
HAL Id: hal-03047025
https://hal.science/hal-03047025

Submitted on 8 Dec 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An extended flame index partitioning for partially
premixed combustion

Enric Illana, Daniel Mira, Arnaud Mura

To cite this version:
Enric Illana, Daniel Mira, Arnaud Mura. An extended flame index partitioning for par-
tially premixed combustion. Combustion Theory and Modelling, 2021, 25 (1), pp.121-157.
�10.1080/13647830.2020.1841912�. �hal-03047025�

https://hal.science/hal-03047025
https://hal.archives-ouvertes.fr


An extended flame index partitioning
for partially premixed combustion

Enric Illana a and Daniel Mira b and Arnaud Mura c

a Department of Energy Plant Technology (LEAT), Ruhr-University Bochum,
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Compared to partially premixed combustion (or combustion of non-homogeneous reactants in
general), fully premixed and diffusion flames represent only two asymptotic limits of combustion
modes. However, the deep knowledge accumulated over the years on these two elementary and
archetypal flame prototypes is such that they remain the cornerstone and reference building blocks
of most combustion modelling proposals. Therefore, from a general point of view, being able to
distinguish between premixed and non-premixed modes of combustion thanks to a flame index ap-
pears as a quite appealing but challenging task that still concentrates many research efforts. Indeed,
the availability of such an index is not only appealing to proceed with the analysis of either ex-
perimental or computational data issued from DNS (or highly resolved LES) databases. It is also
an essential ingredient to elaborate advanced flamelet-based multiregime combustion models on the
basis of single regime tabulated flamelet databases. In the present study, a new definition of the pre-
mixedness index ζPF is proposed for partially premixed combustion. It is based on a weighted form
of the cross-scalar dissipation rate of the mixture fraction Yξ and progress variable Yc, i.e., quantities
that have been previously identified as relevant parameters to describe partially premixed combus-
tion regimes. The relevance of the corresponding index is assessed through a detailed computational
procedure that includes three successive validation subsets: counterflow flames (including premixed,
rich partially-premixed, and diffusion flames), (ii) stabilized triple flames for three distinct values
of the inlet mixture fraction gradient, and finally (iii) unsteady flame kernel developments in non-
homogeneous mixtures of fresh reactants, which are characterized by various initial levels of the
segregation rate between the fuel and oxidizer. The proposed premixedness index ζPF and its coun-
terpart ζDF = 1 − ζPF are used as the weighting coefficients between tabulated premixed flamelets
(TPF) and tabulated diffusion flamelets (TDF) data, which have been parameterized as functions of
Yξ and Yc. It is noteworthy that, in contrast to some previous proposals of the literature, the present
flame index does not require the consideration of any other quantities in addition to those already
used to parameterize the flamelets databases, i.e., Yξ and Yc. The validation procedure makes use of
steady and unsteady processes with a priori and a posteriori analyses. In both cases, the compar-
isons between the results obtained with the proposed flame partitioning and detailed chemistry (DC)
computations lead to a satisfactory level of agreement and, from a general viewpoint, the level of
agreement is better than the one obtained with either premixed or diffusion flamelet-based models.

Keywords: premixed combustion; non-premixed combustion; partially premixed combustion; flame
index; premixedness index; multi-regime flamelet model
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1. Introduction and general context

Consideration of detailed chemistry effects remains one of the most important challenges in
numerical combustion because it is intrinsically computational demanding. This specific is-
sue has motivated the development of simplified chemical schemes recovering some essential5

features of chemistry and laminar flames, e.g., ignition delays, laminar premixed flame propa-
gation velocity and thickness, among others, see for instance references [1–4]. Detailed chem-
istry effects can however be considered through other strategies, which make use of tabulated
chemistry models. They consist in proceeding with a direct a priori mapping of the detailed
chemistry response of the flame onto a reduced set of characteristic variables to account for10

detailed chemistry effects at a reasonable computational cost. Any quantity ϕ of interest (e.g.,
chemical source terms, molecular transport properties, and coefficients of the NASA poly-
nomials as it is proposed herein) is stored in the corresponding look-up tables. There exist
various methodologies to generate such chemical look-up tables. For instance, flamelet gen-
erated manifold (FGM) or flame-prolongated ILDM (FPI) are very popular [5,6] and have15

been previously used to describe partially premixed combustion [7,8]. They rely on tabu-
lated premixed flamelets (TPF) and assume that the chemistry response of partially premixed
flames (PPF) can be described on the basis of a reduced phase subspace (Yξ,Yc) associated to
fully premixed flames structures computed for various values of the equivalence ratio Φ. In
general, a mixture fraction Yξ can be used to describe the fuel/air mixture ratio and a progress20

variable Yc is defined to represent the chemical evolution. Different proposals can be found in
the literature and the retained definition may have a certain impact on the model performance.
Standard definitions rely on a combination of some chemical species mass fractions such as a
sum of carbon monoxide and carbon dioxide mass fractions, i.e., Yc = 0.5 · (YCO + YCO2) [8], or
can be deduced from an optimization procedure [9,10]. Tabulated diffusion flamelets (TDF)25

have been also early considered as a possible building block [11] and computations of non-
premixed counterflow flames in the physical space can be used to map the detailed chemistry
response as a function of the mixture fraction Yξ and progress variable Yc [12,13]. Another
strategy may consist in considering directly a collection of laminar one-dimensional partially
premixed flamelets. For instance, Franzelli et al. [14] considered the injection of pure air30

against a fuel/air mixture for different values of the equivalence ratio Φ. To account for the
possible premixing of fuel on the odixizer side, Wen et al. [15] recently extended this pro-
posal to the consideration of counterflow PPF featuring a lean stream of methane and air
opposed to a rich stream of methane and air. The consideration of such tabulated partially
premixed flamelets (TPPF) as the elementary building block of the tabulation offers an in-35

teresting possibility, which avoids the blending (or partitioning) procedure. This is however
at the price of larger look-up tables. For instance, in Wen et al. [15], the thermo-chemical
quantities ϕ are parameterized as functions of four scalar quantities (Yξ,Yc,YO,YF), with two
additional trajectory variables YO and YF used to track the partial premixing of the fuel and
oxidizer streams, respectively. The use of such tabulations in turbulent conditions requires40

further work since the joint PDF of the corresponding quantities must be approximated, and
this may require to consider not only a closed set of modelled transport equations for their fil-
tered values, but also many additional cross-correlations between subgrid scalar fluctuations.
However, the corresponding modelling issues are outside the scope of the present work, which
is focused on the assessment of a flame index partitioning in partially premixed but laminar45

conditions.
To conclude, it should be emphasized that the elementary building blocks mentioned

above, i.e., TPF, TDF, and TPPF, share some common limitations and there exist several
directions for further improvements. For instance, since the tabulated data are based on one-
dimensional computations, the spatial variations of mixture fraction and progress variable are50

2



necessarily aligned in either one-dimensional TDF or one-dimensional TPPF building blocks,
whereas they are not systematically oriented along the same direction in practical situations.
However, the use of two-dimensional laminar partially premixed flames as the elementary
building block would raise so complicated issues that this strategy is not considered as rele-
vant for future developments. In this respect, it is noteworthy that the definition of a blending55

function able to account for the possible influence of a misalignment between the gradients
of Yξ and Yc would be extremely beneficial. This special point will be discussed in more de-
tails in the next section of this work. In addition to this, it should be emphasized that, over
the years, a large amount of knowledge has been accumulated to develop and construct TPF
and TDF databases that reproduce the burning rates and chemical species formation with a60

remarkable level of accuracy [8,9,14,16,17]. A large number of these databases have been
gathered for various operating conditions and there is therefore some undeniable interest in
finding an appropriated partitioning function to take advantage of their immediate availability.

The present manuscript is organized as follows: in the next section, a generalized pre-
mixedness index is introduced to distinguish between premixed and non-premixed modes of65

combustion. Its relevance is first evaluated from the inspection of counterflow partially pre-
mixed flames in the third section. Since the present work is primarily concerned with general
situations, where the existence of both fuel-rich and fuel-lean pockets may lead to a combi-
nation of premixed and diffusion flame burning, the archetypical laminar partially premixed
flame, i.e., the two-dimensional triple flame, is then considered as a relevant test case in sec-70

tion 4. The same modelling strategy is subsequently used to perform the computations of
flame kernel developments in non-homogeneous mixtures of fresh reactants. Finally, the pa-
per ends with a conclusion section where some perspectives for future works are presented.

2. Flame indexes and flame partitioning

2.1. Existing definitions of the flame index75

Over the last twenty-five years, there is a large amount of strategies that have been proposed
in the literature so as to determine the local burning modes, i.e., premixed or non-premixed.
Some of these methods do account explicitly for detailed chemistry effects, as with the chem-
ical explosive mode analysis (CEMA), see for instance reference [18,19], whereas some oth-
ers do not, as with the flame index (FI) concept, which was early introduced by Yamashita et80

al. [20] in their numerical study of jet diffusion flame stability. Instead the latter (i.e., the
FI) is based on the consideration of molecular diffusion fluxes in one-dimensional premixed
and diffusion flame structures. DNS studies nonetheless showed that it may be relevant for
multidimensional situations [21,22].

This index is often referred to as the Takeno index, it is denoted by GFO and its expression85

reads:

GFO = ∇YF · ∇YO (1)

where YF and YO correspond to the fuel and oxidizer mass fractions, respectively. It is positive
in a one-dimensional fully premixed flame, whereas it is negative for a diffusion flame. It can
be readily rewritten in terms of the unit vectors normal to the fuel and oxidizer iso-lines:

GFO = |∇YF | |∇YO| (nF · nO) = |∇YF | |∇YO| cos(nF , nO) (2)

with nF = ∇YF/|∇YF | and nO = ∇YO/|∇YO|.90
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Moreover, under the unity Lewis number assumption, it can also be expressed as a function
of the cross scalar dissipation rate (SDR) of fuel and oxidizer LFO

GFO = D−1LFO (3)

where D denotes the molecular diffusivity.
The expression given by Eq. (2) clearly shows that, as it is defined, such an index is nothing

but a measure of the orientation (i.e., the direct cosine) between the two gradients of fuel and95

oxidizer mass fractions. In this respect, depending on this orientation, the cross SDR, i.e.,
LFO = D∇YF · ∇YO, plays the role of either a sink (LFO > 0) or a source (LFO < 0)
term in the transport equation of YFYO (remembering that it appears with a minus sign in the
corresponding budget).

From a more general point of view, a normalized premixedness index can also be directly100

deduced from the following expression [23]:

ζPF ≡
1
2

(
1 +
�F

|�F |
·
�O

|�O|

)
(4)

where �α denotes the molecular diffusion velocity of the fuel (α = F) or oxidizer (α = O).
Its values are zero and unity in the limits of diffusion flame and fully premixed combustion,
respectively. The above expression can also be written as follows: ζPF = (1 + nF · nO) /2,
where the unit direction nα = �α/|�α| corresponds now to the directions of the molecular105

diffusion fluxes of chemical species α. Thus, the above expression, i.e., the one given by
Eq. (4), may be retained to circumvent the assumption of the Fick’s law of diffusion.

If Fickian diffusion is however assumed, the unit vector nα, which gives the direction of
the molecular diffusion flux of species α, may be directly expressed from the species mass
fraction gradients: nα = ∇Yα/|∇Yα|, which allows to relate the premixedness index ζPF to the110

flame index:

ζPF =
1
2

(1 + Ψ) (5)

where the definition of the normalized flame index Ψ has been introduced

Ψ =
GFO

|∇YF | · |∇YO|
(6)

At this level, since some errors have been previously propagated in the literature, it seems
worthwhile to emphasize that the objective of all the above index definitions is to compare
molecular fluxes orientations. Therefore, the denominator in the above equation, i.e., Eq. (6),115

should not be |∇YF · ∇YO| but must indeed be |∇YF | · |∇YO|, which is nothing but the conse-
quence of the unit vectors definition: ∇YF is normalized by |∇YF | and ∇YO by |∇YO|. In this
manuscript, the expression given by Eqs. (5) and (6) will be referred to as TPI, i.e., Takeno
premixedness index.

However, there are other issues associated to the use of the above expressions, i.e., Eq. (1),120

Eq. (4) or Eq. (5). For instance, comparing the directions of the fuel and oxidizer molecu-
lar fluxes seems suitable for single step chemistry, though it may become less representative
within the framework of detailed chemistry where other species than fuel may be relevant.
For instance, intermediate species such as CO and H2 play an essential role in fuel-rich re-
gions. Long chained primary fuel molecules may completely dissociate well before they reach125

the flame reaction zone and, as a consequence, the primary fuel mass fraction gradient may
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become irrelevant. There were therefore some attempts to generalize the existing definitions
by considering the mass fractions of unburnt carbon and oxygen atoms instead of fuel and
oxidizer [24]

YF ≡

α,CO2,H2O∑
α

MC

M
Yα , YO ≡

α,CO2,H2O∑
α

MO

M
Yα (7)

whereM denotes the molecular weight of the multi-component mixture andMα the one of130

chemical species α.
The definition of the flame index provided above, see Eq. (1), as well as some generalized

forms which were derived from its original expression, see Eq. (4) or Eq. (5), remain still
very popular today [23–26]. However, previous analyses from Fiorina et al. [8] and Knudsen
and Pitsch [16] put some of their limitations into evidence. For instance, as documented in135

reference [8], in the case of rich partially premixed flames, some discrepancies may occur
in the transition zone between premixed and diffusion modes, where the burning rates may
remain diffusion-controlled even though fuel and oxidizer gradients are pointing towards the
same direction. Some discrepancies have been also identified through the detailed analysis
of triple flame simulations [16]. It is therefore proposed to introduce a new definition of the140

flame index.

2.2. A proposal for a new flame index

Before embarking on the introduction of such a proposal, it seems worthwhile to remind that
flamelet databases are generally parameterized as functions of Yξ and Yc. Therefore, to keep
pace with a reduced number of variables, an optimal choice would consist in expressing the145

flame index as a function of these two variables only. In this respect, it is also noteworthy
that the orientation between the mixture fraction and progress variable gradients, as well as
their associated amplitudes, have been early identified as relevant parameters to character-
ize combustion of non-homogeneous reactants [27,28]. From this point of view, the mixture
fraction gradient is aligned with the progress variable gradient across a local one-dimensional150

diffusion flame. Therefore, to assess the possible relevance of tabulated diffusion flamelets
(TDF), the flame index should evaluate the orientation between the direction of mixture frac-
tion gradient nYξ = ∇Yξ/|∇Yξ | and the one of the progress variable gradient nYc = ∇Yc/|∇Yc|.
Moreover, the magnitude of the corresponding mixture fraction gradient |∇Yξ | can be normal-
ized with its tabulated counterpart |∇Yξ |TDF(Yξ,Yc).155

The following proposal fulfills these two objectives:

ζPF =

(
1 −

|∇Yξ |
|∇Yξ |TDF(Yξ,Yc)

nYξ · nYc

)
(8)

=

(
1 −

LYξYc

D |∇Yc| |∇Yξ |TDF(Yξ,Yc)

)
(9)

where LYξYc = D ∇Yξ · ∇Yc denotes the the cross-scalar dissipation rate.
It is noteworthy that, in the above expression, the dot product between nYξ and nYc is noth-

ing but a measure of the misalignment between the mixture fraction and progress variable
gradients: it is the cosine of the angle between these two directions. Thus, in contrast to the160

early proposal of Takeno and his coworkers, (i) the above expression does involve the mix-
ture fraction gradient and (ii) it takes into account the possible misalignment between the
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mixture fraction and progress variable gradients. It seems worth emphasizing that, in moder-
ately curved diffusion flames, the mixture fraction and progress variable gradients are aligned
and the dot product nYξ · nYc is unity, whereas in premixed or weakly stratified flames, this165

dot product tends to be vanishingly small. In this respect, with the objective of discriminating
combustion modes, the dot product nYξ · nYc has been previously applied, as a post-processing
procedure, to the filtered fields of the mixture fraction and progress variable issued from LES
computations [29]. However, the direct use of the dot product nYξ ·nYc would lead the values of
the corresponding premixedness index, i.e., ζPF = (1− nYξ · nYc), to be zero in one-dimensional170

partially premixed flames such as those considered in section 3.2. Thus, such a definition
would be unable to account for partial premixing effects. This is in contrast with the expres-
sion given by Eq.(8), where the dot product is weighted by the normalized magnitude of the
mixture fraction gradient, i.e., |∇Yξ |/|∇Yξ |TDF(Yξ,Yc).

From a practical point of view, the above definition of the premixedness index can be175

rewritten in a simpler way:

ζPF =

(
1 −

∇Yξ · nYc

|∇Yξ |TDF(Yξ,Yc)

)
(10)

On the hand, it is noteworthy that |∇Yξ |TDF is obtained from the reference one-dimensional
strained diffusion flame solution, a situation where the mixture fraction gradient is aligned
with the progress variable gradient. On the other hand, the dot product ∇Yξ · nYc denotes the
component of the mixture fraction gradient vector in the direction normal to the progress180

variable iso-lines. Thus, only the component of the mixture fraction gradient that is aligned
with the progress variable gradient is considered. In fact, the proposed index is defined so that
the mixture fraction gradient is normalized by the tabulated value to evaluate the strength of
the corresponding gradient, and then projected onto the progress variable gradient direction,
which evaluates that misalignment.185

As it is formulated, the above expression of the premixedness index is however lacking
chemical inputs, whereas the influence of the lean and rich flammability limits of premixed
flamelets should be addressed. One of the simplest way to take them into account consists in
introducing a correction factor k:

ζPF = k
(
1 −

∇Yξ
|∇Yξ |TDF(Yξ,Yc)

·
∇Yc

|∇Yc|

)
(11)

the value of which is set to unity (k = 1) within the flammability region while, outside of this190

region, it is linearly interpolated to zero at Yξ = 0 and Yξ = 1.
Before proceeding with the computational study of this flame index, it should be empha-

sized that its derivation has also been guided by simplicity, which is not only an important
quality of any model but also a necessary requirement in prevision of its future applications
to turbulent reactive flows simulations. In view of this simplicity, it seems worthwhile to con-195

clude this section by describing the possible limitations that may be expected from the use
of such an index. As a preliminary remark, it could be argued that premixed flames may
propagate across a transverse gradient of equivalence ratio but this requires the correspond-
ing gradient to remain rather moderate to avoid possible extinction. It is also noteworthy that
premixed flames can also propagate along the same direction as an equivalence ratio gradi-200

ent [30] and, as it is formulated, it seems that the above formulation could be thought unable
to identify such a situation as a premixed combustion mode. However, it should be noted that
this is fully consistent with the elementary building blocks that are considered: the tabulated
one-dimensional fully premixed flames indeed ignore any possible variations of the equiv-
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alence ratio. Moreover, we will see that the computations of flame kernel growths in non205

homogeneous mixtures of reactants lead to quite satisfactory results. This may be explained
as follows: premixed flame propagation in stratified or non homogeneous media has been in-
deed observed but only for rather moderate values of the mixture fraction gradients, which
are significantly smaller than the reciprocal of the laminar premixed flame thickness 1/δ0

L.
Mixture fraction variations thus remain quite negligible over length scales that are typical of210

the laminar flame thickness. Such conditions correspond to quite small values of the ratio
|∇Yξ |/|∇Yξ |TDF(ξ,Yc), in such a manner that the premixedness index value remains close to
unity, see Eq. (11). The partially premixed flame can be considered as a collection of fully
premixed local flames.

In comparison with detailed chemistry computations that do involve the transport of hun-215

dreds of chemical species, computations based on tabulated data thus proceed only with the
resolution of the following additional scalar transport equations:

L
(
ρYξ

)
=

∂ρYξ
∂t

+ ∇ · (ρuξ) − ∇ ·
(
ρD∇Yξ

)
= 0 (12)

L (ρYc) =
∂ρYc

∂t
+ ∇ · (ρuYc) − ∇ · (ρD∇Yc) = ω̇Yc (13)

where L denotes the conservative transport operator and ω̇Yc the production rate of the
progress variable.

From the knowledge of the values of the mixture fraction Yξ, progress variable Yc, and220

premixedness index ζPF, this contribution may be determined from the premixed and diffusion
flamelets libraries,

ω̇Yc = ζPF · ω̇
TPF
Yc

(Yξ,Yc) + ζDF · ω̇
TDF
Yc

(Yξ,Yc) (14)

with ζDF = 1 − ζPF. In the above expression, ω̇TPF
α (Yξ,Yc) and ω̇TDF

Yc
(Yξ,Yc) denote the progress

variable production rates that come from the premixed and diffusion flamelets libraries, re-
spectively. As emphasized in the previous section, one of the main deficiencies of the widely225

used tabulation methods is that they generally assume a single combustion mode. Even if the
use of a blending procedure remains difficult to justify from a physical viewpoint, a proposal
such as the one presented above has the potential to circumvent this limitation by combin-
ing tabulated diffusion flamelets (TDF) with tabulated premixed flamelets (TPF). Aside from
the intrinsic shortcomings of any blending procedures, it seems worth emphasizing that the230

proposal of an improved flame index for the the analysis of partially premixed conditions
remains a very relevant and challenging issue for combustion theory and modelling. In fact,
from a fundamental viewpoint, proceeding with the analysis of partially premixed combus-
tion still remains a quite difficult task and, in this respect, it is noteworthy that, whatever
experimental or computational data are considered, one of the starting point of such anal-235

yses generally consists in discriminating premixed from non-premixed regions [23,31–34].
Despite its limitations, such combustion modes analyses remain often based on the use of
the Takeno index [23,31–33]. The modified premixedness index that is proposed herein may
provide an improved framework to conduct such analyses while keeping one of the most
attractive features of the Takeno index compared to other strategies, namely its simplicity.240

However, the relevance of the premixedness index ζPF is a crucial issue. This is the subject of
the next sections of this manuscript, which are devoted to its assessment in various conditions
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Figure 1.: Temperature (top), progress variable source term (middle), and CO mass fraction
contours (bottom) obtained using premixed (left) and diffusion (right) flamelet prototypes.
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2.3. Flamelet databases

In the forthcoming sections of the manuscript we analyze the relevance of the model proposed245

above. This requires the use of flamelet manifolds, which are generated by using the Cantera
software [35]. Methane-air combustion is described with the San Diego mechanism [36].
Non-unity Lewis number effects are not addressed just for the sake of simplicity and to make
easier the comparisons between tabulated flame computations and detailed chemistry results.

The flamelet manifolds are standardly parameterized by means of two reference scalar250

variables [13]. On the one hand, the fresh mixture composition variations are described us-
ing a mixture fraction variable Yξ [11] and the definition of Bilger [37] has been retained
to proceed with the construction of the tabulated databases. The proportion of mass issued
from the fuel inlet stream is given by Yξ, while that issued from the oxidizer inlet stream is
(1 − Yξ). In this respect, since only two inlet stream situations are considered, the mixture255

fraction corresponds to a fuel inlet tracer that gives the local amount of mass issued from
the inlet streams [38]. In this respect, it is worth recalling that, in this case, mixture fraction
definitions are all equivalent, i.e., the mixture fraction can be defined as any combination of
chemical species mass fractions provided that it ensures a passive scalar behavior – based on
the conservation of atoms – and that it ranges between zero, in the oxidizer and unity in the260

fuel. The second variable Yc is used to follow the progress of chemical reactions. Among the
various possible choices for the progress variable [9], a definition based on the mass frac-
tions of carbon monoxide and dioxide [8] has been retained just for the sake of simplicity:
Yc = 0.5 · (YCO + YCO2

). The proposed flame index partitioning framework is independent
of the progress variable definition and other definitions can be chosen according to the in-265

put fuel or stiffness of chemical source terms. In this respect, it must be emphasized that
the above definition of the progress variable has been retained just for the sake of simplic-
ity and consistency with previous analyses performed on the same topic. Tabulated data are
described with two hundred points along each direction Yξ and Yc. The tabulated premixed
flamelets (TPF) database corresponds to one-dimensional unstrained freely-propagating pre-270

mixed flames, while the tabulated diffusion flamelets (TDF) database is constructed on the
basis of one-dimensional strained counterflow diffusion flames.

Figure 1 gathers temperature, progress variable source term, and CO mass fraction con-
tours, which are issued from premixed and diffusion flamelet prototypes. In the premixed
flame plots, the black lines are associated to flammability limits, beyond which tabulated275

characteristics are interpolated. In the diffusion flame plots, the black line corresponds to the
strained counterflow diffusion flame featuring the smallest strain-rate. For smaller strain-rate
values, interpolation with the mixing line is performed.

The premixed flame database is deduced from the detailed solution of freely propagating
one-dimensional laminar premixed flames obtained for various values of the mixture fraction280

Yξ within the flammability limits [7]. Using the San Diego mechanism [36] and for standard
pressure and temperature, the laminar flame speed S 0

L of a stoichiometric mixture is 0.285
m/s, while the thermal flame thickness is δ0

L = 0.5 mm. Any flamelet property such as compo-
sition, temperature or production rate ωYc , is represented as a function of the progress variable
Yc, see the left side of Figure 1. Outside the flammability range, properties are interpolated285

from solutions obtained at the lean and rich flammability limits and those associated to the
pure oxidizer (Yξ = 0.0) and fuel (Yξ = 1.0) conditions, i.e., air or fuel at 298 K. Thermo-
physical and molecular transport properties, e.g., NASA polynomial coefficients, viscosity,
conductivity, and molecular weight [9] are subsequently determined from the composition
and temperature distributions [39]. In regard to the strained diffusion flamelet database, equa-290

tions are formulated in a counter-flowing stream geometry and solved in the physical space
rather than in the mixture fraction space [12]. Flamelets are generated for several values of
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Figure 2.: Distribution of |∇Yξ |TDF for diffusion flames of methane and air in standard condi-
tions. Temperature of the inlet streams is 300 K and the operating pressure is one atm.

the strain-rate a = |uO − uF |/d [40], smaller than its value at extinction aq. The quantities uO
and uF denote the bulk flow velocity of the oxidizer and fuel, respectively, while d refers to
the distance between the two nozzles. The solutions obtained in the physical space are then295

remapped as functions of the mixture fraction. As shown in the top-right plot of Figure 1, in
addition to pure mixing, both stable and unstable branches of strained diffusion flame solu-
tions are computed [13,41]. The strained diffusion flamelet database is in turn remapped as a
function of the progress variable[13]. In this way, flamelet properties of the diffusion flame
database will depend on the same set of variables as those retained to parameterize the pre-300

mixed flamelets, see for instance the ω̇Yc and the CO plots reported in Figures 1. Finally, it is
noteworthy that, since it is involved in the premixedness index calculation, see Eq. (11), the
norm of the mixture fraction gradient |∇Yξ |TDF(Yξ,Yc) is also tabulated. Its dependence on the
mixture fraction and progress variable is depicted in Figure 2.

3. Results and discussion305

In this section, the relevance and performance of the proposed flame index are evaluated.
To this purpose, three distinct canonical situations featuring equivalence ratio variations are
considered: (i) counterflow flames (including premixed, partially-premixed, and diffusion
flames), (ii) stabilized triple flames, and (iii) unsteady flame kernel development in non-
homogeneous reactants. The first two cases correspond to steady-state situations, which are310

considered as standard targeted geometries for multiregime flamelet analyses [8,16,41]. The
third case offers the opportunity to evaluate the relevance of the flame index in an unsteady
case relevant to the propagation phase that follows the ignition of a non-homogeneous mixture
as it may occur in practical situations ( e.g., gasoline DI engines).

3.1. Computational methodology315

For each validation subset, the multiregime flamelet model proposed in the previous sec-
tion is compared to a reference solution deduced from detailed chemistry (DC) computa-

10



tions. As emphasized above, the multiregime model relies on two distinct databases associ-
ated to steady and freely-propagating one-dimensional premixed flames and strained diffusion
flamelets. These two building blocks correspond to the two fundamental combustion limits of320

combustion regimes and the computational results obtained with each of the corresponding
databases, i.e., tabulated premixed flamelets (TPF) and tabulated diffusion flamelets (TDF),
will also be considered as references.

It is noteworthy that some numerical difficulties are avoided by enforcing the premixedness
index ζPF to zero for values of the progress variable that are smaller than a given threshold.325

Similarly, the term nYξ · nYc is removed from Eq. (8) when |∇Yc| falls below a certain limit
so as to avoid the singularity. In this case, ζPF depends only on the ratio of mixture fraction
gradients magnitudes.

The different modelling approaches have been implemented in the thermophysical module
of OpenFOAM-4.0. It solves the following set of conservation equations for mass, momen-
tum, species mass fractions, and enthalpy:

∂ρ

∂t
+ ∇ · (ρu) = 0 (15)

∂ρu
∂t

+ ∇ · (ρuu) − ∇ · (µ∇u) = −∇p (16)

∂ρYi

∂t
+ ∇ · (ρuYi) − ∇ · (Di∇Yi) = ω̇Yi (17)

∂ρha

∂t
+ ∇ · (ρuha) − ∇ · (α∇ha) = 0 (18)

Consistently with Eqs.(12) and (13), and as aforementioned in Section 2.3, Lewis number
effects are not considered (i.e., Di = D = α). The above system is complemented with the330

perfect gas equation of state (EoS):

p =
ρRT
M

,
1
M

=

α=Nsp∑
α=1

Yα
Mα

(19)

where standard notations have been retained: R is the universal gas constant,M is the molec-
ular weight of the multi-component mixture, andMα, the one of the chemical species α.

The enthalpy of the mixture is related to temperature through NASA polynomials:

ha

RT
= a1 + a2

T
2

+ a3
T 2

3
+ a4

T 3

4
+ a5

T 4

5
+

a6

T
(20)

where the coefficients aα depend on the composition of the mixture, an expression from which335

the temperature can be deduced using an iterative procedure [9].
On the one hand, the finite-rate or detailed chemistry computations DC are based on an im-

plementation of the Cantera solver [35] into the thermo-physical module of OpenFOAM. The
zero-dimensional constant-pressure reactor is thus used to evaluate the chemical production-
consumption terms that are present in the right-hand-side (RHS) of the chemical species340

mass fraction transport equations. The relevance of this implementation has been thoroughly
verified and some elements of the corresponding validation procedure are provided in Ap-
pendix A. On the other hand, the implementation of the flamelet model consists mainly in
loading the chemistry tables, from which all properties are read and interpolated. In this case,
instead of solving the transport equations for the Nsp chemical species present in the detailed345

chemistry scheme, see Eq. 17, only two species transport equations are solved (i.e., Yξ and
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Yc, as given by Eqs. (12) and (13)). It should be emphasized that the four models, i.e., DC,
TPF, TDF, and partitioned tabulated flames (PTF), have been implemented in the same solver
and all computations make use of the same discretization strategies and numerical schemes,
which are summarized below. For the Laplacian terms, a Gauss discretization with linear350

interpolation and non-orthogonal correction is used, while a first-order TVD is employed
for the convective terms with a value of the LimitedLinear parameter set to 0.5. A second-
order Crank-Nicholson scheme is used for the temporal discretization. Finally, non-reflective
boundary conditions are set at the outlet of the computational domain.

3.2. Laminar counterflow flame configuration355

The relevance of the proposed multiregime combustion or PTF model is first assessed through
the consideration of steady-state counterflow partially premixed flames. In this configuration,
a premixed methane-air stream is opposed to an oxidizing air stream and a set of reference
flames is computed at ambient conditions for several values of the equivalence ratio Φ in
the methane-air mixture. As the equivalence ratio Φ of the premixed mixture is increased, the360

flame transitions from a strained premixed flame to rich partially premixed flames until a pure
diffusion flame regime is recovered. These limits were previously investigated in the work of
Fiorina et al. [8] for methane-air flames. A multiregime combustion model must be able to
reconstruct the burning rates obtained for those specific conditions without any additional
input of user-defined functions. Thus, a set of reference counterflow flames is defined and365

computed so as to evaluate the ability of the proposed index to reproduce the burning rates and
species distributions in these various conditions. It is noteworthy that, in this one-dimensional
geometry, mixture fraction and progress variable gradients are necessarily aligned.

The counterflow flames are computed in a rectangular computational domain, the length of
which is not the same for the whole set of computation. It is denoted d in the direction normal370

to the flame (i.e., Ly = d, which is the distance between the flow inlets) and it is 3d in the other
direction (i.e., Lx = 3d). The corresponding values are provided in flame thickness units in
Table 1, with δ0

L denoting the thermal laminar flame thickness at stoichiometry. A symmetry
boundary condition is imposed along the line that would connect the center of both inlets
so that only half of the flowfield is computed. The remaining boundary conditions include375

inflow conditions for the reactants, for which the composition, i.e., species mass fraction and
temperature) and velocity components are specified. The two inlet streams are set to the same
velocity U = 0.3 [m/s] and inlet temperature of 298 [K]. The composition of the oxidizer inlet
stream is kept constant and corresponds to air (i.e., YO2

= 0.233 and YN2
= 0.767). A set of

flames associated to four distinct values of the equivalence ratios Φ in the methane/air inlet is380

considered for different values of the strain rate a. The corresponding values are presented in
Table 1. The corresponding conditions are associated to a diluted premixed flame (Φ = 1.0)
stabilized against air, the onset of a rich partially premixed flame (Φ = 1.8), a rich partially
premixed flame (Φ = 3.0), and the onset of a pure diffusion flame (Φ = 5.0). It is noteworthy
that these conditions are associated to a wide range of composition variations for which the385

heat and mass transfer across equivalence ratio iso-surfaces may play an important role.
The following subsections describe the flame structure of these counterflow flames with a

focus placed on the analysis and validation of the proposed partitioning index, so the influence
of both the equivalence ratio and strain-rate is discussed. From previous works on multi-
regime flamelet modelling [8,16,41], it is known that major species like CO2 or H2O are390

highly temperature-dependent and their predictions are ultimately related to temperature. This
is in contrast with the prediction of intermediate species or unburnt hydrocarbons molecules,
which are more challenging as their formation is more sensitive to the radical pool. Therefore,
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Table 1.: Parameters retained to perform the numerical simulations of the counter-flow flames
(the value of S 0

L corresponds to the laminar propagation velocity obtained at stoichiometry).

Φ a [s−1] d/δ0
L δ0

L/∆y ∆x/∆y U/S 0
L

1.0 279 4.33 50 2 1.054
1.8 395 3.06 50 2 1.054
3.0 173 6.94 50 2 1.054
3.0 296 4.07 50 2 1.054
3.0 381 3.16 50 2 1.054
5.0 356 3.39 50 2 1.054

the next subsections are focused on the study of the evolution of temperature and CO mass
fraction, together with those of two other radicals (OH and CH3), across the one-dimensional395

partially premixed flames.

3.2.1. Influence of equivalence ratio and strain-rate

Results of counterflow flames obtained for various equivalence ratios at the fuel/air inlet
stream are first presented for a given value of the strain-rate a close to the extinction point.
The temperature and CO mass fraction distributions along the domain centerline are plotted in400

Fig. 3. The results show that the solution obtained with the proposed flame index lies between
those issued from tabulated premixed and tabulated diffusion flamelets. In general, the PTF
model leads to a better level of agreement with the reference DC solution in comparison
with the solution issued from the sole consideration of either tabulated premixed or tabulated
diffusion flamelets.405

For an equivalence ratio Φ = 1.0, the flame is fully premixed and the result from tabulated
diffusion flamelets (TDF) differs significantly from the DC solution. In this case, the flame
index recovers the premixed flamelets solution and the correlation with the detailed chemistry
(DC) solution is satisfactory. By increasing the equivalence ratio up to Φ = 1.8, molecular
diffusion fluxes across equivalence ratio surfaces come into play and the solution obtained410

with tabulated diffusion flamelets gets closer to the reference DC solution, while the consid-
eration of tabulated premixed flamelets (TPF) leads to larger differences with the reference
solution. The proposed flame index captures fairly well these partial premixing effects and
leads to a better correlation with the reference temperature and CO concentration compared
to those obtained with either TPF or TDF. As the inlet equivalence ratio value is further in-415

creased up to Φ = 3.0 and Φ = 5.0, a double-flame structure that evolves into a diffusion
flame is formed. These partially premixed flames feature a rich premixed flame followed by
a diffusion flame front between the unburnt gases and the opposite air stream in the vicinity
of the stagnation point. Diffusion flamelets are found able to predict these flow conditions,
while premixed flamelets are no longer valid to reproduce the burning rates and flame struc-420

ture, especially for rich conditions. This trend is well captured by the proposed multiregime
model, which balances out the contribution of the premixed burning at diffusion-dominated
reacting conditions. We conclude that the proposed flame index leads to better temperature
predictions than those obtained with diffusion flamelets alone, although this is not the case for
the CO concentration as it is over-predicted as a consequence of the additional contribution425

of premixed flamelets.
As shown in Fig. 4, a similar behavior is observed for methyl CH3 and hydroxyl OH radi-

cals. The multiregime model is found able to reproduce the distributions of these two radicals
for the different flow conditions. The agreement obtained with DC computations is remark-
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Figure 3.: Profiles of temperature T (left) and mass fraction of CO (right) along the centerline
of premixed counter-flow flames obtained close to the extinction for different inlet equivalence
ratio Φ.
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able for the OH profiles, while the CH3 concentration is slightly under-predicted, due to the430

premixed flamelets contribution. This is in agreement with the results obtained for the CO
concentration.

The influence of the strain-rate on the prediction capabilities of the proposed flame index
is now investigated. For this purpose, the results obtained in the case of the rich partially pre-
mixed flame (Φ = 3.0) for three distinct values of the strain-rate, see Table 1, are analyzed.435

The distributions of the temperature and burning rate of the progress variable are displayed in
Fig. 5. The influence of the strain-rate on the flame temperature and burning rates is clearly
evidenced. For low strain-rate conditions, the partially premixed flame can be represented by
laminar one-dimensional tabulated premixed flamelets, while for larger values of the strain-
rate, it is better represented when using a tabulated diffusion flame representation.440

Finally, despite the burning rates and temperature distributions obtained with the proposed
flame partitioning are in good agreement with the detailed chemistry computations, it must
be recognized that the flame structure is not fully recovered. Indeed, from the mass fraction
profiles of some given chemical species and radicals that are obtained for an intermediate
value of the strain-rate, as shown in Fig. 6, it can be seen that the TPF contribution issued445

from the flame index partitioning leads to an over-prediction of the overall mass fraction of
CO on the rich side of the flame. In fact, for the lowest strain-rate value, i.e., a = 173 s−1,
one can notice that the CO mass fraction tends to be over-predicted within the mixture frac-
tion range Yξ ∈ [0.07, 0.12]. The corresponding range, as well as the associated deviations
from the reference solution, is however reduced as the value of the weighting variable ζPF450

becomes smaller, which corresponds to a strain-rate increase. At this level, it is noteworthy
that the prediction of certain species may be improved by considering other progress variable
definitions.

3.2.2. Flame index partitioning analysis

The results presented in the previous subsection have not only shown the ability of the455

proposed flame index to adapt to different flame regimes but also its capacity to provide
weighting factors that reproduce the burning rates of the progress variable from a combina-
tion of premixed and diffusion flamelets. The weighting factor distributions obtained for the
selected conditions are displayed in Fig. 7. In order to compare the distribution of the present
premixedness index with more standard expressions provided in the literature, such as those460

given by Eqs. (5) and (6), Fig. 7 shows different index proposals along with the rate of reac-
tion of the progress variable. It is noteworthy that the proposed flame index is used only for
non-negligible values of the progress variable Yc, otherwise the properties are taken from tab-
ulated diffusion flamelets, which gives a better representation of the non-reactive molecular
mixing processes.465

The obtained distribution of the flame index is typical of counterflow flame structures. For
the strained premixed flame (Φ = 1), the flame index ζPF is distributed over the region where
the premixed flame is stabilized. As the flame becomes partially premixed by increasing Φ,
the profile of the premixedness index ζPF widens in the mixture fraction space and the cor-
responding peak value is reduced. This evolution leads to a larger contribution of diffusion-470

dominated burning featured by diffusive fluxes across equivalence ratio iso-surfaces; it results
also in an improvement of the burning rates and transport properties estimation with respect to
the results obtained with tabulated premixed flamelets. The proposed approach leads also to
a zero weighting factor in the whole computational domain for the case of a diffusion flame.
The value of ζPF reduces to zero in rich conditions, which are better represented by diffusion475

flamelets, as stated above in Section 3.2.1. The influence of the strain-rate on the flame index
is also shown for a rich partially premixed flame with Φ = 3.0. As the increase in strain-
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Figure 4.: Profiles of mass fraction of OH (left) and CH3 (right) along the centerline of
counter-flow flames obtained close to the extinction for different inlet equivalence ratio Φ.
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Figure 5.: Profiles of temperature T (left) and progress variable production rate ω̇Yc (right)
along the centerline of premixed counter-flow flames obtained for Φ = 3.0 and different
strain-rate values.
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Figure 6.: Profiles of several species mass fractions along the centerline of premixed counter-
flow flames obtained for Φ = 3.0 at a = 381 s−1

rate displaces the flame front towards the stagnation plane, the rich premixed leading edge
gets leaner as a result of dilution with the incoming air. This leads to higher peak values of
the index for smaller values of the mixture fraction when the strain-rate increases. The peak480

values are also slightly reduced, a feature associated with a strong diffusive burning at larger
strain-rates. Finally, it is worth noting that the generalized premixedness index shifts abruptly
from premixed to diffusion combustion within the reactive layer and seems rather insensitive
to strain-rate variations, which explains its ability to change both the burning rate and flame
structure.485

3.3. Triple flame configuration

The second test case under investigation is the two-dimensional triple flame, which is consid-
ered as an archetypal case of partially premixed combustion. There have been many studies
dedicated to the characterization of triple flames in the literature [7,42], where the effects of
partial premixing, heat release and autoignition have been thoroughly analysed. Therefore,490

this test case has been used frequently for the analysis of combustion models in partially-
premixed conditions [7,15,16].

From the stoichiometric point located at the leading edge, a rich partially premixed flame
develops towards the fuel side, while a lean partially premixed flame is established towards the
oxidizer stream. The specific point where the branches merge is called the triple point [42,43].495

Downstream of the partially premixed flame, chemical reactions leads to the formation of a
trailing post-diffusion flame.

The mixture fraction distribution in the incoming stream of unburnt reactants is one of the
main parameters controlling the characteristics of the triple flame [7]. The equivalence ra-
tio distribution drives the burning rates obtained at the leading edge, influencing the position500

of the reactive layer, and the resulting combustion regime. Thus, triple flames introduce a
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Figure 7.: Flame premixedness index profiles along the centerline of premixed counterflow
flames obtained for different equivalence ratios (left) and strain-rates (right).

stronger coupling between the mixture fraction and progress variable fields when compared
to the case of counterflow flames such as those considered in the previous section of this
study. Moreover, in contrast to the previous test case, mixture fraction and progress variable
gradients may be misaligned. The development of molecular diffusion fluxes of mass and505

energy in two-dimension have a large impact on the burning rates, and therefore influences
the stabilization point and the flame topology itself. From previous studies of triple flames
performed with flamelet methods [7,15,44], it is known that, in conditions associated to mod-
erate mixture fraction gradients, tabulated premixed flamelets lead to better predictions of the
flame burning rates [7], while triple flames developing in high mixture fraction gradients are510

better represented when using tabulated diffusion flamelets [41].
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In the present study, three different inlet conditions are defined according to Eq. (21):

Yξ(0, y) =
1
2

(
1.0 − tanh

y
b

)
(21)

where b denotes a typical mixing layer thickness, see Fig. 8. These three distinct mixture
fraction profiles are used to analyze the effect of the mixture fraction gradient on the triple
flame propagation and topology. The corresponding three different conditions are hereafter515

referred to as cases A, B, and C. It is noteworthy that situations associated to moderate mixture
fraction gradients (similar to the present case A) correspond to standard benchmarks in the
literature because they clearly exhibit both premixed and diffusion modes of combustion [15,
16].
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Figure 8.: Mixture fraction profile Yξ(0, y) (left) and associated magnitude of its gradient
(right) at the inlet of the computational domain

The rectangular computational domain features an inlet and outlet boundary conditions on520

its left and right sides, respectively. Symmetry conditions are applied at the top and bottom.
The parameters associated to each simulated case are gathered in Table 2. The measured
flame propagation speed S TF of the triple flame corresponds to the normal velocity component
imposed as the left boundary condition, so that a steady triple flame is obtained within the
computational domain.525

Table 2.: Parameters relevant to the numerical simulations of triple flames. The characteristic
mixing length δm is estimated from

(
Ymax
ξ − Ymin

ξ

)
/ | ∇Yξ |max with the maximum of the mixture

fraction gradient | ∇Yξ |max taken either at the inlet
(
δin

m

)
or at the leading edge

(
δLE

m

)
.

b · 103 Ly [mm] Lx [mm] δ0
L/dy δin

m/δ
0
L δLE

m /δ0 S TF/S 0
L

case A 3.0 20.0 40.0 20.0 14.0 12.45 2.11
case B 1.25 10.0 20.0 25.0 5.0 4.90 1.58
case C 0.5 4.0 10.0 50.0 2.0 2.64 0.88

The resulting triple flame structures are displayed in Figure 9. The corresponding figure
reports mixture fraction and normalized progress variable iso-lines superimposed on the tem-
perature field. The mixture fraction iso-lines are represented by blue lines, while progress
variable iso-lines do appear in red. The effect of the mixture fraction inlet profile on the triple
flame stabilization is clearly put into evidence. Indeed, the triple flame exhibits a reduced530

propagation speed S TF as the value of the mixture fraction gradient magnitude is increased.
This comes together with an increased asymmetry of the flame structure with respect to the
stoichiometric mixture fraction iso-line. This set of plots also displays significant differences
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in terms of mixture fraction and progress variable iso-lines evolution. As long as the equiv-
alence ratio gradient remains rather moderate at the inlet, the mixture fraction iso-lines are535

only slightly deflected across the flame front with all progress variable iso-lines merging at the
triple point. As the inlet mixture fraction gradient is increased, the molecular diffusion trans-
port between mixture fraction iso-lines becomes more important and these iso-lines tend to
get apart from each other, which is in agreement with previous analyses [7]. This behaviour
may explain why the use of tabulated premixed flamelets and tabulated diffusion flamelets540

is appropriate for small and large mixture fraction gradients, respectively. It should be em-
phasized that premixed flame propagation also takes place for the highest mixture fraction
gradient case. The misalignement between the mixture fraction and progress variable gradi-
ents is depicted on the right side of Figure 9. These vectors are plotted over an iso-line of
the normalized progress variable. As expected, the misalignment between the two vectors is545

very important in the direct vicinity of the leading edge, whereas the two vectors are almost
aligned on the lean and rich branches of the triple flame. It is also worth noting that, for case
C, the flame region is thicker and mixture fraction variations may occur while chemical re-
actions proceed. This is in contrast to situations associated with moderate mixture fraction
gradient at the inlet. In that case, it seems that mixture fraction variations indeed remain quite550

negligible over length scales that are typical of the flame thickness. Therefore, the influence
of molecular diffusion between mixture fraction iso-lines can be neglected and the edge of
the partially premixed flame front can be described as a collection of premixed flamelets.
These aspects are discussed in the next subsections with a focus placed on the analysis of the
proposed index partitioning to predict these complex burning conditions.555

3.3.1. A priori analysis

A flame partitioning index should take into account the most appropriate flame properties
of premixed and diffusion combustion regimes. In order to assess the suitability of the pro-
posed index, an a priori comparison is first performed based on the DC computational results.
The DC solution fields are read by the flamelet solver and a solution is generated for each of560

the models, maintaining the computed scalar (i.e., Yξ and Yc) and velocity fields unchanged.
This allows a direct identification of the differences that exist between the models.

The distributions of the progress variable burning rates obtained with the different ap-
proaches are compared with the DC solutions in Fig. 10. It is noteworthy that the computa-
tional domain is not the same for all simulated cases. For case A (i.e., low mixture fraction565

gradient), its characteristic size is doubled with respect to case B, which is associated to a
moderate mixture fraction gradient |∇Yξ | at the inlet. It is five times larger for case A com-
pared to case C, which corresponds to the case of the large mixture fraction gradient. Taking
this into account, as |∇Yξ | increases, the lean branch of the triple flame shortens, while its rich
branch elongates and becomes thicker. By taking a closer look at the computational results,570

it is noticeable that the TDF model leads to a thinner and sharper lean edge with a thicker
rich branch. On the other hand, the TPF model improves the result for the first two conditions
(cases A and B), while it results in a thin rich branch for the high mixture fraction gradi-
ent case (case C). The computational results obtained with the proposed index are similar to
those issued from the TPF model in case A. Nevertheless, as |∇Yξ | is increased, the present575

model, i.e., the PTF model, does recover some characteristics of the TDF database. Results
issued from a blending procedure based on the Takeno premixedness index (TPI) are also
included as references.

A more quantitative comparison is provided in Fig. 11, which reports temperature profiles
plotted versus mixture fraction conditioned to three values of the normalized progress vari-580

able, that is c = {0.3, 0.6, 0.9}. For rich conditions (i.e., values of Yξ larger than 0.055), the
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(a) Low gradient

(b) Moderate gradient

(c) High gradient

Figure 9.: Mixture fraction Y∗ξ={0.04, 0.055, 0.07} and progress variable c∗={0.3, 0.6, 0.9}
iso-lines superimposed on the temperature field issued from the DC computations of the triple
flame (left) and iso-line c∗=0.5 plotted together with vectors ∇Yξ (blue) and ∇Yc (red) super-
imposed on the source term field (right).
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(a) DC

(b) TPF

(c) PTF

(d) TDF

(e) TPI

Figure 10.: Progress variable source term contours for the low (left), moderate (middle), and
high (right) inlet mixture fraction gradient cases.
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DC results lie between the TPF and the TDF solutions. From a general point of view, the
temperature issued from the reference DC simulation is closer to the TPF solution for moder-
ate values of the progress variable c and it approaches the TDF solution as chemical reaction
proceeds towards equilibrium (i.e., c = 0.9). The same conclusion holds whatever the value585

of the inlet mixture fraction gradient (i.e. from case A to case C). It is also noteworthy that the
TPF solution provides a better approximation of the DC results for case A (i.e., moderate mix-
ture fraction gradient at the inlet). Figure 11 also shows that the proposed index (i.e., PTF) is
able to predict the temperature levels on the lean side of the leading edge of the triple flame,
see the results obtained for c = 0.3. For higher values of the normalized progress variable590

c, a satisfactory level of agreement is also obtained between the DC reference solution and
the PTF results, thanks to the TDF contribution. Even though the temperature appears to be
slightly underestimated for these conditions, the PTF results remain better correlated with the
DC solutions than those obtained with the sole consideration of tabulated premixed flamelets
(TPF model). As it was shown above in Fig. 10, the results obtained with the TPI model fol-595

lows the same trends as those observed with the TPF model and does not exhibit any special
sensitivity to the mixture fraction length scale that characterizes the inlet boundary. Due to
these limitations, the TPI model is not considered in the forthcoming parts of the analysis.

3.3.2. A posteriori analysis

In contrast to the a priori analysis, the a posteriori analysis requires the computation of the600

reacting flow field presented above with each of the combustion models (i.e., TPF, TDF, and
PTF) until a steady-state solution is obtained. Then, the corresponding results are compared
to the DC solution. For the sake of conciseness, this detailed comparison between the various
model behaviours is focused on case B.

From a fundamental point of view, the position and stabilization point of the triple flame605

is determined by the propagation speed of the flame leading edge across the mixture fraction
and velocity fields. Thus, the ability to predict the corresponding location may be thought as
a measure of how a model reproduces the multiregime combustion processes. This can be an-
alyzed through the distribution of the progress variable source term contours that are reported
in Fig. 12. The corresponding plots show the influence of the computed burning speeds on the610

stabilization point of the triple flame. As the leading edge of the triple flame is predominantly
premixed, the TPF model seems better suited to capture the evolution of the flame front. The
TDF model significantly under-estimates the propagation velocity and the flame stabilizes fur-
ther downstream. The proposed flame index recovers this leading premixed-dominated flame
front and the stabilization point is therefore correctly reproduced. The post diffusion flame is615

displayed on the right side of this figure using iso-lines of the progress variable source term
ω̇Yc . The DC solution shows that burning rates across mixture fraction surfaces are typical
of diffusion flames. Finally, the PTF model offers a good compromise between both tabu-
lated flamelets models (i.e., TPF and TDF), as it predicts the burning rate of a thin premixed
flame front at the leading edge, while a diffusive reactive layer develops further downstream.620

Nonetheless, the PTF model tends to overestimate the thickness of the post-diffusion flame,
which is an outcome of the TPF contribution.

Figure 13 displays the profiles of the progress variable source term ω̇Yc and CO mass frac-
tion plotted versus the normalized progress variable for three distinct values of the mixture
fraction. These plots show that the flame burning rates ω̇Yc are better predicted with tabulated625

premixed flamelets (TPF) for the lean, stoichiometric, and rich sides of the flame. This is in
contrast with the CO profiles, for which the TPF model seems to be appropriate only for lean
and stoichiometric conditions, while the TDF model performs better for rich conditions. The
plots show how the PTF model is able to adapt to these burning conditions. It is clear from
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Figure 11.: Temperature profiles plotted versus the mixture fraction variable as obtained along
normalized progress variable iso-lines for the three cases: Case A: low (left), Case B: moder-
ate (middle), and Case C: high (right) inlet mixture fraction gradient cases.

25



(a) DC

(b) TPF

(c) PTF

(d) TDF

Figure 12.: Progress variable source term distributions ω̇Yc associated to the partially-
premixed flame front leading edge (left) and post-diffusion flame (right) superimposed on
flow streamlines.

26



these results that the prediction of CO profiles remains a challenging target. To conclude with630

the triple flame analysis, the profiles of OH and CH3 mass fractions are plotted in Fig. 14.
From a general viewpoint, the TPF model leads to a better level of agreement with the ref-
erence DC solution than the TDF model, for the two species under consideration. For the
hydroxyl radical mass fraction YOH, the proposed flame partitioning model (i.e., PTF model)
leads to results similar to those obtained with the TPF model, while the computational results635

are even improved for the methyl radical mass fraction YCH3
.
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Figure 13.: Profiles of progress variable source term ω̇Yc and CO mass fraction YCO obtained
along mixture fraction iso-lines and plotted versus the normalized progress variable.

From a general point of view, the present set of results, including those issued from the a
priori analysis, confirms that the proposed PTF model leads to a satisfactory level of agree-
ment with the reference DC results.
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Figure 14.: Hydroxyl and methyl mass fractions profiles along normalized progress variable
iso-lines for the moderate mixture fraction gradient case.

3.4. Unsteady flame kernel growth640

The last test case deals with the development of a flame kernel in a non-homogeneous mixture
of fresh reactants [4]. In contrast to the two previous cases, the objective is now to evaluate
the relevance of the proposed flame index partitioning in a transient situation.

The studied geometry corresponds to a two-dimensional squared computational domain
featuring dimensions Lx = Ly = L = 10 mm. Outlet conditions are imposed on all boundaries645

and the pressure level is hold constant in the whole computational domain. It is discretized
with a uniform Cartesian grid featuring 400 × 400 computational cells, which corresponds to
a resolution ∆x = ∆y = ∆ = δ0

L / 20.
Three distinct cases with a different initial equivalence ratio probability density function

(PDF) are considered. The corresponding equivalence ratio distributions have been obtained650

from a single normalized scalar field bounded between zero and unity. Thus, they feature the
same spatial distribution, i.e., only their ranges of variations [Φmin,Φmax] differ from one case
to another. The equivalence ratio distribution retained for the first case (case I) is displayed
in Fig. 15. It corresponds to Φ in the range [0.5, 1.5]. The other two cases (cases II and III)
are generated by rescaling the normalized scalar field in such a manner that the equivalence655

ratio distribution lies within the following ranges Φ ∈ [0.0, 2.0] in case II and Φ ∈ [0.0, 6.0]
in case III. It is noteworthy that the mean value of the equivalence ratio associated to the
three cases are Φ = 1.0 (case I), Φ = 1.0 (case II), and Φ = 3.0 (case III). The initial
velocity field is set to zero (i.e., no velocity). As emphasized in reference [4], the purpose of
such a test case is to evaluate the ability to recover a satisfactory development of the flame660

kernel in a stratified medium and not to describe the ignition and early birth of the initial
kernel. Therefore, a flame kernel is initialized in the center of the computational domain. The
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corresponding initial kernel is deposited within an imposed stoichiometric circular region so
as to favor its initial growth and avoid extinction as much as possible.
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Figure 15.: Initial equivalence ratio distribution together with the stoichiometric patch used
to favor the initial growth of the flame kernel.

The flame front development is followed thanks to a progress variable iso-contour of665

c = 0.3. It is also used to perform the computation of flame surface averaged quantities,
i.e., quantities that are averaged along the corresponding iso-line. For instance, the tempo-
ral evolution of the flame front averaged mixture fraction value as well as its gradient, as
obtained from the DC computations, are plotted in Fig. 16. The flame front develops in the
central stoichiometric region until a peak is reached for the corresponding norm of the mix-670

ture fraction gradient. Then, the flame front averaged value of the mixture fraction evolves
and progressively approaches the overall mean value.
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Figure 16.: Temporal evolution of the flame-surface averaged mixture fraction value (left) and
associated magnitude of its gradient (right) for the three different cases as obtained from the
DC computations

Comparisons of flame front contours and temperature distribution – plotted together with
the mixture fraction and progress variable iso-lines – issued from DC and tabulated flamelets

29



C
TDF

TPF    
P 

D
TF

0 0.5 1

r/L2 [−]

(a) Φ ∈ [0.5, 1.5]

0 1

r/L2 [−]

(b) Φ ∈ [0.0, 2.0]

0 0.5 1

r/L2 [−]

(c) Φ ∈ [0.0, 6.0]

Figure 17.: Temperature field obtained at t∗ = 1.5 with the DC representation together with
mixture fraction Y∗ξ = {0.04, 0.055, 0.07} and progress variable c∗ = {0.3, 0.6, 0.9} iso-lines
(left) ; corresponding flame front contours, i.e., progress variable iso-line c = 0.3 (right).
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Figure 18.: Temporal evolution of the flame front area per unit width (left) and its gradient
(right)
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models computations are reported at t∗ = 1.5 in Fig. 17. At this time, the field of the mixture675

fraction obtained for case I is almost fully premixed and the flame front shape differs only
slightly from a circular shape. This is in contrast with case II, which displays a more inho-
mogeneous distribution of the equivalence ratio, although a premixed combustion regime still
dominates. There are some non-negligible local variations of the flame propagation speed in-
duced by the inhomogeneous equivalence ratio distribution along the flame surface, which680

induces some flame wrinkling effects. Finally, case III is diffusion-dominated and there is
no perceptible flame wrinkling effects: the three models lead to a similar level of agreement
with the reference DC results. These observations are assessed through the comparison of
the normalized progress variable iso-line reported on the right side of Fig. 17. While the pre-
mixed solution matches well the detailed chemistry (DC) solution over the whole flame front685

in case I, larger discrepancies are found in case II, even though the flame kernel develop-
ment is slower. These plots also confirms that the diffusion flame solution provides a good
approximation of the DC results in case III.

As emphasized by Er-raiy et al. [4], a typical estimate of the flame front propagation ve-
locity can be deduced from the evolution of the flame surface area or its length σ in two-690

dimensional situations, such as the one considered here, and the associated growth rate σ̇,
which are displayed in Fig. 18. In this figure, all quantities are normalized by the premixed
laminar flame characteristics at stoichiometry. Case I is associated to a narrow range of vari-
ations of the equivalence ratio Φ. In this case, the growth rate σ̇ increases monotonically
with time and there is a significant change of the corresponding positive slope for t∗ approx-695

imately equal to unity. For cases II and III, the flame front first decelerates until t∗ reaches
approximately 0.8 and σ̇ subsequently increases. This result is an outcome of the increase
of the equivalence ratio in regions that were initially very lean. In case III the growth rate
σ̇ decays significantly for t∗ > 2.0 since molecular mixing processes take place to bring the
whole field of the mixture fraction towards its mean value (i.e., Φ = 3.0), which lies be-700

yond the rich flammability limit (i.e., Φ = 2.75 for the present mixture). Additional results,
which are not reported here just for the sake of conciseness, do show that further increases of
the global equivalence ratio through an extension of Φmax further decreases the initial flame
kernel propagation velocity.

Special attention is now paid to the behaviour of the different models. In case I the cor-705

responding propagation speed appears to be clearly under-estimated with the TDF model,
whereas the TPF model is able to capture the propagation velocity fairly well. The flame in-
dex modelling also correlates well with the reference DC results: the flame index value at the
flame front location is close to unity. For case II, the results obtained with the proposed flame
index partition are slightly better than those obtained with tabulated premixed flamelets, es-710

pecially around t∗ = 0.9 and t∗ = 2. For an increased range of variations of the equivalence
ratio Φ, and despite the difference between the results obtained with tabulated premixed and
tabulated diffusion flamelets remain rather moderate when compared to the previous cases,
the diffusion model leads to better levels of agreement with the reference DC solution.

Finally the whole set of computational results confirms that the present multiregime715

flamelet model is able to identify the relevant regime in the case of combustion of inho-
mogeneous fuel-air mixtures.

4. Conclusions and future works

A new definition of the premixedness index is introduced for partially premixed combustion.
It is based on a weighted form of the cross-scalar dissipation rate of the mixture fraction Yξ720

and progress variable Yc. The corresponding multi-regime flamelet framework is used in con-
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junction with tabulations of the two elementary and archetypal flame prototypes associated to
one-dimensional laminar premixed flame and counterflow laminar diffusion flame. The cor-
responding prototypes indeed remain the cornerstone and reference building blocks of most
combustion models. The resulting modelling framework is used to proceed with the numerical725

simulation of three successive validation subsets: (i) counterflow flames, (ii) stabilized triple
flames, and (iii) unsteady flame kernel developments in non-homogeneous mixtures of fresh
reactants. The validation procedure is based on both a priori and a posteriori analyses. In both
analyses, the comparisons performed between the results obtained with the proposed flame
partitioning and reference detailed chemistry computations lead to a good level of agreement.730

To conclude, it seems worth emphasizing that this flame index does not require the consid-
eration of any other quantities in addition to those already used to parameterize the flamelets
databases, i.e., Yξ and Yc, the transport equations of which are solved during the numerical
simulations. Existing databases of tabulated premixed and diffusion flamelets can be directly
used, and weighted with the premixedness index definition that is introduced in the present735

study. The model has been applied with a simple definition of the progress variable and leads
to an improved level of agreement with the reference DC computations in comparison to the
results issued from the consideration of a single flamelet databases (TPF or TDF). Since some
modelling efforts have already been spent to represent the first- and second-order moments
of the corresponding fluctuations, see for instance references [28,45], the present approach740

can be readily extended to the consideration of turbulent reactive flows of partially premixed
reactants. Thus, the model based on the new flame index proposal appears as a good candidate
for future applications to turbulent combustion modelling.
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Appendix A. Validation of the Cantera implementation750

To make sure that the finite rate solver provides an appropriate reference solution for the
comparison with the different flamelet models, one-dimensional results issued from its im-
plementation in OpenFoam are compared to the Cantera results from which the tables are
generated. Two freely-propagating laminar premixed flames and two laminar counterflow dif-
fusion flames are considered.755

Figure A1 confirms that the temperature and CO mass fraction obtained for the premixed
flamelets are in excellent agreement with the reference Cantera solutions for the equivalence
ratios considered. Conversely, the DC model leads to a slightly higher value of both T and
YCO. This may be an outcome of the gradients of velocity, chemical species mass fractions,
and enthalpy which are set to zero at the inlet boundaries in OpenFoam computations, while760

they are not in Cantera computations. This leads to higher SDR values in OpenFOAM, thus
inducing the small observed discrepancies.
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Figure A1.: Profiles of temperature and CO mass fraction obtained for one-dimensional pre-
mixed and counter-flow diffusion flamelets using the finite rate solver implementation in
OpenFoam (solid line) and Cantera (dashed line)
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[42] G.R. Ruetsch, L. Vervisch, and A. Liñán, Effects of heat release on triple flames, Physics of Fluids

7 (1995).870

[43] P. Domingo and L. Vervisch, Triple flames and partially premixed combustion in autoignition
of non-premixed turbulent mixtures, Symposium (International) on Combustion 26 (1996), pp.
233–240.

[44] H. Wu, Y.C. See, Q. Wang, and M. Ihme, A pareto-efficient combustion framework with submodel
assignment for predicting complex flame configurations, Combustion and Flame 162 (2015), pp.875

4208–4230.
[45] V. Robin, A. Mura, M. Champion, O. Degardin, B. Renou, and M. Boukhalfa, Experimental and

numerical analysis of stratified turbulent V-shaped flames, Combustion and Flame 153 (2008),
pp. 288–315.

36

http://www.cantera.org
http://combustion.ucsd.edu

	Introduction and general context
	Flame indexes and flame partitioning
	Existing definitions of the flame index
	A proposal for a new flame index
	Flamelet databases

	Results and discussion
	Computational methodology
	Laminar counterflow flame configuration
	Influence of equivalence ratio and strain-rate
	Flame index partitioning analysis

	Triple flame configuration
	A priori analysis
	A posteriori analysis

	Unsteady flame kernel growth

	Conclusions and future works
	Validation of the Cantera implementation

