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Abstract. We illustrate the mathematical theory of entropy production in repeated quantum measurement
processes developed in a previous work by studying examples of quantum instruments displaying various
interesting phenomena and singularities. We emphasize the role of the thermodynamic formalism, and
give many examples of quantum instruments whose resulting probability measures on the space of infinite
sequences of outcomes (shift space) do not have the (weak) Gibbs property. We also discuss physically
relevant examples where the entropy production rate satisfies a large deviation principle but fails to obey
the central limit theorem and the fluctuation—dissipation theorem. Throughout the analysis, we explore the
connections with other, a priori unrelated topics like functions of Markov chains, hidden Markov models,
matrix products and number theory.
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1 Introduction

This paper is a companion to [BJPP18] and its goal is to complement the general theory of repeated
quantum measurement processes developed therein. In the present paper, we explore the rich
class of invariant probability measures on shift spaces that result from such repeated quantum
measurement processes and show that, depending on the physical models and their parameters
(sometimes even on the number-theoretic properties of the parameters), very interesting and singular
properties arise. We discuss connections with classes of measures that have been widely studied in
the literature (Gibbs and weak Gibbs measures, Markov measures, hidden Markov models, matrix
product measures, ...). In many physically motivated examples, we obtain explicit expressions for
the mean entropy production and the associated entropic pressure.

We refer the reader to the general introduction of [BJPP18] for historical perspectives and physical
motivations. We also note that a repeated measurement process can be viewed as a singular kind
of repeated interaction process. Recently, the latter have been intensively studied as alternative to
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stochastic modeling of thermodynamic behavior in open quantum systems (see the review [BJM14]
and references therein). Irrespective of physical motivations, many examples analyzed here might
be of interest to researchers in the fields of dynamical systems, probability and statistics; see
Section 2.2.

The paper is organized as follows. In Section 1.1, we briefly discuss the nature of time evolution
and its reversibility in quantum mechanics, complementing Section 1.1 in [BJPP18]. The following
Sections 1.2—-1.4 are devoted to a review of the setup and results of [BJPP18], combined with
refinements established in [CJPS19]. The role of the thermodynamic formalism in the general
theory is discussed in Section 1.5. In Section 1.6 we finish the introduction with some additional
remarks. In Section 2 we outline the main results of the paper. The proofs are given in Sections 3,
4, and 5. We postpone a more detailed description of the structure of Sections 25 to the beginning
of Section 2, after some notation and concepts are introduced.

This paper will be followed by the works [BCJ™a, BCJb], dealing respectively with the statistical
mechanics of repeated quantum measurements' and with the quantum detailed balance condition.

It is an honour and pleasure to dedicate this work to Joel Lebowitz on the occasion of his 90th
birthday. Throughout the years the two senior authors VJ and CAP learned greatly from Joel and
benefited from his wisdom, generosity and friendship. They will always remain grateful for that.
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1.1 Direct measurements and the time irreversibility of the projection postulate

According to most introductory textbooks on quantum mechanics (see, e.g., [CTDL77, Chapter III]),
and following the initial formulation by von Neumann [vIN55], there are two ways the state of a
quantum system can evolve. If the system is kept isolated during some period of time, then its state
(represented by a density matrix? p) is updated according to the deterministic rule

p—p =UpU*, (1.1)

where U is a unitary operator related to the total energy of the system through the time-dependent
Schrodinger equation. The second one is related to measurements: if the system is subject to the
direct measurement of a physical observable, then its state after the measurement will depend on
the outcome of the measurement, which is a random quantity. A measurement allowing only a
finite number of distinct outcomes labeled by a finite alphabet A can be modeled by a resolution of
the identity indexed by A, i.e., a family (P, ),c4 of mutually orthogonal projections summing up

lMany additional examples are considered in [BCJ Tal.
%A density matrix p is a non-negative operator whose trace satisfies tr(p) = 1.
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to the identity. By the projection postulate, the measurement updates the system state according to

the stochastic rule? PP
o 5, = aPre (1.2)

a

where p, = tr(F,p) is the probability for the outcome a to occur. As a result, for the observer
unaware of this outcome, the state of the system after the measurement is

p= Paba=)_ FapFu. (13)

acA acA

As already noticed by von Neumann, the deterministic evolution (1.1) does not increase the
statistical uncertainty of the state. More precisely, the von Neumann entropy, S(p) = —tr(plog p),
remains constant during this first kind of evolution: S(p’) = S(p). In contrast, the stochastic
rule (1.2,1.3) increases this statistical uncertainty in the sense that* S(p) > S(p), with strict
inequality unless each projection P, commutes with p so that p = p. Inspired by a strong analogy
with thermodynamics, the peculiar properties of quantum measurements were sometimes proposed
to be at the origin of the thermodynamic arrow of time (see for example [VN55, Boh51]).

Note that when the initial state has maximal entropy, any measurement yields S(p) = S(p), and
hence p = p. This applies to systems with finite-dimensional Hilbert spaces when p is a multiple of
the identity. More generally, if p maximizes the entropy under some linear constraints tr(pC}) = v;,
it is easy to see that any measurement such that each projection P, commutes with all C;; gives a p
satisfying the same constraints. Hence, again, p = p. This also applies to constraints of the type
p = Qjp = pQ; where the orthogonal projections (; commute with the P, (thus, in particular,
to superselection rules). This is consistent with the commonly encountered assertion that the
low entropy of the initial state of the universe is responsible for the observed irreversibility of its
evolution.

In this respect, it is worth noticing that in his well-known discussion of the arrow of time and
Boltzmann’s entropy [Leb93], Lebowitz wrote a section on quantum mechanics where he refers to
one of his early works with Aharonov and Bergmann [ABL64]. In the latter, building on Wigner’s
motto “the laws of quantum mechanics only furnish probability connections between results of
subsequent observations carried out on a system” [Wig63], the authors take Born’s rule as their
starting point and study the reversibility of successive measurements from a statistical ensemble
point of view. In a spirit similar to [ABL64], our research program follows the footsteps of
Heisenberg and von Neumann, and can be broadly described as the study of the statistical properties
of quantum-mechanical probabilistic rules and the resulting irreversibility in the specific setting
of repeated quantum measurement processes. Its general description is given in the introduction
of [BJPP18], and in the sequel we will occasionally further comment on it.

Returning to [ABL64], in Section 1.3, we reformulate successive direct measurements in our
language, and recover the reversibility of the measurement outcome sequence, that is, the first
crucial observation made in [ABL64]. From a technical perspective, the other results in [ABL64]
are based on the above remarks about states of maximal entropy and on the ability to implement pre-
and post-selection mechanisms by fixing the outcome of the first and the last measurement. We do
not discuss these observations in the present article. Compared to [ABL64], we are concerned with
the repetition of the same direct or indirect measurement with the possibility of added internal and
external dynamical contributions. The introduction of these dynamical contributions may result in

3Such an instantaneous direct measurement is, of course, an idealization, most real measurements are indirect and
require some finite time to complete (see [FGH19] for a concrete study).

4See [VN55, Section V.3]. In modern parlance, this follows from the operator-convexity of the function  — « log x,
see, e.g., [Carl0].
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non-zero entropy production and therefore in irreversibility. In an upcoming publication [BCJ*b],
we provide necessary and sufficient conditions on the measurement to generate non-vanishing
entropy production and therefore irreversibility.

1.2 Setup

Throughout the paper we will use the following notations and conventions. H denotes a Hilbert
space of finite dimension d. The inner product of two elements u,v € H, denoted by (u|v), is
assumed to be linear in its second argument. B(#) is the C*-algebra of linear operators on #, and
1 denotes its unit. A self-adjoint element X € B(#H) is positive, written X > 0, if its spectrum
sp(X) is a subset of [0, co[. It is strictly positive, written X > 0, if sp(X) C ]0, 00[. A linear
map O : B(H) — B(H) preserving positivity is called positive. We denote by ®* the adjoint of
& w.r.t. the Hilbert—Schmidt inner product (Y | X) = tr(Y*X) on B(H). A positive map & is
called irreducible if the relation ®[P] < AP for some orthogonal projection P and some A > 0
holds only for P € {0,1} (see [EHK78]). A positive map ® is called positivity improving if
®[X] > 0forany X > 0, X # 0. ® is completely positive whenever ® ® 1d is positive as a map
on B(H) ® B(K) ~ B(H & K) for any finite-dimensional Hilbert space K.

We shall consider measurements whose possible outcomes can be labeled by a finite alphabet A.
The measurement process itself is described by a pair (7, p), where J := (®g)qc4 is a quantum
instrument on 7, and p is the initial state of the system. Here, the ®, are completely positive maps

on B(H) such that
P = Z P,

acA

satisfies ®[1] = 1, and p is identified with a density matrix on H. We write’ Q7 := AT, and
denote its elements by w = (w1, . . . ,wr), and sometimes simply w - - - wp. For w € Qp, we define

S, =0, 000,
The probability measure defined on 27 by the mass function

Pr(ai,...,ar) :=tr(p(Pg, 00 Py, )[1]) (1.4)

describes the statistics of the first T' outcomes of the repeated measurement process generated by
(T, p); see [BJPP18] and Section 1.4 for details. By a slight abuse of notation, we shall also use
the symbol Pr to denote this probability measure.

The set of infinite sequences of measurement outcomes is® 2 := AN, and we equip it with the
metric d(w,w’) := A¥@«) where A € |0, 1] is fixed and k(w,w’) := inf{t € N* | w; # w}}. This
metric generates the product topology and the pair (2, d) is a compact metric space. F denotes the
associated Borel o-algebra, P(2) the set of probability measures on (2, F) and supp P the support
of P € P(€), which consists of all points w € €2 such that Pr(wy,...,wr) > 0forall T € N*.
We equip P(2) with the topology of weak convergence which turns it into a compact metric space.

The following terminology will also be used in the sequel. We take the convention that {2y contains
only the empty word which has length zero and mass Py() = 1. We denote by

Qg = U Qr
TeN

SFor an integer T', AT denotes the T-fold cartesian product of the set .4 with itself.
SN denotes the set of natural integers including 0, and N* := N\ {0}. A" is the set of sequences w = (w1, w2, . ..).
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the set of finite words from the alphabet A. Forw € Q and S, T € N*, S < T, we set’
ws] = (Ws, ..., wr) € Qr_gy1.

Finally, for a € A, a” is the word wy - - - wr where w; = a for all i € [1,T].

The length of = (11, ...,1m7) € Qan is || = T, the cylinder with base 7 is the set®

] :={weq] Wi, = n},

and nw denotes the concatenation of n with w € Qg, U (2, i.e.,
nw = (?71, e N, W1, W, . . )

There is a unique P € P(2) such that, for all n € Qg

P([n]) = Py (n)-

This measure describes the complete statistics of the repeated measurement process generated
by (J,p). We shall denote by E the expectation w.r.t. the measure P. With a slight abuse of
terminology, we shall sometimes say that the pair (7, p) is a quantum instrument and refer to
(Q, F,P) or simply to P as its unraveling.

Different instruments acting on possibly different Hilbert spaces may have the same unraveling.
Given a probability measure IP on (€2, F), we denote by Jp the collection of all instruments (7, p)
whose unraveling is P. Jp might be empty, but it is never a singleton. Although our analysis is
focused on unravelings, their instrumental origin is of central importance regarding the formulation,
relevance, and interpretation of our results.

We shall only consider instruments (7, p) satisfying the following assumption:
Assumption (A) ®*[p] = pand p > 0.

It is worth pointing out that assuming p > 0 in (A) is not a restriction. Setting C = Ran p and
using ®*[p] = p, one easily shows that each ®, preserves the subspace 5(K) of B(# ), and that the
restriction of the instrument 7 to K is also an instrument. By replacing H with /C one then obtains
an instrument with the same unraveling for which (A) holds.

Assumption (A) has several important consequences.

(i) The unraveling P of (7, p) is invariant under the left-shift

o : Q — Q,
(wl,(,cJQ, .. ) — (wg,w?,, .. .),

ie,Po¢~! =P. We denote by Py() the set of ¢-invariant elements of P(12).

(ii) Extending the function Py by setting 2 > w +— Pp(w) = Pp(ws,...,wr), the following
upper-decoupling property holds [BJPP18, Lemma 3.4]: forall 7',.S € N* and w € 2,

Pris(w) < Ay 'Pr(w)Ps o 7 (w), (1.5)

where \g = minsp(p) € ]0,1], and ¢*" denotes the T-fold composition of ¢ with itsef.

"For any integers i < j we set [i, j] = [, 4] N Z.
8By convention, the cylinder with empty base is €.
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(ii1) The so-called outcome reversal (abbreviated OR) is well defined. Its construction involves a
choice of involution # : A — A. Given (7, p) satisfying (A) with J = (®)qe 4, the pair
(j p) with J = ( a)acA and p defined by

~ 1 1 1 ~
BalX] = p 205, [P XpE] E pi=p, (1.6)

also satisfies (A), and the unraveling P of (j , p) is determined by

~

IP’T(wl,...,wT) :PT(H(WT),...,Q(wl)). (]7)

We shall refer to (7, )/ @/3@ as the OR of (7, p)/P/Jp. For additional discussion of the
OR, see [Cro08] and [BJPP18, BCJ™b]. We emphasize that the OR depends on the choice
of the involution 6.

The work [BJPP18] concerned a proposal for the study of the emergence of the quantum arrow of
time in repeated quantum measurement processes. This emergence is identified with a suitable
degree of distinguishability between (7, p) and its OR (f , P ), and is quantified by the entropic
distinguishability of the respective unravelings P and P. This entropic distinguishability is closely
linked to notions of entropy production in non-equilibrium statistical mechanics and hypothesis
testing in statistics, and was examined in [BJPP18] on two levels:

I: Asymptotics of relative entropies and mean entropy production rate, Stein error exponent.

II: Asymptotics of Rényi’s relative entropies and fluctuations of entropy production, large
deviation principle (LDP) and fluctuation theorem, Chernoff and Hoeffding error exponents.

The results of [BJPP18] regarding the LDP and fluctuation theorem were further refined in [CJPS19].
To state the combined set of results, we introduce the remaining assumptions of [BJPP18]. The
first of them is a non-triviality assumption (see Section 2.2 in [BJPP18]), which we will always
assume to hold without further saying:

Assumption (B) supp Py = supp ]/I\DT forall T € N*.

The last and central assumption concerns the main technical tool of [BJPP18], the non-additive
thermodynamic formalism of dynamical systems’, and complements the upper-decoupling prop-
erty (1.5) with a suitable lower decoupling property. To motivate this assumption, we recall the
following result; see [BJPP18, Fen(09].

Proposition 1.1. Suppose that the map ® =, eA D, is irreducible. Then there exist C > 0 and
T > 0 such that for all w,v € Qgy, one can find &, f € Qgy, satisfying |£] < T,

P(wév]) = CP(W)P(]),  P(wév]) = C@([W])@([VD- (1.8)

Starting with the lower-decoupling property (1.8), one can go quite far in an independent study
of the dynamical systems (€2, ¢, P') and (€2, ¢, P). However, our simultaneous analysis of the pair
(P, IP’) requires (1.8) to hold with ¢ = €.

Assumption (C) There exist C' > 0 and 7 > 0 such that for all w, v € Qg, one can
find £ € Qg, satisfying 0 < |¢| < 7, so that

P(lwer]) > CP(W)P(W]),  P(wér]) > CP(w)P(v])).  (1.9)

%see [Barl1] for a general introduction to this topic.
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Unlike Assumptions (A) and (B) which are assumed throughout, we shall mention explicitly when
Assumption (C) is in force.

Remark 1.2. Assumption (C) implies that [P and P are ¢-ergodic; see [CJPS19, Lemma A.2].

Remark 1.3. Assumption (C) was phrased differently in [BJPP18]. However, under Assump-
tion (A) and more precisely condition (1.5), it is easy to show that the present phrasing and the one
of [BJPP18] are in fact equivalent.

Remark 1.4. If 7 = 0, then Assumption (C) reduces to Assumption (D) of [BJPP18]. In that case,
for all w, v € Qgy, one has

P(lw]) = CP(W)P(Y]),  B(lwr]) = CP(W)B(M)).

Remark 1.5. In [BJPP18, Proposition 2.6], it is proven that if the completely positive map
U B(H®H) — B(H ®H) defined by

T=> 0,83,
is irreducible on B(H ® H ), then Assumption (C) holds.

The central object of study in [BJPP18] was the sequence of random variables
Pr(wi,...,wr)
Pr(wi,...,wr)

which quantifies the irreversibility, or equivalently, the entropy production of the measurement
process.'? We recall that

Q35w op(w) :=log , (1.10)

E(or) = S(Pr|Pr) >0
is the relative entropy of the pair (Pr, @T) The cumulant-generating function at « € R,
er(a) :=1ogE (e7*7) = log Z IP’T(w)l_a]/I\DT(w)a =: Sl_a(IP’T@T),
wesupp Pr

is the relative Rényi entropy. The next theorem summarizes the main results of [BJPP18] combined
with refinements obtained in [CJPS19].

Theorem 1.6. The following results hold.
(1) The (possibly infinite) limit
. 1
ep(J,p) == lim —=E(or) (1.11)
—oo T
exists and is non-negative. We call it the mean entropy production rate of (7, p). See [BIPP18,
Theorem 2.1] and [CIPS19, Section 6.2].
(i1) The limit
(w) = Tlgr;o TO'T(QJ)
exists P-almost surely and satisfies & o ¢ = G. Moreover, E(c) = ep(J, p) and

)-o

holds whenever ep(J , p) < co. The number &(w) is the entropy production rate of (7, p)
along the trajectory w. See [BJPP18, Theorem 2.1].

1

T—o00

41 is often called the log-likelihood ratio in the framework of hypothesis testing, and relative information random
variable in information theory.
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(iii) Suppose that the dynamical system (2, P, §) is ergodic."! Then@ = ep(J, p) holds P-almost
surelyand P =P <= ep(J, p) = 0. See [BIPP18, Proposition 2.2].

(iv) Foranye €10,1], let
st(€) = min{Pr(T) | T C Qr,Pr(T°) < e},
where T¢ = Q¢ \ T. The numbers

s(e) :=liminf L logsy(e) and 3(€) := limsup 7 log s7(e)
T—o0 T—o00

are called the Stein’s error exponents of the pair (P, I/P\’) If (Q, P, ¢) is ergodic, then for any
€€10,1]

s(e) =5(e) = —ep(J, p).
See [BJPP18, Theorem 2.3].

Suppose now that Assumption (C) holds. We then have the following:
(v) Forall o € R, the (possibly infinite) limit
e(e) := lim Fer(a) € ]—o0, o] (1.12)
T—o0

exists. We call it the entropic pressure of (J, p). The function e is convex, satisfies ¢(0) =
e(1) = 0, and the symmetry

e(a) =e(l — ), a € R, (1.13)

holds. Moreover, the function e is non-positive on [0, 1], non-negative on R \ [0, 1], differen-
tiable on 10, 1], and"?

(07e)(1) = =(97€)(0) = ep(T, p)- (1.14)
See [BJPP18, Theorem 2.4, Theorem 2.5] and [CIJPS19, Theorem 2.8].

(vi) If Assumption (C) holds with T = 0, then e is finite and differentiable on R. See [BJPP18,
Theorem 2.8].

(vil) Under the law P, the sequence of random variables (%O’T (w)) Ten satisfies the LDP with a

convex rate function I : R — [0, 00| in the sense that for any Borel set S C R,

— inf I(s) < liminf%logIP’ ({w €N ‘ %UT(&)) € S}>

s€int(S) T—o0
(1.15)
<1's110P te()eS < — inf I(s)
_I;ILO%I)T g w TaTw < Selg(s) s).

The rate function I is the Fenchel-Legendre transform of the function a — e(—a), i.e.,

I(s) := (sylé%(as —e(—a)), s €R,

and it satisfies the Gallavotti—Cohen symmetry

I(—s)=1(s) + s, s €R. (1.16)

' A sufficient condition for ergodicity is that the completely positive map & = S aea Pa is irreducible.
129F denotes the left/right derivative.
Bint(S)/cl(S) denotes the interior/closure of the set S.
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If e is finite in a neighborhood of the origin, then I is a good"* rate function. See [BIPP18,
Theorem 2.11] and [CIPS19, Theorem 2.8].

(viii) The Chernoff error exponents of the pair (P, I@) are defined as

c:=lim 1nf 1 7 loger and ¢:=limsup Lloger,
T— T—o0

where

wEQ
One then has
1
=¢c= mi = — . 1.17
c=¢ arél[gll]e(a) e<2> (1.17)

See [BJPP18, Theorem 2.12].
(ix) The Hoeffding error exponents of the pair (P, @) are defined, for all s > 0, as

h(s) := inf {hm sup 7 log PT(%)‘ lim sup +log Pr(7F) < 5} ,
T—

(Tr) T—o0o
h(s) := inf {hmmf 1 log]P’T(TT) lim sup 7 log Pr(7f) < —3},
(T1) T—o0
h(s) :=inf { lim 2 log Py (77)|limsup A log P (77 ,
(5=t { Jim 10 (75)] timsup 108 Pr(75) < s

where the infimum is taken over all sequences of tests such that Tp C Qp and the last one
is, moreover, restricted to the sequence of tests such that limp_, . % log Pr(TF) exists. One
then has"

TR . (1—a)s+e(a)
h(s) = h(s) = h(s) = aé%f:l] " .

See [BJPP18, Theorem 2.13].

We refer the reader to [BJPP18] for a discussion of the results stated in Theorem 1.6 in the context
of hypothesis testing and the emergence of the arrow of time in repeated quantum measurement
processes.

The setting of this section and practically all results of Theorem 1.6 extend to arbitrary pairs of
instruments (.7, p), (J, 7) defined on possibly different Hilbert spaces 7 and 7{. . In fact, the theory
of [CJPS19] was already formulated for general pairs of invariant measures (P, IP’) on {2 which are
not necessarily related by OR (i.e., no relation of the kind (1.7) is assumed). We conclude this
section with a discussion of these generalizations.

Consider two arbitrary instruments (7, p) and (j, p), with 7 = (®,;)qec4 and J = (C/Isa)aeA,
both satisfying Assumption (A). Instead of Assumption (B), we shall assume the following weaker
condition:

Assumption (B0) supp P C supp Pr forall T € N*.

“We recall that I is a rate function if it is non-negative, lower semicontinuous, and not everywhere infinite. We call I
a good rate function if, in addition, it has compact level sets.

"SNote that the formula given in [BIPP18] is different, but coincides with this one since e(a) = e(1 — «). The
expression given here is convenient in view of the generalizations we discuss at the end of this section.
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This assumption ensures that the raEdom variable o7, given by (1.10), is well defined Pr-almost
everyv/v\here. Note that when P and P are related by OR, i.e., when (1.7) holds, then supp P and
supp Pr have the same cardinality, and in that case Assumptions (B0) and (B) are equivalent.

In this more general setting, we replace the notation ep(/7, p) with

~

1
ep(Pa P) = TIE};O fE(O-T% (1.18)

since now the right-hand side depends on both measures.
The results of Theorem 1.6 are adapted to this more general setup as follows.

e Parts (Ai) and (ii) remain valid (with the change of notation (1.18)). Tlle observation that
ep(IP, P) is non-negative can be strengthened: we actually have ep(IP, P) > —e(1) (which
can be strictly positive, see (1.19) below).

e Part (iii) needs to be reformulated as the following two statements:

— If the dynamical system (€2, P, ¢) is ergodic, then & = ep(P, ]/PS) holds P-almost surely.
This follows from an obvious modification of the proof of [BJPP18, Theorem 2.1].

— If the dynamical system (2, P, ¢) is ergodic, then P = P e ep(P, @) = 0. Indeed,
the argument in the proof of [BJPP18, Proposition 2.2] only gives P < P here, and in
order to conclude that P = P, one needs (Q, ]P’ ) to be ergodic.'®

e Part (iv) remains true up to the change of notation (1.18). It should be noted that in the
definition of the exponents, one cannot interchange P and P in general.

e Part (v) is changed as follows. For all « € R, the (possibly infinite) limit (1.12) exists. The
function o — e(av) is convex, satisfies e(0) = 0, and is differentiable on |0, 1[. However,

1 _ 1 -
e(l) = Tlgx;o T log E Pr(w) = Tlgx;o T log P (supp Pr) (1.19)
wesupp P

only ensures the inequality e(1) < 0. In particular, the symmetry (1.13) does not necessarily
hold. In order to adapt the proof of [BJPP18, Theorem 2.5], one has, in the notation therein, to
replace the expression f(Q(®)) with f (@) — alimp_ %Q[O’T] in the variational principle

(the two expressions coincide if P and P are related by OR).
e Part (vi) remains unchanged.

o All the results in Part (vii) except the symmetry (1.16) hold in the present setup (this is
proved in greater generality in [CJPS19]).

o All the conclusions of Part (viii) except for the last equality in (1.17) remain true.
o Finally, all the assertions in Part (ix) remain unchanged.

The modifications to the proofs are minor (and some of them are already provided in [CJPS19]).
The hypothesis testing discussion in [BJPP18] is easily adapted to the above more general setting.

1.3 Von Neumann instruments

Measurements of the kind discussed in Section 1.1 are called projective measurements. To describe
repeated projective measurements, one has to incorporate the unitary propagators U. and Us

19There are pairs of instruments such that (2, P, ¢) is ergodic and ep(P, P) = 0, yet P # P and ep(P, P) > 0, even
when supp Pr = supp ]P’T for all T € N*. This happens for example if P, Q are two distinct, fully supported ergodic
measures, and P=1 5P+ 35 LQ.
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describing the pre- and post-measurement time-evolutions. The corresponding instrument can be
written as J = (®g)qca With

D, [X]:=UZQ.UIXUsQ,U<,

(Qa)ac. being a partition of unity on the Hilbert space H. Setting P, = UsQ,U% andU = U U,
this can be rewritten as
D,[X] = U*P,XP,U,

(Pa)ae. being again a partition of unity and U a unitary on H. We shall say that such a 7 is a
von Neumann instrument. Since @7 (p) = P,U pU* P,, the maximal entropy state p = 1/d always
satisfies (A). The unravelling I’ turns out to be a Markov process (see Remark 2.4). Given an
alphabet involution 6, the induced OR (7, p) is again a von Neumann instrument

d,[X] = U*P,XP,U, p=op,

with U = U* and ﬁa = U"Py(,)U. We note that if there exists an anti-unitary involution ©

on H such that OUO* = U™ and OF,0" = Py, then the unravelings satisfy P = P, so that
ep(J, p) = 0 and the entropic pressure e vanishes identically.

In [ABL64], the discussion on the relationship between the arrow of time and the projection
postulate is based on sequential von Neumann measurements of different observables. Assuming the
sequence of observables is periodic of period N, the corresponding alphabetis A = A x--- X Ay
with each A,, being a finite alphabet labelling the outcome of one observable, and the instrument
J = {q)a}aEA is

D J[(X]:=P) ---PLXP) - P}

ai,...,aN an’

where each (P}' )a,c.4, is a partition of unity by orthogonal projectors. Since

@;[p}zpall...pgv)(pgv...pl

al’

the maximal entropy state p = 1/d satisfies (A). Then, setting 0(ay,...,an) = (an,...,a1)
makes the canonical OR instrument 7 equal to J. Hence, P = P, so that ep(J,p) = 0 and the
entropic pressure e vanishes identically. These observations relate our setting to one of the results
of [ABL64], namely that the distribution of sequences of outcomes of von Neumann measurements
is time-reversal invariant.

1.4 Probe measurements

Ultimately, all measurements to be considered in the forthcoming examples will be of the kind
described in Section 1.1. However, from a physical perspective, the distinguished subclass of them
describing indirect measurements is central to the interpretation of repeated quantum measurement
processes. More specifically, we will be interested in one-time and two-time probe measurements.

Recall that our starting quantum system, which we denote by S here, is described by a finite-
dimensional Hilbert space H and a state p. In addition to S we are given a countable collec-
tion (P;)ien+ of independent, identical quantum probes, each of which is described by a finite-
dimensional Hilbert space #, and a state p,. In one-time measurement processes, at time ¢t = 0, S
and the probe P; are coupled and interact for a unit of time. At the end of the interaction period,
a von Neumann measurement of a specified probe observable is performed and the state of S is
updated according to the outcome of this measurement. Then the procedure is repeated, with S
in the updated state coupled to a probe P,. Two-time measurement processes are similar, except
that the probe observable subject to measurement is strongly related to the probe state p,, this
observable being measured before and after the interaction period. The details are as follows.
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1.4.1 One-time measurements

The Hilbert space of the coupled system is H ® H,, and its initial state is p ® p,. The evolution of
the coupled system over a unit time interval is described by a unitary operator U € B(H ® H,).
Let (Py,)qc.4 be a partition of unity on #, associated to a probe observable, and set!”

D, X] = try, (UH(X @ P)U(1 ® pp)).- (1.20)

One easily checks that J = (®g)qc.4 is a quantum instrument. By Stinespring’s dilation the-
orem [Tak79, Theorem 3.6], this construction has a converse: for any instrument (®,),c4 on
H, one can find H,, pp, U and a partition of unity (P,)sc4 such that (1.20) holds. Returning
to measurements, tr(®7, [p]) is the probability that after the first interaction, the von Neumann
measurement of the probe observable yields the outcome w;. After this measurement, the system
S is in the reduced state p,,, = @7, [p]/tr(®}, [p]). Repeating the measurement process with the
system S being in the state p,,,, one derives that the probability of observing the sequence of
outcomes (w1, wo) is tr((®, o @7, )[p]). After the two measurements, the system S is in the state
Purws = (BF, 0 % )[p]/tr((L, o @, )[p]). Continuing in this way, one arrives at the expression
(1.4) for Pp; see [BJPP18] for additional information and references.

1.4.2 Two-time measurements

In terms of the partition of unity (P;);c ., let the probe state be given by

ppi=_mRA, (1.21)

lel

where the eigenvalues mr; are strictly positive but not necessarily distinct.'® The map 6(1,1") := (I',1)
defines an involution of the alphabet A = £ x L. Recall that U € B(H ® H,,) denotes the unitary
propagator over a unit interval of time. For a = (1,1) € A, we set

B, X] = try, (U*(X © P)U)(1 @ mP)). (1.22)

The instrument J := (®,)qc4 describes a two-time indirect measurement (the probe state is
measured before and after the interaction). In the following, IP denotes the unraveling of (7, p)
for some invariant state p. For more information about the two-time measurement protocol
see [HJPR18, HIPR17].

Since the particular mathematical structure of repeated two-time measurements was not discussed
in [BJPP18] and will play a role in the sequel, we elaborate on this point.

We will assume that the system is time-reversal invariant in the following sense: there exist
anti-unitary involutions ©: H — H and ©,,: H,, — H,, such that, forall [ € L,

OpO = p, ©,P0, =P, O, UO®06, =U". (1.23)

Fora = (I,I') € A, let A&(a) := logm — log 7. For (w1, ...wr) € Qr, let

T
AGr(wi,...,wr) = Z AG(wy).
t=1

17ter denotes the partial trace over H,.
18(Py)ic is the family of eigenprojections of an observable commuting with p,,, not necessarily the ones of p, itself.
In particular, we do not assume the projections P; to be rank one.



Benoist, Cuneo, Jaksié, Pillet 14

Note that
T—1

AGr =) A&o¢, (1.24)
t=0

where, for w € €, we have set AG(w) := AS(wy).
For a € R, we define ®(«): B(H) — B(H) by

D(a)[X] =) e 2@, [X].
acA

This deformation of ® = ®(0) is a completely positive map. It is irreducible iff ® is. In our setting,
& (o) will play the role of the transfer operator.

Theorem 1.7. Suppose that (A) holds. Then:
(i) ForallT € N*and allw = (w1, ...,wr) € Qp,

tr(p(Pu, © -+ 0 Dy )[1]) = 2Tt (Dp,y 0+ 0 By []).

(ii) Assumption (B) holds. If ® is irreducible, then (C) also holds and Theorem 1.6 applies.
(iii) Let r4 := maxsp(p), r— := minsp(p). Then for all T € N* and w € supp P,

o7 (w) — A&7 (w)| < log :i
(iv)
D(T.p) = [ ASIP = 3 AS(a)tr(p,[1).
Q acA
v)
ep(TJ, p) = S(p & pp|U™(p ® pp)U),

where S(p1|pa) = tr(ui(log g — log uz)) denotes the quantum relative entropy'® of a pair
of density matrices (11, pi2). In particular, ep(J , p) = 0 ifand only if U* (p® pp)U = p® pp.

(vi) Forall a € R, the limit

1
e(a) = lim —log < / e_aAGTdIP> (1.25)
T—oo T Q
exists and e(a) = logr(a), where r(«) is the spectral radius of ®(«). The function
R > a > r(«) is locally a branch of a multivalued analytic function with at worst algebraic
singularities.
(vii) For a ¢ [0,1],
e(a) < min(|al, |1 — af) -
r_

For o € [0, 1],
e(a) > —max(a, 1 — a)ri.
r_

In the remaining statements we assume that ® is irreducible.

1 All the entropic notions we use are reviewed in [BJPP18, Section 2.1]. We recall that S(p1|p2) > 0 and that the
equality holds iff p1 = po.
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(viii) ep(J, p) = 0 if and only if tr(p®,[1]) = tr(pPy(q)[1]) for all a € A.
(ix) The function R 5 o — e(«) is real analytic.

(X) The sequence of random variables (%AGT) under the laws Pr satisfies the LDP with

the rate function

TeN*

I(s) = zsxlel%(sa —e(—a)), s € R.

(xi) The random variables (AGST)ren+ satisfy the central limit theorem. More precisely, as
T — oo, the random variable

AGT - Tep(ja P)
VT

converges in law to a centered Gaussian with variance €' (0).

Proof. The proof is based on well-known arguments and is relatively simple; see [JPW14, HIPR17,
HIJPR18]. We sketch the argument for the reader’s convenience and later reference.

One checks that fora € A and X € B(H),
0P,[0X0]0 = > dy; [X]. (1.26)

This yields (i).

Part (i) immediately gives that (B) holds. If 1 are as in (iii), the inequalities r_1 < p < r; 1 give
that

r_=~ T+3
TPT(wl, e ,wT) < tr(‘I)g(wT) 0---0 ‘139(wl)[p]) < %IP’T(wl, ce ,wT). (127)
+ —

If ® is irreducible then, by Proposition 1.1, there exist C' > 0 and 7 > 0 such that for all w, v € Qg
one can find £ € Qg, satisfying 0 < [¢| < 7, so that

P(lwev]) = CP([W)P([v]).

It then follows from (1.27) and (i) that for the same £ € Qgy,
3
Bloer)) > € (=) BDB(,
and (C) holds. This proves (ii).
Part (iii) follows from (i) and (1.27).
Part (iv) follows from (iii) and (1.24).
To prove (v), we first note that

ep(J,p) = Y AS(a)tr(p®a[1])
acA

= > (logm — logmy)tr ((p @ 1)(U*(1 ® Pr)U)(L @ m )
el

= tr(pplog pp) — tr((p ® pp)U™ (1 @ log pp)U).

On the other hand,

tr((p ® pp)U" (log p @ 1)U) = tr(p®|log p]) = tr(®*[p]log p) = tr(plog p),
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and so

ep(J, p) = tr(pplog pp) — tr((p ® pp)U™ (1 @ log pp)U)
+ tr(plog p) — tr((p ® pp)U" (log p ® 1)U)
= 5(p® pp|U(p @ pp)U).

The proof of (vi) starts with the identity
tr(p®7 ()[1]) = / e vAST P, (1.28)
Q

which yields the bound
[ eeastap < a7 (@),
Q

Gelfand’s formula for the spectral radius gives

T—o00

1
lim sup - log < /Q e_aAGTdIP’> < lim log [|®7 () [T = log r(c). (1.29)

The Perron—Frobenius theory for positive maps gives that there exists 0 < X (a) < 1, X (a) # 0,
such that (o)X () = r(a) X («); see for example [EHK78, Theorem 2.5]. The identity (1.28)
then yields

Q

and so )
lim inf — log </ e_O‘AGTd]P’) > log r(a). (1.30)
T—oo T Q

Relations (1.29) and (1.30) yield that the limit (1.25) exists and that e(«) = log r(«). Since r(«) is
an eigenvalue of ®(«) and the map C > o — ®(«) is entire analytic, the stated regularity property
of the map « — r(«) follows from analytic perturbation theory [Kat95, Section II.1].

(vii) follows from (vi) and the symmetry e(«) = e(1 — ).

The direction = in (viii) follows from Theorem 1.6 (iii). The direction <= follows from Part (iv)
and does not require the assumption that ® is irreducible.

If ® is irreducible, then so is ®(«) for all & € R. This observation and the Perron—Frobenius
theory [EHK78, Theorem 2.4] give that r(«) is a simple eigenvalue of ®(«) for all « € R. The
analytic perturbation theory [Kat95, Section II.1] yields that the map o — 7(«) is real analytic,
and Part (ix) follows from the identity e(«) = log r(«).

Part (x) is an immediate consequence of (vii) and the Gartner—Ellis theorem [DZ98, Theorem 2.3.6].

The central limit theorem stated in (xi) follows from the result of Bryc [Bry93]; the details are the
same as in the proof of [JPW14, Corollary 3.3]. O

Remark 1.8. It is well known that the time-reversal invariant two-time quantum measurement
protocol induces a rich and deep mathematical structure; see [JOPP12, JPW14] for a discussion
of this topic, references, and additional information. For the model discussed in this section, this
structure emerges from the two elementary identities (1.26) and (1.28), which allow for a simple
proof of Theorem 1.6.

Remark 1.9. One of the special aspects of the two-time measurement protocol is the mathematical
simplicity of o7, captured in Part (iii), contrasting sharply the possible complexity of P.
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Remark 1.10. Continuing with the previous remark, in contrast to Theorem 1.6, the statement and
the proof of Theorem 1.7 are deeply linked to the specific form of the reversal transformation. The
resulting P is natural in the context of the main theme of [BJPlilS]: the emergence of an arrow of
time in repeated quantum measurements. However, if P and P are unravelings of two unrelated
two-time measurement instruments with the same alphabet, the structure behind the statement and
the proof of Theorem 1.7 is broken.

Remark 1.11. Identifying Q := (£ x £)N" with £ x £, the marginal of P with the respect to
the second factor is the unraveling of the instrument ((®;);cr, p), Where

Bu[X] 1= trg, (U (X © P)U(L® py).-

This instrument corresponds to the one-time probe measurement associated to (P;);c, with the
special feature (1.21). The marginal of PP with respect to the first factor is the Bernoulli measure on
LN associated to the mass function £ 3 1+ p(l) := m tr(FP).

We now discuss several special cases of the two-time measurement process that are of particular
physical and mathematical interest.

Case 1: Thermal probes. This case corresponds to the choice p, := e #H» /Z, where H,, is the
Hamiltonian of the probe, Z is a normalization constant and 8 > 0 is the inverse temperature. Let

H,:= Z eP.

eesp(Hp)

be the spectral resolution of H),. Setting £ := sp(H),) and 7. := e~Pe~log Z gives the representa-
tion (1.21). Note that in this case the 7. are distinct, and that the two-time measurement process
corresponds to the measurement of the energy of the probe, before and after the interaction.

Note that if a = (¢,¢’), then AS(a) = B(¢’ — €) is the entropy variation of the probe due to the
measurement process. The function AGSt describes the entropy variation in the probe subsystem in
the time interval [0, T']. It follows that Part (iii) of Theorem 1.7 relates the information-theoretic
entropy production o to the physical entropy variation of the probes described by AG . Thus, the
information-theoretic/hypothesis testing interpretation of Theorem 1.6, in terms of the emergence
of the quantum arrow of time, is directly related to the thermodynamic interpretation that stems
from Theorem 1.7. For example, ep(J, p) is the Stein error exponent in the hypothesis testing of
the quantum arrow of time and coincides with the expected entropy variation per unit time in the
probes. For more information about this link see [JOPP12, JOPS12].

Case 2: Random thermal probes. We start with a collection of K > 2 probes, each of which is
in thermal equilibrium at inverse temperature S, k € [1, K]. The two-time measurement process
has the additional feature that, at each time stept = 0, 1, . . ., the system S is coupled to a randomly
chosen probe, the k-th probe being chosen with probability wy, > 0. Thus,

K K e PrHx K
Hp = @Hk Pp = @wkﬂlm Ph= =g L= H sp(Hk),
k=1 k=1 k=1

where | [ stands for the disjoint union, Hy, is the Hamiltonian of the k-th probe and Z, a normaliza-
tion constant. Denoting the spectral decomposition of Hy, by

Hy, = Z ePy. (1.31)
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and, for ¢ € sp(Hy), setting 7. := wrpe PrETI8Zk gnd P = 0@ - @ P,.®---®0, the
representation (1.21) holds. Writing

K
HeH,=EPHH,

k=1

we assume that the unitary propagator over the interaction period has the form U = @le Uk,
where Uy, : H @ Hj — H @ Hy, and we identify the alphabet A with ]_[szl sp(Hy) X sp(Hy).

If (‘bgk))aeSp( H,,)xsp(H,,) denotes the instrument describing the thermal probe two-time measure-
ment with S coupled only to the k-th probe subsystem, as in Case 1 above, it is immediate that the
random thermal probes two-time measurement process is described by the instrument

J = {w,®P | k € [1,K],a € sp(Hy) x sp(Hy)}, (1.32)
and that for all o,
K
O(a) =Y wp®®(a). (1.33)
k=1

Case 3: Multi-thermal probes. In this setting the probe consists of X > 2 independent sub-
probes, each of which is in thermal equilibrium at inverse temperature §; > 0, k € [1, K].
Hence,

e BrHk K

K K
Hy = ®Hk, Pp = ®sz7 Pk =" L= >_< sp(Hy),
k=1 k=1 g =

Hj. denoting the Hamiltonian of the k-th probe and Zj, a normalization constant. Given the spectral
representation (1.31), (1.21) holds with

K
K
- _ erp+log Z _
e =€ Zk*lﬁkk & kv P€_®Pk,sk7
k=1

fore = (e1,...,ex) € L. Note that the 7.’s are not necessarily distinct.

Remark 1.12. Case 3 corresponds to the well-known setting of open quantum systems in non-
equilibrium statistical mechanics. However, in the context of repeated quantum measurements,
Case 2 is both physically more natural and mathematically simpler to analyze. As we shall see
on the example of the spin instruments, relations (1.32) and (1.33) considerably facilitate the
computation of the mean entropy production rate ep(7, p) and of the entropic pressure e(«a). The
related computations are much more complicated in Case 3. For these reasons we shall illustrate
Case 3 only on the example of the XXZ-spin instrument with K = 2.

Remark 1.13. For a related use of the formalism of Case 2, see [BB20].

1.5 On the role of the thermodynamic formalism

In this section we further discuss Theorem 1.6 in view of the examples we shall study.

The classical Ruelle-Walters thermodynamic formalism [Rue04, Wal82] provides a conceptual
framework and powerful technical tools for the study of the questions addressed in Theorem 1.6.
However, the application of these tools requires certain regularity assumptions that are natural in
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the mathematical theory of classical spin systems, and which may or may not hold for a given
repeated quantum measurement process.

The following definition is basic. Let Q € Py (f2). Forw € Q and T € N* let*
Qr(w) = Q([w: - - wr]).

Consider the subshift (supp Q, ¢). The measure Q is called weak Gibbs if there exist a continuous
function F': supp@Q — R and positive constants (C7)pen- satisfying limp_; oo % logCr = 0,
such that for all 7" € N* and all w € supp Q,

Crle 1) < Qp(w) < Cre51Fw), (1.34)

where ST F = 23;7)1 F o ¢!. In this context, we shall refer to F as a potential for Q. If the
constants C'r can be chosen independent of 7', then the measure Q is called Gibbs. The following
criteria are useful.

Theorem 1.14.

(i) Suppose that for some Q € Py(Q2) there exist positive constants (Dr)ren+ satisfying
limp s % log Dy = 0, and such that, for all T, S € N* and all w € supp Q,

D7'Qr(w)Qs(¢" () < Qris(w) < DrQr(w)Qs(¢” (w)).
Then Q is weak Gibbs.
(i) IfQ € Py(R2) is weak Gibbs, then

lim — sup sup |log Qr(w) = 0.

T—oo T’ Se[1,T—1] wEsupp Q QS(W)QT—S(¢S(W)>

Proof. Part (i) follows from [Cun20, Theorem 1.2] (see also Corollary 4.2 therein for a derivation
in the case where supp Q = 2). To prove (ii), note that w.l.o.g. we may assume that the constants
Cr in (1.34) are non-decreasing. Then the obvious estimates

Cr’ < (CrCr-sCs) ™" < @s<w>gf(§2¢5<w>>

yield the statement. u

< CrCr_sCs < C}

Consider an instrument (7, p) satisfying Assumption (A) and let P be its unraveling. If P is weak
Gibbs, then most of the conclusions of Theorem 1.6 are standard results, as we now briefly discuss.

Let Q1 := supp P = supp P. First, when IP is weak Gibbs, so is P. Indeed, a potential F for P can
be constructed as follows. For all w € QT let

F®(w) = F®) (wpy 47) = sup{F(n) | n € Q" npag = wpighs
where F'is a potential for I’. Then Fg“) converges uniformly to F' on ", and we can define a se-
quence of potentials (F*)),cn- by F¥) (w) = F*) (Wi k) = F® (O(wy), 0(wi—1), ..., 0(w1))
for all w € Q. It is then not hard to prove that
1 ~ ~
lim limsup - sup |logPr(wp 1) + SpF®) (W) =0,

k=00 700 wesupp P

and thus [Cun20, Theorem 1.2] provides a potential F with respect to which P is weak Gibbs.

We then have, assuming P is weak Gibbs:

2Note that if Q is the unraveling of some quantum instrument, then this definition is consistent with the notation
introduced in Section 1.2.
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(a) ()—(ii) follow from the ergodic theorem.

(b) Regarding (v), the Ruelle-Walters thermodynamic formalism of weak Gibbs measures gives
that the limit (1.12) exists and is finite. The formalism, of course, gives much more. The
variational principle

e(a) = sup <h¢(<@) + /Q+ (aF +(1- a)ﬁ) d@)

QE'P¢(Q+)

holds, where h,(Q) is the Kolmogorov—Sinai entropy of Q. The set

Peq(er) := {Q € Py(QF)

e(a) = hy(Q) +/

O+

(aF +(1— a)ﬁ) dQ}

is a non-empty, convex, compact subset of Py (2"). It is a Choquet simplex and a face of
Py (2F). The extreme points of Peq(cr) are ¢-ergodic. If Peq(v) is a singleton, then e is
differentiable at . Whether Peq(v) is a singleton or not cannot be resolved knowing only
that P is weak Gibbs with an unknown potential; see (b’) below.

(¢) The Level Il LDP holds on (21, ¢) w.r.t. P with the rate function

1(Q) := {fm FdQ - hy(Q) it Q € Py(F);

00 otherwise,

see [Com09, PS18] and [CIPS19, Appendix A.3] (note that Assumption (C) implies the
various specification conditions therein). The Level III LDP and the contraction principle
yield the LDP for the entropy production observable stated in Part (vii).

(d) The proof of Parts (vii)—(ix) follows the standard route that relies only on the validity of the
LDP for the sequence (o7 (W), < under the laws Pr; see [JOPS12].

In conclusion, whenever the unraveling IP is weak Gibbs, all the statements of Theorem 1.6 follow
from well-known results via the classical thermodynamic formalism, except for Parts (iii), (iv), and
the differentiability properties of e stated at the end of Part (v) and in Part (vi). Although the proofs
of Parts (iii) and (iv) are by no means hard, they are not related to the thermodynamic formalism.
We will further comment on differentiability issues later in this section.

As we have already mentioned, the unraveling P of a quantum instrument may or may not be weak
Gibbs. In practically all examples that we will consider in the main body of the paper the unraveling
will not be weak Gibbs. The interest of Theorem 1.6 is that it applies to such cases. We emphasize
that Theorem 1.6 combines results obtained in [BJPP18] and [CJPS19], which provide two very
different and complementary routes to the LDP for the entropy production.

The methods of [BJPP18] were based on a non-additive thermodynamic formalism that appears
well suited for the study of questions addressed in Theorem 1.6 in the cases where standard
thermodynamic formalism fails. More precisely:

(a’) Parts (i)—(ii) follow from Kingman’s sub-additive ergodic theorem.

(b’) Parts (v) and (vi) follow from the non-additive thermodynamic formalism. Assumptions (A)
and (B) suffice to develop this formalism for o € [0, 1], i.e., to prove a suitable variant of
the variational principle and to define Peq () which has the same properties as in (b) above.
If in addition (C) holds, one also proves that Pey(c) is a singleton for « € ]0, 1] and hence
that e is differentiable on |0, 1[. In comparison to (b), the proof that Peq(c) is singleton
for « € ]0, 1] uses the decoupling properties (1.5) and (1.9) in an essential way. Under the
Assumption of Part (vi) these results are global, i.e., hold for all « € R.
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(¢’) The Girtner—Ellis theorem and the differentiability of e on 0, 1 yield a local version of the
LDP stated in Part (vii): the relation (1.15) holds for any S C [(0¢)(0), (07 e)(1)].

(d’) The local LDP described in (c¢’) suffices for the proof of Parts (viii)—(ix); see [JOPS12].

As illustrated by the rotational instrument discussed in Sections 2.3 and 5, the methods of [BJPP18]
cannot be used to derive the global LDP stated in Theorem 1.6 (vii).

The work [CJPS19] concerns the LDP for so-called selectively decoupled measures that are
considerably more general than unravelings of repeated quantum measurement processes considered
here. The methods of [CJIPS19] bypass the use of thermodynamic formalism and are centered
around the so-called Ruelle-Lanford functions. In the context of unravelings, under Assumption (C),
[CIPS19] provides a proof of the Level III LDP for IP and the global LDP stated in Theorem 1.6 (vii).
We point out that in contrast to (c) above, Part (vii) cannot be deduced from the Level III LDP and
the contraction principle, and a separate argument is required; see [CJPS19] for a discussion and
additional information.

1.6 Miscellaneous remarks

1 As we have already mentioned, the research program initiated in [BJPP18] can be broadly
described as the study of the statistical properties of quantum-mechanical probabilistic rules carried
out in the specific setting of repeated quantum measurement processes. Such a program could have
been formulated in 1932, the year of publication of von Neumann’s classic [VN55]. Needless to say,
there is an enormous body of literature on the subject, although the dynamical system/sub-additive
thermodynamic formalism perspective developed in [BJPP18] and here appear to be new; see the
introduction in [BJPP18] for references and additional information. The program will continue
with additional works [BCJ™a, BCJ"b], dealing with the statistical mechanics of repeated quantum
measurements and a study of the quantum detailed balance condition.

We would like to complement the general discussion in [BJPP18] with the following remark. Our
own interest in the subject stems from the advent of experimental methods in cavity and circuit
QED, and in particular the experimental breakthroughs of the Haroche—Raimond and Wineland
groups [Har13, Win13, HRO6]. These advances made it possible to sample the classical stochastic
process of the unravelings P for a wide range of quantum instruments. However, there is an essential
difference in the questions we study in comparison with those directly related to the experimental
setups. While the experiments are focused on the tracking and manipulation of the states of the
system S, our focus is on the unravelings. We neither study nor gain any information about S.
Rather, we study the possible mathematical and physical richness of the statistics of repeated
quantum measurements with focus on the mathematical complexity of the unravelings P.

There is a large body of literature on the mathematical theory of quantum measurements. The
monographs [Dav76, Kra83, Hol03] are classical; see also [BBFF20, BCF*18, BFFS16, BCF+19,
BBI11, BBB13, BBT16, BBT15, BFPP19, BCC™' 18, Oza84, MK06, KM04, BB91, BG09, BH95,
Bel89, BVHI07] for some standard results and recent developments.

2 In this work, among the various notions of Gibbsianness introduced in the literature, we
emphasize the weak Gibbs viewpoint. Although the notion of weak Gibbs measure was implicit in
classical works on thermodynamic formalism of spin systems, its definition was formalized only in
2002 by Yuri [ Yur02]. The weak Gibbs notions are particularly well suited as a characterization of
the thermodynamic regularity of the unraveling of quantum instruments, and in this context we will
continue their study in [BCJTa].
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3 Returning to the generalization of Theorem 1.6 discussed at the end of Section 1.2, assume that
PP is the uniform measure on €2, i.e., that Py (w) = |A| =T forallw € Q and T € N. Such a measure
is obtained, for example, by the instrument ®,[1] = ®*[1] = |.A| 1 for all a € A and the choice
p=d 'l Assumption (B0) obviously holds. As was already noted in [CJPS19, Remark 2.11], in
this case

1 1 11—«
e(a) = lim - log ZP PLo(w) | — alog|Al. (1.35)
wesu T

Note that the first term under the above limit sign is the Rényi entropy per time step 7151, (Pr).
By declaring

ET((Ul, s 7WT) == IOgPT(Wl’ s 7WT)

the energy of the configuration (w, ...,wr) and § = 1 — « the inverse temperature, the limit (1.35)
turns into the pressure of a “spin system” defined by the family of finite-volume Hamiltonians
(E7)7en+- The resulting statistical mechanics, with examples that complement those considered in
this paper, is developed in [BCJ*a].

4 We use the opportunity to correct a minor inaccuracy in [BJPP18]: according to [JOPS12,
Proposition 2.5], the statement of [BJPP18, Theorem 2.10 (2)] lacks a non-triviality condition,
namely that the entropic pressure e(«) should not vanish identically for « €]0, 1]. This omission
propagates to [BJPP18, Theorem 2.12 (2)]. Fortunately, the two omissions do not affect the other
results of [BJPP18]. Indeed, as already mentioned, PP is ¢-ergodic thanks to Assumption (C) while
the vanishing of the entropic pressure implies that of the mean entropy production rate. Hence, it
follows from [BJPP18, Theorem 2.2 (3)] that P = P from which one easily concludes that the Stein
and Hoeffding exponents vanish. Thus, in cases where the entropic pressure vanishes identically on
the interval |0, 1], the conclusions of Theorem 2.12 (3) and 2.13 in [BJPP18] still hold, despite the
failure of [BJPP18, Theorem 2.10 (2) and Theorem 2.12 (2)].

2 Examples

In this section we state our main results. In Section 2.1 we introduce the structural class of
the positive matrix product (PMP) measures and instruments. All our examples, except for the
rotational instrument discussed in Section 2.3, belong to this category. In Section 2.1.1 we discuss
basic examples — Bernoulli instruments and Markov chain instruments. For those instruments
Theorem 1.6 is a textbook result. We describe them because of their importance and because
they will reappear as special cases in the analysis of more complex examples. The Keep—Switch
instrument, our first novel example, is discussed in Section 2.1.2. The spin instruments are discussed
in Sections 2.1.3 and 2.1.4. In these two sections the results are stated in the abbreviated form,
and the complete formulations are presented in Section 4 where the proofs are given. The far-
reaching relation between the PMP measures and hidden Markov models is discussed in Section 2.2.
Section 2.3 is devoted to the rotational instrument.

The proofs are given in Sections 3, 4, and 5. The spin-instruments proofs, given in Section 4, involve
in part tedious straightforward linear algebra computations that we will largely omit. Finally, for
the reader’s convenience, we collect in Appendix A some basic results about continued fractions
that are used in the analysis of the rotational instrument.
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2.1 Positive matrix product measures and instruments

Let (Mq)qc.4 be a collection of d x d matrices with non-negative entries such that M := 3" , M,
satisfies M1 = 1, where?' 1 := [1 --- 1]T. We write M, =: [mij(a))i<ij<d. Let p 1=
[p1 -+ pg] be a probability vector such that pM = p, and for w € Qp, set

Pr(w) := pMy, --- M, 1.
There is a unique probability measure P € P4 (€2) such that
P([w]) = Pr(w)
forall T € N* and all w € Q.

Definition 2.1. We shall call P the positive matrix product (abbreviated PMP) measure generated
by ((Ma)aGAa p)'

The class of PMP measures is identical to the class of hidden Markov models. This point is both of
conceptual and technical importance, and we shall discuss it in Section 2.2.

If P is a PMP measure, we shall call any element of Jp a PMP instrument. The following
construction shows that Jp is non-empty and exhibits its canonical element. Let 7 be a Hilbert
space of dimension d and (v;)1<;<q4 one of its orthonormal bases. Given u,v € H we use Dirac’s
notation |v)(u| for the linear map w +— (ulw)v. Let J = (Py)qeca and p be the quantum
instrument and the density matrix on 4 defined by

d d
O4[X] =D mij(a) (v Xvp)|vi)(vil, — pi=Y_ pilvi){vil. 2.1
=1

1,j=1

A simple computation gives that I is the unraveling of (7, p). Note that the d-dimensional subspace
of B(*H) consisting of all operators with a diagonal matrix representation w.r.t. the basis (v;)1<i<q
contains the range of each map ®, and @}, as well as the density matrix p.

In the remaining part of this section, we assume that all entries in p are strictly positive, which
ensures that Assumption (A) holds. This construction of an instrument canonically associated
to a PMP measure gives more. Invoking [JPW14, Theorem 2.1], one easily shows that the
map & := ) ®, is irreducible iff the right-stochastic matrix M is irreducible.?? Given an

involution # on A, the OR measure PP is the PMP measure generated by ((Ha)ae A, P), where
M, .= DM ;EQ)D, D being the diagonal matrix with entries p1,...,pq. Note that the OR

instrument (j , p) constructed in (1.6) is given by

d
O [X] = Y i) vy Xvp) i) (vil,  p=p,

,j=1
and coincides with the instrument canonically associated to the PMP measure P.

Lemma 2.2. Let P be the PMP measure generated by ((My)aca, P), and denote by (J, p) the
instrument canonically associated to it.
(i) If mij(a) = 0 & myi(0(a)) = 0 for any index pair ij and all a € A, then Assumption (B)
holds.

2IWe denote the transpose of an arbitrary matrix A, by AT,
22 M is called irreducible whenever, for any index pair i, there is a power M™ with non-vanishing ij entry.
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(ii) If the matrix aedA M ® Ma is irreducible, then Assumption (C) holds.

(iii) If all entries in M, are positive entries for all a € A, then Assumption (C) holds with T = 0,
and P is weak Gibbs.

Proof. Part (i) is easily deduced from the fact that, since all entries in p are strictly positive,
PMa, - Mo, 1 = 0iff myy 4, (a1)miyis(az) - - - Migir, (ar) = 0 for all indices 41, i2, . .., i741.
To prove Part (ii), observe that (®, ® ®,)qec.4 is the instrument canonically associated to the PMP

measure generated by ((M, ® Mg)ac4, P @ p). The result then follows from Remark 1.5. Part (iii)
is a variation of [FL0O2, Theorem 2.1]. Namely, with

C := min min —mij(a) ,
a€A i,j Py Zk mzk(a)

one has m;j(a) > C' Y, mix(a)p; for all @ € A and any pair of indices ij. We can conclude that
Pris(w) > CPr(w)Ps o ¢ (w) (2.2)

holds for all w € Q and T', S € N*. A similar estimate clearly holds for the OR measure P, which
yields Assumption (C) with 7 = 0. Together with the upper-decoupling property (1.5), (2.2) allows
us to invoke Theorem 1.14 (i) to conclude that IP is weak Gibbs. O

Note that if (B) holds, then the limit (1.12) is finite for all c.

Our final remark concerns unravelings of two-time measurement processes. If such an unraveling
is a PMP measure generated by ((M,)qea, P), then

ep(T,p) = Y AS(a)pM,1,  e(a) =logr(a), 23)
acA

where () is the spectral radius of the matrix

M(a) = Z e @AS@
acA

2.1.1 Basic examples

Bernoulli instruments. Let () be a probability mass function on the alphabet A and let P be the
Bernoulli measure generated by @, i.e., the unique measure on 2 = .AN" such that, for all T € N*
and all w € AT,

P([w]) = Q(w1) - - - Q(wr).

Any element of Jp will be called a Bernoulli instrument generated by ). P is a PMP measure
generated by ((Mg)qe, P), where, for any d > 1, one can take M, := Q(a)1, and where p is an
arbitrary probability vector in R? with strictly positive entries. Note that, given some involution
0 of A, the OR P is the Bernoulli measure generated by @ := @ o 6 and that Assumptions (A)
and (C) obviously hold. Assumption (B) holds iff Q(a) = 0 <= @(a) = 0. Note also that
M =3, caM,=1,andsoif d > 1, M is not irreducible.

For a Bernoulli instrument we have

ep(T.p) = S(QI) = 3 Qa) log 2,
acA Q(a)
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and

e(a) = S1-4(Q Q) = log<zcz ) Q(a) )

acA

Note in particular that ep(J, p) > 0iff Q # Q\

Examples of Bernoulli instruments are given in Remark 2.7, Theorems 2.11, 2.15 (1)+(vii)+(ix),
2.18 (1)+(vi), 2.21 (1)+(vi), 4.3, 4.5 (vi), 4.6 (viii); see also Theorem 2.14 (i), and the “trivial case”
in Section 4.1.4.

Markov chain instruments. Let P = [p,], ,c4 be a right-stochastic matrix on RA and p =
[pz]ze a probability vector with strictly positive entries satisfying pP = p. The Markov measure
PP generated by (P, p) is the unique measure on = AY" such that, forall T € N* and all w € A7,

P ([w]) = PwiPwiws *** Pwr_jwr- (2.4)
One easily verifies that P is the PMP measure generated by ((M,)qc4,Pp), Where M, has the
entries
mmy(a) = pmy(szaa
§ denoting the Kronecker symbol.>> Obviously, > aeaMa = P. The canonically associated
instrument in (2.1) takes the form

D, [X] = Zpar<vx|XUx>‘”a><'Ua‘7 p= pr|vx><vx’- (2.5)
zeA €A

~

Given an alphabet involution #, the OR measure P is also Markov and is generated by (P, p), where

Do(y)
Po(z)

Pr = Po(z)> Day = Po(y)6(x)-

Theorem 2.3. Suppose that P is irreducible and denote by (J, p) the instrument canonically
associated to the PMP measure P. Then:

(1) Assumptions (A) and (C) hold. Assumption (B) holds iff, for all x,y € A,

Pzy = 0 —= Po(y)o(z) = 0.

(i)

Z Pz 10g Dry .

z,yeA
p;m,>0

In particular, ep(J, p) = 0 iff, for all x,y € A,
PaPzy = Po(y)POo(y)0(x)-

(iii) For a € R, the matrix**

l—-a~a

P(or) = [Py “Pry) 4 yen

is irreducible and e(a)) = logr(a), where r(«) is spectral radius of P(«). The map
R > a — e(a) is real analytic.

B Mgy (@) = Puydya is an equally valid choice.

*We use the convention 0/0 = 0.
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Remark 2.4. Physically important Markov chain instruments are described in Theorems 4.5 (vii)
and 4.6 (ix). A special class of Markov chain instruments is provided by von Neumann instruments
with rank-one projections. Indeed, with the notation of Section 1.3, setting p,, = tr(P,UP,U")
clearly yields a doubly stochastic matrix P = [p.y|+ye.4, and one easily checks that the Markov
measure generated by (P, 1) coincides with the unraveling of the associated von Neumann in-
strument. In fact, the matrix P obtained here is unistochastic (in dimension strictly larger than 2,
such matrices form a proper subset of the set of doubly stochastic matrices). Conversely, for any
unistochastic matrix P, one can find a von Neumann instrument whose unraveling is the Markov
process generated by (P, 1).

Remark 2.5. We mention without giving any details that one can, in the same way, describe
multistep Markov chains (see for example [BCJ™a, FNS92]), i.e., measures of the form

T—k—1
PT(wla AR ,WT) = pwlu-wk H pwj+1-~~wj+k;wj+k+1
Jj=0
under some standard invariance condition, where k > 1 (the case k£ = 1 corresponds to the usual

Markov chains discussed above). [P is then a PMP measure, as one sees by choosing M, acting on
RY, with d := |.A|, and p as

M, = E , PayreyesieVayr -y ) Oy, p: § : Pz Uy -y
Y1,--,Yp €A T1,.TEEA

where (Vz,...zp )z1,....z,c.4 1 an orthonormal basis of RA.

2.1.2 The Keep-Switch PMP instrument

This example, studied in Section 3, is the instrument with alphabet A := {K, S} canonically
associated to the PMP measure [P generated by ((Mg, M), p), where

) q 0 L 0 m L -1
MK’:[O qz]’ Ms = [m 0}’ p=(ntr) Tl 6

q1, g2 being two parameters in the interval |0, 1[ and 1 := 1 — g1, r2 := 1 — go. Let 6 be the unique

non-trivial involution of A, i.e., §(K) = S. We will discuss the probabilistic interpretation of the
measure P in Section 2.2.

Remark 2.6. Exchanging ¢; and g2 (and hence r; and r2) does not change the measure P.

Remark 2.7. In the case g1 = ¢2, P is the Bernoulli measure generated by the mass function
Q(K) = q1. The case ¢; = 1 — g2 has a long history in the literature; see Section 2.2. To the best
of our knowledge, the cases ¢; # 1 — ¢2, q1 # g2, have not been studied before.

Remark 2.8. We have P = P iff qQ = q@ = % The < implication is obvious, and the =

implication follows, for example, by writing the two identities P (K) = P1(S) and P3(K K K) =
P3(SSS) in terms of ¢, g2 and solving the resulting system of equations.

Remark 2.9. Replacing 6 by the identity would lead to the OR measure satisfying P= P, see
Proposition 3.2. Thus, the central role here is played by the choice of a non-trivial 8, and time-
reversal in itself plays no role.

To avoid uninteresting cases, we assume throughout that ¢; # ¢o. Our main result is:
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Theorem 2.10.
(i) Assumptions (A), (B) and (C) hold. In particular, Theorem 1.6 applies.
(i) The measure P is not weak Gibbs.

(i) Lety = §log % and n = % log L. Then,

ro —711)y+ (r1 —4rire + 1
ep(T. p) = (ro —r1)y + (r1 172 2)77>0_

r1+ 7o

(iv) The function o — e(«) is differentiable and strictly convex. It is real analytic on R \ {0, 1},
but fails to be twice differentiable at o € {0, 1}. Moreover,

4r179 9

(@ E)(0) = (07¢)(0) = (97E)(1) = (@*)1) = TR

2.7)

(V) The random variables (o)ren+ satisfy a non-Gaussian central limit theorem: as T — oo,
orT — Tep(j) p)
VT

converges in law towards Z1 — |Zs|, where Zy and Zy are independent, centered normal
random variables of variance given by

(2.8)

4T1T2
Var(Z1) = CERSE (g1 + @2)7* + 4q1 — @)y + 4q173 + qor)n?) > 0,
4
Var(Z3) = 1172 2>0.

~
(@1 +q2)(r1 +72)
(vi) The fluctuation—dissipation relation fails (see Section 3.6 for a more precise statement).

The proof of Theorem 2.10 is given in Section 3. We remark that Part (i) is easily established.
Indeed, (A) is immediate and (B) follows from the observation that supp Py = supp Py = Q7 for
all T € N*. To prove (C), one shows that the matrix Mg ® Mg + Mg ® M is irreducible on
R? ® R? by verifying that all the entries of the matrix (1 + My ® Mg + Mg ® My )? are strictly
positive. Thus, we will start the proof of Theorem 2.10 in Section 3 with Part (ii). The proof gives
an explicit expression for e(«); see (3.25) and (3.12).

We finish with the following remark. In addition to the canonical PMP instrument ((® g, ®g), p)
defined in (2.1), Jp contains two instruments that are physically more natural.

The first one is the instrument ((¥ g, Ug), p) on H := C? defined as

. |cospr 0 CoS 1 0
Wi X] = { 0  cos @2} X [ 0  cos 902] ’

. 0 sin @1 0 sin o
Ps[X] = [sin w2 0 ] X [Siﬂ«pl 0 ] ’

and
pi=(ri+ry)" [7;)2 0] ;

™

where ¢1, @9 are such that g; = coAs2 P1, G2 = cos? 7. One easily checks that (Vx, Ug), p) € Jp.
The canonical OR instrument is (¥, ¥g) = (Ug, V).

The second one is the X00-spin instrument with p;, a pure state; see Section 2.1.4 and in particular
Parts (v) and (vi) of Theorem 2.15.
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2.1.3 XXZ-spin instruments

With the notations of Section 1.4, the setting of the probe measurements that leads to the XXZ-spin
instruments is the following. The Hilbert spaces are H = H,, := C2. We denote by o, oy, 0 the
usual Pauli matrices. The model depends on the parameters € > 0, w > 0, A > 0, u € R, ¢t > 0,
and ) € |—1/2,1/2[. The Hamiltonians of the system S and the probes are

w €

Hg = EO'Z, Hy,:= 502, (2.9)

and the interaction between S and a single probe is described by

A
V= §(ax®ax+ay®ay)+%az®az. (2.10)
The full Hamiltonian is
H:=Hs®1+1® H,+V, (2.11)

and the corresponding propagator over a period t, U := e it/

The state of the probes is

, will be computed in Section 4.1.

i-n 0 1. —B,H
. 2 _ —1 .=
pp =: [ 0 5‘“7] =Z, e Pir, (2.12)
where, in the cases of thermal probes, 7 is linked to the inverse temperature 3, € R through the
relation n = % th % Finally, £ := {—, +}, and the partition of unity

P, = [(1) 8} , P_ = [8 (1)] (2.13)

is associated to measurements of the probe energy H,,. The time-reversal invariance (1.23) holds
with © and ©,, acting as complex conjugation. This setting will be used for the one-time measure-
ment protocol (with A = L) as well as for two-time measurements with thermal, random thermal,
and multi-thermal probes (with A = £ x L).

One-time measurements. The instrument 7 = (®_, ®.) is described in detail in Section 4.1.1.
One shows that ® = ®_ + @ is irreducible and that p = p,, is the unique density matrix for which
(T, p) satisfies Assumption (A). Moreover, one has a complete description of the unraveling P of
this instrument.

Theorem 2.11. The unraveling P is the Bernoulli measure generated by the mass function Q(+) =

% F 0. In particular, P does not depend on €, w, \, i, and t.

Two-time measurements with a thermal probe. The instrument 7 = (&4, &, d_, D__)
is described in Section 4.1.2. We set

2 . 2
5im \/<€‘2w> e s <)\8m§6t)> . (2.14)

Applying Theorems 1.7 and 1.14, the following result will be proved in Section 4.1.2.
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Theorem 2.12.
(i) p = pp is the unique density matrix for which (J , p) satisfies Assumption (A).
(ii) ep(J,p) =0ande = 0.
(iii) The unraveling P of (J, p) is a PMP measure.
(iv) Suppose that s € ]0,1[. Then P is not weak Gibbs for any (3, € R.

The surprising aspect of this result is that although PP is not a weak Gibbs measure, its two marginals
are Bernoulli measures. This follows from Remark 1.11 and Theorem 2.11.

For additional information see Theorem 4.5.

Two-time measurements with random thermal probes. We now consider the case of XXZ-
spin interactions with K random thermal probes labeled by k& € [1, K]. At each step the k-th
probe, which is in thermal equilibrium at inverse temperature S, is selected with probability wy.
The corresponding instrument 7 is described in Section 4.1.3, where more details can be found.
In particular, we shall prove that there exists a unique density matrix p such that (7, p) satisfies
Assumption (A). The following theorem only gives the main properties of this instrument.

Theorem 2.13.
(1)

f: oy Bk = Be/2) sh((Br — Bi)e/2)
" en((Br, + Br)e/2) + ch((Br — Br)e/2)’

[\D\Cn

k=1

where s is given by (2.14).
(ii) ep(J,p) =0ifandonlyif s=0or 1 = P2 = -+ = Bk.

(iii) The entropic pressure is given by
e(a)zlog(l—kg( 1—A(a)—1)>,

where
LS g 00— /25 ) 5= )e/2)
* ch(Bre/2) ch(Be/2)

is an entire analytic function such that A(«) < 1 forall a € R.

k=1

(iv) The unraveling P of (J, p) is a PMP measure.
(V) Suppose that s € |0, 1[. Then P is not weak Gibbs for any f31,...,Bx € R.

Two-time measurements with multi-thermal probes. This is a computationally involved ex-
ample, and we will consider only the case K = 2. The probe Hilbert space is H,, := C? ® C?, the
Hamiltonian of each sub-probe is Hj, := 50, and

€
H, ::§(UZ®]1—|—]1®JZ).
The interaction between S and the probes is described by

A
V= §(Ux®ax®ﬂ+oz®]l®ax+oy®ay®1+0y®]l®ay)

+%(az®az®ﬂ+oz®ﬂ®0z),
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with coupling constants A > 0 and ¢ € R. The full Hamiltonian is
H:=Hs®1+1®H,+V,

and U := e " where ¢ > 0. The matrix U and the resulting quantum instrument .7 are computed
in Section 4.1.4, where we also carry out the complete analysis of the model. Here we state the
results in the special case ¢ = w > 0, u = 0.

Theorem 2.14.
() If \t € §N*, then any state p satisfies ®*[p| = p and the unraveling IP of the instrument
(T, p) is a convex combination of two Bernoulli measures.

In the remaining statements we assume that \t ¢ SN*.

(ii) There is a unique state p such that (7, p) satisfies Assumption (A), and all the conclusions
of Theorem 1.7 hold.

(iii)

((BL — B2)e/2)sh ((B1 — B2)e/2)
((B1 — B2)e/2) + ch ((B1 + B2)e/2)
Obviously, ep(J, p) = 0 if and only if 51 = [a.

(iv) The entropic pressure is given by

e(a)leog(l—i—S( 1—A(a)—1>),

ep(j7 p) = 28Ch

where Aa) i sh (a(B1 — P2)e/2)sh (1 — «)(B1 — PB2)e/2)
ch (B1e/2) ch (Bae/2)

is an entire analytic function such that A(«) < 1 for all a € R.

(v) The unraveling P is a PMP measure.

(vi) P is not weak Gibbs for any 51 > 0, By > 0.

2.1.4 X00-spin instruments

The models to be considered in this section are similar to the previous XXZ-spin instruments,
except for the system—probe interaction which is now given by

A
V= 5% R oz,

and the fact that we also allow for the values 7 = +1/2 in the probe state (2.12). The total
Hamiltonian is

H:=Hs®1+1® H,+V, (2.15)
with Hs and H,, given by (2.9). The explicit form of the propagator U := e itH
Section 4.2.

will be given in

One time measurements. The properties of the instrument 7 = (®_, &) describing one-time
measurements of the X00-spin interaction, as well as that of its unraveling P are given in the
following theorem. We set

2

sin (% A2+ (w=+ 6)2>

si=| A . 2.16
* A2 + (wte)? (10
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Theorem 2.15.
(i) If s— = sy = 0, then any density matrix p satisfies ®*[p] = p and the unraveling P of
the associated instrument (J , p) is the Bernoulli measure generated by the mass function
QE) =1/2Fn.
In the following, we assume that s_ + s > 0 and set

1 S+ —S_

== _ 2.17
pi=3 +ns+ npy (2.17)
(i1) There is a unique density matrix,
_(p 0
pi= [O l—p] , (2.18)

such that the instrument (J , p) satisfies Assumption (A). The time-reversal invariance (1.23)
obviously holds.

(iii) The unraveling P of the instrument (J , p) is a PMP measure.
(iv) If s =1and sy =0, then

1 1
P={|-—-n])d = 0_
(an)oes (ao)-
where d4 is the Dirac measure at (£, +,...).

In the remaining statements we assume that s1. € ]0,1].

(v) Ifn = —1, then P is the Keep—Switch PMP measure with (K, S) = (+,—) and (r1,72) =
(S+a S*)‘

(vi) If n = 3, then P is the Keep-Switch PMP measure with (K, S) = (—,+) and (r1,r2) =
(S—a S-‘r)‘

(vii) Ifn = 0, then P is the Bernoulli measure generated by the mass function Q(£) = 1/2.
In the remaining statements we assume in addition that |n| € 10,1/2[.

(viii) P is a weak Gibbs measure and the entropic pressure e is a differentiable function on R.

(ix) If0(4+) = —, thenep(J,p) = 0iff s— = s = 1/2. The latter condition implies that P is
the Bernoulli measure generated by the mass function Q(+) = 1/2.

(x) If0(+) = +, thenep(J, p) = 0.

Remark 2.16. Assumption (A) always holds. Assumptions (B) and (C) hold apart from the trivial
boundary cases (s_, s+) € {(0,0),(1,0)}.

Remark 2.17. With regard to (v) and (vi), we emphasize that p,, given by (2.12) is a pure state iff
n = £1/2. One easily sees that as the parameters w, €, A and ¢ vary in ]0, co[, the pair (s_, s4)
can take any value in [0, 1] x [0, 1[. Thus, if n = £1/2, then for any Keep—Switch PMP measure
P one can find parameters w, €, A and ¢ such that the unraveling of the corresponding X00-spin
instrument is equal to P. The failure of the fluctuation—dissipation relation for the Keep—Switch
PMP instruments translates to its failure for the X00-spin instruments with n = j:%.

Two-time measurements with a thermal probe. The associated instrument 7 is described in
Section 4.2.2, where we prove the following theorem.
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Theorem 2.18.

1) If s— = sy = 0, then any diagonal density matrix p > 0 satisfies Assumption (A) and
the unraveling of (T, p) is the Bernoulli measure on {++, —— Y\ generated by the mass
function Q(4) = e¥P¢/2 /2 ch(Be/2).

In the following, we assume that s_ + s > 0.
(ii) The map ® is irreducible and the unique density matrix p such that (J , p) satisfies Assump-
tion (A) is given by (2.17) and (2.18) with 1 := % th(Be/2).
(iii) The unraveling P of the instrument (7, p) is a PMP measure.
(iv)

2545
= ———fBeth 2
ep(J,p) Py Beth(Be/2),
and in particular ep(J, p) > 0 iff s+ are both non-vanishing.

(v) The entropic pressure is given by

. S+ +s— — B
e(a) = log <1 + — ( 1—-Aw) 1>> ,
where
4s.s_  sh(apfe)sh((1 — a)pBe)
(s4++5-)2 ch?(Be/2)
is an entire analytic function such that A(«) < 1 forall a € R.

Ala) =

(vi) If sy = s— = 1/2, then P is Bernoulli. In the opposite cases P is not weak Gibbs for any
6> 0.

Remark 2.19. As noted in [HJPR17], the invariant state p is not the Gibbs state at inverse temper-
ature 3 and Bohr frequency € unless s_ = 0, that is, unless t1/A? + (w — €)? € 27N*.

Remark 2.20. This strict positivity of entropy production stated in Part (iv) has been previously
observed [HIPR17, HIPR18].

For additional information see Section 4.2.2.

Two-time measurements with random thermal probes. The corresponding instrument 7 is
described in Section 4.2.3. The main result is as follows.

Theorem 2.21.

() If s— = s = 0, then any diagonal density matrix p > 0 satisfies Assumption (A) and the
unraveling of (J, p) is the Bernoulli measure on ([1, K] x {++, —}N" generated by the
mass function Q(k+=+) = wye¥TP¢/2 /2 ch(Bre/2).

In the following, we assume that s_ + s > 0.
(ii) The map ® is irreducible and the unique density matrix p such that (J, p) satisfies Assump-

tion (A) is given by (2.17) and (2.18) with

K
1
=y ; wy th(Bre/2). (2.19)
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(iii) The unraveling P of the instrument (7, p) is a PMP measure.

(iv)
2yt K ((Br — Bi)e/2) sh((Br — Br)e/2)
T2 = ST 2 (B = Be/2) + (B + e/

| 25 i o (Bt Be/2) sh((B + Bi)e/2)
“h((Br — Bi)e/2) + ch((Br + Br)e/2)

In particular ep(J, p) > 0 if ss— > 0 or if there is a pair of indices such that wiw; > 0

and By # B

(v) The entropic pressure is given by

e(a)zlog<1+5++s‘( 1—A(a)—1)>,

2
where
K 2 2
=N e (5257 sh(a(Be — Bi)e/2) sh((1 — a) (B — Ai)e/2)
Ala) = k;I g l<(8+ +5-)? ch(Bre/2) ch(pre/2)
2s4s—  sh(a(Bg + Bi)e/2)sh((1 — a)(Bk + ﬁl)€/2)>
(54 +s-)° ch(Bre/2) ch(Bie/2)

is an entire analytic function such that A(«) < 1 for all « € R.

(vi) If sy = s_ = 1/2, then P is Bernoulli. In the opposite cases PP is not weak Gibbs for any

ﬁl?"'aﬁK-

For additional information see Section 4.2.3.

2.2 The hidden Markov model perspective

‘We show here that the class of PMP measures introduced in Section 2.1 coincides with the standard
class of Hidden Markov models. For completeness, we start by introducing a third (equivalent)
class of measures: Function Markov measures.

We denote by £ an auxiliary finite alphabet, and by = := LN the associated path space, equipped

with a stationary Markov measure Q € Py(Z). Let f: L — A be onto and define the map
F: 2= Qby F: (&)ens = (f(&))en-.

Definition 2.22. The measure P := Qo F~! ¢ Py(Q2) is the Function Markov (FM) measure
generated by the pair (Q, f).

Obviously, the same [P may be generated by many distinct pairs (Q, f).

Remark 2.23. If supp Q = =, then IP is Gibbs for a Holder continuous potential (see, e.g., [Verl 1,
Sections 2-3]). However, necessary and sufficient conditions on the pair (Q, f) for the induced FM
measure [P to be Gibbs or weak Gibbs are unknown.

It is sometimes convenient to define IP as the law of the process (f (&, -, &+k—1))ten+, Where
f: L — Ais an onto map. This case reduces to Definition 2.22 by considering the stationary
Markov Chain X; = (&, ..., &4 x_1) with state space L.
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Let R =: [Rja)icr.ac4 be a right-stochastic matrix. For (wy, ...,wr) € AT, set
T
PT(wla"'awT) = Z Q([gl"'gT])HR&wt'
t=1

Pr induces a probability measure on A" and there is a unique probability measure P € Py(Q)
such that P(w; - - - wp]) = Pp(wy,...,wp) forall T € N* and (w1, ...,wr) € Q.

Definition 2.24. The measure P is the Hidden Markov (HM) measure generated by the pair (Q, R).

Of course, here again, different pairs (Q, R) may generate the same P. It follows from the proof of
the next proposition and Remark 2.23 that IP is Gibbs with a Holder continuous potential provided
supp Q = = and the entries of the matrix R are strictly positive. Sufficient and necessary conditions
for IP to be Gibbs or weak Gibbs are not known; see [BV21] for some recent results in this direction.

The following result is basic.

Proposition 2.25. Let P € Py(2). The following statements are equivalent.
(1) Pis an FM measure.
(i1) P is an HM measure.

(iii)) P is a PMP measure.

Proof. (i) = (ii). Let the FM measure P € P,(2) be generated by the pair (Q, f), and set
Ria = d(1),o- The matrix R := [Rja](.q)erx.4 is right-stochastic and P is the HM measure
generated by (Q, R).

(i) = (i). Suppose that the HM measure [P € P,(€2) is generated by the pair (Q, R), the Markov
measure Q € P, (=) being itself generated by (@, q). Setting X' := L x A, one easily checks that
the pair (P, p), where p := [q1Ri4](1,0)ex and P = [qu' Rya] (1,0, ,a')e x> generates a Markov
measure L € Py(XN"). Defining f: X — Aby f(I,a) := a, one concludes that P is the FM
measure generated by the pair (L, f).

(ii) = (iii). Let P € Py(€2) be the HM measure generated by (Q, R), with the Markov measure
Q € P4(E) generated by (@, q). For a € A, define the matrix M, := [qu/ Ryqirec. Then, P is
the PMP measure generated by ((Mg)ec4,9)-

(iii) = (ii). Suppose that P € Py(2) is the PMP measure generated by ((M,)ac 4, P), Where
M, =: [mij(a)lijeqi,a) and P =: [pilief1,q)- Let £ = [1,d] x A and consider the Markov
measure Q € Py(=) generated by (q, Q) with

d
Q(ia) = thmhi(a)7 Qi) (,p) = Mij (D).
h=1

Then IP is the HM measure generated by (Q, R), where Ry; ), := dap- O

The equivalence (i) < (ii) goes back to the seminal work [BP66] where the FM/HM measures
were introduced. Following [BP66], the subject developed rapidly with applications extending to
ecology, automatic speech recognition, communications and information theory, econometrics,
biology, to mention some of them. The review article [EMO2] is an excellent introduction to the
subject from the statistical/information theoretic perspective. For the dynamical system perspective,
see the collection of papers in [MPW11].
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Although mathematically elementary, we are not aware of the equivalence (ii) < (iii) appearing
previously in the literature. The likely explanation for this is that the particular probabilistic
intuition behind the FM/HM construction is invisible in the PMP picture.25 On the other hand, from
the perspective of our work, it is precisely the PMP representation that plays the central role. The
reason for this is the particular quantum mechanical interpretation of the PMP representation which
in turn is invisible in the FM/HM picture. From the foundational perspective, this interpretation
complements the probabilistic FM/HM construction. We will now argue that it is also useful from
the technical perspective.

In the proof of the implication (ii) = (iii) one associates to the generating pair (Q, R) of the HM
measure [P the PMP generating pair ((Mj)qc4, p) With the simple identification

myy(a) = Q&2 =1 | & = )Ry,

The subadditive thermodynamic formalism of [BJPP18] and the Lanford—Ruelle LDP theory
of [CJPS19] then lead to information about the statistics of P’ that is of independent interest and
might be difficult to prove with other approaches. For example, in [CJPS19] it is proven that if
the matrix M is irreducible, then the Level III LDP holds for P. The results of [BJPP18] give a
very general criterion for validity of binary hypothesis testing for a pair (P, I@) of HM measures, as
described at the end of Section 1.2. We hope that these results will be of further theoretical use and
will find applications in the fields where the HM/FM measure modeling plays an important role.

Turning to the examples, the FM picture of the Keep—Switch PMP measure P introduced in
Section 2.1.2 arises as follows. Consider the stationary Markov chain (&;);cn+ on the state space
L := {4+, —} generated by the pair (P, p) with

P::Bigj, pi=(ri+r2) " [ra 7. (2.20)

Then, in the FM picture, P is the law of (f(&;, &+1))ren+, Where

ﬂ&é%z{K re=2; 2.21)

S otherwise,

see Section 3.2. In the particular case ¢ = 1 — g2, ¢1 # 1/2, the FM measure P is sometimes
called the Blackwell-Furstenberg—Walters—van den Berg (BFWB) measure and has appeared
independently in probability theory, dynamical systems, and statistical physics [Bla57, Wal86,
Ver16]. The interest in this example is the non-Gibbsian character of P, which was typically
examined on the Dobrushin—-Lanford—Ruelle level: the limsup of conditional probabilities

. IP’T(wl,...,wT)
C(w) :=limsu
@) T—)oop Pr_q(wa,...,wr)

is discontinuous everywhere on €, see [LMVV98, Verl1]. Due to this fact, in the literature the
BFWB measure is a canonical toy example illustrating the possible non-Gibbsian character of the
HM/FM measures. To the best of our knowledge, the case ¢; # 1 — g2 has not been considered
previously.

Theorem 2.10 can be viewed as an extension of the BFWB example adapted to the topics studied in
this paper. Here it is also important to note that the proof of Theorem 2.10, given in Section 3, is
technically centered around the FM representation of IP. But we also emphasize that Parts (v)—(vi)

2>We mention here that the link between HM and matrix products was used in [JSS08] for the study of the Kolmogorov—
Sinai entropy.
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of Theorem 2.15%% shed a different light on the Theorem 2.10 and in particular the BEWB example.
Firstly, the probe measurements leading to P are realized in a physically natural way, singling out
its theoretical and experimental relevance. Secondly, the generalization to ¢; # 1 — ¢ that goes
beyond the BFWB example is not only of mathematical interest, but is also motivated by the fact
that the parameters of the X00-spin instrument would be unnaturally restricted if the values of ¢;
and go were not independent of each other.

In view of other possible applications and in the spirit of the discussion at the end of Section 1.2, it
is of interest to consider the case where P and P are two Keep—Switch PMP measures with unrelated
parameters (i.e., no time reversal or involution 6 is involved here). More precisely, let P and P be
the Keep—Switch PMP measures respectively generated by the matrices and probability vectors

L ql 0 o O 71 . —1
My = [0 QQ] . Mg = [m 0} . opi=(ritr) e ],
My = I Mg = |~ =
K |:O q2:| ) S |:7"2 0:| ) p (7’1 + TQ) [TQ Tl] ’

where 0 < q1,¢2,q1,q2 < land r; := 1 — ¢;, 7; := 1 — @;, i = 1,2. The canonically associated
instruments satisfy Assumptions (A), (B) and (C), and the generalization of Theorem 1.6 formulated
at the end of Section 1.2 applies to the pair (P, @) We complement it with the following result, in
which the numbers

1 1 q

fy::flogqfl, X::(logq1 — log?}), (2.22)
2 T 2 q2 q2

e Dlog DE2TIT2 § = S log 1112 (2.23)
2 T rreqiqe’ 2 T

will play a particular role. Unlike in Theorem 2.10, we do not assume here that v # 0.

Theorem 2.26.

(i) We have

~ -9 _
ep(P,B) = 6 + 71 r1re + 72 |71 — 72|

1+ 1o r1+ 7o
(ii) The following four statements are equivalent: (a) ep(P, @) =0,(b)P = P, (c) (q1,q2) =
(q1,q2) or (q1,42) = (@2, q1), (d)p = x = 0.
We assume that ep(P, @) > 0 in the remaining statements.

(iii) The function o — e(«) is differentiable and strictly convex. If x = 0, then e is real analytic.
If x # 0, then e is analytic on R \ {|y|/x}, but not twice differentiable at |7y|/x.

(iv) If x = 0 or y # 0, then the random variables (o7)ren- satisfy the central limit theorem®’

op — Tep(P, @)
VT

where Z is a centered normal random variable of variance

= Z,

47“1?”2
(r1 +1r2)3

?%In this context, see also Remark 4.7.
“"Here and below, = denotes convergence in law.

Var(Z) = (@173 + qard)n? + 2|ra — rilnx + (a1 + ¢2)x*) > 0.
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(V) If x # 0 and v = 0, then the random variables (o)ren+ satisfy the non-Gaussian central
limit theorem

or — Tep(P, I@)
VT

where (Z1, Z3) is a pair of independent, centered normal random variables with

= Zl — |ZQ‘,

Var(Z1) = qir1n?, Var(Zy) = %XQ > 0.
1

Remark 2.27. Unlike in Theorem 2.26, the measure P discussed in context of Theorem 2. 10 is not
a Keep—Switch PMP measure, and the two results are not directly related. However, on the technical
level, the proof of Theorem 2.26 is only a slight modification of the proof of Theorem 2.10. We
will sketch it in Section 3.7.

Remark 2.28. The proof gives an explicit expression for e(«); see (3.38).

Remark 2.29. Note that v = 0 iff go = q1, that is, iff P is a Bernoulli measure. Moreover, x = 0
iff ¢1/q2 = G1/G2 or q1/q2 = @2/q1. Thus, the non-standard central limit theorem stated in Part (v)
holds iff IP is Bernoulli and P is not. Note also that, unsurprisingly, this coincides with the situation
where e is not twice differentiable at o = 0.

Remark 2.30. In the case g1 = ¢2 = 1/2, P is the symmetric Bernoulli measure on €2 (recall
Remark 2.7), and Theorem 2.26 yields information about the specific entropy and the specific Rényi
entropy of the Keep—Switch PMP measure IP. More precisely,

.1 r152 + 1251
(B) = jim ZS5®r) = —
where S; := —g; log q; — r; logr; is the entropy of the measure on A generated by Q;(K) = g;.

The limit defining the specific Rényi entropy (recall (1.35))

1 1
r(a) = fim 75(P) = lim 7log . > . (Pr(w)*| =e(l —a)+ (1 —a)log2
wesupp Pr

exists and the function a@ — r(«) is differentiable and strictly convex. If q; = g9, that is,
if P is Bernoulli, the function r is real analytic, otherwise r is real analytic on R \ {0} but
not twice differentiable at 0. Let Sp(w) := —logPr(w). The Shannon-McMillan—Breiman
P-a.s. convergence (recall that P is ¢-ergodic),

St(w)

li = hy(P
P he®)

is accompanied by the central limit theorem

Sy — Thy(P)
VT

where Z is centered normal random variable with variance

= Z,

4rir
Var(Z) = ——— 3 (@1 + @)7* + 2(r2 — r)yn + (@173 + @ri)n?) |

(ry + 7o

and the LDP which holds with the rate function I(s) := sup,epr(sa — r(—a)).
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Remark 2.31. There is abundant literature on entropies of hidden Markov models, part of which
is devoted to the study of concrete examples; see [MPW11]. In this context Theorem 2.26 gives
detailed information for a class of examples which, to the best of our knowledge, have not been
studied previously.

The unravelings of spin instruments also give novel classes of FM/HM measures that are not weak
Gibbs; see Remark 2 after Theorem 4.4 in [VEFS93] for a related discussion. We will not go
into details here since we shall return to the FM/HM/PMP connection in the continuation of this
work [BCJTa] where many additional examples are discussed.

2.3 Rotational instruments

Let H := C? and A := {0,1,2,3}. Let, moreover, A € [0,2[ be a parameter. We define the
rotational instrument (7, p) by J = (®4)qca and p := %]l, where

1 1

(PQ[X] = gRAXRfA, @1[X] = EVXV*’
1 1

&[X] i= <tr(X)1 - 3 [X], @[X] i= (X)L,

with
cos(mA) —sin(mA)

Ra =
sin(mA)  cos(mA)

0 0
, V= .

We note that R is a rotation matrix and that R\ = R_a. Since ®3 is positivity improving, so is
¢ := 3" c 4 Po. In particular, & is irreducible. The involution @ is defined by

Denote by Z the set of irrational numbers in [0, 2[. In Section 5, we will prove

Theorem 2.32.
(i) Forall A € I, Assumptions (A), (B), and (C) hold.
(ii) For a set of A’s in I of full measure, we have e(a) < oo for all o € R.
(iii) For a dense set of A’s in Z, we have e(a)) = 400 for all a ¢ [0, 1], and

(0-€)(1) = —(8"€)(0) = ep(T p) < o%.
(iv) For a dense set of A’s in I, we have e(o) = +oo forall o ¢ [0, 1] and
(07€)(1) = —(8"€)(0) = ep(T, p) = oc.

Remark 2.33. By Theorem 1.6 (v), e is finite and differentiable on |0, 1[. In Part (ii) the function e
is finite on R, but its differentiability properties outside |0, 1] are not known.

Remark 2.34. Obviously, in Parts (iii) and (iv) the unraveling IP is not PMP?® and is not weak
Gibbs. The surprising aspect of these two cases is the extent of this failure, captured by the
singularities of e at « = 0, 1.

#For PMP unravelings e(a) < oo forall a € R.
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Remark 2.35. We conjecture that for all A in Z the unraveling P is not PMP and not weak Gibbs.
We will return to this point in [BCJTa].

Remark 2.36. With our choice of & and ®; one easily computes that
P([1071]) = (288) 7137 Tsin?(T7A).

The quantity sin?(7'rA) plays the central role in the proof of Theorem 2.32 and in the intuition
behind the result. Depending on the number-theoretic properties of A, sin?(7'rA) can be extremely
small yet non-zero for some large values of 7'. The maps ®2 and ®3, on the other hand, play a
secondary role and are chosen for easy verification of Assumptions (A), (B), and (C).

Remark 2.37. As with the Keep—Switch instrument, the specific choice of 6 here is crucial, as
pure time-reversal does not produce the above singularities. To see this, consider the involution

Y[X] = UXU*, U= [(1) (ﬂ

and observe that, forany a € A, T o &, = ¥ o Y. Since T[1] = 1 and tr o T = tr, one has

1 1
Bl wrl) = 5t (T o @y, 00 By [1]) = Jtr (8, 00 @2, 0 T[1])

- %tr ((I)wT o---0d, []l]) = P([WT e 'wlD?

forany 7' € N* and w € Q7.

3 Keep-Switch instruments

Sections 3.1-3.6 are devoted to the proof of Theorem 2.10. Theorem 2.26 is proved in Section 3.7.
We shall freely use some standard definitions and results of Large Deviation theory. The classical
references for those are [DZ98, ElI85].

In the proof of Theorem 2.10, recalling Remark 2.6 and our standing assumption ¢; # g2, we shall
also assume that

q1 > ga. (3.1)
3.1 Proof of Theorem 2.10, Part (ii)

We have to show that the PMP measure P generated by ((Mg, Mg), p), as defined in (2.6), is not
weak Gibbs. For T' € N*, a simple computation gives

T o T T T\ !
Pfj?&;(:rfg)gﬁ[()q =2(ry +12) ((1 +71) (Z;) + (1 +72) <Zi> ) :

Hence,

y
7m0 2T + 1

P KTSKT 1
10( a1 (KS )>:21ogq2<0,

Pry 1 (KTS)Pr(KT) @

and the statement follows from Theorem 1.14 (ii).
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3.2 The FM representation

‘We mentioned in Section 2.2 that the FM representation suggested by Proposition 2.25 turns out
to be an efficient technical tool in the study of PMP or HM measures. We shall exemplify this
statement in the proof of the remaining parts of Theorem 2.10.

Let Q be the Markov measure on = = {+, —}N" generated by the pair (P, p) given by (2.20). The
reader should keep in mind that 4 stands for +1 and — for —1, and recall that according to the
notation introduced in Section 1.2, 27 = {+, —}* for every integer 7. For a € {4, —}, we define
@ = —a and we extend this map to arbitrary (finite or infinite) sequences of elements of {4+, —} in
the obvious way.

By the definition of Q (recall (2.4)), for any T' € N* and £ € =Zp, 1, we have

Q([é]) = Pe1 P16 Peots ** Pépéppa (3.2)

Denoting by n,;(£) the number of transitions from a to b in &, i.e., the number of indices ¢ € [1, 7]
such that (&, &+1) = (a,b), we can rewrite

Q(€]) = pe, q?++(§)qg__(£)r?+_(5)rg_+(£). 3.3)
Let f : 29 — Abeasin (2.21). We let then F': =71 — Qp be given by

F(&) == (f(&1,&2), f(£2,83), - -, f(€T, €1 11))s

and with a slight abuse of notation, we also denote by F' its obvious extension to infinite sequences.

These maps are 2-to-1: It is immediate that F'(§) = F'(§) for any £. Moreover, for any finite or
infinite sequence w, one has F~'({w}) = {¢, £} with

&=+, &=V Nw)=[{se[l,t—1]|ws=S5}, t>1

Proposition 3.1. Forall T € N* and all w € Qr,
P(w) = Q(e]) + QUED) = pe,d ™" aa ™ Ty T g a2 T T, (G4
where £ € F~Y({w}) and nay = nap(€). It follows that

P=QoF .

Proof. We denote here the canonical basis of R? by (e, e_) and by [Pabla,pe{+,—} the entries of
the matrix P defined in (2.20). One verifies that ¢! M Flap) = pavey for a,b € {+,—}, and by
iterating we obtain that, for any w, £ as in the statement,
P([w]) = PMe, -+ May 1 = (peyel, + g, el ) Moy -+ Mooy 1
_ T T o o
= D¢ €g Mf(&fz) T Mf(§T7€T+1)1 + Dg, eél Mf(El,ﬁz) o Mf(§T7€T+1)1
= P&iP6&Pogs  Peréria +}%1p5152p5253 o ‘pngT-H’

which establishes the first equality in (3.4). The second equality follows from (3.3) and the relation

nap(§) = ng5()- 0

As a first application of the obtained FM representation, we prove
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Proposition 3.2. The measure P satisfies P([w; - - - wr]) = P([wr - - - w1]) for any T € N* and any
(Wi, ... ,wr) € Qp.

Proof. Observing that (w1, ...,wr) = F(&1,...,&r1) iff F(&pyq,...,&1) = (wp, ..., w1) and
that, as any stationary two-state Markov chain, Q is reversible in the sense that Q([¢1 - - - &7]) =
Q([&r - - - &1]), the statement immediately follows from the first equality in (3.4). O

3.3 The FM entropy production

Set
6T ‘=0T o F. (35)

Obviously, the law of o7 under IP is the same as the law of 7 under Q. Much of our analysis is
focused on &7. In this section we study the statistics of a family ([Ur Vi Wr])ren+ of R3-valued
random vectors on (Z, Q), and we establish the asymptotic form

or ~nUr +~(|Vr| — [Wr|), (3.6)
where ) .
v = —log a > 0, ni= - log@. 3.7
2 g 2 T

As we shall see, the “pathologies” in Theorem 2.10 are the consequences of the absolute values
appearing in (3.6).

We start with some computations leading to an expression of o that allows for the identification of
the family ([UT Vr WTDTGN*-

Since o7 depends only on wj -+ -wp, op depends only on & ---&pyy. For &€ € Zpiq, we
rewrite (3.4) as

(qugo) P +F1==)/2(py g ) (g =g +1)/2

P([F(€)]) =2 . ch(y(nss —n_) +3(), (3.8)
where
3(€) = % <<n+_ ) log > + log g) .
Since 2|n_y — ny_| = |41 — £1] < 2, we have a bound
16()] < C, (3.9)

for some constant C' depending only on ¢, ¢2.%°

It follows from Proposition 3.2 that for w € 2,

o P(lwrwr)
or(w) =1 g]p([@(wl) - B(wp)])

ForT € N*, let¢: Er — Zr be given by

PY(E1&2838a - Ep) = & 162858 -

&p if T is odd;
&1 otherwise.

PRecall that ngp = nap(E).
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It is immediate that 1 (&) (5) Moreover, for { € E741 and w = F'(£) € Qp, we find

F((€)) = F((§)) = 0(w1)f(w2) -+~ O(wr),

and hence

32(6) = or(F(E) =log gD
In order to compute Pr(F(¢)(£))), we need the identifications
ni4+((€)) = nZ (&) +nf_(£), n——(¥(§)) = ng (&) +n 4 (§),
ny—(¥(§)) = nZ (&) +ns (6), n—4(¥(§)) = ng (&) +n_(8),

where nzl/)e is the number of odd/even integers ¢ € [1,T7] such that (&,&+1) = (a,b). As a
consequence,

g1 (Y(E€)) +n——((§)) = np—(&) + n—1(§),
ny—(P(€)) +n—1((§)) = n——(&) + n44(§).

It follows from (3.8) that, omitting again the argument & of n;,

(Q1QQ)(n+_+n‘+)/2 (rlrg)(”+++n—_+1)/2

Pr(F(1(€))) = 2

ch(vy(Ar- —A_4) +0(¥(9))),

(Al )

with Ay, = n¢, — n?,. This leads to the expression

or€) — log [ (@) T ey =0 ) +0(6)
"T(g)‘l"g((rwz) SN CTAN R (13))) A

We are now ready to define the R3-valued random vectors

= [Ur Vr Wr]
on (E,Q) by setting
Ur(§) = nit+ (o) + n——Euren) — ne—Euray) — n—+Epre),

V(&) = ny+(§nrvny) — n——(Ep i),
Wr(€) == Ay (§prry) — A=+ ()

Recalling (3.7), we have
or =nUr +logch (W +6(&p,r41))) — logch (YWr + (¢ (€ rry))) -
Using the bound (3.9) and the inequalities %e"”' < ch(z) < e, we conclude that
6T — (MUt +~([Vr| = [Wr]))| < ¢, (3.11)
for some constant C’ depending only on q1, go.

Remark 3.3. Note that Up (&) = Ur(€), Vr(€) = —Vp(€) and Wr(€) = —Wp(€). Asa
consequence, V7 and W cannot be expressed as a function of w € Q, but Ur, |Vr| and [Wp| can.

We now turn to the study of the statistics of the family (X7 )7ecn+. To this end, for A € R3 and

T € N*, we set’” )
—logE (e)"XT) .

qr(A) = T

3Here ) - X denotes the Euclidean inner product on R®.
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Proposition 3.4.
(1) Forall A\ = ()\1, Aa, )\3) € Rs,
QN = lim gr(X) =log (A-(N) + 4+ (V). (3.12)
with

1/2
Ax (V) = (@ugarra) /4 (FEMHD 4 M52 (0 4 )+ e” BN b2 () )

(ii) The function Q is real analytic on R3. Its gradient and its Hessian matrix at A\ = 0 are given

by
1
vQ(0) = —4 —r 0 3.13
Q(0) P [ri—drrg+ra ro—r 0], (3.13)
A Aqrs + qr3) 2(q1 — g2) 0
D2Q0) = — 2| 2 —a)  ate 0 |. @14
(r1+12) (r1+r2)?

0 0 q1+q2

(iii) The family (T ' X1)ren- satisfies the LDP with a good convex rate function I, given by the
Legendre transform of Q. In particular, the following weak law of large numbers holds: for
any € > 0, there exist constants C, > 0 such that for all T,

Q({E 1 IT X&) = VQ(O)]| > €}) < Ce™ . (3.15)

(iv) The following central limit theorem holds: as T — oo, the random vector

X7 —TVQ(0)
VT

converges in distribution to a centered Gaussian random vector in R? whose covariance
matrix is given by D*Q(0).

(3.16)

Proof. (i) Consider the following deformations of the generating matrix P

P()\) o e>\1+)\2q1 e*)q*/\srl P(/\) . e)\1+/\2q1 e*>\1+>\3r1
o : e—>\1+>\37«2 e>\1—>\2q2 ’ e : e—>\1—>\3r2 e>\1—)\2q2 ’

and set P(\) := P,(A)Pe(A). By (3.2) and the definition of U, Vi, W, we have
ar () = 7 log (pPO)LE P, O)T2LE)T) (3.17)
where L%J is the integer part of % The eigenvalues of P(\) are
re(A) = (A (A) £ A-(V)*,
with A4 () as in the statement. For any A € R3, the Perron-Frobenius theorem implies that the

spectral projection corresponding to the dominant eigenvalue x4 () has strictly positive entries. It
follows that, as T' — oo through odd/even integers,

pPV LI PN 21501 = 5 )T/ (Cope (V) +0(1)) (3.18)
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where C,,¢(A) > 0. Thus, by (3.17), the limit in (3.12) exists and equals log(#+()))/2.

(ii) The functions A are clearly real analytic on R3. Since
A-(N) + AL = 2qg2rar2)
the same is true of the function ). The remaining statements follow from simple calculations.

(iii) Since Q) is real analytic, the Girtner—Ellis theorem applies, and the stated LDP follows. It is
well known that Part (ii) yields (3.15); see for example [ElI85, Theorem 11.6.3].

(iv) Finally, in order to obtain the CLT, we observe that the remainder on the right-hand side
of (3.18) is locally uniform in A € C. Therefore, there exist a complex neighborhood 0 € U C C
and a number 7y > 1 such that g7 has an analytic continuation on U for each T' > Tj and

sup sup |gr(N)| < oo. (3.19)
T>To AU

It then follows from the version Bryc’s theorem [Bry93] given in [JOPP12, Theorem A.8] that

1
JT (X7 —E(X7))

converges in distribution to a Gaussian random vector as in the statement. To obtain the CLT
for (3.16), it remains to show that, for 7" — 00,31

1
VT
By (3.19), @ admits an analytic continuation on U, and there is a neighborhood 0 € U’ C U

on which the analytic continuation of ¢y converges uniformly to @ (see for example [JOPP12,
Appendix A.4]). Using again (3.18), we obtain that

(TVQ(0) — E(X1)) = VT (VQ(0) — Var(0)) — 0. (3.20)

sup sup Tlgr(A) — Q(A)] < oo,
T>To AeU’

and then (3.20) follows from Cauchy’s integral formula. O

3.4 Proof of Theorem 2.10, Parts (iii) and (iv)

These two parts of Theorem 2.10 concern the entropic pressure and the entropy production rate. In
view of (3.5) and (3.11) the entropic pressure reads

1
e(a) = Tlglgo 7 logE (e*a(n UT+V(|VT|*|WT\))) , (3.21)

where the expectation is with respect to the measure Q.

We first need a lemma to deal with the absolute values in the exponent above (we shall use the
lemma once for each absolute value).

31'We note that (3.20) does not follow from (3.12) and (3.19) alone. Some estimate on the speed of convergence is
required.
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Lemma 3.5. Let ([X7 Y7|)7en+ be a family of random vectors, with [ X7 Y] € R? x R. Assume
that (T~'[X1 Yr|)ren~ satisfies the LDP with some convex rate function I: R? x R — [0, 4+-00].
Then, (T7Y[ X7 |Y7|])Ten also satisfies the LDP with the rate function I given by

’ 400 ify <O. '

Assume in addition that, for all (o, ) € RY x R, the limit

1
Q(av /B) = TIEJ;O T logE (ea'XTJFBYT)

exists, is finite and satisfies q(a, By + B) = q(a, By — B) for some By € R. Then, the rate function

1 is the Legendre transform of the function

(o, Bsign(—po)) if B> —|pol;

1 q
J(a,B) == lim —logE <ea'XT+B|YT‘> =
(e, ) Theo T 08 q(a, Bo) otherwise,

with the convention that sign(0) = 1. In particular, T is convex.

Proof. The LDP for (T~ }[Xr |Yr|])ren+ with rate function T is a direct consequence of the
contraction principle. Turning to the second part of the lemma, since q is finite everywhere, we
have ¢ = I* by Varadhan’s theorem.?? Then, since I is convex by assumption, we have

I(x,y) = q¢"(z,y) = Boy + h*(z,y),

where h(a, 8) = q(a, Bo + (). Since h is even in its second argument, so is h*, and (3.22) reads

’ 400 ify < 0. '

1 is obviously convex, since h* is. Next, since

1 1
lim sup T logE (ea'XTJrB'YT') < limsup T logE <e°"XT+BYT + ea'XT_ﬁYT>

T—o0 T—00
S maX(q(a, ﬁ)a Q(Oé, _B)) < o0,

invoking again Varadhan’s theorem, we obtain that the limit defining q exists, is finite everywhere,
and satisfies ¢ = I Thus, by (3.23) we have

(o, )= sup  (az+By—I(z,y) = sup (a-z+(B+|Bo)y—h*(z,y)). 3.24)
(z,y)ERIXR 4 (z,y)ERIXR 4

Since h is convex, we have h** = h. We consider the following two cases:

e If 5 > —|fp|, then the supremum in (3.24) is actually a supremum over y € R, so that

q(a,8) = sup (a-z+(B+|Bol)y —h"(z,y)) = h(e, B+ [Bol)
(z,y)ERIXR

= h(a, Bsign(—0Bo) — Bo) = q(a, Bsign(—fo)).

o If 5 < —|fp|, the supremum in (3.24) is reached at y = 0 and we get

4(0,8) = sup (a @ — h*(2,0) =  sup (a-z—h*(z,y)) = h(a,0) = (s fo).
z€RL (z,y)ERIXR
This completes the proof. O

The next proposition identifies the entropic pressure e(«).

32 f* denotes the Legendre transform of f.
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Proposition 3.6. For any o € R, one has
e(a) = Q(—na, —y(a A 1),v(a V0)). (3.25)

Proof. We recall that, by Proposition 3.4, the family (7! X7)pcy- satisfies the LDP with the
convex rate function I = ¥, the cumulant-generating function () being given by (3.12). It
is obvious from this formula that for fixed Aj, Aa, the map Az — Q(A1, A2, A3) is even and
reaches its minimum at A3 = 0. Thus, we obtain from Lemma 3.5 (with 5y = 0) that the family
(T~ [Ur Vi |Wr|])Ten- satisfies the LDP with a convex rate function and that

T—o00

T Q(}\l,)\g,()) if A3 < 0.

It follows from the last formula and (3.12) that Q(\1, —y + A2, A3) = Q(\1, —y — A2, A3) for
all A € R3. Thus, invoking Lemma 3.5 again, this time with 3, = —+, we conclude that
(T~ [Ur |Vr| |Wr|])Ten+ satisfies the LDP with a convex rate function and that

5(/\) = lim llogIEl (e’\lUT+>‘2|VT|+’\3|WT‘) = 9()\1’)\2’/\3) iAo 2 =3
T—oo T Q()\l,—’}/, )\3) if Ao < —7.

From this and (3.21), we derive that

_ Q(—na, —ya,0)  if a < 0;
e(a) = Q(—na, —ya, ya) = { Q(—na, —ya,ya) if0<a < 1;
Q(—na, —y,ya) ifa>1,

which is (3.25). O

We are now ready to complete the proofs of Parts (iii) and (iv) of Theorem 2.10. The function e is
obviously real analytic on R \ {0, 1}, since @ is real analytic on R3. Moreover, using (3.25) and
the expression (3.13) for VQ(0), we immediately see that

]T

(07e)(0) =VQ(0) [-n —v 0]" =VQ(0)[-n —v 7] = (8*e)(0),

since the last component of VQ(0) is zero. Thus, e is differentiable at & = 0, and hence also at
«a = 1 by the symmetry (1.13). In particular, we have

1", (3.26)

ep(J,p) = —€(0) = -VQ(0) [-n -y 0

which gives the formula in (iii). Since our assumptions exclude the case where P = @, Theo-
rem 1.6 (iii) guarantees that ep(7, p) > 0.

By Theorem 1.6 (v), e is convex. To show that it is strictly convex, it suffices, in view of (3.25), to
observe that () is strictly convex, and to recall that v > 0 by assumption.

Finally, writing H = D?Q(0) (recall (3.14)), we have

@+ (0)— (0N O0) = [-n —y A H[-n —v 7] =[-n - 0JH[-n — 0],

which yields (2.7) and completes the proof of (iv).
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3.5 Proof of Theorem 2.10, Part (v)

To derive the anomalous central limit theorem satisfied by (o7 )7en+, we consider the random

variables
3T - Tep(ja p)
VT
defined on (Z,Q), which have, by construction, the same law as the random variables in the
left-hand side of (2.8) defined on (€2, P). In view of (3.11), the random variables (3.27) and
o 1Ur +9(Vr| = [Wr|) = Tep(J, p)
VT

have the same limiting law (if any). We now show that the same is true for ¢7 and

;. nUr +~(Vr — [Wr|) —Tep(J, p)
Sp = ﬁ .

3.27)

For this, it suffices to show that
lim Q({|Vr|# Vr}) =0.
T—o0

By Part (iii) of Proposition 3.4 and Formula (3.13), we have

lim Q ({‘11/ _nrongy e}> —0, (3.28)

T—oc0 T T+ 79
for any € > 0. Setting € = % > 0 (recall (3.1)), we find

QUIVel #Ve}) =Q{T'Vr <0}) <Q({|T'Vo — | > €}),

which converges to zero by (3.28).%

Next, recalling the expression (3.26) for ep(7, p), we can write

o = MW = T(:1Q)(0)) +v(Vr — T(0,0)(0) — [Wr))

T \/T
By Part (iv) of Proposition 3.4 and the continuous mapping theorem (applied to the function
(z,y,z) — nz +v(y — |z|)), we conclude that ¢/- converges in law to

n X1 +7(Xz — [X3]),

where X =: [X; X5 X3]is a centered Gaussian random vector of covariance matrix H := D?Q(0).
The block-diagonal structure of H displayed in (3.14) implies that the third component of X is
independent of the first two. Thus, (2.8) holds with

Z1 =nX1 +7Xo, Zy = vX3,

which are independent, centered Gaussian random variables with variances given by
T T
Var(Z1)=1[n v O/H[n ~ 0], Var(Z3) =10 0 y]H[0 0 7]

I

and Formula (3.14) yields the claimed expressions. Since v # 0 by assumption, the strict positivity
of these variances follows from the fact that H is positive definite. To see this, observe that the
third diagonal element of H as well as the trace and determinant (compute it!) of its upper 2 x 2
block are strictly positive. The proof of Part (v) is complete.

3*Note that, since the third component of V@Q(0) vanishes, we cannot get rid of the absolute value of Wy in the same
way.
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3.6 Proof of Theorem 2.10, Part (vi)

In this subsection, we show that the infinite-time fluctuation—dissipation relation does not hold
for the Keep—Switch instrument. More precisely, we show that suitably defined currents follow a
central limit theorem at equilibrium (defined by ep(7, p) = 0) with covariance matrix D, while
the associated linear response coefficients L., do not verify the fluctuation—dissipation relation
Lo = %Doo. The finite-time fluctuation—dissipation relation, however, is satisfied.
As mentioned in Remark 2.8, we have ep(J, p) = 0iff ¢ =r1 = qo =19 = % We shall therefore
parametrize the model by € = (e1,¢2) € |-1/2,1/2[ x |—1/2,1/2], with

Qn ::1—51, Q2 ::%—52, 71 ::%—kal, 79 ::%—1—52 3.29)
(we release the constraint (3.1) in this section). Equilibrium thus corresponds to ¢ = 0. We
denote by P(¢) the Keep—Switch PMP measure corresponding to . We write in the same way E(®),
epl®) = epl®) (J (), p(E)) and 055 ) for the corresponding quantities. Viewing ¢ as a thermodynamic
force, we define the corresponding current by

1
g = / (Veor) P d),
0

which we view as a column vector here. With this definition, we have the flux relation (see [JPRB11,
Definition 4.1])
o\ — . g, (3.30)

Let ©p: Qp — Qp denote reversal, i.e.,

@T(wl,wg, ces ,wT) = (e(wT), G(wT_l), e ,0(&)1)).

Since o 0 O = —oT, we obtain that
I oor=-J9. (3.31)
The following observation will be useful below: denoting by S the involution of R? given by
(z1,22) — (x2, 1), one easily check that P(5¢) = P(e) | which further implies U(TSE) = crg,f ) and
I35 = 978, (3.32)

Proposition 3.7. For any T € N*, let N7: 2 — N be the random variable counting the number
of “S” in wyy 7. Then, one has

e 76 _ 1
JT_;% Ji) =2@2Npr —1T) M (3.33)

Proof. Letw € Q and £ € E be such that w = F'(£). Substituting the relations (3.29) into (3.10)
and expanding to first order in €, we find

or(w) =Tr(€) = —2(n4r + 1 = nyo —n_y)(e1 +e2) + O([ef?),

where n,, = nab(g[[LTHﬂ) (notice that the two hyperbolic cosines in (3.10) do not give any
contribution at first order). The statement follows from the final observation that

Ney+tnNn__ —Ng_ —n_y

counts the number of ‘K’ minus the number of *S” in wpy 77, and that the sum of these two numbers
isT. O

The next proposition concerns the fluctuations of Jr at equilibrium.
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Proposition 3.8. For all T € N* we have E©) (Jr) = 0 and

JrJ L 11
_ (0) TJT _
Dr=E ()_4[1 1].

Moreover, the weak limit, as T' — oo, of % with respect to P(O) exists and is a centered Gaussian

1 1
——

random vector with covariance

Proof. By Remark 2.7, P() is the Bernoulli measure on {2 generated by Q(K) = 1/2. Thus, the
random variable N7 in (3.33) has a binomial law of parameters % and 7T, and the claims follow at
once. O

We now compute the linear response. For that purpose, we define the averaged currents
1 _ _
T = ZEOU), 7 = 1im 79,
and the associated Onsager matrices

Ly := D, J(E) o’ Ly = Dsj(s) 0’

where D.J := [0, Ji]; jef1,2y denotes the Jacobian matrix of the vector field J.

Proposition 3.9. We have

1
LT == §DT7
for T € N*, but
3 1 2 2 1
Ly = [1 3] #+ [2 2] = §Doo. (3.34)

Thus, the finite-time fluctuation—dissipation relation holds, but the infinite-time one is violated.

Proof. The assertion L1 = %DT is the usual finite-time fluctuation—dissipation theorem, which
applies here thanks to the relations (3.30) and (3.31) (see for example [JPRB11, Section 4]). For
the reader’s convenience, we outline the proof. For & small enough and a € R?, set

1 e
Gr(e,a) = TlogE(e) (e_a"](T)> .

Since

Z P(a e~ J(E( ): Z @(5)([w])e(a—a).J(T€)(w)

wEQ wer

= Z @(6)([@T(w)])e(a—a)‘Jf)(@T(w))

wEeQ

-y PO (ju])e~ =) @),

wEQ

we obtain the celebrated Gallavotti symmetry

Gr(e,e —a) = Gp(e, ). (3.35)



Benoist, Cuneo, Jaksié, Pillet 50

Starting with the identities
Dr = [8aiaajGT(€’ a@)]|a=e=0, Ly = _[anaaiGT(E) a)lla=c=0,

the symmetry (3.35) implies that Ly = %DT, as claimed.
We now prove (3.34). By the definition (1.11) of ep, we find

— 1
€ J(E) = lim TIE(‘E) (Jg,f)) = ep(a).

T—o00

Part (iii) of Theorem 2.10 yields

e 7 = 1(3e1 + 2) + £2(352 + 1) + O(Ie]?), (3.36)
which, taking (3.32) into account,** implies (3.34). O

We finish with a brief comment regarding the failure of the infinite-time fluctuation—dissipation
relation. Its usual derivation (see for example [JPRB11, Section 5]) fails to apply here, because the
limit
G(e,a) :== lim Gr(e,a)
T— o0

is not C? at (0,0). In fact, the discrepancy between limy_, o, L7 and Lo, comes from the hyperbolic

cosines in (3.10). At fixed 7', their contribution to aéf Vis only O(|¢|?). However, since log ch(z) ~

|z| when = is large (see (3.11)), the contribution of the hyperbolic cosines in (3.10) to T*1<7§f ) in
the limit 7" — oo becomes O(e). Thus, the limit 7" — oo and the limit ¢ — 0 (or the derivative

with respect to €) cannot be interchanged.

3.7 Proof of Theorem 2.26

Theorem 2.26 is proved in a very similar way to Theorem 2.10, and we only outline the main
differences here. We use the notation in Theorem 2.26, and we recall, in particular, that -y, x, n and
6 were defined in (2.22)-(2.23). We also freely use the notation of the proof of Theorem 2.10, and
in particular, we assume throughout that F'({) = w, where £ € Zp 41 and w € Qp, or { € Z and
w € Q.

By recalling the expression (3.8) for P(F'(€)), and noting that @(F(f )) is obtained in the same way
with ¢;, r; replaced by g;, r;, we obtain that (3.10) is replaced by

Npgp—n__ q
~ Mgt ch ( T los ‘T;)

or = log N9z | - Rt log L log ~ +0(1)
2 0132 2 1Ty h <M log g;)
2 Q2
= 0T 4+ nAr + x|Br| + O(1),
where we have used that ny— +n_, =T — (n44 + n__), and where
Ari=nyq +n__, Bri=nyi —n__,
recalling that ngp = ngp(€[1,7417)- Using this, (3.21) is replaced by
1
e(a) = =da+ lim —logE (e*a("ATJFX‘BTD) . (3.37)

T—oo T

3*The symmetry (3.32) allows to conveniently estimate 7(5) in terms of ep(g), but its role is not fundamental. One
can, in principle, also obtain (3.34) by writing J%E) in terms of the vector X introduced in Section 3.3 and then using
the LDP that it obeys (with respect to P®).
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We introduce then
1 1
qr(A) := 7 logE (eAlATHzBT) = 7 log (pP(N)T1),

where

PO = [eA1+A2

q1 r1
A1—A .
() e T2

By computing the dominant eigenvalue x4 (\) of P()), we conclude that

Q) = lim_gr() =logry (V)

1
=3 log(q192) + A1 + log <Ch(>\2 +7) + \/ShQ(/\z +7) + e—Q(/\lﬂ’)) ,

1 <Q1QQ>
pi==log|—=].
2 172

The gradient and Hessian matrix of ) at A = 0 are given by

where

1
vQ(0) = —— [r1—2rry+ro o —11],
4rire Q1T% + Q2T% r—"n

D*Q(0) =

(r1 + 7“2)3 ro —1T1 q1 + g2

Now observing that Ay — @Q(\1, \2) is even around —~ and invoking Lemma 3.5, we deduce
from (3.37) that®®

e(a) = —6a + Q(—na, —sign(7)(|7| A ax)). (3.38)
By computing —¢’(0) we obtain the formula for ep(P, @) in Part (i) of Theorem 2.26.

We now prove Part (ii). By the generahzatlon of Theorem 1. 6 (iii) discussed at the end of Section 1.2,
since (€2, ¢, P) is ergodic, we have ep(P, P) = 0 iff P = P. The equivalence with the remaining
two conditions in Theorem 2.26 (ii) is then an easy exercise.

By (3.38), since () is real analytic, we obtain that e is real analytic on R if xy = 0, and real analytic
on R\ {|y|/x} if x # 0. In the latter case, explicit computations show that e is differentiable at
a = |y|/x but not twice differentiable. Computing the jump in the second derivative gives

@Fe)(7]/x) — (O~ (|7]/x) = —x|x|er~Vx £ 0.

This proves Part (iii).

The random vectors [A7 Br| satisfy the LDP, the law of large numbers and the central limit
theorem as in parts (iii) and (iv) of Proposition 3.4. In particular,

[Ar Br] —TVQ(0)
VT

converges in law towards a normal, centered random vector [X; Xjs| with covariance matrix
D2Q(0).

We now turn to the CLT for 0. By the estimates above, (07 — Tep(P, P))/v/T has the same
limiting distribution, if any, as

0T + nAz + x| Br| — Tep(P,P) _ n(Ar — T(91Q)(0)) + x(|Br| — T|(3:Q)(0)])
VT VT

#Recall our convention sign(0) = 1.
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If x = 0, then obviously this converges in law to Z = nX, whose variance is 7*(9?Q)(0), which
coincides with the formula given in Part (iv) of Theorem 2.26. If v # 0, then (92Q)(0) # 0, and
using the same arguments as in Section 3.5, we obtain that (o7 — Tep(P, P))/+/T has the same
limiting distribution as
n(Ar — T(81Q)(0)) + sign(y)x(Br — T(9:Q)(0))
VT ’

which converges in distribution to Z = n X + sign(y)x X2, whose variance is again given by the
formula for Var(Z) in Part (iv) of Theorem 2.26.

We now turn to Part (v), and for this we assume that y f 0 and v = 0 (note that this implies that
x < 0). We then have (32Q)(0) = 0, and (o7 — Tep(P, P))/+/T has the same limiting distribution

as
n(Ar — T(0:Q)(0)) + x| Br|
\/T )
which converges in law to Z; — | Z3| with Z; = nX; and Z2 = xX». This implies the statements
of Part (v) and concludes the proof of Theorem 2.26.

4 Spin instruments

In this section we provide proofs of our results on the various spin instruments described in
Sections 2.1.3 and 2.1.4.

4.1 XXZ-spin instruments

We start with the proofs of Theorems 2.11, 2.12, 2.13 and 2.14 pertaining to one- and two-time
measurement protocols for XXZ-interaction.

4.1.1 One-time measurements

We first prove a slightly more general version of Theorem 2.11, replacing the spin—% system S with
a generic spin.

Let S := (S, Sy, S-) be a family of operators on the finite-dimensional Hilbert space # satisfying
the commutation relations

[S., S+] = £S5, [S4,S5-] =25, “4.1)

where S+ := S, £1S,,. Note that the family 2S provides a representation of the Lie algebra su(2).
We do not assume this representation to be irreducible and, as a consequence, the map ¢ of the
instrument constructed below will not be irreducible in general.

The only changes compared to the setting of Section 2.1.3 concern the definition of the sys-
tem Hamiltonian Hg in (2.9) and that of the system-probe interaction V' in (2.10). The system
Hamiltonian becomes Hs := w.S, and the system-probe interaction is given by

Vi=A(S®o0,+ 8, ®0y)+ 1S, ®o,.

In the following we identify H ® H,, with H @& H so that the total Hamiltonian (2.11) reads, in
block-matrix form,
(w+p)S. + 5 AS—

H = c
ASy (w—p)S: — 5

4.2)
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The special case of Section 2.1.3 is recovered by setting S = %(033, Oy,0z).

Lemma 4.1. Let
Le—w) 4+ p(S. £ 3), Qp i= /AL + 255, (4.3)

A:t:§

The propagator U = et js given by

_itw . itw
U=c|C 2 Ve e 2 Vil (4.4)
—ie 2 V_4 e2V__
with
. in (€2 ; in (€2
Vi = e it <cos(tQi) ¥ iAismézii)> R )\elt“’SZsm(ii)S;. 4.5)
Proof. We write H = Hy + AW, where
(w+p)S. + 5 0 } [0 S_]
Hy:= 2 ) W=
0 [ 0 (w—p)S. —§ Sy 0
The interaction-picture propagator I'* := ei*Hoe =11 gatisfies
(4.6)

i9,Tt = \eltHopye—itHopt ' =1.
Invoking the commutation relations (4.1), one shows that for continuous functions f : R — R,
f(Q5)S: = S+ f(Q),

f(8:)8+ = S+f(S. £1), f(A3)S+ = S+f(As),

which leads to
O eit2A+ S_:|

itHo —itHp
e We = ;
|:e it2A - S+ 0

One easily concludes that the solution of (4.6) is given by

elth+ (cos(tQ+) —iAL Lﬂ(t +)) —ide!th+ LH(t +) S_
Ft — Q Q+ Q+ Q
; in(z€2_ ; in(¢€2_ ’
—ide 1A= MSJF e = (cos(tQ_) + iA,M
Q_ Q_
and computing U = e #HoT? yijelds the result. O
Lemma 4.1 gives that the one-time instrument (1.20) is given by
4.7)

1 1
q)i[X] = <2 — 77) V;_‘_XViJr + <2 +’I7> V;_XVi,.

Recall that the probe state (2.12) can be written as
Pp = prlefﬁpHp7

with Z,, := tre=Pfr and 3, := 2 argth(2n).
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Lemma 4.2. The density matrix

p = ZglefﬁsHS,
with Zg 1= tre PsHs gnd g := = Bp, satisfies
Cill={5-n)p. Sll=(5+n)p (4.8)

Proof. We will prove the first relation in (4.8). A similar computation yields the second one.
Invoking again the commutation relations (4.1), we have

[S.,8:8:] =0, S _pS, =e S S p,

and it follows from (4.7) that

% [p] = (2 - 77) VippVi, + (2 + 77) VipVi_

e sy o 2 TR (1Y e o 0,)
— (2 ) (cos (tQ4) + A7 0z p+ 5 1 A°S_S, 0z p
A% +)25_8
= (1 — 77) (cosQ(tQ+) + ++25+Sin2(tQ+)> p
2 Q%
1 . 1
= (3-7) Ceostagre) + w20 = (5 -) o

The relations (4.8) give that ®*[p] = p and

Theorem 4.3. The unraveling P of ((®_, ®4), p) is the Bernoulli measure generated by the mass
function Q(£) = 1 F .

Remark 4.4. If the representation S of the Lie algebra su(2) is irreducible, then it is easy to
show that H has no non-trivial subspace left invariant by the family (Vip)q,pef— 4. It follows
from [JPW14, Theorem 2.1] that ® is irreducible, and hence that p is the only density matrix
for which (A) holds. This applies, in particular, to the case S = %(O’m, oy, 0-) considered in
Section 2.1.3.

4.1.2 Two-time measurements with a thermal probe

In this section we consider the two-time measurement protocol for XXZ-spin interaction with
thermal probes. We prove Theorem 2.12 and further properties of the corresponding instrument.

In the case S = %(UI, oy, 0-), the operators in (4.3) take the form

1 1 1
Ay = §I/:|:P:|: + 5(6 —w)Pe, 0% = Zyipi + 52P¢,

where the projections P, are given by (2.13), and

2
vy = (e —w) £ 2pu, (5::\/<62w> + A2
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We deduce that (4.5) becomes

Vii = eZFit(erVi)/QPj: + eiitw/Q (COS(t(;) + ie _2 w Sln((st(S)) P¥7

. 4.9)
Ves = AeﬂFitw/?SH?‘s)U .

where 0+ = (0, £i0y)/2.

Theorem 4.5.

(i) The instrument modeling the two-time measurement protocol for the XXZ-spin interaction
with thermal probe is given by

T Bpe/2 .
@ii[X] = 2ch(ﬁ 6/2) Vj:j:XViﬁ:a
P
o2 * (4.10)
P
(i) P is irreducible and
o B 1 e—ﬁps/2 0
PP T 9h(Be/2) | 0 ePres?
is the unique density matrix satisfying ®*[p| = p. In particular, all the conclusions of

Theorem 1.7 hold.
(iii) ep(J,p) = 0and e = 0.

A\ 2
In the following, we set s := (5 sin(ét)) € [0,1].

(iv) The unraveling of ((®g)aca, p) is the PMP measure P generated by ((My)aca, P), where

1 0 1—s 0
0 0 0 “4.11)
S
M+— =P |:S 0:| ’ M—+ T (1 _p) |:0 0:| )
andp = [p 1 — p|, with
efﬁpe/Q
P 2eh(Bye/2)

(v) For s €0, 1], the measure P is not weak Gibbs.
(vi) If s =0, that is if 6t € wN*, then P is a Bernoulli measure.
(vii) If s =1, that is if e = w and X\t € (N + 1/2), then P is a Markov measure.

Proof. Parts (i)—(ii) follow from elementary calculations and Remark 4.4. By Theorem 1.7 (iv)
one has

ep(T, p) = Bpe tr(p®—[1]) — Bpe tr(pP-[1]) = 0.

Since e is real analytic on R, convex, and €'(0) = €/(1) = 0, we have e = 0, which gives (iii). To
prove (iv), observe that the two-dimensional space of diagonal 2 x 2 matrices is invariant under
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each map ®,. Expressing the restriction of these maps in the basis (P;, P_) yields the desired
representation. Concerning (v), consider, for each 7' € N*, the sequence w € Q) where wy, = (+, +)
fork # T + 1, wry1 = (—, +). Using (iv) one derives

Pory1(w) B (1-s)7T
Pra@)Prod™ @) ~ (1-p)(- 9T+

from which we conclude that

1 P 1 1
lim — sup sup |log r() Z5 log 1 > 0,
—s

T—o0 Se[1,T—1] wesuppP PS(W)PTfS(QbS(w))

and so, by Part (ii) of Theorem 1.14, the measure P is not weak Gibbs. Parts (vi) and (vii) are
obvious. O

4.1.3 Two-time measurements with random thermal probes

We now turn to the proof of Theorem 2.13, using the notation of the corresponding paragraph of
Section 1.4.2. For each k € [1, K] we set Hy, := C?,

‘ 1 o Bre/2 0
Pk S h(Bre/2) [ 0 eBkG/Z] ’

and the unitary Uy is given by (4.4, 4.9). However, it will be convenient to use the following
representation of the alphabet

A:={kuw | ke[l,K]and u,v € {—,+}}.

Theorem 4.6.

(i) The instrument modeling the two-time measurement for the XXZ-spin interaction with
random thermal probe, is J = (®g)qc.4, Where

q)kuv = wkq)q(w)a
@&If}) being given by (4.10) with 3, = B.
(i) ® =, c 4 Py is irreducible and the unique density matrix satisfying ®*[p] = p is given by
e Bre/2

_p 0
_{0 1—p}’ where = Z kD h(Bre/2)”

In particular, all the conclusions of Theorem 1.7 hold.

(ii1)
s\ (B — Br)e/2 sh((B — B)e/2)
2 k,zlz:l R h((Bk + B1)e/2) + ch((Br — Bi)e/2)
(iv) ep(J,p) = 0ifand only ifs =0 or 31 = o = - - = Bk.
(v)

e(a) = log[l—i(l— 1+A(a))},

where

Z oy (1 —2a)(Br — B)e/2) — ch((Br — Bi)e/2)
h((Bk + Br)e/2) + ch((Br — Br)e/2)
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(vi) The unraveling P of the instrument (J, p) is the PMP measure generated by ((Mg)acA, P),
where p := [p 1 — p| and
Mkuv = wkM(k)

uv’
M being given by (4.11) with p := e Px¢/2 /2 ch(Be/2).
(vii) For s € )0, 1] the measure P is not weak Gibbs.
(viii) If s = 0, that is if 0t € N*, then P is a Bernoulli measure.
(ix) If s =1, that is if e = w and X\t € w(N + 1/2), then IP is a Markov measure.

Proof. The proof of (vii) is the same as the proof of Part (v) of Theorem 4.5. The remaining parts
follow from the identifications (1.32) and (1.33), and elementary computations that we omit. O

4.14 Two-time measurements with multi-thermal probes

In this section we study the general case of two-time measurements of XXZ-spin interaction with
multi-thermal probes. In the end, we will specialize the discussion to the case w = € and p = 0,
which will provide a proof of Theorem 2.14.

By the well-known representation theory of su(2), the Hilbert space #,, and the associated tensor
product of two spin—% representations split into the direct sum of a one-dimensional singlet sector
‘H, carrying the trivial (spin-0) representation and a 3-dimensional triplet sector H; carrying the
spin-1 representation [Mes62, Sections XII1.26-27]. Denoting the latter by S := (S, Sy, S>) and
identifying H @ H, = H ® (Ho & H1) with (H ®@ Ho) & (H@ H1) = H & (H1 @ Hi), we can
rewrite the Hamiltonian in block-matrix form

w
202 \

H = (e+p)S. + ¢ V2AS_

\/5/\5-4- (6_/1’>Sz - %

Comparison with (4.2) allows us to apply Lemma 4.1 to compute the unitary propagator

W
e—ltiaz

U= e_itH = U++ U+_
U_, U__

An elementary calculation gives

Usy = PSR 4 eit 3= <cos(t51) T ig—i sin(téi)> Iy
+

+elttEe <cos(t5¢) F 2T sin(téjF)) I+,

O
2)\ . € 2A s €
Upg = —1\5[ et sin(td4)IlpS+ — i\({ oit 43 sin(t64 )11+ S,
+ F

where I1 /o,_ denote the spectral projections of .S, and

1
yizzi(w—eiu), 01 = /4)2 + 3.

To evaluate (1.22) and derive the expression of the instrument J = (®,)4c.4, We need to express
the projections 1 ® F; as well as X ® 1 in the same basis, an elementary exercise which leads to

1 [[90] )]
C1eP = [0 T ,
0)(~] T,




Benoist, Cuneo, Jaksié, Pillet 58

L[ =40 —|=)(0]

1
16 Py =2 | =0+ T , 1P = ,
—10){-| I
X
X®]1: X++:ﬂ. X+,]]_ 3
X .1 X__1

where |0) is the eigenvector of S, corresponding to the eigenvalue 0, |1) the eigenvectors of o,
and X;; the corresponding matrix elements of X.

Direct computations give that our two-time measurement process with multi-thermal probe is
described by the instrument

Dy X — weVIXVa,

where
sowtet3p o
Vigsy =0 4 q, Py Vigss =0,
Vijas = V;:F++ =bioy, Vi = :I:*:F—— =b_o_,
1 W 1y E— 1 g w i+ €
Vigas =5 (e‘”? + elt?“a+) Pi+3 (eltf + elt#a_> P_,
1 W i E— ]_ LW iy €
Vigss = 3 (eﬂtf - eltTHa+) P, + 5 (elt5 —e't ;Ma_> P_,
with36
2A
0s = cos(ty) F1E sin(tsy), by = Y2 sin(tss),
5i 5i

and, for a = (a1, as,as,a4) € A,

e~ (Bra1+B2a2)e/2
Wq 1= .
4 ch(B1€/2) ch(B2e/2)

Since all ®,’s preserve the two-dimensional subspace of diagonal matrices, we can achieve a PMP
representation (M, )ac4 of the instrument 7 in the same way as in the previous sections, with

Mityy = wis(Py+ |ai|2P:F), Misr+:=0,

My iz = wiyblo-, Mis— i=wizb’o_,
M__i+:= w__b oy, Mitiq = wi;bimr,
Mizis = % (J1+ e +a PPy + 1+ e_it”*a,|2P,) ,
Mizzy = % (|11 —e™ay>Py + |1 —e ™a_|*P).

The matrix corresponding to the map @ is

._ _(l=m 7w . 2 2
D I L B AR
a

In the trivial case’” m, = m_ = 0, one has M = 1, any state p satisfies ®*[p] = p, and the

unraveling of (7, p) is a convex combination of two Bernoulli measures. In what follows, we shall

*Note that |a+|* + 2b% = 1.
3 This case only happens when b_ = b, = 0.
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assume that 7 are not both zero, so that M and hence ® are irreducible. The unique invariant state

1S
1 {m 0 }
pi=——— ;
m_4+my | 0w

and the unraveling P of (7, p) is the PMP measure generated by ((M,)qec.4, p) With probability
vector p := [m4 w_]/(7my + 7).

Suppose that 7 # 0, and for any T' € N* let w € €2 be such that wy, = +-+++ for k % T + 1 and
wry1 = +—++. It follows that

Pori1(w) _ I+ T
Pri(w)Pro¢’(w)  Jagp| 2T+ =7
and hence
1 Pp(w)
lim — sup sup |log > log >0
T—oo T Se[1,T—1] wesupp P PS(W)PTfS(GZ)S(W)) la |

By Part (ii) of Theorem 1.14, the measure IP is not weak Gibbs. A completely similar argument
holds when 7_ # 0.

Another elementary calculation, starting with Formula (2.3), gives

A ((B1 = B2)e/2)sh ((B1 — Ba)e/2)
2 ch ((B1 — B2)e/2) + ch (B + B2)e/2)’

ep(j, P) =

where

e~ BrHB)e/2p2 2 1 ch (81 — Ba)e/2) (b2.c2 + b2 L) + elArtha)e/2p2 2

A=
o= (FP)e262 +ch (81 — Bo)e/2) (b1 +02) + elliti)e2p2

with cZ 1= 202 + |1 — eT+q |2, In particular, ep(J, p) = 0 if and only if 3; = (2. Recall-
ing (2.3) again, one easily computes the matrix M («) and its largest eigenvalue which gives the
entropic pressure

2
e(a) = log %trM(a) + \/<;trM(a)) — det M ()

We shall not write the general expression of this function, but restrict ourselves to the special case
e = w and g = 0 considered in Theorem 2.14. Using the relations

1
ay = a_ = cos(2t), by = b_ = —sin(2\¢t), cy = c— = 2sin(At),

V2

we observe that 74 + 7_ = sin?(2At) so that 74 are not both vanishing iff At ¢ ZN*. Moreover,
an explicit evaluation of the previous formula gives

e(a) = 2log (COSz()\t) + A(«) sin2()\t)) ,

with

Ala) = (ch (20 = 1)(B1 — Ba)e/2) +ch ((B1 + 52)6/2))1/2
' ch ((B1 — B2)e/2) + ch ((Br + Ba2)e/2) :

Differentiation at o = 0 further yields

(81— B2)e/2) sh ((B1 — B2)e/2)
((B1— B2)e/2) +ch ((B1 + B2)e/2)

ep(J,p) =2 sin? (At) =
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4.2 X00-spin instruments

This model has been described in Section 2.1.4. We shall again identify H ® H,, with H & H, so
that the Hamiltonian (2.15) reads

Hzl[waz—l-e Aoy ]
2 A0, wo, — €.
It is a simple exercise to check that the associated propagator is given by
U:=etH = [“ﬁi “2:] : (4.12)

where

Vit 1= cos (Q+t/2) —i(wo, £ €)Q3 " sin (Q1t/2),

Vig = —iAQ ! sin (Qut/2) o, &1
and

Q= (N + (wo, £ 6)2)1/2 .

4.2.1 One-time measurements

We prove Theorem 2.15. The instrument J = (®_, &, ) describing one-time measurements is
given by

1 1
(I)i[X] = (2 — T]) V:t*+XVi+ + <2 + 77) Vi*_XVi,.

Both @ and ®_ leave the two-dimensional space of diagonal matrices invariant. The matrices
describing their action on this space are

= (l:Fm(l—Si) (lﬂ:n)s
e [ TEn)s  (3Fn) (1—;)] (4.14)

where sy is given by (2.16). Note that, as the parameters €, w, A and ¢ vary on ]0, oo, the pair
(s—, s ) takes all values in the set [0, 1] x [0, 1[. Thus, for any ®*-invariant state p, the instrument
(7, p) admits a PMP representation.

If sy =s_ =0, then My = (% + 1)1, any state p is invariant under ®*, and the unraveling
P of (J,p) is the Bernoulli measure generated by the mass function Q(+) = % + 7. In the
opposite cases, an elementary calculation shows that the unique probability vector p satisfying
p(M_+ M) = pisgiven by p = [p 1 — p] with p given by (2.17). In particular, the density
matrix (2.18) is the unique state p for which the instrument (7, p) satisfies Assumption (A). This
yields Parts (i)—(iii). To prove Part (iv), observe that, in the special case (s_, s4) = (1,0), for any
T € N* one has
1 1
Pr(——-—=)=g5+n  Pri++-+H)=5-n

Parts (v)—(vi) follow by comparing (4.14) with (2.6), while Part (vii) follows from the fact that, for
n = 0, the probability vector p = [1/2 1/2] is invariant under both M . Part (viii) and the fact
that Assumption (C) holds is a direct consequence of Lemma 2.2 (iii) and Theorem 1.6 (vi).

In view of Remark 1.2 and Theorem 1.6 (iii), in order to prove Part (i}) it suffices to show that,
under the conditions |n| € ]0,1/2[ and s1 € ]0, 1], the identity Py = Py for all T € N* implies
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s+ = 1/2. From the Perron—Frobenius theorem for matrices with strictly positive entries, we infer
that the eigenvalues 7+ and uy of My satisfy 0 < |uy| < 74, the spectral projection associated to
the dominant eigenvalue r1 having strictly positive entries. Writing the identity prl =pMT1,
which holds for all 7' € N, in terms of the spectral representation of M yields

arrt + (1 —ap)ul =a_rt + (1 —a)u® (4.15)

for some ay > 0. Taking the logarithm on both sides of this identity, dividing by 7" and letting
T — oo, we deduce r;, = r_ = r > 0. Dividing both sides of (4.15) by »* and letting again
T — oo givesay = a— = a > 0. If a # 1 then, considering again (4.15), u4+ = u_ and hence

0=tr(M- —My)=2n2— (s+ +s-)),

which contradicts our hypotheses. Thus, a = 1 and Relation (4.15) with T" = 1 yields

1 4545
r=>+n (1 - 8+S> ,
2 S+ 4+ s_
ie,r=1/2and4s;s_ = sy + s_. Inserting the last relation into P3(+—+) = @3(-}———%) further
yields

0=p(MiM_My—M_M{M_)1= -2 ((s4 +5_)* —3(s4+ +5-) +2),
which implies s + s— =1 = 4s;s_ and hence sy = 1/2.
Finally, to prove Part (x), set

(L+4n?)(s4 +5-) — dn(sy —s-) —(1—4n?)(s+ +s-)

W= —(1 = 4n?)(ss +5_) (14 49?) (54 + =) +4n(s+ —s-)

and, observing that

_ 16025, s 1T 16125, 5

: W ili=p',
Sy + s Sy +s_

M =w=tMew, pwW

we conclude that for any 7" € N* and w € €2,

Pr(w) = pM,, -+ My, 1 = pWW M, W --- WM, WW~'1
=1TM[ - MJpT = pMuy -~ My 1 = Pr(w).

w

The proof of Theorem 2.15 is complete.

To conclude the discussion of the one-time measurements of the X00-spin system, we note that by
Parts (v)—(vi) the failure of the fluctuation—dissipation relations for the Keep—Switch instrument
discussed in Section 3.6 translates to the failure of these relations for the X00-spin instrument with
pure probe state, i.e., || = 1/2.

4.2.2 Two-time measurements with a thermal probe

We prove Theorem 2.18. One easily determines the two-time X00-spin instrument with thermal
probe J = (Py)qc4 to be

o FBe/2
i [X]=— VX
+x[X] 2ch(5e/2)vii Vi, 6
e:l:ﬁe/2 . (4.16)
Dy [X] = Vi XV,

2ch(Be/2)
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where V4 and V4o are given by (4.13). Recall that s+ are given by (2.16). All the maps ®, leave
the two-dimensional space of diagonal matrices invariant, and their action on this space is given by
the matrices (M, )qeca, where

FBe/2 _ +83¢/2
Moy = e 1—s4 0 7 Mos = e 0 st
2ch(Be/2) 0 1— s+ 2ch(Be/2)

Remark 4.7. Recalling the construction of the random thermal probes in Section 1.4.2 and observ-

ing that
. 1—s4 0 0 st
= (2 B))

defines two pairs of Keep—Switch matrices, we conclude that the two-time X00-spin instrument
can be viewed as a randomization of the Keep—Switch instruments defined by K and X_ with
respective weights w. := eT74/2 /2 ch(Be/2).

o 0 4.17)

Consider first the special case s; = s_ = 0. Since M+ = 0, M4+ are both multiples of the
identity, and M := ) ., M, = 1, any probability vector p is left-invariant with respect to
M and the PMP measure generated by ((Mg)qc4, P) is the Bernoulli measure concentrated on
{——,+4+ V" € Q and associated to the mass function Q(+=) = eT7¢/2 /2 ch(Be/2). This yields
Part (i).

Excluding the preceding case, one easily deduces that the matrix M and hence the map ¢ are
irreducible. Setting 1 := % th(e/2), a simple calculation shows that p := [p 1 — p], with p given
by (2.17), is the unique invariant probability vector for M. This settles Parts (i1)—(iii). Parts (iv)
and (v) are easily established by applying Formulas (2.3).

If s_ = s = 1/2, direct calculation shows that I is the Bernoulli measure on 2 generated by the
mass function
1 e P2 1 efe/2
)= sy Q) = Q) = 5y .
22ch(fBe/2) 22ch(Be/2)
In the opposite cases, given the connection with the Keep—Switch instrument mentioned in Re-

mark 4.7, the proof of Part (vi) is the same as in the Keep—Switch case given in Section 3.1. This
concludes the proof of Theorem 2.18.

QU++) = Q(+~

4.2.3 Two-time measurements with random thermal probes

We prove Theorem 2.21. The setting and notation are the same as in Section 4.1.3, except that now
each Uy, is given by (4.12). It follows that the relevant instrument 7 := (®,)ac4 is given by

q’kuv = wk(I)(k)

uv

where the map Q)&lf}) is given by (4.16) with § = B. Its action on diagonal 2 x 2 matrices is

described by My, 1= wi MY, M) being given by (4.17) with 8 = fy..

If s; = s_ = 0, then the argument of the previous section carries over, and we conclude
that for any diagonal density matrix p, the unraveling of (7, p) is the Bernoulli measure on
eFBre/2

([, K] x {——,++}"" generated by the mass function Q(k+=+) = Wk en{areyay- This yields
Part (1).

Assuming now that s 4 s_ > 0, we again observe that M := )" _ , M, and hence the map ®
are irreducible. The unique left-invariant probability vector p := [p 1 — p] of M is easily seen to
be given by (2.17) with 5 as in (2.19). The remaining parts of Theorem 2.21 are proved in a similar
way to their counterparts of Theorem 2.18.
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5 Rotational instruments

In this section we prove Theorem 2.32. We assume throughout that A € 7 := [0, 2]\ Q.

Concerning our assumptions, we note that since p = 31 and ®[1] = >°__ , ®,[1] = 1, Assump-
tion (A) holds. Moreover, for any w, v € {2g,, one has

1 1 1
P([w3v]) = itr(q)w o®30d,[1]) = ﬁtr(tﬁw[ﬂ})‘cr(q)y[ﬂ]) = gP([w])IP’([V]), 5.1
and similarly for P (recall that §(3) = 3). Thus, Assumption (C) holds with 7 = 1. Since ®? = 0,
we have P([w]) = 0 whenever w € Qg contains the string 11. In particular,
P([11]) =0 (5.2)

shows that 7 = 1 is the smallest integer one can take in Assumption (C).

We will now prove that, for 7" € N*,
QF = suppPr = {w € Qr | P([w]) > 0} (5.3)

consists of all the words in 27 that do not contain the string 11. In particular, in view of the choice
of the involution 6, Assumption (B) follows from (5.3).
Before we prove (5.3), we make the following additional observations.

First, since &9 > %@3, it follows from (5.1) that for w, v € Qgy,

P([w2v]) > SP([w3v]) = %P([W])P([V])- (5.4)

| =

Moreover, for all T, 7" € N and w € Qgp,
P([07w0™]) = 37T T"P(w]). (5.5)

Next, denoting by (e1, e2) the canonical basis of C? and noting that V = |e3){e1], we find that for
w,v € Qgp,

P(w10]) = gtr(®u[lea) (eal®, [Der) (eal]) = o (011 [Ter)ir(@u len) ] 56

= 6tr(Py, [1))tr(P,1[1]) = 24P([w1])P([1v]).
Finally, the central identity in this section is that, for all T" € N*,

P([1071]) = 27 Hr(®; 0 ®F 0 ®y[1])
= (288)_13_Ttr(|62><€1|RTA€2><62|R;EA€1><€2D (57)
= (288) 7137 Tsin? (T A).

The assumption A € T guarantees that sin?(T7A) > 0 for all T' € N*,

We now return to the proof of (5.3). We have already seen that if w € (g, contains the string 11,
then P([w]) = 0. It remains to prove the converse. To this end, suppose, by contradiction, that there
is wo € Qgy, not containing 11, such that P([wp]) = 0. From (5.1) and (5.4), we deduce that wy
contains a subword & € {0, 1} for some m > 1 such that P([¢]) = 0. Using then (5.5), we further
see that £ can be taken of the form

&=10"10"1---10""1,
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for some r € N* and ny, ..., n, € N*. Using now (5.6), we conclude that there must be i € [1,7]
such that P([10™1]) = 0, which contradicts (5.7). We have thus established (5.3), and the proof of
Part (i) of Theorem 2.32 is complete.

It should be clear from the previous discussion that the strings 101, 1001, 10001, ... play an
important role. In order to enumerate them, we introduce the following notation.

Definition 5.1. Given w € Qp, let r € N be maximal such that there exist /1 < o < --- < £,
and ny,ny,...,n, € N* such that wy, g, 4n,+1) = 10"1, i € [1,7]. We write then N, =
(n1,n2,...,n.). If w contains no subword of the kind 10™1 withn > 1, then r = 0 and N, = ().

For example, if w = 1031001000103210100010, we have N,, = (2, 3,1, 3) (corresponding to the
length of the strings of zeroes underlined).

Let /(x) := minpez |« — p|. Itis then immediate that

UTA) < |sin(TwA)| = |sin(nl(TA))| < ml(TA). (5.8)
Lemma 5.2. There is a constant C > 0, depending on A only, such that for any T € N* and
w E Q;
P(jw]) > e~ T H sin?(n;wA) > e CT H (n;A))*,
i=1
with (ni,...,n,) = N, (wWhen r = 0, the products above are taken to be 1).

Proof. The second inequality follows from (5.8). We now prove the first one. An easy induction
argument relying on (5.1) and (5.4) shows that it suffices to prove the result in the case where
w contains only 0’s and 1’s. And in that case, the result immediately follows from (5.5), (5.6)
and (5.7). O

Part (ii) of Theorem 2.32 is the contents of

Proposition 5.3. For Lebesgue-almost all A € T, we have e(a) < oo for all a € R.

Proof. First assume that A has the following property: there exists a constant C' > 0 such that for
all T € N*,
{TA)>Ce T, (5.9)

Then, by Lemma 5.2, since y ;_, n; < T, there exists C’ > 0 such that |o7(w)| < C'T for all
T € N*andw € QF, so that e(a) < C'|a].

We now give a direct proof that (5.9) is satisfied for almost all A (this is of course well known, since
in particular (5.9) holds for all Diophantine numbers A). Denote by A the normalized Lebesgue
measure on [0, 2] and consider the sets A7 := {A € [0,2] | /(TA) < e~} with T € N*. Then
AMAr) < 2e7T sothat Y p o« A(A7) < 0o. By the Borel-Cantelli lemma there is a set £ C [0, 2]
with A(E) = 1 such that any A € F belongs at most to a finite number of Ar’s. Since clearly
E CZ,any A € E satisfies £(T'A) > 0 for all ' € N*, and thus also (5.9) for some C' > 0. The
proof is complete. U

We now prove Parts (iii) and (iv) of Theorem 2.32. Part (iii) follows from Propositions 5.4 and 5.6
below, and Part (iv) follows from Propositions 5.4 and 5.5.

LetI': N* — [1, co[ be an increasing function such that

lim I'(T') = o0, sup Te ') < oo
T—00 TeN*
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(we shall consider the cases I'(T') = 72 and I'(T") = ¢~ below). We prove in Lemma A.2 (with
¥ = e~ 1) that there exists a dense set It C [0, 2[ such that for all A € Ir,

0 < liminf ¢(TA)e" ™) < . (5.10)
T—oo

Note in particular that (5.10) implies that A is irrational, so that It C Z.

We make the convention that ¢ > 0 is a constant depending on A and I" only, which can be different
each time it appears.

For further reference, we note that if A € I, then for all T' € N*,

log(TA) > —I'(T) — ¢, (5.11)
and there exists a sequence 7; — oo such that

log ((T;A) < —TI'(T;) + c. (5.12)
Proposition 5.4. Assume that T is such that limp_, o Tle(T) = 0o and that A € Ir. Then
e(a) = +oo forall a ¢ [0, 1].

Proof. By the symmetry (1.13), it is enough to prove the result for & > 1. By (5.7), (5.8) and (5.4),
we have

P([1071)) < e~T(e(TA))?,  P([1071]) = P([1271]) > e, (5.13)

Asa consequence we obtain

Og Z (1) log P([ (W) +alogP([w]) < 1 loge(l—a)1ogP([1oT1])+a1ogﬁ([1oT1})

T~ T+2
wGQT+2
N (1 —a)(—=cT +2logl(TA)) — T
- T+2 '
By our assumption on I', the right-hand side diverges along the sequence 7; of (5.12), and hence
the proof is complete. O

By (1.14), we have

_ 1 =
(07€)(1) = =(97€)(0) = ep(T, p) = —hy(P) = lim = > P(lw]) log P([w]).
wEQ;
(Recall that the Kolmogorov—Sinai entropy satisfies hg(P) € [0,log 4], since |A| = 4.) For later
convenience, we note that the above can also be expressed as

1 ~
_ _ + _ _ T -
(@ 0)(1) = ~(@7)(0) = ~ho(P) — Jim = 3" Blle)logB()). (514
wEQ;
Proposition 5.5. Let T(T) = eT” for all T € N* and let A € Ip. Then e(a)) = 400 for all

a ¢ 0,1, and (07e)(1) = ( e)(0) =
Proof. By Proposition 5.4, e(a) = +00 when « ¢ [0, 1]. Moreover, by (5.14) and (5.13), we find

(07¢)(1) > ~log 4 — limnf - 1+ SB(107 1) log B([107 1))

—cT
5 log({(TA)).

€
> —log 4 — liminf
=TT

In view of (5.12), and by our choice of T', we conclude that (0~ ¢)(1) = 4oc. 0
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Proposition 5.6. Let I'(T) = T? for all T € N* and let A € Iy. Then e(a) = +oco for all
a ¢ [0,1], and (0~€)(1) = —(07€)(0) < oc.

Proof. We have by Proposition 5.4 that e(a) = +oo for all @ ¢ [0,1]. We prove here that
(07e)(1) < oo. Forw € Qr, let N, = (n1,...,n,), and note that if w € QF., then

—log P([w]) < T +2 " T(ny),
i=1

as a consequence of Lemma 5.2 and (5.11). From this and (5.14), we obtain

(07e)(1) < c—|—2hmsupu—T, (5.15)
T—o0 T
where, for T € N*, we have set
uri= Y frP(w]),  frw) =Y T(n) (5.16)
wEQT =1

(recall that Assumption (B) holds, so that ]?D([w]) =0whenw € Qp\ Q}).

We thus need to show that ur increases at most linearly. For T > 3 and n € [[1,T — 2], consider
the sets
AT,n = {w € QT | Wi,n+2] = 10n1}’

and let
T2

AT70 = QT\ U AT,n'

n=1

We observe that forall 7' > 3,n € [0,7 — 2] andw € Arp,

fr(w) =T(n) + fr-1(wp.1q), (5.17)

with the convention I'(0) = 0. Since for 7' > 3 the family (A7 n)nefo,7—2] is @ partition of Qr,

we find, using the invariance of P,

T—2 R
ur =3 S fr@B(w),

n=0 wGAT,n

T—2
ur1 = Y froa@pr)P(w) = Y froa(wpr)P(w).

wWeQT n=0 weAr

Thus, using (5.17) and recalling that I'(0) = 0, we find, for 7" > 3,

T2 T2 T2
ur —up_1 =Y > T)B(w]) =Y Tm)P(10"1]) < > I'(n)3 " ?<c
n=1weAr, n=1 n=1
where the next-to-last inequality relies on
= 1
B((10"1]) = P([12"1]) < P([13"1]) < P(3"?) = 3372,

The right-hand side of (5.15) is thus finite, which completes the proof. O
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A Continued fractions

In this appendix we prove Lemma A.2, which was used in the last section. To this end, we start
with a brief summary of some properties of continued fractions (see for example [Khi64, Bur00]
for more details).

Let (ap)nen C Z be such that a,, € N* for all n € N*.38 Define

1
lag; a1] :==ao + —, [ao;a1,a2] = ap + ——,

a a1+£

and, more generally, for : € N*,

lag; a1, ..., a;] :=ag + T
al + 1
R 1

1
a;—1 + -

(A

It is well known that the limit
[ap; a1, a2,...] = lim [ap; a1, ..., a;)
71— 00

exists and is irrational. There is a bijection between the sequences (a,, )nen such that a,, € N* for
all n € N* and the irrational numbers. Moreover, for each ( € R \ Q, we have

¢ = lag; ay,az, ...}, (A1)
where
¢ =¢, ao = |CoJ,
1
G —a;

The right-hand side of (A.1) is called the continued fraction expansion of (, and this expansion is
unique.

Gig1 = ait1 = |Git1], i€ N.

For i € N*, let p; € Z and ¢; € N* be such that the fraction
pi

= [ag; a1, ..., ai] (A2)
di
is irreducible, and let p_; := 1, g_1 := 0, pg := ag and qg := 1. We then have for i € N*,
Di Di—1 Pi—1 Pi—2| |a; 1
= 5 A3
[Qi Qz’—l] [%‘—1 %’—2] [1 ()] (A.3)

B)
b

and, in particular, ¢;41 > g;. Itis also well known that if ( is given by (A.1) (so that { = lim;_, 7

then

@<@<ZE<...<C<...<ZE<@<&7 (A4)
q0 q2 q4 g5 q3 q1
and )
5 < g —pil < ; i €N, (A5)
qi+1 qi+1

We recall here the best approximation property (see for example [Bur0O, Theorem 5.9]).

38We recall the convention chosen in Section 1.2 about N (which includes 0) and N* (which does not).
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Lemma A.l. Fixi € N, and let (p,q) € (Z x [1,qi+1]) \ {(Pi, ¢i), (Pit1,¢i+1)}. Then

[Cq —p| > [Cqi — pil- (A.6)

MK

Such x, y € Z exist, as the determinant of the matrix here is 1 by (A.3). We consider two cases.

Proof. Let z,y € Z be such that

First, if 2 = 0 then (p, ¢) = (yps, yqi). Clearly y > 0, since ¢, ¢; > 0, and in fact the condition
(p,q) # (ps, q;) implies that y > 2. The result is then obvious, since then |(q — p| > 2|(q; — pi-

We now assume that z # 0. The condition

q=2qiv1+yaq € [1,q41] (A7)

implies that zy < 0. Indeed, clearly (A.7) implies that xy < 0, and if we had y = 0, then by
(A.7) we would find = = 1, which contradicts the condition (p, ¢) # (pi+1, gi+1)- This shows that
xy < 0.

Since also ((gi+1 —pi+1)((q —pi) < 0by (A.4), we conclude that z((g;+1 —pi+1) and y((gi — pi)
have the same sign. But then,

ICq — p| = |2(Cqit1 — pit1) + y(Cai — pi)|
= |2/|Cqir1 — pir1l + YlICai — pil > |Cqi — pil,

which completes the proof. O

Let {(z) := minyeyz | — p| as in Section 5. Let ¢ € N*. Since ¢;11 > ¢;, Lemma A.1 applies to
the pairs (p, ¢;) for all p # p;, from which we conclude that*

0(Cqi) = |€qi — pil- (A.8)

In addition, for all ¢ € N, applying Lemma A.1 to all pairs (p, q) € (Z x [1,qi+1 — 1]) \ {(pi, @)}
shows that

U(¢q) = [Cai — pil q € [1,qi+1 — 1] (A9)
Lemma A.2. Leti: N* — ]0,1] be a decreasing function such that sup e+ q1(q) < oo. Then,
there exists a dense subset U C R such that for all ( € U,

0 < liminf i(‘(]g))

< 0. (A.10)

Proof. Fix any open interval I C R and fix z € I'\Q. Let (a;);en be such that x = [ap; a1, az, . . . ],
and let p;, ¢; be as in (A.2) with (a;) replaced by (a;). Then, since = lim;_, %, one can choose
N large enough so that %z—j € I and % € I. We then consider { = [ag; a1, a2, ...]|, where
a; = a; fori < N, and a;41 = min{n € N | ng;1)(¢;) > 1} for i > N. Then, since p; = p; and
q; = q; for i < N, and by (A.4), we obtain that ( € I. It remains to show that ( satisfies (A.10).
For all 1 > N, we have by (A.8), (A.5) and (A.3) that

£(Cqi) = 1€qi — pi| < < < (qi),

Qi+l Gi+1Q;

*Note that (A.8) does not hold for i = 0 in general, because we may have q; = qo = 1 (for example if ¢ = 7/4)
and so Lemma A.1 may not apply to all pairs (p, g;), p # ps.
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so that the second inequality in (A.10) holds. Moreover, by (A.9), (A.5) and (A.3), we have for all
i > N and all ¢ € [g;, ¢;+1 — 1] that

1 1
0(Cq) > [Cqi — pi| = > >
(6a) 2 [6ai = pi 2¢iv1 — 2(ait1+ 1) 2(@ +2)q;

¥ (gi) -1 -1
=——"———>C i) >C ,
2(1+ 2q:9(q) — ¥lw) 2 C79()
where C' = 2(1 + 2sup e q¥(q)). This establishes the first inequality in (A.10), hence the proof
is complete. O
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