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Abstract In this paper, the flexible semi-parametric model introduced in Gardes et al. (2011) is
considered for conducting tail inference of censored data. Both the censored and the censoring variables are
supposed to belong to this family of distributions, and thus solutions for modeling the tail of censored data
which are between Weibull-tail and Pareto-tail behavior are proposed. Estimators of the tail parameters
and extreme quantiles are defined without prior knowledge of censoring strength and asymptotic normality
results are proved. Various combinations of the tails of censored and censoring distributions are covered,
ranging from rather mild censoring to severe censoring in the tail, i.e. when the ultimate probability of
censoring in the tail is zero. Finite sample behavior is presented via some simulations and an illustration on
real data is also provided.
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1. Introduction

This paper proposes new contributions to the topic of extreme value statistics for data which are randomly
censored from the right.

Consider the classical random censoring setup, where one observes a sample from a couple (Z,9) =
(min(X, C),Ix<¢) with X denoting the variable of interest, and C' a censoring variable (independent from X)
which may prevent the user from observing the data X. The observed data is a sample (Z1,01),...,(Zn,dn)
where (X1,...,X,) and (Cy,...,C,) are independent samples of i.i.d. copies of X and C and §; = Ix,<c,.
The topic of extreme value statistics for randomly censored data deals with the estimation of the tail of X
(tail parameters, extreme quantiles, rare probabilities of exceeding a large value), while observing such an
incomplete data sample.

A variety of topics can fit this formal random censoring framework. For instance, in the so-called survival
analysis setting, the statistical units are patients suffering from a disease, and X, ..., X,, denote the times
elapsed between their inclusion in a study and some event of interest (recovery, recurrence of the disease,
death, etc...). Due to loss of follow-up or end of study, one only observe durations (Z1,...,Z,) and non-
censoring indicators (d1,...,0,). An extreme quantile, in this survival analysis context, is a duration z,
that the ”lifetime” of a patient is expected to exceed only with a small probability p, typically smaller than
1/n. Due to scarcity of data in the tail, some sort of semi-parametric modeling is required to estimate such
extreme quantile x,,.

This topic has benefited from a number of contributions in the recent years, which were stimulated by
applications in a variety of domains, mainly reliability analysis, survival/lifetime analysis and insurance.
Beirlant et al. (2007) and Einmahl et al. (2008) presented a general method for adapting estimators of the
extreme value index in this censorship framework. Worms and Worms (2014), Beirlant et al. (2019) and
Worms and Worms (2015) proposed a more survival analysis-oriented approach, the first two being restricted
to the heavy tail case. Worms and Worms (2018) extended this survival analysis approach to competing
risks. The Weibull-tail class of distributions is studied in Worms and Worms (2019). Ndao et al. (2014),
Ndao et al. (2016) and Stupfler (2016) extended the framework to data with covariate information. Beirlant
et al. (2016), Beirlant et al. (2018) and Goegebeur et al. (2019a) considered the bias-reduction problem.
The multivariate case is studied in Goegebeur et al. (2019b) and Hashorva et al. (2014). See also Beirlant
et al. (2010) , Gomes and Neves (2011), Sayah et al. (2014), Brahimi et al. (2015), Brahimi et al. (2016),
Brahimi et al. (2018), Stupfler (2019) and Bladet al. (2020) for other papers on the subject.

A characteristic of most of these papers is that X and C' are always supposed to share the same type of
tail, i.e. a heavy tail censored by a heavy tail, a light (Gumbel) tail censored by another light tail, or a finite
tail censored by a finite tail. This is for instance very well described by the 3 cases exhibited in formula (7)
of the insightful paper Einmahl et al. (2008).

The main and initial objective of this paper is to broaden the type of tails in the Gumbel domain that
the user will be able to deal with, for estimating tail parameters and extreme quantiles based on censored
data. As a matter of fact, the lighter-than-Pareto-tails situation was slightly overlooked in censored extremes
works, and this may be considered unfortunate since several applications of the censored extremes question
do not necessarily exhibit a heavy tail behavior (particularly in survival/lifetime analysis). Essentially only
two research papers proposed so far solutions for dealing with light tails. The first one is Einmahl et
al. (2008) which proposed estimators of the extreme value index and of extreme quantiles in various cases
and in particular in the double Gumbel case (a distribution in the Gumbel domain of attraction censored by
another distribution in the same domain). However, the results on the extreme value index, in this case, are
stated with a restrictive assumption on the ultimate probability of non-censoring in the tail and there is no
formal convergence statement for the proposed extreme quantiles estimator. The second one is Worms and
Worms (2019) which considered the general two Weibull-tails framework (a distribution in the Weibull-tail
class censored by another distribution in the same class) : this is a strict subset of the double Gumbel case,
allowing however interesting configurations where the ultimate probability of non-censoring in the tail can
be zero (see its definition in next Section).

The basement of the present work is the flexible semi-parametric model proposed in Gardes et al. (2011)
(model A;(7,0) described in the next section), which encompasses a large part of the Gumbel maximum
domain of attraction and the whole Fréchet one, and therefore provides a more flexible option for modeling
various phenomena. In this paper, estimation of the parameters of this model will be made possible in the
presence of censoring, with very simple expressions for the estimators. In addition, this setup will allow for

2



a more diverse combination of tails (without prior knowledge of that combination) than the Fréchet versus
Fréchet or the Weibull-tail versus Weibull-tail cases (see next section).

The paper is organized as follows. Section 2 formally settles the framework and describes how the
parameters of the observed Z can be deduced from those of X and C, thus explaining what is statistically at
stake. Section 3 explains how the parameters and extreme quantiles of X can be estimated from the observed
censored data, while Section 4 states the main results of this paper, along with the required assumptions on
the number k,, of order statistics retained for the estimation. Section 5 contains simulations to illustrate the
performance of our estimators and Section 6 an illustration on real-data. Part A to D of the Appendix are
devoted to the proofs of our asymptotic results, while part E contains important technical results. Technical
aspects of the proofs can be found in a Supplementary Material document provided by the authors (Worms
and Worms (2021)).

2. Description of the framework and assumptions

2.1. Model and main assumptions

In the sequel, F~ denotes the general inverse of a function F, F~(t) = inf{x € R; F(z) > t} for any
te[0,1].
The formal framework of this paper is the following. Defining for 7 € [0, 1] the Box-Cox function

R (z7 —1)/7 if T €]0,1],
Kr(z) = L utdu = { log(x) ifr=0,

we consider, for parameters T € [0, 1] and 6 > 0, that a distribution function F' belongs to the semi-parametric
family A;(7,6) if the following holds (see Gardes et al. (2011) where this model was initially introduced in
a complete data setting, and El Methni et al. (2012) for additional developments):

A1(7,0) : for some x4 > 0 and every x > z,, we have
1= F(z) = exp(—K_ (log(H(z)))),

where H is an increasing positive function such that H~ is regularly varying
at infinity with index 6 (which will be denoted by H~ € RVj).

Let us highlight that the tail heaviness of a distribution belonging to A;(7,#) is mainly driven by 7, although
in practice both shape parameters 7 and 6 play an important role in the properties and shape of the upper
tail. It is easy to see that (for more details see Proposition 2 in Gardes et al. (2011)) :

e Ay(1,0) corresponds to distributions in the Fréchet domain of attraction with extreme value index 6
(i.e. when 1 — F(z) = 2~ Y°1(z) with [ slowly varying).

e A1(0,0) corresponds to Weibull-tail distributions with Weibull-tail coefficient 6 (i.e. when 1 — F(z) =
exp(—z'/?1(z)) with [ slowly varying).

e The case 7 €]0, 1] corresponds to distributions in the Gumbel domain having tails heavier than Weibull-
type ones : such distributions can be conveniently qualified as having log-Weibull-type tails, and log-
normal distributions belong to this category with 7 = 1/2 (see Gardes et al. (2011) for more examples).
The larger 7 is, the heavier the tail can be considered.

In this work, the main assumption is that both the censored and the censoring variables have their
distribution belonging to the A;(7, ) family. This assumption covers a quite flexible setting. Indeed, the
users will not need to decide in advance whether a Pareto, Weibull or Log-Weibull tail is convenient for
their data, either for the target X or the censoring C. In particular, it is important to note that X and
C do not necessarily share the same type of tail. For instance, the cases of Weibull-type data censored
by a log-Weibull-type distribution, or of Pareto-type data censored by a log-Weibull-type distribution, are
covered. We thus assume the following :

Assumption (A1) : there exist 7x € [0,1], 7¢ € [0,1], €x > 0, Oc > 0 such that
FX € Al(Tx,ax) and FC € Al(TC,QC).



This means that there exists positive functions Hx and H¢ such that
Fx(z) =1 - Fx(z) = exp(~K,, (log(Hx()))) and Fc(x) =1- Fo(z) = exp(—K, (log(Hc(2))))
and, for some slowly varying functions [x and lc at infinity,
Hy(z) = 2%Ix(z) and Hg(z) = 2%¢lc(2).
It is clear that under this condition we also have Hx (z) = 2'/%XIx () and Hc(x) = £V/9¢1c(x) where both
lx and [¢ are slowly varying functions at infinity.

The estimation of the parameters 7x and fx is the main objective of this work (with the estimation of
extreme quantiles of F'x being its main application). A first step to do so is to find a relation between the
parameters of X and C' and those of the observed variable Z = min{X, C}.

Under assumption (Al), the following proposition states that the distribution of Z also belongs to the
same family of distributions as those of X and C, for some parameters 7 and 07 specified below :

Proposition 1. Under Assumption (A1), the distribution function of Z = min(X,C) satisfies condition
Ay (17,07), where

0x fO<7tx <170 <1

. P 0c f0<to<7x <1

7z = min(rx,70)  an z = (9;(1/72 + 6’51/72)*72 f0<tx =17 <1
min(fx,0c) iftx =17¢ =0

Therefore, there exists x4 > 0 such that for any x = x4, we have
P(Z > o) = exp(— K, (log(Hz(2)),
where H, € RVy,. Consequently, if E denotes a standard exponential variable, we have
d o,
Z = H,(exp K., (E)).
Remark 1. [t is interesting to note that :

— in the two-heavy-tails case Tx = 7c = 1, we recover the well-known fact that 07 = vz = (’y;(l + 751)_1
where vx and yo are the extreme value indices of X and C (see Beirlant et al. (2007)).

— in the two- Weibull-tails case Tx = 7¢ = 0, we recover the fact that the Weibull-tail parameter of Z is
equal to the minimum of those of X and C (see Worms and Worms (2019)).

— when Tx = 7o, we have 07 < min(fx,0¢c), but otherwise this is not necessarily the case.

— the expression of 0z in the fourth case is coherent with the third one in the sense that min(fyx,0c) is
—1/7 —1/7

indeed the limit of (0" +6,'")"7 as T — 0.
In this paper, we will exclude the first two situations evoked in Remark 1 above, which have already been
explored in anterior works, and therefore suppose that (7x,7¢) € [0,1]?\{(0,0), (1,1) }.

Let us close this subsection by now describing the more technical assumptions required for our results to
hold. This part of the section may be skipped on first reading.
In order to achieve asymptotic normality of the estimators defined in this paper, the slowly varying

functions [x and [o associated to Hx and Hg are supposed to satisfy a classical second order condition
(usually called the SR2 condition) :

Assumption (A2) : there exist some negative constants px and pc, and some rate
functions bx and bc having constant sign at +00 and satisfying
lbx| € RV, and |bc| € RV, such that, as t — +0c0,

Ix(tz)/lx(t) — 1 le(tz)/lc(t) — 1

bX(t) — K,UX (1‘), and bC(t)

— K, (z),Vz > 0.
(1)

According to the last statement of Proposition 1 and to the expression of our estimators (see next Section),
it will be important in the sequel to consider the functions

Hy () =2%1(z) and HxoH,(z)=x%(z) with a:= Z—Z, (2)
X
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where both [ and  are slowly varying. The crucial parameter a = 07 /6x is equal to 1 in "milde censoring”
situations (in particular when 7x < 7¢).

In addition, our important technical Lemma 1, stated in Appendix E.1, ensures that functions H, and
Hx o H also satisfy a second order condition SR2. For technical reasons though, we need to consider the
following stronger conditions on [ and [, respectively noted R;(b, p) and R;(b, p), and defined by :

Assumption Ry(B,p) : for some constant p < 0 and a rate function B satisfying
lim,_, +o B(x) = 0, such that for all € > 0, we have

L) /l(x) —1

su — 1| < ¢, for z sufficiently large .
1| B@)K,(\) v

Note that, according to Lemma 1 (see Appendix E.1), we have p = p, and that this parameter is negative
when either 7x = 0 or 7¢ = 0, but otherwise (i.e. in most cases) it is zero, an unpleasant fact which often
implies some challenge in the proofs, and affects the rates of convergence of our estimators (with respect to
the non-censored framework).

2.2. Proportion of censoring in the tail

It is well known that the strength of censoring affects the statistical performance of estimators in survival
analysis. This is naturally also the case for tail estimation under random censoring. Indeed, the ultimate
proportion of non-censoring in the tail, denoted p below, explicitly appears in asymptotic variances in the
context of extremes of censored data. For instance, the adaptation of the Hill estimator introduced in
Einmahl et al. (2008) multiplies the asymptotic variance of the non-censored case by 1/p (see Corollary 1
therein), provided that this ultimate probability p is positive. Moreover, the pre-asymptotic probability

p(z) =P(0 =1|Z = x)
of being non-censored at level x (for large ) often plays a crucial role for proving asymptotic results.

In the context of this paper, Lemma 2 (stated in Appendix E.1) provides precise expansions for p(z), for
large x, which turn out to be useful in the proofs of our asymptotic results. In particular, its statement (7)
yields the following :

1 if0<7x <70 <
liTmp(x) =p:=< 0 if 0 < <
ONT (O +67%) if0<Tx =70 < 1.

Note that when X and C are both in the Fréchet or both in the Weibull (i.e. finite tail, not Weibull-type
tail) maximum domain of attraction, p necessarily belongs to ]0,1[ (see Einmahl et al. (2008) page 214,
for instance). When X and C are both in the Gumbel maximum domain of attraction, things are more
complicated, and in this case, Einmahl et al. (2008) considered the assumption p €]0, 1[, which is difficult
to check in practice and somehow restrictive.

In the model considered in this paper, p can thus span the whole [0, 1] interval. In the first situation
above (the light censoring one), the fact that the ultimate probability p of non-censoring in the tail is 1 and
that the parameters of X are the same as those of Z (see Proposition 1) would suggest that taking into
account the censoring is useless. However, as Worms and Worms (2019) already put forward, this is not
advisable because those settings produce finite size data where censoring is still present and needs to be
taken into account. Similarly, the second situation (strong censoring) where the ultimate probability p is 0
produces, in practice, data which are not completely censored in the tail, and thus the statistical problem
of estimating the tail parameters and extreme quantiles of X should and can be addressed. Finally, one can
note that the particular situation where tails of X and C have the same heaviness (7x = 7¢) is interesting
on its own.

3. Construction of the estimators

Let us denote by Ax and Ac the cumulative hazard functions associated to Fx and F¢, respectively

Ax(z) = —log Fx(z) and Acg(x) = —logFo(x),



and let A,,x denote the Nelson-Aalen estimator of Ay defined as

X 0;

Rox(@) = S 2 (3)
Zi<s n—t+1

where Z1 , < ... < Z,, are the order statistics of the sample (Z;) and 61 p, ..., d, n are the corresponding

indicators associated to these reordered Z values. Let k, = o(n) be an intermediate sequence of integers

(which will often be simply denoted by k), representing the number of upper data values retained for tail

estimation.

In the following lines, we derive the approximations that inspired our estimators defined below in relation
(6). Under assumption (A1), Hx is regularly varying with index 1/0x and K, (Ax (z)) = log(Hx (z)), hence,
for u large, we have

Ko (u) ~ 5 log(Ax (u)

Moreover, for s large and any u > 1

Combining these two results, we obtain a first approximation, for v and s large, relating 7x to Ax :

rx logu ~ loglog(A% (su)) — log log(Ax (5)). (4)
The second approximation comes from the fact that, for ¢ large and any given x > 1, we have

Hx (tx

XU _ sep (K (A (1) — Koy (Ax (1)) > 275,

Hx(t)

hence 0x is related to 7x and Ax via the formula :
1
alog;ﬂ ~ K (Ax(tz)) — Koy (Ax (2)). (5)

Therefore, applying approximation (4) to s = Ax(Zn—k,n) and u = Ax(Zn—js1,n)/Ax(Zn—k, n) o0
one hand, and approximation (5) to t = Z,_k, »n and & = Z,_j41,n/Zn—k, »n on the other hand, and then
plugging in the Nelson-Aalen estimator of Ax and summing for 1 < j < k lead to our proposed estimators
of 7x and Ox:

- HHk n A Hk n
= : d Ox..:= :
TX Dk,o an X, Tx Dkﬂ-x (6)
with
1 &
Hygn = T IOg(Zn—j-&-Ln) - 1Og(Zn—kmn)’
1 &
HHip = o~ > loglog(Zn—j11.n) — loglog(Zn k. n),
n 2
kn
1 “ R
Dkn—x kf Z KTX (AnX(Z7L—j+1,n)) - KTX (AnX(Z'n—kn,n))~

The two estimators above are thus ratios involving on one hand the mean of either the log-spacings (i.e.
the Hill statistic) or the log-log-spacings, and on the other hand a denominator involving the Nelson-Aalen
estimator at the k upper values of the observed Z sequence.

Note that the expressions of the estimators defined in (6) do not depend on the relative positions of 7x
and 7¢ (or of Ox and 6¢). They can be calculated whatever the combinations of the tails of X and C are,
with the same formulas. However, we will see in the next Section that the rates of convergence, performances,
and assumptions of these estimators can differ depending on the strength of censoring.

Remark 2. In the case Tx = 7¢ = 0, corresponding to the purely Weibull-tail framework, the estimator
Ox . corresponds to the one studied in Worms and Worms (2019), because K., (x) = log(x) in that case. In

the case Tx = T7c = 1, corresponding to the purely heavy-tail framework, the estimator Ox 1 corresponds to
the adapted Hill estimator studied in Beirlant et al. (2007), because in that case K., (z) = x — 1 and thus
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we have exactly Dy 1 = pr (see formula (7) below). As said earlier, these two particular cases are excluded
from the scope of the statements of this paper because properties of Ox o and 0x 1 are already known.

The main issue in the proofs lies in the treatment of the denominators Dy -, and Dy . In fact, the
statistic Dy, r,, defined below (6) turns out to be related to the proportion pj of uncensored data in the tail
via the relation (see Lemma 3 in the Appendix for the details)

. -1 X 1&
Dg -y ~ <AnX(Zn—k,n)) Pr. where py = EZ(S"—J'+1,"
j=1

because of the nature of the Box-Cox transformation K,

k k
]CZ ( nX n J+1, n) - AnX(Zn k.n ) = %Z Z n l+1 ~ o= %Zé‘nfijl,n- (7)
j=1l=j Jj=1

Therefore, the properties of our estimators will rely on a careful study of two sequences. The first one
is /A\nX(Zn,k,n) (in particular, how it can be approximated by Ax(Z,—_k ) and written as an increasing
function of logn/k ; see Lemma 4 in the Appendix). The second one is the sequence p, which converges
to 0, 1 or a value p €]0, 1[ depending on the position of 7x with respect to 7¢ (Proposition 2 in section
Appendix A provides the full details about this, and relies on sharp second order expansions of the different
regularly varying functions that appear in this framework, cf the important technical Lemmas 1 and 2 in
the Appendix).

Taylor’s formula, and of the fact that

Finally, let us deal with the estimation of an extreme quantile z,, := F (p,) of the distribution of X,
with p, — 0, as n — +00. Applying the approximation (5) now to t = Z,_x,, and & = z,, /Zp_kn, We can
propose the following estimator of x,,, (with both #x and 7x being unknown) :

Gy, = Zntom XD {éX’%X (K+X (—log(pn)) — Kz, (Anx(zn,m)))} . (8)

Note that if we know that 7x = 0 and we then set 7x = 0, then this estimator is the same as the one
proposed in Worms and Worms (2019).

4. Asymptotic results

The main assumptions on the model and the different notations have been stated in the previous sections.
In order to obtain the asymptotic normality of our estimators, we naturally need the sequence (k;) (number
of top order statistics to use) to satisfy some conditions (we will note k = k,, from now on). The first one is
standard in the literature on Weibull-tail or log-Weibull-tail models :

log k
: k— +o0, 5—»0, logn—>0,asn—>—|—oo.

Moreover, introducing the important notation
Lnk = IOg(n/k)v

let v, be a factor which will contribute to the rates of convergence of our estimators, and which depends on
the censoring strength in the tail :

1 f0<7yx <7¢ <1l or O<7x=7c<1 or 0=7x <70 <1,
1rc _
Up 1= LZ;TX f0<7te<7x <1,
1/2 l(iq) .
L. "(log Lyk)? 7x if0=1c<7x <1

Note that v, = 1 in the mild or moderate censoring cases (when p = 1 or at least p > 0, see Section 2.2),
and v,, — 0 in the strong censoring cases (when p = 0). We also consider the following conditions

OVELZ ™ S0t L — L > 1
Hy: 0< < 1 d c  Tx
TX TC an {(Z)\/iLTXHOIf<1
(i)VEkv, — +0©
H;: 0<1c<7x <1 and (i3) v kvn L TC/TX1—>O1f;—%>—1
(4i1)v/ kv, L TC—»Olf;—%<—l
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Hy:0<7mx=7c<1 and \/EL;,zXHO

Hs: 0=7x <70 <1 and 36 > 0,VEL?F® -0

(i)Vkv, — 4

(i3)VEkv, (log L)~ — 0

(in assumption Hs above, p denotes the second order parameter associated to the slowly varying function l,
which is negative in this case ; see formula (2) in Section 2 as well as Lemma 1 in Appendix E.1)

Hg: 0=17c<7x <1 and {

Remark 3. A possible choice of the sequence (ky) satisfying the conditions above, as well as the additional
conditions in the theorems stated below, is :

(logn)® if T1c #0,
kn = logn . =0
(loglogn)? Zf Tc =Y.
The choice and scope of exponents a and b depend on which condition Hs, ..., or Hg is considered. Note

that these sequences tend to infinity a bit more slowly than the sequences (ky) considered in El Methni et
al. (2012), in the non-censoring situation (see the paragraph following the statement of their Theorem 2).

The following four theorems respectively state the convergence in distribution of the estimators HAX,TX
(with 7x known), 7x, 0x 7, and &, , all of them being defined in the previous section.

Theorem 1. Let assumptions (A1) and (A2) hold, with (tx,7¢c) € [0,1]2\{(0,0), (1,1)}, as well as Ry(b, p)
and Rj(b, p). If (ky) satisfies Hy and one of the conditions H, ..., Hg, then we have, as n — oo,

\/E’Un(éxﬂ—x — (9)() —d> N (0,6%0’2) s

where a = 0z/0x and

1 f0<7x <70 <1,
1/ 171/7')(
—Tx [ IX 3
o2 — a (TC) if0<1o<7x <1,
a" VX if0<7x =70 < 1,

_ 1-1 )
a~ YTy /mx if0=1c <7x <L

Remark 4. When 7x < 7¢, the ultimate probability p of mon-censoring is 1, this is the mild censoring
situation. When Tx = 7¢, it is easy to see that 0z < O0x and thus the asymptotic variance is larger than
in the case Tx < 7¢ (i.e. we have 0> > 1). When 0 < 7¢ < Tx (strong censoring setting), the ultimate
probability of non-censoring p is zero, and the factor o2 is < 1 when Oc > Ox, but otherwise this is not
necessarily the case.

Theorem 2. Under the same assumptions as Theorem 1, we have, as n — o0,

iftx #0, Vkvn(Tx —7x) N (0,7%07%),
ifTx =0, #x = Op(1/log(Lny)) — 0,

Theorem 3. Under the same assumptions as Theorem 1, if Tx > 0 and if we further assume that

\/Evn \/Evn
log Lk loglog Ly

— 4w (ifrc #0) or — +o (if ¢ = 0), 9)

we then have, as n — o0,

. \/Evn A d
if ¢ # 0 Tog Loy (0x,2 —0x) —— N (0,0%0°77),

Vv,
loglog Ly

if o =0 (x5 — 0x) —5 N (0,0%02).

Remark 5. Note that the rate of convergence and asymptotic variance of BAXfX are altered and different
from that of Ox ;. due to the plug-in of Tx.



Theorem 4. Under the same assumptions as Theorem 3, if moreover

Vku,

— +00 10
loglog(1/pn)(—log(pn))™ (10)
and log L log log L
og Link . 0g 108 Link . _
loglog(i/py) 0 TR0 0T ey 0 e =0) D

we then have, as n — o0,

Vv, <i"pn

d 2 2
loglog(1/pn)(— log(py))™ - 1) —= N (0,050 .

Lp,

Remark 6. Note that condition (11) allows for an order p, of the high quantile which is lower than %,
making it really extreme, while condition (10) is a restriction on this order.
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=1,k rate, Hs
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1
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Figure 1: Illustration of the possible combinations of T-parameters and the impact on rates and assumptions (7x = 7¢ = 0 and
Tx = Tc = 1 are excluded).

Remark 7. There is some sort of phase transition phenomenon in the above results. As a matter of fact,
not only the rate of convergence of our estimators vary whether t7x is < 7¢ or not, but the closeness of the
parameters Tx and Tc also play a role (see assumptions Hy and H3) : the assumptions vary whether Tx is

lower than 7¢ but not too close to it (i.e. 1 < % — %), lower than ¢ but close to it (i.e. 0 < % — % <1),

equal to 7o, larger than and close to ¢ (i.e. 0 < % - % < 1), or sufficiently larger than 1o (i.e.

1< % — %) Figure 1 helps to understand these facts.

However, in practice, for finite and moderate values of n, visualizing these findings on simulations is not
easy, because other factors (than just the tail parameters) play a non-negligible role in the estimation quality.

Let us close this section by providing a hint of the proof of the consistency of our estimators (consistency

alone is not considered in the full proofs, only asymptotic normality is detailed). Let us note é(ZC) and %éc)
the following estimators of 87 and 7
HHy, ,

Hkn A(C) J‘OO B
T and 7 = et where i (t) = | (Kr(w 1) = Ke(f) e "de. (12
1,75 (Lok) 27 no(Lu) pat) = | (Ke(o +8) = K- (1)) (12)

The first one was introduced in Gardes et al. (2011). The second one is similar to the estimator proposed in
Albert et al. (2020) (in a slightly different setting). Using the material of Gardes et al. (2011) and Albert

o)



et al. (2020), one can prove that ég) and %éc) are consistent estimators of 8z and 7z. Our estimators can
then be written as

(e _ H1,0(Lnk) o g (Lnk)

. Lk
_ 59 s e Enk) g a5
z T2 T i, (L) Do

Dk:,‘rx
where Uiy - (t) == §3 (log(K(z + 1)) — log(K,(t))) e~* da.

O vy (13)

The consistency of OAXJX will thus come from the convergence of the ratio u1,r,(Lnk)/Drry to 1/a =
0x /07, which is deduced from Corollary 1 (stated in Appendix A) of the present paper. The consistency
of 7x comes from the convergence of lu1 7, (Lnk)/Dg,o to Tx, which is deduced from Corollary 2 (stated in
Appendix B), and from the fact that p1,0(t)/lu1,-, () converges to 1/7; as t — oo (which is deduced from
relations (A.3) and (B.3) in the Appendix).

It is noteworthy that equation (13) describes a way of adapting to the censoring context any estimators
of f or 7 valid in the complete data setting, by simply dividing by the appropriate expression involving Dy,
or Dk70.

Finally, note that %éc) defined above is a new estimator of 7 in the A;(7,0) model without censoring,

and thus a competitor of the estimator which was proposed in El Methni et al. (2012) (which required the
delicate choice of two intermediate sequences k,, and k).

5. Finite sample comparisons
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Figure 2: Simulation with X log-Weibull censored by C' log-Normal, where 7x = 0.4 < 7¢ = 0.5 in first line (figures (a)-(b),
mild censoring p = 1), 7x = 0.5 = 7¢ in second line (figures (c)-(d), moderate censoring p €]0,1[), and 7x = 0.6 > 7¢ = 0.5 in
third line (figures (e)-(f), strong censoring p = 0). The graphs represent observed bias and MSE of estimators 7x (blue) and
éx,%x (dashed red) in figures (a)-(c)-(e), and relative bias and MSE of estimators &p,, (black) and QEE,LFG (dashed green) in
figures (b)-(d)-(f).
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In this section, we illustrate, using few simulations, the finite sample performances of our estimators of
Tx, Ox and z,, (for small p,,), in terms of observed bias and mean squared error (MSE). Note that numerous
different situations could be considered with our flexible framework : a thorough and extensive simulation
study is however not possible within the limits of the present paper. We generate N = 1000 samples of size
n = 500.

We consider three classes of distributions of Log-Weibull-tail type, for the target variable X and the
censoring variable C' (for the first two classes, see Proposition 3 in Gardes et al. (2011) for the justification
that they fit our framework) :

e Log-Weibull(f) distribution such that its logarithm has c.d.f. 1 — exp(—z?) (z > 0). Tt satisfies
assumption A;(6,6).

e Log-Normal distribution LN (11, 0%), which satisfies assumption A4, (3, "\Tﬁ)
e Model .Z with c.d.f. F, satisfying A;(7,1/5), with H~(z) = 2/°(1 + 2=/2) (Vz).

We then consider three cases : a Log-Weibull(fx ) distribution censored by the Log-Normal(1,1/2) distribu-
tion (Figure 2), the Log-Normal(1,1/2) distribution censored by a Log-Weibull(f¢) distribution (Figure 3),
and then a distribution in the .# model censored by another distribution in the .# model (Figure 4). In each
case, we consider three situations with 7x < 7¢, 7x = 7¢ or T7x > 7¢, corresponding to different (ultimate)
intensities of censoring in the tail.

In parts (a),(c),(e) of Figures 2, 3 and 4, we present the bias and the MSE of our estimators 7x and fx .
as a function of k. In parts (b),(d),(f) of Figures 2, 3 and 4, we present the relative bias and the relative
MSE of our estimator &,, for the value p,, = 0.001, compared with those of the existing estimator defined,
in a more general censored setting, by equation (8) in Einmahl et al. (2008) :

~ ~c,Mom

1= E(Zo ) /o)™ — 1
aAjf;LFG _ Zn—k,n +&k(( TL( nﬁf?\/){éﬁl) ’ (14)

where 4%M°™ ig the moment estimator of the extreme value index vy of F' adapted to censoring and E,
stands for the Kaplan-Meier estimator of the c.d.f. F. We refer to Einmahl et al. (2008) for the expression

of ai. Note that no formal asymptotic result is currently available for JEEF G,

Concerning the performance of the estimators 0 x,+x and Tx, we observe that when X has a Log-Weibull
tail, the bias and the MSE for both estimators are very small. When one deviates from this situation, though,
they are not very satisfactory on the situations presented here. Note however that these estimators are the
first to be proposed in this context, which is why no comparison to competitors is presented . Another
remark is that the quality of the estimators do not systematically deteriorate when censoring gets stronger.

Concerning the performance of the high quantile estimator, the figures show very good performances when
X has a Log-Weibull tail. When one deviates from this situation, things may become worse. It is particularly
true here in the Log-Normal versus Log-Weibull case. However, our estimator remains competitive in terms
of bias and MSE in a number of situations, for instance in Figure 4.

6. Real data analysis

In this section, we apply our methodology to one of the datasets included in the Cancer Genome Atlas
(TCGA, more information at cancergenome.nih.gov), namely the dataset concerning women suffering from
an ovarian cancer. The ov.clinical dataset, accessible using the R package RTCGA (or manually), contains
informations about 574 women?. In this section we will only be interested in the vital status of the patient
(6 = 1 if the patient died during the study, or § = 0 if the patient was still alive at the end of the study
or was lost in the follow-up), and the observed duration Z = min(X,C) (Z = X if survival time is actually
observed, and Z = C' if censoring occurred). The tail of the survival time distribution Fx will be estimated
using the model (A1), and in this context an extreme quantile x, associated to a small probability p, is a
survival time that a patient is expected to exceed only with probability p.

We plot, in figure 5, the proportion py, of non-censoring as a function of k,,. We observe that the censoring
is rather strong, overall censoring rate is around 40% and more around 55% in the tail. If we consider the

?the original dataset contains 591 data lines, but 17 of them were not workable because of missing vital status or missing
survival time.

11



= , 2 [ = =
, '
’ ! o
= ’ - A s
P Bl '
. - s
g2 =77 I ) 8 oo
g = g ] g =
T T T T T T T T T T T T T T T T T T T T
° 100 200 800 a0 ° 100 200 800 a0 ° 100 200 soo oo ° 100 200 =00 oo
« «
= 7 s 7 = =
’ = )
! 1
o ’ = _|
= ’ = ' =
. £ ' -
- , o ER
= - /

Bias.
0 0l
|
1
\
'
\
\
\
\
\
\
MSE
004 006
| |
N
Bias.
0 01
| |
~,
MSE
02
|

= / i
T T T T T T T T T T T T T T T T T T T T
° 100 200 300 400 ° 100 200 300 400 ° 100  zoo 300 400 ° 100  zoo 300 400
« o * «
- =1 v - -
=3 , 3 = =
.
- ’ =4
2 ’ =
g =4~7 g 8 g -
& = g & g =
= == 7
7 =
T T T T T T T T T T T T T T T T T T T T
° 100 200 @0 400 ° 100 200 @00 400 o 100 200 @0 400 ° 100 200 @0 400

Figure 3: Simulation with X log-Normal censored by C' log-Weibull, where 7x = 0.5 < 7¢ = 0.6 in first line (figures (a)-(b),
mild censoring p = 1), 7x = 0.5 = 7¢ in second line (figures (c)-(d), moderate censoring p €]0,1[), and 7x = 0.5 > 7¢ = 0.4 in
third line (figures (e)-(f), strong censoring p = 0). The graphs represent observed bias and MSE of estimators 7x (blue) and
éx,i—x (dashed red) in figures (a)-(c)-(e), and relative bias and MSE of estimators &p,, (black) and iffc (dashed green) in
figures (b)-(d)-(f).
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(figures (e)-(f), strong censoring p = 0). The graphs represent observed bias and MSE of estimators 7x (blue) and éX,‘f—x
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quite stable zone where k,, is between 55 and 80, we can estimate the probability of non-censoring in the tail
by 0.46.

We plot, on the left part of Figure 6, the values of our estimators 7x (thick blue) and éx,+x (thin red)
against k,. The estimate curve, as a function of k,,, is particularly stable for 7x (an estimate of 0.12, possibly
suggesting a Weibull-tail underlying distribution), but not very stable for x (an estimation between 0.85
and 0.9 if we consider the range of k,, cited above).

On the right part of Figure 6, we plot the values of our estimator &, (thick blue) of the extreme quantile
Zp, for the value p, = 0.001, as well as the estimator i“fF @ (thin green) against k,. We observe that it is
quite hard to propose as estimation of x,,, relying on the estimator a%fF @ as it is particularly unstable in the
tail. Concerning 2, , the choice of the sample fraction is delicate. However, if we consider the quite stable
area where k,, is between 55 and 80, as for the estimation of the parameters, then a possible estimation of
the extreme quantile is around 28 years.

030 035 040 0.45 050 0.55 0.60

Figure 5: Plot of the proportion of non-censuring py as a function of k.
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Figure 6: Left: Our estimators 7x of 7x (in thick blue) and éX,-FX of Ox (in thin red). Right : Estimators &p, (thick blue)
and itanG (thin green) of the extreme quantile zp,, , with p, = 0.001.

A concluding remark could be that estimating extreme quantiles under strong censoring is still a research
subject in progress and every new contribution is welcome.

7. Conclusion

In this paper we propose a solution for dealing with tail and extreme quantile estimation of data which are
randomly right censored, within a rather large family of distributions encompassing power tail distributions,
Weibull-tail distributions, and intermediary situations such as (for instance) log-normal distributions. This
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family was first introduced in a complete data context in Gardes et al. (2011). Our asymptotic normality
results support all possible amounts of censoring in the tail, even very strong ones where the ultimate
probability of being censored in the tail is equal to one.

The main two contributions of this work are that very diverse combinations of tails of the censored and
censoring distributions are dealt with (not just a combination of tails from the same category), and that tail
estimation of log-Weibull-type distributions (not heavier than Pareto tails though) are dealt with as well.
The fact that one can estimate the tail parameters of this flexible model, and not just the extreme quantiles,
means that the user may consider estimating more elaborated parameters than the extreme quantiles (for
instance, expected tail losses E(X|X > F (1 — p)) for small p, of course with additional efforts in order to
formally prove convergence results).

Concerning the performances, the bias of our estimators of § and 7 remains a problem, as soon as one
moves away from the pure log-Weibull situation. However our opinion is that this bias problem was already
present for the original estimators of 7 and 6 (which inspired ours) in the non-censoring context. This topic
of bias reduction still needs to be explored for this family of distributions, even in the non-censored situation.
In this paper, we did not try to detail the asymptotic bias, mainly because of the great diversity of situations
that our model handled, which already made the exposition a bit complicated. This would require further
work.

Finally, a continuation of this work could be to look for estimators of 7 and 6 which are weighted
modifications of their non-censored versions (the estimators in equation (12)), but with varying weights, not
the constant weights Dy, ¢ and Dy, 7, , with in mind a possible improvement in terms of bias and mean-squared
error.
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Appendix
Let us first summarize the contents of the Appendix. It is composed of 5 main parts.
Part A is devoted to the proof of Theorem 1.
Part B is devoted to the proof of Theorem 2.
Part C is devoted to the proof of Theorem 3
Part D is devoted to the proof of Theorem 4.

Part E contains different technical aspects. In particular, the important Lemma 1 and Lemma 2.
The Supplementary Material file contains the proofs of all the Lemmas, and of Propositions 1, 2 and 3.
Recall that L,y is the notation for log(n/k). Let us introduce the following notations :

A =Ar(Znkn) and  Ap = Aox(Zo_in).

Appendix A. Proof of Theorem 1

This section details how the asymptotic normality of 6 x,rx Stems from the combination of properties
of the Hill estimator Hy ,, (relations (A.1), (A.2) and (A.4) below) and of the proportion p of uncensored
data in the tail (Proposition 2 stated next page), via the important decomposition (A.6). Some details are
postponed to other sections, in particular the crucial technical Lemma 2 (stated in Appendix E.1) which
states the second order properties of the function p(z) = P(6 = 1|Z = z). The behavior of the (numerous)
remainder terms is detailed in Proposition 3 below.

R Hyr
First, recall that 0x -, = k, , with
Dk,TX
1 & )
EZ n j+1,n) - log(ank,n) and Dk TX Z n j+1,n)) - KTX (AnX(ank,n))
j=1 J
According to Proposition 1, we have Z; = H, (exp(K, ( i))), where Ey, ..., Ey, are n independent standard
exponential random variables and (see relation (2)) H (z) = z°71(x), [ being RV;. Hence
Hy, = HZM +R, (A1)

where

1 k ‘ 1 k ( 7— ( n— j+1,n)))
%g En—ivin) = Koy (Bp—k,n) and R, ;e ;; ( (exp(Kry (En—kn)) )

By the Renyi representation, we have E,_j 1, — En_g 4 Fy_j+1,x , where Fy,..., Fy are k independent
standard exponential random variables. As was done in Gardes et al. (2011) (and borrowing their notations),
we have

k
My L 60,1(En_y) where 6,1( 2 (F 1) — K (t). (A.2)

w\H

Introducing, for ¢ € N*, (see Lemma 2 of Gardes et al. (2011))
0
fgrz (1) i= E(0n,4(1)) = J (Kry (2 +1) = Kpy (1) 7" da = (@) 19777V (1 4 o(1)) (ast — +0)  (A.3)
0

and o7 () := pi2,r, (t) — p3 ., (t), it is proved in Lemma 5 of Gardes et al. (2011) that

On 1 (En—k) — 1,75 (En—k
VkAy, -5 N(0,1)  where Ay, = 1 (Bnk) = H1.p (Bn), (A.4)
01,7z (Enfkr)
Moreover, we prove in Lemma 3 (stated in Appendix E.2) via Taylor’s formula that
Diry = AX P+ R (A.5)

where Py denotes the proportion of uncensored data among the k upper data values (see Lemma 3 for the
definition of the remainder term Ry ,,). Formulas (A.1) and (A.5) thus easily entail the following important
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intermediate relation :

5 4 O0zMy —Ox A pr
0X77‘X_9X: = D k +2Ti,na
k,tx i=1
where R
Tl = n,l
" Dk;"’x
Rl n
T2 = —ex _—
" Di ey
ATX-]. ATx—l
Tg = —9)( k k ﬁk
" D’fﬂ'x

Concerning now py, recalling that a := 67/0x, we prove in Lemma 5 (stated in Appendix E.2) that,
when 7x = 0 and 7¢ > 0,

Tx—1~ aTx lil/TX Tz(l—l/‘r'x) ~
AT P = T E.7\ Pr + Rap

(note that the first term is equal to E;Ekﬁk when 0 = 7x < 7¢ < 1, since then 747 = 7x and a = 1), and
when 7x > 0 and 7¢ = 0,

AP i = (arx) Y™ (log By Y™ i + Ro,
where the remainder term R, ,, is detailed for each case in the statement of Lemma 5.

Consequently, defining Ty ,, := —6 XDR:i’", we obtain the following decomposition : when 7x > 0 and 7¢ > 0
x

—1/7x 77z(1-1/7x) 4
" d 01y (En_k) 1,77 (Bnt) (GTX>1 VB2 N
Oxro—0x L TurzlEnck) (g 40 0 g Hrs(Dnok) (07X kg 22 ) e ST,
Korx X Dy ry (Z b X011y (Eng) Tz ;Ufl,'rz(Enfk)pk Ox =

and, when 7x > 0 and 7¢ = 0,

“1)7x 4

A d 017, (En k) 1,7y (Bn—tk) 11jry (log Bug) Y™ by

Oxog —0x & ThrzlEnok) () 4 gy Mra k) ([ 1ot =2 ) )+ N T
* ) pi1,r; (En—r) Ox ;

Dk,'rx ' 01,77 (Enfk)

Then, recalling that p1 ., (t) ~t72~! as t — o0, we define the following remainder term as (note again that
atx/7z =1and 72(1 — 1/7x) = —1 when 7x = 0 < 7¢)

1-1/7x ry(1=1/7x)
arx. o Enk)TZ20 70 p =Tz /Tx
( = ) Dk ( 1y (Bnt) L., when 7x = 0, 7¢ > 0,

R3 n = 1y
(aTX)l_l/TX Dk (—(logE”"")l VX Ly (log Lnk)lfTZ/TX) when 0 = 7¢ < Tx.

)

H1,0 (Enfk)

B,y (Bn—t)

P . .
— 1, we can state the main relation of
’ Ul,TZ(Enfk) ’

Finally, using the additional fact that, thanks to (A.3)
the proof of Theorem 1 :

N Tz Enf >
Ox .+ —0x 4 M (QZAl,n — nggyn(]. +op(l))) + Z T n, (A.6)

) i=1

where the second important term A ,, is defined as

ar 171/7')(

(aTx)lil/TX Lnk(logLnk)liTz/TX ﬁk —a if0=71m< TX,

As =

)

and the last remainder term to be introduced is T5 ,, := 0z R3 (1 + op(1)).

We deal with the asymptotic normality of As , and the reminder terms 7; ,, in the following two propo-
sitions. Recall that the rate v,, is defined as
1 f0<ryx <toc<lorO<71yx=Tc<lorO0O=7x <70 <1
Lo _q
Up = LZIETX ) if0<7o <7x <

1
L2 (og Ly )2 ™Y if0=ro <7y <1
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Proposition 2. Under the conditions of Theorem 1,
@f 0 < Tx <TC < ]-7 \/E'UnAZn = \/Evn(ﬁk - a) = \/%(ﬁk - ]-) i’ 07
1-X 1-1/7
i 0<ro<rtx<l, \/EUnAQ,n \/>/Un ((Mx) X quszZ/Tka _ a) _d> N (O,a2—1/rx (1() X) ,

T, TC
if 0<7x=71c<1, Vkv,As, = Vk(a'"V™p) —a) 4N (0,a?7Vmx (1 — a¥/™x)) ,
Zf O0=7c<7x <1, \/EUnAQm = \/Evn <(aTX)17i Ly (IOg Lnk)lii ﬁk - a) _d) N (07&2_1/7—}( Tj{il/TX) )

Proposition 3. Under the conditions of Theorem 1, for all 1 < i <5, \/EvnTi’n LN 0, as n tends to
nfinity.

The following result is a corollary of Proposition 2 and part of Proposition 3 (concerning the term
T ). As explained at the end of Section 4, the statement of this corollary is helpful for understanding how
consistency of an estimator of 6, transfers to consistency of our estimator of 6.

Dkﬂ'X

_ hrx P, a, as n tends to infinity.
lul,TZ (En—k)

Corollary 1. Under the conditions of Theorem 1, we have

Indeed, according to (A.5), and since pq -, (t) ~ t72~1 as t — o0 (see relation (A.3)),
Dkﬂ'x
H1,77 (En—k)

Of course, Corollary 1 certainly holds with weaker conditions than those of Theorem 1.

= LA (1 4+ 0(1) £ (Agp + a)(1 + 0(1)) = a.

Let us end this proof by explaining how the combination of relations (A.6) and (A.4), Propositions 2 and
3, as well as Corollary 1 imply that \/Evn(éXJX —0x) 4, N(0,v) where v = 6% 02

— When 0 < 7x < 7¢ < 1, Proposition 2 states that '\/EAQ’n converges to 0. Hence, the leading term in
(A.6) is VkA; ,, which converges in distribution to N(0,1) (see (A.4)), and we thus obtain the desired
value of v = ()26 = 6%.

— When 0 < 7x = 7¢ < 1, Proposition 2 states that vkAs,, 4, N (O,aQ’l/TX(l —al/TX)). More-
over \/EAl,n converges in distribution to N(0,1). Since A;, and As, are independent (under our
independent censoring setting), we obtain as desired

92 92 T T —1/T -1/
v:a2+ XZl/X( —a/™) = 0% + 0% (aVx —1) = % a” VX,
— In the other two cases, since v, — 0, \/EvnAl,n converges in probability to 0, and on the other hand

Proposition 2 states that vk kvpAs p converges in distribution to N (0, D) with a variance described
above, and it is not difficult to check that (1)26% D equals to 6% o2 as stated.

Appendix B. Proof of Theorem 2

The proof is very similar to the previous one. First, recall that 7x = % Concerning the numerator,

we have by Proposition 1 that Z; = H, (exp(K ., (E;))), where En,..., E, are standard exponential, and
thus

kn
1
HHy,, = i Z 08108(Zn—j41.n) —loglog(Zn_r,.n) = LM, + RR, ; (B.1)

where

log(I(exp(K7, (Bn—jt1,n))))
1+ GZKTZ(ZEn—HLn)

log(I(exp(K+, (En—k,n))))
1 + equ—Z (ZEn—l«,n)

1 k
LM, Jleog K, (Bp—is1,n))—10g(Kyr, (Enkn)) and RR, j:= %Zlo
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By the Renyi representation, for some independent standard exponential random variables Fi,..., Fy we
have A
1
LM, 2 10,1(Ep_r) where 10,1(t):= %Z log(K,, (F; +1t)) — log(K,,(t)). (B.2)

Jj=1

Introducing, for g € N*|

0

Utgrrs () i= E(18,,4(1)) = f (log(K, (z + 1)) — log(K., (1)) e~ do

and lo? . (t) := lpar, (t) — 1p3 ,, (1), we have

(7Tit79(1 + o(1)) if 77 # 0,
lg,ry (t) = z _ . B (B.3)
(gHt~1(log(t))"%(1 + o(1)) if 7z = 0.
We can then prove that (the proof is similar to that of Lemma 5 in Gardes et al. (2011))
l@n Eﬂ_ - l T En—
VELA1, % N(0,1)  where LA, = 1 (Bnte) = Uit g (Bn-r) (B.4)
' ' lal,‘rz (Enfk)
Concerning now the denominator, we prove in Lemma 3 (stated in Appendix E.2) that
1 & N N "
Dk,O = kf Z log(AnX(Zn—j+1,n)) - log(AnX(Zn—kn,n)) = Aglﬁk + Rl,?u (B5)
n =1

where

Rl,n =

el

& . .
Z log [ 1+ —Aj’k — —Aj’k
j=1 A A

where the Aj  are defined in Lemma 3 and pj, denotes the proportion of uncensored data in the tail. From
now on we consider that 7x # 0 (see Remark 8 below for the 7x = 0 case). Formulas (B.1) and (B.5) easily
entail the following important intermediary relation :

LM, — xA{ e <
R d Tx Ny pk+ZTTi,m

TX —TX = Dk )
) i=1
where

TT, Bl 1

b Dyo

Rl n

T, = -—T :

2, XDk,o
TTyn = —mx(Ag" =AY (Dro) ™ D

Moreover, we prove in Lemma 6 (stated in Appendix E.2) that, when 7x > 0 and 7¢ > 0 (the case 7x > 0
and 7¢ = 0 is omitted for brevity),

atx —lrx

AP = <) E. 74 ™ b + RRy
Tz

the expression for the remainder term RRj , being detailed for each case in the statement of Lemma 6.

Consequently, defining T7},, = —Tx R[i 2'0”, we obtain the following decomposition : when 7x > 0 and

70 >0

71/7’){ E_TZ/TX 4
Px—rx 2 101,75 (Bnt) (LALn - TXil'uLTZ (En—) ((aTX> ek ] Pk — 1)) + Z Tin.
X i=1

Dk,O lUl,TZ (En—k) Tz l,ul,TZ (En—k

But lu1 ,,(t) ~ 72t71, so we define the following remainder term as

—1/7x —Tz/Tx
atx - [ (En—k) 1 1 ryrx
RR3p = | — RS, ——— )
> ( Tz > b (lm,m (Bnk) 712 ™
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1,7, (En—k) P

Finally, using the additional fact that o ) 1, we can state the main relation of the proof of
vz (B

Theorem 2 : .

(LA1n — a ' Ay (1 + 0p(1)) + . TT; s (B.6)
i=1

Ly o (B
Py —Tx 2 e\ k) ZZ)(k k)
0

where LA; ,, is defined in (B.4), the second main term A, ,, is defined in section Appendix A and the last
remainder term to be introduced is TT5 ,, := —Tx RR3.,(1 + op(1)). The asymptotic normality of As ,, is
dealt with in Proposition 2. Concerning the remainder terms 1'T; ,,, we prove the following proposition :

Proposition 4. Under the conditions of Theorem 1, for all 1 < i < 5, \/EvnTTim B, 0, as n tends to
infinity.

The proof of Proposition 4 is very similar to the proof of Proposition 3.

The following statement is a Corollary of Propositions 2 and 4, in the same way that Corollary 1 was
deduced from Propositions 2 and 3.

Corollary 2. Under the conditions of Theorem 1, when Tx # 0 we have
Do po 1
lpt,ry (En—t) X
and, when 0 = 7x < 7¢, we have as n —
Dy 0

o) = (log Ly)(1 + op(1)).

The proof of Theorem 2 can be concluded in the same way as was that of Theorem 1. Details are omitted.

O

Remark 8. In the case 0 = 7x < 7¢, we have Dy o/lp 0(En—k.n) z log Lk, and thus the estimator

Tx 4 10,1(En—k)/ Di,o + TTh n is contiguous to lu1 o(En—k)/ Do + TTh,n, which is itself equivalent in
probability to 1/1og Lyx,. Thus only the consistency and rate of convergence of Tx is obtained in this case.

Appendix C. Proof of Theorem 3
Recall that HAXfX = Hy.n/Dy 7, where

k k
1 .
Hyn = %Z 108(Zn—j+1,n) —108(Zn—kn) and Dy 2 = = > Koy (Anx (Zn—js1,n)) = Koy (Anx (Zn—k.n))-
i=1 i=1

Ox.,z Ox.z Ox.r
1 —X ) =1 X 1 =X | 1

Theorem 1 and the delta-method yields that the second term of the right-hand side in (C.1) satisfies

Vv, log (%”‘) 4 N (0,0%). (C.2)

Moreover

X

Now let us treat the first term. Since Dy, = (Ak)TX_lﬁk + Ry, (see Lemma 3) and, similarly, Dy +, =
(AR)™x"1pp + R n, where R; ,, is obtained by replacing 7x by 7x in the expression for R; ,, we obtain

log (?X’TX> = (7x — 7x)log(Ay) — log (1 + Rl") + log (1 + Af%n) .

ATx—1A
X 7% AT P

Let us study separately the first two terms in the expression above (the third one being similar to the second
one). The starting point is

(7x = mx)log(Ak) = (Px — 7x)log(Ax) + (7x — ) log (fA\:> .
21



Let us continue with the case 7x # 0 and 7¢ # 0 (the case 0 = 7¢ < 7x being similar and the case
0 = 7x < 7¢ being excluded, see Remark 9 below).

Since VEv, (x —Tx) 4N (O, 027)2() (Theorem 2), and, according to Lemma 7, log(Ay) = :—)Z((log L)1+
op(1)), we obtain that
Vku,

(Tx — 7x) log(Ax) LN (0,0°7%)

log Ly,
and 13§Lv:k (7x —7x)log (ﬁ’;) = op(1) (because 2—: = Op(1)).
Rl,n _ Rl,n . .. Rl,n _
Now, log (1 + (Ak)fx,lﬁk) = Gox 1o (1 + op(1)), and we prove in Proposition 3 that Vv, ISR
\/E’Un R \n _ 3
op(1). Hence -7 log (1 + m) = op(1). This ensures that
kv, Ox .,
Vkvn log | =X 4N (0,0%7%) .
IOg Lnk 9X,7°X
Finally, (C.1) and (C.2) yield
\/Evn éx - d
1 X ) 5 N (0,0°73) .
log Ly o8 Ox (0,0%2)
This entails the announced asymptotic normality, via the delta-method. O

Remark 9. In the case Tx = 0, log(A) = a(log Lk )(1+ op(1)), according to Lemma 7. Hence, 7x log(Ag)
does not converge to 0, in this case. This is why Tx = 0 is excluded from the asymptotic result of Ox + .

Appendix D. Proof of Theorem 4
Recall that z,,, = F (p,) = Hy (exp(K., (—logp,))) and
Epn = Znbn oD (Oxrx (Ko (~10g(pa)) = Koy (A1) ))

where Hy () = 2%%ix(x), and Iy is slowly varying at infinity. Moreover, since Z,,_,, = Fx (exp(—Ag)), it
is easy to prove that

log (%) = Ox,2y {(Ksy (= log(pn)) = Ky (Ak)) = (Kry (—log(pn)) — Koy (Ak))}
(x5 — 0x)Kry (—log(pn)) + Ox,75 <K+x (Ag) — Kz (Ak))
—(éx,+x —0x) K7y (Ag) + log ( L (exp(Frx (A1) )

Ix (exp(Kry (—log(pn)))
=:1Q1+ Q2+ Q3+ Q4+ Qs.

Let us treat separately these five terms, in the case 7x # 0 and 7¢ # 0, the case 0 = 7x < 7¢ being similar.
Note that ()1 will turn out to be the main term.
Recall that

I (aTX/TZ)l/TX (Lnk)TZ/TX if 7x # 0 and 7o # 0,
ko=

(aTX>1/TX (log Lnk)l/TX if Tx # 0 and 7¢ = 0.
Consider the temporary notations

—1 —log(p-,,,)
oy 1= (\/Evn) and w, := J u™ ogu du.

Ly

By integration by parts, and under assumption (11) (which implies that Lj = o(—log(p,))), we can prove
that

Wy, = % log(log(1/pn)) (—log(pn))™ (1 + (1)), (D.1)

and similarly w,, := S;:Og(p") u™ ' log? u du = 7= (log(log(1/pn)))? (= log(pn))™ (1 + o(1)).
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e Let us prove that o, w, 1Q; converges in distribution to .4(0,6%7%0?2), which (via (D.1)) will imply

that
Vku,
loglog(1/pn)(—log pn)™
According to Theorem 2, 7x = Tx + 0,&,, where &, converges in distribution to .4#(0,7%0?). Hence,

Q1 -5 H(0,6%07). (D.2)

Q1 = éX,f—X (SX log pn wxtonén—1g, SX ylogpn uTX*ldu)
= 0X Fx (S‘L log pn wTxX— 1( Onbn _ 1)du _S k uT™xX— 1( onkn _ 1)du) .

Let us introduce ¢(z) = e* — 1 — z. Consequently,

Q1 => QY
i=1
where . . .
Q= Bxa [, T (008 log u)du
Q= Oxcontn I, u ogu du
53) = *0X,7:X SLk (A 1¢(O—n£n IOg u)du
QW = —bxsi 00 SQ: u™1logu du

Now, there exists 7 > 0, such that x < logn implies that |¢(x)| < (n/2)z2. As a consequence, since
onloglog(1/p,) — 0 and o, log Ly, — 0 (according to (10) and (11)),
log pn

|Q§1)| < Ox 2y D) ngnf u™ " (logu)? du =1 Op(1) o7ty

Ly

Hence, via (10) and the previous approximations of w,, and w,,
a;lwgl\len < nOp(1) 0p0p/w, =1n0p(1) 0y loglog(1/pr) 0.
Concerning Q§2), we have
o, w_lQ(z) = éxy.;xfn 4, N(0,0%7%057).
Let us now consider Q§3). We proceed as for Q(l) to obtain

9 SL’C u™X “L(logw)? du

ns IOspn uwTX — llogu du

1 1A 5
anlwn1|Q§)\ < Oxsx 200§

Sﬁk "X 1logu du

ns logpn ux~llogu du’

< Oy /ix 505 max(log Ag, log L;)&2

Since o, log Ay 0 (this is an easy consequence of assumption (11) and Lemma 7), the right hand-side
tends to 0, according to Lemma 8 and assumption (11).

Concerning Q\"), Lemma 8 and assumption (11) entails that o7 1w 1Q{" tends to 0. This completes
the proof of (D.2).

e Let us prove that o, 1w, Q2 = op(1) : according to Theorem 3,

Q2 = Un(log Lnk) ( log(pn))(sn
where J,, converges to a gaussian distribution. Hence,

log L) Koy (—log(pn)) S

S;klog(pn)

ngwngQ — (

ny

u™~1logu du

and assumption (11) yields the result.

e In order to prove that o, 1w, 1Q3 = op(1), we obtain via a Taylor expansion that

A~ ’Un
K, (Tk)w—

n

o twi Qx| = Ox 5 VE|A, — Ayl
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where T}, is a value between Ay and Aj. The fact that \/E|Ak — Ak| = Op(1) (see Lemma 7 in Worms
and Worms (2019)) and assumption (11) yields the result.

Let us prove that o, 'w,; 1Q, = op(1) : as above (see treatment of Q5)
Q4 =0n log LnkKTX (Ak)anu

where d,, converges to a gaussian distribution. Moreover K, (Ay) 4 aK;, (Lnk)(1+o0p(1)) (see Lemma
4 (i)). Hence
K.,—Z (Lnk) log Lnk

—lo "
SLk g(Pn)

clw Qi La 8, (1 + op(1)).

uT~1logu du

Assumption (11) yields the result.

Let us finally prove that o, 'w; Qs = op(1) : recall that

B Ix (exp(K,  (A0)))
Q = log(z*x(exp(&x(flog(pn>>>)

Ix (exp(Kry (L)) Ix (exp(Kry (Ak)))
= log (zx (exp(KTX@log(pn)))) +log (—mex;)(mi@k))))

Q" + Q.

Concerning Qé1)7 we know that [x satisfies the SR2 condition (see Remark 10). Hence
o = s (i)
= bx(@n) Koy px (An)(1 + 0p(1)),
EXP(KTX (7 IOg(pn)))
exp(Kry (Lx))

+00, as n tends to infinity (because J{@Xiﬁg’z;)) tends to 0 under assumption (11)), we obtain that
x ”

Koy py (A\n) tends to —1/(0xpx). Moreover, vkv,bx (exp(K,y (Lx))) tends to 0 under the appropriate
assumption among Ho, ..., Hs. Hence,

where |bx| € RVyypys An =

and z,, = exp(K,,(Lg)). Moreover, since \,, tends to

(1) K ()\)
Viom—— 95 hubx(exp(Foy (Lg))) i in)
o (—08(pn) xexplEr () T Tog ()
tends to 0. Then,
> K. (—logpy,)

-1 -1 (1): A
Ry ey J 50 e logu du”

which tends to 0 thanks to (D.1).

Similarly, we have

(2) L (An"fiw)
5 = log( ’lix(%) )
= bx(zn)Koypx (An)(1 + 0p(1)),
where z,, = exp(K,, (L)) and
eXp(K‘f'X (Ak)) —1 T T Tz —
A= —————— 2 =exp(ty (AX — L1X)) = exp(est. L2 (1 + o(1))),
eXp(KTX(Lk)) p( X ( k k )) p( nk ( ( )))

where, according to Lemma 4, the constant above is negative and

_f o1z when either 7x = 7¢, or 7x # 7¢ and r <0,
| 7z(1—=7r) when 7x # 7¢ and r €]0, 1.

In the case where a = 7z, Ky, (A,) converges to a constant. Hence we obtain, for the term Qél),

that
Vk ; 2
kvy,——2—— — 0.
Ky (_ IOg(pn))

Therefore a;lwng?) 2, 0, thanks to (D.1).
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In the case where o = 77(1 —r), we have Ky, (An) = O(1) exp(cst.L;}7(1 + o(1))), where here the
constant is positive. Moreover, for some small § > 0,

bx(z,) = exp((Oxpx + 8) K (Li))o(1) = exp (Oxpx + 8).cst.L7% (1 + o(1))) o(1),

where the constant above is positive. Consequently, vkv,bx (x,)Kgs px (An) tends to 0 according to
the appropriate assumption among Hos, ..., H;. To conclude, we proceed as in the previous case. []

Appendix E. Technical aspects

The Lemmas stated in this section are proved in the Supplementary Material document.

Appendiz E.1. Details about second order conditions and censoring probabilities
Recall that

Fy(2) = exp(~ K, (log(Hx (x)))) and  Fe(a) = exp(~ K (log(He (2))))

where
Hy(z) = xexfx(x) ,He (z) = xecfc(x) , Hx(z) = xl/GXlX(ac) , Ho(x) = xl/(’clc(m).

Moreover (see Proposition 1),
P(Z > x) = exp(—K_, (log(Hz(x)))),

where H, () = x%21(x) and [ is slowly varying. This implies that Hy o H(x) = z%(z), with [ a slowly
varying function and a = 0 /6x.

Lemma 1 stated below provides details about the second order properties of the functions H, and
Hx o H (and therefore, on the behavior of the variables Z; and Ax(Z;)). These properties not only depend
on the position of the parameters 7x and 7¢ with respect to each other, but on their proximity through the
parameter r defined by

1
ri=1—|———|€e[-mw,1]
TC TX
(if either 7x = 0 or 7¢ = 0, indeed consider that » = —o0). Its proof can be found in the Supplementary

Material document.

Lemma 1. Let conditions (A1) and (As) hold.
(i) For different slowly varying functions generically noted v, we have
Ix(z) = cx(1 — xPXv(x)) and  lo(x) = co(l — xPCu(x))
Ix(z) = X (1 —af%Pxp(z))  and lo(z) = 0590(1 — glorey(x)).

1) The slowly varying functions [ and 1 associated to H;, and Hx o Hy satis y a second order condition
z z
SR2 : ast — +o0,

lta) _ g () _ 4
L(t) I(t)
— — Kj(zx and —— — K, (x
where
max(@xpx,—l) ZfOZTX <10 <1
p=p=1 max(0cpc,—1) f0=71c<7x <1

0 in the other cases ,

and |b| € RV, and |b| € RV,. When p = 0, both b(t) and b(t) are (ast — +) of the order O((logt)"")
when r # 0, and of the order O((logt)~2) when r = 0.
(#i1) The slowly varying function lz associated to Hyz satisfies

i, 12(0) = cz

€0, 40| if Tx =T orr <0,

= 40w if x # 7c and r €]0,1]
where in particular cz = cx if Tx < Tc andr <0, and cz = co if T < Tx and r < 0. Moreover we
have (with the convention (+o0)~% =0 when § > 0)

1/9)(
9

I(t) > é:=c," and I(t) - c:=cxé as t — +oo.
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When 7x = 7¢ orr <0, both ¢ and ¢ are positive. When 7x # 7¢ and r €]0, 1[, both ¢ and ¢ are zero
and the following relation holds for some v > 0, as x — o

logl(expz) log [(exp x)

“t1+o0(1)) — 0 and

" " = —Oxva"'(1+0(1) —0 (E.1)

Remark 10. A consequence of this Lemma is that Ix and lc also satisfy the SR2 condition with rate
functions |bx| € RV, and |bc| € RV, respectively.

Recall now that the function p(-) is defined by
p(z) =P =1|Z = x).
The following lemma provides useful developments of functions p(-) and ()
r(t) = po Hy (exp(Kr,(—logt))),

which are crucial to derive the properties of the random proportion p; (and therefore the statements of
Proposition 2). Its proof is essantially based on the fact that

(@) = — FC(x)fX£$) _ <1+ (K;.) (log Ho(x)) Hé(ﬂﬁ)/Hc(x))l
Fe@) fx() + Fx @@\ (0, (log () Hi(0)/Tx ()

(where fx and fo are the respective probability density functions of X and C'), as well as on the results of
Lemma 1.

Lemma 2. Let us define the constants

Ax = QX(T)}l - 1)(7')_(1 +logex) , Ac = 90(751 — 1)(751 +logco)

1-1/7x 1/7¢—1
A—Ac—Ay and B=X(TX Te .
e \Ox fc

Let assumptions (A1) and (A2) hold (the asymptotics below are x — +o0 and t | 0).

and

(i) We have
if0<7x <
<70 <

To < 1,
0 if 0 Tx < 1,
W —p=d
X _ 1/7x

m a ZfO<TX:TC<1,

and, more precisely,

D (loga)™ 1+ g(r)(logw)™™> LD (1 +0(1)] i 0 <7x #70 <1,
(@) —p = Dz~ Y9x (log z)7¢ ' 1 [1+Ac(logz) ™t (1+0(1)] if0=7x <7c <1,
Dm_l/ec(logx)TX 14+ Ax(logz) (1 +0(1))] f0=7c<Tx <1,
D (log ) (1 + O(1/log ) f0<ro=7x <1,
where
-B if0<7tx <70 <1,
B! if0 <710 <7x <1,
D={ —(rc/fc) ~MOx/bccx) if0=7x <70 <1,
(Tx/ex)‘r)_flfl(ac/gxcc) Z'fOITc<TXg1,
—AB(1+ B)™? if0<to=71x <1,
and
_ | Alb<o + (A= B)l—o + (=B)lejo,11 if0<7x <10 <1,
g(?“) B { (_A)Hr<0 + (_A — B_I)HT=0 + (—B_I)HTE]OJ[ ifO <To<Tx <1.

(ii) When 77 >0 and 7x # 7¢, ast | 0 we have

(1) = p = D(Oz/72)" " (logt) 7207 (140 ((logr) T m1= ) )
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in particular, when 0 < 7¢ < 7x < 1,
r(t) = al/7x (TX/TC)T;_I(— logt):%f1 (1 +0 ((— logt)m‘"‘x{_TC’TC/TX_l})) .
When 77 > 0 and 7x = 7¢, we have
r(t) —p=—AB[(1+ B)*(02/m2)] " (~logt)™™ (1+ O ((~logt)"™)).

When 17 = 0, if 7+ = max(7x,7c) we have

r(t) — p = cst(— logt)_l(loglog(l/t))i_1 (14 O ((loglog(1/t))™1)).

L1
with the constant being equal to 7° a7 when 0 = 7o < 7x < 1.

Appendiz E.2. Technical Lemmas

The proofs of the following Lemmas can be found in the Supplementary Material document.

Lemma 3. The denominator of the estimator éX,TX satisfies the relation

k
1 ) ) o
Dk,TX = %ZKTX (AnX(Zn—j-ﬁ-l,n)) - KTX (AnX(Zn—k,n)) = Akx 1pk + Rl,na
j=1

where A )
P A Y (AAJ:) (I +Tpe)™>72 f0<7x <1,
= k A A .
Rin % i1 (log (1 + /\Jkk> - AJ:) if x =0,
0 ifry =1
with, for each j =1,...,k, Aj,k = AnX(anjJrl,n) _AnX(ank,n) and the random variable T, lies between
A' k
0 and =2~.
Ay

For the following lemma, recall that (F;) denote the i.i.d. standard exponential variable (E;) satisfying
Z; = Hy (exp(K,,(E;)), and that I(-) denotes the slowly varying function which properties are described in
Lemma 1 and which is such that Hx o H, (z) = x*l(x). Note that in part (i7) of this lemma, the results
also hold when one replaces E,,_j », by Ly, or replaces Z,,_j », and E,_j », by Zy—j11,n and Ey_jy1 , (this
will occasionally prove useful).

Lemma 4. (i) For everyi=1,...,n, and whether 7z > 0 or is equal to 0, we have

Ax(Zi) = K7 (aK-,(E;) + logl(exp K-, (E;))).

(i9) When 1z > 0, we have
1/7‘X 1/TX
Ax () = (a2) B o) = (aZ) B (14 8B, (4 02(1) (B2
Tz ’ Tz ’ ’

Tz when either Tx = 7¢, or Tx # 7¢ and r < 0,

for some constant B and exponent o = { ro(l—=7)  when 7x # 10 and r €]0, 1[.

When 0 = 7x < 7¢, we have Ax(Zn—gn) = En—knl(En—kn) = En_kn(l + op(1)).
When 0 = 7¢ < Tx, we have

AX (Zn—ton) = (a7x)"™ (log By o)™ (1 4 Blog Ep_jn) " (1 + 0p(1))) -

Note that the constant § is negative in the case 7x # 7¢ and r €]0, 1[.

Lemma 5. Let Ey, ..., E, be i.i.d. standard exponential random variables.
1-1/7x _
(aTLZX) ErTLZ—(kl,nl/TX)ﬁk + R, ifrx #0 and ¢ # 0
—14 X
A e = Epfl -+ Ron, f0=71x <10 <1

(arx) ™ (0g(En—tn) ™ Py + R if0 =70 <7x <1,
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where

atx 1_i TZ(l_i)A —7z 1—% 1+7x log l(exp(K+, (En—k,n))) 1_i
(?) En—k,n Dk (1 - En—k,n) X <]‘ + atx K+, (En—k,n) ) -1/,
if0<tx <landtc #0
Ryp=1 52— (7“,5”17“) - 1) Cif0=Tx <70 <1
1 1 1*%
(am) = Qou(os,)' 7 (14 HEEERE) T 1), 0= <y <
0, 7,f Tx =1
Lemma 6. Let Ey,..., E, be i.i.d. standard exponential random variables.
aTx —l/rx —TZ/Tx » .
(7) E, 7™ b+ RRyp, if 7 # 0 and 7c # 0
—1 A .
A Pe =9 5P 4 RRy ifo=7x <70 <1

(aTx)_l/TX (log(En_km))_l/TX ﬁk + RRQ,n sz =Tc < Tx < 1,

where

_1L 7z 1 X

X e -tz Lt 7x logl(exp(Kry (En k)~ 7x
(22) ™ B (0= B ) (1 Mt s} T ),

TZ

if0<7tx <1landtc #0

RRs ,, = 7Enﬁfkm <7Z(En17k,n) - 1) y ZfO =7x <70 <1

)
1

(a7x)” 7% (10g(B—p,n)) ¥ ((1 e B 1) L if0=Tc<7x <1

k()’ ifozl

Lemma 7. Under the assumptions of Theorem 1, we have, as n — o0,
ifrx #0 and 7¢ # 0, log(Ay) = 72 log L,k (1 + op(1))
if Tx =0, log(Ax) = alog Lk (1 + op(1))
if Tx #0, and 7c =0 log(Ay) = % loglog Ly (1 + op(1))

Lemma 8. Under the assumptions of Theorem 4, we have, as n tends to infinity,

Op(log L,k) if Tx #0,7¢ #0 and (1x = 7¢ orr < 0),
A 4 Op(L)371og Lyy) if Tx # 0,7¢ # 0,7x # 7¢ and r €]0,1],
j uw™X " logudu = .
Li Op(loglog L) if Tx # 0 and 7¢ = 0,
o]p(log Lnk) lf T = 0.
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