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ABSTRACT: We compute the partition functions of A" = 1 gauge theories on S? x R? using
supersymmetric localization. The path integral reduces to a sum over vortices at the poles
of $? and at the origin of R2. The exact partition functions allow us to test Seiberg duality
beyond the supersymmetric index. We propose the N’ = 1 partition functions on the -
background, and show that the Nekrasov partition functions can be recovered from these
building blocks.
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1 Introduction

The localization technique provides us with an extremely powerful tool for studying physical
quantities non-perturbatively [1]. For theories with extended supersymmetry, it has been
applied successfully for the computation of partition functions and expectation values of
defect operators, as well as precision tests of dualities. In particular, the low-energy physics
of 4d N = 2 gauge theories can be studied by computing the Nekrasov partition function
[2]. Besides flat space, one can also construct supersymmetry and perform localization on
curved spacetimes. Following the pioneering work [3], a plethora of exact results has been
obtained in various theories in diverse dimensions.

In minimally supersymmetric theories, which exhibit far richer dynamics, progress has
been hindered by the dearth of exact results. Even for 4d N’ = 1 theories, it has been a
long-standing problem to localize the theories on the simplest compact manifold S*, aside
from indirect attempts using holography [4] and analytic continuation in dimensions [5].
The technical difficulties are explained in [6, 7], using the formalism developed in [8-10].
The compact manifolds on which one can place N' = 1 theories have been classified in
[11] and exact calculations were performed in [12-20]. However, most available results are
generalizations of the Witten index and related to the well-studied superconformal indices
[21, 22]. One notable exception is the partition function on 7? x R2 which has been
computed in [23]. By decoupling the Kaluza-Klein modes on T2, the first author and the
collaborators provided a partition function test of the 4d/2d correspondence proposed in
[24, 25] (see also [26-29]).

Inspired by [23, 30], in this paper we consider N’ = 1 gauge theories on S? x Rg. From
the 4d point of view, the Killing spinor equation is no longer covariant but depends on the
directions. This treatment has been used before in the literature [31, 32]. We highlight that
treating different directions separately is a crucial step, which circumvents previous diffi-
culties and allows us to localize N/ = 1 gauge theories in this case. Following the standard
procedure, we construct supersymmetric actions, derive the BPS equations and find the
classical solutions. We find vortices and anti-vortices located at the north and the south
poles of 52 as well as at the origin of R2. This kind of classical configurations is also similar
to previous works on Higgs branch localization for other theories and backgrounds [33-38].
The locations of the (anti-)vortices play the role of the fixed points of the supersymmetry
algebra, which are the points where the only contributions to the partition function come
from.

Finally, we localize N' = 1 gauge theories in the Higgs branch on the background
S% x R2, and the partition function takes the general form:

ec chiral
Z = § chaslev-IOOpzl-loopu (1.1)
m,n

where m and 77 denote the vortex and the anti-vortex numbers, respectively. Zj.qs is the
classical contribution. The 1-loop determinants }’ﬁ‘éop and Zf}}gg%) can be obtained via the
index theorem and the results are expressed as infinite products, which can be suitably

regularized.



As an application, we use the partition function to test Seiberg duality between two
theories. Seiberg duality has already been subject to numerous tests, most rigorously using
superconformal indices [39-41]. This paper provides another non-index partition function
test of Seiberg duality. Moreover, we expect that our NV = 1 results can be related to the
N = 2 Nekrasov partition functions. This is because S? x R? can be decomposed into two
patches, each identified with a 4d Q-background with equivariant parameters

1
€1 :iZ’ g =¢, (1.2)

where ¢ denotes the radius of S2. We expect that the results conjectured in this paper can
be confirmed by a direct instanton counting in the future.

This paper is organized as follows. In Section 2, we construct the A/ = 1 supersymme-
try first on S2 x R?, and then on S? x R? through a change of coordinates. In Section 3,
we construct the actions that are invariant under the supersymmetry transformations. In
addition, we derive the BPS equations from the action and find the classical solutions. In
Section 4, the partition functions are computed via the Higgs branch localization. In Sec-
tion 5, we test Seiberg duality for 4d A/ = 1 gauge theories with unitary gauge groups. In
Section 6 we discuss some possible relations between our results and the N' = 2 Nekrasov
partition functions on the Q-background. Some possible directions for future research are
discussed in Section 7. Our convention is summarized in Appendix A. To construct the
4d Killing spinors, we need the 2d Killing spinors on S?, which are discussed in detail in
Appendix B. The 4d N = 1 supersymmetry constructed in Section 2 can also be written
in terms of 2d fields. Assuming that these 2d fields are independent of the coordinates on
Rg, we can also rewrite the 4d N’ = 1 supersymmetry as a 2d N = (2,2) supersymme-
try discussed in Appendix C. Some identities relevant to deriving the BPS equations are
listed in Appendix D, where we also discuss the classical solutions to the BPS equations.
In Appendix E, we apply the index theorem to compute the 1-loop determinants for the
partition function. Some special functions used in the paper are collected in Appendix F.

2 4D N =1 Supersymmetry

2.1 Background and Killing Spinors

The metric on $? x R? with the 2d Q-background is given in the coordinates (6, , w, W)
by
ds? = £2(d6* 4 sin?0 dp?) + |dw — iwle dp|? (2.1)

where ¢ denotes the radius of the two-sphere S, and we assume that ¢ is a real parameter.
We choose the real vielbeins e’ (i =1, --- , 4) to be

el =0do, € =/Isinfdp, € +iet=dw—iwledp, € —ie*=dw+inledp. (2.2)

Consequently, the nonvanishing components of the spin connection are

wl? = —w? = —cosh dyp,

34

2.3
w3t = —w® = ledyp. (2:3)



Let us define a set of new coordinates:
0=0, ¢g=¢, z=we P, z=1we’¥. (2.4)

Although the S? part of the coordinates remains the same, to distinguish the new coordi-

nates from the old ones we use (0, @) instead of (0, ¢). In the new coordinates (6, @, z, Z)
we can rewrite the metric (2.1) into the following form:

ds? = (*(df* + sin0 dp?) + |dz|?, (2.5)

which is the same as the one for S? x R2. In fact, a similar coordinate transformation can
be applied to T? x R? discussed in [23] and bring it into 72 x R2.!
For the new metric (2.5), we can choose a new set of real vielbeins & as follows:

el =rdo, &> =tsinfdp, & +ict=dz, & —iet=dz. (2.6)

Within this new frame, the only nonvanishing components of the spin connection are

02 = % = —cosfdp. (2.7)

To study the supersymmetry defined on the background S? x R2, we first consider the
supersymmetry on 52 x R?, which is done in Subsection 2.2 and 2.3 for the vector multiplet
and the gauged (anti-)chiral multiplet respectively, and then we change the coordinates to
obtain the supersymmetry on S? x R? in Subsection 2.4.

Now let us study the supersymmetry on S? x R?, whose coordinates are denoted by
the indices {M, N, ---}. In addition, we use the indices {u, v, ---} and {a, b, ---} to
denote the coordinates on S? and R? respectively. We consider the following Killing spinor
equations on S% x R?:

1
VY=g TulsY, Vi =0, (2.8)

where the covariant derivatives are defined as
1
VuY = <8M + 4w§}QrPQ> T. (2.9)

We would like to emphasize that the non-covariant expression of Eq. (2.8) is crucial in
defining an N' = 1 supersymmetry, which can be used to localize the theory, while other
choices of Killing spinor equations will not work.

The 4d Killing spinor T can be decomposed as two 4d Killing spinors:

T=S+3, (2.10)

which can be further decomposed into 2d Killing spinors:

Y=e®(, Y=€x(_, (2.11)

"'We would like to thank Cyril Closset for very helpful discussions on this point.



where (4 are eigenvectors of o3, which in practice are chosen to be

1 0
o-() (%), o

while € and € are the 2d Killing spinors on S? satisfying

1
Tu03€. (2.13)

VME _ﬂ

= ﬁauage, V€=
These equations are the same as a version of the 2d Killing spinor equations on S? discussed
in [33, 34, 42]. They can be solved exactly, and the main results of the 2d Killing spinors
on S? are also summarized in Appendix B. In this paper, we assume the Killing spinors e
and € to be commuting spinors, and so are the 4d counter-parts ¥ and .

2.2 Vector Multiplet on S? x R?

The N = 1 vector multiplet on Euclidean R* consists of a gauge boson Ay, a spinor = and
a pseudo-scalar auxiliary field D, which are all in the adjoint representation of the gauge
group. In the Euclidean signature, all the fields in the vector multiplet are complexified.
The vector multiplet satisfies the following off-shell SUSY transformations on R* [43]:

1.
1
4
6D = %T s Dy, =,

0= = “TMN T + %rg)mf, (2.14)

where

T is the 4d SUSY transformation parameter satisfying the Killing spinor equation (2.8),
and its Majorana conjugate is
T=77Cy (2.16)

with the 4d charge conjugation matrix Cy. As discussed in e.g. Ref. [44], in the Euclidean
spacetime a spinor and its complex conjugate or Hermitian conjugate are independent,
and the spinors do not satisfy a reality condition. For a Majorana spinor in the Minkowski
signature, one has to perform a careful Wick rotation to obtain a consistent theory in the
Euclidean signature.

As we discussed before, we are interested in A/ = 1 theories on S$? x R2. By changing
coordinates one can map the background S? x R? into S? x R?. Hence, we can first construct
N =1 theories on S? x R?, and then obtain the results in the original background S? x R2
by a reverse change of coordinates.

Next, we consider the theory on S? x R?2. We decompose the fields into the components
along S? and the ones along R?, and then rewrite the transformations (2.14) in terms of
these components. Effectively, we will obtain a 2d gauge theory. This procedure shares



the same spirit of the papers [31, 32], which is different from the standard dimensional
reduction. The difference is that for the dimensional reduction one assumes that the new
fields have no dependence of some spacetime directions, while in [31, 32] they rewrite the
original theory in terms of the lower-dimensional new fields keeping the dependence of the
reduced dimensions. This procedure is compatible with our choice of the Killing spinors
discussed in the previous subsection.

The original SUSY transformations (2.14) do not form a closed algebra on S? x R2.
We have to modify the transformations (2.14) on R?* properly to obtain the following
transformations on S? x R?:

1_-

1 ) 1
6% = DYV T + ST5DT + STMA, Dy Y (2.17)
5D = %T TsTM D= + %(DMT)TCJE)FME.

Assuming that Y is a commuting spinor satisfying the 4d Killing spinor equation (2.8) ,

we obtain the following relations on S? x R?:

{(5217 522} :O, {5%1, 522} :0, (218)
and
{65, 05} A, = MO A, — Du(EM Anr) + (9,6 Ay
{05, 05} Aq = EMOn A, + [EM A, Ag) + 04 Ay,
1 1 (2.19)
{65, 05 }= = MonE+ [€M Ay, E] - Z@WFWE + Z@abrabz,
{65, 65} D = Moy D + [¢M Ay, DY,
where
§ = 6x + 05 (2.20)

with dy and d5 denoting the transformations generated by the supercharges ¥ and ¥
defined in Eq. (2.11) respectively, and consequently

5% = {6, 65}, (2.21)

while

1- 1._
M = ZTFMT, Oun = @TFMNP5T (2.22)

are the parameters of the translation and the Lorentz rotation respectively. From these
relations we see that A, behaves like a scalar field on S? but like a vector field on R?, which
is opposite for A, while Z and D behave as a spinor and a scalar respectively both on 52
and on R?.

With our choice of the gamma matrices, we can also express 6°Z into the following
form:

1 1 1 1
622 = Moy =M Ay, 2] - Z@{;VI‘WPRE+ Z@ﬁ,,F“”PLE—i— Z@aLbrabPRE - Z@f;’fbrabPLE :
(2.23)



where

12 1 -
@%/IN = @TFMNPLT, @]I\%/[N = @TFMNPRT. (2.24)

Therefore,

1 1
62PE = Moy (PLE) + [€M Ay, PLE] + Z@fijFWPLE — Z@fbl““bPLE,

2.25)
1 1 (
0*PRE = €00 (PRE) + €Y Anr, PRE] — {0}, T PR= + {0 T PpE,
where P;, and Pr denote the 4d projection operators, which are given by
1 1
PLE§(H+F5)> PREi(H—F{)) (226)

In the above, we have constructed consistent SUSY transformations on S2? x R2 for
the NV = 1 vector multiplet. The transformations and the algebra can also be expressed
in terms of the 2d fields explicitly, which in general also depend on the coordinates along
R?. However, if we assume that these 2d fields are independent of the coordinates along
R?, we obtain a 2d A/ = (2, 2) supersymmetry similar to the dimensional reduction proce-
dure. We mention in the following some relevant results, and more details can be found in
Appendix C.1.

We use the index u to denote the coordinates along the S2-direction, and for the
R2-direction we define z = x3 + ixz4 and Z = x3 — iz4. Then we can make the following
decompositions of the fields:

Ay Aywith € {1,2), A= (A3 — iAs), As = (Ag +iAd)

~ (2.27)
E=ARG+A® (.
Consequently,
PLE=PA®(y + PRA® (-, PRE=PpA® (e +PLA® (-, (2.28)
where P;, and Pgr on the right-hand side are the 2d projection operators defined as
1 1
P = 5(]1—1—03), Pr= 5(]1—03). (2.29)

We do not use different notations to distinguish the 4d and the 2d projection operators,
which can be easily read off from the context.

Together with the decomposition of the 4d Killing spinor (2.11), we can also express
various parameters appearing in the 4d algebra in terms of the 2d Killing spinors:

[ (A
@12 = fETCQE, @34 = 7€T020'367

20 20

ok = ok, = &gTCQPLe, (2.30)
i

ol = —ef = ~5 TCy Pre.



The Lorentz rotations from the square of the SUSY transformations become more trans-
parent in terms of the 2d fields and the 2d parameters, so we express the supersymmetry
algebra relations (2.19) on S? x R? using the new fields and parameters as follows:

{05, 05} Ay = EMON A, — Dy (M Ay) + ady,
{65, 05} Au = 0N Ay — D (€Y Apyr) — adq,
{65, 05} A. = EMon AL + [€M Anr, AL+ pA.
{65, 05} Az = EMOnAs + [€M Anr, As] — pA:,
{65, 65} PLA = MO P + (€Y Apr, PLN + %aPL)\ + %pPL/\,
(2.31)

{85, 05} Pr) = €My PrA + (€M Ay, PRA] — %aPRX - %pPRX,

{65, 05} PrA = MOy Pr) + [€M Ay, PRA] — %aPRA + %pPR)\,

{05, 05} PLx = EMan PLX + (€M Ay, P + %QPLX - %pPLX,
{65, 05}D = Moy D + (€M Ay, DY,

where
1 . 1 )
A, = §(A1*ZA2)7 AEE Q(AlJrZAQ),
: . (2.32)
Dy=5(Di=iDy), Dy=5(Di+iDy),
and .
a = 1912 2£( 026) s p = Z®34 25( 02036) (2.33)

play the role of the rotation parameters on S? and on R? respectively.
From the relations above, we can clearly see the spins of various fields on S? and R2.
To summarize, for the vector multiplet on S? x R? we find that the SUSY transformations
satisfy
62 =My + M Ay + aJ¥ + pJ? (2.34)

where J* and JZ? denote the spins of the field on S? and R? respectively. The square of
the supersymmetry generates a Lorentz transformation, a gauge transformation, a vector
R-rotation by p and an axial R-rotation by a. As we will see later, it takes this universal
form for all fields.

2.3 Gauged (Anti-)Chiral Multiplet on S? x R?

The gauged chiral multiplet on Euclidean R* consists of a complex scalar ®, a left-projected
spinor Pr,V¥ and a complex auxiliary field F', while the gauged anti-chiral multiplet includes
a complex scalar @, a right-projected spinor PpV¥ and a complex auxiliary field F. In the
Euclidean signature, all the fields in the gauged (anti-)chiral multiplet are complexified.



They have the following SUSY transformations on R* [43]:

1 _
§&=—TPLU,
N
1
SPLU = —P (TMDy® + F)Y, 2.35
L NG T ( M ) (2.35)
1 _ _
O0F = —TPrI'MDy, U — TPRED,
NG R M R
and
5P = LTP U
- \/5 R )
1 _
SPrY = —Pr(TMDy® + )Y, 2.36
R NG R( M ) (2.36)
_ 1 _ _ _
OF = —YP,TMDy¥ —TP.=d.
o) L M L
The modified transformations on S? x R? are
1 _
§®=-——TP.U,
Vo
SPLY = —PL(T™ Dy + F)T + L (P,TM Dy )0, (2.37)
V2 V2
1 5 - q
OF = —TYPrI'MDy, U — TPRED + — (DY) T Cy PRI MW
7 R M R \/ﬁ( mY)" CyPpr
and for the gauged anti-chiral multiplet (®, Pr¥, F):
_ 1 _
5§ = —TPRp¥,
Nohhd
SPR¥U = LPR(FMDMi) + )Y + L (PrT™ Dy 1) 3, (2.38)
V2 V2
_ 1 _ _ _ q
OF = —YP,TMDy¥ —TP.2d + — (D0 Oy P, TMY
N M T, \/5( mY) CyPy,

Assuming that T is a commuting spinor satisfying the 4d Killing spinor equation (2.8), we
find that these modified transformations on S? x R? satisfy the following relations:

{0, 0.} =0, {d5,, d5,} =0, (2.39)
and
{65, 05}® = Moy ® + (M Ay, @],
{65, 05} PLY = MOy (PLY) + (€M Ay, PLT) + i@f,,F“”PL\Il — %@ﬁbrabPqu,
{65, 05} F = Moy F + (M Ay, F,

{65, 018 = €0, B + (M Ayy, B, (2.40)

1 1
{0, 5} Pr¥ = M0 (Pr¥) + (€Y Ay, PRV — SO/, Prl + JO4T PR,
{65, 65} F = Moy F + [€M Ay, FY.



From these relations we see that P ¥ and Pr¥ behave as spinors both on S? and on R?,
while ®, ®, F and F transform as scalars both on S? and on R?.

In the above, we have constructed consistent SUSY transformations on S? x R? for the
(anti-)chiral multiplet. Like the vector multiplet, the transformations and the algebra for
the (anti-)chiral multiplet can also be expressed in terms of the 2d fields explicitly, which
in general also depend on the coordinates along R2. If we assume that these 2d fields are
independent of the coordinates along R?, we obtain a 2d N = (2,2) supersymmetry similar
to the dimensional reduction procedure. Besides some relevant results mentioned in the
following, more details can be found in Appendix C.2.

Like for the vector multiplet, we decompose the 4d fields into the 2d fields:
¢, ¢, F-F, F—F, (2.41)
PLU =Py @ ¢+ Prib@ (-, Pr¥ =Pryy® (o + Py @ (. ‘

Based on our choice of the gamma matrices and the previously defined parameters, we
can express the SUSY algebra relations (2.40) on S? x R? in terms of the 2d fields and
parameters as follows:

{05, 6510 = Moo + [€M A, 9],

{3, 05} Pras = €4 0n Pr + (€ Avr, Prt) + SoPu+ L pPrs,

{05, 05} Prep = MOy Prip + [€M Arr, PRy — %OZPR@Z - %PPRZZ,
{65, 65} F = Moy F + [€M Ay, FY,

1 1
{65, 05} Prip = EMOn Prip + (€M A, Pri] — FOPrY + 5 pPRY

{05, 65} Prip = Moy Prap + [€M Apr, Py + %QPLJ* %P’PL“Z,
{65, 65} F = Moy F + [€M Ay, F.

(2.42)

From the relations above, we summarize that the SUSY transformations for the (anti-)chiral
multiplets also satisfy (2.34).

2.4 Supersymmetry on S? x R2

In the previous subsections, we have constructed the SUSY transformations for the vec-
tor multiplet and the gauged (anti-)chiral multiplet on S? x R2. To obtain the SUSY
transformations on S? x R2, we have to apply an inverse change of coordinates due to
Eq. (2.4).

First, we choose the Killing spinors ¢ and € on S? part of S% x R? to be

. ind - 0
€= (I+io3)e ¥/? ( St 9~> . = (I +io3)e?? < €052 ~> , (2.43)

. .. d
’LCOS§ ZS]H§

which are specific solutions to the Killing spinor equations (2.13) on S? [33, 34]. We make
this choice, because € and ¢ will have definite chirality at the poles of S2.

~10 -



With these Killing spinors, we obtain the explicit expression of the Killing vector ¢M:
=0, &€=—sinf, & =icospsinf, ¢&*=isingsinb. (2.44)

Hence, using the inverse vielbeins obtained from the vielbeins (2.6), we can express the

Killing vector in the coordinates (6, @, z, z) as follows:

Moy = —%6@ + i cos@sind(d, + dz) — singsinf(d, — 9z) . (2.45)
After changing the coordinates (9~, P, 2, Z) to (0, ¢, w, w) as discussed in Subsec-
tion 2.1, the background 5% x R? becomes S2 x R2. The SUSY algebra on S% x R? formally
remains the same as (2.34), but there are a few changes.
First, the Killing spinors (2.43) on S? x R? are no longer solutions to the Killing spinor
equations on S? x R2, unless we turn on a background gauge field to cancel the w3* and
the w*? components of the spin connection (2.3).

1 - 1 -
DMEZGW+4@?3@—AM>2 DME:GM+4%fH@+ﬂM>& (2.46)

where we have introduced a background gauge field
1 1
Vipda™ = §w§’\j}de = §€€d<p. (2.47)

In Egs. (2.46), the opposite signs in front of V) is due to the fact that I'sy = I®ios acting
on ¥ = €® (4 and Y=¢f® (— has opposite eigenvalues. We will interpret Va; as the
background gauge field for the R-symmetry, and correspondingly the Killing spinors ¥ and
5 have opposite R-charges. For the physical fields in the theory, their R-charges turn out
to be a combination of the standard R-charges with their spins on R2. In terms of the 2d
field components (2.11)(2.27)(2.41), we found a consistent R-charge assignment given in
Table 1. Introducing the background field Vs can be viewed as a partial topological twist
on Rg.

Pre | Pre | Pé | Pgé
—1 ] =1 | +1 ] +1
@ A | D
2| -1]+1]0

o | Py | Prd |F| 6| Pry | P | F
q|-a|-a-1|-q+1]—q

Table 1. R-charge Assignments for the 2-Component Fields

Second, in the coordinates (6, ¢, w, W), instead of (2.45) now £M 9y, is given by

Moy = —%&p — ie(w0y — W) + 1 cosp sind(0y, + Og) — singpsinb(dy, — ) . (2.48)

- 11 -



Note that 9, generates the U(1) rotation on S?, and (wd, — wdy) generates the U(1)
rotation on R2. The Killing vector has two fixed points located at the north pole (8 = 0)
and at the south pole (§ = 7) on S?, and both of them are located at the origin of R? at
the same time. We would like to highlight that the expression (2.48) is one of the main
results of this paper, which is crucial to perform the localization for N' = 1 gauge theories.

Moreover, besides the background gauge field Vi, corresponding to the R-symmetry, we
can introduce another background gauge field X{W corresponding to the flavor symmetry:

Al da™ = —tmydy (2.49)

where the index I € {1, --,rank(Gr)}. For a fixed I, Eﬂ/[ is in general a complex
background gauge field for a U(1) subgroup in the Cartan of the flavor symmetry G. The
complex background gauge field has appeared in the literature before, in particular, the 3d
case has been studied in Ref. [45] in great detail. We denote the complex parameters mj
as the twisted masses.

Up to now we have used anti-Hermitian generators for the Lie algebra. In order to
be consistent with the literature, we will use the Hermitian generators in the following of
this paper, which can be obtained by simply replacing the gauge field Ap; with ¢Ay; and
similar for other background gauge fields. Hence, we can define a parameter A to denote
the gauge transformation:

A=ieMAy, (2.50)

which will appear in the SUSY algebra relation (2.34) from now on.

The full covariant derivative acting on the fields should include the connections of the
background gauge fields Vas and /EM For instance, the full covariant derivative acting on
the spinor in the chiral multiplet is

Dyl = (VM iy + iRV + z'fp%) wl (2.51)
Correspondingly, the full SUSY algebra on S? x R? becomes
8 =My + A+ aJt + pJ¥ +iREMVy +iF M AL, (2.52)

where R and F7 denote the R-charge and the I-th flavor charge respectively, while the
explicit expression of €M), is given by Eq. (2.48). We can use the explicit expressions of
the Killing spinors (2.43) to compute the parameters:

az—%cos@, p:—%. (2.53)

A careful analysis shows that the R-charge assignments listed in Table 1 can be sepa-
rated into the g-dependent part R; and the g-independent part Re. On the one hand, the
g-independent R-charges Ry are proportional to the spins in R?, more precisely,

Ry = —2J% . (2.54)
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On the other hand, due to the fact that the two background gauge fields Vj; and g{w are
proportional to each other, the g-dependent R-charges R; can be absorbed into the twisted
masses, which means that for 77 # 0 we can define new twisted masses mj as

ﬁll:ml_;ij‘ (255)
In the following, we choose F; = 1 for flavors in the fundamental representation, while F; =
0 for the adjoint representation. Hence, in the presence of fundamental chiral multiplets
the spins on R?, i.e. J¥, do not need to show up in the SUSY algebra. In principle,
the R-charges can be affected by the superpotential. In this paper, we do not consider
superpotential for simplicity, and we will set ¢ = 0 in the following. Using the explicit
expressions of a, p, Vi and Al , we can now express the SUSY algebra (2.52) as
i

14

l

1 _
5 (&= ) Re +iFrmy. (2.56)

2 =Moy + A — ;

cos J' —

So far we have constructed a 4d N/ = 1 background explicitly. It would be nice to
obtain it in a more systematic way, similar to the 4d A/ = 1 backgrounds from supergravity
models [8-10] or the 4d N/ = 2 Q-background introduced in [2, 46, 47]. However, as
discussed before it is crucial for our purpose to have a non-covariant expression (2.8) of the
Killing spinor equation, which does not fit into the framework of the A/ = 1 backgrounds
from supergravity models. Hence, we provide an explicit example beyond the class from
supergravity. Whether this example belongs to a larger class and can be obtained more
systematically, requires further studies in the future.

Finally in this section, let us make some comments on the global anomalies of the
theory, similar to the analysis in [12]. The U (1) flavor symmetries and the U (1) R-symmetry
can potentially have some cubic and mixed anomalies with the following coefficients:

(%) = R, Te(Qi)=7F, Tr(Qr)=R, Tr(Qp)=F, (2.57)

as well as Tr(Q%Qr) and Tr(Q%Qr). The violation of the classical conservation laws are
given by these anomaly coefficients and the topological densities:

p(F) _ MNPQ ﬁMN ﬁp@ : pR) _ JMNPQ F]\}}N FﬁQ , plo) — JMNPQ RunrsRpo RS :
(2.58)
where Fysy and FE . are the field strengths of the U(1) flavor symmetry and the U(1)
R-symmetry respectively. Using the background gauge fields Vjs (2.47) and E{V[ (2.49),
one can find by direct computations:

Fun=0=Ff,. (2.59)

Hence, the topological densities P) and PV vanish. Similarly, one can show by direct
computation that the topological density P9 also vanishes on the curved space S2 x
R?. Hence, all the U(1) flavor symmetry and U(1) R-symmetry currents are conserved.
Therefore, we do not need to worry about the global anomalies for the gauge theories
constructed on the background discussed in this paper.
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3 Supersymmetric Action

3.1 J-Exact Action and BPS Equations

To localize the ' = 1 supersymmetric theories on S? x ]Rg, we should introduce a d-exact
term to deform the original theory, which is obtained by generalizing the standard N =1
gauge theory on R* to S? x R? and is also d-exact. Hence, the original theory together
with the deformation can be written into a J-exact form:

gexact = 5V7 (31)
which consists of several parts:
V= Vgauge + Vchiral + V. (32)

Following the standard approach, we can choose

Vgauge = 2g2YM Tr [(6E)T5i| ;

Vehiral = %[(6PL\IJ)TPL\IJ + (5PR\IJ)TPR\II] : (3.3)
Vi = %Tr [(2%5 + ETF5§)H(¢>, é)} ,

where H(®, ®) is a real function of ® and ®, and the dagger ( T) denotes the Hermitian
conjugate. We emphasize that although similar to [23, 33, 35] this particular form of Vg
with the insertion of the I's-matrix as well as the separation of the supercharges ¥ and
Y is carefully chosen and has not appeared in the literature before. Moreover, we choose
H(®, ®) to be

H(®, @) = (d'd! —p), (3.4)
with the index I denoting the flavor, and 7 is the Fayet-Iliopoulos (FI) parameter, which
controls the size of the (anti-)vortices that will be discussed later in this section. The

standard V' = 1 gauge theory on R?* can be recovered from the flat-space limit of (§Vgauge +

6vchira1)'
Based on the constructions above, the bosonic part of the §-exact Lagrangian is given

by
Zel;(act = (6Vgauge)b + (5Vchiral)b + (5VH)b, (3.5)
where
1
Veanee)? = ——Tr |(62)1 (6=
(Vise)' = 55— [02)02)]
1
(Vear)? = 5| (OPL®) (6PLW) + (3PR) (6PrY) | (3.6)

(Vi) = %Tr [(5115(05) + (62)'T55) (@2! — )] .

Using the choice of the Killing spinors (2.43), one can work out the explicit expressions of
these terms. Meanwhile, one needs some identities of the Killing spinors (2.43), which are
summarized in Appendix D.
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For simplicity, we first focus on an Abelian gauge theory, and the non-Abelian general-
ization will be discussed in Subsection 3.4. Because the fermionic part ,,iﬂexact is irrelevant
for our later discussions, we only list the explicit expressions of the bosonic part £, in

the following:

1 1 1 1
b MN 2
< = F FMN — D+ (A + A ) sin 0 (F23A4 — F24A3)
exact 49%/1\4 29}2’M 293 32 ’ ! gYME
cos O MV PQ FMNFPQ — (F12 —cos 0 F3y + D)("I)I|2 — 77)
89y
20
+ (DM (Dy ) + <Ff J cosecbf) (Ff 7 cosecl)f) &@I)T@f

(3.7)

where to obtain a positive semi-definite action we have assumed that D is an anti-hermitian
field, and we have imposed the following reality conditions:

ol = (@, FI=(FhHT. (3.8)

By integrating out the auxiliary fields D and F, we see that £

act Call be written as

a sum of several squared terms:

1 2 sin%f
et = 53— (Fiz = cos0 Py — g¥p (1072 = m) )+ Zg—(Faa)?
Y M 9y M
1 1 1
+ PeC I (Flg + (3080}7124)2 + 53 <SiH9F24 — €A3>
29y 5y 29y m
1 ) 1\’
+ —— (Fia — cosO Fy3)” + sin @ Foz + — Ay
2912/]\4 29}2/M ¢
agcINt P 5l oFINt (P _dl q51n9 ITI
+ (D) (Dgd) + (D7) (Dgd) + =—5—(2") P (3.9)
where 1
Dg®! = 5 (Ds +iDy)®" . (3.10)

In fact, the term (DP®1)T(Dg®!) in £, can be replaced by (D¥®!)T(D,®'), and they
differ by a total derivative term. Therefore, for ¢ = 0 we obtain the BPS equations by
setting each squared term to be zero:

Fig —cosf F3y — g3y (|92 —=1) =0, sinfF34 =0, (3.11)
1
Fig+cosFoy =0, sinfFy — ;A3 =0, (3.12)
1
Fig —cosOFr3 =0, Sin9F23+zA4:0, (3.13)
Dy®" =0, (Dy® =0or D@ =0), (3.14)

where for the last equation we have two choices, which correspond to anti-vortex and vortex
solutions respectively, as we will see in the next subsection. Note that in the flat-space
limit (¢ — oo) and near the poles, the system of equations reduce to the instanton-vortex
equations first found by [28] and extensively studied in [48]. The classical solutions to these
BPS equations will be discussed in the next subsection.
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3.2 Classical Solutions

In this subsection, we discuss the classical solutions to the BPS equations (3.11) ~ (3.14).
First, the second equation of (3.11) leads to

F3u=0 for0<f<m. (3.15)

Assuming that A; and Ay are independent of

—~

w, w), Eq. (3.12) and Eq. (3.13) imply

1 1 1 1
— OgAs = —-— A — 0y = —— A 1
Eag 3 eCOt@ 3, 589 4 ECO‘E@ 4, (3.16)
which can be solved by
Ag _ fl(QO) gl(wa w) ’ A4 _ f2(<p) ..92(11}) w) ’ (317)
sin @ sin 6

with arbitrary functions fi2(¢) and g 2(w, w). The consistency of Fp3 and Fby requires

file) = o), file) =—fale), gi(w, W) = ga(w, W), (3.18)

which can be solved by

fi(9) = Cieosp — Cosing,  fa(ip) = Ccosp + Crsing, (3.19)

where C7 and C5 are constants. However, if we require A3 and A4 to be regular for
6 € [0, 7], there are only the trivial solution

Ay =A3=0 < A3=A4,=0 for0<0<. (3.20)
Consequently, the regular solutions also imply that
F34=0 for0<0<m. (3.21)

For the non-Abelian case, there can also be non-trivial solutions for As and A4, but if
we restrict to continuous and regular configurations, Eq. (3.21) still holds. We cannot, at
present, rule out the existence of singular solutions such as a point-like instanton to our
BPS equation. If such solutions exist, they should also contribute to the partition function.

With trivial solutions for A3 and A4, the BPS equations reduce to the vortex equation

Fi2 — g¢ (| =) = 0. (3.22)

This one is the most important BPS equation, we will analyze it carefully in the following.
The vortex equation admits the so-called Higgs branch solutions

Fio =0, & are constants with |®/| = /7. (3.23)

In this background, the equation Dgz®! = 0 is automatically satisfied. Then in the gauge
Ag =0, we can solve the equation Dy ®! = 0, which can be written more explicitly as

1 ) ~ € €
- _— A ALYy - = W0y | ® =0. 24
gag—i-gsin@(&p—&-l ot (p) sin9w6w+sin9w8w 0 (3.24)
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For constant ®/, the solution to this equation is
A, =—-AL =ty . (3.25)

The Higgs branch solutions described above are valid for 0 < 6 < 7, including the poles of
S2.
With the solution (3.20), the equation Dg®! = 0 implies that ®/ are holomorphic

functions of w. For the k-vortex configuration in the I-th flavor on R2, ®/ can be chosen

to be
dl = £, o), ® =0 for JAI, (3.26)

where f(0, ) is a factor depending on the coordinates on S?. Similarly, the equation
D, ®' = 0 implies that ®' are anti-holomorphic functions of w. For the k’-anti-vortex

configuration in the I-th flavor on R, ® can be chosen to be
ol = f(0, o), ®/ =0 forJAI. (3.27)

Besides the Higgs branch solutions, Eq. (3.22) also has infinite towers of vortex solu-
tions located at the poles of S?, which is a common feature for Higgs branch localization
on the spheres [33-38]. The new phenomenon in our case is that from the R2 point of view
all these vortices are also located at the origin of R? at the same time.

We first consider the vortex solution throughout the whole S2, and list its asymptotic
behaviors at different points in the following. In principle, we can also consider the anti-
vortex solution throughout S2, but for the partition function this configuration effectively
corresponds to flipping the signs of the equivariant parameters.

e 0~ 0 (near the core of the vortex at the north pole):
ol ~ (G, Ay~ —kle (k> 0); (3.28)
e O ~ m (near the core of the anti-vortex at the south pole):
ol ~ eyt A, ~tmp—Kite (K >0); (3.29)
e 0 ~ T (on the northern hemisphere far from the core of the vortex):
! ~ pemiut Ay, ~tmp—m —kle (k>0); (3.30)
e 0~ 7 (on the southern hemisphere far from the core of the anti-vortex):
ol ~ memeuwt | A, ~ g —n—Kle (K >0), (3.31)

where 0 = 7 — 6, and the continuity of ® at the equator will impose
E=FK. (3.32)

The integers m, n, k = k' denote the numbers of vortices at the north pole of S2, vortices
at the south pole of 52, vortices at the origin of R? respectively.
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In principle there can also be a configuration with a vortex solution (3.26) at the north
pole and an anti-vortex solution (3.27) at the south pole, or vice versa. More details of
these solutions can be found in Appendix D. Gluing the solutions from the north and
the south patches of S? together, the continuity of ® at the equator will exclude all the
non-trivial configurations.

From these asymptotic solutions we can compute the fluxes through the northern and
the southern hemispheres respectively:

L= 1 ddipFy, = A ‘“/ i

—IN [r— (p 0 = = —m,

27T 27T IlOI‘th ks s 920 (3 33)

1 1 ™ '
— Fg = — dfdpFy, = A =n.
27 % 2r south Proe Plo=r/2 "
Therefore, the total flux through S? is

L p = L (Fy 4+ Fo) = (3.34)
o S2 = o N S)=mn m. .

3.3 4-Closed Action

Besides the d-exact action discussed in Subsection 3.1, we can also introduce some §-closed
terms.

As discussed in Appendix C, under certain assumptions the 4d A/ = 1 gauge theory
that we consider in this paper can also be formulated in terms of the 2d fields. Hence,
similar to Ref. [23], we can construct a d-closed term from a twisted superpotential in the
2d superspace:

_ 2 [ 2, 17 70T
Sy = VRg/d w/d udfdoWw (3.35)

where Vg2 is the equivariant volume of R2, and

W =inpX, (3.36)
1 1< -~ =
Y=o + §Au9ﬂ + §Aﬁ9u + ZFuﬁHﬁeu . (337)
Hence, at the classical vortex solutions discussed in the previous subsection Sy takes the
value:

S =2 / d*udf df inyX = —iTy / df dy Fy, = 2into(m —n), (3.38)

where 9
T0 = % + 1794, (339)

with 9 and r9g denoting the theta angle and the 2d FI parameter respectively. This 2d
coupling can be lifted to a 4d coupling by taking into account the volume factor of R? via
Eq. (3.35), and consequently r94 can be related to the 4d gauge coupling:

0 4

o g%,M'

70 (3.40)

In the following, we will apply this expression to the J-closed action (3.38).
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Besides the d-closed term from the twisted superpotential discussed above, in principle
we can also introduce d-closed terms from the superpotential as follows:

Sy = /d% d29W+/d4xd29_W. (3.41)

Since these terms are also d-exact, as long as they do not change the charge assignments
of the fields, they will not affect the result of the localization. In this paper, for simplicity
we will not consider the terms from the superpotential.

3.4 Non-Abelian Generalization

In Subsections 3.1 and 3.2, we have discussed the Abelian gauge theory and its classical
solutions. In order to discuss some non-perturbative effects, we have to generalize the
theory to the non-Abelian case.

Consider a theory with gauge group G of rank r on S? x R2. It has N chiral multiplets,
whose representations under the gauge group are ®§V:F 1 R

Now, we should solve the non-Abelian version of the previously discussed Abelian BPS
equations (3.11) ~ (3.14). The non-Abelian BPS equations are as follows:

Fy —cos O FSy — g, (21)1T, @7 —n) =0, sind F§; =0,

1
Fi5+cos@F5y =0, sinf Fgy — ZA? =0,

¢ (3.42)
F{y —cosO F35 =0, sinf Fgy + ZAZ =0,
Dg®' =0, (D,®' =0o0r Dg®! =0),
where a € {1, ---, dim(G)}, and Ty, denotes the generator of the Lie group G in the

representation 937, while 7 is the FI parameter which is nonvanishing only for the U(1)
part of the gauge group. Although most of the equations above formally look the same
as their Abelian counter-parts, the Lie group structure is implied for the non-Abelian
generalization.

Before discussing the non-Abelian solutions, let us make a short note on the indices. We
use (I, I, -+, 1), (fi1, f2, -+, i) and (k1, ko, -+, k) to denote the flavor indices, the
weight vectors and the (anti-)vortex numbers at the origin of R? corresponding to different
Cartan generators of the gauge group, which are labelled by the index i € {1, ---, r}. For
a fixed i, ji; € M’ denotes the r-dimensional weight vector of the representation S%i.

The classical solutions to the non-Abelian BPS equations can be obtained similar to
the Abelian solutions discussed in Subsection 3.2. We list them in the following. First, due
to the regularity of the classical gauge fields we still have for the non-Abelian case:

3 =A7=0. (3.43)
Consequently, the remaining non-trivial BPS equations are

2iFg, + gt ((@1) T @ = n) =0, (3.44)
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Dy®" =0, (Dy® =0o0r D@ =0) . (3.45)
Formally, these equations can be solved by [23]:

i = . 1, .
A=~ H - 0as, égzxﬂnmp<—2p-w>f#, (3.46)

where J and p denote a general flavor and a general gauge group representation respectively,
and H are the Cartan generators, while & = (w1, we, -+- , w,) are the profile functions,
whose explicit form will not be important. The factor h“p’ is a polynomial given by

ki

m;

u™i w" | for vortex with g = fi;, J = I;;
hg = { w wki | for anti-vortex with g = i, J = I;; (3.47)
0, otherwise .

Like the Abelian case, in the non-Abelian case we also have the Higgs branch solutions and
the vortex solutions for the other components of the gauge field A§; and the scalar field
7. The Higgs branch solutions are characterized by

F =0, ()18 ®' —n=0. (3.48)

The infinite towers of the vortex solutions are located at the north pole (6 = 0) and the
south pole (# = 7) on S?, while at the origin (w = 0) of R? at the same time.

Similar to the discussions in Subsection 3.2, we consider a non-Abelian vortex solution
to Eq. (3.47) throughout the whole S2. Its asymptotic behaviors at different points are
listed as follows:

e 0 ~ 0 (near the core of the vortex at the north pole):

O ~ () Miwki | AL ~ by, — kile (ki > 0); (3.49)
e 0~ 7 (near the core of the anti-vortex at the south pole):

Ol o (Be)miwkt AL~ by, — Kjte (K] >0); (3.50)
e 0 ~ T (on the northern hemisphere far from the core of the vortex):

o~ memtwh AL~ iy, — m — kile (ki > 0); (3.51)
e O~ 7 (on the southern hemisphere far from the core of the anti-vortex):

ol ~ \yemituti Afo ~ {my, —n; — kite (ki >0), (3.52)

|

where 0 = 7 — 6, and the continuity of ®/ at the equator will impose
ki =K, (3.53)

The integers m;, n;, ki = k} denote the numbers of the vortices at the north pole of S2,
the vortices at the south pole of S?, the vortices at the origin of R? for the i-th Cartan
generator respectively.

In principle there can also a configuration with a vortex solution at the north pole and
an anti-vortex solution at the south pole, or vice versa. Gluing the solutions from the north
and the south patches of S? together, the continuity of ®/ at the equator will exclude all
the non-trivial solutions.
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4 Supersymmetric Localization

4.1 1-Loop Determinants

The partition function is given by the classical solutions and the 1-loop determinants of
fluctuations around them. They can be conveniently computed using the index theorem
by summing over contributions at the fixed points. We list the results in the following, and
more details can be found in Appendix E.

We compute the index of the Dolbeault operator for the chiral multiplet. The Abelian
case is discussed in Appendix E, and now we generalize the results there to the non-Abelian
case. For the m;-vortices in the I;-th flavor background the index at the north pole of S?
(0 = 0) becomes

indghiral — Z Z Ze zpsze i/t g=ile=1/OR2/2 GiFymy i3 (4.1)

J=1 geRJ peZ q>0
where &V are constants defined by
T ~ 1
[ -0 =—Frmy, + zml + ke, (4.2)

and &V can be understood as a special value of the Coulomb branch parameter [23], whose
meaning will be clear in the “Coulomb branch” localization.?

For the n;-anti-vortices in the I;-th flavor background the index at the south pole of
S? (6 = ) becomes

dchlral Z Z Zewszelq/f —i(e=1/0)Ra/2 ,iF iy ,if-G° , (4.3)

J=1 gemJ peZ q=1
where &° are constants defined by
I - 1
;- o0° = —f[im[i + an + ke . (4.4)

In both Eq. (4.2) and Eq. (4.4), fi; denotes the weight vectors in the representation R’ of
the gauge group, while k; can be absorbed into a redefinition of p, hence does not appear
in the final result.

Combining the indices (4.1) and (4.3), we obtain the 1-loop determinant for the generic
J-th chiral multiplet (J # I;) around the vortex solution characterized by the (anti-)vortex
numbers (m;, n;) with the I;-th flavor and the weight vector fi;:

(Z(mi’ni))J—th chiral H H H pe + q + 1) : %( )RQ —+ meJ + p (45)

UNT 1-loop %)RQ —i-fJTYLJ—i-p-J

€—
pERI pEZ g>0 — 3l

In the absence of superpotential, we will set the R-charge Ry = 0 for simplicity in the
following, which can be easily recovered for general R-charge assignments.

2We put “Coulomb branch” in quotation mark, because 4d N = 1 gauge theories do not have a standard
Coulomb branch like in A/ = 2 theories.
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Similar to the chiral multiplet, we can compute the indices of the de Rham operator
for the vector multiplet. The indices at the north and the south poles are

1 e GG 1 e GG
mdip = LY S et nage= LSS Semasrt )

aceAg pEL AeAg pEZ

In Eq. (4.6), a takes value in the set Ag of the root vectors of the gauge group, which
generalizes the Abelian case discussed in the previous section to the non-Abelian case. For
the Abelian case, i@ - &V and i@ - @° both vanish, and the sum over the roots can be
removed.

Combining the indices in (4.6), we obtain the 1-loop determinant for the vector multi-
plet around the vortex solution characterized by the (anti-)vortex numbers (m;, n;) in the
I;-th flavor with the representation fi;:

(Zg”’*”i))vec - 11 11 [—z'psﬂ'&.&N]

1-1
P GeAq per

[SIE
SIS

[ips +id - 55] : (4.7)

Similar to Refs. [35, 49], the expression (4.7) can be regularized as

(ng,ni)yec - 11 o~ (1 _e%a@)xm(mw)wa(mw)) , (4.8)

1-loop - deAe

where the parameter x is defined as
T=eE. (4.9)

In Eq. (4.5), we considered a generic flavor J # I;. As discussed in Ref. [23], for
J = I; there is a subtlety about the contribution from the unphysical modes to the 1-loop
determinant, which we would like to clarify now.

As we discussed, the non-trivial BPS equations (3.44) (3.45) have the formal solutions
(3.46). The fluctuations around these solutions can be obtained by linearizing the solutions
(3.46):

0Az = e 3T9(i0,00) 3119 | §0) = /e [5h7 + 60 17] (4.10)

where Q(u, 1) is a g-valued function. The non-trivial BPS equation (3.45) includes both

the holomorphic case and the anti-holomorphic case. To simplify our discussions, let us

focus on the holomorphic case in the following, and the anti-holomorphic case is similar.
These fluctuations are invariant under the following transformations:

oh7 — ShY 4+ v(u, w,w) A7, Q= 5 — v(u,w, W), (4.11)

where v(u,w,w) is a g-valued regular function, which is holomorphic in u and has the
decomposition:

v(u, w, w) = ﬁ(u,w,w) “H+ Z Qaz(u,w,w) Eg . (4.12)
aelAg
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The transformations (4.11) introduce some unphysical modes, which should be removed
from the final result of the partition function.

Due to the decomposition given by Eq. (4.12), we distinguish the unphysical modes
caused by the Cartan part ~ H; and the off-diagonal part ~ E5. Because the unphysical
modes caused by the Cartan part are flavor-dependent, removing them will contribute to
the partition function of the chiral multiplet. On the contrary, since the off-diagonal part
of the unphysical modes is independent of the flavor, when removing these modes, the
possible additional contribution can be assigned to the vector multiplet partition function.

For the vortex solution in the Cartan part, due to hf”aii ~ u™ v(u) can be used to
remove all the powers > m; in the expansion of 5h;[1i¢7 ie

m;—1

for p'= [y, J = I;: 6h/11?i = Z c{ii’q(w,w) u?. (4.13)

Together with the modes around the anti-vortex solution in the Cartan part, the product
in the 1-loop determinant (4.5) for = fi;, J = I; will be restricted to:

H H;ﬁé_l (pe + $q + Frm, + ji; - 7°) B H Hq_:né_l (pe + $q+ +n;)
sen Lo (=pe = a+ Friu, + i 0N) G T (—pe — fa+ gmi)

where we have used Egs. (4.2) and (4.4), and the minus sign of —n; is due to the regularity

o (4.14)

requirement of the configurations at the south pole (u = 00). However, for n; > 0 the modes
around the anti-vortex cannot be removed by the redundancy (4.11), which is consistent
with the fact that the range of the infinite product in the numerator is empty for n; > 0.
Also, the range of the infinite product in the denominator is empty for m; = 0, hence the
expression above should not enter the perturbative part of the partition function.

Finally, the 1-loop determinant of the physical N pairs of chiral and anti-chiral multi-
plets around the vortex solution characterized by the (anti-)vortex numbers (m;, n;) € Z%,
with the I;-th flavor and the Weight vector ji; is given by -

(Z(mi7ni)>Chira1 H H H H pe + + 1)+ Fymg+p- °
Tz ) 1-100p T pess pezgso PET 79+ Fymg+p- &N

HH q>0 p5+ (q—l—l)—l—gnz)

(4.15)
i=1 peZ q 0 pe_?q"—?mi)

where in the first line the prime on the products denotes the condition (J, p) # (I;, i;).
Similar to Refs. [35, 49], the expression (4.15) can be regularized as
chiral
Z(mi’ni))
( L;, i 1-loop

p(n)—p(m) <x2+2p( n)+2UF sy o2 (W), 4 )
2 00

H H <x1+p n)+p(m)+20F iy 22 p (m))

(n24n++ )( 2+2n. 2)00 16
L LT T [ m»]]’ 10

(xfzp(m)fzemeJef%p(m); mz)
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where we used the ¢g-Pochhammer symbol (a; q),, defined as

n—1

(a; o= [[(1—ad"), (4.17)

k=0
and the Hurwitz zeta function regularization:

2 ].

Z(qux) =Cu(-1,z) = —%(m -+ 6)’ (4.18)
q>0

There is another possible contribution to the 1-loop determinant of the vector multiplet,
which originates from the off-diagonal part of v(u,w,w) in Eq. (4.12). Consider a basis
for the off-diagonal part of v(u,w,w) given by ulg(w,w)Eg (¢ > 0). The corresponding
unphysical modes are

oh? = uwig(w,w)Ez - b’ (4.19)

where g(w, w) is a regular function. The anti-holomorphic part has a similar expansion.

We should remove these unphysical modes in the partition function. Taking into ac-
count the expression of h”/ given by Eq. (3.47), one can show that to remove the contribution
from the vortex solution is equivalent to multiplying the 1-loop determinant with

11 HH( PE—*QM( ) +a- “N> : (4.20)

aeAqg peZ q=0

To remove the contribution from the anti-vortex solution, we should also multiply the
1-loop determinant with

1
1T (o) a2

aelAqg peZ q=0

N

Up to a constant these two factors cancel each other. Therefore, in our case the unphysical
modes from the off-diagonal part do not contribute to the 1-loop determinant, and the
1-loop determinant of the physical vector multiplet is just given by Egs. (4.7) and (4.8).

4.2 Vortex Partition Functions

Based on the results from the previous subsection, now we can write down the full partition
functions for 4d N' = 1 gauge theories. For simplicity, in this subsection we consider two
special examples. The generalization to more complicated theories is straightforward.

For the Abelian case, we consider a U(1) gauge group with one vector multiplet and
Np pairs of chiral and anti-chiral multiplets. The full partition function of this 4d N =1
gauge theory with (m,n) € Z2, is

ZI = Z chass Zl loop Zﬂllicfg}l) (4.22)

m,mn
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with

chass = e—2m’(m—n)7’g )
vec
Zl—loop =1 ’
Np n—m 242m—20myy. .2
Zchliral _ H <x1+n+mf2€ﬁlu> 2 (:'3 X )oo . 1
1-loop ™ —2m+20myy. 42 T ’
7= (= i a?) o | | TTgko sinh [ (g —m)]
J#£I

(4.23)

where my; = my—my . The full partition function can be decomposed into the perturbative
part and the vortex part:

71 = (Zl)pert ) (ZI)Vortex ) (4.24)
where
(Z1) pert = ZI‘ . (4.25)

m=n=0
For the non-Abelian case, we consider a U(NN) gauge group with one vector multiplet
and Np pairs of chiral and anti-chiral multiplets in the fundamental representation. The
full partition function of this 4d N = 1 gauge theory with (m;,n;) € ZQZO is

“m Z Zclass Zl loop Zf?lggé (4-26)
m17n2
with
N
chass _ H —2mi ml—nl)m
=1
vee = H x_w (1 TG J)x|(mi_ni)_(mj_nj)\_(mi+ni)+(mj+n]-)) ,
i,j=1
i#j
N Np o)) <$2+2m¢+2€(ﬁl g=im,). 362)
thliggl — <w1+ni+m¢+2€(fﬁ‘]ffﬁ1i)> 2 )
-loop =
};[1 J;[l (x—2mz—2£(mj—m1i); x2)
ﬂ 1
. : ,
ey Hmlo sinh [2Z(q —m;)]
(4.27)
where the fundamental weight vectors ji; (i = 1, - -+ , r) are chosen to be the standard basis
vectors of R”, while for the root vector:

Similar to the Abelian case, for the non-Abelian case the full partition function can also
be decomposed into the perturbative part and the vortex part:

Zliyﬁi = (Zfiyﬁi)pert ’ (Zlivﬁi)vortex ’ (429)
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where
(4.30)

(Zlmﬁi)pert = Zlivﬁi I
11— Iy —

We would like to emphasize that the results of the partition functions discussed in
this section are discussed in the Higgs branch. In principle, the localization can also be
performed in the “Coulomb branch”, and the result can be expressed as an integral over
the Coulomb branch parameter o, which should be equal to the one from the Higgs branch
discussed in this paper. We leave this study for future research.

4.3 Some Discussions

As pointed out in [50], the partition functions of A/ = 1 theories on curved manifolds suffer
from ambiguities, and the results depend on the renormalization scheme. However, for
certain N’ = 1 theories such as class Sy theories [51, 52] and some mass-deformed N = 1*
theories, the partition functions can still be unambiguously defined.

In this paper we have chosen a scheme implicitly during our calculations. Nevertheless,
we can still compute within this scheme and extract some universal contributions indepen-
dent of the scheme. What has been computed in this paper can be viewed as building
blocks that can be used to construct arbitrary A/ = 1 theories within the chosen scheme.
The same treatment has been done in a previous work [5].

5 Seiberg Duality

In this section, we use the partition functions obtained in the previous section to check an
infrared duality between two theories. This is a duality first studied by Seiberg between a
4d N =1 SU(N) gauge theory with Ng (> N) flavors and an SU(Np — N) gauge theory
with Np flavors plus gauge singlets [53]. Later, many similar dualities have been discovered
in various dimensions by changing gauge groups and matter contents. For simplicity, we
will study the U(N) version of the original duality, which was first introduced in [54] using
brane constructions and later studied in [55] in more details. The U(N) Seiberg duality
can be related to the SU(N) Seiberg duality by gauging the U(1) baryonic symmetry.
Various Seiberg-like dualities have been extensively tested using the supersymmetric index
[39-41]. Here we will apply our partition functions to test the U(N) duality beyond the
supersymmetric index.

Technically, our approach is a 4d uplift of the test of the 2d Seiberg-like duality for
U(N) gauge theories in [33], in which the generalization to 2d SU(N) gauge theories has
also been discussed. In principle, we can also generalize the discussions in this section to
4d SU(N) gauge theories. For simplicity, we will skip this step and save it for the future
research.

The partition function of a U(N) gauge theory with N pairs of fundamental chiral
and anti-chiral multiplets is given by Eq. (4.26) and Eq. (4.27). We observe that the full
partition function can also be factorized into the perturbative part, the vortex part and
the anti-vortex part as follows:

21, i = Zpert * Ly * ZLay - (5.1)

k3
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To test Seiberg duality, we should prove that each part on the right-hand side of the
equation above is invariant under the duality transformations:

(5.2)

D _ { mr + 4, for fundamental in SU(NF),
— k=

mr — 4 for anti-fundamental in SU(Np),
Lo P,

where we adopt a slightly different notation as follows. Because Np > N, we can pick up
N out of Np flavors, which are previously labelled by the index I; (¢ =1, ---, N). From
now on, let us denote a flavor J within the NV selected ones by J € E, otherwise J ¢ L. We
also use LP to denote the complement set of L. The shifts ~ % in the dual masses ﬁllfj are
due to (2.55) and the R-charge assignment of the duality, while mp are unshifted masses
in the original theory If we require that the expressions in (2.55) and (5.2) are equal for
a special case 7 = h = —e considered later in the paper, then we obtain Np/N = 2, which
strictly stays in the conformal window 3N/2 < Np < 3N. Hence, the duality map (5.2) is
consistent.

Some attention should be paid for the gauge couplings. Since Seiberg duality is an
electro-magnetic duality, there should be

1
gy M X —p— . (5.3)
9y m

The gauge couplings and the theta angles only appear in the complex coupling 7y (3.40)
in the classical part of partition function. In principle, 7y should be renormalized, and
consequently the partition function depends on the energy scale. Since Seiberg duality is
an IR duality, as a test of Seiberg duality we should compare the partition functions of two
dual theories at the IR fixed point. We choose at the IR fixed point that

at IR fixed point: g2y, = gym, 0P =19, (5.4)

which are not true for the dual theories in the UV. The precise relation between the
couplings in the UV should be obtained using the RG equation, and is consistent with
(5.3).

Let us first consider the perturbative part of the partition function, Z,er;. In the new
notation, it can be written as

Zpen = | TT L= + s — i) HHHHWQ“ L Y

1_m m
I,JeL Pl Tel =1 p€EZq>0 petay s+ mr
1] S#T

The second product of the expression above can be further factorized into two products

M- 1011 59

Tel S51  STelTel
SET ST s¢f

due to

—97 —



The product with S, 7 € L (S # T) exactly cancels the first product in Eq. (5.5). Hence,
Zpert 1s equal to the product with T' € E, S ¢ E, i.e.,

Ze = [T TTTT g+ ) + s — iz (5.7)

TGLPGZQ>O p5+Q*—mS+mT
S¢L

This expression can be regularized using the sinh function and the g-Pochhammer symbol
as before. After the transformations (5.2), it becomes the combination of the W-boson and
the fundamental chiral multiplets in the dual theory. Moreover, the dual theory should
also receive the contribution from the gauge singlets

~D

Zsinglet: H HHp5+ q+ +mg_mT

S T=1peZ ¢>0 pe +qy —mg +mp

B 11§ R ek ARt LY

S.T=1peZ >0 pe +q3 + (ms + 4) — (M1 — 47)

which contributes a trivial factor to the partition function of the dual theory. Hence, the
perturbative partition function of the dual theory is exactly equal to (5.7).

Now let us consider the vortex and the anti-vortex parts of the partition function,
which are given by

Zy = Z e?ﬂim|ﬁz| H H pe + OZN&N H H H
m .

AEAG pEZ p€+ i=1p€EZ q= 0p€+ m)

N N _ B
HﬁHH pet 0 =y (5.9)
=1 J=1 pe q>0p€+%q_mj+m11_%mz ’

J#I

-

1
2

Zow =Y ezl | TT T Pff&'f?s HHHpeJr q+1)+ In;

i deAg per \ PE+ a9 o imlpezg—0 PET1 (a+1)
N Np 1 - ~ "
pe+ 3(g+1) +my —my + g0
H H 1 D+ —m (5.10)
i=1 J=1 p€Z q>0 pe+ E(q + ) my—my
J£I;
After a few steps, Z, with m; > 0 can be simplified as
o0
— Z WZTomZTH, (511)
m=0
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with m = |m| and

1
mr —im.—m Lo\ 2
p5+m1i 7 m1j+émj>

N
Hi,j:l HpEZ < et+my. —my.
oy D I, =mr;

gm _ Z : (5.12)
v N N i ~ ~ )
mezZy, Hi:l HJil pEZ (%)m (ple —tmj + Imy, — mz)ml
|| =m
where we used the Pochhammer symbol, which is defined as
m—1
(@)m = [[(@+E). (5.13)
k=0
Similarly, Z,, with n; > 0 can be rewritten as
e .
Zoy =Y e 2T (5.14)
n=0
with n = |7i] and
N p8+m1i7lnifﬁl1.+ln]’ 2
Hi,'j='1 HpGZ ( pe+7%1i*mlj_ ‘ >
zn =3 ] (5.15)

- N N 1\ ~ ~
iezd, iz 155 Tez (—2)" (ple — tmy + by, — i)y,

|7i|=n

In the following let us focus on the vortex part of the partition function, i.e. Z;,. The
anti-vortex part Z,, can be treated similarly.

We observe that the expression (5.12) is very similar to the vortex partition function
on S? studied in Refs. [33, 34], and the only difference is that in our case there is an
extra product over p € Z. In principle, we can regularize this infinite product and test
the 4d Seiberg duality directly, however, it is technically easier to keep the unregularized
infinite product, so that the problem of testing the 4d Seiberg duality becomes a problem
of testing the 2d Seiberg-like duality. Hence, we can apply the same trick as in Ref. [33] to
test Seiberg duality in the following.

Applying the following identity of the Pochhammer symbol

m —

-1
(@ = n)m(—a — m)n = <1+ ”) (@+ Dm(—a+ 1)y, (5.16)

in the new notation we can rewrite the numerator of the summand in Eq. (5.12) as

_ le + fmsT — ms)m
) (N—1m (pLe + b s 5.17
( ) H H (pf& + dmgr — ms)mT ( )

S, TeL Pl
SAT

and the denominator as

1T | T1 T wte + tinsr — ms)ms | - | T] T1(pte + tmsr — ms)ms | - (5.18)

SeL |TeL Pl T¢L PEL
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Using Eqgs. (5.17) and (5.18), we can express Eq. (5.12) as

zr =3 (~)™m ] 1 }

ezl ser |Hrer Ipez(ple + tmsr — mg)m,
|ri|=m
1
: — , (5.19)
Mgz Tyen(pte + st = ms)ms |
which can be regularized as
1
Z\T/n — (_1)(N—1)m bANFm : _
= ) T
|| =m
1
: , (5.20)

[HT¢E Sin(ﬁbﬁ”LST — bmS)(b,mS)]

T

where b = [, and A is the regularized value of )  _, 1. We have also introduced the

PEL
modified sine-Pochhammer symbol:

m—1
Sin() (g, m) = H sin(z +ak). (5.21)
k=0

Because Sm—l(x) has a simple pole at z = 0, we can rewrite the expression (5.20) into a
contour integral:

g _ (—1)(N=Dm pANpm / ﬁ de; ﬁ (sin(bp; — Lhp;))?
M m! [sin(b)]™ c |5y 2mi i sin(lbp; — Lbpj +b) - sin(Lbp; — Lbp; — b)

1
jI;[1 [[gef sin(fbp; — Lbms) - HT¢L~ sin(¢bmp — Lbypj — b)

(5.22)

where the contour C'is chosen in the following way. First, we assume that the parameter %,
the masses mg_; and ﬁzTé 7 have small positive imaginary parts, and the imaginary part
of % is larger than the ones for the masses. Consequently, we find in the upper half-plane
the following poles:

-~ 1 ~ 1 -
ms,ms—kz,"',ms—l-(ms—l)z (Sel). (5.23)
Second, since ﬁ has poles at x = Ir with [ € Z,
~ - 1 _ 1 -
m5+l7r,m5+z+l7r,~-,mg+(m571)z+l7r (Sel) (5.24)

are also poles in the upper plane. We take the contour C' along the real axis and closed in
the upper plane, but then we deform it in such a way that it encloses only the poles with
[ =0, i.e. the poles given by Eq. (5.23).
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We observe that the contour integral (5.22) can be viewed as a trigonometric version
of the contour integral discussed in Ref. [33]. Similar to that case, the contour integral
(5.22) has no poles at infinity when Nrp > 1. We define the integration variables for the
dual theory as

1
o) = =% (525)

and the other parameters in the dual theory are still related to the ones in the original
theory through the duality transformations (5.2). In terms of the dual integration variables
and parameters, the contour integral (5.22) can be rewritten as

2
(L) pANe m gl | | (sin(ﬁbgolp - Eb(ij))
Y mlfsin(p)]" /C’D ]1_[1 2mi E sin(Lbp — hpP +b) - sin(Lbp — Lbp? —b)
< 1

, 5.26
jl_[1 HT¢E Sin(ﬁbgojp — bm?E) - [Iser sin(¢bmE — Ebgpjp —b) (5:26)

where the contour CP is now chosen to be along the real axis and closed in the upper
half-plane, and then deformed in such a way that it picks up only the poles at

~D ~ 1 _ 1 -
m?,m¥+z,---,m?+(m;r—1)z (T e LP). (5.27)
Now the expression (5.26) describes the vortex part of the partition function of an A/ =1
gauge theory on S? x R? with Ng flavors and a gauge group U(Ng — N).

Combining the perturbative part, the vortex part and the anti-vortex part of the
partition function on S? x R2, we conclude that at the IR fixed point

Zuny(gy s 9, 1) = Zyvp—ny(9var 97, m) . (5.28)

The original 4d Seiberg duality has special unitary gauge groups instead of the unitary
gauge groups. In principle, we can apply the approaches in Refs. [33, 54] to obtain the
results for the special unitary gauge groups from our results. It is more convenient to use
the integral expression of the partition function obtained in the “Coulomb branch”. Also,
using the N = 1 partition functions on $? x R? we can also consider other dualities. We
would like to leave these for future work.

6 Comparison with Nekrasov Partition Functions

Because S? x R? approaches the 4d Q-background near the poles of S2, we expect that our
results can be interpreted as a product of two partition functions on the Q2-background, each
from one patch of S? x R2. This picture is consistent with previous works in the literature
[3, 56, 57]. Because N' = 2 theories can be formulated in terms of N/ = 1 multiplets,
from these elementary building blocks we should be able to construct the N' = 2 partition
functions on the 2-background, also known as the Nekrasov partition function [2, 46, 47].
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There is a technical subtlety. Due to the SUSY algebra given by Eqgs. (2.56) and (2.48),
all the eigenmodes e to the operator Oy on ]Rg should contribute to the 1-loop deter-
minant, which corresponds to the product over p € Z in Eqgs. (4.5) and (4.15). However,
to compare with the Nekrasov partition functions, we should focus on the vortex sector
without anti-vortices on R2. Hence, the products should now be taken over p > 0 instead
of p € Z due to the expansion in the basis of holomorphic functions {1, w, w?, ---}.

After taking care of this subtlety, we can propose the N' = 1 partition functions on
the Q-background, and then compare them with the A/ = 2 Nekrasov partition functions.
To do so, we need to identify the parameters (1/¢, ) from S? x R? with the equivariant
parameters (e1, €2) of the Q2-background, i.e.,

1
€1 E:i:z, g2 =¢€, (61)
and also the twisted masses with the Coulomb branch parameters:

a; = —my, . (6.2)

Note that in a general Q-background, (e1, £2) can be complex. Here we identify (g1, €2)
with the real parameters in our theory, and conjecture that the results can be analytically
continued to complex parameters.

With these identifications, let us first consider the N' = 2 vector multiplet, which can
be decomposed into an N' = 1 vector multiplet and an adjoint chiral multiplet. From
Eq. (4.5) and the expressions (4.7) (4.20) with [],c, replaced by [],-, we first propose
the following expressions for the partition functions of the NV = 1 adjoint chiral and the
vector multiplets on the Q2-background:

28 =TITIII [(a+ Vet +pea + 05— 0] (6.3)

N

i#j p>0¢>0
1 1
zxe= (111]we2+oi—op2 | - | TT 1] T1(eer + pez + 06 — o) (6.4)
i#j p>0 i#j p>0¢>0
Therefore,
adJ L Zgee = H H H [qsl + peg + 0y — U]} , (6.5)
i#j p>0¢>0
where o; (i =1, -+, 7) include the contributions from vortices on R2:
O; = —T?L]i + k;e. (6.6)
Moreover, we make a partition of the vortex number k;:
Bl > k2> > ) > T 0 o, (6.7)
which form r Young diagrams for i = 1, --- , r, and I(k;) denotes the length of the i-th

Young diagram. We treat k! (¢ > 1) with different ¢’s as solutions in different sectors, and

ki=> k', K =0. (6.8)
qg=1
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Hence, in the g-sector we have

o; = a; + k;} €9. (69)
Consequently, Eq. (6.5) becomes
T
ZadJ ZveC = H H H |:q€1 +pe2+a; —aj; + k‘ngl E9 — k§+1 62] . (6.10)
t,j=1 p=>04¢>0
(4:p)#(4,9)

When —e; = h = €9, by setting the vortex numbers to zero and applying a regularization
similar to Ref. [2] using the Barnes double zeta function (2(s; x|e1, £2) defined in (F.1), we
can also extract the perturbative part of the partition function from Eq. (6.10):

exp Z (e —aj) |, (6.11)

1,j=1

where v(x) = d% o—0%2(s; x| =R, k). This is the same as the perturbative partition function
for the N = 2 vector multiplet [2, 46, 47]. ® After subtracting the perturbative contribution
from the expression above, what remains is

SRR SRR il Ll
ij=1 p>0g>0 ai —aj+h(p—q)
(4,p)#(4,9)

=HHH

,j=1 p>1g>1
(4,p)#(5,9)

a]+h — kK +p—q)
i — a; +h( q) ’

(6.12)

which is exactly the same as the instanton partition function for the /' = 2 vector multiplet
2, 46, 47].

Let us move on to discuss the hypermultiplet, which can be decomposed into a pair
of chiral and anti-chiral multiplets. To be precise, the partition functions of the chiral
multiplet obtained in Section 4 consists of the contributions from both the chiral and the
anti-chiral multiplets. Hence, we expect that the partition function obtained before for the
(anti-)chiral multiplet should coincide with the one for the hypermultiplet.

From Eq. (4.5) we read off the partition function on the Q-background for the funda-
mental (anti-)chiral multiplet:

fun (anti-)chiral
Zg = H 1111 (6.13)
=1 950 450 —q&1 — ])52+mJ—H7Z

where now the constants o; are given by

~ 1
o; = —my, + Zml (6.14)
3We notice that there is a little discrepancy among literatures. Our results are the same as the ones
obtained in Ref. [47], which differs from the ones used in Ref. [58] by some shifts of 1 5.
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with the partition of the vortex number m;:

e L S S A5
and -
mi:me, md =0. (6.16)
p=1

Hence, in the p-sector we have
ag; :ai—mfsl. (617)

We perform a regularization for the infinite product (6.13) as follows:

fun (anti-)chiral 1
Z" N H 1] H = s (6.18)
i=1p>1¢>0 Mg—p+1)+my+a;+mih

where we have applied —e; = h = €9, and used the expression (6.17) for the constants o;
in the p-sector of the partition (6.15). Moreover, by setting the vortex numbers to zero
and applying a regularization similar to Ref. [2], we can also extract the perturbative part
of the partition function from Eq. (6.13):

exp (— Z ’yh(ﬁbJ + az)) , (6.19)

which is consistent with the result in Ref. [47], although there is a sign typo there. After
subtracting the perturbative contribution from the expression (6.18), what remains is

hWg—p+1)+my+a;
}—Ilgquo h(g—p+1) +mj+az+zmh
(1)
-T111

i=1p>1 (mﬁal—i-l— )

; (6.20)

where we have performed a partial regularization using

LERNC))
1;[0q+x_ o (6.21)

The expression (6.20) is exactly the same as the instanton partition function for the hy-
permultiplet in the fundamental representation [47].

To summarize, we have made some conjectures for the A/ = 1 partition functions on
the Q-background based on the results from previous sections on $? x R, and then checked
their relation with the A/ = 2 Nekrasov partition functions. These conjectures should be
tested using a direct A/ = 1 instanton counting approach in the future.
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7 Discussions

In this paper we have discussed 4d A = 1 gauge theories on S? x ]Rg, and computed their
partition functions using supersymmetric localization. We provided a non-index partition
function test for Seiberg duality. Moreover, under some assumptions we have compared
our conjectured N/ = 1 partition functions on the Q-background with the AN/ = 2 Nekrasov
partition functions.

We have shown that under reasonable assumptions, the BPS equations admit vortex
solutions at the poles of S? and at the origin of R2. We have computed the 1-loop determi-
nants of fluctuations around these configurations. However, the instanton-vortex equations
suggest the possibility that point-like instanton solutions may exist. It will be important
to further study whether the equations admit extra solutions other than the ones we found,
and their contributions to the partition function.

There are some natural generalizations and applications of our work.

1. In this paper, we performed the Higgs branch localization and the final result is writ-
ten as a sum over vortex configurations. We should be able to perform the “Coulomb
branch” localization to obtain an integral expression of the partition function.

2. The generalization to other backgrounds (e.g. D? x R%, S% x S2) and other matter
contents, for instance the anti-fundamental chiral multiplet and the (anti-)symmetric
tensor field, should be straightforward. With these new ingredients we can rigorously
test more conjectured dualities.

3. We hope that our work can shed light on the still-mysterious rigid N’ = 1 theories
on curved space. For example, it gives us hints to previously intractable cases (e.g.
N = 1 localization on S? x S?), and also helps us better understand some notoriously
hard cases (e.g. N = 1 localization on S*) and conceptual issues like the ambiguity of
the sphere partition function [50]. The study can also provide us with more rigorous
tests of the AdS/CFT correspondence in the same spirit of [4, 59].

4. More mathematically, it would be nice to localize N' = 1 gauge theories on generic
toric 4-manifolds, just like for ' = 2 gauge theories [60, 61].

5. We can compute the partition functions of A/ = 1 superconformal field theories and
study their anomalies [62], which complements previous studies using superconformal
indices [63, 64].

6. Just as the A/ = 2 prepotential can be computed from the Nekrasov partition func-
tion, we expect the free energy of our N/ = 1 partition function to be related to the
effective superpotential. This should be compared with other approaches such as
[65, 66].

7. Some N = 1 theories flow to known N = 2 theories under renormalization group
flows. The superconformal indices of the Minahan-Nemeschansky theories [67, 68]
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and the Argyres-Douglas theories have been computed in this way [69-71]. By fol-
lowing such RG flows, we can also compute the non-index partition functions of
non-Lagrangian theories.

8. There have been recent progress in obtaining 4d N' = 1 gauge theories from 6d
N = (1,0) theory with fluxes [72, 73]. We believe that these new ideas can provide
us with a more direct 4d N/ = 1 instanton counting. Eventually, we should be able to
study the 4d A/ = 1 gauge theories directly on the Q-background based on the recent
progress.

9. Our results, in particular the relations with the Nekrasov partition functions, can
facilitate recent studies on the conjectured N'=1 AGT relation [51, 52].

The topics listed above are under investigation and results will be published elsewhere.
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A Convention

We follow closely the notations introduced in the book by Freedman and Van Proeyen [43].
For the 4d Euclidean space R?*, the gamma matrices are chosen to be

I'y=0,01 withpe{l,2}, Ts=03®0, TI'it=03®0, (A.1)
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where o; (i = 1, 2, 3) are the Pauli matrices, which play the role of the 2d gamma matrices.
The 4d and the 2d charge conjugation matrices are related by

Ci=CyQ®o01, (A.2)

and they satisfy
CaTy Cl=-TY, ChouCyl=—-0l, CoosCy'=—0f, (A.3)
with M € {1, ---, 4} and p € {1, 2}. In practice, we can choose Cy to be ioy. With the

choice above, the matrix I'5 is given by
I's=-I'1T913Ty =03®03. (A.4)
Moreover, for later convenience we obtain explicitly the following expressions :
I'w=0,0IL, Tw=0,0300, Tu=0,0300, T'sa=1®io3. (A.5)

In this paper, we use both the 4d and the 2d commuting Killing spinors. The 4d
commuting spinors satisfy the following Fierz identity:

(AX)(@Bp) = ;(AABg) (i) + {(ATY Bo)(§Tx)

- é(S‘AFMNB(P)(@EFMNX) (AATYT5 Be) (¢T mTsx)

1
"
+ (AL Bg) (9T5x) (A.6)

and the 2d commuting spinors satisfy the following Fierz identity:

1 1 1
(en)x = b (ex) + 50371 (ea3x) + 50ul (eatx). (A.7)

For the 4d and 2d anti-commuting spinors, the corresponding Fierz identities are just the
expressions above with a global minus sign on the right-hand side.
In our convention, the transpose of a bilinear of commuting spinors has an extra minus
sign, i.e.,
(' M)t = —nTMTe. (A.8)

B Killing Spinors on S?

To define the theory on S? x R? and still preserve ' = 1 supersymmetry, we require that
T satisfy the following equations:
1

VY =

I, V.T=0=V.T, (B.1)

where ¢ denotes the radius of S2. In this paper, we make the following choice of the sign:

1
VuY = DulsY, VX =0=V.T. (B.2)
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Under the decomposition (2.11), the Killing spinor equations above can be written in terms
of the 2d Killing spinors:

1
V€= 270“0'3 €, V,e=0=Vse,
1 (B.3)

V€= *?EO'/LO?) €, V,e=0=Vse,

where € and ¢ are Killing spinors on S2.
The Killing spinor equation on S? has an alternative expression:

V€ = iégaue/i . (B.4)

The general solution €, is given by

i 0 0

_ie Sl s | L COS5
do=be [ T2 ) ppgeit [ 02 (B.5)

—ZCOS§ ZSIH§

where by and by are two complex constants. The other solution € can be obtained by
¢’ = o3€/,. The conjugate spinors €¢ = Cy '¢’* satisfies

V€€ = $2L€UM6'C. (B.6)

Moreover, o3 € satisfies the same equations above as €.
From the Killing spinors €/, on S? satisfying (B.4), one can construct

ex = ([ +io3)e,, (B.7)

which satisfy the other Killing spinor equations (B.3) on S2.

C 2D N = (2,2) Supersymmetry

C.1 Vector Multiplet

As discussed in Subsection 2.2, under certain assumptions we can rewrite the 4d N’ = 1
supersymmetry in terms of 2d fields with N' = (2,2) supersymmetry, similar to the one
studied in Refs. [33, 34, 42].

The index & denotes the coordinates along the S2-direction, while z = 3 + ix4 and
Z = x3 — ix4 denote the R? directions. The fields in the 4d vector multiplet can be
decomposed into the 2d fields in the following way:

1 1
Ay — A“ with p € {1, 2}, A, = §(A3 — iA4), Az = 5(143 + iA4), (Cl)
E=A®C +A®C . (C.2)
In principle, these 2d fields also depend on the coordinates (z, z) along the R? direc-
tions, which implies their origin of the 4d N' = 1 supersymmetry constructed Section 2.
However, we can further require that they are independent of the coordinates (z, z), then
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we will obtain a 2d N/ = (2,2) supersymmetry, similar to the one from dimensional re-
duction. Under these assumptions, we obtain the supersymmetry transformations for the
vector multiplet on R* as follows:
1 ~ 1
§A, = —§ETCQUuA - §€TC’2(IW\,
1
SA, = —ieTczagx,

(SAg == *lgTCQO'gf)\V s
2 (C.3)

| .
= ZF“VO'MVG—F F.ot036+ Foz e+ %DUgE,

-~ 1 '
5)\ = ZFMV U#Vg+ F;/,ZO-//LO-3E - FZE g - %DUS g’
0D = _%ETCQU:;U’“‘DHX T %gTCQUWuDu)‘ — i€’ CoDzA + i€ CoD: ),

where the auxiliary field D is assumed to be anti-hermitian. These transformations on R*
satisfy the following SUSY algebra relations:

{0e1s b} = 0 ={0¢,, dc, } (C.4)
and
{557 5€}Au = fyavAu - Du(fyAu) ,
{0e; 0e} A, = Y0, A, — D.(§"Ay),
{0e, 0e}Az = Y0, Az — D:(7Ay), (.5)
{0e, 0} A = "0 N+ [EV Ay, A,
{8, 63X = YO, + [€7 Ay, N,
{6¢, 0¢}D = €0, D + [ A, D],
where
= %(gTCQO"uE). (C.6)

To obtain these commutation relations, we use the fact that € and € are two independent
solutions to the same 2d Killing spinor equation, and

€1 X €2, 61 X €2, (07)

which are all constant spinors for R?. Moreover, we need the Fierz identity for the 2d
commuting spinors (A.7).

To define a consistent supersymmetry on S? x R?, we first see that the transformations
(C.3) on R* do not form a closed algebra on the space S? x R?. To obtain a closed algebra,
we have to add additional terms to JA, SA and 0D, which are

&'\ = —bA.c"0o3D,e€,
5\ = —[;AEO'MO'gDuG, (C.8)

8'D = %(DMG)TCgoga“X - %(D,ug)TCQO'?,O'“/\,
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while the other transformations remain the same. Moreover, due to the non-trivial 2d
Killing spinor equations there are some additional terms appearing in 6F),,, 0F). and
0F,z. By requiring the closure of the algebra on 52 x R2, one can fix the constants in the
additional terms §')\, &'\ and &'D to be

a=a=b=b=—1. (C.9)
Hence, the new SUSY transformations on S? x R? become

5A, = —%eTcza#X - %eTcmA,
0A, = —%ETC’QO'?))\
§A; = —55T0203X,
o\ = iFW oe+ Foto36+ Foz e+ %Ddg e+ A.olo3D,€, (C.10)
S\ = iFW o€+ Fyzotose — Foz € — %Dag €+ Azoto3Dye,
5D = —%eTczaga“DuX + %eTCQUga“D#A — ie" CyD: + ie" Cy DA
- %(DMG)TCQU;;U“X + %(Dug)TC’Qaga“)\.

The commutation relations of these transformations on S? x R? are

{6617 662} = O = {5517 662}7 (Cll)
and
{567 5E}Au Va A ( M + aAU7

{6c, 0YA, = €Y 0, A, + [EM Ay, A+ pA.,

)

{0, 0c}Aq = €°0, A — Dy (€M Ay) — oAy,
]

{0c, 0:}Az = €0, Az + (€M Apr, As] —

pAs,
1 1
{0, 0} PLA = "0, PLA + (€% Angy PLA] + SaPLA+ pPLA,
(C.12)
{00, 6} Prk = €°0,PaX + [€¥ Aur, Pad] — LaPrh — pPr.

1 1
{0, 0:}PrA = €70, PR\ + [€M Apr, PR — 5OPrA+ S pPRA,

~ ~ ~ 1 ~ 1 ~
{6, 03 PLA = €0, PLA + [€M Apy, PN + SOPLA = SpPLX,
{6, 0:3D = €79, D + [¢M Ay, D).
C.2 Gauged (Anti-)Chiral Multiplet

Similar to the vector multiplet, we apply the following decomposition of the spinor to the
chiral multiplet:

U=y +1 (. (C.13)
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Consequently,
PV =Py @ + PrRY @ (-, (C.14)

where P, on the left-hand side denotes the 4d projection operator, while Pr g on the
right-hand side stand for the 2d projection operators.

Unlike in the main text, now we assume that the 2d fields are independent of the coor-
dinates (z, z) along the R? directions, then we will obtain a 2d ' = (2,2) supersymmetry,
similar to the one from dimensional reduction. Under these assumptions, we obtain the
SUSY transformations for the chiral multiplet on R?* in terms of the 2d fields:

(' CoPLy + €7 CoPrip)

§Ppp = —=(Prot€) D¢ + V2(Pré) D¢ + —=(Pre)F,

\f

f
(€' Coot D, Prip + €7 Coot D, Prip) 4+ V2(EX Coo3D. Prip + €' Coo3 Dz Pra)

(Prot€)Dyu¢ — V2(Pre)Ds¢p + —=(Pré)F

L CoPrA + €' CoPLN) b,
(C.15)

where ¢ and F' denote the 2d scalar field and the auxiliary field respectively, and the 2d
projection operators are in Eq. (2.29).
The transformations above satisfy the following commutation relations:

{0e1s der} =0 ={0z,, d&, } , (C.16)
and
{0c, 0c}p =& Do,
{de, detp =E" Dy,
{0c, ek = €D,
{bc, 6:}F = ¢"D,F .

(C.17)

In order to define the chiral multiplet consistently on S? x R?, similar to the vector
multiplet, we have to introduce some additional terms to the transformations d1, 2 and
OF:

§'ep = %(PLU“Due)qb
8 = %(PRUMDALE)Cb (C.18)
oF = _%(Dug)T@U’W) - ﬂ(Due)TCW“%Z )

while the transformation d¢ remains the same as Eq. (C.15). By requiring the closure of
the SUSY algebra, one can fix the constants ¢, ¢, d and d:

c=é=d=d=—q, (C.19)
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where ¢ is a constant. Therefore, the SUSY transformations of the chiral multiplet on
S? x R? become

3¢ = ﬁ(eTcsz + e CyPRi))
1 _ 1 q
6P = 5 (PLote) Dy + V2(PLé)D.¢ + 75 Lee)E + T (PLoDue)d,
- 1 N 1 N q -
0P = 5 (Pro"€)Dyé - V2(Pre)Dz¢ + 75 LrF + 5 (Pro” D)
oF = L e'Cr0" D, Prip + €7 Co0" D, Pr)) + V2(8X Coo3 D, Prip + €' Coo3 D5 Prab
\@ 123 123
— (T CoPrA + €L CLPL ) + ﬁ( &)L oo P + %(DHG)TCQO‘“PR@Z .
(C.20)
The corresponding commutation relations are
{5617 562} =0= {5517 6€2}7 (C-Ql)
and
{567 5€}¢) = 51/ l/(z) + [é.MAMa d)] ;
1 1
{0, 0} Pryp = €70, Poyp + (€Y Anr, Poy] + SaPr+ SpPry, .
22
~ ~ ~ 1 ~ 1 ~
{0c, 0z} PRty = €0, Prep + [€M Apr, Pryp) — 504PR¢ - §PPR¢7

{557 5€}F = gyauF + [gMAM7 F] 5

where ¢, p and « are defined the same as before.
For the anti-chiral multiplet (®, Pp¥, F) on R*, the SUSY transformations are given
by Egs. (2.36). We can apply the same decomposition (C.13) and consequently

Pr¥ = Pptp @ (4 + P @ ¢ (C.23)

Different from the main text, if we assume that these 2d fields are independent of the
coordinates (z, z) along the R? directions, we obtain the SUSY transformations for the
anti-chiral multiplet on S? x R? as follows:

] -
66 = —=(e" Co Py + E' CyPryp)

1 - N - 1 _ q _
§Prtp = —Q(PRU%)DW —V2(Pré)D.¢ + E(PRE)F + E(PRUMDHE)(Z),
~ 1 B _ _ 1 = q -
6Py = —Q(PLa“e)Duqb +V2(Pre)Ds¢ + \E(PLe)F + E(PLJ“D#e)d),
_ 1 ~ ~
OF = —Q(GTCQUMDMPL@ZJ + &' Cy0" D, Prip) + V2(e" Coo3 D Prip + &7 Coo3 D, Prib)

( TCQPR)\-F € CQPL)\) ( ) CQO“PLZZJ + 7( Mg)TCQUMPR¢.

7 V2
(C.24)
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The transformations satisfy the commutation relations:
{(551; 562} =0= {5?-1» 552} ) (C.25)
and
{667 55}& = gy l/q_s + [é.MAMa Q_S] )

(e, B2} Prt = €0, Pr + (€ Awr, Pros] — SaPtb + pPrts
(C.26)

(50, 5V P = €0, PLT + (€Y Avs, Pul] 4 saPLl — L pPLil,
{0c, 0:3F = €Y0,F + [eM Ay, F).

D BPS Equations and Classical Solutions

Using the explicit expressions of the commuting Killing spinors (2.43), we obtain the fol-
lowing identities for the commuting Killing spinors ¥ and X, which are useful in computing
the d-exact part of the action in Subsection 3.1:

vix=3ix =2, sfx=3xiz=o,

YIT:E = 308 = —2c0s0, SiIT:E =Xir;s =0,
STy E =SS = —2sin6d6yn, STy =Ty =0,
SIT S = STy Ts = —2isin 6 6y,
ST 5% = 25in0 e 83 4 2isin 6 e ™% dpyy
ST 0TS = —2sin 6 € dar3 + 2isin 0 e dypy
YILY = —2icosfeu, YT,EX=0, D¥% =2,
SIT,YE =2icose,, BTLE=0, ST3E=-2i,

>r,r =0, Sryx=o0, (D.1)
U 2cos€e*i9'p<5#1 — 2 e*’:‘péﬂg, fora =3,
a 2icosfe "o, +2e "¥o, fora=4,

>T,E =0, 2z =o0,

ETFMS] _ { —2 cos@el:*’é#l —2i cf‘"éug, fora =3,
2icos e, —2e¥o,, fora=4,

ST, 58 = 2iey, ST, I8 =0, XST3l5% = —2icosd,

ST 5% = —2ie,,, 2T,I08 =0, X305 = 2icosd,
ST, T2 =0, STalse =0,

—2e7 du1 + 2icosd e~ du2, fora=3,

ST, 5% = A A
pat s {—22’6‘“"5#1—2(:08(96_“"5#2, fora=14,
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ST, 058 =0, 2Tl =0,

ST, 055 = 2 ef%&ul +2icos0¢™ 5y, for a=3,
—21e"% 0,1 +2cosbe¥ i, fora=4.

By applying the identities above, we obtain the d-exact part of the action (3.7) and
consequently the BPS equations (3.11) ~ (3.14). In Subsection 3.2, we have discussed how
to obtain the classical solutions to some of the BPS equations. In the following of this
appendix, we focus on Eq. (3.22):

Fiz = gy (|72 =) = 0 (D.2)
and one of the equations in Eq. (3.14):
D@ =0, (D.3)
and we discuss their (anti-)vortex solutions.
First, in the explicit coordinates Egs. (D.2) and (D.3) become
1

mF&p - g)Z/M(‘(I)IP -n) =0, (D.4)
15 +L(a FiA, +iAL) - S B+ 8| BT =0 (D.5)
(7% sing\¥ s ?7 sinf Y sin@ ¢ o '

In Section 3.2, we have considered the vortex solution throughout the whole S?, but
we have also mentioned that there can be a configuration with a vortex solution at the
north pole and an anti-vortex solution at the south pole. In this appendix let us consider
this configuration in detail. To obtain the (anti-)vortex solutions (3.26) (3.27), we try to
solve these two equations in different regions:

e 0~ 0 (near the core of the vortex at the north pole):

In this case, we consider a vortex solution located at the north pole of S? and at the
same time at the origin of R2. The vortex solution is given by

ol ~ ey, Ay~ b —kle (k> 0), (D.6)

where k > 0 is required by the regularity of the solution at w = 0. They solve
Eq. (D.5) exactly. For Eq. (D.4), to ensure a non-vanishing field strength at the
north pole, we need to tune the FI paramter n — oo, which corresponds to a point-
like vortex. The explicit form of the field strength Fp, is irrelevant.

e O ~ m (near the core of the anti-vortex at the south pole):

In this case, we consider an anti-vortex solution located at the south pole of S? and
at the same time at the origin of R2. The anti-vortex solution is given by

ol ~ (G ak A, ~ g+ Kle (K >0), (D.7)

where 6 = 7 — 6 , and k' > 0 is required by the regularity of the solution at w = 0.
Similar to the previous case, they solve Eq. (D.5) exactly, and for Eq. (D.4) one has
to tune the FI paramter 7 — oo, which corresponds to a point-like anti-vortex at the
south pole.
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e 0 ~ T (on the northern hemisphere far from the core of the vortex):

In this case, we consider the solution on the northern hemisphere far from the core
of the vortex located at the north pole of S?, which is given by

ol ~ \me™wt A, ~ bt —m—kte (k>0). (D.g)
They solve Eq. (D.5) exactly, but cannot solve Eq. (D.4) exactly unless k& = 0.

e 0 ~ 7 (on the southern hemisphere far from the core of the anti-vortex):

In this case, we consider the solution on the southern hemisphere far from the core
of the anti-vortex located at the south pole of S2, which is given by

ol ~ et Ay ~tmy—n+kte (K >0). (D.9)
They solve Eq. (D.5) exactly, but cannot solve Eq. (D.4) exactly unless k&’ = 0.

Comparing the solutions of the last two cases, we find that in order to glue the solutions
from the two hemispheres together, regularity requires that

k=K =0, (D.10)

which is consistent with the requirement discussed before that the solutions solve Eq. (D.4)
exactly at k = k' = 0. Hence, a vortex solution located at the north pole of S? and an
anti-vortex solution located at the south pole of S? can be glued together through a gauge
transformation along the equator (6 = %), but these configurations are trivial on the RZ-
plane.

E 1-Loop Determinants via Index Theorem

In this appendix, we apply the index theorem to compute the 1-loop determinant of the
partition function around the classical solutions. The method is similar to the one used in
Refs. [33, 35, 36].

First, the complex coordinate w on R? can be parametrized as

w=re?. (E.1)

From Egs. (2.48) and (2.56) we see that the square of the supersymmetry that we con-
structed on S% x R? is

62 = —%Qp — €0y + i cospsinf (0, + Op) — sing sinf(dy, — Op)
. . 1
+A— %cose JU— %(5 — ) Re +iFping, (E.2)

which has fixed points (0, w) = (0,0) and (m,0), corresponding to the north and the south
poles of S? together with the origin of R2. Hence, we can consider the indices at these
fixed points to obtain the 1-loop determinants.
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First, the term —edy, in the algebra (E.2) generates a rotation on R? around the origin,
which contributes a sum ZpEZ e~ to the index.

For the chiral multiplet, at the north pole (6 = 0) the SUSY transformation is of the
form Dy + %Dso ~ Dy with u = 6 ¢'?. The index is the one for the Dolbeault operator with
inverted grading, i.e. —1/(1 —u). Hence, by expanding —1/(1 — u) in terms of ¢t = ¢'¥ and
using the equivariant parameter —1/¢, we obtain the index for the chiral multiplet at the
north pole:

ind(]:\lfliral — Z e—ipa Ze—iq/é e—i(e—l/Z)Rz/Q ei.F]ﬁzJ eAN ’ (E3)
PEZ 920

where J denotes an arbitrary flavor, and

1

7 + tke, (E.4)

Ay = —5A, = —iFris +
with m and k denoting the numbers of vortices located at the north pole of S? and at the
origin of R? respectively.

Similarly, at the south pole (§ = 7), the SUSY transformation is of the form Dj; +
§D¢ ~ Dz with § = 7 — 6 and u = 6e'. The index is still the one for the Dolbeault
operator with inverted grading, i.e. —1/(1 —u). Hence, by expanding —1/(1 — u) in terms
of t = e~ and using the equivariant parameter —1/¢, we obtain the index for the chiral
multiplet at the south pole:

indcshiral _ Z ipe Z eiq/é efi(sfl/f)R2/2 eiFamy s , (E5)
pEZ q>1

where J denotes an arbitrary flavor, and

Ag = —%A@ = T+ %n ke, (E.6)
with n and k denoting the number of vortices located at the south pole of S? and at the
origin of R? respectively. Both the index at the north pole (E.3) and the index at the
south pole (E.5) are generalized to the non-Abelian case, which are Egs. (4.1) and (4.3)
respectively.

For the vector multiplet, its index is given by the one of the de Rham operator. Hence,
we obtain the indices at the north and the south poles as follows:

, 1 o may | s
lnd\]f\(fec _ 5 Z Ze ipe id-& ’ lnd\éec _ 5 Z Zelpe Rz , (E?)
acAg peEZ aeAg pEZL
N, S

where @ denotes the root vectors of the gauge group, and the constants &
Egs. (4.2) and (4.4).

are given by

F Special Functions

In this appendix let us summarize some relevant facts about the double gamma function
I'y(z|e1, e2) from the math literature.
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First, the Barnes double zeta function is defined as

1 <dt e t®
CQ(S; .Z"El,EQ) = F(S)/O Tt (1 — e—alt)(l — e—é‘zt) . (Fl)

The double gamma function is then defined as

d
[y(xler,e2) = exp£

Ca(s; zler, e2). (F.2)
0

The function (a2(s; z|e1,£2) can be viewed as the regularization of the infinite sum:

Ca(s; xler, e2) = Z (x+mey +neg)”°. (F.3)

m,n>0

The function I'y(z|e1, £2) is analytic in = except at the poles
T = —(msl + n52) (m, n e Zzo) . (F4)

Hence, I's2(x|e1,£2) can be viewed as a regularized infinite product depending on the signs

of g1, €9:

( H (a:+m€1+n£2)*1, for e1 > 0,e9 > 0;

m,n>0
H (x +mep — (n+ 1)ea) , for e1 > 0,62 < 0;

To(zler, e2) mon=0 (F.5)

H (x — (m+ 1)e1 +nea) , for e1 < 0,690 > 0;

m,n>0
II (= (m+1er—(n+1)ex)™", fore; <0,e2 <0.

m,n>0
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