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(3), ( 4), ( 5) ,( 6), [START_REF] Taylor | All-Optical Imaging of Gold Nanoparticle Geometry Using Super-Resolution Microscopy[END_REF], [START_REF] Bouchet | Probing Near-Field Light-Matter Interactions with Single-Molecule Lifetime Imaging[END_REF], [START_REF] Su | Visualization of Molecular Fluorescence Point Spread Functions via Remote Excitation Switching Fluorescence Microscopy[END_REF] In particular, measuring the decay rate enables the direct extraction of the local density of optical states (LDOS), which is a quantity crucial for the characterization of light-matter interaction because it depends on the number of optical modes for the decay of a fluorescent emitter enabled by the surrounding environment. [START_REF] Carminati | Electromagnetic Density of States in Complex Plasmonic Systems[END_REF] The interactions strongly depend on the position of the emitters relative to the nanostructures and the orientation of their dipole moment, making single molecules indeed the preferred probes for accurate super-resolved mapping. The downside is that the coupling of the emitter to a resonant nanostructure can be accompanied by a strong deformation of the PSF [START_REF] Su | Visualization of Molecular Fluorescence Point Spread Functions via Remote Excitation Switching Fluorescence Microscopy[END_REF], [START_REF] Baiyasi | PSF Distortion in Dye-Plasmonic Nanomaterial Interactions: Friend or Foe?[END_REF] as a result of the joint radiation of the molecule and the structure.( 2),( 3), [START_REF] Raab | Shifting Molecular Localization by Plasmonic Coupling in a Single-Molecule Mirage[END_REF] The conjugated emission complicates the estimation of the position of the molecule and conventional localization methods can lead to mislocalization of its actual position.( 3), [START_REF] Raab | Shifting Molecular Localization by Plasmonic Coupling in a Single-Molecule Mirage[END_REF] Further complexity arises when considering the dipole orientation of the fluorescent probes, which is difficult to control in experiments, but critically affects the interaction strength with the studied nanostructure. To retrieve more accurate information on the molecule's real position and orientation there is a need for more elaborate approaches, e.g. by considering the polarization of the fluorescence,(2), [START_REF] Saemisch | Statistically Analysis of Many Single-Molecule Encounters Reveals Plasmonic Resonance Dependent Nanoantenna-Molecule Interactions[END_REF] by deterministic positioning of the emitters by microfluidic flow control, [START_REF] Ropp | Nanoscale Imaging and Spontaneous Emission Control with a Single Nano-Positioned Quantum Dot[END_REF] through their attachment to molecular motors, [START_REF] Groß | Parallel Mapping of Optical Near-Field Interactions by Molecular Motor-Driven Quantum Dots[END_REF] or with fluorescent scanning probe microscopes.( 18)- [START_REF] Bouchet | Enhancement and Inhibition of Spontaneous Photon Emission by Resonant Silicon Nanoantennas[END_REF] In this work, we show that by selecting single-molecule detections based on their fluorescence decay rate and the size of the recorded PSF we can separate the contributions of molecules with different dipole orientations and positions around a densely-labeled silver nanowire (NW). This enables one to probe light-matter interactions for selected dipole orientations and locate their emission in the far field.

Importantly, we show that the comparison of the size of the measured PSF with simulations enables one to infer the molecules' real position. Our method of single-molecule fluorescence lifetime imaging microscopy (smFLIM) constitutes a crucial step towards a general use of super-resolved fluorescence microscopy in the study of light-matter interaction at the nanoscale, and to probe the optical properties of any type of nanostructured environment.

Experimental results

We employ a dual-mode super-resolved fluorescence microscopy method similar to the one which we have described in detail in Reference [START_REF] Bouchet | Probing Near-Field Light-Matter Interactions with Single-Molecule Lifetime Imaging[END_REF]. Importantly, the smFLIM set-up includes now an array of single photon avalanche diodes (SPADs) allowing multiplexed fluorescence lifetime measurements of up to eight single fluorescent molecules at a time, [START_REF] Cuccato | Complete and Compact 32-Channel System for Time-Correlated Single-Photon Counting Measurements[END_REF] synchronized with an electron-multiplying chargecoupled device (EMCCD) camera. Inspired by single-molecule localization microscopy (SMLM) techniques like photoactivated localization microscopy (PALM) [START_REF] Betzig | Imaging Intracellular Fluorescent Proteins at Nanometer Resolution[END_REF], [START_REF] Hess | Ultra-High Resolution Imaging by Fluorescence Photoactivation Localization Microscopy[END_REF] and stochastic optical reconstruction microscopy (STORM), [START_REF] Rust | Sub-Diffraction-Limit Imaging by Stochastic Optical Reconstruction Microscopy (STORM)[END_REF] the smFLIM allows the superlocalization of individual fluorescent molecules on a nanostructured sample and to simultaneously measure their decay rate. We prepared our samples by spin-coating silver NWs with a mean diameter of 115 nm (Supplementary figure S1) on a glass cover slip and subsequently labeled it with a dense monolayer of Alexa 647 fluorophores. This is done by functionalizing the substrate and NW with biotin, to which streptavidin-Alexa 647 conjugates are attached inside a microfluidic chamber. The sample is then mounted on an inverted microscope and excited through a 100 X, 1.49 numerical aperture (NA) microscope objective in a total internal reflection fluorescence (TIRF) geometry, using a pulsed 638 nm wavelength laser polarized perpendicularly to the NW axis. The fluorescence is collected through the same objective and filtered through an emission filter. The emission light is then separated by a 50:50 beamsplitter into a localization path and a fluorescence decay rate path. In that way, we can simultaneously image the PSF of the emitter and extract the associated decay rate (or equivalently its lifetime, which is the inverse of the decay rate).

To ensure single-molecule emission in the dense layer of fluorophores, we use a reducing agent in combination with an excitation laser to bring the molecules into a photo-inactive state [START_REF] Van De Linde | Direct Stochastic Optical Reconstruction Microscopy with Standard Fluorescent Probes[END_REF] before the start of the measurement. The photoactive state can be temporarily recovered by irradiation with UV light and reaction with molecular oxygen,(26) adjustment of which enables control over the fraction of emissive fluorophores. To properly correlate position and lifetime information, we ensure that only one fluorophore is active in the region conjugated with each SPAD.(8) A major novelty in our setup is the use of a prototype linear array of SPADs. The array has 8 circular pixels with an active diameter of 50 µm and a center-to-center spacing of 250 µm. [START_REF] Cuccato | Complete and Compact 32-Channel System for Time-Correlated Single-Photon Counting Measurements[END_REF] An array of micro-lenses allows us to effectively collect the photons impinging on a ~240 µm diameter area around each pixel. A crucial aspect is the use of a custom fabrication technology for the SPAD array, [START_REF] Ghioni | Progress in Silicon Single-Photon Avalanche Diodes[END_REF] which allowed us to attain an excellent combination of high detection efficiency (>30% at 650 nm) and a low timing jitter (< 60ps full-width at half-maximum, FWHM). The use of a SPAD array instead of a single-pixel detector has the advantage of extending the field of view (FOV) to ~10 µm 2 , making this single-molecule lifetime imaging approach compatible with extended nanostructured samples, complex distributions of nanoparticles or biological systems. The fully parallel readout electronics associated with the array, [START_REF] Cuccato | Complete and Compact 32-Channel System for Time-Correlated Single-Photon Counting Measurements[END_REF] allows us to per-form a time-correlated measurement simultaneously on each SPAD. By correlating the intensity bursts recorded by the SPADs with the events detected by the EMCCD camera, the fluorescence decay rate can be associated with the spatial position of the fluorescent event with a subwavelength spatial resolution. [START_REF] Bouchet | Probing Near-Field Light-Matter Interactions with Single-Molecule Lifetime Imaging[END_REF] In a typical experiment, we acquire ~37•10 4 images with on average ~14•10 3 single molecule fluorescence events per μm 2 . About 7•10 3 events per μm 2 are associated to their fluorescence decay rate on the sample area seen by the SPADs. The position of each single-molecule event is estimated by fitting the corresponding PSF with a 2D normal distribution, as is commonly done in SMLM. From the position coordinates of each event and the associated decay rate, we can reconstruct a series of subwavelength maps. We first reconstruct a detection density map around a selected silver NW as shown in Figure 1a.

The NW is clearly distinguishable as it is characterized by a ~10 times larger density of detections than on the substrate. Interestingly, the NW seems split along its axis by an area of low detection density compared to the sides of the wire.( 8), [START_REF] Su | Visualization of Molecular Fluorescence Point Spread Functions via Remote Excitation Switching Fluorescence Microscopy[END_REF] This is more apparent when we plot the number of detections as a function of their distance, d, to the NW axis in Figure 1b, with d>0 (d<0) corresponding to events detected on the upper (lower) half of the super-resolved maps. Around the expected edges of the NW (shaded area), two sharp features are clearly visible, separated by an area of lower density on top of the NW. This results from the excitation field enhancement by the NW, which is primarily confined to the sides when the excitation polarization is perpendicular to the NW (see supplementary Figure S2a). Upon rotation of the excitation polarization direction by 90°, resulting in a field enhancement confined to the top of the wire, the splitting of the density profile disappears (see supplementary Figure S2b). Besides the sharp features around the sides of the NW, we also observe a broader feature in the density profile extending up to |d|~300 nm outside of the NW. This could be related to the enhanced excitation of dipoles located next to the NW on the substrate, or to mislocalization of the molecules' emission on the NW due to coupling to the plasmonic structure, as has been observed for silver NWs previously(2),( 9), [START_REF] Baiyasi | PSF Distortion in Dye-Plasmonic Nanomaterial Interactions: Friend or Foe?[END_REF]. Further analysis of the decay rate information and PSF will allow us to separate the different contributions to this profile shape.

Figure 1c shows the map of the detected number of photons for each molecule before photobleaching.

Molecules on the NW are characterized by a slightly enhanced photon number per molecule (~1200-1600 counts) with respect to its direct vicinity (~1050 counts), and are not significantly enhanced with respect to the substrate, far away from the NW. The profile of the number of detected photons shown in Figure 1d, obtained by averaging Figure 1c along the wire axis, also shows two sharp features around the expected edges of the NW. Interestingly, the broad feature observed in the density profile further away from the NW (Figure 1b) coincides with a decreased number of emitted photons per molecule compared to the substrate (Figure 1d). The shape of this distribution is the result of a subtle interplay between non-radiative effects, spatial variations of the local excitation field, modification of the far-field radiation pattern for different dipole orientations of the detected molecules, and their consequent mislocalization. Disentangling the contribution of each phenomenon can result in a cumbersome task requiring a number of hypotheses. Conveniently, our approach gives us direct access to the decay rate of each emitter, providing additional valuable information for the characterization of the electromagnetic environment of the NW. To directly access the LDOS induced by the wire, we use the decay rate information obtained from the SPADs. This is done by correlating the events detected simultaneously on the EMCCD and SPADs detectors to reconstruct a decay rate map, shown in Figure 1e. Here, the color of each pixel indicates the weighted average of the decay rate of nearby events, each represented by a 2D normal distribution with a standard deviation given by the typical localization precision of a single molecule detection of ~15 nm. By making use of an array of SPADs we are able to significantly extend the field of view (FOV) with respect to a single point detector (dashed circle), enabling the decay rate mapping of the NW over ~10 µm 2 . The sample areas seen by each of the 8 detectors are visible in Figure 1e, with one of them highlighted by a dashed blue circle. The majority of molecules close to the NW are characterized by a decay rate enhancement with respect to the molecules far away from the NW, as expected for emitters in close proximity of a metallic structure. The distribution of the decay rate versus the distance to the NW is shown in Figure 1f. Close to the NW, we observe a large spread in the decay rate, with values ranging from 1 ns -1 , i.e. the decay rate in the absence of the NW (Figure S4), to 10 ns -1 , which is imposed predominantly by the laser pulse duration preventing us from measuring higher decay rates. Events occurring further away from the NW, 60 nm < |d| < 300 nm, are characterized by a lower decay rate with a median value of 1.6 ns -1 , suggesting that molecules contributing in this area do not experience a significant LDOS modification. Far away from the wire (|d|>300 nm) we obtain the decay rate distribution in the absence of the NW with a median value of 1.3 ns -1 (Figure S4).

Numerical simulations

We consider the sample labeled with an isotropic distribution of fixed dipoles [START_REF] Su | Visualization of Molecular Fluorescence Point Spread Functions via Remote Excitation Switching Fluorescence Microscopy[END_REF]. As it will be shown in the following discussion, the good agreement between data and simulations supports the validity of this hypothesis.

To separate the different dipole contributions in our smFLIM measurements, we carried out finitedifference time-domain (FDTD) simulations using the numerical solver Lumerical. We simulated the radiated field for dipoles placed at different positions around the NW at a separation of 10 nm from the wire, corresponding to the estimated length of the biotin-streptavidin conjugate. The simulations are performed for any xy position of the emitters around the NW (see Figure 2a,b), with y in the direction of the optical axis and x parallel to the substrate. Due to the 4 potential binding sites of streptavidin to biotin,(29) our labeling method is unlikely to yield a preferential orientation of the Alexa 647 fluorophores.

Hence, we consider all the 3 principal cylindrical dipole orientations for molecules attached to the NW, i.e. radial , azimuthal and coaxial (Figure 2a, closed symbols) and the 3 principal Cartesian dipole orientations on the substrate next to the NW: , and (Figure 2a, open symbols). Interestingly, our simulations reveal that the excitation intensity of azimuthally oriented dipoles is more than 2 orders of magnitude lower than that of coaxially and radially oriented dipoles (Figure S5) and the emitted intensity captured by the microscope objective a factor ~5 and ~50 times lower, respectively (Figure S6). It is thus reasonable to expect that the molecules on the NW with their dipole moment azimuthally oriented will not significantly contribute to our measurements as they fall well below our detection threshold. As such, we will not further consider them in the analysis of our experimental data.

Next, we simulated the far-field emission pattern reconstructed in real space as collected by a NA=1.49 lens. The resulting PSFs can be strongly asymmetric depending on the dipole position in the local environment ( 9), [START_REF] Baiyasi | PSF Distortion in Dye-Plasmonic Nanomaterial Interactions: Friend or Foe?[END_REF], orientation [START_REF] Enderlein | Polarization Effect on Position Accuracy of Fluorophore Localization[END_REF], [START_REF] Lew | Rotational Mobility of Single Molecules Affects Localization Accuracy in Super-Resolution Fluorescence Microscopy[END_REF] and position relative to the focal plane of the detection system [START_REF] Engelhardt | Molecular Orientation Affects Localization Accuracy in Superresolution Far-Field Fluorescence Microscopy[END_REF]. This shifts the center of mass of the PSF away from the real position of the dipole, leading to its mislocalization. More elaborate fitting models have been suggested to extract positional information beyond the PSF's center of mass (e.g. for bimodal PSFs ( 14), but a universal and computationally efficient model accounting for all effects and the interplay between them is lacking so far. Therefore, we again used a 2D normal distribution to estimate the center of mass of the obtained PSFs, in the same way as in the analysis of our experimental data. The apparent dipole position obtained in this way is compared to the simulated dipole position in Figure 2b. Here we considered the sample labeled with an isotropic distribution of fixed dipoles [START_REF] Su | Visualization of Molecular Fluorescence Point Spread Functions via Remote Excitation Switching Fluorescence Microscopy[END_REF]. As it will be shown in the following discussion, the good agreement between data and simulations supports the validity of this hypothesis. Radially oriented dipoles on top of the wire appear slightly outwards from their real position, whereas they appear more inward when located at the bottom half of the NW (blue points Figure 2b). The mislocalization of the molecule's position for radially oriented dipoles is limited to below 25 nm. Both the tangential dipole orientations experience a larger shift and appear further away from the NW axis up to d~120 nm. When projecting the NW profile onto the substrate plane, the apparent density of molecules is largest around d~110 nm and d~120 nm for the and orientations, respectively, compared to around d~60 nm for the radially oriented dipoles, which remain confined to the actual NW's dimensions. The dipoles located on glass show a small apparent shift either towards or away from the NW depending on the dipole orientation. Measured number of detections versus the distance to the NW axis for events with a different decay rate (inset). The decay rate limit of 3 ns -1 is chosen as the maximum decay rate found in the absence of the NW (Figure S4) so that for only molecules are detected that experience an enhancement of the LDOS due to proximity of the NW. The gray shaded area indicates the NW diameter.

To further quantify the orientation-dependent coupling of the molecules, we simulated the LDOS normalized with respect to a homogenous medium with a refractive index of n = 1.33. These results are shown in Figure 2c as a function of the apparent position of the dipole. For and orientations, the LDOS modification is close to 1, with even a small inhibition for azimuthally oriented dipoles, due to destructive interference between the dipole and its mirror image in the NW. The LDOS is roughly independent of the position of the dipole around the NW. Radially oriented dipoles show a stronger coupling, as expected for a dipole oriented normal to a metallic interface, with a LDOS enhancement between 9 and 11. Dipoles on glass show oscillations of the LDOS around the value of a homogeneous medium, but with a significant LDOS enhancement only in close proximity of the NW for dipoles oriented along the x-axis.

Discussion

The simulations can be used to pinpoint the different dipole contributions in our single-molecule measurements. By selecting only the events characterized by a high decay rate, we probe exclusively the dipoles which are radially oriented and are attached to the NW (Figure 2c). For lower decay rates, molecules attached to the NW with a coaxially oriented dipole moment are preferentially detected, as well as molecules attached to the substrate next to it. This is shown in Figure 2d, where we plot the number of detections for different ranges of the fluorescence decay rate. Molecules with a high decay rate ( , blue curve) appear mainly within two narrow peaks on both sides of the NW around |d|~50 nm.

Here again, the dip between the two peaks is mainly an effect of the distribution of the excitation field around the NW and disappears upon changing the excitation polarization (Figure S2d). Importantly, the position of these peaks is in very good agreement with the apparent position of the radially oriented dipoles attached to the NW, indicating that we indeed probe the radially oriented molecules. The obtained density profile provides a good characterization of the NW's size (~115 nm), as the apparent position of the radially oriented dipoles is not significantly affected (mislocalization <25 nm) by the presence of the NW (Figure 2b).

When we select the events with a lower decay rate ( , yellow curve) we observe in addition to the sharp peaks a broader contribution ranging up to |d|~200 nm. This contribution can be attributed to molecules on the NW which appear further away as a result of the mislocalization of their distorted PSF (Figure 2b) or to molecules further away from the NW on glass, oriented primarily along

x-direction, which also experience a LDOS enhancement due to the proximity of the NW and appear around the same x position (Figure 2b,c). For events with a lower decay rate ( , orange curve) the situation is more complex. Most events are observed around |d| ~90 nm, but the distribution is further broadened, as now also other molecular orientations are included, on the NW and substrate, with a decay rate similar to the value in the absence of the NW.

To distinguish the contributions from molecules on glass and on the wire that appear in the region between 60<|d|<300 nm, we finally look at the PSF associated with each detection, which contains information on the molecular orientation( 14) and xyz position of each emitter. In particular, we look at the width of the detected PSF, given by the standard deviation, , of the normal distribution used to localize the single-molecule detections. For this we simulated the far field emission for every detected dipole orientation and fit the obtained PSFs with a 2D normal distribution in the same manner as our experimental data. The PSF standard deviation  as a function of the apparent position is shown in Figure 3a,b. Since we are able to isolate the contribution of radially oriented dipoles in our experimental data by selecting events with , we chose to plot the simulation results for radially oriented dipoles in a separate panel (Figure 3b). For radially oriented dipoles, the PSF ranges from 125 to 190 nm, with the largest values found for molecules located on top of the NW. Figure 3a shows that dipoles with an X or Z orientation have the narrowest PSFs with a standard deviation of ~120 nm, while the coaxially oriented dipoles (red closed points in Figure 3a) on the NW have a  ranging from 130 nm at the bottom of the NW, to ~240 nm on the top of the NW. The Y-oriented dipoles on the glass have a  between 130 and 155 nm. The simulations reveal that the PSF width is intimately linked to the dipole's orientation and position, i.e. X and Y coordinates, on the NW. For dipoles attached to the NW, a larger PSF is typically associated with dipoles appearing more towards the top. The distribution of the standard deviation of the experimentally observed PSFs is shown for low ( ) and high ( ) decay rate events in Figure 3c,d. We observe an excellent agreement between experimental data and numerical simulations. The small offset of ~25 nm in the standard deviation of the PSF can be related to aberrations introduced by the experimental setup, which lead to a slight broadening of the ideal diffraction limited PSF.(33) A similar shift is observed for molecules on glass in the absence of the NW.

It is thus possible to use the strong dependence of the molecules' PSF and decay rate on the dipole orientation and position to selectively study different populations of mislocalized molecules. Moreover, by comparison with simulations the apparent position can be associated with the actual one. To demonstrate this, we plot a histogram of the number of detections for different ranges of  in Figure 3e for events with (plots I, II, III) and events with (plots i, ii, iii). To separate the emission of coaxially oriented molecules on the NW from that of X-and Z-oriented molecules on glass, we select the smallest PSFs, by taking the events for which (Figure 3e,I). The highest density of detections is found at the sides of the NW, decaying towards zero for larger separations, as expected for the decreasing excitation field further away from the NW. At the position of the NW we observe very few events as the substrate underneath is not labeled with molecules. By comparing with numerical simulations, we can retrieve the real position of the molecules that contribute to the two peaks of the distribution, which are shifted by ~10 nm along the X axis. By the same reasoning, for and (Figure 3e, II), we select coaxially oriented molecules with an apparent position |d| ~ 115 nm. The comparison with numerical simulations allows us to associate with this class of molecules a real position distributed around x  50 nm and y  70 nm. Finally, for and (Figure 3e, III), the distribution of detections changes from a bimodal distribution to a bell-shaped distribution on top of the NW, in good agreement with the profile expected for the coaxially oriented dipoles (Figure 3a). We can state that such events are generated from molecules located on the top of the NW. Figure 3f is a sketch summarizing these findings.

By the same token, we can analyze the events with and associate the real and the apparent position of radially oriented molecules. The distributions for and different ranges of sigma (i-iii) are reported in Figure 3e. For , we observe two sharp contributions at |d|= 55 nm separated by a valley which goes almost to zero in the center of the NW, demonstrating that  can be utilized to successfully filter out events occurring on top of the NW with |d|~0 nm. For , the peaks appear slightly closer to the NW axis, congruent with our numerical simulations. For we retrieve the detection density profile of radially oriented molecules on top of the NW, which appear around d=0 nm. As before, by comparison of the apparent position with the real numerically simulated position, we can relocate the events also for , selecting different dipoles positions via their value of .

These findings show that using both the fluorescence decay rate and the size of the PSF of fluorescent single-molecules and comparing those to numerical simulations, one can deduce their dipole orientation and position around the NW and locate their emission in the far field. This enables the study of lightmatter interactions at specific positions along the NW, even when the sample is labeled with randomly oriented fluorescent probes. In much the same way as one can encode the axial position of single emitters with a cylindrical lens in classical 3D SMLM experiments,(34), [START_REF] Huang | Three-Dimensional Super-Resolution Imaging by Stochastic Optical Reconstruction Microscopy[END_REF] numerical simulations in the presence of the NW predict the PSF shape and decay rate for emitters in any position of the sample. Our experimental approach and data analysis methodology tackles thus the major limitation in the use of single-molecule microscopy to study light-matter interactions, namely 3D positioning of singlemolecules close to a resonant nanostructure. It is important to emphasize that, besides relocation issues, our method offers good statistical information, without needing to know the position of the molecules, combining decay rates and spatial distribution of radiative modes, since tens of thousands of molecules on different sites are probed within one experimental run. Future developments of our technique might take advantage of machine-learning algorithms, trained with numerical simulations of the emission of single dipoles close to combinations of simple nanophotonic structures [START_REF] Bertrand | Global Polarizability Matrix Method for Efficient Modelling of Light Scattering by Dense Ensembles of Non-Spherical Particles in Stratified Media[END_REF], and thus to infer the structural information from the recorded PSFs and decay rates. Furthermore, we foresee that with the development of brighter, better controllable photoactivatable probes and the subsequent improvement on PSF sampling and fitting models, the full potential of our method will be exploited, clearing the way to smFLIM as a standard technique for the study of light-matter interaction at the nanoscale. Importantly, in the case of arbitrary nanostructures, our method can give access to the position of each molecule in three dimensions.

Conclusions

In conclusion, we demonstrate that by using both the information retrieved from the decay rate and the PSF of single emitters on a densely-labeled silver NW, we are able with smFLIM to not only obtain an LDOS map at the nanometer scale but also distinguish their different dipole orientations and positions. This is critical to fully develop the potential of single-molecule techniques in the fields of plasmonics and nanophotonics. We have achieved this by categorizing the events in respect to their measured decay rate and PSF shape, both containing crucial information about the emitter interaction and orientation with the metallic nanostructure.

To this end, we have employed an innovative single-molecule lifetime imaging approach of smFLIM that measures simultaneously the PSF of the molecule with an EMCCD camera and the fluorescence decay rate using an array of SPADs, effectively covering time scales ranging from picoseconds to milliseconds. Importantly, the use of a SPAD array significantly extends the FOV to ~10 μm 2 , with a filling fraction close to 100 % and state-of-the-art specifications in terms of detection efficiency, time resolution, jitter and dark count. This allows to measure the fluorescence decay rate of up to 8 single quantum emitters simultaneously, or to measure high-order correlations of their photon emission over a range of several micrometers in a single measurement without scanning parts. With the large variety of photoactivatable molecules commercially available our method enables mapping of the LDOS at different wavelengths, for the study of optical modes in the near-field of spectrally broadband nanostructures.

Moreover, the stochastic, wide-field character of the measurement with dense sample labeling allows the application of the technique to various types of materials, both deterministic and disordered nanostructures, with spatial features on the nanometer scale and spatial extensions ranging from hundreds of nanometers to micrometers.

Besides the application demonstrated in this paper, this novel type of array detector with single photon counting capabilities and ps temporal resolution implemented in our setup should also find important applications in other fields such as quantum nanotechnologies, bioimaging, and chemical science. We anticipate that the unique span in temporal (~ps to ~ms) and spatial (~10 nm to ~10 μm) scales of our method will be key to unlock the study of complex multiscale dynamic processes. ThermoFisher Scientific) for use as fiducial markers. The chamber was flushed with PBS between each step. Finally, the microfluidic chamber was filled with an oxygen-reducing buffer solution,( 25), [START_REF] Heilemann | Subdiffraction-Resolution Fluorescence Imaging with Conventional Fluorescent Probes[END_REF] containing glucose (~100 mg/mL), cysteamine (~4 mg/mL), glucose oxidase (~0.5 mg/mL) and catalase in aqueous solution (1.18 μL/mL) dissolved in PBS. Data analysis: Localization of single-molecule emission was performed using the ThunderSTORM [START_REF] Ovesný | ThunderSTORM: A Comprehensive ImageJ Plug-in for PALM and STORM Data Analysis and Super-Resolution Imaging[END_REF] plugin in ImageJ [START_REF] Schneider | NIH Image to ImageJ: 25 Years of Image Analysis[END_REF]. The obtained location estimates were further processed using a home-built script, in which events that appear in multiple consecutive frames are merged and associated with the timeresolved data recorded by the TCSPC. In instances in which multiple events in a single frame on the EMCCD camera were associated with a single SPAD, these events were omitted from further data analysis to prevent the mixing of decay rate information from different molecules. The typical localization precision was estimated by the median localization precision ( ) of all the events that were detected both on the SPAD and EMCCD. Decay rate estimates were obtained by fitting the decay rate histogram with a mono-exponential decaying function convoluted with the IRF. To correct for background luminescence and dark counts of the SPADs, which varies between the SPADs in the array, a background signal was added to the fitting model, obtained for each SPAD individually in time periods without single-molecule events. For reconstruction of the decay rate map, each detection is represented by a 2D normal distribution with a standard deviation of  , truncated at the full-width at halfmaximum, i.e  . For locations where multiple events overlap, the weighted average of the decay rate is taken. More detailed information can be found in Reference [START_REF] Bouchet | Probing Near-Field Light-Matter Interactions with Single-Molecule Lifetime Imaging[END_REF].

MATERIALS AND METHODS

Sample
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Scanning electron microscopy images of the silver NWs; simulations of the excitation field around the NW; Cramér-Rao analysis of the decay rate estimates; distribution of the single-molecule decay rates, simulations of the orientation-dependent number of detected photons. .

Figure 1 .

 1 Figure 1. Super-resolved images of single-molecule fluorescence lifetime imaging microscopy (smFLIM) around a silver nanowire: Reconstructed super-resolved (a) density; (c) fluorescence photon count per molecules and (e) fluorescence decay rate maps (scale bar represents 1 µm). The images are reconstructed from ~5.10 5 single-molecule detections, where each pixel in the map represents the weighted average value obtained over nearby detections. For a typical single-molecule detection, the localization precision is ~15 nm, with ~620 photons detected on the SPAD, leading to a precision of the decay rate estimate of ~8% (Figure S3), as given by Fisher information theory (28). The smaller area in which events are observed in panel (e) results from the fact that the FOV associated with the SPADs in the SPAD array is smaller than the EMCCD's FOV, as indicated for one SPAD by the blue dashed circle. (b) Histogram of the number of single-molecule detections averaged along the NW axis vs. distance to NW axis; (d) Number of detected photons per molecule vs. distance to NW axis averaged along the NW axis; (f) Distribution of the single-molecule decay rate against the distance to the NW axis. The gray shaded area in each panel indicates the NW diameter (~115 nm) estimated from SEM measurements.

Figure 2 .

 2 Figure 2. Orientation dependent LDOS: (a) Schematic of the used coordinates system with the three principal dipole orientations on the NW (closed symbols) and on the substrate (open symbols). The same color code is used in (b) and (c). (b) Dipole positions used for simulations (black) and the simulated apparent position of the coupled dipole-NW emission as observed in the far field (colors). (c) Simulated normalized LDOS as a function of the position of the dipole around and on the

Figure 3 .

 3 Figure 3. Dipole selection via the size of the point spread function (PSF): (a,b) Simulated standard deviation of the PSF for different dipole orientations around a silver NW for dipole orientations with a LDOS modification smaller than 8 (a), and larger than 8 (b), plotted against the apparent position of the dipole when observed in the far field. (c,d) Experimentally measured standard deviation of the PSF for events with a decay rate (c) and (d). (e) Distribution of the detected events for (I, II, III) and (i, ii, iii) and different ranges of sigma: I, ; II, ; III, ; i, ; ii, ; iii, . Curves are shifted vertically for clarity. Numbers indicate the total number of detected events in each cross-section and the gray shaded areas indicate the NW diameter. (f) Sketch of the real position associated to events with and sigma in the ranges indicated in Figure 3c,e.

  preparation: The sample was prepared by spin-coating a dilute solution of silver NWs (Sigma Aldrich) in isopropyl alcohol on a cleaned glass coverslip. A microfluidic chamber was created by sandwiching a parafilm spacer between the NW coverslip containing the NWs and a second glass cover slip. The NWs and glass were functionalized by introducing consecutively a solution of biotinconjugated bovine serum albumin in phosphate-buffered saline (PBS) (1 mg/mL) for ~2 hours and streptavidin-conjugated Alexa 647 Fluor in PBS (ThermoFisher Scientific, 0.005 g/L) for ~2 hours. In addition, we added polystyrene fluorescent beads dispersed in PBS (Crimson FluoSpheres 200 nm,

  Optical setup: Single-molecule experiments of smFLIM were carried out on an inverted microscope (X71, Olympus) equipped with a NA=1.49 microscope objective (UApoN 100X, Olympus) in a widefield TIRF geometry. The fluorescent molecules were excited through the microscope objective with a pulsed diode laser emitting at a wavelength of 638 nm (LDH-P-C-640B, PicoQuant), a repetition rate of 80 MHz at ~0.5 kW/cm 2 . The plane of incidence of the excitation beam was set perpendicular to the NW axis and the excitation polarization was set parallel to the plane of incidence (p-polarized). Molecules were photoactivated by a continuous wave diode laser (Oxxius), coupled into the same excitation path.The fluorescence was collected by the same objective and filtered through an emission filter. Using a 50:50 beam-splitter, 50% the collected photons were imaged on an EMCCD camera (iXon Ultra, Andor), while the remaining half was guided on to a prototype of a linear array of SPADs[START_REF] Cuccato | Complete and Compact 32-Channel System for Time-Correlated Single-Photon Counting Measurements[END_REF] connected to a time-correlated single photon counting module (TCSPC). During the measurements, we corrected for sample drift by imaging a fiducial marker and maintaining it at a fixed position using a piezoelectric stage (PInano XYZ, Physik Instrumente). To calibrate the SPAD detectors in the array, we determined the photon detection efficiency (PDE) and FOV of each separate SPAD compared to that of the PDE and FOV of the EMCCD camera by scanning a bright fluorescence bead in the sample plane. Moreover, we accounted for the time response of each SPAD detector by measuring the instrument response function (IRF), used for the fitting of the fluorescence decay rate histogram.
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Super-resolved fluorescence decay rate map around a silver nanowire with a diameter of ~115 nm. The blue dashed circle indicates the field of view associated with one of the single-photon avalanche diode detectors used in the experiments.