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EFFECTIVE HIRONAKA RESOLUTION AND ITS COMPLEXITY
(WITH APPENDIX ON APPLICATIONS IN POSITIVE CHARACTERISTIC)

EDWARD BIERSTONE, DIMA GRIGORIEV, PIERRE MILMAN, JAROSLAW WLODARCZYK

ABSTRACT. Building upon works of Hironaka, Bierstone-Milman, Villamayor and Wlodarczyk we give an a
priori estimate for the complexity of the simplified Hironaka algorithm. As a consequence of this result we
show that there exists a canonical Hironaka embedded desingularization and principalization over the fields
of large characteristic (relatively to degree of generating polynomials).

Dedicated to Professor Heisuke Hironaka on the occasion of his 80th birthday

CONTENTS
0. Introduction
1. Formulation of the Hironaka resolution theorems
2. Marked ideals, coefficient ideals and hypersurfaces of maximal contact
3. Resolution algorithm 10
4. Complexity bounds on a blow-up 14
5. Bounds on multiplicities and degrees of coefficient ideals 19
6. Complexity bound of the resolution algorithm in terms of Grzegorczyk’s classes 22
7. Appendix. Applications to positive characteristic. 27
References 28

0. INTRODUCTION

In this paper we discuss the complexity of the Hironaka theorem on resolution of singularities of a marked
ideal. Recall that approach to the problem of embedded resolution was originated by Hironaka (see [32])
and later developed and simplified by Bierstone-Milman (see [7], [8], [9]), Villamayor (see [49], [50]), and
Wiodarczyk ([53]) and others. In particular, we also use some elements from the recent development by
Kollar ([38]).

It seems easier to estimate the complexity of the resolution algorithm from the recursive descriptions in
Wiodarczyk [53] or Bierstone-Milman [12] than from the earlier iterative versions. The algorithms in [53]
and [12] (or [10]) lead to identical blowing-up sequences; whether one proof is preferable to the other is
partly a matter of taste. In this article, we estimate the complexity of the “weak-strong desingularization”
algorithm (see Section 1) using the construction of [53], though [12] could also be used (see Remark in this
section below). In a subsequent paper, we plan to use [12] to give a comparable complexity estimate for
the algorithm of “strong desingularization” (where the centres of blowing up are smooth subvarieties of the
successive strict transforms).

The basic question which arises is in what terms to estimate the complexity a priori? We recall (see, e. g.,
[52], [27]) that the complexity is usually measured as a function of the bit-size of the input. In particular,
in this paper we study varieties and ideals which are represented by families of polynomials with integer
coefficients, and the vector of all these coefficients (for an initial variety and an ideal) is treated as an input.
Hironaka’s algorithm consists of many steps of elementary calculations, but they are organized in several
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(nested) recursions where the resolution of an object (a variety or a marked ideal, see below) is reduced to
resolutions of suitable objects with smaller values of appropriate parameters (like dimension or multiplicity).
It is instructive to represent the Hironaka algorithm as a tree, to each node a of which corresponds a marked
ideal. The marked ideals which correspond to child nodes of a have either smaller multiplicity of an ideal or
smaller dimension of a variety. An initial marked ideal corresponds to the root of the tree. The depth of the
tree is bounded by 2-m where m denotes the dimension of the initial variety, while the number of the nested
recursions does not exceed m + 3. It appears that just the number of nested recursions is the overwhelming
contribution to the complexity of the Hironaka’s algorithm.

That is why as a relevant language for expressing a complexity bound we have chosen the Grzegorczyk
class £, 1 > 0 [28], [52] which consists of (integer) functions whose construction requires I nested primitive
recursions. The classes £, [ > 0 provide a hierarchy of the set of all primitive-recursive functions U;«E".
In particular, £2 contains all (integer) polynomials and £3 contains all finite compositions of the exponential
function.

As an illustration of complexity bounds from small Grzegorczyk classes, we give examples of a few
algebraic-geometrical computational problems: Polynomial factoring [27], with polynomial complexity (so
in £2); finding irreducible components of a variety, with the exponential complexity (so in £3) [27]; and
constructing a Groebner basis of an ideal, with double-exponential complexity (so also in £3) [25, 42].

The principal complexity result of this paper (Theorem 6.4.2) states that the complexity of resolution
of an ideal on an m-dimensional variety is bounded by a function from class £™3. We mention also that
the complexity of Hilbert’s Idealbasissatz for polynomial ideals in n variables (much simpler from a purely
mathematical point of view) belongs to class E"T1 (cf. [44], [46], where the latter was formulated in different
languages), and, moreover, the number n + 1 is sharp. This shows that these two quite different algorithmic
problems have a common feature in recursion on the dimension which mainly determines their complexities.

Remark. The main differences between the proofs in [12] and [53] come from the notions of derivative
ideal that are used ([12] uses only derivatives that preserve the ideal of the exceptional divisor) and from
passage to a “homogenized ideal” in [53] (see §2.8). The latter has the advantage that any two maximal
contact hypersurfaces for the homogenized ideal are related by an automorphism, while [12] provides a
stronger version of functoriality that is needed for strong desingularization. Since [12] does not involve
homogenization, certain complexity estimates can be improved (see Remark after Corollary 5.0.10), although
the overall Grzegorczyk complexity class £™13 is unchanged.

We mention that in [48, 47, 39] polynomial complexity algorithms for resolution of a curve are presented.
Also in [13], a complexity estimated in £ for an algorithm for resolution of singularities in the non-exceptional
monomial case is presented.

In Section 1 below, we formulate the results on canonical principalization of a sheaf of ideals and on
embedded desingularization. In Section 2 we give definitions of basic notions like marked ideals, hypersurfaces
of maximal contact and coefficient ideals, and we formulate their properties (one can find proofs in [53]). In
Section 3 we describe the resolution algorithm. In Section 4, we provide bounds on the degrees and on the
number of polynomials which describe a single blow-up. In Section 5 we give some auxiliary bounds — on
the multiplicity of an ideal in terms of degrees of describing polynomials, on the degree of a hypersurface
of maximal contact, and on the number of generators of the coefficient ideal and their degrees. Finally in
Section 6 we estimate the complexity of the resolution algorithm in terms of Grzegorczyk’s classes (their
definition is also provided in Section 6).

In the appendix we give some applications of the obtained estimates. We show that resolution of singu-
larities exists in positive characteristic, provided that the characteristic is very large relatively to degree of
polynomials describing singularities and their number.

0.1. Acknowledgements. We heartily thank the Max Planck Institut fuer Mathematik, Bonn for its warm
hospitality.

1. FORMULATION OF THE HIRONAKA RESOLUTION THEOREMS

All algebraic varieties in this paper are defined over a ground field of characteristic zero. The assumption
of characteristic zero is only needed for the local existence of a hypersurface of maximal contact (Lemma
2.6.4).

We give proofs of the following Hironaka Theorems (see [32]):
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(1) Canonical Principalization.

Theorem 1.0.1. Let T be a sheaf of ideals on a smooth algebraic variety X. There exists a princi-
palization of T; that is, a sequence

X=Xo & X, & Xogt— o — X e— .. +— X, =X

of blow-ups o; : X;_1 + X; of smooth centers C;_y C X;_1, such that:

(a) The exceptional divisor E; of the induced morphism o' = o1 0...00; : X; — X has only simple
normal crossings and C; has simple normal crossings with F;.

(b) The total transform o™*(Z) is the ideal of a simple normal crossing divisor E which is a natural
combination of the irreducible components of the divisor E.

Moreover, the morphism (X,ZI) — (X,Z) defined by the above principalization commautes with smooth

morphisms and embeddings of ambient varieties. It is equivariant with respect to any group action,

not necessarily preserving the ground field K.

(2) Weak-Strong Hironaka Embedded Desingularization.

Theorem 1.0.2. Let Y be a subvariety of a smooth variety X over a field of characteristic zero.
There exists a sequence

Xo=X <& X, & Xogte— o — X e— ... +— X, =X

of blow-ups o; : X;—1 <— X; of smooth centers C;_1 C X;_1, such that:

(a) The exceptional divisor E; of the induced morphism o* = ogy0...00; : X; — X has only simple
normal crossings and C; has simple normal crossings with E;.

(b) LetY; C X; be the strict transform of Y. All centers C; are disjoint from the set Reg(Y) C Y;
of points where Y (notY;) is smooth (and are not necessarily contained in Y;).

(¢) The strict transform Y =Y, of Y is smooth and has only simple normal crossings with the
exceptional divisor E,. o

(d) The morphism (X,Y) < (X,Y) defined by the embedded desingularization commutes with
smooth morphisms and embeddings of ambient varieties. It is equivariant with respect to any
group action, not necessarily preserving the ground K.

(3) Canonical Resolution of Singularities.

Theorem 1.0.3. Let Y be an algebraic variety over a field of characteristic zero. Then there exists
a canonical desingularization of Y; that is, a smooth variety Y together with a proper birational
morphism resy : Y =Y such that:

(a) resy : Y Y is an isomorphism over the nonsingular part of Y.

(b) The inverse image res;l(Ysing) of the singular locus of Y is a simple normal crossings divisor.
(¢c) The morphism resy is functorial with respect to smooth morphisms. For any smooth morphism

¢ :Y' =Y there is a natural lifting %: Y’ — Y which is a smooth morphism.
(d) resy is equivariant with respect to any group action, not necessarily preserving the ground field.

Remark. Note that a blow-up of codimension one components is an isomorphism. However it defines a
nontrivial transformation of marked ideals. In the actual desingularization process, blow-ups of this kind may
occur for some marked ideals induced on subvarieties of ambient varieties. Though they define isomorphisms
of those subvarieties they determine blow-ups of ambient varieties which are not isomorphisms.

Remarks. (1) By the exceptional divisor of a blow-up o : X’ — X with smooth center C' we mean the inverse
image E := 0~ 1(C) of the center C. By the exceptional divisor of a composite of blow-ups ¢; with smooth
centers (C;_1 we mean the union of the strict transforms of the exceptional divisors of ¢;. This definition
coincides with the standard definition of the exceptional set of points of the birational morphism in the
case when codim(C;) > 2 (as in Theorem 1.0.2). If codim(C;_1) = 1 the blow-up of C;_; is an identical
isomorphism and defines a formal operation of converting a subvariety C;_; C X;_; into a component of
the exceptional divisor E; on X;. This formalism is convenient for the proofs. In particular it indicates that
C;_1 identified via o; with a component of E; has simple normal crossings with other components of F;.

(2) In Theorem 1.0.2, we blow up centers of codimension > 2 and both definitions coincide.

2. MARKED IDEALS, COEFFICIENT IDEALS AND HYPERSURFACES OF MAXIMAL CONTACT

We shall assume that the ground field is algebraically closed.
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2.1. Resolution of marked ideals. For any sheaf of ideals Z on a smooth variety X and any point x € X
we denote by A

ord,(Z) := max{i | Z C m,}
the order of 7 at x. (Here m, denotes the maximal ideal of x.)

Definition 2.1.1. (Hironaka (see [32], [34]), Bierstone-Milman (see [8]),Villamayor (see [49])) A marked ideal
(originally a basic object in Villamayor) is a collection (X,Z, E, ), where X is a smooth variety, Z is a sheaf
of ideals on X, i is a nonnegative integer and F is a totally ordered collection of divisors whose irreducible
components are pairwise disjoint and all have multiplicity one. Moreover the irreducible components of
divisors in E have simultaneously simple normal crossings.

Definition 2.1.2. (Hironaka ([32], [34]), Bierstone-Milman (see [8]),Villamayor (see [49])) By the support
(originally singular locus) of (X,Z, E, u) we mean

supp(X,Z,E, ) := {z € X | ord,(Z) > pu}.
Remarks. (1) Sometimes for simplicity we will represent marked ideals (X,Z, E, i) as couples (Z, ) or even
ideals 7.
(2) For any sheaf of ideals Z on X, we have supp(Z,1) = supp(Ox /Z).
(3) For any marked ideal (Z, 1) on X, supp(Z, ) is a closed subset of X (Lemma 2.5.2).

Definition 2.1.3. (Hironaka (see [32], [34]), Bierstone-Milman (see [8]),Villamayor (see [49])) By a resolution
of (X,Z, F, 1) we mean a sequence of blow-ups o; : X; — X;_1 of smooth centers C;_; C X;_1,

Xo=X< X, & X, & X — ... & X,
which defines a sequence of marked ideals (X;,Z;, F;, ) where

) Ci Csupp(Xi, Zi, i, ).

) C; has simple normal crossings with F;.

) Zi =Z(D;) "o} (Z;—1), where Z(D;) is the ideal of the exceptional divisor D; of o;.

) E; =0f(E;—1) U{D;}, where o{(FE;_1) is the set of strict transforms of divisors in F;_;.

) The order on o§(FE;_1) is defined by the order on E;_;, while D; is the maximal element of E;.
) supp(X,,Z, Ery ) = 0.

Definition 2.1.4. A sequence of morphisms which are either isomorphisms or blow-ups satisfying conditions
(1)-(5) is called a multiple blow-up. The number of morphisms in a multiple blow-up will be called its length.

Definition 2.1.5. An extension of a multiple blow-up (or a resolution) (X;)o<i<m is a sequence (X})o<j<m’
of blow-ups and isomorphisms Xy = X = ... =X} ; « X} =... =X} , « .. X} =...=X],
where Xj’ = X;.

Remarks. (1) The definition of extension arises naturally when we pass to open subsets of the ambient
variety X.

(2) The notion of a multiple blow-up is analogous to the notion of a sequence of admissible blow-ups
considered by Hironaka, Bierstone-Milman and Villamayor.

2.2. Transforms of marked ideal and controlled transforms of functions. In the setting of the above
definition we will call

(Iia :u’) = O—E(Iiflv M)

the transform of the marked ideal or controlled transform of (Z,u). It makes sense for a single blow-up in
a multiple blow-up as well as for a multiple blow-up. Let 0% := gy 0...00; : X; = X be a composition of
consecutive morphisms of a multiple blow-up. Then in the above setting

(Iia n) = Uic(Iv /’L)'
We will also denote the controlled transform o%(Z, u) by (Z, u); or [Z, ul;.

The controlled transform can also be defined for local sections f € Z(U). Let o : X + X’ be a blow-up of
a smooth center C' C supp(Z, p) defining transformation of marked ideals 0°(Z, u) = (Z’, ). Let f € Z(U)
be a section of Z. Let U’ C 0~1(U) be an open subset for which the sheaf of ideals of the exceptional divisor
is generated by a function y. The function

g=y H(foo)eZ(U)
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is the controlled transform of f on U’ (defined up to an invertible function). As before we extend it to any
multiple blow-up.

The following lemma shows that the notion of controlled transform is well defined.

Lemma 2.2.1. Let C C supp(Z, ) be a smooth center of a blow-up o : X + X' and let D denote the
exceptional divisor. Let Zo denote the sheaf of ideals defined by C'. Then

(1) T cZf.
(2) o*(T) < (Zp)*.

Proof. (1) We can assume that the ambient variety X is affine. Let uq,...,u; be parameters generating Z¢
Suppose f € T\ Z}.. Then we can write f =Y cou®, where either |a| > p or |a| < p and ¢, & Ze. By the
assumption there is « with |a| < p such that ¢, € Zo. Take a with the smallest |a|. There is a point z € C
for which ¢, (x) # 0 and in the Taylor expansion of f at = there is a term ¢y (z)u®. Thus ord,(Z) < p. This
contradicts to the assumption C' C supp(Z, ).

(2) o*(Z) C o*(Zo)* = (Zp)H. O

2.3. Hironaka resolution principle. Our proof is based on the following principle which can be traced
back to Hironaka and was used by Villamayor in his simplification of Hironaka’s algorithm:

(1) (Canonical) Resolution of marked ideals (X,Z, F, u1)
U

(2) (Canonical) Principalization of the sheaves Z on X
U

(3) (Canonical) Weak Embedded Desingularization of subvarieties Y C X
U

(4) (Canonical) Desingularization

(1)=(2). It follows immediately from the definition that a resolution of (X,Z,0,1) determines a principal-
ization of Z. Denote by o : X «+ X the morphism defined by a resolution of (X,Z,(,1). The controlled
transform (i 1) := 0°(Z, 1) has the empty support. Consequently, V(f) = 0, and thus 7 is equal to the
structural sheaf Og. This implies that the full transform ¢*(Z) is principal and generated by the sheaf of
ideal of a divisor whose components are the exceptional divisors. The actual process of desingularization is

often achieved before (X,Z, E, 1) has been resolved (see [53]).

(2)=(3). Let Y C X be an irreducible subvariety. Assume there is a principalization of sheaves of ideals
Zy subject to conditions (a) and (b) of Theorem 1.0.1. Then, in the course of the principalization of Zy,
the strict transform Y; of Y in some X; is the center of a blow-up. At this stage Y; is nonsingular and has
simple normal crossings with the exceptional divisors.

(3)=(4). Every algebraic variety locally admits an embedding into an affine space. Then we can show that
the existence of canonical embedded desingularization independent of the embedding defines a canonical
desingularization.

For more details, see [53].

Remark. Resolution scheme and marked ideals. Marked ideals will be understood as objects which
carry vital information in the resolution scheme. There are four different types of information that can be
associated with marked ideals:

(1) The support supp(Z, i) is the “bad locus” which shall be eliminated. The blow-ups performed should
have centers inside of supp(Z, p).

(2) The controlled transform o¢(Z,u) = I, 0*(Z, p) is the transform of the marked ideal associated
with blow-ups with centers inside supp(Z, u).

(3) The resolution of supp(Z, u1) is the sequence of blow-ups and the induced transformations of marked
ideals eliminating the support of the resulting marked ideal (Z, u).

(4) Canonical resolution is a unique resolution which will be assigned to a marked ideal. Once we assign
to a certain class of marked ideals their canonical resolutions they become useful operations to resolve
some larger class of marked ideals. In other words, the resolution of a certain marked ideal is always
reduced to resolution of some “simpler” marked ideals. The notion of simplicity refers essentially
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to two very rough invariants : the dimension of the ambient variety, and the order of nonmonomial
part.

The algorithm builds upon two different canonical reductions:

e reduction of order by resolving a so called “companion ideal” (see Step 2 in Section 3).
e reduction of dimension of the ambient variety which relies on the two fundamental concepts of
hypersurface of mazimal contact, and coefficient ideal (see Sections 2.6, 2.9).

2.4. Equivalence relation for marked ideals. Let us introduce the following equivalence relation for
marked ideals:

Definition 2.4.1. Let (X,Z, Ez,uz) and (X,J,E7,pug) be two marked ideals on a smooth variety X.
Then (XaI7 EIaMI) = (X7\77E.77/’L..7) if:

(1) Ez = E7 and the orders on Fz and on E 7 coincide.

(2) supp(Z, uz) = supp(J, ju.7)-
(3) The multiple blow-ups (X;);=o,... x are the same for both marked ideals, and supp(Z;, pz) = supp(J;, p7)-

Example 2.4.2. For any k € N, (Z, ) ~ (%, ku).

Remark. The marked ideals considered in this paper satisfy a stronger equivalence condition: For any smooth
morphism ¢ : X' — X, ¢*(Z,u) ~ ¢*(J, p). This condition will follow and is not added in the definition.

2.5. Ideals of derivatives . Ideals of derivatives were first introduced and studied in the resolution context
by Giraud. Villamayor developed and applied this language to his basic objects.

Definition 2.5.1. (Giraud, Villamayor) Let Z be a coherent sheaf of ideals on a smooth variety X. By the
first derivative (originally extension) D(Z) of Z we mean the coherent sheaf of ideals generated by all functions
f € T together with their first derivatives. Then the i-th derivative D'(Z) is defined to be D(D*~1(Z)). If
(Z, 1) is a marked ideal and i < p then we define

D'(Z, u) = (D(Z), 1 —9).

Recall that on a smooth variety X there is a locally free sheaf of differentials 2x,x over K generated

locally by duy,...,du, for a set of local parameters ui,...,u,. The dual sheaf of derivations Derg (Ox)

is locally generated by the derivations Biub Immediately from the definition we observe that D(Z) is a

coherent sheaf defined locally by generators f; of Z and all their partial derivatives 95 We see by induction

Bui :
that D¥(Z) is a coherent sheaf defined locally by the generators f; of Z and their derivatives 6(;257' for all

multiindices a = (ay, ..., ay,), where o] ;= a3 + ... + a, < 4.

Lemma 2.5.2. (Giraud, Villamayor) For any i < p— 1,
supp(Z, 41) = supp(D*(Z), o — 9).
In particular, supp(Z, i) = supp(D*~H(Z),1) = V(D*Y(Z)) is a closed set.

We write (Z,u) C (J,p) fZ C J.

Lemma 2.5.3. (Giraud, Villamayor) Let (Z,u) be a marked ideal, C C supp(Z,pu) a smooth center, and
r<pu. Let 0 : X < X' be a blow-up at C. Then

o%(D" (T, 1)) € D" (0 (T, ).
Proof. See the simple computations in [51], [53]. O

2.6. Hypersurfaces of maximal contact. The concept of the hypersurfaces of maximal contact is one of
the key points of this proof. It was originated by Hironaka, Abhyankhar and Giraud and developed in the
papers of Bierstone-Milman and Villamayor. In our terminology, we are looking for a smooth hypersurface
containing the support of a marked ideal and whose strict transforms under multiple blow-ups contain the
supports of the induced marked ideals. Existence of such hypersurfaces allows a reduction of the resolution
problem to codimension 1.

First we introduce marked ideals which locally admit hypersurfaces of maximal contact.

Definition 2.6.1. (Villamayor (see [49]) ) We say that a marked ideal (Z, i) is of mazimal order (originally
simple basic object) if max{ord,(Z) | x € X} < p or equivalently D*(Z) = Ox.
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Lemma 2.6.2. (Villamayor (see [49]) ) Let (Z, i) be a marked ideal of mazimal order and let C' C supp(Z, i)
be a smooth center. Let o : X + X' be a blow-up at C. Then o°(Z, ) is of mazximal order.

Proof. If (Z, 1) is a marked ideal of maximal order then D#(Z) = Ox. Then, by Lemma 2.5.3, D*(c°(Z, 1)) D
o°(D*(1),0) = Ox. O

Lemma 2.6.3. (Villamayor (see [49]), ) If (Z, 1) is a marked ideal of mazimal order and 0 < i < u, then
DT, ) is of maximal order.

Proof. D*=4DY(Z,u)) = D*(Z,pn) = Ox. O

Lemma 2.6.4. (Giraud (see [23])) Let (Z,u) be a marked ideal of mazimal order. Let o : X + X' be
a blow-up at a smooth center C C supp(Z,u). Let u € D*~YZ, u)(U) be a function such that, for any
x € V(u), ord;(u) =1. Then

(1) V(u) is smooth;

(2) supp(Z,p) NU C V(u).
Let U’ C oY (U) C X’ be an open set where the exceptional divisor is described by y. Let u' = o°(u) =
u) be the controlled transform of u. Then

U/ S D“ 1( C(IlU/“U,));
V(u') is smooth;
supp(Z', p) N U C V()
V(u') is the restriction of the strict transform of V(u) to U’.
Proof. (1) v’ = 0°(u) =u/y € o¢(D*~1(Z)) C D*~(c°(2)).
(2) Since u is one of the local parameters describing the center of the blow-up, v’ = u/y is a parameter;
that is, a function of order one.

(3) follows from (2). O
Definition 2.6.5. We will call a function
ue T(D)(U) =D H(Z(U))
of multiplicity one a tangent direction of (Z,u) on U.

As a corollary from the above we obtain the following lemma.

Lemma 2.6.6. (Giraud) Let u € T(Z)(U) be a tangent direction of (Z,u) on U. Then for any multiple
blow-up (U;) of (Zjy, i), all the supports of the induced marked ideals supp(Z;, 1) are contained in the strict
transforms V(u); of V(u).

Remarks. (1) Tangent directions are functions locally defining hypersurfaces of maximal contact.

(2) The main problem leading to complexity of the proofs is that of noncanonical choice of the tangent
directions. We overcome this difficulty by introducing homogenized ideals.

2.7. Arithmetical operations on marked ideals. In this sections all marked ideals are defined for the
smooth variety X and the same set of exceptional divisors E. Define the following operations of addition
and multiplication of marked ideals:

(1) &, pz) + (T, pg) = (TM* + J", pzpy), or, more generally,
(Zrspa) + oo+ (Do ) = (T2 R It o TR i )

(the operation of addition is not associative).
(2) @opz) (Tng) = (T Jpz + pg)-

Lemma 2.7.1. (1) supp((Z1, p11) + . .-+ (T, i) = supp(Zy, pi1) N .. .OSUpp(Zyn, fom ). Moreover, multiple
blow-ups (Xy) of (Z1, 1) + ..+ (T, bm) are ezactly those which are simultaneous multiple blow-ups for all
(Zj, 15), and, for any k, we have the following equality for the controlled transforms (Z;, iz )k:

(Ilnufl)kr +...+ (Imu,u/m)k = [(Ily,ul) +...+ (Im,ﬂm)]k
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(2) supp(Z, pz) Nsupp(J, py) 2 supp((Z, puz) - (T, 7). Moreover, any simultaneous multiple blow-up
X, of both ideals (Z,uz) and (T, uny) is a multiple blow-up for (Z,puz) - (T, py), and for the controlled
transforms (Zy, pz) and (Ji, 7)), we have the equality

(T, uz) - (T, pg) = [(Zy pz) - (T 5 7))k

2.8. Homogenized ideals and tangent directions. Let (Z,u) be a marked ideal of maximal order. Set
T(Z) := D*~1Z. By the homogenized ideal we mean

H(Z, )= (H(ZT),p)=(Z+DL-TI)+...+D'T-T(IT) +...+ D 'T-T(T)" )
Remark. A homogenized ideal has two important properties:

(1) It is equivalent to the given ideal.
(2) It “looks the same” from all possible tangent directions.

By the first property we can use the homogenized ideal to construct resolution via the Giraud Lemma 2.6.6.
By the second property such a construction does not depend on the choice of tangent directions.

Lemma 2.8.1. Let (Z, 1) be a marked ideal of maximal order. Then

(1) (Z,p) = (H(Z), ) (see Definition 2.4.1).
(2) For any multiple blow-up (Xi) of (Z, ),

(H(TD), )k = (T, i + [DT, )]k - (T(T), V] + ... [P T, )i - +[(T(@D), DI
Although the following Lemmas 2.8.2 and 2.8.3 are used in this paper only in the case E' = (), we formulate
them in slightly more general versions.

Lemma 2.8.2. Let (X,Z,FE,pu) be a marked ideal of mazimal order. Assume there exist tangent direc-
tions u,v € T(I We = DF YT, 1), at x € supp(Z, p) which are transversal to E. Then there exists an
automorphism (j)uv of the completion X, = Spec(Oy,x) such that

(1) Gu(HI)a = (HI)

(2) ¢ (B) = E;

8) blw)=v;i

(4) supp(Z, n) :=V(T(Z,p)) is contained in the fized point set of ¢.
Proof. (0) Construction of the automorphism auv. Find parameters us, ..., u, transversal to u and
v such that v = wuy,us,...,u, and v,us,...,u, form two sets of parameters at x and divisors in E are

described by some parameters u; where ¢ > 2. Set
(;Aﬁuv(ul) =, $uv(ul) =u; for i>1.
(1) Let h:=v —u € T(Z). For any f € Z,
of 10%f 10 f

~, _ _ o5 —9T p2q -
b (f) = flur + hyuz, ... up) = flur, ..., up Haul h+2;a -k +z‘!8u§

R4

The latter element belongs to
~ ~ o~ ——1 ~ ———p—1 ~
T+DI-T(@D)+...+DT-TZ) +...+D'T-T(T) =HI.
Hence (b o(Z ) C HI.
(2)(3) follow from the construction.

(4) The fixed point set of a* is defined by u; = qb J(ui), i =1,...,n; that is, by h = 0. But h € D*~1(Z)
is 0 on supp(Z, p). d

Lemma 2.8.3. Glueing Lemma. Let (X,Z,E,p) be a marked ideal of maximal order for which there
exist tangent directions u,v € T(Z,u) at © € supp(Z, p) which are transversal to E. Then there exist étale
neighborhoods ¢y, ¢, : X — X of = ¢u(T) = ¢,(T) € X, where T € X, such that

(1) ¢>*( z ))=¢2§(’H(I));
(2) ¢u.(E) = o3(E);

(3) 64(u) = 63(v).
(X,Z,

ne
(u
Set (X, I, E, p) »= ¢3 (X, H(I), B, p) = ¢ (X, H(I), E, p).



EFFECTIVE HIRONAKA RESOLUTION AND ITS COMPLEXITY 9

(5) For

or
or any multiple blow-up (X;) of (X,Z,0, 1), the induced multiple blow-ups ¢ (X;) and ¢X(X;) of
(X.T

Set (X;) := ¢5(X;) = ¢%(X;).

(6) For any y; € supp(X;,Zi, Ei, 1), ¢ui(Y;) = ¢ui(Y;), where dui, dvi + X; — X; are the induced
morphisms.

I,E, 1) are the same (defined by the same centers).

Proof. (0) Construction of étale neighborhoods ¢,,¢, : U — X. Let U C X be an open subset

for which there exist wus,...,u, which are transversal to v and v on U such that v = uj,us,...,u, and
v, U3, ..., Uy form two sets of parameters on U, and the divisors in E are described by some w;, where 7 > 2.
Let A™ be the affine space with coordinates x1,...,z,. First construct étale morphisms ¢1,¢ : U — A™
with

o7 (x;) =u; forall i and ¢3(x1) =v, ¢5(z;) =u; for i>1.
Then
X:=Uxan U
is a fiber product for the morphisms ¢; and ¢o. The morphisms ¢,, ¢, are defined to be the natural
projections ¢y, ¢, : X — U such that ¢1¢, = ¢ad,. Set
wy = ¢ (u) = (10u)" (1) = (d200)" (1) = ¢ (v),
w; = ¢ (u;) = éi(u;), fori > 2.

(1), (2), (3) follow from the construction.
(4) Let h := v — u. By the above the morphisms ¢, and ¢, coincide on ¢, (V (h)) = ¢, 1 (V(h)).
By (4), a blow-up of a center C' C supp(H(Z)) lifts to the blow-ups at the same center ¢, 1(C) = ¢, 1(C).

v

Thus (5), (6) follow (see [53] for details). O

2.9. Coefficient ideals and Giraud Lemma. The idea of a coefficient ideal was originated by Hironaka
and then developed in papers of Villamayor and Bierstone-Milman.

Example 2.9.1. Motivating example. Assume that u = 0 defines locally a hypersurface of maximal
contact. Consider a coordinate system u = uy, us, ..., u,. Write any function f € (Z, 1) as follows

fri=cup w4 cum1 plug, ... un)u 4o+ o (g up)
Then it can be easily seen that

ord;(f) > p & ordy(cy—iy) > p—i for all i=1,...,pu.
In other words,

supp(Z, p1) = supp(Coeffy () (Z, n)),
where
Coefty () (Z, 1) == {((cp—i pjvw) fez, p =i =1,..., u}.

Here Coeffy (,,)(Z, 1) can be considered as a very first definition of coefficient ideal. It allows one to reduce
resolution of (Z, 1) to a resolution of Coeffy (,)(Z, 1) “living” on a hypersurface of maximal contact. One of

the problems here is that this definition depends on a choice of coordinates. That is why we replace it with
the definition below.

It is important to observe that the controlled transformed preserves the form above:

o (fop) = cpg-u™ + )y (b, U ) (U, ),
where u' = 0°(u, 1),¢),_; , = 0°(cu—i g, p — i). In other words
supp(c°(Z, p)) = supp(c*(Coeffy () (Z, 1)))-

The following definition modifies and generalizes the definition of Villamayor.

Definition 2.9.2. Let (Z, 1) be a marked ideal of maximal order. By the coefficient ideal we mean
“w

C(Z.p) =) (D', p—i).

i=1

Remark. The coefficient ideal C(Z) has two important properties:
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(1) C(Z) is equivalent to Z.
(2) The intersection of the support of (Z, ;1) with any smooth subvariety S is the support of the restriction
of C(Z) to S:
supp(Z) N S = supp(C(Z))s).
Moreover this condition is persistent under relevant multiple blow-ups.

These properties allow one to control and modify the part of support of (Z, ) contained in S by applying
multiple blow-ups of C(Z)|s.

Lemma 2.9.3. C(Z,p) ~ (Z, 1).

Proof. By Lemma 2.7.1, multiple blow-ups of C(Z, 1) are simultaneous multiple blow-ups of D¥(Z, i) for 0 <
i < p—1. By Lemma 2.5.3, multiple blow-ups of (Z, 1) define multiple blow-ups of all D¢(Z, x1). Thus multiple
blow-ups of (Z, u) and C(Z, u) are the same and supp(C(Z, i) = (supp(D*Z, i — i)i, = supp(Zy, i1)- O

Lemma 2.9.4. Let (X,Z, E, 1) be a marked ideal of mazimal order. Assume that S has only simple normal
crossings with E. Then
supp(Z, 1) N S = supp(C(Z, p1))s)-
Moreover let (X;) be a multiple blow-up with centers C; contained in the strict transforms S; C X; of S.
Then:
(1) The restrictions o;g, : S; — Si—1 of the morphisms o; : X; — X;_1 define a multiple blow-up (S;)
OfC(I, ,LL)\S
(2) supp(Z;, p) N S; = supp[C(Z, p);s)i-
(3) Bvery multiple blow-up (S;) of C(Z,u)s defines a multiple blow-up (X;) of (I, u) with centers C;
contained in the strict transforms S; C X; of S C X.

Proof. By Lemma 2.9.3, supp(Z, ) NS = supp(C(Z, )) NS C supp(C(Z, p)js). Let w1,...,2p, Y1, -, Yn—k
be local parameters at x such that {z; = 0,..., 2 = 0} describes S. Then any function f € Z can be

written as
f = Z Caf (y)xav

where ¢, (y) are formal power series in ;.
Now z € supp(Z, 1) NS iff ord,(co) > p — |af for all f € T and |o| < p. Note that

c _ 1 al(f) la|
of|S ( >|S€D (D)s

a! Oz«

and consequently supp(Z,u) NS = ﬂer,\algu supp(cafis, i — |af) D supp(C(Z, p)s)-
The above relation is preserved by multiple blow-ups of (Z, ). For details see [53]. O

Lemma 2.9.5. Let ¢ : X' — X be an étale morphism of smooth varieties and let (X, Z,0, p) be a marked
ideal. Then

(1) ¢*(D(1)) = D(¢"(1));
(2) ¢*(H(1)) = H(o"(2));
3) ¢7(C(T)) = C(¢"(T))-

Proof. Note that for any point z € X the completion @ is an isomorphism. Thus @(5(1\)) = D/((I\)) and
therefore ¢*(D(Z)) = D(¢*(Z)). (2) and (3) follow from (1). O

3. RESOLUTION ALGORITHM

The presentation of the following Hironaka resolution algorithm builds upon Bierstone-Milman’s, Villa-
mayor’s and Wlodarczyk’s algorithms which are simplifications of the original Hironaka proof. We also use
Kollar’s trick allowing to completely eliminate the use of invariants.

Remarks. (1) Note that a blow-up of codimension one components is an isomorphism. However it defines
a nontrivial transformation of marked ideals. The inverse image of the center is still called the exceptional
divisor.
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(2) In the actual desingularization process, this kind of blow-up may occur for some marked ideals induced
on subvarieties of ambient varieties. Though they define isomorphisms of these subvarieties, they determine
blow-ups of ambient varieties which are not isomorphisms.

(3) The blow-up of the center C' which coincides with the whole variety X is an empty set. The main
feature which characterizes the notion of blow-up is the following “restriction property”:

If X is a smooth variety containing a smooth subvariety Y C X, which contains the center C' C Y
then the blow-up ocy : ¥ — Y at C coincides with the strict transform of ¥ under the blow-up
oc,x ¢ X — X, ie.,

Y ~ok(Y\C).

Inductive setup. Let (X,Z, E, i) denote an arbitrary marked ideal. We will present an algorithm which
establishes the following assertion, by induction on the dimension of X.

Theorem 3.0.6. There is an associated resolution (X;)o<i<my, called canonical, satisfying the following
conditions:

(1) For any surjective étale morphism ¢ : X' — X the induced sequence (X]) = ¢*(X;) is the canonical
resolution of (X', T', E',n) := ¢*(X,Z,E, ).

(2) For any étale mophism ¢ : M' — M the induced sequence (X)) = ¢*(X;) is an extension of the
canonical resolution of (X', IT',E' n) := ¢*(X,Z,E, ).

Proof. f T =0 and p > 0 then supp(X,Z, 1) = X, and the blow-up of X is the empty set and thus it defines
a unique resolution. Assume that Z # 0.

We will use induction on the dimension of X. If X is O-dimensional, Z # 0 and g > 0 then supp(X,Z, p) =
(¢ and all resolutions are trivial.

Step 1. Resolving a marked ideal (X,Z, F, 1) of maximal order. Before performing the resolution
algorithm for the marked ideal (Z, ) of maximal order in Step 1 we will replace it with the equivalent
homogenized ideal C(H(Z, 11)). Resolving the ideal C(#H(Z, 1)) defines a resolution of (Z, 1) at this step. To
simplify notation we shall denote C(H(Z,n)) by J = (T, u(J)).

Step 1la. Reduction to the nonboundary case. Moving supp J and H; apart . For any multiple
blow-up (X;) of (X, 7, E, u(J)), we will denote (for simplicity) the strict transform of E on any X; also by
E.

For any = € X;, let s(x) denote the number of divisors in E through z and set
s; = max{s(z) | € supp J;)}.

Let s = sg. By assumption the intersections of any s > sy components of the exceptional divisors
are disjoint from supp J. Each intersection of divisors in FE is locally defined by the intersection of some
irreducible components of these divisors. Find all intersections H, a € A, of s irreducible components of
divisors F such that supp J N H: # (. By the maximality of s, the supports supp J HQ) C HZ are disjoint
from HZ,, where o/ # a.

Set

H*:=|JH;, U*:=X\H""', H®:=H"\H""
(o9

Then H® C Us is a smooth closed subset Us. Moreover H® Nsupp(J) = H* Nsupp(J) is closed.

Construct the canonical resolution of Jjg:. By Lemma 2.9.4, it defines a multiple blow-up of (7, u(J))
such that

supp Jj, N H; = 0.
In particular the number of the strict tranforms of F passing through a single point of the support drops
s, < s. Now we put s = s;, and repeat the procedure. We continue the above process until s;, = s, = 0.
Then (X;)o<j<r is a multiple blow-up of (X, 7, E, u(J)) such that supp J, does not intersect any divisor
in E.

Therefore (X;)o<j<r and further longer multiple blow-ups (X;)o<j<m for any m > r can be considered
as multiple blow-ups of (X, 7,0, u(J)) since starting from X, the strict transforms of E play no further
role in the resolution process since they do not intersect supp J; for j > r. We reduce the situation to the
“nonboundary case” E = ().
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Step 1b. Nonboundary case. Let (X;)o<j<, be the multiple blow-up of (X, 7,0, u(J)) defined in
Step 1la.

For any x € suppJ C X, find a tangent direction u, € D”(j)’l(j) on some neighborhood U, of z.
Then V(u,) C U, is a hypersurface of maximal contact. By the quasicompactness of X, we can assume that
the covering defined by U, is finite. Let U;, C X; be the inverse image of U, and let H;, := V(uq); C Uia
denote the strict transform of H, := V(uy).

Set (see also [38])
)?::HU@ PNI::HHQQ)?.
The closed embeddings H, C U, define the closed embedding HcC X ofa hypersurface of maximal contact
H.

Consider the surjective étale morphism
dv: X =[]V = X.
Denote by J the pull back of the ideal sheaf J via ¢y. The multlple blow-up (X;)o<i<r of J defines a
multiple blow-up (X0<Z<T) of j and a multiple blow-up (H Jo<i<r Of jH
Construct the canonical resolution of ( i),.gigm of the marked ideal jr i1, on H,. Tt defines, by Lemma
2.9.3, a resolution (X,<;<y,) of J, and thus also a resolution (X;)o<i<m of (X,J,0,1(J)). Moreover both
resolutions are related by the property
supp(J;) = supp(7; z,)-
Consider a (possible) lifting of ¢y :

(sz H Uwz — Xza

which is a surjective locally étale morphism. The lifting is constructed for 0 <i < r.

For r < i < m the resolution X; is induced by the canonical resolution (ﬁi)rgigm of jr‘ i

We show that the resolution (};)rﬁigm descends to the resolution (X;),<i<m.

Let éjo =[] Cj, be the center of the blow-up 7, : )?jﬂﬂ — )N(jo. The closed subset Cj,o C Ujyq defines
the center of an extension of the canonical resolution (Hja)r<j<m.

If Cjpa NUjyp # 0, then, by the canonicity and condition (2) of the inductive assumption, the subset
Cipap = Cj,a NUj,p defines the center of an extension of of the canonical resolution Hjag := ((Hja N
U;g))r<j<m. On the other hand Cj go := Cj,3 N Ujo defines the center of an extension of the canonical
resolution ((Hjﬁa = Hjﬂ n Uja))rgjgm-

By the Glueing Lemma 2.8.3 for the tangent directions u, and ug, there exist étale neighborhoods
BugrPuy : Uap = Uap := Ua NUpg of & = ¢,(T) = ¢,(T) € X, where T € X, such that

(1) ¢, (J) =4, (T);
(2) 1, (E) = ¢;,(E);

(3) dun(Hjap) = ¢y, (Hjpa);

(4) ¢ua( ) = ¢u, (Z) for T € supp(¢}, ()

Moreover, all the properties lift to the relevant étale morphisms ¢y, , Pu,, : Uaﬂi — Uqpi- Consequently,
by canonicity, ¢51:aljo(cj0aﬁ) and qbqjﬁljo (Cjopa) both define the next center of the extension of the canonical

resolution ¢, ( joaB) = qS;ﬁl (HjoBa) of B io (*7\Haﬁ) = (;5;';/3 (j|HM). Thus
G (Cioap) = bup (Cioa),
and finally, by property (4),
Cjoaﬁ = Cjo,@a'

Consequently 6'j0 descends to a smooth closed center Cj, = |JCj,o C Xj, and the resolution (X;),<i<m
descends to a resolution (X;)r<i<m.-

Step 2. Resolving marked ideals (X,Z, F, ). For any marked ideal (X,Z, E, 1) write
I = MIN(T),
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where M(Z) is the monomial part of Z, that is, the product of the principal ideals defining the irreducible
components of the divisors in E, and N (Z) is the nonmonomial part which is not divisible by any ideal of a
divisor in F. Let

ord s (z) := max{ord, (N(Z)) | z € supp(Z, u)}.

Definition 3.0.7. (Hironaka, Bierstone-Milman,Villamayor, Encinas-Hauser) By the companion ideal of
(Z, ) where I = N(Z)M(Z) we mean the marked ideal of maximal order

oz, ) = { WD,ordw) + MI), 4 —ordyg)) i ordyg) <p,
T @) ordwa) if ordy(p) >

In particular O(Z, u) = (Z, ) for ideals (Z, u) of maximal order.

Step 2a. Reduction to the monomial case by using companion ideals. By Step 1 we can resolve
the marked ideal of maximal order O(Z) = O(Z,u) = (O(Z), 1(O(Z))). By Lemma 2.7.1, for any multiple
blow-up of O(Z, ),

supp(O(Z, u))i = supp[N (Z), ordar(z)li M supp[M(Z), u — ordpr(z)li
= supp[N(Z), ordp(z)li N supp(Z;, ).

Consequently, such a resolution leads to an ideal (Z,.,, ) such that ord N(Z,) < ordar(z). Then we repeat the
procedure for (Z,,,p). We find marked ideals (Z,,p) = (Z, i), (Zr,, pt), - - -, (Zr,, , o) such that ordy(z,y >
ordyr(z,,) > ... > ordy(z,, ). The procedure terminates after a finite number of steps when we arrive at an
ideal (Z,,,, ) with ordy(z, y =0 or with supp(Z,,,,x) = 0. In the second case we get a resolution. In the
first case Z,,, = M(Z,,,) is monomial.

Step 2b. Monomial case Z = M(Z). The collection of divisors E is ordered (see Definitions 2.1.1 and
2.1.3); say E = {D1, Ds,...}. Let Sub(E) denote the set of all subsets of E. The ordering of E induces a
natural lexicographic order on Sub(E): We can associate to each S € Sub(F) the lexicographic order of the
binary sequence (91,02, ...), where ; = 0 or 1 according as D; ¢ S or D; € S. (The actual formula for the
order is irrelevant as long as it is canonical and linear for the divisors passing through a point.)

Let x1,. ..,z define equations of the components DY, ..., Dy € E through z € supp(X,Z, E, 1) and let
7T be generated by a monomial z(%1:-%) at . In particular

ord, (Z)(x) :==a1 + ... + ak.

Let p(x) := {Di,...,D;;} € Sub(E) be the maximal (with respect to the order on Sub(E)) subset
satisfying the properties

1) aiy +...+a;; > p.
(2) Forany j=1,...,0, a;, +...+ai; +...+a; < p.

Let R(z) denote the subsets in Sub(FE) satisfying the properties (1) and (2). The maximal irreducible
components of the supp(Z, ) through = are described by the intersections ()., D where A € R(z). In
particular supp(Z, p) is a union of components with simple normal crossings.

The maximal locus of p determines at most one maximal component of supp(Z, p) through each . The
invariant p is introduced to describe the center of the blow-up in a unique way. As we see below to resolve
monomial case we can randomly pick any maximal irreducible component of supp(Z,u). The algorithm
is controlled by the order and there is no need to introduce additional invariants unless we would like to
construct invariants which describe the center and decrease after blow-up. (see [10], [20])

After the blow-up at the maximal locus C' = {z;, = ... = x;, = 0} of p, the ideal Z = (x(*1:~%)) is equal
toZ' = (:r’(al""’aij’l’a’aiﬂ'“"“’a’“)) in the neighborhood corresponding to x;,, where a = a;, +. . .4-a;, —p < a;, .
In particular the invariant ord, (Z) drops for all points of some maximal components of supp(Z, 11). Thus the
maximal value of ord,(Z) on the maximal components of supp(Z, u) which were blown up is bigger than the
maximal value of ord,(Z) on the new maximal components of supp(Z, u). The algorithm terminates after a
finite number of steps. O

3.1. Summary of the resolution algorithm. The resolution algorithm can be represented by the follow-
ing scheme.

Step 2. Resolve (Z, p).
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Step 2a. Reduce (Z, 1) to the monomial marked ideal Z = M(Z).
4

If Z # M(Z), decrease the maximal order of the nonmonomial part N (Z) by resolving the companion
ideal O(Z) = O(Z, p).
Step 1. Resolve the companion ideal O(Z):
Replace O(Z) with J := C(H(O(Z))) = O(Z). (*)
Step la. Move apart all strict transforms of £ and supp J.

¢

Move away all intersections HZ of s divisors in E (where s is the maximal number of
divisors in E through points in supp J = supp O(Z)).

)

For any a, resolve J|_ us)-

Step 1b. If the strict transforms of E do not intersect supp 7, resolve J.

0

Simultaneously resolve all Jjy () , where V (u) is a hypersurface of maximal contact. (Use
the property of homogenization ([53]), and Kollar’s trick ([38]).

Step 2b. Resolve the monomial marked ideal Z = M(Z).

Remarks. (1) (*) The ideal O(Z) is replaced with H(O(Z)) to ensure that the algorithm constructed in Step
1b is independent of the choice of the tangent direction wu.

We replace H(O(Z)) with C(H(O(Z))) to ensure the equalities supp(J|s) = supp(J) N S, where S = H
in Step la and S = V(u) in Step 1b.

(2) If 4 = 1 the companion ideal is equal to O(Z,1) = (N(Z), upnr(z)) so the general strategy of the
resolution of (Z, u) is to decrease the order of the nonmonomial part and then to resolve the monomial part.

(3) In particular, in order to desingularize Y, we put p = 1 and Z = Zy, where Zy is the sheaf of the
subvariety Y, and we resolve the marked ideal (X,Z,#, 1). The nonmonomial part A (Z;) is nothing but the
weak transform (o)™ (Z) of Z.

In the next sections, we provide a complexity bound for the algorithm.

4. COMPLEXITY BOUNDS ON A BLOW-UP

Our purpose for the rest of the paper is to estimate the complexity of the desingularization algorithm
described in the previous sections.

4.1. Preliminary setup.

4.1.1. Affine marked ideals. An input of the algorithm is an affine marked ideal; that is, a collection of tuples

= ({Xa.8:Z0.8: EBap: Ua g, (C")a | @ € A, B € Ba}, ),
where:

(1) (C)q = Cne.

(2) {Ua g | B € By} is an open cover of (C™*),.

(3) Ua,p C (C"), is an open subset whose complement is given by fq s = 0.

(4) Xap C (C"), is a closed subset such that X, g N Uy g is a nonsingular m-dimensional variety
(possibly reducible). Moreover there exists a set of parameters (coordinates) on U, g,

Ua,B,15 - Ua,Bing € (C[xa,la e axa,na]7

such that us g,; is a coordinate x, ; describing an exceptional divisor or it is transversal to the
exceptional divisors (over Uy g) , and, moreover, Zx, , = (Ua,B,i1s- - > Ua,B8,ix) C ClZa,1, -, Tana ],
for a certain subset {i1,...,ix} C {1,...,nqa}.

(5) Zo,p = (9a,8,1s- 190,57 C Clra1,- .-, Tan,] is an ideal,
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(6) Ea,p is a collection of s < m smooth divisors in (C"), described by some z,; = 0, where j =
Ng — S5+ 1,...,no. The divisors in F, g are either transversal to X, g or they contain X, 3. The
restrictions of the divisors in F, g that are transversal to X, g define the exceptional divisors on
Xas -

(7) There exist birational maps ia,8,,as.8, : Xa1,81 ——* Xas,3, given by

Vo B1,a2,B2,1 Vo B1,02,B2, My )(

b )
Way By,02,82,1 Way By,02,82,Ma,

Xal,ﬁ1 ST ialﬁl,az,ﬁz (x) = ( (E) € Xoéz,ﬁz

for regular functions Vo, B1,02,82,15 - - 7UO‘1B17CV27527"042 s Way By,009,82,15 - - - ’w01517a27l327na2 in
Clzas 1, Tar,na, -

(8) The birational maps i,/ determine uniquely up to an isomorphism a variety X7 in the following
sense: There exist open embeddings jag : Xa,8 N Uqsg — X7 defining an open cover of X+, and
satisfying

ja_zl,BQjalaﬁl = lay B1,a0,8s -

(9) u >0 is an integer.

(10) supp(Za,g, 1) NUa,g NUq g1 = supp(Za,prs 1) N Uag NUq -

Remarks. (1) The objects Xo g, Ea g, Za,3, as well as corresponding functions go g.i, %a,3,j, Ta,i are relevant
for the algorithm after they are restricted to U, g. Their behavior in the complement (C™), \ Uq,g has no
relevance.

(2) The operation of restricting to maximal contact leads to considering open subsets U, g C (C™),.

(3) While studying the complexity of the algorithm we will assume that the coefficients of the input
polynomials belong just to Z. All general considerations are given for coefficients from C, and remain valid
for any algebraically closed field of zero characteristic.

(4) The open embeddings j, g can be constructed from iy, 8, , 8, after performing the algorithm but we
do not dwell on this.

Definition 4.1.1. By the support of 7 we mean the collection of the sets
supp(7T) := {supp(Xa,s N Va8, Za,6: Ea,p N Ua,p N Xa,6, 1) Yaca,peB

Definition 4.1.2. Given an affine marked ideal 7 := ({X4,8,Z0.8, Ea.g:Ua,8, (C")o | o € A, B € By}, 1),
we say that an affine marked ideal 7" := ({ X 5/, Za,8: Fa,8: Ua,g: (C")o | @ € A, B € B}, 1), is defined
over T, provided:

(1) There exist maps of index-sets p : A" — A, and pas : B, = Bp(ar)-
(2) The canonical projection on the first o = p(a’) components

T+ (C")or = (C")q
determine birational morphisms 7y g 1= Wl’XQ,ﬁI : Xor g — Xo,p commuting with 4,8, ,q,,8, and
Zallﬁivo/zwg;'
(3) There exist natural birational morphisms X7 — X7 commuting with j, g, and jo/ g .
We introduce the following functions to characterize the affine marked ideal

T:= ({Xa,ﬁaIa.ﬂa Eqp, Ua,ﬁ}a,ﬂa (C" )y ) :

—~~
w

(T) is the maximal degree of all polynomials in

U(T) = {Ua,p,is §a,B,i> fo, B Va,,02,82,1s War, B,02,82,5 - }

W

3

(4) n(T) = maxna,

(5) {(T) is the maximal number of all polynomials in ¥ (7).

(6) ¢(7T) is the number of neighborhoods Uy, g in T (i. e the number of the indices such that o € A, €
B).

(7) b(T) the maximum bit size of any (integer) coefficient of each of the polynomials in ¥(7)
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Remark. The function b(T) is used only for the estimation of the total complexity of the algorithm. In
particular it has no relevance for the estimates of the number of blow-ups, the maximal embedding dimension
n(T), or the number of neighborhoods.

Algorithmically the input is represented by the coefficients of polynomials describing an affine marked
ideal Ty. We assume

m(To) =m, d(To) <do, n(To) <no, UTo) <lo, b(To) < bo.
Then in particular, the total bit-size of the input does not exceed by - [ - doo(no), cf. [27].

4.1.2. Resolution of singularities. For simplicity consider an irreducible affine variety ¥ C C" described by
some equations. The algorithm resolves Y by the following procedure:

Step A. Find the generators of Iy = (g1,...,95) C Clz1,...,z,] and construct the affine marked ideal
T:=(X=C"Iy,E=0,U=C",C",u=1)

Step B. Start the resolving procedure for the affine marked ideal ({X = C",Zy, E = 0,U = C"},C", u =
1) (see below).

Step C. Pick a nonsingular point p € Y C C™. Stop the resolution procedure when the constructed
center of the following blow-up in the algorithm passes through the inverse image of p. As an output of the
resolution algorithm we get an affine marked ideal

T = ({ X Zar s Bar g Uar g Ci Yar o, 1)
over 7. In particular we have a collection of projections
T o (C)y — C”
(projection on the first n coordinates.). (Note that the restriction of 7, defines a birational morphism
Tor 3 @ Xor,p — X which is an isomorphism in a neighborhood of p € X.)
The center of the following blow-up is described on some open subcover {Uys g }orcar pre B, of
{Ua g Yarcarpen, by Cor g MUy g, for closed subsets Cyr g C (C™e” ). Consider the unique irreducible

component C‘a/,gu of Cys gr containing the inverse image of the point p. Then
fa/vﬂ// = ﬂ'lé{l/’ﬁ//ﬁUa/,ﬁ// : Ya/75// = Co‘/vﬁ” N Ua/vﬁ/l —Y

is a local resolution of Y. The resolution space Y is described by an open cover {Yu g, Tos g tar gr. The
sets Y, g are represented as closed subsets of the open subsets Uy gv C C"e’.

4.1.3. Principalization. Given a smooth affine variety X C C”, described by equations ux; = 0, and an
ideal Z = (¢1,...,9%) on X and on C™.

Step A. First the algorithm finds affine neighbourhoods U, g in C" each given by an inequality fo g # 0
in which X is represented by a family of local parameters
Uy =+ = Up_m = 0.
Moreover, it finds coordinates z; on C", such that (up to index permutation)
UL, s Un—gms Tn—mtly - s L
is a complete set of parameters.

The local parameters u; are chosen among the input polynomials. To this end the algorithm can for each
choice of {i1,...,in—m} C {1,...,4} pick an identically non-vanishing minor f, g of the Jacobian matrix of

{ui}i.

We construct an affine marked ideal given by an input tuple by
T = ({Xg =X,15:=1,E3 = 0, UB,CTL}B,,LL =1).

Step B. The algorithm resolves 7 = ({X3 := X,Zg := Z,E3 = 0,Us,C"}3,u = 1). As an output, we
get
T = ({Xa’,ﬁ’ﬂza’,ﬁU Ea g, Uar pr, (Cna/ )Oé’}a’ﬁ’ﬂ 1)7
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over T.

Step C. The variety X’ := X7 is described by an open cover {Xo/ g N Uy g }tar g for closed subsets
Xo g C C" and open subsets Uy g C C" (see (8) from 4.1.1). Moreover, we have a collection of
birational morphisms 7, g : Xos g N Uy, g0 — X C C™. The principal ideal on X/ g is generated by

a
<gl OTa/,B" +++» 0k Oﬂ-a’ﬁ') = (xtlll .. Stl‘nzc/x,)

4.2. Description of blow-up. Consider an affine marked ideal
T = ({Xa,ﬂaza,ﬁaEa,,Ba Ua,ﬁv ((Cna)a ‘ ac A,ﬁ S Ba}:,u)
corresponding to a marked ideal (X,Z, FE, ). Let C C X be a smooth center described as follows:

We assume that there is an open subcover cover {Ua g }acapen;, C (C")y ~ C" of U,g, together
with a map of indices p : Bl, — B,, and a collection of closed subvarieties Cy gr C (C"*), (of dimension
kapr < m), such that

(1) Uppy=p Uapr = Uasp;
(2) Capr NUapr Csupp(Za,pr)y NUaprs
(3) Cq,p is described on each U, g by a set of local parameters

U, B 15 -+ + 3 U, B/ o —ms Yap! na—m+1s- -+ ba, B na—key g € (C[.Z‘l, - ,:Cna],
ie.,
Ua,p',1 = -+ = Ua,B' ng—m — UaB' ng—m+1 = -+ = ua,ﬁ’,nafkaﬁ/ = 07
where X, 3 is described on Uy g D Uy g by U1 = ... = Ua,p/ny—m = 0;
(4) Ua,p1;-- - Ua,8 na—k,, are transversal to the exceptional divisors (over U,,g), or coincide with

coordinate functions describing the exceptional divisors.

Denote by
T = ({Xa’,ﬁ’ﬂza’,ﬂ’7 Eor g, Uar s ((C"a’ )ar ‘ o e A B e B/a’}7 /1’)
the resulting affine marked ideal obtained from 7T by the blow-up with the center C. Below we describe
more precisely the ingredients of 7.

The open cover after blow-up. The blow-up creates a new collection of ambient affine spaces (C™"),.
Namely, we can associate with functions uq g; on (C™),, where i =1,...,ny — kop’, the ng — kop affine
charts

(C"")yr, where o :=(a,i), i=1,...,n0 —kap, Na =204 —kap
We also create a new collection of open subsets Uy g C (C™' )y by taking the inverse images of Uy g C
(C"), under the morphisms (C" ), — (C"),.

The birational maps. The natural projection 7, : (C" ), — (C"), on the first n, components defines
the birational morphism 7o/ g = To|x,, ,, : Xar,p0 = Xa,pr, for any «, #', such that X, g # (). This defines
birational morphisms

B’

i
ol By a1 B],0h,62

W;'I,Bé
Qo By0p.8y ¢ Xag gy Xy o Xagpy & Xapp

2:P2°

Consider a blow-up X7 of C C X7. There exist open embeddings jo/ g : Xo/,8r N Uy g0 — X7+ induced
by ja,8 1 Xa,pr N Uq g — X7, defining an open cover of X7, and satisfying

—1 . .
Jay, gy © Jai 8] = Lol B]ab,85¢

Equations of blow-up. Without loss of generality the blow-up in each of the n, — kop affine charts
(C™") s, where o := (a,i), ©=1,...,n4 — kqp’, can be described as follows: (For simplicity, we drop the
a, B indices below.)

Assume that the function w;,, ig0 < n — k, defines the chart of the blow-up. The blow-up of C" is a closed
subset bl(C™) of C?"~F described by the following equations

uj—uioijrn:O for 0<j<mn-—k,j#io,

Uiy — Tig4n = 0.
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The exceptional divisors. The exceptional divisor for this blow-up is given by wu;, = 0 on bl(C™). Since
Uj, = Ti,+n We may represent it by the coordinate x;,4, on C2n—k,

The previous exceptional divisors keep their form z; = 0 if they do not describe C, or they convert to
Tj4n(=u;/u;,) if they were described by the function u; = ;.

The strict transform of X. Recall that X is described by u; = ... =up_m =0 on U C C”. The blow-up
of X = X, s is a closed subset X’ C C2"~* which is described by a new set of equations:

(1) uj*uioxj—i-n:() for 0<j§n7k, j#Zo,

(2) Uiy = Tig+n = 0;

(3) 2jyn=0 for 0<j<n-—m, j#io.
In some situations we consider additionally the induced equation

(4)1=0 if 0<ig<n-—m.
(Note that the equations of the first two types describe the blow-up bl(C™) of C™. The third and the fourth
types of the equations z;n, = uj/u;, = 0, j # iy (or 1 = u;,/u;, = 0 ) describe the strict transform of
X inside bI(C™). In the latter case if 0 < j = iy < n — m the strict transform is an empty set in the

relevant chart. Still we shall keep the uniform description of the objects and their transformations, and do
not eliminate any equations in the description of the empty set.)

4.2.1. The generators of L, g after blow-up. We will not compute the controlled transforms of the generators
of Z (= Znp) (over U) directly. Instead we modify them first. The generators g; of Z satisfy, by Lemma
2.2.1, the condition

gi- " eIt + Ix,
where V(f) = C"\ U C C™ (we have dropped the indices «, 3 here).

For any generator g; write

L T g, An—m+1 L, An—k oy
Gi f - § : h(an7m+1,m,an—l«)”bun—m+1 unfk‘ + E : hZJuJ .
Ap—mt1+.Fap_g=p Ji=1l...m—-n
_ _a Ay — An—k .
Set @ := (Gn—m+1s-- - An-k), U = uy" " - .-, " . Then we can rewrite the above as
T —a
gi-f7 =Y hau*+ ) hiju; .
la|=p ji=1...,m—n

To bound r; and deg(hg ;), deg(hi;) we first consider a similar equality,
gi- ff=>" Hau"+ Y Hju;,
la|=pn ji=1l....m—n
for certain R;, Hg ;, H;;. We introduce a new variable z and we get an equality
gi=2" (Y0 Hau"+ Y Hyu) +g:-( Y (z-f))-(1—z-f);
|a|l=p ji=1l..m—n 0<j<r—1
in other words, g; belongs to the ideal generated by {a®}, {u;}, 1 — z - f. Therefore one can represent g; as

gizzﬁé,i'ﬂa+ ﬁij'uj‘i‘ﬁf'(l—z'f)a

la|=p ji=1l...m—n

for suitable polynomials H ;, Hy;, H with degrees less than (d - /,L)Qo(n) due to [45], [25], [42]. Hence sub-

stituting in the latter equality z = 1/f and cleaning the denominator we obtain the bound (d - u)zo(n) on

74, deg(ha,i), deg(hij).

The generators after blow-up and their degree. Using the above we can describe the controlled transform
of Z in terms of the controlled transforms of its modified generators. Define the modified generators of Z to

be
g = Z haii®.

lal=p
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Then their controlled transforms are given by
O'C(gi) = U;'L_Lkd*(hgyiua).
Denote by G(d, n, 1) the bound on the degree of the resulting marked ideal 7" after a blow up applied to
a marked ideal 7, provided that d(7T) < d, n(T) < n. Thus, by the above:

Lemma 4.2.1. G(n,d, ) < (d-p)2°".

4.3. Elementary operations and elementary auxillary functions. To estimate the complexity of the
desingularization algorithm we introduce a few auxiliary functions related to the ingredients of 7. It is
convenient to associate to 7 with data (m,d,n,l,q, 1), the vector

ry = (T,m,d,n,l,q,,u) € Z7207

where r is the subscript of the element of the resolution (7;)r=01,...,

4.3.1. The effect of a single blow-up. Summarizing the above we get the following:

Lemma 4.3.1. Consider the object T := ({Xa,8:Za,p: Fa,psUa,gta,p, 1, 1) with data (m,p,d,n,l,q). Let
T = { X0 5 T g By 5y Up o Yor 575 M 1) denote the object with data (m, p,d’,n’, 1, q") obtained from
T by a single blow-up at the center C represented by the collection of closed sets {Copr C (C™)o} describing
the center in open subsets Uygr C Ung. Assume that the mazimal degree of the polynomials describing the

center is less than d. Assume that g gives also a bound for the number of open neighborhoods Uygr. Then

(1) d < G(n,d,p) < (d- )"
(2) n' <2n;

(3) I' <l+mn;

(4) ¢ <n-g;

The effect of the single blow-up can be measured by the function
Bi(r,m,d,n,l,q, 1) := (r +1,m,G(n,d, p),2n,l + n,n - q, u).
The multiple effect of the ¢t blow-ups can be measured by the recursive function
Bl(r,m,d,n,l,q,u,t) = Blo Bl(r,m,d,n,l,q,pu,t — 1),

or, more briefly,

Bl(v,t) = BU(BI(y,t - 1)).
Note that
Bl(r,m,d,n,l,q,m,t) = (r+t,m,G(n,d,p,t),2n, 1+ 27 n, (271 — 1) - nlq, p)
for the relevant function G(n,d, u,t).

5. BOUNDS ON MULTIPLICITIES AND DEGREES OF COEFFICIENT IDEALS

5.0.2. The mazimal multiplicity of T on the subvariety X C C". Let d be the maximal degree of (X,Z) on
C™. Denote by M(d,n) a bound on the multiplicity of the ideal Z on X. To estimate M (d,n), we can assume
(after a linear transformation of the coordinates) that the order of the polynomial u;; — x; is at least 2 for

all 1 <j <n—m. For any polynomial g € Z, g one can find polynomials h; € Clz1,...,2,], 0 < j<n—m
and h € Clxp—m+1,--.,x,] such that
(5) horg+ D> hiui, = h(@nomi1,. . T0).

1<j<n—m
Moreover, we can rewrite the latter equality over the field C(xy,—pmt1, .- ., %,) in the form
(6) iLo-g-i- Z ﬁj-ui]. = ]_,

1<j<n-m

where ?lj = % € C(Tp—m=+1s---,Zn)[T1,. -+, Tn_m], with the common denominator in C[z,—mt1,...,2z,] for

0<j<n—m.
We apply to (6) the Effective Nullstellensatz (see e.g. [16], [24], [37], [35]). This gives us the bound dom)

on the degrees of h; = h;/h with respect to variables x1,...,Z,_, (for certain solutions) . To find h;/h one
can solve the latter equality considering it as a linear system over the field C(z,—m+1,.-.,Zn)-
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The algorithm can find

~ I
h]‘—g amx

with indeterminates ay ; € (C‘N(J:n,mﬂ, ..., Zn), and monomials — xlf e mil"j;ij with degrees i1 + ... +
in—m < d° substituting h; in (6) and solving linear system over the field C(z,,_pm41,...,2,). Clearing

the common denominator in (6) gives (5) with
deg(h),deg(h;) <", 1 <j<n—m

Now we have to estimate the maximal multiplicity ord,(gx) for g € C[z1,...,x,], such that deg(g) < d
and x € X. We use (5). We get immediately by the above:

Lemma 5.0.2. The mazimal multiplicity ord,(g)x) on X for any function g € Clzy,...,xy], such that
deg(g) < d and z € X, is bounded by the function M(d,n) = d°") constructed as above:

ord,(g,x) < M(d,n).

Proof. ord,(g)x) < ordy(ho - 9)jx = ordeh(Tn—my1,--,Tn)|x = Ordeh(Tp_mi1,...,Tn) < deg(h) <
M(d,n) = dO*). O

5.0.3. Derivations on the subvariety X C C". In order to follow the construction of the algorithm we
use the language of derivations Dery on X. Since our X is embedded into C" it is natural to represent
all objects on X as the restriction of the relevant objects on C™ to X C C™. Unfortunately the sheaf of
derivations on C™ does not restrict well to X:

Dercn|x # Derx.

Instead we consider
DerCH’X = {D S Der([jn | D(IX) C (IX)}

Lemma 5.0.3. Let uy =0...,up—y, =0 describe X C C®. Then the ring Dercn x is generated by
{ui - du; hi<i<n—m, 1<j<n—m U {du; tn—m<j<n-

In particular the restriction Dercn x| x = Derx is generated by

{du; fn—m<j<n.
Proof. This follows from the definition. O

Note that since we have

(du,); = (03 /0:)55) " - (d,): !

= det((Ou;/0x;): )

adj((Ou; /0:)i ;) - (da; )i
we immediately get the following:
Lemma 5.0.4. Let U := {x € C" | det((0u;/0x;); ;) # 0}. The sheaf Dercn x is generated over U C C™ by
(7) {ui -y, bi<i<n—m,1<j<n—m U{dy, In—m<j<n,
where
(d,); = adj((0u;/0w:)i ;) - (da, )i-

The derivations (7) generate a subsheaf Dercn x of Dercn x over C". Both sheaves coincide over U. Thus

we will replace Dercn x with Dercn x for our computations over U.

Lemma 5.0.5. Let Z be any ideal on C™. Assume the mazimal degree of some generating set of Z is < d,
and the mazimal degree of w; is less than dy. Then the maximal degree of generators of Dercn x(I) is
bounded by di + nds.
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5.0.4. Construction of the coefficient homogenized companion ideal. Recall that in step 2 for the marked
ideal (Z,u), we find the maximal multiplicity i < M(d,n) of the nonmonomial part A (Z), and construct
the companion ideal O(Z), for which we immediately take homogenized coefficient ideal 7 := C(H(O(Z))).
In our situation of the set X C C™ defined by set of parameters {u;}1<i<n—m on the open set U C C" we
will use Dercn x instead of Derx for the definition above. Immediately from the definition, we get a formula
for a bound A(d n, i) on the degrees of generators of the marked ideal C(H(Z,)). Note first that we have
the the following bounds on the multiplicities:

Lemma 5.0.6. u(N'(Z)) =i, w(OI) <p-ji and u(J) < (- i)} < (- M(d, )\
As a Corollary, we obtain:
Lemma 5.0.7. The mazimal degree of generators of J := C(H(O(Z))) is bounded by
A(d,ny 1) = (u-p)nd < (- M(d,n))Ind < (dO("Q))!.
Proof. This follows from Lemma 5.0.5. 0
5.0.5. Restriction to hypersurfaces of maximal contact, and to exceptional divisors. In step 1,

we restrict Z to intersections of the exceptional divisors and maximal contact.

We need to estimate a bound B(d,n, i) for the degree of the maximal contact u € Dercn,xﬂfl(N(I)).
The following is an immediate consequence of Lemma 5.0.5:

Lemma 5.0.8. The mazimal degree of any maximal contact u € Der@L’Xﬁ_l(N(I)) is bounded by

B(d,n,p) := gnd < M(d,n) -nd < do™).
5.0.6. A bound for the number of generators of J. First, we state the basic properties concerning the number
of generators of the ideal in the following lemma:

Lemma 5.0.9. (1) The number of generators of Dercn x(I) is given by (n+ 1)I(Z).
(2) The number of generators of Dercn7xl(Z) is given (n + 1)%(Z).

(3) The number of generators of ' is bounded by I(T)*.
(4) The number of generators of T' = O(Z) can be bounded by Lo(I(Z), 1) := I(T)* + 1.
(5) The number of generators of T = H(Z, 1) can be bounded by Ly (1(T), 1) := p(n + 1) 1(T)*
(6) The number of generators of T' = C(Z, i) can be bounded by Lc(1(Z), 1)) := p(n + D)HI(T)
Proof. Immediate from the definitions. O

By the preceding lemma, we get
I(H(O(1))) < Lu(Lo(U(Z), p), pu - M(d, ),
I(J) =UC(H(OD)))) < Le(Ln(Lo(U(Z), p), - M(d,n)), - M(d,n)).
Thus we get:
Corollary 5.0.10. I(J) < F(d,n, u), where
F(d,n,p) := Le(Ly(Lo(I(Z), ), - M(d,n))), p- M(d,n)).

Remark. The algorithm of [12] does not involve the homogenization step and therefore gives better estimates
for the elementary functions introduced. In particular:

(1) The degree of generators of J is bounded by B(d,n,u) (which improves the bound A(d,n, u), cf.
Lemma 5.0.7).

(2) The number of generators {(J) can be bounded by L¢(Lo(I(Z), 1), - M (d,n)) (which improves the
bound F(d,n, p); cf. Corollary 5.0.10),

However, the above improvements do not affect the overall Grzegorczyk complexity class £73. (See Theorem
6.4.2.)
Summarizing:

Lemma 5.0.11. The effect of passing from I to J = C(H(O(Z))) as in Step 2a/Stepl can be described by
the function
AQG/(T’m? d?”’ l7 q’ ILL) = (T7m7A(d7n’u)7n’ F(d7n7/’L7 l)’q, (M.M(d’ n))!)'
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5.0.7. A bound for the number of maximal contacts and the relevant neighborhoods. We will construct
maximal contacts along with the open neighborhoods for which they are defined. Each maximal contact
u € Der@nﬁxﬂ_l(/\/(l)) that we consider is of the form u = DA~1(g;), where DF~1 = D{* ... D2 is a certain
composition of i — 1 differential operators (7) (i.e., the D; are of the form in (7), and a1 +...+a, = g —1).
Consider all differential operators {DF},.cr, which are certain compositions of i differential operators (7),
and take all the corresponding functions f,; := DF(g;). On the open set U,; = U \ V(f,;), consider the
maximal contact u,; = DF~1(g;), where D=1 = D{' ... D3 is a certain composition of ji — 1 differential
operators (7) obtained from DF = Dll’1 ... D by replacing one of the positive b; with b; — 1 (i.e a; := b; — 1
for some b; > 0 and a; = b; for j #i.)

Lemma 5.0.12. The number of the mazimal contacts u,; € Der(cnyXﬁ_l(N(I)) and at the same time the
number of neighborhoods U; . C U can be bounded by

C(d’ n, /J) . Z(I)a

where [(Z) is the number of generators of T, and
M(d
C(d,n,pn) := ( (d,n) +n> .

n

Proof. The number of the maximal contacts is bounded by (“1")-1(Z) < C(d,n, u)-U(Z), whereC(d, n, p) :=

n

(M(d,:)+n> ) O

Summarizing:

Lemma 5.0.13. The effect of passing from I to J = C(H(O(Z))) and then to Jg, in Step 1a or to Jjv ()
as in the Step 1b can be described by the function

Aq(r,m,d,n,l,q,p) == (r,m—1, A(d,n,u),n, F(d,n,u,1),q-1-C(d,n,p), (- M(d,n))!).

Note that the restriction to the maximal contact does not affect the degree since the function B(d, n, u)
measuring the degree of maximal contact is smaller than A(d,n, u).

Remark. The particular form of the bounds obtained does not strongly influence Theorem 6.4.2; we need
only that the functions belong to the class £3. (See the beginning of the next section.)

6. COMPLEXITY BOUND OF THE RESOLUTION ALGORITHM IN TERMS OF GRZEGORCZYK’S CLASSES

6.1. Language of Grzegorczyk’s classes. The complexity estimate of the desingularization algorithm
which we provide in this section is given in terms of Grzegorczyk’s classes £, 1 > 0 of primitive-recursive
functions [28], [52]. To make the paper self-contained, we provide a definition of £ by induction on [
(informally speaking, ' consists of integer functions Z* — Z! whose construction requires [ nested primitive
recursions).

For the base definition, £ contains constant functions zj, — ¢, functions 3 + x; + ¢ and projections
(z1,...,2n) — x for any variables x4, ..., 2.

The class £ contains linear functions xj — ¢ - zx and (Thy» Thy) > Thy + Ty

The class £2 contains all polynomials with integer coefficients

Let [ > 2. For the inductive step of the definition, assume that functions G(x1, ..., 2, ), H(x1,...,2Zn,y,2) €
&', Then the function F(xy,...,7,,y) defined by the primitive recursion,

(8) F(z1,...,2,,0) = G(x1,...,25),

(9) F(z1,...,xn,y+1)=H(x1,...,Tn,y, F(21,...,Zn,Y)),
belongs to &1,

To complete the definition of £, 1 > 0, take the closure with respect to composition and the following
limited primitive recursion:

Let G(z1,...,2n), H(x1, .., 20, Y, 2),Q(21,...,Tn,y) € E'. Then the function F(z1,...,x,,y) de-
fined by (8),(9) also belongs to £, provided that F(z1,...,2n,y) < Q(T1,...,Zn,y).
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Clearly, &1 o &L

Observe that £3 contains all towers of exponential functions and £* contains all tetration functions [28],
[52].

The union Uj«o&! coincides with the set of all primitive-recursive functions.

6.2. Resolution algorithm as a graph. It is instructive to represent the resolution algorithm in the form
of a tree T as in the following Figure.

M

FIGURE 1.

Each node a of T corresponds to an intermediate object T, = ({Xa.8,Za.8; Fa.8:Ua,8}a,p, M, 1t). Each
node a is labeled either by 1 or 2 depending on whether it corresponds to step 1 or 2 in the description of
the algorithm (see the previous sections). An edge from a node labeled by 1 leads to its child node labeled
by 2 and the edge is labeled in its turn either by 2a or by 2b depending on the step to which it corresponds.
Similarly, an edge from a node labeled by 2 leads to its child node labeled by 1 and is labeled in turn either
by la or by 1b. In the Figure a child node is always located to the right from a node.

The algorithm yields T by recursion starting with its root. Assume that a and T, are already constructed.
The next task of the algorithm is to resolve the object T,. To this end the algorithm first constructs the child
nodes ay,...,a; of a according to the algorithm. The order of producing a1, ..., a; goes from up to down in
the Figure. The algorithm resolves the objects Ty, ,...,T,,_, by recursion on 0 < t < t and in the process
modifies Ty, := T,(0), obtaining the current object T,(t — 1). Then the algorithm yields at, T,,, resolves Ty,
and collects all the blow ups produced while resolving T,, and applies them (with the same centers) to the
current object T, (t — 1); the resulting object we denote by T, (¢). This allows the algorithm to yield a child

node a¢y; and T, ,, following the description from the previous sections.

For the leaves of T there are two possibilities: either a leaf is labeled by 2 or a certain node a labeled by
2 could have a single edge (the lowest in the Figure among the edges originating at a) labeled by 2b which
leads to a child node of a being a leaf corresponding to the monomial case (labeled by M). Note also that if
a is labeled by 1 then the top few edges originating at a are labeled by la and the remaining bottom ones
are labeled by 1b (in the order from up to down in the Figure).
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Observe that the dimension of the varieties X, g corresponding to a drops while passing to any of its
child nodes when « is labeled by 1, and the dimension does not increase when a is labeled by 2. Therefore,
the depth of T' does not exceed 2m.

6.3. Main recursive functions. Now we proceed to the bounds of some recursive functions related to the
ingredients of 7. Set

v = (r,m,d,n,l,q,u) € Z720~
Let 7. be the canonical resolution of 7. For simpilicity of notation, we introduce the following function
defined on ZZ:

T () == (r + R"™ (3),m, D™ (7), N (7), L™ (7), QU™ (v), ) ,
where the subscript r can be interpreted as the subscript in the resolution of 7T, and

(1) RU™(y) is the number of blow-ups needed to resolve the initial marked ideal with data bounded by
(m7 d,n,l,q, /1*)5

(2) DU™)(~) is a function bounding the maximum of the degrees of all the polynomials which represent
T. and all objects constructed along the way (in particular, the centers);

(3) N(™)(5) is a bound for the dimensions of the ambient affine spaces constructed along the way;

(4) L(m)(v) is a bound for the number of polynomials appearing in the description of a single neighbor-
hood U, g on resolving T’

(5) Q™) (y) is the number of neighborhoods in all the auxiliary objects (in particular, the centers)
appearing on resolving 7.

Remark. The functions R(™ (), D™ (), N (v) do not depend on I, q.

6.3.1. Algorithm revisited. Let (Z,u) be a marked ideal on an m-dimensional smooth variety X. Consider
the corresponding object

T = ({Xa,8:Ta.ps Ea,s: Uayp, Ct | « € A, B € B}, )
with the initial data
v = (0,m,d,n,1,q, ).
Our next goal is two-fold. We will give recursive formulas for '™ R(") D) N(m) 1(m) Q(m) and prove
by induction on m these functions belong to Grzegorczyk’s class £™F3. In the base of the induction (i.e.,
for m = 0), the functions
R =1, DO = O(dn), N < 2n, L© <. (dn)°™, Q) < ng

belong to the class £3, as does I'(?).

Now we proceed to the inductive step. Assume that T'(m—1 Rm=1) plm=1) N(m=1) p(m-1) O(m-1)
belong to Grzegorczyk’s class £m12, where m > 1.

If Z = 0, then the resolution is done by the single blow-up at the center C' = X and the object 7™ is
transformed into an object 7'1(m) with X7 = () and data bounded by Bl(v) € £* (see Lemma 4.3.1).

If 7 # 0, then the resolution algorithm can be represented by the following scheme.

Step 2. Resolve (Z,u) on the m-dimensional smooth variety X. Consider the corresponding object
T(™) with initial data v := (0,m,d,n,1,q, i). Let fi denote the maximal order of A(Z) on X. We have the
following estimate for j:

i< M(dn)e &
(cf Lemma 5.0.2).

Step 2a. In this Step we are going to decrease the maximal order of the nonmonomial part N(Z) by
resolving the companion ideal O(Z, p1). In fact we perform an additional modification of O(Z) and construct

the ideal J := C(H(O(Z))). This corresponds to the new object ﬂ(m) with the initial data
73D = Ay, (v) € 3,
(see Lemma 5.0.11).

The object ’Tl(m) will be then resolved and its resolution will cause the maximal order to decrease. The
resolution 7'1(m) is done by performing Step 1.
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Step 1. In this step we resolve 7, i.e., Tl(m). The Step splits into two Steps (1a) and (1b).

Step 1la. Move apart all unions of the intersections HS C C7 of s divisors in F, where s is the maximal
number of divisors in E through points in suppJ = supp(J,u(J)). For any a, resolve all Jjg:. We
construct a new object

2" = ({35 Ja . Bap, Ua s, Ci | 0 € A, B € BY, u(J),
with initial data bounded by
Y1 = Ay(y) € €2
with s <m — 1 (see Lemma 5.0.13).

By the inductive assumption, the resolution of 7'2(5)7 i.e., the sequence 7'2(*S ) of the induced intermediate
objects determined by the blow-ups, requires at most R(mfl)('y(l)) blow ups. The maximal degree of the
polynomials of the centers and the objects 7'2(*S ) describing the resolution does not exceed D(’"_l)(*y(l)). The
dimension 7 of the objects does not exceed N (™1 (1),

Note that the resolution of 7'2(5 ) determines a multiple blow-up 7'1(*m ) of 7'1(m) consisting of R~ (y(1))
blow-ups. We have a direct correspondence between objects 7'1(*7" ), and ’7'2(*8 ). The bound

Lm=U(AL (7)) € £m12,

for the data for the resolution 7'2(3) given by the induction, remains valid for the data for ’7'1(:n ) as we use the

*x )
same centers, the same ambient affine spaces, etc., for these multiple blow-ups. Only the strict transforms of
the current X are different, and this does not affect the bounds for the data. We have additional equations

to describe the current X in 75", as compared to those in 7™,

Step la is performed at most s < m times. Introduce the auxillary unknown ¢t = 0,1,...,m, and the

function ngl) (7, t) which measures the possible effect after performing Step la ¢ times:

TEY (7,0) = Ay (7) € €7,
Pi (1) = T DI (1),
Since the Step la is performed at most m times, its final effect after completing Step la and passing to
Step 1b is measured by the function
() =11 (r,m).
Note that for any fixed value of ¢ = ¢y (in particular, for ¢ = m) the functions I‘Y:) (v,t0), belong to the

class £™*2 due to the inductive hypothesis and Lemma 4.3.1, Corollary 5.0.10. Therefore, Fybn) belongs to
the class £E™12. (We use here the property that Grzegorczyk classes are closed under composition.) After
performing Step la, we have moved apart all strict transforms of E and supp J = supp(J, u(J)).

Step 1b. If the strict transforms of E do not intersect supp J, we resolve 7, i.e., the object ﬂ(m). This
is achieved by resolving Jjv () (by induction), where V(u) is a hypersurface of maximal contact. After

completing Step 1a, the bound (1% is transformed to
A0 = TG () = (100, m, 41, 09,109, 409, (1. (M (d, )
(cf. Lemma 5.0.6).

Passing from J to Jjv(u), we adjoin the equations of maximal contact as well as create new neighborhoods.

This operation has been reflected in the construction of A;(y). By the construction of FgT) (7) and Aq(7),
the degree of the maximal contact does not exceed d('?), while the number of neighborhoods does not exceed
¢ In other words I‘gzl)('y) bounds the initial data for Jjy ()

The resolution process for Jjy () leads eventually to resolution of the object 7'1(m) corresponding to 7,
with the data bounded by

T (y) =TT () = T (y,m+ 1) = (7D,m, dD,n M 1D g (- (M (d, n)))Y),

for the relevant +(1), d™® nM 1M ¢1) Hence the function I‘(lm) belongs to class £™*2 by the inductive
hypothesis and Lemma 4.3.1, Corollary 5.0.10. This completes Step 1.
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The object 7™ corresponding to Z with initial data + is transformed to the new object with the data
bounded by
Fg:)(')’) — (r(l),m,d(l),n(l),l(l)7q(1),ﬂ)
with smaller i — the maximal order of the new N (Z). (Note that 5 < M(d,n)).

This completes Step 2a. This Step 2a is then repeated at most M(d,n) times until the maximal order
drops to zero when we arrived at the monomial case. The final effect of Step 2a is measured then by the
recursive function

5 (1,0) =,
F(m) t 1) = F(m) ]_'\(m) t
2a (77 + ) 2a ( 2a (’Y’ ))
Therefore, the function F(QZL) belongs to class £™3, by the definition of Grzegorczyk classes (see (8),(9)),

and by Lemmas 4.3.1, 5.0.2.

Putting t = M(d, n) gives the final effect after completing all necessary Steps 2a and subsequently passing
to Step 2b:

Py (1) =150 (v, M(d,m);
thereby, the function Fgl?) belongs to class £™13 as well.
The procedure eventually reduces (Z, i) to the monomial marked ideal Z = M(Z).

Step 2b. Resolve the monomial marked ideal Z = M(Z). The marked ideal corresponds to the object
T with data
(r@) i, d2) p(20) 120) (26) )y Fgr;) (7).
The resolution of Z = (x®) consists of blow-ups each of which decreases the multiplicity |z*| < d®*). The
resolution of Z requires at most d(?*) blow-ups. Thus the final solution data can be bounded by the function

T (y) == BITE (7),d®)) € €742,

We summarize the bounds achieved in the following Corollary (recall that the notation can be found in
subsection 4.1.1).

Corollary 6.3.1. When resolving a marked ideal (X,Z,E,u) on X C C" by the Hironaka algorithm, the
degree d, the number [ of the polynomials occurring, the embedding dimension n, the number r of the blow-ups
and the number q of the affine neighborhoods satisfy, for fited m = dim X, the recursive equalities above,
and are majorized by a function

(T7 m, da n, lv q, ,LL) = F(m) (07 m, d07 no, l(]a q0, #) S gm+3a

for the initial values d = dy, n =ng, I =1y, ¢ = qo-

6.4. Complexity of the algorithm. The principal complexity result of the paper is the following assertion.

Theorem 6.4.1. When resolving a marked ideal (X,Z,E,pn) on X C C" by the Hironaka algorithm, its
complexity can be bounded, for fixed m = dim X, by

bO(l) : ‘F(m)(dOanOalOa qmﬂ)a

for a certain function F™ (dy,no,lo, qo, 1) € E™F3.

Proof. Indeed, each step of the algorithm consists of solving a certain subroutine (basically, solving a
linear system) over the coefficients of the current polynomials. Therefore, Corollary 6.3.1 provides a bound
on the number of arithmetic operations with the coefficients of the current polynomials (providing a function
from class £™%3). On the other hand, all the coefficients of the polynomials for the next step are obtained
as results of these arithmetic operations, so the bit sizes of the coefficients and the complexity grow by at
most b - F™) for a function F(™) = G(T™ (0, m, do, no, lo, qo, 1)) € E™T3 with a suitable function G € £3.
The cost of a single arithmetic operation is obviously polynomial.

As a corollary we obtain the following theorem.
Theorem 6.4.2. When either

(1) resolving singularities of X C C™,
or (2) principalizing an ideal sheaf T on a nonsingular X C C™,
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by the Hironaka algorithm, the degree d, the number [ of the polynomials occurring, the embedding dimension
n, the number r of the blow-ups, and the number q of the affine neighborhoods satisfy, for fited m = dim X,
the recursive equalities above and are majorized by a function
(7", m, d7 n, la q, 1) = F(m) (07 m, d07 no, lOa qo0, 1) € gm+37
for the initial values d = do, n =ng, | =1y, ¢ = qo-
The complexity of the algorithm is bounded by
bo(l) : ]:(M) (d07 no, l07 q0, /J‘)u

for a certain function F™ (dy, ng,lo, o, 1) € E™F3.

Remark. In the proof above, we gave a more explicit form of F("™) providing additional information on its
dependance on r,d,n,l,q, u. But the main consequence of the Theorem is that m = dim X provides the
most significant contribution to the complexity bound.

7. APPENDIX. APPLICATIONS TO POSITIVE CHARACTERISTIC.

Define D(m, dg, no,lo, qo, i) , and N(m,dy, ng, lo, go, 1) to be the d— and n— coordinates of
') (0, m, do, no, lo, qo, 1) (in future considerations we drop subscripts in the above presentations).

Observe that we can count maximal order of all occuring ideals in single neighborhoods representing our
data that is: marked ideal (X,Z, FE, 1) embedded into the affine space A™ = C" .

It follows from Lemma 5.0.2 that this order does not exceed
M(D,N) = M(m,d,n,l,u),

where D(m,d,n,l, 1) := D(n,d,n,1,1,1,1, 1) and N(m,d,n,l,pu) := N(n,d,n,l,1,1,1, ) are functions in
(m,d,n,l, ;). By the construction all the functions above are in £"+3.

This gives us some rough control of the algorithm in characteristic p.

We can define M(X,Z, E,pu, A™) := M(m,d,n,l,u), where (X,Z,E,u) is a marked ideal described in
some open subset U of A™ by [ polynomials of degree less than n.

Set M(X,Z, E, i, x) to be the minimum of M (X', 7', F’, p, A”/), over all the affine neighborhoods X’ ¢ X
of z, embedded into possible affine spaces A", Note that X' is locally closed and can be always shrinked
so the data depend only on the stalk of the marked ideal Z at € X. Similarly M(X,Z, E, u,x) is the

minimum of all the M (X', Z', E’, u, '), for which there exists (X",Z",E" pu,x") with étale morphisms
(X", T, E",a") = (X, T, E,x) and (X", T",E",a") — (X', T', E',").

Note that the function M(X,Z, E, u,z) is defined in any characteristic. Moreover
Lemma 7.0.3. The function M(X,T,E,u,x) has the following properties

(1) If X C A™ is a locally closed set of A" described in some open subset U of A™ byl polynomials of
degree less than n, and x € U then M(X,Z,x) < M(d,n,!) B
2) If( X!, T',F',2') = (X,Z,FE,x) is étale then M(X,Z,E,pu,x) = M(X',T' | F', u, ).
(3) The function
M(X,I,E,p) = me%)(({M(X,I,E,mx)}
x
s well defined

(4) Consider the canonical Hironaka resolution of (X,Z,E, u). The multiplicities of occuring marked

ideals do not exceed M(X,T,E, ).

Proof. Follows from definition. We use here also canonicity of Hironaka resolution an the fact that étale
morphisms preserve multiplicities.

O

This implies the following

Theorem 7.0.4. There exists the canonical Hironaka resolution of marked ideals for which

M(X’I7 E7 IJ') < p'
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Proof. The algorithm is the same as in characteristic zero. We just need minor modifications of the basic
results. We replace the hypothesis of characteristic zero with the one that the multiplicity g in the rele-
vant marked ideals is less than characteristic p in Lemmas 2.5.2, 2.6.2, 2.6.3, 2.6.4, 2.8.2, 2.8.3, 2.9.4 with
unchanged proof.

Theorem 6.4.2 is replaced with the following.
Theorem 7.0.5. Assume characteristic of base field is p. For any marked ideal (X,Z,E,u) such that

M(X,Z,E,n) < p there is an associated resolution (X;)o<i<my, called canonical, satisfying the following
conditions:

(1) For any surjective étale morphism ¢ : X' — X the induced sequence (X]) = ¢*(X;) is the canonical
resolution of (X', T', F',p) := ¢*(X,Z, E, ).

(2) For any étale morphism ¢ : M’ — M the induced sequence (X]) = ¢*(X;) is an extension of the
canonical resolution of (X', Z',E' n) := ¢*(X,Z,E, ).

Proof. The proof is the same as before. We apply the same algorithm as in characteristic zero. The
multiplicities of occuring maked ideals do not exceed M (X,Z, E, ) < p. Indeed it suffices to verify this
for a marked ideal in a neighborhood of some point z € X. We can find a marked ideal (X',Z', E’, u)
which is étale equivalent with (X,Z, F, u) at a neighborhood of € X, and such that M(X',Z,E', u) =

M(X'",Z,E'  p,2') = M(X,Z,E, u,z). The algorithm for (X', Z, E’, u, x’) is identical as in characteristic zero
since we won't create marked ideals of the multiplicities greater than p. The algorithm for (X,Z, E, u, z) by
the above modified basic results will create marked ideals with the same multiplicities.

0

0

Remark. Note that the resolution is canonical and it is G-equivariant with respect to the action of any group
G. Thus existence of resolution over algebraically closed field implies the resolution over any perfect field K.
The reasoning is the same as in characteristic zero. Consider the action of the Galois group G := Gal(K/K).

By the above all the centers are G-stable so they are defined over K = K. (see, for instance [53] for details.)

Corollary 7.0.6. Assume base field is perfect of charcteristic p. There exists a function M(d,n,l) :=
M(n,d,n,l,1) € E™*3 (independent of characteristic) such that for all X C A™ described by | polynomials
of degree less than n, for which M(d,n,l) < p there is a canonical resolution of singularities.

Corollary 7.0.7. There is a canonical principlization of ideals T in A™ described by | polynomials of degree
less than n, for which M(d,n,l) < p.
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