar Slot Gaps[END_REF]. However, recent global particle-in-cell simulations of pulsar magnetospheres reveal that most particle acceleration occurs in and near the current sheet beyond the light cylinder and the separatrices [START_REF] Chen | Electrodynamics of Axisymmetric Pulsar Magnetosphere with Electron-Positron Discharge: A Numerical Experiment[END_REF][START_REF] Mochol | Very high energy emission as a probe of relativistic magnetic reconnection in pulsar winds[END_REF][START_REF] Cerutti | Modelling high-energy pulsar light curves from first principles[END_REF][START_REF] Philippov | Ab-initio Pulsar Magnetosphere: Particle Acceleration in Oblique Rotators and High-energy Emission Modeling[END_REF][START_REF] Brambilla | Electron-Positron Pair Flow and Current Composition in the Pulsar Magnetosphere[END_REF][START_REF] Kalapotharakos | Three-dimensional Kinetic Pulsar Magnetosphere Models: Connecting to Gamma-Ray Observations[END_REF]. INTEGRAL promised for the first time fine imaging and accurate localization of hard-X-ray/γ-ray sources, with good timing and good sensitivity over the broad energy range from 3 keV to ∼ 10 MeV. However, the predictions on the expected results for rotation-powered pulsars over this energy window were very uncertain. They relied on uncertain interpolations performed on a handful of radio pulsars between the spectra of pulsed emission measured at higher γ-ray energies and at soft X-ray energies, or on extrapolations of spectra measured only at lower X-ray energies. As expected, the strong Crab pulsar emission could be used as a calibration source, and studied in more detail at hard X-rays. However, the next-in-flux known hard X-ray pulsar, PSR B1509-58, whose hard X-ray emission had been studied earlier using the instruments aboard CGRO [START_REF] Kuiper | COMPTEL detection of pulsed gamma -ray emission from PSR B1509-58 up to at least 10 MeV[END_REF] and the Italian/Dutch mission BeppoSAX [START_REF] Cusumano | The curved X-ray spectrum of PSR B1509-58 observed with BeppoSAX[END_REF], was already a factor 30-50 times weaker than the Crab in the 20-100 keV band. The Vela pulsar was even fainter, with a hard X-ray luminosity ∼ a thousand times lower than the Crab. Using data from the RXTE, hard X-ray timing and spectral properties had been also reported for the Crab-like pulsar in the Large Magellenic Cloud (LMC), PSR B0540-69 [START_REF] De Plaa | Hard X-ray timing and spectral properties of PSR B0540-69[END_REF], which turned out to be ∼250 times weaker than that of the Crab in the hard X-ray domain. For the recycled rotation-powered pulsars, the MSPs, the prospects for detections with INTEGRAL were even smaller. Three MSPs, PSR B1821-24, PSR J0218+42323, and PSR B1937+21, had been reported to emit non-thermal emission at X-ray energies with very hard spectra with power-law indices Γ ∼ 1.1. X-ray pulsations were detected up to 20 keV for PSR B1821-24 [START_REF] Rots | Rothschild, Rossi X-Ray Timing Explorer Absolute Timing Results for the Pulsars B1821-24 and B1509-58[END_REF] and PSR J0218+4232 [START_REF] Kuiper | Chandra and RXTE studies of the X-ray/γray millisecond pulsar PSR J0218+4232[END_REF], and up to 25 keV for PSR B1937+21 [START_REF] Cusumano | The phase of the radio and X-ray pulses of PSR B1937+21[END_REF]. However, the reported fluxes were even more than three orders of magnitude weaker than that of the Crab at 20 keV.

Given the expected low INTEGRAL count rates of the weak pulsed emission, it is no surprise that in the first decade of the INTEGRAL mission, most analyses did not address the pulsed emission but exploited the imaging capabilities in analyses of the total emission from pulsars and their Pulsar Wind Nebulae (PWNe). Only later, first detections at hard X-rays were reported and the total spectra (pulsar + PWN) discussed. The detection of emission up to 200 keV from PSR B1509-58 in SNR MSH 15-52 [START_REF] Sturner | Observations of PSR B1509-58 using INTE-GRAL Core Program Data[END_REF] was followed by the presentation of the spatial and spectral properties of just the unpulsed emission in the 20 -200 keV band [START_REF] Forot | High-Energy Particles in the Wind Nebula of Pulsar B1509-58 as Seen by INTEGRAL[END_REF]. PSR B0540-69 / SNR 0540-693 in the LMC was first detected up to 100 keV [START_REF] Götz | An INTEGRAL hard X-ray survey of the Large Magellanic Cloud[END_REF], later up to 200 keV, while significant pulsations with a high duty cycle were visible up to 100 keV [START_REF] Słowikowska | Fully Resolved Optical Polarization of the Crab Pulsar[END_REF]. For PSR J1617-5055 near RCW 103 (18 -60 keV [START_REF] Landi | -508: likely to be powered by PSR J1617-5055[END_REF]) and later PSR J1811-1925 in G11.2-0.3 (up to ∼ 200 keV [START_REF] Dean | INTEGRAL observations of PSR J1811-1925 and its associated pulsar wind nebula[END_REF]) the total spectra could be discussed for the first time. In addition, with INTEGRAL IBIS/ISGRI PSR J0537-6910 was detected in the 20 -60 keV band in a very deep survey of the LMC region [START_REF] Grebenev | Deep hard X-ray survey of the Large Magellanic Cloud[END_REF].

The above summary indicates that very long INTEGRAL exposures were required to increase the sample of pulsars for which pulsed emission could be detected at hard X-rays. Similar to the case of AMSPs (see Sec. 2.4), the low pulsed-count rates in the INTEGRAL window required timing analyses to rely on pulsar ephemerides determined in radio monitoring observations or in the X-ray band below ∼10 keV where instruments such as the PCA aboard RXTE were sufficiently sensitive to allow for measurements of pulsar ephemerides. The latter was required when the pulsars were not detected in the radio band. Once these timing solutions were determined at lower energies, phase folding of the event arrival times measured with the INTEGRAL instruments could be performed to search for the pulsed signals at hard X-rays. A complete high-energy overview of the soft γ-ray pulsar population was published with a catalog containing 18 rotation-powered (non-recycled) pulsars with pulsed emission detected in the hard X-ray band above 20 keV [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. Surprisingly, most of these pulsars were not detected by Fermi at high-energy γ-rays. This catalog and the characteristics of this sample will be addressed at the end of this section. First, the INTEGRAL results from studies of the Crab pulsed emission will be presented, followed by the important results from polarization measurements.

The Crab pulsar

Early in the mission, the first INTEGRAL results were published for the archetypical Crab pulsar with a verification of the absolute timing capabilities of all high-energy instruments [START_REF] Kuiper | Absolute timing with IBIS, SPI and JEM-X aboard INTEGRAL. Crab main-pulse arrival times in radio, X-rays and high-energy gamma -rays[END_REF][START_REF] Brandt | X-ray observations of the Crab Pulsar and Nebula with JEM-X on INTEGRAL[END_REF], JEM-X, IBIS/ISGRI and SPI. It was shown that the X-ray main pulse is leading the radio pulse in phase by 285 ± 12 µs (IBIS/ISGRI) and 265 ± 23 µs (SPI) [START_REF] Kuiper | Absolute timing with IBIS, SPI and JEM-X aboard INTEGRAL. Crab main-pulse arrival times in radio, X-rays and high-energy gamma -rays[END_REF] (statistical errors only), values that are more accurate than those reported earlier. Using six years of SPI telescope data (total exposure ∼4 Ms) these values were confirmed (275 ± 15 µs) [START_REF] Molkov | Absolute Timing of the Crab Pulsar with the INTEGRAL/SPI Telescope[END_REF] for the hard X-ray band 20-100 keV. More interestingly, it was shown that the delay between the radio and X-ray signals varies in the 20 -300 keV range. Namely, the delay was reported to be 310 ± 6 µs in the 3 -20 keV soft X-ray band from an analysis of RXTE data [START_REF] Molkov | Absolute Timing of the Crab Pulsar with the INTEGRAL/SPI Telescope[END_REF].

A coherent high-energy picture of the Crab nebula and pulsar spectra from soft X-rays up to high-energy γ-rays had been published shortly before the INTEGRAL launch [START_REF] Kuiper | The Crab pulsar in the 0.75-30 MeV range as seen by CGRO COMPTEL. A coherent high-energy picture from soft X-rays up to high-energy gamma-rays[END_REF], including a pulse-phase-resolved spectral analysis performed in seven phase slices over the 0.1 keV-10 GeV energy band. In this high-energy picture of the Crab, data from the four narrow-field instruments aboard BeppoSAX: LECS, MECS, HPGSPC and PDS covered energies up to 300 keV (see [START_REF] Kuiper | The Crab pulsar in the 0.75-30 MeV range as seen by CGRO COMPTEL. A coherent high-energy picture from soft X-rays up to high-energy gamma-rays[END_REF] for references). At higher γ-ray energies, data were used from COMPTEL and EGRET aboard CGRO. Early in the INTEGRAL mission, an accurate phase-resolved (now in 50 bins) spectral analysis for the Crab pulsar over the energy range 3-500 keV was achieved with multiple Crab calibration observations with JEM-X, IBIS/ISGRI & PICsIT and SPI, characterizing in detail the curved spectral shape over this energy range [START_REF] Mineo | INTEGRAL observations of the Crab pulsar[END_REF]. The combination of INTEGRAL timing and spectral results with those from the previous BeppoSAX and CGRO missions were input for a multi-component model for the broad-band emission of the Crab pulsar from the optical band to high-energy γ-rays [START_REF] Massaro | The optical to γ-ray emission of the Crab pulsar: a multicomponent model[END_REF].

Joint opticalγ-ray polarisation measurements with INTEGRAL

Although a relatively weak radio pulsar and a strong emitter at X and γ-ray energies, the Crab pulsar is the brightest of all the known pulsars at optical wavelengths and consequently has been extensively studied. The pulsar's spin-down energy powers its surrounding nebula, which radiates at all electromagnetic frequencies from the radio band to TeV γ-rays [START_REF] Hester | The Crab Nebula : an astrophysical chimera[END_REF]. Our understanding of the high-energy emission process in pulsars is still very incomplete. However, polarisation observations can begin to unravel this conundrum through geometric considerations. Harding and Kalapotharakos [START_REF] Harding | Multiwavelength Polarization of Rotationpowered Pulsars[END_REF] have modelled the high-energy polarised emission from optical to γ-ray wavelengths. They predict a polarisation degree and polarisation angle which depends upon location and specifically whether the radiation originates from inside or outside the pulsar's light cylinder. Matching the polarisation profile can give a unique restriction on the location of the production of high-energy emission [START_REF] Mcdonald | Inverse mapping of polarized optical emission from pulsars: basic formulation and determination of emission altitude[END_REF].

The Crab nebula was one of the first objects outside of the Solar System to have detectable X-ray polarisation [START_REF] Weisskopf | A precision measurement of the X-ray polarization of the Crab Nebula without pulsar contamination[END_REF]. This was followed by the first detection of γray polarisation using INTEGRAL [START_REF] Dean | Polarized Gamma-Ray Emission from the Crab[END_REF][START_REF] Forot | Polarization of the Crab Pulsar and Nebula as Observed by the INTEGRAL/IBIS Telescope[END_REF]. Optical polarised emission from the nebula and pulsar have been described by a number of authors [START_REF] Smith | The optical polarization of the Crab pulsar[END_REF][START_REF] Słowikowska | Optical polarization of the Crab pulsar: precision measurements and comparison to the radio emission[END_REF][START_REF] Moran | INTEGRAL/IBIS and optical observations of the Crab nebula/pulsar polarisation[END_REF][START_REF] Moran | Optical polarimetry of the inner Crab nebula and pulsar[END_REF][START_REF] Moran | A recent change in the optical and γ-ray polarization of the Crab nebula and pulsar[END_REF]. Phase-resolved observations showed a change in polarisation consistent in shape with a beam of synchrotron radiation coming from both poles of an orthogonal rotator. Słowikowska et al. [START_REF] Słowikowska | Optical polarization of the Crab pulsar: precision measurements and comparison to the radio emission[END_REF][START_REF] Słowikowska | Decomposition of the Optical Polarisation Components of the Crab Pulsar and its Nebula[END_REF] found the presence of a highly polarised continuous component which most likely corresponds to the nearby bright synchrotron emitting knot [START_REF] Moran | Optical polarimetry of the inner Crab nebula and pulsar[END_REF], also known as inner-knot, located 0.65 arcsec to the southest of the pulsar [START_REF] Hester | WFPC2 Studies of the Crab Nebula. I. HST and ROSAT Imaging of the Synchrotron Nebula[END_REF].

Optical and X-ray observations showed spatial and some flux variability of the inner nebula [START_REF] Bietenholz | The Crab Nebula's Moving Wisps in Radio[END_REF]. Indeed this had been observed in some early optical studies [START_REF] Scargle | Activity in the Crab Nebula[END_REF]. However, the flux from the whole nebula was expected to be constant at the level of a few percent [START_REF] Kirsch | Crab: the standard x-ray candle with all (modern) x-ray satellites[END_REF][START_REF] Weisskopf | On Calibrations Using the Crab Nebula and Models of the Nebular X-Ray Emission[END_REF] and as such was often used as a standard candle calibration source. However since 2008, strong γ-ray flares have been observed at a rate of about flaring events, there were no associated changes seen in the near-IR or X-ray fluxes [START_REF] Weisskopf | VLA Observations of the Crab Nebula during the 2011-April Gamma-Ray Flare[END_REF].

Since the original INTEGRAL γ-ray observations in 2008, the Crab has been observed twice a year improving the statistics for determining the γ-ray polarisation [START_REF] Jourdain | -2018 Monitoring of the Crab Nebula Polarization in Hard X-Rays with INTEGRAL SPI[END_REF]. This has allowed for comparisons between optical and MeV γ-ray polarisation. In particular Moran et al. [START_REF] Moran | A recent change in the optical and γ-ray polarization of the Crab nebula and pulsar[END_REF] looked for any correlated changes in the polarisation at the two wavebands. Changes in the polarisation angle seemed to be correlated, albeit only at the 2.5 σ level (see Fig. 13). Whether this is indicative of reconnection or other events associated with γ-ray flares is not proven. Other suggestions include magneto-Bremsstrahlung emission which explain the lack of variability at lower photon energies [START_REF] Weisskopf | VLA Observations of the Crab Nebula during the 2011-April Gamma-Ray Flare[END_REF]. More correlated observations simultaneous with a flare are required to address this problem, either looking at flux and polarisation changes in the nebula and/or in the immediate vicinity of the pulsar.

The soft γ-ray pulsar catalog

Despite the weakness of the pulsar signals in the INTEGRAL hard X-ray/soft γray band, significant progress was achieved when the X-ray observatories Chandra, RXTE, XMM-Newton, Suzaku, INTEGRAL and later NuSTAR, discovered weak energetic point sources at soft/medium X-rays (0.1 -10 keV) in young supernova remnants, often detected at radio frequencies or in location-error boxes of unidentified CGRO EGRET/Fermi LAT (≥ 100 MeV), INTEGRAL IBIS/ISGRI (20-300 keV) or H.E.S.S./VERITAS/MAGIC (≥30/100 GeV) sources. The pulsed signals of these new point sources could be identified at soft X-rays or in the radio band. Once the timing Figure 14: The pulse shapes of all soft γ-ray pulsars in the catalog [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. The profiles are measured either with INTEGRAL IBIS/ISGRI or RXTE PCA or HEXTE. Exceptions are PSR J1640-4631 (NuSTAR) and PSR J1813-1246 (XMM-Newton EPIC). solutions were determined below 10 keV, phase folding of the event arrival times measured with RXTE PCA and HEXTE and INTEGRAL IBIS/ISGRI could be performed 600 to search for the pulsed signals above 20 keV. The imaging capabilities of IBIS/ISGRI allowed in addition the detection and spectral characterization of the total emission (pulsar plus PWN), often up to energies above 100 keV. However, very long exposures were required to obtain secure detections, collecting over many years exposures each time a source was in the field-of-view of INTEGRAL and/or RXTE. This approach led 605 to an INTEGRAL/RXTE soft γ-ray pulsar catalog containing 18 pulsars for which nonthermal pulsed emission has been securely detected at hard X-rays/soft γ-rays above 20 keV [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. That paper summarizes the history of the detection of each pulsar in different bands of the electromagnetic spectrum, and the X-ray timing and spectral characteristics. Below, we will present the role of INTEGRAL in the discovery and/or characterization of a few pulsars, followed by a comparison of the sample of hard Xray/soft γ-ray pulsars with those in the second Fermi pulsar catalog [223].

IGR J18490-0000, IGR J14003-6326 and IGR J11014-6103 from INTEGRAL

sources to pulsars Three pulsars were originally discovered as X-ray point sources by INTEGRAL in deep IBIS/ISGRI mosaic images, namely IGR J18490-0000/PSR J1849-0001 [START_REF] Molkov | A Hard X-ray Survey of the Sagittarius Arm Tangent with the IBIS Telescope of the INTEGRAL Observatory: A Catalog of Sources[END_REF], IGR J14003-6326/PSR J1400-6325 [START_REF] Keek | The discovery of five new hard X-ray sources in the Circinus region by INTEGRAL[END_REF] and IGR J11014-6103/PSR J1101-6101 [START_REF] Bird | The Fourth IBIS/ISGRI Soft Gamma-ray Survey Catalog[END_REF]. Follow-up observations outside the INTEGRAL band led to their identification as rotationpowered pulsars.

Multiple follow-up observations of IGR J18490-0000 revealed the presence of a

TeV source with HESS, a soft X-ray counterpart with Swift-XRT and XMM-Newton and, finally [START_REF] Gotthelf | Discovery of an Energetic 38.5 ms Pulsar Powering the Gamma-ray Source IGR J18490-0000/HESS J1849-000[END_REF], the 38.5-ms X-ray pulsation and a weak PWN with Chandra (for further references and derived (hard) X-ray characteristics see [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]), while no radio counterpart was detected with the GMRT. The discovery of IGR J14003-6326 triggered similar follow up observations, notably with Chandra, revealing the presence of a point source plus a PWN and a SNR [START_REF] Renaud | Discovery of a Highly Energetic Pulsar Associated with IGR J14003-6326 in the Young Uncataloged Galactic Supernova Remnant G310[END_REF]. The latter reference also reported the detection of a 31.2-ms pulsar with RXTE PCA. Improved (hard) X-ray characteristics are given with the catalog [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. Both these new hard X-ray pulsars were not detected by Fermi LAT. For the strongest of the two (PSR J1849-0001) one can conclude that the non-detection by the LAT means that maximum luminosity is reached at MeV energies.

IGR J11014-6103 and its surroundings were studied in great detail in X-rays, first by using all available archival X-ray data [START_REF] Pavan | IGR J11014-6103: a newly discovered pulsar wind nebula?[END_REF] and subsequently with a dedicated Chandra observation [START_REF] Pavan | The long helical jet of the Lighthouse nebula[END_REF]. It was shown that the putative pulsar counterpart is moving away from SNR MSH 11-61A, located at 11 arcmin from the X-ray point source. The latter was shown to have a hard spectrum in the 2-10 keV band (power-law photon index Γ = 1.1 ± 0.2). Finally, XMM-Newton observations revealed the X-ray pulsations (62.6 ms) [START_REF] Halpern | Discovery of X-Ray Pulsations from the INTEGRAL Source IGR J11014-6103[END_REF] and allowed the characterisation of the pulsed-emission X-ray spectrum up to 10 keV [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. This pulsar is an excellent candidate to be detected at higher X-ray energies as a soft γ-ray pulsar.

AX J1838.0-0655 / PSR J1838-0655, another 'MeV' pulsar

An interesting discovery turned out to be the detection of soft γ-ray emission up to ∼300 keV from the ASCA source AX J1838.0-0655 using INTEGRAL IBIS/ISGRI data [START_REF] Malizia | The INTEGRAL/IBIS Source AX J1838.0-0655: A Soft X-Ray-to-TeV γ-Ray Broadband Emitter[END_REF]. Its location made an association with TeV source HESS J1837-069 [START_REF] Aharonian | A New Population of Very High Energy Gamma-Ray Sources in the Milky Way[END_REF] plausible, suggesting a pulsar/PWN origin, later confirmed using RXTE PCA data (23.4 kyr-old pulsar with period 70.5 ms) [START_REF] Gotthelf | Discovery of a 70.5 ms Pulsar in AX J1838.0-0655 Associated with HESS J1837-069[END_REF][START_REF] Kuiper | The spin-down rate, energetics and spectrum of the 70.5 ms pulsar in AX J1838.0-0655[END_REF]. This young pulsar turned out to be the third pulsar in hard-X-ray flux after the Crab pulsar and PSR B1509-58, without detections in the radio and Fermi high-energy γ-ray bands. Analysis of RXTE/HEXTE and INTEGRAL IBIS/ISGRI data revealed X-ray pulse profiles up to ∼150 keV with pulse and spectral shapes similar to that of PSR B1509-58 [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. This pulsar turned out to be another prototype example of a pulsar with a spectrum reaching maximum luminosity at MeV energies.

Figure 15: The high-energy pulsed emission spectra for 17 of the 18 detected soft γ-ray pulsars from 0.1 keV -10 GeV summarized in two panels. The spectra of PSR B0531+21 (Crab), PSR B0833-45 (Vela) and PSR B1509-58 are shown in both panels for reference purposes. The pulsed spectrum of PSR J1640-4631 is not shown, because its total spectrum has been reported up to hard X-rays but its pulsed spectrum just up to 25 keV. Figure taken from [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF].

PSR J1846-0258 showing magnetar-like behaviour

A very intriguing high-B-field (4.9 × 10 13 G) pulsar is PSR J1846-0258, a relatively slow (P ∼ 324 ms) radio-quiet pulsar, with the smallest characteristic age (τ ∼ 723 yr) of all known pulsars. It is located in the centre of SNR Kes75, showing up as a bright hard X-ray source surrounded by a diffuse PWN. INTEGRAL detected point-source emission up to ∼ 200 keV and pulsed emission up to ∼ 150 keV (see [START_REF] Kuiper | High-energy characteristics of the schizophrenic pulsar PSR J1846-0258 in Kes 75. Multi-year RXTE and INTEGRAL observations crossing the magnetar-like outburst[END_REF] and references therein). Most surprisingly, this pulsar showed magnetar-like behaviour during 2006 June 7-12 with an increase by ∼ a factor five in luminosity due to a radiative outburst in soft X-rays lasting 55 days and accompanied by five magnetar-like bursts [START_REF] Kumar | Variability of the High Magnetic Field X-Ray Pulsar PSR J1846-0258 Associated with the Supernova Remnant Kes 75 as Revealed by the Chandra X-Ray Observatory[END_REF][START_REF] Gavriil | Magnetar-Like Emission from the Young[END_REF]. The onset of the radiative event was accompanied by a major spin-up glitch of the pulsar [START_REF] Kuiper | High-energy characteristics of the schizophrenic pulsar PSR J1846-0258 in Kes 75. Multi-year RXTE and INTEGRAL observations crossing the magnetar-like outburst[END_REF]. IBIS/ISGRI could study the evolution of the total non-thermal flux (PSR J1846-025 + Kes-75) during the years 2003-2006 before and after the outburst. The pulsar was found to be stable in X-rays before the spin-up glitch with a power-law spectrum (index Γ = 1.80 ± 0.06). During the outburst the hard X-ray flux increased by ∼ 50%, the spectral shape remained the same, and after one year the non-thermal emission was back to its pre-outburst values. The X-ray pulse profile measured by IBIS/ISGRI, PCA and HEXTE, was a broad single asymmetric pulse that did not vary in shape over the 3-150 keV energy range and, remarkably, did not change during the magnetar-like outburst, nor did its non-thermal spectral shape (power-law index Γ ∼ 1.2). The accurate IBIS/ISGRI measurement of the total and pulsed spectra showed that the pulsed fraction approaches 100% around 150 keV [START_REF] Kuiper | High-energy characteristics of the schizophrenic pulsar PSR J1846-0258 in Kes 75. Multi-year RXTE and INTEGRAL observations crossing the magnetar-like outburst[END_REF]. In its steady state, also this pulsar exhibits very similar timing and spectral characteristics as PSR B1509-58 with a spectrum reaching its maximum luminosity at MeV energies, confirmed with the recent detection with Fermi LAT of a very weak pulsed emission between 30 and 100 MeV [START_REF] Kuiper | The Fermi-LAT detection of magnetar-like pulsar PSR J1846-0258 at high-energy gamma-rays[END_REF].

Hard X-ray pulsars, a distinct subset of the non-thermal population of rotationpowered pulsars

The hard X-ray/soft γ-ray (E≥20 keV) pulsar population counts only 18 members [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF], all non-recycled pulsars, compared to a total of ∼160 (status in 2019) nonrecycled pulsars detected by Fermi LAT above 100 MeV. As was expected, INTEGRAL could not detect the very weak pulsed emission from the recycled MSPs, even though Fermi had increased the number of MSPs detected above 100 MeV from one to ∼ 60. The question from the start of the INTEGRAL mission was: will INTEGRAL just detect/confirm the hard X-ray spectral tails of the high-energy γ-ray pulsars that reach their maximum luminosities at GeV energies and have predominantly narrow (double) pulse profiles, or will INTEGRAL provide new information on the total high-energy non-thermal pulsar population? In order to investigate this question, the characteristics of the 18 soft γ-ray pulsars were compared with those of the 77 non-recycled LATdetected pulsars in the Second Fermi Pulsar Catalog [START_REF] Kuiper | The soft γ-ray pulsar population: a high-energy overview[END_REF]. Surprisingly, it was found that the soft γ-ray pulsars are all fast rotators and on average ∼ 9.3 times younger and ∼ 43 times more energetic than the Fermi LAT sample (see also [START_REF] Coti Zelati | Spectral characterization of the non-thermal X-ray emission of gamma-ray pulsars[END_REF] for a recent assessment). The majority (11 sources) exhibits broad, structured single pulse profiles, and only six have double (or even multiple, Vela) pulses (see Fig. 14). Fifteen soft γ-ray pulsars show hard power-law spectra in the hard X-ray band and reach maximum luminosities typically in the MeV range (see Fig. 15). For only seven of the 18 soft γ-ray pulsars pulsed emission has also been detected by the LAT, but 12 have a PWN detected at TeV energies. In conclusion, observations of rotation-powered pulsars at hard X-rays and MeV γ-rays reveal a subset of the total high-energy pulsar population that can not (yet) be observed with Fermi at energies above 100 MeV. This distinct subsample was originally not taken into account in population studies based on the Fermi catalog. However, Torres [START_REF] Torres | Order parameters for the high-energy spectra of pulsars[END_REF][START_REF] Torres | Synchrocurvature modelling of the multifrequency non-thermal emission of pulsars[END_REF] presented recently a physical model for the nonthermal emission of pulsars above 1 keV to fit the spectra of the γ/X-ray pulsars along seven orders of magnitude over the INTEGRAL band up to the Fermi high-energy γrays. The spectra of all pulsars with detected non-thermal emission could be modeled with a continuous variation of only four model parameters, and it was proposed that their values likely relate to the closure mechanism operating in the accelerating region.

After the launch in June 2012 of NuSTAR (two orders of magnitude more sensitive than INTEGRAL in the energy band 3-79 keV) several of the rotation-powered pulsars in the soft γ-ray pulsar catalog have been observed. The published temporal and spectral characteristics were all confirmed, and so far no new entries to the pulsar catalog were reported. However, NuSTAR made some progress by detecting the non-thermal hard-X-ray pulsations of PSR B1821-24, PSR B1937+21 and PSR J0218+4232 for energies up to ∼50 keV, ∼20 keV and ∼25 keV, respectively [START_REF] Gotthelf | NuSTAR Hard X-Ray Observations of the Energetic Millisecond Pulsars PSR B1821-24, PSR B1937+21[END_REF], and confirming the earlier reported hard X-ray spectra with photon indices Γ ∼1.1. Still, INTEGRAL remains unique in its capabilities to image point sources (pulsars + PWNe) up to few hundred keV, as well as to measure pulsed-emission from non-recycled pulsars above 80 keV.

Magnetars

Magnetars are isolated NSs defined by the fact that the main source powering their persistent and flaring emission is magnetic energy [START_REF] Thompson | The soft gamma repeaters as very strongly magnetized neutron stars -I. Radiative mechanism for outbursts[END_REF][START_REF] Thompson | The Soft Gamma Repeaters as Very Strongly Magnetized Neutron Stars. II. Quiescent Neutrino, X-Ray, and Alfven Wave Emission[END_REF]. Their external magnetic field is estimated to reach 10 15 G, and their internal field might be even higher. Although we know only about two dozens of magnetars in the Galaxy and in the Magellanic Clouds, the extreme properties of this small class of objects make them particularly interesting as laboratories to study physical processes in high magnetic fields. They emit predominantly in the X-ray and soft γ-ray energy range, where they show a variety of variable phenomena, ranging from short bursts on sub-second timescales, to outbursts lasting several months.

Their magnetic field, much larger than in ordinary NSs, is likely produced thanks to a very short rotational period at birth, of the order of only 2-3 ms [START_REF] Duncan | Formation of Very Strongly Magnetized Neutron Stars: Implications for Gamma-Ray Bursts[END_REF]. Magnetars have been invoked as central engines of gamma-ray bursts, able to power the prompt emission and/or part of the afterglow, as a possible explanation for the enigmatic Fast Radio Bursts, as well as potential sources of gravitational waves.

For a thorough description of the magnetar observational properties and of the theoretical models proposed to explain them we refer to several recent reviews [START_REF] Rea | Magnetar outbursts: an observational review[END_REF][START_REF] Mereghetti | Magnetars: Properties, Origin and Evolution[END_REF][START_REF] Turolla | Magnetars: the physics behind observations. A review[END_REF][START_REF] Kaspi | Magnetars[END_REF]. Here, we concentrate on the results obtained with the INTEGRAL satellite. We first describe the discovery of hard X-ray emission in magnetars, then we summarize the results concerning the short bursts, and, finally, we describe the observations of the only giant flare emitted by a magnetar after the INTEGRAL launch.

The discovery of persistent hard X-ray emission

Although magnetars were first discovered as Soft Gamma-ray Repeaters (SGRs) through the detection of bursts in the hard X-ray band [START_REF] Mazets | Observations of a flaring X-ray pulsar in Dorado[END_REF], until the launch of INTE-GRAL their persistent emission had been observed only in the classical ∼ 1 -10 keV X-ray range. At these energies, the persistent X-ray counterparts of the SGRs, as well as the Anomalous X-ray Pulsars (AXPs, another class of X-ray sources [START_REF] Mereghetti | The Very Low Mass X-Ray Binary Pulsars: A New Class of Sources?[END_REF] later recognized to be magnetars), are characterized by rather soft X-ray spectra. These spectra were usually fitted with the sum of a thermal component, with typical blackbody temperature of the order of ∼0.5 keV, and a steep power law with photon index Γ ranging between ∼ 3 and ∼ 4 [START_REF] Mereghetti | The strongest cosmic magnets: soft gamma-ray repeaters and anomalous X-ray pulsars[END_REF]. Therefore, the INTEGRAL discovery of persistent hard Xray emission from several magnetars was quite unexpected since a simple extrapolation of the X-ray spectra would lead to very small hard X-ray fluxes.

An INTEGRAL source with average flux of 7 mCrab in the 60-120 keV range and coincident with the AXP 1E 1841-045 in the Kes 73 supernova remnant was first reported in [START_REF] Molkov | A Hard X-ray Survey of the Sagittarius Arm Tangent with the IBIS Telescope of the INTEGRAL Observatory: A Catalog of Sources[END_REF]. This discovery prompted an analysis of archival RXT E data ( [START_REF] Kuiper | Discovery of Hard Nonthermal Pulsed X-Ray Emission from the Anomalous X-Ray Pulsar 1E 1841-045[END_REF], see also [START_REF] Götz | Long term hard X-ray variability of the anomalous X-ray pulsar 1RXS J170849.0-400910 discovered with INTEGRAL[END_REF] for a re-analysis of BeppoSAX data) that, thanks to the detections of pulsations up to ∼150 keV, confirmed that the hard X-rays were indeed emitted by the magnetar and not by the supernova remnant. The pulsations were later found also in the IBIS/ISGRI data [START_REF] Kuiper | Discovery of Luminous Pulsed Hard X-Ray Emission from Anomalous X-Ray Pulsars 1RXS J1708-4009, 4U 0142+61, and 1E 2259+586 by INTEGRAL and RXTE[END_REF].

Hard X-ray spectral components were subsequently detected with INTEGRAL in other AXPs (1RXS 1708-4009 and 4U 0142+61 [START_REF] Revnivtsev | A Hard X-ray Survey of the Galactic-Center Region with the IBIS Telescope of the INTEGRAL Observatory: A Catalog of Sources[END_REF][START_REF] Kuiper | Discovery of Luminous Pulsed Hard X-Ray Emission from Anomalous X-Ray Pulsars 1RXS J1708-4009, 4U 0142+61, and 1E 2259+586 by INTEGRAL and RXTE[END_REF][START_REF] Hartog | Detailed high-energy characteristics of AXP 4U 0142+61. Multiyear observations with INTEGRAL, RXTE, XMM-Newton, and ASCA[END_REF]), as well as in the two brightest SGRs: 1806-20 [START_REF] Mereghetti | INTEGRAL discovery of persistent hard X-ray emission from the Soft Gamma-ray Repeater SGR 1806-20[END_REF][START_REF] Molkov | The broad-band spectrum of the persistent emission from SGR 1806-20[END_REF][START_REF] Esposito | SGR 1806-20 about two years after the giant flare: Suzaku, XMM-Newton and INTEGRAL observations[END_REF] and 1900+14 [START_REF] Götz | Magnetars as persistent hard X-ray sources: INTEGRAL discovery of a hard tail in SGR 1900+14[END_REF][START_REF] Ducci | Ten years of INTEGRAL observations of the hard X-ray emission from SGR 1900+14[END_REF]. As an example, we show in Fig. 16 the spectrum of 4U 0142+61. All these magnetars are persistently bright sources, but in the following years INTEGRAL detected hard X-ray tails also in transient magnetars, such as SGR 0501+4516 [START_REF] Rea | The first outburst of the new magnetar candidate SGR0501+4516[END_REF] and 1E 1547.0-5408 [START_REF] Bernardini | Multi-instrument X-ray monitoring of the January 2009 outburst from the recurrent magnetar candidate 1E 1547.0-5408[END_REF][START_REF] Kuiper | Temporal and Spectral Evolution in X-and γ-Rays of Magnetar 1E 1547.0-5408 since its 2008 October Outburst: The Discovery of a Transient Hard Pulsed Component after its 2009 January Outburst[END_REF], when they went in outbursts.

The INTEGRAL results for the latter source are particularly interesting because they showed the appearance of a new transient component extending up to 150 keV after the onset of the January 2009 outburst [START_REF] Kuiper | Temporal and Spectral Evolution in X-and γ-Rays of Magnetar 1E 1547.0-5408 since its 2008 October Outburst: The Discovery of a Transient Hard Pulsed Component after its 2009 January Outburst[END_REF]. This pulsed component was shifted in phase with respect to the lower energy pulse profile and had a different spectral and flux evolution compared to that of the total hard X-ray emission.

These INTEGRAL observations, as well as further hard X-ray data obtained with other satellites (mainly Suzaku and NuSTAR [START_REF] Enoto | Wide-band Suzaku Analysis of the Persistent Emission from SGR 0501+4516 During the 2008 Outburst[END_REF][START_REF] Enoto | Magnetar Broadband X-Ray Spectra Correlated with Magnetic Fields: Suzaku Archive of SGRs and AXPs Combined with NuSTAR, Swift, and RXTE[END_REF][START_REF] An | NuSTAR results and future plans for magnetar and rotation-powered pulsar observations[END_REF]), have clearly shown that the magnetar hard X-ray tails extending up to ∼ 150 -200 keV are not a simple extrapolation of their lower energy emission. In fact, they are fitted by flatter power-laws (Γ γ ∼ 0.5 -2) and often show a pulse profile different from that seen below 10 keV (see, e.g., Fig. 17). The pulsed flux is generally harder than the unpulsed one, causing an increase of pulsed fraction with energy. The upper limits in the MeV region [START_REF] Kuiper | Discovery of Luminous Pulsed Hard X-Ray Emission from Anomalous X-Ray Pulsars 1RXS J1708-4009, 4U 0142+61, and 1E 2259+586 by INTEGRAL and RXTE[END_REF][START_REF] Hartog | Detailed high-energy characteristics of AXP 4U 0142+61. Multiyear observations with INTEGRAL, RXTE, XMM-Newton, and ASCA[END_REF][START_REF] Hartog | Detailed high-energy characteristics of AXP 1RXS J170849-400910. Probing the magnetosphere using INTEGRAL, RXTE, and XMM-Newton[END_REF] imply a spectral turn-over of the hard components, which, nevertheless, contain an energy of the same order of that of the soft X-ray emission, or in some cases even larger.

While the soft X-rays are generally ascribed to thermal emission from the magnetar surface, modified by the effects of a strongly magnetized atmosphere, the hard X-ray tails are thought to originate from non-thermal particles in the magnetosphere (see, e.g., [START_REF] Beloborodov | On the Mechanism of Hard X-Ray Emission from Magnetars[END_REF]), likely with an important contribution from resonant cyclotron scattering Figure 16: The broad band spectrum of 4U 0142+61 (from [START_REF] Hartog | Detailed high-energy characteristics of AXP 4U 0142+61. Multiyear observations with INTEGRAL, RXTE, XMM-Newton, and ASCA[END_REF]). The data below 10 keV are from XMM-Newton, while those above 20 keV are from the INTEGRAL IBIS/ISGRI(black) and SPI (red) instruments. The upper limits in the 0.75-30 MeV range are from COMPTEL. The blue line is a best fit with a phenomenological model consisting of the sum of log-parabolic functions, that clearly illustrates the different components at soft and hard X-ray energies. [START_REF] Baring | Resonant Compton upscattering in anomalous Xray pulsars[END_REF]. In the twisted magnetospheres of magnetars, currents flow along bundles of closed field lines, which in turn can have a complicated geometry with time-dependent local structures. As a result, the computations of the emerging spectra [START_REF] Zane | Modeling the broadband persistent emission of magnetars[END_REF][START_REF] Beloborodov | Electron-Positron Flows around Magnetars[END_REF][START_REF] Wadiasingh | Resonant Inverse Compton Scattering Spectra from Highly Magnetized Neutron Stars[END_REF], as well as their consistent comparison with the observational data [START_REF] Hascoët | Phase-resolved X-Ray Spectra of Magnetars and the Coronal Outflow Model[END_REF][START_REF] Tendulkar | Phase-resolved NuSTAR and Swift-XRT Observations of Magnetar 4U 0142+61[END_REF], were not simple. Nevertheless, this research field triggered by the INTEGRAL discovery offered in perspective a new important channel for the understanding of physical properties of magnetars and their emission processes. A detailed analysis of the bursts from SGR 1806-20 was reported in [START_REF] Götz | Spectral evolution of weak bursts from SGR 1806-20 observed with INTEGRAL[END_REF] and [START_REF] Götz | Two years of INTEGRAL monitoring of the soft gamma-ray repeater SGR 1806-20: from quiescence to frenzy[END_REF]. Thanks to the high sensitivity of the IBIS/ISGRI imager in the 15-200 keV range, it was possible to study for the first time the faint end of the luminosity distribution of the SGR bursts. Indeed, the faintest bursts observed in October 2003 had fluences as low as 2 × 10 -8 erg cm -2 . Several bursts showed a significant spectral Figure 17: Pulse profiles of 1RXS 1708-4009 (from [START_REF] Hartog | Detailed high-energy characteristics of AXP 1RXS J170849-400910. Probing the magnetosphere using INTEGRAL, RXTE, and XMM-Newton[END_REF]) obtained in the soft X-ray band with XMM-Newton (left panels) and in the hard X-ray band with INTEGRAL (right panels). Observations were not strictly simultaneous. evolution in the hard X-ray range and some evidence for an overall anticorrelation between spectral hardness and flux was found with a time resolved spectral analysis of the whole sample of bursts [START_REF] Götz | Spectral evolution of weak bursts from SGR 1806-20 observed with INTEGRAL[END_REF]. This anticorrelation was later confirmed with the analysis of a larger sample of more than 200 bursts [START_REF] Götz | Two years of INTEGRAL monitoring of the soft gamma-ray repeater SGR 1806-20: from quiescence to frenzy[END_REF]. The INTEGRAL distribution of the burst fluences was found to be a power-law with index (0.91±0.09), for fluences in the range between 3 × 10 -8 and 2 × 10 -6 erg cm -2 . This rather flat slope implies that the integrated flux of fainter bursts below the detection threshold does not contribute significantly to the flux of the "persistent" hard X-ray emission.

Bursts from soft gamma-ray repeaters

1E 1547.0-5408 is a transient magnetar that exhibited three major outbursts: in source emitted numerous short bursts reaching a particularly high rate on January 22, when more than 200 bursts were detected by INTEGRAL in a few hours [START_REF] Mereghetti | Strong Bursts from the Anomalous X-Ray Pulsar 1E 1547.0-5408 Observed with the INTEGRAL/SPI Anti-Coincidence Shield[END_REF]. Contrary to the case of SGR 1806-20, they showed a positive correlation between hardness and intensity [START_REF] Savchenko | SGR-like flaring activity of the anomalous X-ray pulsar 1E 1547[END_REF]. Some of these bursts were particularly bright, reaching a peak flux above 2×10 -4 erg cm -2 s -1 at E >25 keV. Two of them lasted several seconds, and had tails modulated at the NS spin period of 2.1 s. In particular, the time evolution of the burst shown in Fig. 18 resembled that of the giant flares. However, the energy released in this event was at most ∼ 10 43 erg (for d = 5 kpc), which is orders of magnitude smaller than that of the three magnetar giant flares observed to date.

The INTEGRAL results on 1E 1547.0-5408 triggered follow-up observations with other facilities. X-ray images obtained on 2009, January 23 and in the following two weeks with Swift and XMM-Newton showed the presence of three expanding rings around the source position [START_REF] Tiengo | The Dust-scattering X-ray Rings of the Anomalous X-ray Pulsar 1E 1547.0-5408[END_REF], caused by scattering from relatively thin dust layers along the line of sight. By fitting the expansion rate of the rings it was possible to determine the time of the burst(s) responsible for the scattered X-ray radiation and it was found to be well in agreement with the period of highest bursting activity seen with INTEGRAL. Furthermore, with a spectral analysis of the scattered X-rays it was also possible to estimate a distance of 4-5 kpc for 1E 1547.0-5408.

A particularly interesting burst was discovered at 14: 

The 2004 giant flare from SGR 1806-20

On December 27, 2004, a very bright burst was detected in the Anti-Coincidence Shield (ACS) of the SPI instrument and the corresponding light curve derived by the IBAS software was automatically published on-line in real time. Due to the large peak flux reached in the first 200 ms of the burst, the following tail was almost invisible on a linear scale, but, after a closer examination, its presence was noticed. The clear periodicity at 7.6 s visible in the burst tail unequivocally identified this event as a giant flare from SGR 1806-20 [START_REF] Borkowski | Giant flare from Sgr 1806-20 detected by INTEGRAL[END_REF], similar to the two giant flares observed on 1979 March 5 from SGR 0525-66 and on 1998 August 27 from SGR 1900+14. This giant flare, first reported by INTEGRAL, was the culmination of two years of increasing bursting activity from SGR 1806-20, that was accompanied by a spectral hardening and an increase in the spin-down rate [START_REF] Mereghetti | An XMM-Newton View of the Soft Gamma Repeater SGR 1806-20: Long-Term Variability in the Pre-Giant Flare Epoch[END_REF][START_REF] Götz | Two years of INTEGRAL monitoring of the soft gamma-ray repeater SGR 1806-20: from quiescence to frenzy[END_REF].

Despite the downward revision in the source distance (from an initial estimate of 15 kpc, to the most likely value of 8.7 kpc [START_REF] Bibby | A downward revision to the distance of the 1806-20 cluster and associated magnetar from Gemini Near-Infrared Spectroscopy[END_REF]) the SGR 1806-20 giant flare has been the most energetic observed so far, with a peak isotropic luminosity of ∼ 10 47 erg s -1 . The total energy release of ∼ 10 46 erg implies a catastrophic magnetic reconnection, associated to a major crustal fracture, and leading to a global reconfiguration of the NS's magnetic field.

Detailed results on the 2004 giant flare were obtained with different satellites [START_REF] Palmer | A giant γ-ray flare from the magnetar SGR 1806 -20[END_REF][START_REF] Terasawa | Repeated injections of energy in the first 600ms of the giant flare of SGR1806 -20[END_REF][START_REF] Hurley | An exceptionally bright flare from SGR 1806-20 and the origins of short-duration γ-ray bursts[END_REF]. In addition to the features reported in these works, thanks to the very large effective area of the ACS, INTEGRAL could discover a long-lasting emission that might be the first evidence for a soft γ-ray afterglow following a SGR giant flare [START_REF] Mereghetti | The First Giant Flare from SGR 1806-20: Observations Using the Anticoincidence Shield of the Spectrometer on INTEGRAL[END_REF]. As it can be seen in Fig. 19, after the end of the pulsating tail, the ACS count rate increased again, reaching a peak at t∼700 s, and then returned to the pre-flare background level at t ∼ 3000 -4000 s. The presence of this long-lasting emission was later confirmed with Konus-Wind [START_REF] Frederiks | On the possibility of identifying the short hard burst GRB 051103 with a giant flare from a soft gamma repeater in the M81 group of galaxies[END_REF] and RHESSI [START_REF] Boggs | The Giant Flare of 2004 December 27 from SGR 1806-20[END_REF] data, although with smaller statistics and on different time intervals. The time evolution of the "afterglow" component seen by the INTEGRAL ACS above ∼80 keV is well fitted by a power law decay with F(t) ∝ t -0.85 . For a thermal Bremsstrahlung spectrum with temperature kT = 30 keV, the fluence at E > 80 keV in the 400-4000 s time interval was ∼ 3 × 10 -4 erg cm -2 , which is of the same order of that in the pulsating tail (i.e. in the 1-400 s time interval). However, since the ACS does not provide spectral information, an estimate of the total energy, i.e. including the contribution at energies below ∼80 keV, is affected by a significant uncertainty due to the spectral extrapolation.

The power-law time evolution, as well as the hard power-law spectrum (photon index Γ ∼1.6, [START_REF] Frederiks | On the possibility of identifying the short hard burst GRB 051103 with a giant flare from a soft gamma repeater in the M81 group of galaxies[END_REF]), suggest to interpret this long-lasting emission as radiation caused by the interaction of relativistic ejecta from SGR 1806-20 with the circumstellar material [START_REF] Mereghetti | The First Giant Flare from SGR 1806-20: Observations Using the Anticoincidence Shield of the Spectrometer on INTEGRAL[END_REF], similar to the afterglows seen in γ-ray bursts. With standard models for γ-ray burst afterglows based on synchrotron emission, it is possible to relate the bulk Lorentz factor of the ejected material, γ e j , with the time t 0 of the afterglow onset. The values observed with INTEGRAL give γ e j ∼15(E/5× 10 43 erg) 1/8 (n/0.1 cm -3 ) -1/8 (t 0 /100 s) -3/8 , where n is the ambient density. γ e j is thus consistent with a mildly relativistic outflow, as also inferred from the analysis of the radio source that appeared after the giant flare [START_REF] Granot | Diagnosing the Outflow from the SGR 1806-20 Giant Flare with Radio Observations[END_REF].

Future prospectives

INTEGRAL has been successfully operated in Space for almost 18 years, and no major degradation of the instrument capabilities has been recorded so far. In principle, the mission scientific operations could continue until 2029, when the satellite is already planned to re-enter the Earth atmosphere. As emphasized multiple times in this review, the unique combination of sensitivity, timing resolution, large field of view and angular resolution of the INTEGRAL instruments has led to crucial advancements in our understanding of the pulsating hard X-ray sky.

For the study of the AMSPs and transitional millisecond X-ray pulsars in outburst,

INTEGRAL will certainly continue to provide the means to discover additional rare members of these classes of sources. Any newly discovered object has provided unique insights into the accretion physics, leading to advancements in the understanding of the interaction between the accretion flow and the intense magnetic/gravitational field of the NS, as well as the enrichment of the interstellar medium through the thermonuclear explosions that often go off close to the compact object surface. So far, only one transitional X-ray pulsar has been caught during a bright X-ray outburst state, indeed thanks to INTEGRAL observations. It is thus of paramount importance to continue hunting for these peculiar objects in order to solve the unknown mechanisms driving their atypical behavior. Similar considerations hold for other transient NS sources, as the magnetars. The past 18 years of observations have proven that these objects are well at reach for the INTEGRAL instrumentation and we expect that additional outbursting events revealed during the INTEGRAL monitoring of the sky will produce rich data-sets to improve our understanding of the complex magnetospheric phenomenology that is driving the high energy emission from these systems.

The complementarity of the instruments on-board INTEGRAL with those of other last generation X-ray facilities, as XMM-Newton, Chandra, NuSTAR, and NICER, proved fundamental to go beyond the simple identification of new isolated and/or binary systems with rapidly rotating NSs. It also allowed to dig deeply inside the properties of their high energy emission, with INTEGRAL providing a unique contribution in the hardest X-ray energy band ( 80 keV). Efforts are on-going to improve the rapidity of the response of the different facilities to the frequent INTEGRAL discoveries and to coordinate sub-sequent observations in a multi-messenger fashion [see, e.g., 301, and references therein].

Continued observations of the hard X-ray sky with INTEGRAL in the coming years will also certainly improve our sensitivity to detect fainter and fainter new hard sources. This will clearly boost the studies of these new discoveries with multi-wavelength emission, such as transitional millisecond pulsars. In this case, the INTEGRAL contribution will help us address fundamental questions such as which evolutionary channels produce transitional objects, how frequent is the occurrence of the faint disk state observed from these systems and ultimately which physical mechanism powers it and makes these objects different from standard AMSPs. Based on this and similar past experiences, we expect that the improved synergies between INTEGRAL and the other operating facilities in the multi-messenger context will help unveil the true nature of the newly discovered sources, providing further exciting discoveries and unexpected challenges in the decade to come. 
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 1 Figure 1: IBIS/ISGRI 20-100 keV sky image of the field around IGR J17498-2921 obtained during observations performed at the time of the source discovery in 2011, giving an effective exposure of 210 ks (image taken from [32]).

Figure 2 :

 2 Figure 2: The light curve of the outburst of IGR J17511-3057 observed in 2009 [31]. The typical exponential decay profile is clearly visible, with a break occurring about 20 days after the onset of the event. The light curve is obtained from the RXTE/PCA (2-20 keV) data, with the vertical dashed lines indicating the interval of the INTEGRAL observations. The arrows mark the times of the detected X-ray bursts. The diamonds refer to the observations in which both IGR J17511-3057 and XTE J1751-305 were active and the instruments on-board RXTE were unable to separate the contribution of the two sources.
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 3 Figure 3: The unfolded broad-band spectrum of the AMSP IGR J00291+5934 measured by JEM-X (red points) and IBIS/ISGRI (green points) during an outburst exhibited in 2015. Swift/XRT data were also used for the analysis and are shown as black points. The best fit is obtained with the compps model (solid black line), resulting in a plasma temperature of kT ∼ 50 keV. The bottom panel shows the residuals from the best fit [figure from 30].
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 4 Figure 4: The light curve from the 2015 outburst of the AMSP SAX J1748.9-2021. The top panel shows data collected with Swift/XRT, while the two panels below report the JEM-X and IBIS/ISGRI data. The spectral transition from hard (light blue) to soft (magneta) state is clearly visible in the INTEGRAL data (see the inset of the bottom panel). The figure also shows the time of a dedicated 100 ks-long INTEGRAL ToO observation (marked with vertical dashed lines) and all the thermonuclear bursts recorded during the outburst with INTEGRAL, Swift, and XMM-Newton (black, green, and red vertical lines, respectively).Figure taken from [54].

  Figure 4: The light curve from the 2015 outburst of the AMSP SAX J1748.9-2021. The top panel shows data collected with Swift/XRT, while the two panels below report the JEM-X and IBIS/ISGRI data. The spectral transition from hard (light blue) to soft (magneta) state is clearly visible in the INTEGRAL data (see the inset of the bottom panel). The figure also shows the time of a dedicated 100 ks-long INTEGRAL ToO observation (marked with vertical dashed lines) and all the thermonuclear bursts recorded during the outburst with INTEGRAL, Swift, and XMM-Newton (black, green, and red vertical lines, respectively).Figure taken from [54].
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 5 Figure 5: The pulsed fraction (panel (a), left) and the time lags of the hard pulse (panel (a), right) measured during the 2005 outburst of the AMSP IGR J00291+5934 using data from the RXTE/PCA, RXTE/HEXTE, INTEGRAL/JEM-X, and INTEGRAL IBIS/ISGRI. Panel (b) and (c) show the same quantities for SAX J1808.4-3658 and XTE J1751-305, as measured by RXTE. Figures adapted from [99].
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 6 Figure 6: An intense type-I X-ray burst observed by JEM-X and IBIS/ISGRI from the AMSP HETE J1900.1-2455 during its outburst in 2005. The upper panel shows the JEM-X light curve (3-18 keV), while the lower panel shows the IBIS/ISGRI light curve (18-40 keV). The double peaked IBIS/ISGRI light curves clearly show the presence of a photospheric radius expansion [figure from 52].
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 7 Figure 7: An example of the study of the burst recurrence time in the AMSP IGR J17511-3057 during its 2010 outburst. Triangles in the figure represent the observed burst recurrence times shown as a function of the mass accretion rate per unit area. By using a fit to the data with a power-law model, the recurrence time is found to increase with time roughly as F pers,bol -1.1 [figure from 31].
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 8 Figure 8: The evolution of the thermonuclear burst frequency in IGR J17480-2446 during the course of its 2010 outburst. Data were obtained from RXTE and the x-axis shows the recurrence time at different phases of the outburst, which evolution of the persistent emission is represented in the y-axis in units of count-rate recorded by the PCU2 on-board RXTE Times have been shifted arbitrarily for display purposes [figure from 113].

Figure 9 :

 9 Figure 9: Mosaic of the IBIS/ISGRI field around IGR J18245-2452 at the time of its discovery in 2013 [37].

Figure 10 :

 10 Figure 10: The unfolded absorbed broad-band spectrum of IGR J18245-2452 observed during the 2013 Xray outburst, fitted with a Comptonization compps model (black line). Data points from XMM-Newton/RGS (red and black points, 0.4-1.8 keV), XMM-Newton/EPIC-pn (green points, 0.9-11 keV), Swift/XRT (blue points, 0.4-8 keV), INTEGRAL/JEM-X (light blue points, 5-25 keV) and INTEGRAL IBIS/ISGRI (magenta points, 22-250 keV) were included. The bottom panel shows residuals with respect to the best fit model. Figure from [39].

Figure 11 :

 11 Figure 11: Top panel: pulse profiles of IGR J18245-2452 observed by XMM-Newton/EPIC-pn (panels a)-f), INTEGRAL IBIS/ISGRI (panels g)-i) and Fermi/GBM (panel j); bottom panel, from top to bottom: pulsed fraction of the first harmonic, hard phase/time lags, and pulsed fraction of the second harmonic. Reproduced from [39].

Figure 12 :

 12 Figure 12: Top panel: Chandra/ACIS-I 0.3-8 keV image of the field around CXOU J110926.-650224 with the error circles of the counterparts from INTEGRAL (IGR J11098-6457, 20-40 keV, magenta line) Swift/BAT (4PBC J1109.3-6501, 15-150 keV, yellow line) and Fermi/LAT (FL8Y J1109.8-6500, 100 MeV-300 GeV, green line) catalogues. Bottom panel: INTEGRAL IBIS/ISGRI 20-40keV mosaic image of the field around IGR J11098-6457; Figure from [140].

Figure 13 :

 13 Figure 13: Galway Astronomical Stokes Polarimeter (GASP, [219], open triangle and filled diamonds) and INTEGRAL observations of the polarisation position angle of the Crab (blue filled circles; [208, 220]). Green and cyan points show the flux observed by Fermi and AGILE, respectively. More recent Astrosat measurements [221] in the 0.1-0.38 MeV band indicate a polarisation angle of (143.5±2.8) • consistent with the trend observed by GASP and INTEGRAL. Figure taken from [208].

  Two magnetars have been particularly active during the first years of the IN-TEGRAL mission, leading to the detection of several bursts: SGR 1806-20 and 1E 1547.0-5408. Many of these bursts, as well as a few ones from other magnetars, occurred within the field of view of the IBIS/ISGRI instrument and were detected and localized in real time by the INTEGRAL Burst Alert System (IBAS, [278]). More recently, a particularly interesting result was obtained with the IBAS detection of a peculiar burst from the magnetar SGR 1935+2154 [279]. This burst was characterized by the simultaneous emission of an extremely bright radio pulse with properties similar to those of the fast radio bursts [280, 281].

  34:24 UTC of April 28 by the IBAS software, that automatically identified its origin from the transient magnetar SGR 1935+2154 and distributed a public alert after less than 10 seconds. This event was indepentently discovered at radio wavelengths[START_REF] Andersen | A bright millisecond-duration radio burst from a Galactic magnetar[END_REF][START_REF] Bochenek | A fast radio burst associated with a Galactic magnetar[END_REF] and represents the first, and so far unique, SGR burst from which simultaneous radio emission has been detected. The INTEGRAL data obtained with IBIS, as well as those obtained by other high-energy satellites[287,[START_REF] Ridnaia | A peculiar hard X-ray counterpart of a Galactic fast radio burst[END_REF], showed that its spectrum was harder than that of typical magnetar bursts. On the other hand, this event was not particularly luminous, with a 20-200 keV emitted energy of the order of ∼ 10 39 erg (assuming isotropic emission and a distance of 4.4 kpc,[START_REF] Mereghetti | INTEGRAL Discovery of a Burst with Associated Radio Emission from the Magnetar SGR 1935+2154[END_REF]). In the 400-800 MHz band the burst consisted of two narrow pulses separated by 29 ms and with a total fluence of 700 kJy ms. Interestingly, two narrow pulses with the same separation, are visible also in the IBIS light curve and have a delay of 6.5 ms with respect to the radio ones. The discovery of simultaneous fast bursting emission at radio and high-energies from SGR 1935+2154 gives strong support to models based on magnetars that have been proposed to explain the enigmatic class of sources known as fast radio bursts[START_REF] Petroff | Fast radio bursts[END_REF][START_REF] Platts | A living theory catalogue for fast radio bursts[END_REF].

Figure 18 :

 18 Figure 18: The SPI/ACS light curve at E > 80 keV of a bright burst observed from 1E 1547.0-5408 on January 22, 2009. The tail following the bright initial pulse clearly show the NS rotation period of 2.1 s. Figure from [284].

Figure 19 :

 19 Figure 19: SPI/ACS light curve (E > 80 keV) of the December 27, 2004 giant flare from SGR 1806-20(from[START_REF] Mereghetti | The First Giant Flare from SGR 1806-20: Observations Using the Anticoincidence Shield of the Spectrometer on INTEGRAL[END_REF]). Due to the rebinning at 50 s, the 7.6 s pulsations in the tail time interval (1-400 s) are not visible in this figure. After the pulsating tail, the flux increases again, peaking ∼700 s after the beginning of the flare and decreasing below the background level about one hour later. Note that the peak of the flare at t=0, reaching an observed count rate > 2 × 10 6 counts s -1 , is out of the vertical scale.

  ., D-d-M. and T. D. S-acknowledge financial support from ASI/INAF I/037/12/0, ASI/INAF 2017-14-H.0 (PI: De Rosa, PI: Belloni) and from INAF "Sostegno alla ricerca scientifica main streams dell'INAF", Presidential Decree 43/2018 and from "SKA/CTA projects", Presidential Decree N. 70/2016. J.P. was supported by the Ministry of Science and Higher Education of the Russian Federation grant 14.W03.31.0021. The INTEGRAL French teams acknowledge partial funding from the French Space Agency (CNES). Z.L. thanks the International Space Science Institute in Bern for the hospitality. Z.L was supported by National Natural Science Foundation of China (Grant Nos. U1938107, 11703021, U1938107, 11873041). Ad. P. and S. M. acknowledge continuous support from the Italian Space Agency ASI through the ASI/INAF agreement n.2019-35-HH. D. F. T and the group at the Institute of Space Sciences acknowledges support via grants PGC2018-095512-B-I00, SGR2017-1383, andAYA2017-92402-EXP. F .C. Z. is supported by a Juan de la Cierva fellowship. V. D. F. acknowledges A. Papitto Master degree in Physics (2005) and PhD in Astronomy (2009) at the University of Roma Tor Vergata . Young researcher in Sardinia fellow at the University of Cagliari (2009-11), Juan de la Cierva fellow at the Institute of Space Sciences of Barcelona (2012-15), Marie Skodowska Curie Individual fellow at the INAF Astronomical Observatory of Rome (2016-2018) and currently permanent researcher at the same institute. Main research interests are in multiwavelength (mainly X-ray) observations of millisecond pulsars in binary systems, with a focus on transitional systems. He is co-PI of the fast photometer SiFAP2 for optical high time resolution astronomy.

  

Table 1 :

 1 AMSPs observed by INTEGRAL.

	) or redback

per year by the Agile and Fermi γ-ray telescopes[215, 

[START_REF] Tavani | Discovery of Powerful Gamma-Ray Flares from the Crab Nebula[END_REF][START_REF] Striani | Variable Gamma-Ray Emission from the Crab Nebula: Short Flares and Long "Waves[END_REF]. Around these γ-ray

June 2007, October 2008 and January 2009[START_REF] Bernardini | Multi-instrument X-ray monitoring of the January 2009 outburst from the recurrent magnetar candidate 1E 1547.0-5408[END_REF]. During the latter outburst, this
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