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Base change for ramified unitary groups:
The strongly ramified case

By Corinne Blondel at Paris and Geo Kam-Fai Tam at Nijmegen

Abstract. We compute a special case of base change of certain supercuspidal repre-
sentations from a ramified unitary group to a general linear group, both defined over a p-adic
field of odd residual characteristic. In this special case, we require the given supercuspidal
representation to contain a skew maximal simple stratum, and the field datum of this stratum
to be of maximal degree, tamely ramified over the base field, and quadratic ramified over its
subfield fixed by the Galois involution that defines the unitary group. The base change of this
supercuspidal representation is described by a canonical lifting of its underlying simple char-
acter, together with the base change of the level-zero component of its inducing cuspidal type,
modified by a sign attached to a quadratic Gauss sum defined by the internal structure of the
simple character. To obtain this result, we study the reducibility points of a parabolic induc-
tion and the corresponding module over the affine Hecke algebra, defined by the covering type
over the product of types of the given supercuspidal representation and of a candidate of its
base change.

1. Introduction

The local Langlands correspondence for a general linear group over a non-Archimedean
local field F' is, roughly speaking, a parametrization of its irreducible admissible representa-
tions in terms of representations of the Weil-Deligne group of F. An extensive study of this
correspondence involves certain important invariants, e.g., L- and epsilon-factors (see [23,24]
for the characteristic 0 case, [33] for the positive characteristic case, and [45] for a recent
proof). Using moreover the processes of automorphic induction and base change [5,26], one
obtains an explicit description of the correspondence in the essentially tame case [14—16].
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When F is of characteristic 0, after [4,28,38,42,44], we know that the local Langlands
correspondence for classical groups is closely related to that for general linear groups, at
least for discrete series representations: their L-packets are parametrized by multiplicity-free
(conjugate-)self-dual representations of the Weil-Deligne group. Therefore, in principle, we
can understand the correspondence for classical groups via general linear groups. For unitary
groups, this theory is explained in the context of base change in [38] (for special orthogonal
groups and symplectic groups, the theory is sometimes called local transfer [6]). More pre-
cisely, the Langlands parameter of an L-packet of a discrete series of a unitary group is the
same as that of its base change, a representation of a general linear group. Hence describing
Langlands parameters for L-packets of discrete series is equivalent to describing their base
changes. This approach was adopted in [1, 2, 7, 8] for supercuspidal representations of small
unitary groups.

In our present paper, we compute a special case of base change for ramified unitary
groups, which complements the previous result in [53] for describing the local Langlands
correspondence for packets of supercuspidal representations of unramified quasi-split unitary
groups. In the previous case, we determined first the inertial class of the base change using the
method developed in [13] (for symplectic groups), and then the exact base change by using
Asai L-functions [22,46]. In the following paragraphs, we will summarize our new results and
the methodology for ramified unitary groups, building on the method in [13] with a new calcu-
lation on modules of Hecke algebras, then we will explain why the previous method involving
Asai L-functions fails.

Let F, be a non-Archimedean local field of residual characteristic p where p is odd, let
F/Fe be a quadratic extension, let V' be a vector space over F, and G = GLp(V). Suppose
that V' is equipped with a Hermitian form defined with respect to F/F,, and let G be the
corresponding unitary group, the fixed-point subgroup of the Hermitian involution ¢ of G.
Take a supercuspidal representation 7 of G, compactly induced from a cuspidal type which
contains a simple character, or in other words, whose underlying self-dual semisimple stratum s
is indeed simple (see [19,36,49] for the related definitions). Suppose that E is the field datum
of the stratum, which is invariant under the Galois involution defined by o, with fixed-point
subfield E,. In our paper, we require that

[E: F]l=dimg V and FE/FE, isquadratic ramified.

We call this the strongly ramified case. The latter condition actually forces F/Fo to be also
quadratic ramified. For the final computation, we additionally assume that £/ F is tamely ram-
ified.

We refer the full detail of constructing supercuspidal representations by cuspidal types
to [19,50] and only specify that, under the above conditions, a cuspidal type is indeed a char-
acter (a representation of degree 1). Suppose that the cuspidal type of a supercuspidal repre-
sentation m of G is of the form pkgo, where k¢ is the p-primary beta-extension of a simple
character 6, in the sense of [13], and p is a level zero character, which is a character of {£1}
in our situation. We now take 6 the self-dual simple character for G whose restriction to the
o-fixed-point subgroup is the square of 6 (see (2.2)), and kg its unique self-dual p-primary
beta-extension (see Proposition 3.2 and the remark after). We also take p a self-dual level zero
character of E* to form a cuspidal type p& ¢ and compactly induce it to a supercuspidal 7 of G.

The following theorem is the main result of our present paper, giving the conditions for
7 to be the base change of 7, which is the only member in its L-packet in our case. To make
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sense of the definition of base change, we have to assume that char(F) = 0. Recall that we
have assumed the “strongly ramified” condition and also that E£/ F is tamely ramified.

Theorem 1.1. Under the above assumptions, suppose that the simple characters 6 and
0 are related as above (or see (2.2)), and the level zero characters p and p are related by

. )f(E/F)—l

Bla, = (E and Bp(wg) = p=1)eP (wE.5),

where

* L is the subgroup of E™ of roots of unity with order coprime to p, and (E) is the
quadratic character of L,

* wE is a chosen uniformizer of E, and ef (@ E,S) is a sign attached to a quadratic Gauss
sum (see (4.20)), defined by wg and the simple stratum s associated to 6.

Then 1 is the base change of 7.

For example, when dim V' = 1, then £ = F. The sign ef (wE,s) is 1, and the relation
in Theorem 1.1 becomes
p(x) = p(x°x) forallx € F*,

which is exactly the base change for characters of U;. When dim V' > 1, we see that p dif-
fers from the base-change of p by a tamely ramified character, or in other words the level-zero
component of the inducing cuspidal type of 7 is not the base change of that of 7. The main
idea here is that: when dim V' > 1, we have to modify our base change formula by modifying
the level zero component p of the cuspidal type, by taking the internal structure of the positive
level component ko into account. An analogous phenomenon was intensively studied in the
essentially tame local Langlands correspondence for general linear groups [14-16]: the induc-
ing type of a supercuspidal has to be modified in order to match with its Langlands parameter.
Similar studies were conducted for quasi-split unramified unitary groups [53], and for symplec-
tic groups [13]. In all these cases, the modifications are incarnated by certain characters (called
rectifiers in the first case and amending characters in the second case) of elliptic tori, defined
by the field data extracted from positive level components and taking effect only on level zero
components, i.e., the modifying characters are all tamely ramified.

We now explain the methodology for the theorem. The first step, following a series of
papers of the first author [9,11,12], is to study the reducibility points of the parabolic induction

7|det]® x 7 = Indgw(ﬁ|det|s X ), seC,

where W is the Hermitian space W =V~ @ V @ V', with each V™~ and V7 just V as
a vector space and V'~ @ VT hyperbolic, and so the unitary group Gy contains a parabolic
subgroup P with Levi component M = G xG. By [47], when this parabolic induction is
reducible at a point s € R, then some twist of 7 is self-dual. Assuming that 7 itself is self-
dual, we can use [38] to show that in our case, 7 is the base change of r if and only if |s| = 1.

We apply the theory of covering types [20] to get a preliminary information about the
reducibility: we construct a type Ap in Gy covering A X A, the product of a pair of types A
and A for 7 and 7, respectively, providing the categorical equivalence

RMART (Gl — Mod-H(Gw . Ap)
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between the Bernstein component of the inertial class of 7 X 7 in Gy and the module category
of the Hecke algebra # (Gw, Ap). When A is self-dual with 6 and 6 related by (2.2), we single
out two candidates for 77 that are self-dual representations in the inertial class of the base change
of i, the two differing from each other by an unramified character of a certain finite order, such
that 77|det|® x 7 is reducible at a point in Rx.

The second step is to further study the structure of the Hecke algebra #(Gw,Ap) as
well as its modules. By [20, 36], this Hecke algebra has two generators, denoted by 7), and 7,
in this paper, each satisfying a quadratic relation

Tj =byTy +cw, we{y z}

When p|, ,. is given as in Theorem 1.1, we can actually normalize Ty, by a positive scalar such
that the quadratic relations for 7), and 7 take the similar form

(Tw + €w)(Tw — ewg” EFy =0, welyz}

where each €, is a sign. We then compute the eigenvalues of these two generators, or equiv-
alently the coefficients by, on the module corresponding to 7|det|® x . The product of 7,
and T is equal to the image of an infinite order invertible element Z in the Hecke algebra
H (M, AR A) for the Levi subgroup M, whose eigenvalue is computed in a different manner.
We then compare the product of eigenvalues of 7y and 7 with that of Z: when 7 |det|® x &
is reducible at s = 1, the signs €y, €., and that for Z are respectively p(—1), ef (@E,s), and
p(@E) (modulo some irrelevant factors which cancel with each other in the comparison), giv-
ing the last condition for base change in Theorem 1.1. The detailed version of this result can
be derived from Theorem 3.4 and Corollary 3.5.

It turns out that the coefficient by, is easy to compute, while b, involves some calculations
similar to [29,30] for large p and [9] for Spy, related to the structure of the simple stratum s. To
keep the computation manageable, we further assume that £/ F is tamely ramified. This is the
condition assumed in [27,43] and the series [14—16] (see also the warning in [19, (2.2.6)]), as
well as in [54] more generally. It also facilitates comparisons, by the second author in [51,52],
between the essentially tame local Langlands correspondence for inner forms of general linear
groups [14—17] with the twisted endoscopy theory [31,32].

Finally, we show that 7 is indeed the base change of 7 using a finiteness result from
Meeglin for the possibilities of 7 such that 77|det|® x 7 is reducible for some s € R (see
[38, 4. Proposition], [39, Theorem 3.2.1] for quasi-split groups, and [40, 8.3.5] for non-quasi-
split groups). The result is obtained from Arthur’s endoscopic character relations [3] and their
generalizations in twisted endoscopy [41, XI.], which require that char(F’) is 0. It is possible
that we could apply an approach analogous to [13, Theorem 2.5] to compute the reducibilities
of 77|det|® x 7 for all & and obtain a finiteness result similar to Mceglin’s without the charac-
teristic requirement, but in our strongly ramified case we rather take the above shortcut using
Moeeglin to simplify the discussion. (See [21] for a result on the local Langlands correspon-
dence in positive characteristic for split classical groups without using reducibilities of induced
representations.)

We now briefly explain why the previous method in [53] fails in the strongly ramified
case. According to [38], there is a notion of parity of a (conjugate-)self-dual supercuspidal rep-
resentation of GL,, either conjugate-orthogonal (+) or conjugate-symplectic (—) but not both.
In the non-strongly ramified case, the two self-dual candidates have opposite parities because
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they differ by an unramified character y such that y o Ng,F is conjugate-symplectic. In this
case we can determine the correct base change between the two by computing their parities
using Asai L-functions for example [25]. However, in the strongly ramified case, y o N,
is then conjugate-orthogonal, and so the two self-dual candidates have the same parity (see
Section 3.4 for a detailed discussion). This explains why the previous method no longer works,
and we have to rely on the complete structure of the modules over the Hecke algebra.

1.1. Notations. Let F, be a non-Archimedean local field, with ring of integers ofg,, its
maximal ideal pF,, and residue field kr, = oF, /pF, of cardinality g and odd characteristic p.
Let F/ Fe be a quadratic extension, whose residue field kr = o /pF has g elements, such that
g = ge? in the unramified case, and ¢ = ¢ in the ramified case. Let u p be the subgroup of
roots of unity of F' whose orders are coprime to p.

We denote Ur := 0} and UI]§ =14 pffork € Z>1.1f Ng/F, : F — F, is the norm
map, we denote Ur f, := o Nker Np/f, and U1]§/F. = U}? Nker Ng/f, fork € Z>1. The
Galois group Gal(F/ F,) is generated by an involutive automorphism c.

If A:Z — S is a sequence into a set S, then we extend A from Z to R by putting
A(r) = A([r]) and A(r4+) = A([r+]), where [r] and [r4] are the smallest integers > r and
> r, respectively.

2. Review of known results

2.1. Unitary groups. LetV be an F-vector space. We denote A=Ay =Endf (V) and
G = Gy = Autg (V). Suppose that V is equipped with a non-degenerate (F / Fe, €)-Hermit-
ian form & = hy, where € = ey = +1.If X > X is the conjugate-adjoint on A defined by 7,
we define the adjoint anti-involution X = —X . Note that

*(XY)=-Y*X, X.,Y eA.

We also have the corresponding involution o : X > X! on G.The subgroup G = Gy = G°
is a (connected) unitary group that we consider throughout the paper and whose Lie algebra
is A = A%,

Given an o g-lattice L in V, we denote by L* its dual {v € V : h(v, L) C pr}. We call
an o g -lattice sequence A in V self-dual if there exists d € 7Z such that A(k)* = A(d — k) for
all k € Z. As in [50], we always normalize a self-dual lattice sequence such that

(2.1) d = 1 and its op-period e(A/oF) is even.

Given an o g -lattice sequence A in V', we define an o g -lattice sequence ‘i}’j\, fork € Z,

in A by
Sﬁ]j\ ={x e A:xA(m) < A(m + k) forallm € Z}.

Hence A 5 := EB A 1s a hereditary order in A, with Jacobson radical 98 A= §B A+ We denote by
v the valuation on A associated to A. If A is self-dual, then each EB A is a-invariant, in which
case we put x = SBA

We also define Uy = UX = ?Ij(\ and Uﬁ =1 +9l3A for k € Z>1 If A is self-dual,
then each U¥ A 18 o-invariant, in which case we put Up = Ue A and Uk A=W [’i)" The quo-
tient Gp = Up/U} A 1s the group of Kf,-points of a reductive group G defined over Kg,,
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which is disconnected in general. We denote by UX the inverse image of G(z)\ in Up, where G(}\
is the subgroup of k r, -points of the identity component GOA of Gp.
Suppose that A is a self-dual lattice sequence of the form

A(0) 2 A(1) = A(0)" 2 A2) = prA(0).

Then Uy is a maximal compact subgroup, and Ul(\) is the underlying maximal parahoric sub-
group. When F/F, is unramified, G% is a product of at most two unitary groups relative to
kr /KF,; while when F/F, is ramified it is a product of at most one symplectic group and at
most one special orthogonal group, both defined over kr = kF, (see [50, Section 3.3]).

2.2. Cuspidal types. We recall from [19, 50] the constructions of cuspidal types for
general linear groups and unitary groups. The compact inductions of these types are irreducible
supercuspidal representations.

Lets = [A,r,0, B] be either a simple stratum or the null stratum [A, 0, 0, 0] where, in the
former case, we denote £ = F[f], which is a field contained in A, such that A is an o g -lattice
chain, while in the latter case, we put £ = F and A(k) = Mat,(p F) We denote by Ag
and G E respectlvely, the centralizer of B in A and G, and for k € Z, denote EB AE = SB An Ag
and UK AE = = Uk AN G E- Asin [19, Chapter 3], associated to s we construct

. subrmgs S =95, B C d = 3 p of A and the two-sided fractional ideals $% = $ N Stilj\
and § —dﬂiﬁlj\,forallkez

« subgroups H* = HKB =6N Ujl\C cJk = ffﬂ = S N U’X of G, forallk € Zo,
« €(s) := €(A, 0, B) the set of simple characters of H?,

« associated to each simple character € € (s) the Heisenberg representation 7) = 7z of J -, 1
an irreducible representation that restricts to a multiple of Gon H',

« a beta-extension & of 7 to the subgroup J = J, AB = U A, £J1 (note that among these
extensions there is a unique one Ko whose determinant has order a power of p, called the
p-primary beta-extension).

To construct a supercuspidal representation of G, we require that A is principal, which
is assumed from now on, and also e(A/og) = 2 (note the convention in (2.1)). We take an
irreducible representation p of J inflated from a cuspidal representation of

j/jl = GLn/[E:F](kE)-

The maximal simple type A=FkQ® p extends to an irreducible representation AofJ= E* J,
which is then compactly induced to an irreducible supercuspidal representation 7 = clnd? 1.

Note that if s is null, then by convention we assume that e(A /of) = 2, and e (s) contains
only the trivial character of H1 = =Jl = U ! We take & of Up to be trivial, and choose f to be
inflated from a cuspidal representation of U L A = GL,(kF). The extension AonJ=F*J
of A = p can be chosen by fixing a central character, and so 7 = cIndG A is a level zero
supercuspidal representation.

Every supercuspidal representation of G is obtained by the way above. Moreover, the
maximal simple type A is determined by 7 up to conjugacy, and so is the extended type A
containing A

If V' is a Hermitian space, as in Section 2.1, we call a simple stratum s skew if A is
self-dual and B € A. In this case, all subgroups H',J!, J,and J are o-invariant. If we choose
6, ik, 0, and the extension of A to be self-dual, i.e., o-invariant, then so is 7. Note that the
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p-primary beta-extension kg of 6 is self-dual because of its uniqueness. If f # 0, then —«
restricts to a Galois involution on E. We denote the fixed field by E,. Since A g and i& A,E>Tesp.
GE, UA E,and UA g are invariant under «, resp. o, we define AE/E, = AE, GE/E. = GE,
and ‘BA EJEs UaE/E.> UA EJE. similarly.
When s is skew and sem1s1mp1e following [50], we construct

e subgroups H! := (HY)° c J1:=(JYH)° c J :=J°,

* aset €(s) := €(A,0, B) of semisimple characters of H !, defined as follows: denote the
subset of €(s) of self-dual semisimple characters by f’(s)” and define €(s) to be the
image set of the following map (well-defined since the group H'! is a pro-p subgroup
where p is odd):

2.2) €(s)” — €(s). 0> (]2

which turns out to be bijective since the restriction operation satisfies the properties of
Glauberman correspondence (see [50, Section 5.3] for details),

* associated to each semisimple character § € €(s) the Heisenberg representation n = ng
of J 1, an irreducible representation that restricts to a multiple of § on H!,

* a beta-extension k of 7 to the subgroup J = Up g/g,J ! (note that among these exten-
sions there is a unique one k¢ whose determinant has order a power of p, called the
p-primary beta-extension).

To construct a supercuspidal representation of G, from now on we suppose that Gg g,
has a compact center and the parahoric subgroup U? AE/Ee is maximal in Gg,g,. We take
an irreducible representation p of J inflated from a cusp1dal representation p of G = J/J 1,
a (possibly non-connected) classical group over the finite field kz,. (A cuspidal representa-
tion of a disconnected G means that its restriction to G° is a sum of conjugates of a cuspidal
representation.) The product A = k¥ ® p is then a cuspidal type, and is compactly induced to
an irreducible supercuspidal representation & = cInd?k. If s is null, then by definition €(s)
contains only the trivial character of U [1‘ We again take « to be trivial, and so 7 = cInd?p is
a level zero supercuspidal representation.

Remark 2.1. Note that Gg, g, has a compact center except precisely when it has a fac-
tor isomorphic to the split SO,, (which is just a GL;), which does not happen in our case.
Also, for the parahoric subgroup U AE/Es O be maximal, it is not enough to just assume that
the order L9 ALE is maximal, since there exists such a maximal order whose corresponding
parahoric subgroup is not maximal. See [36, Appendix] for details.

2.3. Covering types. To proceed, we require a larger unitary group Gy defined on the
space W =V L Z. Here Z = Z_ & Z4 is an e-Hermitian space, with Z_ being a finite-
dimensional vector space over F, and Z_ is the dual space of Z with respect to the form

hz((z—,z+), (w—, w4)) = (z—, w4) + € “(w-, z4),

forz_,w— € Z_and z4, w4+ € Z4. The e-Hermitian formon W ishy = h L hz. We denote
the Lie algebra of Gy by Aw, the subspace of fixed points of Ay = Endr (W) by the adjoint
anti-involution defined by Ay .
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We denote by M the Levi subgroup of block diagonal matrices in Gy, isomorphic to
Gz_ x Gy. We denote by P the subgroup of block upper triangular matrices leaving invar-
iant the flag Z_ C V C W, with unipotent radical U and the opposite U~. We denote by
iy : M — Gy the embedding (g, h) — diag(g,h,%g) for g € G, h € G, and abbreviate

I X Y I
X, V)" = I *°X|eU XY) =|%% I eU™.
I Y X I

We can check that these matrices satisfy the relation
(2.3) XX =Y - %Y.
If A4 is an op-lattice chain in Z, we define
A_(k)y=1{z—€Z_:(z-,A+(1 =k)) CpFr}, kel
If B+ € /IZJF, we define f_ € Az_ by

(B-z—,24) = (2=, B+z4), z-€Z_,zy€Zy.

In this general setting, let Ay be a cuspidal type in Gy and let Az _bea cuspidal type
in Gz_ as in Section 2.2. A covering type in Gy for the cuspidal type Az K Ay in M is
constructed in [36], providing a type for the Bernstein component of the smooth dual of Gy
that contains a representation whose cuspidal support comes from a supercuspidal representa-
tion of M containing Az K Ay . The use of covering types in the study of parabolic induction
is briefly recalled in the next subsection. In the context of base change or of the description of
L-packets, most covering types are irrelevant; the relevant ones are those in which the cuspi-
dal type Az_ bears a strong relation with Ay,. In the present work we focus on the case when
the stratum s underlying Ay is skew simple. In this case, and when studying base change, the
relevant covering types are those for which the space Z_ has the same dimension as V' and
the cuspidal type A z_ 1is built from a simple character that transfers in V' to the square of the
simple character underlying Ay (or see (2.4) for the precise relation).

So we proceed to construct covering types for Gy precisely in that case.

Assumptions 2.2. Let us assume the following from now on.
e Z_ isidentified to V as a vector space, and we identify Z4 with Z_by h = hy.
* f— = B = B4; in particular, it means that § is self-dual: 8 = B.

e A_ = A, which is an o g-lattice chain, with £ = F[f]. We moreover assume that Ay is
principal and its o g-period is 2 (hence its o p-period is 2e(E/ F)).

We define a self-dual og-lattice sequence m in W =V L Z of og-period 6 (hence of
op-period 6e(E/F)) by
k—1 k k+1
mi) =A_ (=) ea(S)ea (X)) kez
3 3 3
and two maximal self-dual og-lattice sequences MY in W, where w € {y, z} and both of
og-period 2, such that the set of lattices in the sequence M” is

(A_(k) ® Ak) ® Ay (k) : k € Z),
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while those in Mt~ is
Ak AR A+(k+ 1D, A_k)d Ak +1) DAL (k+1):keZ}.

Given a skew simple or null stratum s = [A, r, 0, 8], we hence have corresponding skew
semisimple strata Sy, = [, ry, 0, B] and sy, = [MY, 1y, 0, B], with w € {y, z}, where B is
embedded into Ay as the block-diagonal matrix with diagonal blocks (8, 8, 8). We now follow
[19,50] to define, for £ = m or MY, with w € {y, z},

* subgroups Hé - Jé C Jg in Gy,

« semisimple characters 8¢ on H{, such that they satisfy a transfer relation with each other,
asin [19, (3.6)], [49, Section 3.5],

* beta-extensions kgpw of Ogpw on Jypw, and k) of Oy on Jy, such that kgpw and «j, are
compatible in the sense of [50, Lemma 4.3],

* unique p-primary beta extension (Jypw, kgpw o), and the one (Jy, k75, ) compatible with
Kapw o (note that k7 is in general not the p-primary beta extension ky,o of Oy).

Since the decomposition W = V L (Z_&® Z4) is properly subordinate to the stratum sy,
the subgroups H,, J}, and Jy admit an Iwahori decomposition of the form

K=K KyK", whereKyy =KNM, Kt =KnNU,and K- =KNU",

for K being one of the compact subgroups just mentioned, and the product can be taken in any
order. We can then show from [50, Corollary 5.11 and Proposition 5.5] that Hj, := H! x H'
and y

Owlp1, = On K04,

where 6 A_ and 6, are simple characters related under the correspondence (2.2), i.e.,
(2.4) On = (Oa_lz1)"2
To construct a covering type, we define
* the following subgroups:
Hp=H)(JaNU)NGy = HL(JL NU),
Jp=Ha UL P)NnGy = HL(JL N P),
Jp=H.(JuNP)NGy = H. (Juu N P),
and also denote J}jf =JpN Ui,

* a simple character 6p on H 11) by extending 6y, trivially to JIL N U, and the unique rep-
resentation np on J [1, containing fp (by [50, Lemma 5.12]),

« for w € {y,z}, an extension k% of np to J} that is the restriction of k¥ to the sub-
space of (JrlI N U)-fixed vectors of 7y (Which can be also characterized by the relation
k¥ = Ind)m™ (@)

m = Jp “P/°
With our construction of 11, the decomposition W = V 1 (Z_&Z ) is moreover exactly
subordinate to sy. By [50, Proposition 6.3], if we write kp|Jy = k* W «™, then k¥ and
k¥ are beta-extensions of 6 and 0, respectively, and k% is self-dual (with respect to o), see
[50, Corollary 6.10].
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We then choose a (product of) cuspidal representation ppr = p X p of Jp, inflated from
Jp/J }1, =~ Jy/J A14 (At this moment, there is no relation between p and p.) Define

Ap =kp ® pm
which is a covering type over A}, := A% |s,, by [36]. Finally, we denote by
my =Y Ra?
a supercuspidal representation of M = Gz x Gy containing the maximal type
A% =¥ AV,
where A% =¥ ® pand A% = k%" ® p.
2.4. Covers and Hecke algebras. At the beginning of this subsection, we use G to

denote the F-points of a connected reductive group over F, and will later switch back to
denote a unitary group as in previous subsections. We recall the following notions from [20].

» Suppose that G contains a parabolic subgroup P with Levi component M. If mps is
a supercuspidal representation of M, we denote by s = [M, mpr]g the inertial class
of ps, and by R®(G) the full subcategory of representations of G whose irreducible sub-
quotients are those of the normalized parabolic induction LIG,I = IndIG) (‘EA},/ 2), where t
ranges over representations in s and A p is the modulus character of P.

* Suppose that K is a compact open subgroup of G. We fix a Haar measure on G such
that K has volume 1. Given a representation A of K on a finite-dimensional C-vector
space W, we denote by H# (G, A) the associated Hecke algebra, which is the space of
compactly supported functions f : G — Endc (W) satisfying

F(kigks) = A(k1) o f(g) o A(ky) forallky,k, € K and g € G,

with an associative C-algebra structure under the convolution

fis fal) = [ A0LGTdx forallg < 6.
The support of every element in # (G, A) lies in the intertwining set
Ig(A) :={g € G : Homgngg-1(A,51) # 0}.
We call (K, A) an s-type if, for an irreducible representation t of G,
7|k contains A <= the inertial class of the cuspidal support of 7 is s,
in which case we have an equivalence of categories
M : R%(G) — Mod-H# (G, L), 1+ Homg(A,1).

We now return to our notations in the previous subsection, suppose that mps contains
atype (Jpm.An), and (Jp,Ap) is a Gy-cover of (Jpr, Apr) (e.g., Ap = AR, forw € {y,z}).
In particular, we have

Apliy =AM
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Since (Jpr, Apr) is an [M, mpz]-type, we obtain:

e that (Jp,Ap)is a [M, mpr]Gy, -type, i.e., we have an equivalence of categories
M : RILTM(Gy) — Mod-H (G, Ap)., T+ Homy,(Ap.1),
* an injective morphism of algebras [20, (8.3), (8.4)]
tp i H(M,Apr) — H(Gw, Ap)
giving rise to the natural functor

(tp)« : Mod-H (M, Apr) — Mod-H (Gw, Ap),
D +— Homge(p,1,,) (H (Gw, Ap), D),

such that the following diagram commutes:

M
(2.5) KRMAM) (G ) ——Y s Mod-J(Gw, Ap)

Ttgw )‘\(tP)*

RIM.7ml(pr) _ M Mod-H (M, Ap|jy,)-

We will be interested in when the parabolic induction
(2.6) |det]® » 7 := (§¥ (7|det)* R xr), s€C,

is reducible, where 7 is a supercuspidal representation of Gz and 7 is a supercuspidal repre-
sentation of Gy-. We stress that in the theory of covers one thinks in terms of inertial classes,
hence the parameter s is complex, whereas in classical references about such reducibilities, the
parameter s is real. In particular, by [47], if (2.6) is reducible for some s, which can be assumed
to be real by twisting 77 by a unitary character, then there is a real a such that 77|det|? is self-
dual and, assuming 7 itself is self-dual, there is a unique real sz , > 0, indeed a half integer,
such that (2.6) is reducible at s = %53 .. We keep assuming 7 self-dual. Let f; be the order
of the stabilizer of 7 in the group of unramified characters of Gz. By [19, Lemma 6.2.5] there
are exactly two self-dual representations in the inertial class of 77, namely 7 and 7', the twist
of 7 by the unramified character |det|/# <. The complex points of reducibility for 7 are of
the form

i
fzlogq

1
2.7 { + 51, £50 + } for some 51, 57 € EZZO’
and those for 7’ take the same form, with s; and s, exchanged. To obtain more information
about these values, we will study the structures of Hecke algebras and their modules in the next
section. We will also recall results of Mceglin about them in Section 2.7.

2.5. Structure of the Hecke algebras. We continue from the constructions in Sec-
tion 2.4, and briefly recall the structure of the above Hecke algebras, referring the detail to
[20,36,50].
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For G, if E = F|B]is the field datum of s, then /5 (1) = J with J/J = E*/Ug = (wE),
where @ is a uniformizer of E. The Hecke algebra #(G, ) is isomorphic to C[Z, Z~1],
where Z, chosen up to a scalar, is supported on the single coset wg J (note that this coset is
independent of the choice of wEg). For G, since Ig(A) = Jp, we have # (G, 1) = C. There-
fore, ¥ (M, X R 1) =~ C[Z, Z71].

We now fix w to be either one of {y,z} and abbreviate kp = K?:’:Il‘ld Ap =kp ® pu,
such that Ap|s,, = A X A. Consider the Hecke algebra # (Gw,Ap). If A is not self-dual, then

H(Gw. Ap)= H(M,ARA) =C[Z,Z7 .

The interesting case happens when A is self-dual, in which case it is known (see [50, Corol-
lary 6.16] and [12, Proposition 3.3]) that

rank%(M,ng)(J(’(GW,)Lp)) =#(Ng,, (M, n X ])/M) = 2.

The Hecke algebra # (Gw , Ap) has two invertible generators T,, for w € {y, z}. To describe
them precisely, we choose two elements sy, and s, (for example, we may choose s; and s{”
in [50] or [12]), each of which is a generator for the normalizer group Ng, ([M,7 X x])
mod M such that

syJpsy CJg and s;Jpis;' CJp.

and moreover ¢ := sy5; = ip(wgl, ) which is a P-positive element in the sense that
¢JgtcJy and TlptcCUp.

(If we have chosen P~ instead of P to define our covering type, then we have to switch y
and z.) Each of the two generators Ty, for w € {y, z}, is supported on the single double coset
JpswJp and is defined up to a scalar. We choose the scalars so that they satisfy

(2.8) Ty * T, =tp(Z), inparticulartp(Z)($) = Ty(sy)T2(sz).
They also satisfy quadratic relations
(2.9) Tw * Ty =byTy + cyl

for certain real numbers by, and c,,. Here 1 is the unit in #(Gw, Ap), which is the function
supported on Jp with 1(1) = I ,, the identity operator on the representation space of A p.
For direct formulas for the coefficients, we follow [9, Section 1] and obtain

(2.10a) ¢y = (dimAp) ' [JF sy sy te(Ty(sy) Ty (s, ),
(2.10b) by = (dimAp)~! > tr Ty (u),
ueSyJ;;Sy‘/ﬁP_JPSy./P

and similarly

(2.11a) ¢z = (dimAp) sz Jp syt TF (T2 (s2) T2 (s51)),
(2.11b) b, = (dimAp)~! > tr T, (u).
uesZJ;sz_l :JPSzJp

Ip
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Later in (2.17) we will choose sy, such that sﬁ, € Ju, so that we may normalize each Ty, up
to a sign, such that

(2.12) Tw(sw)® = Ap(s)
which is equivalent to requiring that
Tw (sw)Tw (S;I) =1,

and so that ¢, = [Jl,',F :syJpsyland c; = [sz JIISZ_1 : J;r] are both positive.

Indeed, by [50, Section 7.1], each Ty, comes from the generator of # (Uppw g, p X p)
which is then reduced to a Hecke algebra for the finite reductive quotient (not necessarily
connected)

Gw = Umnw,£/ Ugpu g -
By Lusztig, under a suitable normalization of the generator that we will denote by 73, to avoid
confusion, the quadratic relation can be written as

(2.13) (T + 1) % (T — g 1) =0

for certain integers ry, > 0. The values of ry, can be determined by the method in [13, 34]
combined with Lusztig’s classification [35]. In our present situation, we can also compute
these values by comparing the coefficients, or more precisely the eigenvalues, between (2.13)
and (2.9), which will be done in Section 4.

2.6. Modules over Hecke algebras. It is worthwhile to mention a result, in (2.19)
below, from [12] about the real parts of the points of reducibility, i.e., the values of s1 and s»
in (2.7), which are enough to determine the inertial Jordan blocks (cf. [13]) of a supercuspidal
7 of G with type A. The result will be recalled after some prerequisites on modules over Hecke
algebras. ~

Suppose that 7 = cInd? A, where A extends to J the representation X of J. We abbrevi-
ate Hg = H (G, ;\) and recall the equivalence of categories

Mg - RIOTN(G) > Mod-#(G, 1), 7> 7 := Hom;(1, %),

where the J{-action on Tis given by

@ f)w) = /G Hgogo flg)w)dg, $et fedg weV;

(Here Vi is the representation space of )1, and recall that we fixed the Haar measure on G such
that the measure of J, is 1.) In particular, we have

(2.14) ¢-Z =t(wg)opoZ(wg).

The group of unramified characters of G acts on RIG .7 1(G) by

1 T=T®J.
and on J 5 by i
- Hx) =10 f(x), feHg xeG,

which induces an action on Mod-J# naturally. The equivalence map M is hence equivariant
under this action.
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We now turn to our constructed type Ap in Gy and abbreviate Hy = H (M, Ap|,,)
and #g,, = H(Gw.Ap).Fors € C, we denote by Dy the simple right #3s-module

My (7w |det]* X ) = Homy,, (Apr, 7|det]® X 7),
necessarily one-dimensional. We then denote by X the right #g-module
M(7|det]® x ) = Homy, (Ap,7|det|* x w) = Homy,, (¥g, Ds),

where the last isomorphism is given by the commutative diagram (2.5).
On the other hand, the morphism #p that renders diagram (2.5) commutative satisfies

(2.15) tr(2)(©) = Ap()~V2Z(wE),

where Ap is the modular character of P and { = sys, = iy (wgl, 1) as in the previous
subsection.

By (2.14), the scalar action of Z on Dy is given by q%i(wgl)Z(wE). Since (2.15)
relates Z(wg) and tp(Z)({), and the latter is given by (2.8), we get the scalar of the action
of Z on Dy as

(2.16) a5 AP () PA(@ g Ty () Tx (s2).
We now impose an assumption that
« the operators A (@), Ty (sy), and T%(sz) on V3 have finite orders.
This assumption can be easily satisfied when A is self-dual and sy and s, are chosen to be
simple enough; for example, we can and do pick
I —wg'l
2.17) Sy = 1 and s, = 1 ,
1 DE 1
which by (2.12) means that T} (sy)2 = 1 and T, (s;)?> = A(—1) K A(1). (The /s at the anti-
diagonal corners of sy, and s, are the identity matrix under the identification of Z_ and Z in
Assumptions 2.2) We also use the fact
Ap(©) =g 1 LIFC = [syd fsy s Tplls=pss 2 JE)

which is just ¢y ¢, with our normalization which, we point out, is only up to sign so far. We write
ci,/ 2 for the positive square root of ¢y,.

We now compare the quadratic relations (2.9) for Ty, and (2.13) for 7y, a scalar multiple
of Ty, and obtain, for w € {y, z}:

bw = €wC3U/2(qrEw/2 - qz'rW/z)

’

where €,, is a sign. Hence the eigenvalues of T3, are

1/2

—rw/2
cwch 1/2 —rw/

qg"/z and  —eycy qg
and the possible products of eigenvalues of 7y and T are

(2.18) eyEZC;/chl/zq;EE(ry+rz)/2 and _Gyezc;/zczl/Zq;;E(ry—rz)/2.
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When 7 |det|’ x 7, and hence X, is reducible, the eigenvalue of zp (Z) on a one-dimensional
submodule is a product of one of those of 7y and one of those of 7;. By comparing the absolute
values of (2.16) and (2.18), we obtain

ry + 71z |V y — Iz |

2.19 s =122, .
(2.19) {51,582} { > 7
In Section 4, we will provide more detail about the products of eigenvalues, and obtain the con-
ditions on the cuspidal types for which reducibilities happen. In particular, we will determine

the signs €, and €, under the above setup, deriving them from (2.10) and (2.11).

2.7. Meeglin’s results. In this subsection, we provide two results due to Mceglin, for
which we require the characteristic of F' to be 0. The first one is called a finiteness result in
[38, 4. Proposition], and is improved in [39, Theorem 3.2.1]. The second one is a parity result
on Langlands parameters [38, 5.6. Proposition]. See also [40, 8.3.5] for non-quasi-split groups.

Given a supercuspidal representation 7 of a unitary group G = Gy, then

(2.20) > > bdimV;z =dimV,
T b>0
b=2s7—1 mod 2

where the sum ) - ranges over all supercuspidal representations 7, each of which is a super-
cuspidal representation of a general linear group G~Vﬁ for some space V3, such that 77 |det|® x 7
is reducible at s € %Z with s7 > 1. In particular, in the extreme case (which is studied in this
paper), if there exists such a 7 with dim Vz = dim V, then it is the unique such representa-
tion that gives rise to the reducibility above with sz = 1, in which case 7 is the base change
of .

We now switch to the Galois side and look at Langlands parameters. We recall that ¢
is the generator of Gal(F/F,). We call an (semisimple, smooth) irreducible representation ¢
of Wg (conjugate-)self-dual if ¢ =~ 2@ := “¢", where

“G(w) = ¢(c 'we) forallw € Wr,

and @V is the contragredient of ¢. Hence an irreducible representation ¢ is self-dual if there
exists a non-degenerate bilinear form B on V := C9%2% such that

B(¢@(w)u, g(w)v) = B(u,v) forallu,v e Vandw € Wg.

We also define a parity on ¢: call ¢ conjugate-orthogonal (resp. conjugate-symplectic) if,
furthermore,

(2.21) B(u,v) = sgn(@)B(¢(c®)v,u) forallu,v eV,

where sgn(¢) = 1 (resp. —1). The parity of ¢, as an irreducible representation of W, can also
be defined using Asai L-functions: if r4 is the Asai representation of GL(V) (see [37, A.2.1]),
then ¢ is conjugate-orthogonal if and only if

(2.22) L(s,@,rq):= L(s,rg0¢), s€C,

has a pole at s = 0.
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3. Ramified unitary groups

In this section, we will impose a condition on our inducing types (see Definition 3.3),
the “strongly ramified” condition. The reason of imposing this condition was explained at the
end of the introduction section. We will see that this condition forces our unitary group to
be ramified, i.e., F/F,o is ramified, and our inducing types take a simple form. With these
types, we will state our results on the values of the coefficients by, for w € {y, z}, the points of
reducibility in Section 3.2, and the base change of supercuspidal representations in Section 3.3.
The calculations will be postponed to Section 4.

3.1. The strongly ramified case. We first return to the setup in Section 2.2. To proceed,
lets = [A,r,0, §] be a simple stratum, and denote E = F[f]. Together with s is a sequence of
approximating simple strata s; := (2, 7, ri,vj+1], for j =0,...,d, satisfying the conditions
in [19, (2.4.2)]; in particular,

(i) the simple stratum s; is equivalent to [, r,r 7. Vil
(i1) if we denote by
« B ; the centralizer of y; in A,
« B; = B; N, and
* s; the tame corestriction of A relative to F[y;]/F,

then the derived stratum [%j-}-],rj, ri —1,sj+1(y; —yj+1)] is equivalent to a simple
stratum, say [B;+1,7;,r; — 1,6;].

The numbers {r; };1=0 are the critical exponents of s. For the moment we do not require the
definition, but the simplicity of [B;1,7;,r; — 1,;] implies that vg - (6;) = —rj.

We now assume that s is skew, we can apply [48, (1.10)] and do choose all s ; to be also
skew. If we also choose the tame corestriction s; to be a-equivariant, then we can also assume
[ffij_,.l, rj.rj —1,8;] tobe skew. Let E,q be the subfield of E fixed by ¢ = —«. We now impose
the following condition on the field extension £/ E,:

3.1 E/E. is a quadratic ramified extension.

This condition implies that e = e(E/F) is odd. If K is an intermediate subfield between E
and F, and K, is the fixed-field of K by the involution —, then K/K, is also quadratic
ramified. In particular, our unitary group is forced to be ramified.

Proposition 3.1. When E/E, is ramified, all {r; };.i=1 are odd.

Proof. Let [B j+1,1j.1rj —1,8;] be the simple stratum equivalent to the derived stra-
tum [%j+1, rj,rj —1,8;41(y; — yj+1)], which is assumed to be skew; in particular, we have
§; = *§;. Hence —« defines an involution on the field F[§;] whose restriction to F is ¢, the
Galois conjugation of F/F,. We denote its fixed field by F[§;]e. By [19, (2.2.8)] and since
e(E/F) is odd, e(F[§;]/F]) is also odd. This implies that F[5;]/F[6;]e is ramified. The
a-invariance of §; implies that vg(s;1(5;) is odd, and so is

rj = —vr(s;)8))e(E/F)/e(F[8;1/ F). )
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This proposition facilitates our calculations remarkably. First of all, we immediately see
that J! = H! from their constructions [19, Section 3.1]. We also have J 1 =H]l my since
I1Y is a dilation and shift of a lattice sequence equivalent to A, and as for Jin A H 1 we
just note that the critical exponents of (8, 8, B) are {3r; };i=1. The Heisenberg representation
containing a simple character 6 is just 6 itself, and so any beta-extension of  is a character.
If moreover 6 is self-dual, which is assumed from now on, then the p-primary beta extension
i admits further self-dual extensions to J. We can list them by first fixing uniformizers @ r
and wg for F and E respectively, whose squares belong to Fe and F,.

Proposition 3.2. There are two choices of self-dual extensions k of ko, given by

i(wp) =+l and i(wp) = i(wE).

Proof. The p-primary condition on ko implies that it is self-dual and k|, ., = 1. With

the choice of wr, we have ‘wr = —wp,andsok (wr)? = k(—1) = 1. Also ‘wg = —wp,
so a similar argument shows & (wg)? = 1. To show the last equality, we write WE = WFZU
for some z € pp = pg, and u € U1 The facts that “@g = —wEg and e is odd imply that

uelg 1 Since 6 is self-dual and has order a power of p, we have k(1) = 9(u) = 1. We now
have lc(wE)e = ik (wF). Since e is odd, combining with & (wr)? = k(wg)? = 1, we have
k(wF) = k(wEg). This completes the proof. m]

For convenience, we pick the extension ¥ = k¢ such that ko(wg) = 1 from now on.
Finally, we choose our covering type Ap = kp ® pps such that

Kp =K;),,

since in this case kp|,, = kKo W ko, i.e., itis p-primary.

We also take a self-dual level-zero type p of J = E*J,ie. itis an extension of a rep-
resentation 5 of J inflated from an irreducible cuspidal representation of J /J ! = GLs, (kg),
where fo = n/[E : F]. Denote by E’ the unramified extension of £ of degree fo in A, so that
E’* is embedded into G accordingly. Associated to p is a level-zero character E = f 5 of E
which is Gal(E’/ E)-regular (which is equivalent to say that §| U, is Gal(E’/ E)-regular), such
that p is self-dual if and only if g is, in which case it implies “that either fo =1 or else, by
[43, Lemmas 2.1 and 5.1], the conjugation —« on E extends to E’ which is unramified over
the fixed field E, = (E’)™%, and in particular fp is even.

We postpone the discussion of the case fo > 1 to Section 3.4 and proceed to our main
results under the condition fp = 1. The reason of imposing this condition is accounted for
in Proposition 3.13: if fy > 1, the two candidates for the base change do not have the same
parity, therefore the decision between them can be made by computing Asai L-functions, as
was briefly explained in the last paragraph of the introduction.

We hence look at the case when

(3.2) fo=dimpg V/[E : F] =1,
so that p = § 5, 1.€., p is a self-dual character. In this case,
p = P|u is at most quadratic and p(wr)? = p(—1),

so that p(wg) is a fourth root of unity.
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Let A be an extended maximal simple type of the form k¢ ® p, where k¢ is the unique
extension of a self-dual simple character given by Proposition 3.2 with ko(w@wg) = 1, and p is
a self-dual level-zero type. We summarize the above conditions in the following terminology.

Definition 3.3. We call the extended type A for G, as well as its induced supercuspidal
representation 7, strongly ramified when both (3.1) and (3.2) are satisfied, and similarly for A
and & for G.

Finally, we recall from [35, Section 5] (or see [34, Section 7.6]) the values of the inte-
gers ry,, with w € {y, z}, that appear in the quadratic relations in (2.13) at the end of Sec-
tion 2.5. From our construction we have

Gy = O3k, sothatr, =1,
and also
1 if pis trivial,
G, =S x O , sothatr, =
: P2k Lkr ‘ {0 otherwise.

From (2.19) the positive real parts of the points of reducibility are
{0, 1} if pis trivial, and {1/2,1/2} otherwise.
There is a support-preserving algebra morphism from [50, (7.3)],
H(Umw g, p R p) — H(Gw,Ap) foreachw € {y,z}.

Hence if we view each generator T, as an endomorphism of the module X corresponding
to the parabolic induction 7|det|® x 7, then the above results, combining with the quadratic
relation (2.9), imply that

(3.3) by = €w(qE — (cw/q) ">,

where €,, is a sign. We will provide the precise value for the sign €,, in the next subsection,
with calculation given in Section 4.

3.2. Reducibility results. To state the main result on the eigenvalues for the quadratic
relations, we impose the following assumptions which are used in Section 4.

* We take a strongly ramified supercuspidal representation w of G, i.e., if (6, p) is a pair
consisting of a simple character and a level zero cuspidal representation defining 7, then
that £/ E, is ramified and dim V/[E : F] = 1.

* The extension E/F is tamely ramified, which allows us to assume that E; = F[y;]
is contained in E;_; = F[y;_1] for all j, forming a tower of intermediate extensions
between E and F'.

We also take a supercuspidal representation 7 of G constructed by (é, p), with 6 = (é | Hl)l/ 2,
satisfying the same conditions above, i.e., 77 is strongly ramified, and £/ F is tamely ramified.
The following theorem will be proven in Section 4:

Theorem 3.4. Suppose that & and 7 satisfy the above conditions.

(i) The coefficient by of the quadratic relation of Ty is
by = B(=2)p(=DTy(5y)(qE = Diey/qp)"">.
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(ii) The coefficient b, of the quadratic relation of T, is given as follows.
(2) When ply, = (E)f(E/F), then b, = 0.
(b) When ply,, = (E)f(E/F)—l, then

by = p(=2)el (W, $)To(s2)(qe — 1)(cz/qE)"?,

where ef (wE,S) is a sign, associated to a quadratic Gauss sum and determined by
the choice of wg and the simple stratum s.

(The exact value ofef (wE,s) is given in (4.20).)
For the purpose of base change, the case when p|, . = (E)f (E/F) is unimportant.

Corollary 3.5. The following statements hold.

(i) The two eigenvalues of Ty are
—B(=2)p(=DTy(s;)(cy /qp)"? and  B(=2)p(=DTy(sy)(cy/q8)" 4.
(i1) When ply, = (E)f(E/F)_l, the two eigenvalues of T, are

—p(—2)ef (wE,9)T:(s:)(cz/qp)? and  p(—2)ef (wE,9)T:(s:)(cz/qE) " *qE .

We now choose 7 = ﬁ(é, p) with

N\ SE/F)-1 3 »
Pluy = (—) and p(wEg) = p(=De; (DE.S).
RE
This leads to the following desired result (see the next remark for the other choice of p|y ,.).

Corollary 3.6. The points of reducibility of 7w |det|® x 7 are
i

+1 .
logqg

Proof. Since the eigenvalue of 7p(Z) is the product of eigenvalues of T, and T, the
comparison in (2.16) gives

(3.4) Py = L (wE.s)p(=1) - (=1 or gE1).

The corollary follows by solving s. |

Remark 3.7. If p|,, = (E)f(E/F% then we put p(w ') = £p(—1)5(=2)p(—1)1/2
and use similar arguments as above to show that points of reducibility are

1 1 i
+—- and £ -+ .
2 2  loggkg

The choice of the square root 5(—1)!/2 for p(wg) does not matter as we will discard this case
for base change anyway.

The following remark explains Corollaries 3.5 and 3.6 are independent of the various
choices made throughout the progress.
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Remark 3.8. Note that both Ty, (sy,), for w € {y, z}, have been cancelled out in (3.4).
Indeed the reducibility points, as well as the base change result in Theorem 3.9 below, are
independent of the normalizations of T, (and also that of Z) and the choices of s,,. Moreover,
as explained in Section 2.5, if we have chosen P~ instead of P, then we need to switch the roles
of y and z. In this case, ef (wE, s) should then be denoted by ef ~(wEg.s). Our corollaries are
clearly independent of choosing P or P™.

3.3. The main result for base change. Let us first look at a simple case when the
representations are characters, in which case £ = F. The base change p of a character p from
Ui (F/F,) toGL{(F)is

p(x) = p(x°x) forx € F*

or more explicitly,

(3.5) Plwtye = Blwpe)'? Blup =1, and p(@r) = p(=1).

Note that the restriction p|, ,. has no relation with the level-zero part of p, i.e., the character of
the finite reductive quotient of Uy, which is O; = {%1}. However, if we change p by twisting
a quadratic unramified character, then p(—1) is changed to another sign.

We now consider the strongly ramified supercuspidal representations 7 = 7 (6, p) and
T=7 (é , p) as in Definition 3.3. The following theorem, the main result of our paper, provides
the relations between (6, p) and (é, p) for which 7 is the base change of 7.

Theorem 3.9. Suppose that char(F) = 0, and the simple characters 6 and 6 and the
tamely ramified characters p and p are related as follows.

(i) 6 =@lg)">
(i) plu, = () B, and
(iii) p(wg) = ,o(—l)eéD (wE,s), where ef (@E,S) is the sign appearing in Theorem 3.4.

Then 7 is the base change of 7.

This can easily be deduced from the reducibility result in the previous subsection,
together with the finiteness result of Mceglin (2.20). One may notice that (3.5) is a special
case of the theorem.

Remark 3.10. We will prove in Proposition 4.8 that relation (iii) in Theorem 3.9 is
independent of the choice of the uniformizer wg.

Remark 3.11. By [38, 7.1], if in general a discrete series parameter, when viewed as
a representation of the Weil-Deligne group, has k irreducible components, then its correspond-
ing L-packet contains 2k=1 members. In our case when the base change representation is super-
cuspidal, then its parameter is an irreducible representation, and the L-packet is a singleton.

3.4. Appendix: The strongly ramified case and parity. This appendix is a sequel to
Section 3.1, and does not intervene with our main results. We do not assume that F/F, is
ramified.
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We provide a result on the parity of a (conjugate-)self-dual supercuspidal representa-
tion. To this end, we have to switch to the Galois side via the local Langlands correspondence
for GL,,, and assume that char(F) = 0. We call a self-dual supercuspidal representation 77 of
a general linear group conjugate-orthogonal (resp. conjugate-symplectic) if the Asai L-function
[46] for 7,

L(s,m,rq), seC,

has a pole at s = 0. By [25], we know that 77 is conjugate-orthogonal (resp. conjugate-symplec-
tic) if its Langlands parameter is so (see (2.21) and (2.22)).

Remark 3.12. A (conjugate-)self-dual character ¥ of GL1(F) (i.e., © ¥ = j) is conju-
gate-orthogonal (resp. conjugate-symplectic) if and only if )|g < is trivial (resp. is equal
to 8/ F,, the character on Fo™ with kernel the norm group Ng,fg, (F*)). In particular, the
quadratic unramified character | - |/ /logq jg conjugate-orthogonal (resp. conjugate-symplectic)
when F/ F, is ramified (resp. unramified).

Let 77 be a supercuspidal representation of the group Gy =~ GL,(F), containing a simple
character with underlying stratum s = [A, r, 0, 8]. Denote the field datum E = F[f] and put
fo=n/[E : F]. Then f; in (2.7) is equal to fo f(£/F). Similar to the construction discussed
in Section 3.1, let E’/E be an unramified extension of degree fp, such that the associated
level-zero component corresponds to a Gal(E’/ E)-regular character of E’*. Suppose now 7
is self-dual, and —« restricts to a conjugation on E extending ¢ on F. The conjugation then
further extends to E’ with fixed field E, C E’ (see [43, Lemmas 2.1]). If £/ E, is unramified,
then of course E’/E is unramified and fy is odd. If £/ E, is ramified then, again as discussed
in Section 3.1, either fo = 1 and so E = E’, or else fy is even and E’/E, is unramified.

Proposition 3.13. A self-dual supercuspidal representation 7 is of the same parity as
its twist 7' := 7 |det|TI/SOVCAE if and only if 7 is strongly ramified, i.e., fo = 1 and E]E, is
ramified.

Proof. Let T/F be the maximal tamely ramified sub-extension of E/F, and T’ be the
unramified extension of T of degree fy with fixed field 7, = T’/ N E.. Since E'/ T’ is totally
ramified of degree a power of p which is odd, we have T’/ T is ramified if and only if E'/E,
is ramified. The discussion prior to the proposition then implies that

T'/ T/ is ramified if and only if 7 is strongly ramified.
From [18, Chapter 1], suppose the Langlands parameter of 7 takes the form
IndT/F (® IndT//T g) ~ IndT//F (RCST//T a® g),

where « is an irreducible representation of ‘Wr, and § , as a character of T'*, is viewed as
a character of 'Wr+. Denote by | - [y, the unramified character of ‘Wr-. The Langlands param-
eter of 7’ is therefore

- bt (/1 ’ ~ bt i /1 ’
Ind7//r(Resg /7@ ®§) ® |- Wﬁ 97" ~ Indg//p (Resgr/7 & ® &| - I%;,quT ).

Since the parity of a representation is preserved under induction, the proof is done by the
remark before the proposition, that | - |7;l// logdr7 i conjugate-orthogonal if and only if 77/ T}

is ramified. O
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4. The coefficients

The whole section is devoted to proving Theorem 3.4. It suffices to compute the values
of by, for w € {y, z}. We do not require that char(F) = 0.

We begin by recalling the explicit form of Jp 1. First of all, we recall and expand the
subrings $and § ¢ in Section 2.2,

55 SSAB = %A E +1}X0£‘?)+ + . +1}XdEdl/2)+ + %(rd/2)+’

3 =3np —?IAE‘FSBrO/z +- +‘-Brd 1/2+$r"/2

By [10, Proposition 1],

4.1 sl=1 & 3 30 N Aw.
w30 S §!
In the strongly ramified case, since all exponents r; = 2s; + 1, fori = 0,...,d, are odd, we
havedA—ﬁA We can show that 5. —851 andJ1 H1 —J1

Note that we have chosen certam convenient normalizations of Ty, forw € {y,z},and Z
in the relation tp(Z) = T), * T to simplify our calculations. Following [9], we may choose T,
such that
T (sw)Tw (SEI) =1,

which can easily be shown to be equivalent to requiring that Ty, (sy)? = Ap (s2)).

4.1. Computation of by,. We use formula (2.10b) to compute by,. Recall that it is

by = (dimAp)~! > tr Ty ().

Syj;fsyﬁJPSpr

ue
Ip

The condition Jél = HIL implies that dim Ap = 1, so that the sum becomes
by = > Ty (u).
ue(syJ;,"syﬂJpspr)/J;

With the matrix presentation, we put u = (X, Y)™ with notation in Section 2.3, we hence com-
pute 7, ((X,Y)™) foreach (X,Y)™ € (s) JI}Lsy N JpsyJp)/Jp . Wealsorecall (2.3) which we
use repeatedly

4.2) XX =Y — @Y.
We take
I
sy = 1
I
If
I
X, Y)" =|2x 1| €syJpsy/JIp,

Yy X 1
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then from (4.1) we have
Xe3%%" and Y € wglfol/wEgo.

Also, we write
supp(Ty) = JpsyJp = J5 sy JuJ g

sothat (X,Y)™ €y J}'fsy N JpsyJp can be written as

I I °vyx Y1 I
oy = I %CYX) I
Y X I I I
Y 1 Y lx y—!
I—“XY X 1 Yy x|,
oy 1

or in simplified symbols,
(4.3) X, Y) =YX,y HFt s, iV, 1 -*XY'X)- (Y "'x, v HTt,
Lemma 4.1. Each coset in (syJ ;,r sy N JpsyJp)/Jp has a representative of the form

(X, Yo(I +Y") " withYy € pg and X € (o \pg) mod pg such that 2Yy = —X? mod pg,
and I +Y' e JL.

Proof. The coset space 3’ 0/ S! containing X, when viewed as a kg-vector space, takes
the form (og /pg) P (§1/S%1). If rj = 2s; + 1 are odd, then [?1 = $!, and so we can choose
X € og mod pg. If furthermore (X, Y )™ € Jpsy, Jp, then Y is forced to belong to J by (4.3),
which allows us to choose Yy € . The relation (4.2) implies that 2Yy = —X 2 mod PE, SO
that X ¢ pg, and Yy is uniquely determined by X. Hence the lemma follows. ]

From (4.3) we obtain
Ty((X.Y)7) = Ty(sy)A(Y)A(I —%XY 1 X).

The following lemma shows that it is indeed a constant.

Lemmad.2. Forall (X,Y)™ € (syJg sy N JpsyJp)/Jp,

Ty((X,Y)7) = p(=2)p(=D) Ty (sy).
Proof. Since now X € J is invertible, we have
[-°XYy'x = -oxyloy-texy-!
and so
A =%XY7'X) = p(=D)OY°Y) = p(-=D)O + YT +Y')" L.

On the other hand, that 2Yy = —X? mod pg implies that

A(Y) = p(Yo)0(I +Y') = p(=2)0(I +Y').
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Since 6 and 6 are related by (2.2), we have
61 +Y)=0(I +Y)°(I+7Y"),

and the lemma follows. O

By combining the above two lemmas with (3.3), we obtain

by = p(=2)p(—1)Ty (sy)(qE — D(cy/qE) "%
This proves Theorem 3.4 (i).

4.2. Computation of b;,. We use formula (2.11b) to compute b,. Recall that it is

b, = (dimAp)~! > tr Ty (u) = > T, (u)
uesz./;sz_]rjrjpsz.lp uGSz.I;sZ_l;\JPSzJP

P Ip:
asdimAp = 1. We put u = (X, Y)™ with notation in Section 2.3, and compute 7, ((X,Y)™)

for each (X,Y)T e (sz_lJ;sZ N JpsZJp)/J;{. We take

—wEll
Sz = 1
ZD'EI
If
I X Y
X. V)" = I °X | es; ps:/JH,
1

then we have
X ewz'$1/3% and Y e w330/ wp!SL
We also write
supp(Tz) = JpszJp = Jp Ims:zJp,
so that (X,Y)" € Jps;Jp Ns;Jp s, can be written as

I X Y I [ —Ywg
I X | =|%%Yy~! I I —*Xy~lx
I Y=t eexy Y 1] Yoi!
—wg' [ 1
I axoy I ,
wgl JLYt ¢@x°y) I

or in simplified symbols,
44 XNt =Crx. Yy Y iy(~Yop. I -*XY7'X).5,- (Y IX, Y )",

If we write ¥ = ywz'(I +Y’) with y € og mod pg and [ + Y’ € J' = H', then from
(4.4) we can assume that y € u ;. We hence obtain

(4.5) T:((X.Y)%) = 6(=0)0( + YN0 = *XY ' X)T2(s2).
In the following subsections, we will expand and simplify é([ +Y')and O(1 —*XY 1 X).
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4.2.1. Expanding simple characters. We fix an additive character iy of F of conduc-

tor 1, which means that it is trivial on pz but not og. If ¢ € A with vp(c) = —r, then
Ve:l + X ypotryp(cX)
defines a character on the compact subgroup UI(\r/ 2+ which looks additive, in the sense that

Ve +X)T +Y)=vc.(I+X+Y).

Recall from Section 3.1 that, given the skew simple stratum s = [A, r, 0, 8], we have an
approximation by skew simple strata [A,r,rj,yj+1], j = 0,...,d, equivalentto [A, 7,7}, y;].
We denote ¢; = y; —y;j+1 (Where we take yz4+1 =0) and E; = F[y;]. Wehave va (¢j) = —r;.
Since rj = 2s; + lisodd, (r;/2)+ =s; + 1.

The compact subgroup H! factorizes as (by [19, (3.1.15)] inductively)

46) OLOEY - O g+,

Denote H' = H' N U} forall > 1. A simple character 6 = Gy € €(A, 0, B) takes the fol-
lowing inductive form: for j = 0,...,d + 1,

9j|0/s\j;jl‘+l =§; Odetéj
=7
~ P 1 .
for some character §; of U;;Jj 1+ ,and for j =0,...,d,

0; |P~Isj+1 = 9]'_4_11#0_1.

for some simple character 8.+, € €(A,s;,y}).
Similarly, 6 is defined on

(47) Hl — Ué‘/E USO+1 A Usd—1+1 USd“l‘l

AEi/Eer’ N.Eg/Eeq  A,F|Fe
and takes the form
0] s;i_y+1 =E§& odets
j|UAj,Ejl~/on g B;
for some character §; of UE’ /};rl and j =0,...,d + 1, and
9./'|Hsj'+1 = 9./'+11/’cj-/2
for some simple character 641 € €(A,s;,y;) and j =0,....d.

Since @ and 6 are related by (2.2), we can and do assume similar relations between 9
and 6}, and also between Sj and &;, i.e.,

& = Eilyy e

E /E./

_ In the following subsections, we call the factors of 6 involving § 7 the multiplicative parts
of ¢, and those involving ¥, the additive parts, and similarly for 6.

4.2.2. Cancellation of multiplicative parts. We recall that we have written
Y =ywz' (I +Y),

withyepugand I +Y' € H'. We first compare the multiplicative parts of 6 (I +Y’) and
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O(I —*XY ' X) by rewriting
61 +Y)=6(I+YN(I+Y))=p-10—XXYy H1,
and so we are actually comparing
01 —*XY'X) and 6O(1 — X°XY V).
Starting from the proposition below, we have to assume that
E/F is tamely ramified.
This condition allows us to assume that each field £; = F[y;], is contained in E;_; for all j,

forming a tower of intermediate extensions between £ and F.

Lemma 4.3. The multiplicative parts of 6(I —*XY ' X) and 6(I + Y') cancel with
each other.

Proof. Let us temporarily write W = *XY ~!. We have to compare §(/ — WX) and
0(1 — XW). Let us first expand

X=Xo+ 4+ Xg41,

and similarly for W.Foreachi = 0,...,d + 1, we write X<; = X¢o + --- + X;, and similarly
for W<;. The part of the character 8(/ — W X) involving &; is

g odet g, (I — Wei—1X<i—1) ' — W<i X<i))

and similarly for the part of 6(/ — X*XY ~1) involving &;, with W and X exchanged. Due to
the identity
det(/ —WX)=det( —XW)

these two parts are the same. O

4.2.3. Choosing representatives. Here we will expand X and ¥ = yw El(l +7Y)
such that the additive parts of 9([ + Y’) and of O(I —*XY ! X) admit many simplifications.

The coset spaces @ —151 /d and wElg 0/ wE1551 respectively containing X and Y,
when viewed as K - Vector spaces, take the form

d
(4.8) o563 = PHBW.;.
=0
where 1+(r;/2) 1+( /2) /2
r; ri r

= P p @B AR,
and

w3/ o' S =K @EB?BZ,,
where

B 1+(r; /2) 1+( 2) 1+(;/2)
k/Engl/oE and ?IB/Z EBAEJJ?I/ /(SBA il +§BAE,J?1/ +)-

Since each r; = 2s; + 1 is odd, the summand ‘133/ is tr1V1a1 We expand X = Zdﬂ X; and
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ZdH Y’ accordingly, first requiring that

Sj— 1+1

Yozng where y € pg, and Xjeifkj(',_ dZ‘B +5Bs’1 1forj>0.

With these fixed, we choose auxiliary data
(4.9) Xo€ogr and Yje i&j@j for j >0

such that X*X =Y — Y still holds. Eventually our main results are independent of these
auxiliary choices, see (4.18) for example.
We require some notations. Let £; = F[y;] and B; the centralizer of yi in A.Fori > 1,
we denote by
glj‘_ 1 the orthogonal complement of Ei—l in Ei

relative to the non-degenerate symmetric form
(X, Y)—~ trl?i/E,-(XY)'

We also write 1 —a : A — A for the map x — x — %x, whose image is denoted by A~.

Lemma 4.4. Each coset in (s;'J pszNJps;Jp)/J 1‘," has a representative
X.ywg' I +Y)*
with expansions X = Zd+1 XJ andY' = 4:1 Y! such that
(1) XoeoEandX~ESB' mdiBs’ ! +1§s’ 1+1]>1thatlzesm5]3’ ! ﬂBJ‘

j=r
(11) Y cp and Y/ € sj 1 1 orj = 1, Wl[l’l a decomposition
E .] P

Yi =P+ 0,

Sj— 1+1

where P; € SB N B+ yand Q; € %X_EI’ satisfying the equations
s Ly

J—

(4.10) Y XX =(1-a)ywg'P)
max(k,l)=j
k#l

and
@.11) X%X; = (1 -a)ywg' 0)).

(Note that Py = 0.)

Proof. 'We can choose X, for j > 1, as stated using the commutative diagram

B ¢ B Bj/B;_

J J J

nk pL nk nk nk
Bae, N By — Bap, — Par,/Pas,,

~.

We see that the top row is an «-equivariant 1s0morphlsm of E; spaces which induces at the
bottom row an «-equivariant isomorphism Bk AE; N B JJ- | = ‘,B AE; / YB AE;_, of o, -lattices
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for all k € Z. For choosing P;, we notice that the left-hand side of (4.10) lies in BJ- by (4.12)
as well as in the (—a)-fixed point subspaces B “.= B N A%, and the restrlctlon

. nl nl —
l—o: SBA,E_,’ N Bj—l — EBA,E_/' n Bj—l N BJ o
is surjective. We can also choose Q; similarly. Now by putting Yj’ = P; + Qj, we obtain
Y XX =1 -a)(yog'Y)),
max(k,l)=j
and summing it up for all j yields X*X =Y — %Y. m
Here is a very simple consequence which will be frequently used later on: suppose that 7’

is either X; or P;, for j > 1, asin Lemma 4.4, and U is a product of elements in B; fori < j,
then

(4.12) g, g, (TU) =0.

4.2.4. Simplifying the additive parts. We will simplify the additive parts of 6 I+Y
and (1 —*XY ~1X). Since each factor of the additive parts is a value of the character yrotry /F>
we will show that some of the inputs either lie in 5@ A or have trace 0 by (4.12), so that their
character values are 1.

Lemma 4.5. The additive part of (I + Y') is

d

[TV otarr (e y " @p /DX 41X 41).
j=0

Proof. In our calculation below, we have to switch between the additive expansion of
Y' € ) givenby Y/ = ZdH Y/ and the multiplicative expansion according to (4.6). Let us
shorthand write

T+YOk=U+Y0)--(I+Y) and (I +Y)0=(+Y)-+Y)
fork =0,...,d + 1,sothatY = ngl(l + Y« g'H. We have also written
Y =ywz'(I+Y)),
where Y/ = Zdﬂ Y/, such that
(4.13) Y/ = + Yoh Y.
The additive part of 6(1 +Y’ ) is therefore equal to

d+1

(4.14) [T ve, (I +7Y0).
i,j=0
J<i

Note that each factor above can be rewritten as

4.15) Ve, (1 +¥i) = o tea (L (Yi + 7).
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We write ¥; € iif,(_bl;rl such that ( + Y;)(I + ?i) = 1. We fix j and rewrite the factors on
the right-hand side of (4.15) as

¢j > S i
v otry/F (?/((I + Y*)?_1 i, —|-06Yi/([ _“Y*)6 1))

This expression admits a lot of simplification by writing ¥/ = P; 4+ Q; as in Lemma 4.4. First
of all, we have

Ci —~
Y otra/F (31(1 + Y*)?_lPi) =1

since each summand has trace 0 by (4.12), and similarly
Yoty F (%QP,' (I — Y, 6_1) = 1.

Moreover,

Yoty F (%(1 + ?*)?_1Qi) =y otry/F (%Q:)

since %’ Q; € 90 5 and all other summands (involving ?*) lie in ‘B A- By the same reason, this
term is non-trivial only wheni = j + 1. We have similarly

Cia o .
Cj g @S i1 Votrg p(5%0j+1) ifi=j+1,
otr =%0;,I =% =
Vot (2 Qi( +Jo ) {1 otherwise.

Therefore, (4.14) is equal to
d

1_[ Yotry/F (%(Qj—i—l + an+1))

J=0

and the lemma follows using (4.11). O

Lemma 4.6. The additive part of 0(1 —*XY ~1X) is

d
Ck _
l_[ Yoty F (—(?)“Xkﬂy 1ZUEXk+1).
k=0

Proof. If we expand
[—XY7'X = (I + We)d+!

using (4.7) for some Wy, € i}f\k%'kﬂ, then the additive part of (1 —*XY ~1 X) can be written

as

d+1
(4.16) [T Yeer2 + W),

k,]=0
k<l

To express I —*XY ~1X additively, we first denote, for every subset S C {0,...,d + 1},
a shorthand notation

(?*)S = /Y\il "'?i#s if S = {i1,...,iss} listed in descending order.
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We can expand / —*XY ~1X as

d+1
[-°XY'X=1- >3 "%X(Y.)sy 'weX,.
i,j=0 S

so that we can write ] —*XY " 1X =1 + ZZ:& W,é according to the additive expansion
of S?Jk, where

= _ = Sk— 1
(4.17) We=- Y “Xi(Yosy lwpX; e Bl
max{i,j,S}=k

We hence have

W, = + Wk Wi

We now fix k and simplify a sub-product from (4.16):

[T Ve + W)

k<l

by first expressing each of its factors as

Ck ~
Verj2(U +Wp) = Yoty (7(1 + W*)?_lW/)

and using (4.17) to further expand the input for ¥ o tr4,F into summands of the form

Ck ~ S _
—?(1 + WO X (Y)sy loeX;.

The indices for this summand are (7, j, S) such that max{i, j, S} = [ > k. In the following
cases, this (i, j, §)-summand has zero trace.

@
(i)
(iii)

(iv)

If max S </ andi # j, then since one of i and j is /, the summand has trace O by (4.12).
If max $ = [ and exactly one of i and j is also /, then the summand lies in i&A.

If both i, j <[, then max § = /. We write the summand as
Ck N ~ o~ _
—?(1 + WO XY (Y s—gyy ' wEX,

and further expand ?l =Y o (=Y;)™. Any summand involving (—Y;)™ with m > 2
lies in P, i.e., we remain to consider summands of the form

Ck ~ ~ _
7(1 + WOl XYY ) s—yy ' wEX].

We then change Y; into (I + ?*)?_IY/ using (4.13) and decompose Y; = P; + Q;. We
then see that any summand involving P; has trace 0, and any of those involving Q; lies
in By

The remaining case is i = j = /. The summand lies in 5 except when / = k + 1 and
S = @, which is

—?anﬂy TE X1
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Therefore, we obtain
Ck -1
1_[ Vep2(I + W) = otiyp Y Xk+1Y OEXk41
1>k

and the lemma follows by multiplying the above equalities for all k£ together. |

By Lemmas 4.5 and 4.6, the additive part of é(l + YOI —*XY~1X) is equal to

d

(4.18) 1_[ Yotry p (v @E/2)(ci Xj11 — Xj116)*Xj41).
=0

Note that it is independent of the auxiliary X, as expected from (4.9).

4.2.5. Non-degeneracy of a quadratic form. Define, for j = 0,...,d, abilinear form
on W, ; defined in (4.8) by

D;(X.Y)=trg/p(y 'wEg(Xc; —¢jX)*Y)) mod pp for X,Y € W, ;

and put
D =Dy L---1 Dy,

which defines a bilinear form on 6, = @?:0 U5, ; such that the decomposition (4.8) is ortho-
gonal.

Proposition 4.7. The quadratic form D is non-degenerate.

Proof. 1t suffices to show that each D; is non-degenerate. Hence we reduce to the situ-
ation where

e E/F is atamely ramified extension in A, generated by an element ¢ € A with valuation
—r=-2s—1,

* D(X.,Y) =uy/p(wEgac(X)Y) mod pF, where ac : X — Xc —cX, is a bilinear form
on W := P /(B g + TR
We want to show that D is non-degenerate, which is equivalent to showing that
ac(X)eP = X e i}f\E + i;f\“.
This is implied by the definition of the critical exponent [19, (1.4.5)]
ko(c,A) = max{k € Z : agl‘i%]f\ NAp ¢ ?~IA,E + Bl
and the minimality of ¢, i.e., ko(c, A) = va(c) = —r (see [19, (1.4.15)]). O

4.2.6. A quadratic Gauss sum. By putting together (2.11), (4.5), Lemmas 4.3, 4.5,
and 4.6, we obtain b, which is

4.19)  p(=DT:(sz) Y Ay)

YERE

d
Y T otar (07 ®E/2) (e X1 = Xjr1)*X41).
Xel, j=0
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For a fixed y € p g, the above inner sum over X € 8, is a quadratic Gauss sum, defined on
the k g -space 5, equipped with the quadratic form in Proposition 4.7 which is non-degenerate.

Note that, since A is an og-lattice chain, W is a kg -space as well. From basic properties of
quadratic Gauss sums (cf. [15, Proposition 4.5]), the scalar y~!/2 can be factored out under

the quadratic character as
(y—]/z)dimkE piigs (2y )dimkE PiL
rE kg ’

so we can express (4.19) as

2y )dimkE pis

H(—1) Ty (s T
F-DTo(s) Y "(y)(uE

YERE
d

X Z HWotrA/F(wE(Cij+1 — Xj+1¢)%X41).
Xel, j=0

Note that dimy, W, = fe — 1, where e = e(E/F), f = f(E/F). In our situation that e is
odd, the sum over y € p g is O when p|, . = (E)f. Therefore

A\
b, =0 whenpl,,. = (—) .
‘ e rE

We henceforth assume ply , = (E)f ~1. The inner sum

d
(4.20) Yo [T veuwar@e(e;Xjsn = Xjr1e)*Xj41)
XeW, j=0
equals a fourth root of unity, denoted by ef (wE.s, V), times the positive number (#5,)1/2.

In our situation that ¢ is odd, since
1 dimy W 1 -1 s B
GE(ZUE,S, w)z = (—) = (_) — (_1)(q nD(f-1/2 _ 1
rE rE

the normalized sum ef (wE.s, V) is actually a sign. Therefore,

.\ /1
bz = p(-2)el (wE.s. ) To (s:)#(B;) (e — 1) when fl,,, = (E) '

By noting that #(;) = ¢, /qE, we finish the proof of Theorem 3.4 (ii).
Finally, we show that our main results are independent of the choices of the additive
character ¥ and the uniformizer wg, as they should be.

Proposition 4.8. The following statements hold.

(1) The sign ef (wE,s, V) is independent of the additive character \r, hence we denote it
by ef (wE.s).

(ii) The relation p(wg) = €X' (wEg.s)p(—1) in Theorem 3.9 is independent of the choice
of oE.



Blondel and Tam, Base change for ramified unitary groups 159

Proof.  For (i), we show that the sign ef (@wE,s, V) is independent of the chosen additive
character ¥ of F. Indeed if we replace ¥ by ¥, : F — C*, x +> ¥ (ax) for some a € F*,
then the Gauss sum is multiplied by (—)f 1 Note that the character (ﬂ—)f 1'is non- tr1V1al
only when f is even, so that [u g : [I,F] = (¢/ —1)/(g — 1) is also even and ( )f Lis
always trivial on .

To prove (ii), suppose that wg is replaced by uwg for some u € Ug. It is easy to see
that ef (uwg,s) = ﬁ(u)ezp (@wE,s) from the expression (4.19). ]
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