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Abstract1

Natural convection in a porous enclosure in the presence of thermal dispersion is investi-2

gated. The Fourier–Galerkin (FG) spectral element method is adapted to solve the coupled3

equations of Darcy’s flow and heat transfer with a full velocity-dependent dispersion tensor,4

employing the stream function formulation. A sound implementation of the FG method is5

developed to obtain accurate solutions within affordable computational costs. In the spectral6

space, the stream function is expressed analytically in terms of temperature, and the spectral7

system is solved using temperature as the primary unknown. The FG method is compared 18

to finite element solutions obtained using an in-house code (TRACES), OpenGeoSys and9

COMSOL Multiphysics®. These comparisons show the high accuracy of the FG solution10

which avoids numerical artifacts related to time and spatial discretization. Several examples11

having different dispersion coefficients and Rayleigh numbers are tested to analyze the solu-12

tion behavior and to gain physical insight into the thermal dispersion processes. The effect13

of thermal dispersion coefficients on heat transfer and convective flow in a porous square14

cavity has not been investigated previously. Here, taking advantage of the developed FG15

solution, a detailed parameter sensitivity analysis is carried out to address this gap. In the16

presence of thermal dispersion, the Rayleigh number mainly affects the convective velocity17

and the heat flux to the domain. At high Rayleigh numbers, the temperature distribution is18

mainly controlled by the longitudinal dispersion coefficient. Longitudinal dispersion flux19

is important along the adiabatic walls while transverse dispersion dominates the heat flux20

toward the isothermal walls. Correlations between the average Nusselt number and dispersion 221

coefficients are derived for three Rayleigh number regimes.22

Keywords Natural convection · Thermal dispersion · Darcy’s law · Fourier series solution ·23

COMSOL multiphysics · Parameter sensitivity analysis · Nusselt number24

List of Symbols25

AX X
disp Coefficient of the non-dimensional dispersion tensor26

AX Z
disp Coefficient of the non-dimensional dispersion tensor27

Extended author information available on the last page of the article
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AZ Z
disp Coefficient of the non-dimensional dispersion tensor28

AL Non-dimensional longitudinal dispersion coefficient29

Bm,n Fourier series coefficient—stream function30

B̃g,h Matrix coefficient defined in “Appendix A”31

Cr ,s Fourier series coefficient—temperature32

ErNu Relative error on Nusselt number33

Erθ top Relative error on temperature at the top wall34

ErU top Relative error on horizontal velocity at the top wall35

ErV top Relative error on vertical velocity at the top wall36

FDisp Function including all dispersion terms37

g Gravitational acceleration38

H Square size39

h Local convection coefficient40

I Identity tensor41

K Permeability42

Nm Number of Fourier modes in z—stream function43

Nn Number of Fourier modes in x—stream function44

Np Number of integration points45

Nr Number of Fourier modes in z—temperature46

Ns Number of Fourier modes in x—temperature47

Nu Local Nusselt number48

Nu Average Nusselt number49

n A Polynomial degree for AL50

nR Polynomial degree for Rαdisp51

p Fluid pressure52

Pi, j Polynomial coefficient of the scaling relation53

Ra Rayleigh number54

RF Residual of the flow equation55

RH Residual of the heat equation56

RF
g,h Residual of the spectral flow equation57

RH
g,h Residual of the spectral heat equation58

Rαdisp Ratio of the transverse to longitudinal dispersion59

T Temperature60

Th Hot temperature at the left wall61

Tc Cold temperature at the right wall62

u Horizontal velocity component63

U Non-dimensional horizontal velocity64

U top Non-dimensional horizontal velocity—top wall65

Umax Maximum horizontal velocity66

v Vertical velocity67

V Non-dimensional vertical velocity68

V hot Non-dimensional vertical velocity—hot wall69

V max Maximum non-dimensional vertical velocity70

−→
V Darcy’s velocity71
∣

∣

∣

−→
V

∣

∣

∣
Magnitude of velocity vector72

Wpi Weight integration function73

x , X Abscissa, non-dimensional abscissa74

z, Z Elevation, non-dimensional elevation75
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Xpi , Zpi Coordinates of integration points76

αL, αT Longitudinal and transverse dispersion77

αm Effective thermal diffusivity78

αdisp Dispersion tensor79

β Thermal expansion80

βI
g,m,r Matrix coefficient defined in “Appendix A”81

βII
g,m,r Matrix coefficient defined in “Appendix A”82

δi, j Kronecker delta function83

εg Vector coefficient defined in “Appendix A”84

θ Non-dimensional temperature85

θ top Non-dimensional temperature at the top wall86

Θ Shifted non-dimensional temperature87

λsurf Thermal conductivity88

Λh,s Matrix coefficient defined in “Appendix A”89

µ Fluid viscosity90

ρ Fluid density91

ρc Fluid density at the cold temperature92

σ Ratio of heat capacity porous material to fluid93

ϕ Stream function94

Φ Non-dimensional stream function95

χ I
h,n,s Matrix coefficient defined in “Appendix A”96

χ II
h,n,s Matrix coefficient defined in “Appendix A”97

1 Introduction98

Natural convection (NC) in saturated porous media is gaining increased attention because of99

its wide range of applications in petroleum production, geothermal energy, geologic carbon100

sequestration, nuclear waste disposal, thermal insulation systems, nuclear reactors, oxide101

fuel cells, solar collectors and biomedical technologies, among many others. Comprehensive102

reviews on NC in porous media and its applications can be found in Nield and Simmons103

(2018), Ataie-Ashtiani et al. (2018), Nield and Bejan (2017), Vafai (2011, 2015), Vadász104

(2008) and Ingham and Pop (2005). In the last two decades, numerical modeling has emerged105

as a key tool to tackle the aforementioned applications. Nowadays, numerical modeling is106

commonly used to understand NC processes and in several engineering applications such as107

designing, planning, site investigation, safety report assessment and predictive simulations.108

The analysis of many applications of NC in porous media is often based on the constant ther-109

mal diffusivity model which neglects thermal dispersion effects. This simplification reduces110

the computational complexity introduced by the nonlinearity of the thermal dispersion terms.111

However, the obvious disadvantage is that the constant thermal diffusivity assumption is not112

appropriate to describe mixing processes (Thiele 1997; Sheremet et al. 2017; Wen et al.113

2018).114

Thermal dispersion effects are caused by mechanical mixing of the interstitial fluid at115

the pore scale. This mixing is mainly related to obstructions introduced by tortuosity of the116

porous medium. It can also be caused by recirculation generated by low pressure in local117

regions arising from flow restrictions. A detailed review on thermal dispersion in porous118

media can be found in Nield and Bejan (2017). Thermal dispersion processes are usually119

modeled as a full velocity-dependent tonsorial quantity, with two components either paral-120
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lel (longitudinal) or orthogonal (transverse) to the flow direction. Several experimental and121

modeling studies have been conducted to derive the thermal dispersion tensor and/or to esti-122

mate the transverse and longitudinal dispersion coefficients depending on the porous media123

skeleton (e.g., Ozgumus and Mobedi 2016; DeGroot and Straatman 2012). Cheng (1981),124

Hsiao (1998) and Languri and Pillai (2014) have compared numerical simulations to labora-125

tory experiments and have shown that the derived thermal dispersion model provides the best126

agreement with experimental data. Many studies have highlighted the significant effect of127

thermal dispersion on natural (e.g., Sheremet et al. 2017; Khaled and Chamkha 2001; Abbas128

et al. 2009; Jha and Aina 2017), forced (e.g., Kuznetsov 2000; Cheng and Lin 2002; Hooman129

et al. 2017) or mixed convection in non-Darcian porous media (i.e., under a non-Darcian flow130

regime). Further studies have also shown that strong heat dispersion effects can occur at low131

pore velocity in the Darcian regime (Thiele 1997; Telles and Trevisan 1993; Sheremet et al.132

2016; Wang et al. 2016; Fajraoui et al. 2017). Given its significant effects on heat transfer133

processes and the advancement in computational techniques, the acknowledgement of ther-134

mal dispersion effects in the applications related to NC has been recently increased (e.g.,135

Sheremet et al. 2016, 2017; Molina-Giraldo et al. 2011; Özerinç et al. 2012). The simulation136

of thermal dispersion has become available in several software packages such as COMSOL137

Multiphysics, FLUENT, FEFLOW (Diersch 2014) and OpenGeoSys (Sachse et al. 2015;138

Kolditz et al. 2012), among others.139

Thermal dispersion effects have been investigated for problems involving external NC140

(e.g., Cheng 1981; Plumb 1983; Mohammadien and EL-Amin 2000; El-Hakiem 2001; Asbik141

et al. 2007). Thermal dispersion associated to internal NC remains poorly understood, par-3 142

ticularly relative to studies of external NC or forced convection. Furthermore, despite the143

increasing interest in the simulation of thermal dispersion processes, there is no reference144

benchmark solution that can be used to verify the simulation results. The popular problem145

of NC in square porous cavity is a typical example of internal NC (Baïri et al. 2014). This146

problem describes convective flow in a square porous domain subject to differentially heated147

vertical walls. Due to its simplified boundary conditions and geometry and due to the large148

number of published numerical solutions based on a variety of numerical methods (Fahs et al.149

2014; Wang et al. 2018), this problem has been accepted to be a common benchmark for150

NC codes in the case of constant thermal diffusivity (Zhu et al. 2017). It is also widely used151

to provide consistent physical understanding of the NC processes in a porous enclosure. To152

the best of our knowledge, the effect of thermal dispersion on this problem has never been153

studied. Thus, the main objectives of this work are (1) to develop a high-accuracy solution for154

the problem of NC in a square porous cavity in the presence of velocity-dependent thermal155

dispersion, and (2) to use this solution to understand the effect of thermal dispersion on NC156

processes in a porous enclosure.157

The high-accuracy reference solution is derived using the Fourier–Galerkin (FG) spec-158

tral element method (Peyret 2013). The Galerkin integrals resulting for the dispersion terms159

are evaluated numerically using a high-order adaptive technique. An efficient approach is160

developed to solve the spectral system of equations and to deal with the nonlinearity of the161

convective and thermal dispersion terms. This approach is based on reducing the number162

of degrees of freedom and on an efficient algorithm for the evaluation of the Fourier series163

on the integration points. Several test cases, dealing with a variety of parameters, are gen-164

erated to understand the solution behavior and to provide a set of reference data for code165

verification. To build more confidence in the FG solution and to highlight its worthiness166

for code benchmarking, the generated test cases are simulated using an in-house advanced167

code (TRACES: Transport of RadioACtive Elements in Subsurface), the finite element code168

OpenGeoSys (OGS) and COMSOL Multiphysics®. The developed FG solution is used to169
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Fig. 1 Conceptual model of the
studied problem including heat
boundary conditions. All
boundaries are impermeable to
fluid flow

carry out a detailed parameter sensitivity analysis in order to investigate the role of thermal170

dispersion coefficients on NC processes in a porous enclosure.171

2 ProblemDescription andMathematical Model172

The problem geometry and boundary conditions are shown in Fig. 1. The square porous173

cavity of dimensional thickness H has adiabatic horizontal boundaries. It is assumed that174

the left and right boundaries are maintained at different temperatures Th and Tc (Th > Tc),175

respectively. Vertical and horizontal boundaries are impermeable. Darcy’s law is assumed176

to hold. Flow is considered to be saturated and within the Boussinesq approximation limits.177

The porous skeleton is incompressible. Local thermal equilibrium in the porous medium is178

assumed. Under these assumptions, the governing equations are given by (Mahmud and Pop179

2006; Rossa et al. 2017):180

−→∇ · −→
V � 0 (1)181182

−→
V � −

K

µ

−→∇ (p + ρgz) (2)183184

σ
∂T

∂t
+

−→
V · −→∇ T − −→∇ ·

(

αmI + αdisp

)−→∇ T � 0 (3)185186

ρ � ρc[1 − β(T − Tc)] (4)187188

where
−→
V is velocity vector, p is fluid pressure, T is temperature, K is permeability, µ is fluid189

viscosity, g is gravitational acceleration, ρ is fluid density, σ is the ratio of the composite190

material heat capacity to the convective fluid heat capacity, αm is effective thermal diffusivity,191

I is the identity tensor, αdisp is dispersion tensor, ρc is fluid density at the cold temperature192

Tc and β is thermal expansion coefficient.193

Thermal dispersion processes can be described using the Scheidegger model (Scheidegger194

1961) that assumes isotropic dispersion processes. In the present work, thermal dispersion is195
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acknowledged via the Bear–Scheidegger model (Bear and Bachmat 1990; Emami-Meybodi196

2017). This model suggests that dispersion results in greater mixing in the direction of flow197

than in the transverse direction. The anisotropic dispersion tensor is defined as:198

αdisp � (αL − αT)

−→
V × −→

V
∣

∣

∣

−→
V

∣

∣

∣

+ αT

∣

∣

∣

−→
V

∣

∣

∣I (5)199200

where αL and αT are the longitudinal and transverse dispersion coefficients, respectively.201

3 The Fourier–Galerkin (FG) Solution202

The developed solution is based on the spectral element FG method. Spectral methods203

combine the exactness of the analytical methods with an important extent of generality in204

describing the geometry and boundary conditions as with numerical methods (BniLam and205

Al-Khoury 2017). Spectral methods present a significant interest in accurately solving the206

equations of flow, mass and heat transfer in porous media (Fahs et al. 2014; Wang et al. 2018;207

BniLam, and Al-Khoury 2017; Shao et al. 2015, 2016; Ameli et al. 2013, 2018). Detailed208

description of the use of spectral methods for solving partial differential equations as well209

as the implementation of these methods can be found in Kopriva (2009) and Peyret (2013).210

The solution procedure is described in four steps as outlined below.211

3.1 Stream Function Formulation and Non-dimensional Equations212

The continuity equation can be intrinsically satisfied using the stream function (ϕ), which is213

defined as:214

u �
∂ϕ

∂z
; v � −

∂ϕ

∂x
(6)215216

where u and v are the components of the velocity vector (
−→
V ).217

The non-dimensional equations can be derived by assuming that buoyancy is the primary218

force. This can be achieved using the following dimensionless variables:219

X �
x

H
; Z �

z

H
; Φ �

ϕ

αm

; θ �
T − Tc

Th − Tc
; U �

u · H

αm

; V �
v · H

αm

(7)220221

Thus, the stream function formulation of the non-dimensional flow and heat transfer222

equations (at steady-state conditions) can be written as:223

∂2Φ

∂ X2
+

∂2Φ

∂ Z2
� −Ra

∂θ

∂ X
(8)224225

∂Φ

∂ Z

∂θ

∂ X
−

∂Φ

∂ X

∂θ

∂ Z
−

(

∂2θ

∂ X
+

∂2θ

∂ Z

)

−
∂

∂ X

(

AX X
disp

∂θ

∂ X
+ AX Z

disp
∂θ

∂ Z

)

226

−
∂

∂ Z

(

AX Z
disp

∂θ

∂ X
+ AZ Z

disp
∂θ

∂ Z

)

� 0 (9)227228

where Ra � K Hgρcβ(Th−Tc)
µαm

is the porous medium Rayleigh number representing the ratio of229

the buoyancy to diffusion.230
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AX X
disp, AX Z

disp and AZ Z
disp are the coefficients of the non-dimensional dispersion tensor, given231

as:232

AX X
disp �

αxx
disp

αm

� AL

(

U 2

√
U 2 + V 2

+ Rαdisp

V 2

√
U 2 + V 2

)

(10)233234

AZ Z
disp �

αzz
disp

αm

� AL

(

V 2

√
U 2 + V 2

+ Rαdisp

U 2

√
U 2 + V 2

)

(11)235236

AX Z
disp �

αxz
disp

αm

� AL

(

1 − Rαdisp

) U V
√

U 2 + V 2
(12)237238

where AL � αL
/

H and Rαdisp � αT
/

αL are non-dimensional longitudinal coefficient and239

ratio of the transverse dispersion coefficient to the longitudinal dispersion coefficient.240

AX X
disp, AX Z

disp and AZ Z
disp can be expressed in terms of the stream function using:241

U �
∂Φ

∂ Z
; V � −

∂Φ

∂ X
(13)242243

Equations (8) and (9) are subject to the following boundary conditions:244

X � 0 → Φ � 0; θ � 1245

X � 1 → Φ � 0; θ � 0246

Z � 0, 1 → Φ � 0; ∂θ
/

∂ Z � 0 (14)247248

3.2 Change of Variable: Homogeneous Boundary Conditions249

Homogeneous boundary conditions are required for the FG method (Peyret 2013). This is250

satisfied for the stream function. For the heat transport equation, as in Fahs et al. (2014), we251

applied the following temperature change of variable:252

Θ � θ + X − 1 (15)253254

Introducing the residuals for flow (RF) and heat transfer (RH) equations and using the255

new variable Θ , Eqs. (8) and (9) become:256

RF �
∂2Φ

∂ X2
+

∂2Φ

∂ Z2
+ Ra

∂Θ

∂ X
− Ra � 0 (16)257258

RH �
∂2Θ

∂ X
+

∂2Θ

∂ Z
−

∂Φ

∂ Z

∂Θ

∂ X
+

∂Φ

∂ X

∂Θ

∂ Z
+

∂Φ

∂ Z
259

+ AX X
disp

∂2Θ

∂ X2
+ 2AX Z

disp
∂2Θ

∂ X∂ Z
+ AZ Z

disp
∂2Θ

∂ Z2
260

+

(

∂ AX X
disp

∂ X
+

∂ AX Z
disp

∂ Z

)

∂Θ

∂ X
+

(

∂ AX Z
disp

∂ X
+

∂ AZ Z
disp

∂ Z

)

∂Θ

∂ Z
261

−
∂ AX X

disp

∂ X
−

∂ AX Z
disp

∂ Z
� 0 (17)262263

The derivatives of the dispersion tensor coefficients with respect to X and Z are calculated264

as:265

∂ AX X
disp

∂ X
�

2
√

U 2 + V 2
AL

(

U
∂U

∂ X
+ Rαdisp V

∂V

∂ X

)

−
AX X

disp
(

U 2 + V 2
)

(

U
∂U

∂ X
+ V

∂V

∂ X

)

(18)266267
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∂ AZ Z
disp

∂ Z
�

2
√

U 2 + V 2
AL

(

RαdispU
∂U

∂ Z
+ V

∂V

∂ Z

)

−
AZ Z

disp

U 2 + V 2

(

U
∂U

∂ Z
+ V

∂V

∂ Z

)

(19)268269

∂ AX Z
disp

∂ X
� AL

1 − Rαdisp√
U 2 + V 2

(

V
∂U

∂ X
+ U

∂V

∂ X

)

−
AX Z

disp

U 2 + V 2

(

U
∂U

∂ X
+ V

∂V

∂ X

)

(20)270271

∂ AX Z
disp

∂ Z
� AL

1 − Rαdisp√
U 2 + V 2

(

V
∂U

∂ Z
+ U

∂V

∂ Z

)

−
AX Z

disp

U 2 + V 2

(

U
∂U

∂ Z
+ V

∂V

∂ Z

)

(21)272273

With the new variable Θ , the thermal boundary conditions become:274

X � 0, 1 → Θ � 0275

Z � 0, 1 → ∂Θ
/

∂ Z � 0 (22)276277

3.3 The FGMethod278

The unknowns Φ and Θ now have homogeneous boundary conditions. The problem is also279

spatially periodic. Thus, Φ and Θ can be approximated by truncated double Fourier series280

that satisfy the boundary conditions, written as follows:281

Φ(X , Z) �
Nm
∑

m�1

Nn
∑

n�1

Bm,n sin(mπ Z ) sin(nπ X ) (23)282283

Θ(X , Z) �
Nr
∑

r�0

Ns
∑

s�1

Cr ,s cos(rπ Z ) sin(sπ X ) (24)284285

where Nm (resp. Nr ) and Nn (resp. Ns) are the number of Fourier series modes (FSMs) in the286

X and Z directions for the stream function (resp. temperature). Bm,n and Cr ,s are the Fourier287

series coefficients for the stream function and temperature, respectively.288

The coefficients Bm,n and Cr ,s can be calculated using a Galerkin-type technique, based on289

the orthogonality property of the cosine and sine functions. The Fourier series are substituted290

into Eqs. (16) and (17). Then, the residuals (RF and RT ) are projected into the vector space291

of the FSMs and set to be zero in the average sense:292

RF
g,h �

〈

RF, 4 sin(gπ Z ) sin(hπ X )
〉

293

� 4

1
∫

0

1
∫

0

RF sin(gπ Z ) sin(hπ X )dXdZ� 0 g � 1 . . . Nm; h � 1 . . . Nn (25)294295

RH
g,h �

〈

RH, 4 cos(gπ Z ) sin(hπ X )
〉

296

� 4

1
∫

0

1
∫

0

RH cos(gπ Z ) sin(hπ X )dXdZ� 0, g � 1 . . . Nr ; h � 1 . . . Ns (26)297298

The Galerkin integrals arising from Eq. (25) as well as the ones related to the diffusion and299

convection terms in Eq. (26) [the first five terms in Eq. (17)] can be evaluated analytically.300

However, because of the nonlinear dependence of the dispersion tensor to velocity compo-301

nents, the integrals related to thermal dispersion cannot be evaluated in a closed form. Thus,302
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we resorted to numerical integration. This yields the following nonlinear spectral system [for303

more details readers can refer to Peyret (2013), Fahs et al. (2014) and Shao et al. (2015)]:304

RF
g,h � − π2(h2 + g2)Bg,h +

Ra

π

Nr
∑

r�0

Ns
∑

s�1

sΛh,sΛg,r Cr ,s305

−
Ra

π2
Λg,0Λh,0 � 0 g � 1 . . . Nm, h � 1 . . . Nn (27)306307

RH
g,h � − εgπ2Cg,h

(

g2 + h2
)

−
π2

4

Nm
∑

m�1

Nn
∑

n�1

Nr
∑

r�0

Ns
∑

s�1

s · m · βI
g,m,r χ

I
h,n,s Bm,nCr ,s308

−
π2

4

Nm
∑

m�1

Nn
∑

n�1

Nr
∑

r�0

Ns
∑

s�1

n.r .βII
g,m,r χ

II
h,n,s Bm,nCr ,s + πgB̃g,h309

+ 4

Np
∑

i�1

Wpi FDisp(Xpi , Zpi ) cos(gπZpi ) sin(hπXpi ) � 0, g � 0 . . . Nr , h � 1 . . . Ns

(28)

310311

The coefficients of Eqs. (27) and (28) are summarized in “Appendix A”. The numerical312

integrals of the dispersion terms appear as a Riemann sum in the last term of Eq. (28). In this313

sum, Np is the number of integration points,
(

Xpi , Zpi

)

are the coordinates of an integration314

point (i) and Wpi is the corresponding weight function related to quadrature rule used for315

numerical integration. FDisp is the function including all dispersion terms, given by:316

FDisp(X , Z ) �AX X
disp

∂2Θ

∂ X2
+ 2AX Z

disp
∂2Θ

∂ X∂ Z
+ AZ Z

disp
∂2Θ

∂ Z2
317

+

(

∂ AX X
disp

∂ X
+

∂ AX Z
disp

∂ Z

)

∂Θ

∂ X
+

(

∂ AX Z
disp

∂ X
+

∂ AZ Z
disp

∂ Z

)

∂Θ

∂ Z
−

∂ AX X
disp

∂ X
−

∂ AX Z
disp

∂ Z

(29)

318319

For ultimate accuracy and in order to avoid errors related to the numerical integration,320

we use an adaptive-order integration technique (Mousavi et al. 2012). With this technique,321

the number of integration points and the order of the Gauss–Kronod rules are automatically322

updated to reach a prescribed accuracy.323

3.4 Solving the Spectral System: Numerical Implementation324

The FG method provides spectral accuracy for smooth solutions. However, a defect of this325

method is the Gibbs phenomena (Peyret 2013; Ameli et al. 2013) that can lead to instabilities326

(unphysical oscillations) for sharp solutions, as is the case for NC at high Rayleigh numbers.327

In such cases, stable solutions require a large number of FSMs for which the FG method is328

computationally impractical. Fahs et al. (2015) applied the FG method to solve the problem329

of NC in square porous cavity in the case of constant thermal diffusivity. They developed an330

efficient implementation of this method that allowed for using a large number of FSMs. Due331

to this implementation, they obtained solutions for high Rayleigh numbers (up to 10,000).332

Here we improve this implementation, and we extend it to deal with a velocity-dependent333

dispersion tensor. Thus, we reduce the number of degrees of freedom of the nonlinear spectral334

system by reformulating it with the Fourier coefficients of the shifted temperature (Cr ,s) as335

the primary variables.336
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A closer look at Eq. (27) reveals that coefficients Bg,h can be expressed analytically in337

terms of Cr ,s . By substituting Bg,h into Eq. (28), we can obtain a closed system of equations338

with Cr ,s as the primary variables. Thus, the nonlinear spectral system can be reduced to only339

the residual vector of the heat transfer equation. To solve this system, we use the efficient340

nonlinear solver of the IMSL library (http://www.roguewave.com/products-services/imsl-341

numerical-libraries). This solver is based on an advanced Newton’s method which is the342

modified Powell hybrid algorithm. As in Fahs et al. (2015), we improve the performance and343

convergence of the solver by providing the analytical Jacobian matrix and by simplifying the344

four nested summations using the Kronecker delta properties.345

A FORTRAN code is implemented to solve the spectral nonlinear system with the346

approaches and simplifications developed in the previous section. Some first runs of the347

code were carried out to verify its performance. These runs revealed that, despite the previ-348

ous improvements, the code is still very impractical for cases involving velocity-dependent349

dispersion. For instance, one evaluation of the residual vector would take more than 10 h of350

CPU time, for Nm � N r � 50 and Nn � N s � 100 and for about 10,000 integration points.351

Scrutiny of this matter revealed that the inefficiency of the code is related to the numerical352

integral procedure used to deal with the dispersion terms. As can be seen in Eq. (28), one353

residual evaluation requires (Nr + 1) × Ns evaluations of the dispersion term (FDisp) on the354

integration points. The latter involves the Fourier series for both the stream function and the355

shifted temperature. This means that, if the standard integration procedure is applied, the356

Fourier series should be calculated on the integration points (Nr + 1) × Ns times. Thus, the357

corresponding number of operations is Np × (Nr + 1) × Ns × [Nm × Nn + (Nr + 1) × Ns]358

times (i.e., 5 × 1011 in the previous example). In order to render the code practical, we359

implement a specific algorithm to reduce the number of evaluations of the Fourier series360

on the integration points (Fahs et al. 2016). The algorithm proceeds by evaluating FDisp
361

(via the Fourier series and their spatial first- and second-order derivatives) once when eval-362

uating the first component of the heat transport residual vector (RH
0,1).The values of FDisp

363

are then stored in a memory array and further used to calculate the other components of364

the residual vector. With this algorithm, the residual vector can be evaluated with Np ×365

[Nm × Nn + (Nr + 1) × Ns]. For the previous example, this corresponds to 108 operations366

that require only 5 s of CPU time.367

Finally, due to symmetrical boundary conditions, we can show analytically that the Fourier368

series coefficients (Bi, j and Ci, j ) for which the summation of indices (i + j) is even are equal369

to zero. We eliminate these coefficients and half the number of degrees of freedom.370

3.5 Quantitative Indicators for CodeVerification and Benchmarking371

Prasad and Simmons (2005) highlighted the importance of quantitative indicators for code372

benchmarking compared to direct comparison of state variables maps due to the complexity373

of the instability processes and the qualitative nature of visual comparisons. Thus, we propose374

several objective metrics to assess heat transfer and flow processes which could be useful375

as quantitative indicators for code validation and benchmarking. The heat transfer processes376

are assessed using the average Nusselt number. The local Nusselt number (Nu) provides a377

measure of the convection heat flux occurring at the hot wall. It is defined as follows:378

Nu �
h

λsurf/H
(30)379380

where h is the local convection coefficient and λsurf is the thermal conductivity of the material381

forming the hot wall surface.382

123

Journal: 11242 Article No.: 1356 TYPESET DISK LE CP Disp.:2019/10/30 Pages: 33 Layout: Small

A
u

th
o

r
 P

r
o

o
f

http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries
http://www.roguewave.com/products-services/imsl-numerical-libraries


un
co

rr
ec

te
d

pr
oo

f

Study of the Effect of Thermal Dispersion on Internal…

A common assumption is that λsurf is equal to the equivalent thermal conductivity of the383

porous medium. The energy balance at the hot wall expresses the continuity of the conduction-384

dispersion flux at X � 0− and the convective flux (calculated via the Newton’s cooling law)385

at X � 0+. The non-dimensional form of the energy balance equation gives:386

Nu �
h

λsurf/H
�

(

1 + AX X
disp

) ∂θ

∂ X

∣

∣

∣

∣

X�0
(31)387388

Knowing that U � 0 at the hot wall (impervious boundary conditions), the local Nusselt389

number can be simplified to:390

Nu �
h

λsurf/H
�

(

1 + AL Rαdisp |V |
) ∂θ

∂ X

∣

∣

∣

∣

X�0
(32)391392

This definition of local Nusselt number is similar to the one used in Howle and Georgiadis393

(1994) and Sheremet et al. (2016). By using the shifted temperature (Θ), Nu becomes:394

Nu �
h

λsurf/H
�

(

1 + AL Rαdisp |V |
)

(

∂Θ

∂ X
− 1

)∣

∣

∣

∣

X�0
(33)395396

Nu can be evaluated using the Fourier series of Θ and Φ:397

Nu �
h

λsurf/H
398

�
(

1 + AL Rαdisp

∣

∣

∣

∣

∣

−π

Nm
∑

m�1

Nn
∑

n�1

nBm,n sin(mπ Z )

∣

∣

∣

∣

∣

) (

π

Nr
∑

r�0

Ns
∑

s�1

sCr ,s cos(rπ Z ) − 1

)

399

(34)

The average Nusselt number is given by:400

Nu �
1

∫

0

Nu · dZ (35)401402

The integral in Eq. (35) is evaluated numerically. The temperature distribution and con-403

vective fluid flow processes are assessed using the local values of temperature and velocity404

components at the centers of the top surface (X � 0.5; Z � 1) and hot wall (X � 0; Z � 0.5)405

and at the cavity center within the convective fluid flow. These metrics are calculated using406

the Fourier series as:407

θ top � θ (X � 0.5; Z � 1) �
Nr
∑

r�0

Ns
∑

s�1

(−1)r sin
(

sπ
/

2
)

Cr ,s + 0.5408

U top � U (X � 0.5; Z � 1) � π

Nm
∑

m�1

Nn
∑

n�1

m Bm,n(−1)m sin(nπ
/

2);409

V hot � X (X � 0; Z � 0.5) � −π

Nm
∑

m�1

Nn
∑

n�1

nBm,n sin(mπ
/

2) (36)410411

4 Results and Discussion412

Three matters are discussed in this section. We firstly investigate the stability of the FG413

solution in terms of the FSMs using six test cases. This step is important to confirm that414
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this solution is free of errors. The results of the six test cases are also useful to provide415

physical insight on the thermal dispersion processes. Secondly, we compare the FG solution416

against a discontinuous Galerkin finite element (DG) solution obtained using an advanced417

in-house research code (TRACES) and two standard finite element (FE) solutions based on418

OGS package and COMSOL Multiphysics® software. These comparisons are performed to419

give more confidence in the accuracy of our FG solution and to highlight its worthiness for420

code benchmarking and validation. Finally, we use the FG solution to develop a complete421

parameter sensitivity analysis and to understand the role of thermal dispersion coefficients422

on heat transfer and convective flow processes in a porous square cavity. In our analysis, we423

consider three levels of Rayleigh numbers (100, 1000 and 5000). As in Wang et al. (2018)424

and as it is common in the literature, these values are considered to investigate conduction-425

dominated, moderate and convection-dominated cases. We investigate different cases with426

AL ranging from 0.01 to 1 and Rαdisp between 0.04 and 1. These ranges of variations are widely427

used in the literature (e.g., Abarca et al. 2007), and they are common for field conditions.428

4.1 Test Cases: Solution Behavior and Understanding Thermal Dispersion Flux429

Adequate FSMs should be used to obtain stable FG solutions and to avoid spurious oscillations430

related to the Gibbs phenomenon. Fahs et al. (2014, 2015) suggested an efficient technique431

to select the appropriate FSMs in the case of salinity-driven NC in porous square cavity and432

seawater intrusion in coastal aquifers, respectively. This technique proceeds by progressively433

increasing the number of FSMs until reaching a stable solution. The authors showed that the434

average Sherwood number (solute analogue of the average Nusselt number used in mass435

transfer) can be used as measure of solution stability. In this work, we adopt the same436

technique by replacing the Sherwood number by its equivalent in heat transfer, the Nusselt437

number.438

We analyze the behavior of the FG solution via six test-case examples that cover the439

range of parameters variation. These cases deal with low, intermediate and high Rayleigh440

numbers (102, 103 and 5 × 103, respectively). For each Rayleigh number, we consider two441

cases involving, respectively, small (AL � αL
/

H � 0.001) and high (AL � 1) longitudinal442

dispersion coefficients. For all of these cases, and as is common in the literature, we consider443

Rαdisp � αT
/

αL � 0.1 (Abarca et al. 2007).444

For a low Rayleigh number (Ra � 100), stable solutions for both low and high dispersion445

cases are obtained using Nm � Nr + 1 � 30 and Nn � Ns � 50. As half of the Fourier446

coefficients are equal to zero (see previous section), the corresponding number of FSMs is447

1500. For Ra � 1000, in the case of small dispersion coefficient, the buoyancy forces become448

more important. This sharpens the temperature distribution and concentrates the streamlines449

in a thin layer toward the walls. The FG solution shows spurious oscillations introduced by the450

Gibbs phenomenon. The number of FSMs should be increased to remove these oscillations.451

In this case, the stable FG solution is obtained using 8000 FSMs (Nm � Nr + 1 � 80 and452

Nn � Ns � 100). For the high dispersion case, the solution is smoothed by the mixing453

processes induced by thermal dispersion. The Gibbs phenomenon completely disappears454

and a stable solution can be obtained with the same number of FSMs as in the low Rayleigh455

number case (Nm � Nr + 1 � 30 and Nn � Ns � 50). For Ra � 5000, 18,000 FSMs456

(Nm � Nr + 1 � 120 and Nn � Ns � 150) should be used to obtain a stable solution for457

the low dispersion case. For the high dispersion case, the FG solution is obtained using 3070458

FSMs (Nm � Nr � 30, Nn � 60 and Ns � 140).459
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For all cases, the numerical evaluation of the Galerkin integrals related to the dispersion460

terms is performed using a specific integration routine of the ISML library based on adaptive461

higher-order scheme. With this scheme, the domain is subdivided into a certain number of462

squares and on each square the number of integration points is locally updated to reach the463

prescribed accuracy. The number of integration points increases with the Rayleigh number.464

The solutions for the high dispersion cases involve more integration points than the low465

dispersion cases. For the low dispersion cases, about 6×103 points are used for Ra � 100, 104
466

points are used for Ra � 1000 and 15×103 points are used for Ra � 5000. The corresponding467

solutions for the high dispersion cases involve about 104, 2×104 and 32×103 points.468

The streamlines and velocity field for the six test cases are plotted in Fig. 2. The cor-469

responding main isotherms (0.2, 0.4, 0.6 and 0.8) are depicted in Fig. 3. Figures 2 and 3470

show that for the low dispersion cases, the isotherms and streamlines look much like those471

obtained using the purely thermal diffusive model (Fahs et al. 2015). Closed streamlines and472

the velocity field show that, due to buoyancy effects, a clockwise-rotating cell is developed in473

the cavity. A slow-motion circulation zone can be observed at the core of the domain. For the474

low dispersion case, this zone expands diagonally from the bottom-left corner to the top-right475

one. The streamlines are highly dense at right-top and left bottom corners, indicating that in476

these zones the flow velocity reaches its maximum. The isotherms are not vertical but have477

almost a uniform shape. Due to the circulation of the fluid in place, the hot isotherms tilt478

upward to the right at the cavity top surface.479

For the high dispersion case, the streamlines are less dense compared to the low480

dispersion case. This indicates that the thermal dispersion process dampens the fluid cir-481

culation, which is reasonable because dispersion enhances fluid mixing that dissipates482

buoyancy forces. This can be particularly observed at the top-left and bottom-right cor-483

ners where the streamlines are more distant from each other than in the low dispersion484

case. As a consequence of flow dampened, the zone of slow velocity in the core of the485

domain expands and becomes less directed toward the diagonal. Despite the fact that486

mixing processes related to thermal dispersion are dominating, in contrast to the purely487

diffusive model, the isotherms are not linear. They have an curved shape, which is com-488

pletely different from those observed with the pure diffusive model. In contrast to the489

case of low dispersion, the isotherms are not uniformly spaced. To understand the ori-490

gin of this behavior, we compare the isotherms of the velocity-dependent dispersion491

model with those obtained using a constant equivalent dispersion tensor. The coefficients492

of the constant dispersion tensor are calculated as averages of AX X
disp, AX Z

disp and AZ Z
disp over all493

the domain. For the high dispersion case (Ra � 100), the average values are calculated to494

be 7.8, 0.31 and 7.01, respectively. Figure 4 shows the comparison between the isotherms495

obtained using both models. It can be clearly seen that with the constant dispersion tensor496

the isotherms are uniformly spaced as in the pure diffusive model. Thus, this confirms that497

the zigzag shape of the isotherms is due to the velocity-dependent dispersion processes.498

When the Rayleigh number is increased, for the low dispersion case, the streamlines499

get closer, indicating more intense fluid circulation. The increase in flow velocity shrinks500

the hydrodynamic boundary layer toward the hot and cold walls. The fluid circulation zone501

becomes confined toward the walls. The higher Rayleigh number can be seen as an increase502

in the buoyancy effects at constant diffusion coefficient. Since thermal dispersion is relatively503

weak, the isotherms become closely controlled by the flow structure. This explains their spiral504

shape (see Fig. 3). For the high dispersion case, the increase in Rayleigh number increases505

the flow velocity in the cavity. However, the isotherms are slightly sensitive to the Rayleigh506

number. This result is in agreement with Wen et al. (2018). In that paper, the authors, based507

on scaling analysis and direct numerical simulations, show that at sufficiently large Rayleigh508
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Low dispersion case High dispersion case
R

a
 =

1
0
0

R
a
 =

1
,0

0
0

R
a
 =

 5
,0

0
0

Fig. 2 The streamlines and velocity field for six test examples dealing with Ra � 100, 1000 and 5000 in the
case of low dispersion (AL � 0.001) and high dispersion (AL � 1) coefficients (Rαdisp � 0.1 for all cases)

number, the convection processes can be determined using the dispersive Rayleigh number.509

The latter is defined as the inverse of AL.510

The developed FG solution is used to gain an understanding of the dispersive heat flux in a511

convective cell. With the developed FG solution, the temperature and stream function can be512

expressed analytically in terms of the spatial directions. This allows for an accurate evaluation513

of the different components of the heat flux (namely the convective, diffusive and dispersive514
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Low dispersion case High dispersion case
R

a
 =

1
0
0

R
a
 =

1
,0

0
0

R
a
 =

 5
,0

0
0

Fig. 3 The main isotherms (0.2, 0.4, 0.6 and 0.8) for six test examples dealing with Ra � 100, 1000 and 5000
in the case of low dispersion (AL � 0.001) and high dispersion (AL � 1) coefficients (Rαdisp � 0.1 for all
cases)
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Fig. 4 Main isotherms (0.2, 0.4,
0.6 and 0.8) for Ra � 100,
AL � 1 and Rαdisp � 0.1 (high
dispersion case): comparison
between the velocity-dependent
dispersion model (color flood
map) and the constant dispersion
model (solid lines)

fluxes). The convective heat flux is well correlated to the velocity field. Thus, we focus on515

diffusive and dispersive fluxes. We only consider the high dispersion case which is more516

appropriate to observe the dispersion flux than the low dispersion case. Similar behaviors517

have been observed for the three values of Rayleigh number; thus, we consider Ra � 100.518

Figure 5a shows the diffusive heat flux and its magnitude as well as the main isotherms.519

Figure 5b depicts the same patterns for the dispersive heat flux. Figure 5 shows that, for the520

case considered, the magnitude of the dispersive flux is one order of magnitude greater than521

that for the diffusive flux. The mixing between hot and cold fluid is dominated by thermal522

dispersion. Different behaviors can be observed for both fluxes. The diffusive flux is important523

around the highest and lowest isotherms in particular toward the bottom-left and top-right524

corners. Dispersive flux is important along the adiabatic walls. It exhibits its maximum525

amplitude toward the bottom-left and top-right corners (highest and lowest isotherms). The526

velocity is relatively weak at the center of the convective cell. Thus, the dispersive flux is527

almost zero in this zone. The dispersive heat flux coming from the hot wall is separated into528

two parts around the central zone (Fig. 5).529

In Fig. 6, we distinguish between longitudinal and transverse dispersive fluxes. To under-530

stand the behavior of these fluxes, we include the velocity field and the thermal gradient531

in the same figure. This figure shows that the longitudinal flux that enhances mixing in the532

direction parallel to the velocity is important in the zones where the velocity is parallel to the533

thermal gradient (around the top and bottom surfaces, toward the top-right and bottom-left534

corners). The transverse dispersive flux, which acts in the direction orthogonal to the velocity,535

is important toward the vertical walls where the velocity is orthogonal to the thermal gradient.536

Figure 6a shows that longitudinal dispersion has no impact on heat transfer across the hot537

wall. This is mainly related to the diffusive flux and to transverse dispersion.538

We should mention that, in contrast to standard numerical solution, the results in Figs. 5539

and 6 have been obtained without any approximation due to the FG solution that provides the540

analytical expressions of the temperature and velocity field in terms of the spatial directions.541

This highlights the usefulness of the FG method and shows its flexibility for understanding542

physically the role of thermal dispersion on NC in a porous enclosure.543
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Fig. 5 Spatial distribution of the diffusive heat flux (a) and dispersive heat flux (b) for Ra � 100, AL � 1 and
Rαdisp � 0.1 (high dispersion case): flux magnitude (color flood map), flux (arrows) and isotherms (contours)

Fig. 6 Spatial distribution of the longitudinal dispersive flux (left) and transverse dispersive flux (right) for Ra
� 100, AL � 1 and Rαdisp � 0.1 (high dispersion case): flux magnitude (color flood map), velocity (black
arrows) and thermal gradient (red arrows)

4.2 Benchmarking: Comparison with TRACES, OGS and COMSOL544

Benchmark reference solutions are valuable to give confidence in the accuracy of the numer-545

ical simulations, for the critical assessment of results derived from computer codes and for546

the improvement in the underlying numerical techniques (e.g., convergence studies). They547

are valuable to validate newly developed numerical techniques and to compare existing soft-548

ware. Benchmark reference solutions are also helpful for new software users to become549

familiarized with software interfaces and data processing. For heat transfer applications,550

reference solutions play a crucial role in testing the simulation procedure as most of the551

modeling studies are usually performed using a diverse suite of individual computer codes.552

Thus, benchmark reference solutions are essential to build confidence in the results of these553

codes and, consequently, on their physical insights and predictive outcomes gained from554

using them.555
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In this section, we evaluate the worthiness of the developed FG solutions in benchmarking556

numerical codes. In fact, an effective benchmark should be unambiguous and representative557

of physical processes. It is evident that the newly developed FG solution, including velocity-558

dependent dispersion, is more representative of physical processes than existing reference559

solutions based on the constant thermal diffusivity model. The development of local quanti-560

tative metrics provides objective measures of the FG solution and makes it more suitable for561

benchmarking. However, a common requirement for a useful benchmark is that it allows the562

examination of the performance of the different numerical techniques implemented in differ-563

ent codes. This section focuses on the evaluation of the ability of the proposed FG solution564

for benchmarking numerical methods and techniques commonly used in codes. To do so,565

we compare the FG solution against three numerical codes (TRACES, OGS and COMSOL566

Multiphysics®) based on different numerical techniques. These codes are used. Transient567

simulations are used in the three codes to avoid convergence issues related to steady-state568

simulations encountered at high Rayleigh number and in high dispersion cases. Thus, the569

transient system is allowed to evolve to reach steady-state conditions.570

TRACES, developed by Hoteit et al. (2004), is a research code for flow and reactive571

transport in saturated porous media. This code is based on advanced numerical methods572

that reduce the numerical artifacts encountered with the standard Eulerian methods while573

maintaining high performance. It is based on advanced numerical techniques for both spatial574

discretization and time integration. In TRACES, the flow equations are discretized with the575

mixed hybrid finite element method. This method is suitable to solve flow in porous media576

and for coupling mass or heat transfer equation as it provides accurate and intrinsic evaluation577

of the velocity field. For more details about the mixed hybrid finite element, please refer to578

the review paper by Younes et al. (2010). The DG method (Miller et al. 2013) is used for the579

discretization of the advection term. This method is suitable for the hyperbolic equation and580

for solutions involving sharp fronts. It removes oscillations and reduces numerical diffusion581

(Younes and Ackerer 2008; Nguyen et al. 2009; Dijoux et al. 2019). The diffusion–dispersion582

term is discretized using the multipoint flux approximation method (MPFA). This method583

is suitable for anisotropic problems and can be intrinsically coupled with the DG method584

(Younes et al. 2009). For time integration, TRACES uses high-order methods via an advanced585

ODE solver based on an adaptive time integration and time stepping scheme. The high-order586

integration is coupled with the mixed hybrid and DG methods via the method of lines. More587

details about this code can be found in Younes et al. (2009). TRACES has been used to588

simulate NC in porous media in Fahs et al. (2015) and Shao et al. (2016, 2018). A structured589

triangular mesh is used for TRACES simulations. This mesh is obtained by discretizing the590

domain into several squares and by subdividing each square into four equal triangles.591

OGS is a research and scientific framework for the development of numerical methods592

for the simulation of thermo-hydro-mechanical-chemical processes in porous and fractured593

media. OGS is a flexible FE framework for solving multi-field problems in porous and594

fractured media for applications in geoscience and hydrology. In our OGS simulations, we595

use a non-iterative adaptive time integration scheme based on error estimation (Hirthe and596

Graf 2012). A uniform square mesh is used for the simulations with OGS.597

COMSOL is a simulation software environment for multiphysics simulations. COMSOL598

is increasingly used in applications related to NC or heat transfer in porous media (i.e., Tan599

et al. 2012; Yacine et al. 2016). For the COMSOL simulations, we coupled the “Darcy’s600

law” interface from the “subsurface flow” module to the “heat transfer in porous media”601

interface from the “heat transfer” module. COMSOL is based on the FE method, but it offers602

a variety of numerical techniques that can be used to solve the governing equations. In our603

simulations, we used the default numerical scheme suggested in COMSOL (standard FE604
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method for spatial discretization, backward differentiation formula for time integration and605

fully coupled approach). An unstructured triangular mesh is used in COMSOL simulations.606

The same test cases as in the previous section are simulated using TRACES, COMSOL607

and OGS. The physical parameters used in the three codes are summarized in “Appendix B”.608

Computational meshes involving an equivalent number of nodes are used in the three codes609

(about 10 K nodes).610

Figure 7 illustrates the isotherms obtained using the FG method and the three codes611

(TRACES, COMSOL and OGS). The corresponding non-dimensional metrics (Nu, θ top, U top
612

and V top) are summarized in Table 1. Also included in this table are the numerical errors for 4613

the three codes when considering the FG solution as the reference (error-free) solution. For Ra614

� 100 and in both low and high dispersion cases, Fig. 7 shows excellent agreement between615

all solutions regarding the isotherms. With errors less than 2%, Table 1 confirms the excellent616

agreement between the different solutions regarding the non-dimensional metrics. This result617

gives confidence in the accuracy of (1) the code developed for the FG solution, (2) the618

procedure used to select the FSMs, and (3) the technique used to include velocity-dependent619

dispersion (i.e., the numerical evaluation of Galerkin integrals related to the dispersion terms).620

The cases with Ra � 100 are simple from a computational point of view. The three codes621

achieve acceptable solutions even with relatively coarse meshes.622

For higher Rayleigh (Ra � 1000 or 5000), with a relatively coarse mesh, OGS exhibits spu-623

rious/unphysical oscillations in the low dispersion cases. The same problem can be observed624

with COMSOL (Fig. 8). For equivalent computational meshes (same number of nodes), the625

oscillations with the square grid (in OGS) are larger than those with the triangular grid (in626

COMSOL). These oscillations are related to the standard FE method. They do not appear in627

TRACES as this is based on the DG method. To avoid oscillations in OGS, we used finer628

meshes (about 10 K). The instabilities disappear and physical temperatures (between 0 and 1)629

can be obtained but the solution remains inaccurate (Fig. 8b). A careful check of the numer-630

ical parameters reveals that this inconsistency is related to the time stepping procedure. This631

procedure allows for using large time step sizes for which the solution becomes inaccurate.632

To avoid this problem, OGS allows a maximum time step size. When this maximum step633

size is relatively small, OGS gives results which are in good agreement with the FG solution,634

as observed in Fig. 7. COMSOL allows for spurious oscillations to be removed by using a635

consistent stabilization technique that adds diffusion in the streamline direction. We used636

this technique with a mesh consisting of 10 K nodes, and we obtained a good agreement637

with the FG solution (Fig. 7). We should mention that the high dispersion cases are slightly638

sensitive to the computational mesh. However, for these cases, the computational efficiency639

of the solution becomes very dependent on the time integration scheme. In fact, for the high640

dispersion cases, the time required to reach the steady-state solution is much higher than the641

low dispersion cases. For longer transient simulations, we have observed that the higher-order642

integration schemes used in TRACES and COMSOL allow the use of large time step size643

and therefore reduce the computational cost. Table 1 also shows a good agreement between644

the non-dimensional metrics for Ra � 1000 (errors are less than 3%). For Ra � 5000 (low645

dispersion case), relatively weaker agreement can be observed between the different solu-646

tions, especially for the Nusselt number (errors are up to 13%). This could be attributed647

to the excessive numerical dispersion as for high Rayleigh numbers the convective term648

becomes dominant. The Nusselt numbers obtained with the three numerical codes are less649

than those obtained using the FG solution. This confirms that the discrepancy between the650

codes and FG solution is related to numerical dispersion. This numerical dispersion smooths651

out the temperature distribution and decreases the temperature gradient toward the hot wall.652

The discrepancy between TRACES and FG is less than those for COMSOL and OGS. This653
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R
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Low dispersion case High dispersion case
R

a
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0

Fig. 7 Main isotherms (0.2, 0.4, 0.6 and 0.8): Comparison between the FG, TRACES, COMSOL and OGS
solutions for the six test-case examples for Ra � 100, 1000 and 5000 in the case of low dispersion (AL � 0.001)
and high dispersion (AL � 1) coefficients (Rαdisp � 0.1 for all cases)
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Table 1 The non-dimensional metrics obtained using the FG solution, TRACES (in-house code), OpenGeoSys
(OGS) and COMSOL for the low dispersion case (referred to as “L-disp”) and the high dispersion case (referred
to as “H-disp”). “Er” is the relative error calculated by assuming the FG values’ as error-free references

Code Nu ErNu θ top Erθ top U top ErU top V top ErV top

Ra � 100

L-Disp FG 3.14 – 0.86 – 17.67 35.94

TRACES 3.14 0.0% 0.86 0.0% 17.74 0.39% 35.20 2.05%

OGS 3.11 0.95% 0.86 0.0% 17.90 1.30% 36.64 1.94%

COMSOL 3.11 0.95% 0.86 0.0% 17.92 1.41% 36.55 1.69%

H-Disp FG 7.98 – 0.59 – 24.40 – 37.11 –

TRACES 8.01 0.37% 0.59 0.0% 24.32 0.32% 36.57 1.45%

OGS 8.05 0.87% 0.59 0.0% 24.55 0.61% 37.61 1.91%

COMSOL 8.01 0.37% 0.59 0.0% 24.61 0.86% 37.82 1.34%

Ra � 1000

L-Disp FG 15.51 – 0.94 – 83.26 – 408.39 –

TRACES 15.72 1.35% 0.94 0.0% 83.43 0.20% 400.33 1.97%

OGS 15.09 2.70% 0.94 0.0% 84.66 1.68% 417.38 2.20%

COMSOL 15.12 2.51% 0.94 0.0% 84.69 1.71% 420.92 3.06%

H-Disp FG 69.01 – 0.6 – 232.06 – 381.02 –

TRACES 68.55 0.66% 0.6 0.0% 234.39 1.00% 380.45 0.14%

OGS 69.14 0.36% 0.6 0.0% 234.04 0.85% 387.01 1.57%

COMSOL 69.26 0.18% 0.6 0.0% 235.43 1.45% 387.43 1.68%

Ra � 5000

L-Disp FG 66.05 – 0.97 – 301.41 – 2173.90 –

TRACES 62.72 5.04% 0.96 1.03% 297.84 1.18% 2107.88 3.03%

OGS 58.11 12.00% 0.96 1.03% 305.12 1.23% 2254.12 3.69%

COMSOL 57.18 13.42% 0.96 1.03% 304.90 1.15% 2236.25 2.86%

H-Disp FG 341.95 – 0.61 – 1154.32 – 1910.64 –

TRACES 337.04 1.43% 0.61 0.0% 1167.61 1.15% 1899.83 0.56%

OGS 339.11 0.83% 0.61 0.0% 1159.91 1.28% 1914.04 0.17%

COMSOL 343.04 0.31% 0.61 0.0% 1169.21 0.48% 1924.10 0.70%

is because TRACES is based on the DG method which allows numerical dispersion to be654

reduced (Younes and Ackerer 2008; Nguyen et al. 2009; Dijoux et al. 2019).655

The comparisons developed in this section show the sensitivity of the solutions to the656

numerical method used for solving the governing equation. The results presented in Table 1657

provide high-quality data that is useful for testing numerical codes dealing with NC in658

porous media. While Fig. 7 provides a qualitative comparison of the solutions, Table 1659

allows for a quantitative comparison based on numerical indicators that are more rigorous660

for benchmarking than visual inspection (Prasad and Simmons 2005).661

The buoyancy effects in COMSOL model are implemented by setting up the density as662

a function of temperature. Thus, the density is dependent on temperature in all terms of the663

governing equation. This means that the COMSOL model is based on the full nonlinear664

model without Boussinesq approximation which assumes temperature-dependent density665

only in the buoyancy term. The good agreement between the COMSOL results and the FG666
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Fig. 8 Temperature distribution: examples of inconsistent results obtained with OGS (left, Ra � 1000) and
COMSOL (right, Ra � 5000). For OGS (mesh of 10 K nodes), inconsistency is related to the adaptive time
integration scheme. This error can be removed by imposing a relatively small maximum time step size. For
COMSOL (mesh of 2 K nodes), the error appears as unphysical oscillations. These oscillations can be avoided
by using a stabilization technique

solution provides preliminary insights into the validity of the Boussinesq approximation in667

the presence of thermal dispersion in NC in a porous enclosure.668

4.3 Effects of Longitudinal and Transverse Dispersion Coefficients: Correlation669

of the Nusselt Number with the Dispersion Coefficients670

As it can be concluded from the scaled equations, the temperature distribution, heat flux and671

velocity field are controlled by three non-dimensional parameters: Ra (Rayleigh number),672

AL (longitudinal dispersion coefficient) and Rαdisp (ratio of αT to αL ). Here we use the673

developed FG solution to examine the role of the dispersion coefficients AL and Rαdisp on674

the convective flow and heat transfer processes, for three values of Rayleigh number (100,675

1000 and 5000). For each value of Ra, we carried out 48 simulations by uniformly varying676

AL between 0.01 and 1 and Rαdisp between 0.04 and 1 (8 values for AL and 6 values for677

Rαdisp ). These ranges cover most typical field applications (Abarca et al. 2007). Thus, a total678

of 144 cases were performed. In all the runs, we used the highest numbers of FSMs (18,000)679

to be on the safe side when varying the parameters. As a quantity of interest, we consider680

the temperature (based on square grid 50×50 nodes), the Nusselt number and the maximum681

velocity components (Umax and V max). The 144 simulations developed for the parameter682

sensitivity analysis have been done efficiently with reduced computational time due to the683

high computational performance of the FG solution.684

Figure 9 depicts the variations of Umax, V max and Nu for the three Rayleigh number685

regimes. The first observation is that Umax and V max both increase with Ra. Thus, as with686

the purely diffusive model, the increase in Rayleigh number intensifies the rotating convective687

flow no matter what the range of the dispersion coefficients. This is consistent with the analysis688

in the previous section based on streamlines. Umax is almost insensitive to AL, especially at689

high Rayleigh numbers. For the high and intermediate Rayleigh numbers, at constant Rαdisp ,690

the effect of AL on Umax indicates two regimes. We have increasing variation when AL is691
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Fig. 9 Variations of Umax, V max and Nu with AL and Rαdisp at low (blue), intermediate (green) and high
(red) Rayleigh numbers

small (less than 0.15) and a slight decrease for higher AL. This transition regime does not exist692

in the case of low Rayleigh number and small value of Rαdisp where Umax is continuously693

decreasing. Figure 9a shows that at constant AL, Umax increases with Rαdisp . Important694

variations can be observed for the lowest values of Rαdisp . For the highest values, Umax
695

becomes slightly sensitivity to Rαdisp . V max decreases with AL (Fig. 9b). This confirms that696

the increase in AL enhances the mixing between hot and cold fluids. Such mixing dissipates697

the buoyancy forces and dampens the fluid circulation. From Fig. 9b, it can be observed that698

Rαdisp has a slight effect and in contrast to Umax, V max decreases with Rαdisp . Thus, Rαdisp699

has contradictory effects on Umax and V max.700

Figure 9c shows that, as for the purely thermal diffusive model, the average Nusselt701

number increases with Ra. This is mainly related to the intensification of the rotating flow702

associated with the increase of Ra. From Fig. 9c, it can be observed that, at constant AL,703

the Nusselt number increases with Rαdisp . This makes sense regarding the expression of .Nu.704

(Eq. 32). Despite the fact that the vertical velocity component along the hot wall decreases705

with increasing AL, this is associated with a decrease of Nu. The increase of AL pushes706

the 0.9 and 0.1 isotherms toward the vertical wall and as a result increases the temperature707

gradient which is directly related to the average Nusselt number.708
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100Ra = 1,000Ra = 5,000Ra =

100Ra = 1,000Ra = 5,000Ra =

Fig. 10 Spatial map of the temperature variance. At top variable AL is variable between 0.01 and 1 and Rαdisp
is constant (� 0.4) and at bottom variable Rαdisp (0.04 − 1) and constant AL(� 0.3)

The effects of AL and Rα on the temperature distribution are investigated in Figs. 10709

and 11, respectively. Figure 10 (top) shows the temperature variance of a sample of eight710

simulations performed by varying AL between 0.01 and 1 while keeping Rαdisp constant711

(� 0.4). The variance maps show that the temperature distribution is mostly sensitive to AL712

along the adiabatic top and bottom surface, toward the bottom-left and top-right corners,713

respectively. This is consistent with the results obtained in Fig. 6a which shows that the714

longitudinal dispersive flux is important in these zones as the velocity is parallel to the715

temperature gradient. A slight difference can be observed between the variance maps at Ra716

� 1000 and 5000. This means that at high Rayleigh numbers the temperature distribution717

is mainly controlled by the dispersion coefficient. The behavior of the main isotherms as718

AL varies is depicted in Fig. 11a. This figure shows the main isotherms (0.1, 0.5 and 0.9)719

at Ra � 100, Rαdisp � 0.4 and for eight different values of AL ranging between 0.01 and720

1. For the sake of brevity, we only present the results for Ra � 100. Similar behaviors have721

been observed at Ra � 1000 and 5000. Figure 11a shows that the 0.5 isotherm is more722

affected by AL than other isotherms. The increase of AL intensifies the mixing related to the723

thermal dispersion which widens the mixing zone. This pushes the hot isotherm (0.9) toward724

the hot wall at the top part of the cavity and leads to greater intrusion of isotherms in the725

lower part. Symmetrical behavior occurs for the cold isotherm (0.1). The 0.5 isotherm moves726

toward the hot wall (at the top) when AL is increased, as this latter dampens the convective727

flow.728

Figure 10 (bottom) shows that, whatever the Rayleigh number, the temperature distri-729

butions are less sensitive to Rαdisp than AL (see scale levels on that figure). The zones of730
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Fig. 11 Variations of the main isotherms (0.1, 0.5 and 0.9) for Ra � 100: a) with respect to AL at constant
Rαdisp (� 0.4) and b) with respect to Rαdisp at constant AL (� 0.3). The arrows indicate increasing variation
of AL and Rαdisp

influence of Rαdisp expand vertically in front of the vertical walls toward the bottom and731

top corners at the hot and cold walls, respectively. This is consistent with the discussion732

about the transverse heat flux in Fig. 6b. The variation of the main isotherms with respect to733

Rαdisp (at constant AL) is depicted in Fig. 10b. For the 0.5 isotherm, similar to the variation734

with respect to AL, this isotherm moves left (resp. right) at the top (resp. bottom) part of735

the domain. The increase of Rαdisp leads to greater intrusion of the hot (0.9) and cold (0.1)736

isotherms.737

The correlation of the average Nusselt number to the Rayleigh number in many config-738

urations of internal NC has been widely investigated in the literature. However, to the best739

of our knowledge, no correlation study has been done in the presence of thermal dispersion.740

Thus, here we present a preliminary correlation study based on the developed FG solution.741

In the presence of dispersion, the average Nusselt number is function of Ra, AL and Rαdisp .742

We used the MATLAB curve fitting tool (CFTool) with the results of the 144 runs (presented743

above) to find this correlation. However, it was quite difficult to find a single correlation for744

three values of Rayleigh number. Thus, we develop a correlation for each value. The best745

fittings have been obtained using surface polynomial correlations:746

Nu �
n A
∑

i�1

nR
∑

j�1

Pi, j Ai
L R j

α (37)747748

For Ra � 100, the results reveal strong correlation (coefficient of determination R2 � 1)749

with a polynomial of third degree (n A + nR � 3) (Fig. 12a). When Rayleigh number is750

increased, the variation of Nu becomes more complex. Higher polynomial degrees should751

be used in these cases. For Ra � 1000 and 5000, good regressions have been obtained using752

polynomials of degree 4 and 5, respectively (Fig. 12b, c). The polynomial coefficients for753

the three correlations are summarized in “Appendix C.”754
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Fig. 12 Variation of the average Nusselt number with respect to AL and Rαdisp with the corresponding regres-
sion surface for a Ra � 100, b 1000 and c 5000

5 Conclusion755

This study presents a comprehensive analysis of the effect of thermal dispersion on internal756

NC in a square porous enclosure. A vertically oriented porous square cavity with heated757

vertical walls is investigated. Thermal dispersion is modeled using a velocity-dependent758

anisotropic dispersion tensor, introducing longitudinal and transverse dispersion coefficients.759

A high-accuracy solution is developed using the FG method applied to the stream function760

formulation of the governing equation. A sound implementation is developed to obtain accu-761

rate solutions with optimized CPU time. In the spectral space, the velocity field is expressed762

analytically in terms of temperature, and the spectral system is solved with the Fourier coeffi-763

cients of the temperature as the primary unknown. Comparisons against TRACES (in-house764

code), OGS and COMSOL highlight the worthiness of the developed FG solution as a bench-765

mark to validate and compare numerical codes. For low Rayleigh numbers, the FG solutions766

are in excellent agreement with TRACES, COMSOL and OGS. For high Rayleigh numbers,767

the FG solution shows high accuracy as it avoids numerical artifacts related to spatial and time768

discretization, encountered with standard methods. High-quality data based on quantitative769

indicators, suitable for code benchmarking, are provided. The FG solution is used to obtain770

123

Journal: 11242 Article No.: 1356 TYPESET DISK LE CP Disp.:2019/10/30 Pages: 33 Layout: Small

A
u

th
o

r
 P

r
o

o
f



un
co

rr
ec

te
d

pr
oo

f

Study of the Effect of Thermal Dispersion on Internal…

a more comprehensive understanding of thermal dispersion processes on NC. In the pres-771

ence of thermal dispersion, the isotherms are different from those observed with the purely772

diffusive model. Their zigzag shape is mainly related to the velocity-dispersion processes.773

The longitudinal dispersive flux is important toward the adiabatic walls where the velocity774

is parallel to the temperature gradient. Conversely, the longitudinal flux is important in front775

of the isothermal walls where the velocity is perpendicular to the temperature gradient.776

A total of 144 runs of the FG method have been performed by varying the dispersion777

coefficients for three Rayleigh regimes (100, 1000 and 5000) in order to understand the778

effects of these dispersion parameters on fluid flow and heat transfer. In general, increasing779

AL (non-dimensional longitudinal dispersion coefficient) and Rαdisp (the ratio of transverse780

to longitudinal dispersion coefficients) dampens the fluid circulation and increases the heat781

transfer to the domain. AL and Rαdisp control the temperature distribution at high Rayleigh782

numbers. The isotherms are mainly affected by AL near the adiabatic walls. Rαdisp affects the783

isotherms near the isothermal walls. The FG solutions were used to explore the correlation784

between the Nusselt number and the dispersion coefficients (AL and Rαdisp ). Polynomial785

correlations have been derived for three Rayleigh regimes.786

Despite the importance of the problem of NC in porous square enclosure, previous works787

assumed pure thermal diffusion. The subject of this paper was to examine the effect of thermal788

dispersion on the heat flux and convective flow structure and to provide a new understanding789

of the thermal dispersion processes. Due to the simplicity of the boundary conditions, the790

porous square enclosure is commonly accepted as benchmark for testing numerical codes and791

schemes. Accurate solutions of this problem, suitable for benchmarking, have been the subject792

of several previous works. All of the previously developed solutions are limited to purely793

thermal diffusion. Here, we develop, for the first time, accurate solutions for cases including794

thermal dispersion and we highlight the worthiness of these cases as benchmarks. We provide795

a new unambiguous benchmark that is more representative of physical processes than the796

purely diffusive one. From a numerical point of view, this work represents a generalization of797

the FG method to deal with natural convection in porous enclosures in the case of velocity-798

dependent dispersion tensor. Furthermore, an important technical feature of this work is that799

the problem of natural convection in a square porous cavity can be solved in the spectral800

space using only temperature as primary unknown. We expect that this approach can be801

applied to other porous cavity geometries. The developed FG solution is limited to steady802

state. Extension of this work to transient cases is worthy of future inquiry.803

The source code of the Fourier series solution and TRACES with several test examples are804

available on the author’s Web site (https://lhyges.unistra.fr/FAHS-Marwan). The developed805

COMSOL and OGS models are uploaded on the software exchange Web sites.806

Appendix A: Coefficients of the Spectral System807

The coefficients of Eqs. (27) and (28) are defined as follows:808

Λi, j �
{

0 if i � j
1−(−1)i+ j

i+ j
+ 1−(−1)i− j

i− j
if i �� j

(A.1)809810

εg �
{

2 g � 0
1 g �� 0

(A.2)811812

B̃g,h �
{

Bg,h if g ≤ Nm and h ≤ Nn

0
(A.3)813814
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βI
g,m,r � δg,r−m + δg,m−r + δg,m+r815

βII
g,m,r � δg,r−m − δg,r+m + δg,m−r816

χ I
h,n,s � δh,s+n − δh,s−n + δh,n−s817

χ II
h,n,s � δh,n+s − δh,n−s + δh,s−n (A.4)818819

Appendix B: Physical Parameters Used in TRACES, COMSOL and OGS820

See Table 2.

Table 2 Dimensional parameters for the six test cases

Physical parameters Value

Square size (m) H � 1

Cold water density (kg m−3) ρc � 1000

Coefficient of thermal expansion (°C−1) β � 0.01

Hot wall temperature (°C) Th � 1

Cold wall temperature (°C) Tc � 0

Porosity (–) 0.1

Permeability (m2) K � 3.36×10−10 (for Ra � 100)
K � 3.36 × 10−9 (for Ra � 1000)
K � 16.8 × 10−9 (for Ra � 5000)

Gravity acceleration (m s−2) g � 9.8

Viscosity (kg m−1 s−1) µ � 10−3

Fluid thermal conductivity (w m−1 °C−1) 0.65

Solid grains thermal conductivity (w m−1 °C−1) 1.59

Fluid specific heat (J kg °C−1) 4200

Solid grains specific heat (J kg °C−1) 580

Solid grains density 2000

Longitudinal dispersion coefficient (m) 1, 0 (for the high dispersion case)

0.001 (for the low dispersion case)

Transverse dispersion coefficient (m) 0, 1 (for the high dispersion case)

0.0001 (for the low dispersion case)

821

Appendix C: Coefficients for the Polynomial Correlations822

of the Average Nusselt Number823
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See Table 3.

Table 3 Coefficients of the polynomials used for the correlation between the average Nusselt number and the
dispersion coefficients (AL and Rαdisp )

Coef Ra � 100 Ra � 1000 Ra � 5000 Coef Ra � 100 Ra � 1000 Ra � 5000

P0,0 2.82 12.84 38.76 P3,0 − 0.0284 423.6 1.03×104

P0,1 3.447 22.66 − 50.6 P3,1 0.00 − 14.02 − 584.7

P0,2 − 7.59 − 7.071 1634 P3,2 0.00 0.00 250.6

P0,3 4.83 − 12.18 − 4755

P0,4 0.00 9.46 5392

P0,5 0.00 0.00

P1,0 1.283 116.3 1172 P4,0 0.00 − 185 − 9581

P1,1 19.94 147.8 112.3 P4,1 0.00 0.00 9.327

P1,2 − 7.052 − 77.11 989.6

P1,3 0.00 22.3 − 1867

P1,4 0.00 0.00 1022

P2,0 1.433 − 311.6 − 4957 P5,0 0.00 0.00 3309

P2,1 0.3226 35.34 736.6

P2,2 0.00 2.744 196.3

P2,3 0.00 0.00 − 350.1

824
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