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TENSOR RANK: MATCHING POLYNOMIALS AND SCHUR
RINGS

DIMA GRIGORIEV, MIKHAIL MUZYCHUK, AND ILYA PONOMARENKO

ABSTRACT. We study the polynomial equations vanishing on tensors of a given
rank. By means of polarization we reduce them to elements A of the group
algebra Q[Sn x Sp] and describe explicit linear equations on the coefficients
of A to vanish on tensors of a given rank. Further, we reduce the study to the
Schur ring over the group S, X Sy, that arises from the diagonal conjugacy
action of S,,. More closely, we consider elements of Q[Sy,, X Sy] vanishing on
tensor of rank n — 1 and describe them in terms of triples of Young diagrams,
their irreducible characters and nonvanishing of their Kronecker coefficients.
Also, we construct a family of elements in Q[S, X Syn] vanishing on tensors of
rank n — 1 and illustrate our approach by a sharp lower bound on the border
rank of an explicitly produced tensor. Finally, we apply this construction to
prove a lower bound 5n2/4 on the border rank of the matrix multiplication
tensor (being, of course, weaker than the best known one (2 — ¢) - n2, due to
Landsberg, Ottaviani).

1. INTRODUCTION

In this paper we propose an approach to producing equations for tensors of a
given rank with the goal of obtaining lower bounds on the rank. We recall (see e.g.
[22, 25, 4, 12, 13]) that the rank rk(A) of a tensor A € U® V ® W is defined to
be the minimal positive integer 7 such that there exist vectors u(? € U, v() € V,
w® e W,i=1,...,r, for which

A= Z 1w @ 0@ @ w®,

1<i<r

(Throughout this paper we assume that the vector spaces U, V and W are defined
over an algebraically closed field of characteristic zero.) Clearly, the concept of the
rank of a tensor generalizes the one of the matrix rank. But unlike the matrix rank
the tensor rank is not semicontinuous. That is why one studies the border rank
rk(A) being the maximal semicontinuous function for which rk(A) < rk(A).

The tensor rank equals the multiplicative complexity of computing a family of
bilinear forms [22]. One of the main inspiring problems in this context is to estimate
the multiplicative complexity of n X n matrix multiplication, that is equal to the
rank rk(M,,) of the structure tensor M,, of the algebra of n x n matrices. The best
known bounds are

2.5-n% — 3n < rk(M,,) < O(n*38),

we refer to [25, 4, 12, 13] for the development and the history of the upper bound,
and to [2] for the lower bound. In [19] it was established a lower bound on the
border rank rk(M,) > 3n?/2 + n/2 — 1. In [17] the best known current bound
rk(M,,) > (2 — €) - n? for any € > 0 was proved.
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2 DIMA GRIGORIEV, MIKHAIL MUZYCHUK, AND ILYA PONOMARENKO

Thus, the gap between the upper and lower bounds is big. One of its reasons is
the lack of explicit equations on the variety 7, C U @ V @ W of the tensors with
the border rank less or equal to r. There are several approaches in this direction.

Strassen in [23] has constructed explicit equations on the variety 7, for certain
r’s in the case dim(U) = 3 and dim (V') = dim(W) = n. This result was extended in
[15] to more general tensors of order more than 3. Another approach is based on the
general idea of "embedding” tensors into appropriate matrices (called flattenings)
and estimating the rank of these matrices [16, 14, 7, 17]. A study of the closures
of the GL(U) x GL(V) x GL(W)-orbits of tensors was proposed first in [24] being
developed further in [5], the recent progress in [6] has allowed one to obtain a bound
close to [19], relying on this study.

A similar problem of estimating the rank for the symmetric product (rather than
the tensor product) was studied e.g. in [18] (see also the numerous references in the
latter paper); earlier a method to obtain lower bound for the rank in this situation
was suggested in [8]. We mention also a topological approach that was proposed
in [9] for a related problem on lower bounds for the complexity of polynomials.

Let us briefly discuss the contents of our paper. In Section 2 we establish a
reduction from general polynomials on tensors A = (A;;x) to the matching poly-
nomials which are homogeneous, and polylinear in a strong sense: the indices of
variables X;j; occuring in any given monomial form a 3-dimensional matching

(1) {G7,i9,i": i=1,...,n}

where n is the degree of the matching polynomial, and f,g,h € S, are permuta-
tions depending on the monomial. One can treat such a matching polynomial on
n X n X n tensors, which vanishes on the rank n — 1 tensors, as a 3-dimensional
analogue of the customary determinant (or more generally, a 3-dimensional sub-
determinant vanishing on tensors of fixed rank r < n). Our reduction is a special
polarization which preserves the property ”to vanish on 7,.” . Subsequently, having
a 3-dimensional determinant D one can pass to a polynomial vanishing on 7, for
tensors of a smaller size n; X ng X n3 (n1,n2,n3 < n) by means of depolarization
just identifying suitable variables of D. Since the polarization and the depolariza-
tion are transformation being inverse to each other, one may reduce the study of
equations on 7, to matching polynomials.

In its turn the 3-dimensional matchings (1) are in 1-1 correspondence with the
elements (f~1g, f~'h) of the group S,, x S,,. This enables us to identify a matching
polynomial with an element of the group algebra Q[S, x S,]. In Section 3 we
describe explicitly (linear) equations on the coefficients of an element of this algebra
that corresponds to a 3-dimensional (sub)determinant vanishing on tensors of rank
at most 7. Since these equations, and thereby, their space of solutions

Vn,n—r - Q[Sn X Sn]a

are invariant under the (diagonal) conjugacy action of S, the space V,, n_, is
generated as a right ideal in Q[S, x S,] by the intersection V;, ,—, N A where
A C Q[S,, x S;] is the Schur ring of this action (see Section 4). Moreover,

Vn’nfr n .A = @ Vn,nfr N ATK‘
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where the direct sum ranges over the irreducible representations of A. Furthermore,
in Section 4 we describe the latter representations in terms of triples of Young
diagrams and nonvanishing of their Kronecker coefficients. Finally, in this section
we provide the conditions (in terms of the Young diagrams) when the depolarization
does not vanish identically.

In Section 5 we study more closely the case of the rank of n X n x n tensors
equal n — 1, and give an explicit criterion for a matching polynomial to be a 3-
dimensional determinant; this criterion is expressed in terms of the triples of Young
diagrams. Also in this section we show that, unfortunately, if a depolarization of
3-dimensional determinant does not vanish on n; X ng X ng tensors, then n; > n/3
for some ¢ € {1,2,3}. This implies that in order to obtain nonlinear lower bound
on the tensor rank one should consider elements of V,, ,,_, with » < n —1 (perhaps,
with the rank r significantly less than n — 1).

Finally, in Section 5 we construct a particular family of elements in V;, ,_; which
we apply in Section 6 to yield a (2m + 1) x (2m+ 1) x (2m + 1) tensor A such that
rk(A) = rk(A) = 3m. Also as an illustration of our approach we apply in Section 6
the latter construction to get a bound rk(M,,) > 5n?/4 (being, of course, weaker
than the best known bound from [19]).

Notations.

For positive integers m < n we set [m,n] = {m,m+1,...,n} and [n] = [1,n].

Given a right action of a group G on a set 2, we write w? for an image of w €
under an action of g € G.

The set of all (resp. r-class) partitions of [n] is denoted by A(n) (resp. A(n,r)).
For the sake of convenience we agree that partitions can contain empty subsets
(in particular, r can be greater than n). In other words, a partition A € A(n,r)
is treated as a map A : [n] — [r]. To make our notation consistent, we write z
instead of A(z).

The Young diagram of A € A(n) is denoted by [A]. Clearly, empty subsets from
a partition do not influence on the Young diagram. The set of all Young diagrams
with n nodes is denoted by A(n). The Young subgroup of a partition A € A(n) is
denoted by Sy. Notice that Sy = {g € S, | gA = A}

Given a group G and a set H C G the sum ) ,_, h in the group algebra
QG = QG is denoted by H. If H is a subgroup of G, then ﬁﬂ is an idempotent
of the group algebra QG denoted by epy. Recall that H < G means that H is a
subgroup of G. The product of two elements x,y € QG is written either as xy or
2 - y. The identity of a group G is denoted by 1.

Inside a group G = S? we fix two subgroups: D = {(d,d,d)|d € S,} and
S ={(1,92,93) | g2, 93 € Sp}. Notice that S is normal in G and G = S x D. The
subgroup S is isomorphic to S2 and we denote by ¢ : S2 — S the natural embedding

L((92,g3)) = (1792793)' ) )
Given three elements z' = > ges, Tgd of a group algebra QS,,, we denote by

1 2 3 1.2 .3 3
! ® 2* ® x° the element Zglesmg2esmg3esnxglxm;v%(gl,gg,gg)EQSn.

For a set S the algebra of all rational S' x S-matrices is denoted by Matgs(Q), or
Mat,, (Q) if S = [n].
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2. TENSOR RANK, POLARIZATION AND MATCHING POLYNOMIALS

We observe that the variety 7, (see Section 1) is defined over the field Q. There-
fore it suffices to look for polynomials which vanish on 7, with rational coefficients.
Thus throughout the paper we assume that all the polynomials have rational coef-
ficients.

Let P(n1,na,n3) be the set of all homogeneous polynomials P(X) on nj X ng X
n3 tensors; here X = {Xijr}icini],je[ns]kens] denotes the set of variables. Our
goal is to find those polynomials P(X) for which P(A) = 0 for all ny X ny x ng
tensors A of rank at most r. The linear space of all these polynomials is denoted
by P,(n1,n2,n3). The key point of our approach to look for elements of this space
is the concept of a matching polynomial introduced below.

Given an arbitrary triple g = (g1, g2, g3) of functions g; : [n] — [n;],i =1,2,3 we
define

(2) My(X) = ] Xior o ins
=1

In the case when all g;’s are permutations of [n] we call the above product a matching
monomial. Notice that different triples may define the same monomial. More
precisely, we have the following

Lemma 2.1. Given two triples g = (g1, g2,93) and (hi, ha, hs) of functions, g;, h; :
[n] — [n;], two monomials My(X) and My(X) are equal if and only if there exists
a permutation f € S, such that fg; = h;,i=1,2,3.

Proof. The ”if” direction is trivial. Assume now that My(X) = My(X). Then
the multisets {(i91,492,792)|i € [n]} and {(i"1,i"2,i")|i € [n]} are equal, that is
there exists a bijection between the triples hereby producing the required f € S, .m

It follows from the above statement that matching monomials are in one-to-one
correspondence with the triples g = (1,92, 93), g2, g3 € Sn:

n
(3) Mg(X) = HXz' 192 393 5
i=1

In what follows we will also abbreviate M, (4)(X) as My(X) where g € S2. We say
that P(X) € P(n,n,n) is a (3-dimensional) matching polynomial if it is a linear
combination of matching monomials The linear space of matching polynomials is
denoted by M(n).

Given a monomial M (X) =, XZ”,;'”“ € P(n1,ne,n3), define u € Z™ | v € 72
and w € Z™3 as follows u, = ij Migjks Vs = Yz Misks Ws = Zij m;js. The triple
(u,v,w) € Z™ x Z" x 7™ will be called the multidegree of M(X). Notice that
we always have that >, u; = > ;v; = -, wi (it is the degree of M(X)).The
sum of all monomials of a polynomial P(X) € P(n1,ne,ns) that have the same
multidegree is called a multihomogeneous component of P(X). The polynomial
P(X) € P(n1,na,n3) is multihomogeneous if it has exactly one multihomogeneous
component, (u,v,w); the polynomial P(X) is also called N-uniform where N =

Zi Uj.
Polarization. Given an N-uniform polynomial P(X) € P(ny,n2,n3) one can
construct a matching polynomial belonging to M(N) by means of its polarization.
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Since the polarization is a linear operator it suffices to define it on a monomial
M(X) = Hz’jky X;n/?k € P(n17n27n3)'

Consider three partitions u € A(N,n1), v € A(N,na), k € A(N,n3) with the
cardinalities of their classes u, v, w, respectively. Rewrite M (X) as a product (in
an arbitrary order) of N variables X;;; repeating the latter m;;; times. Replace
in this product u; occurances of subscript ¢ by different elements of i-th class of
p (in an arbitrary way); similar for v; occurances of j and v; and for wy and
K, respectively. The resulting matching monomial denote by M € M(N). The
polarization of M (X) is defined as

(4)

1 _
Z M917927g3 EM(N)

. 1. I
Hlﬁiﬁ”l i Hlfjﬁ”? vir Hlfkf% Wk €Sy, 92€5,, g5E€S

Example. The polarization of monomial X517 X121 X112 equals
%(Xz11X123X332+X211X323X132+X231X123X312+X231X323X112+X213X121X332+
X213 X321 X132 + X233X121 X312 + X233 X321 X112)

Lemma 2.2. Let P(X) € P,.(n1,ne,n3). Then

(1) each multihomogeneous component of P(X) belongs to Pr(ni,ne,n3),
(2) if P(X) is N-uniform, then the polarization of P(X) belongs to P.(N, N, N).

)

Proof. To prove statement (1) take nj + nz + n3 new variables 522 with s, € [n4]

and v € [3]. Let us consider
P(..., Xijr = Xy 551)552)52:3)’ ce)e

as a polynomial in these variables. The coefficient of this polynomial at the
monomial M = [[, . (sgﬁ))d(su’“) coincides with the multihomogeneous compo-
nent of P(X), the multidegree of which is (..., d(sy,u),...) where d(s,,u) is the
degree of the variable egz) in M. Now, since P(X) € P.(n1,n2,n3), the above co-
efficient at M is equal to zero. This implies that the multihomogeneous component
of P(X) that contains M, vanishes at any n; X ny x ng tensor of rank < r. Thus
each multihomogeneous component of a polynomial P(X) belongs to P,.(n1,na, n3).

To prove statement (2) denote by Q(Y) € M(N) the polarization of P(X)
(see (4)). Thus, P(X) is defined on ny X ng X n3 tensors for some integers nq, na, N3,
while Q(Y) is defined on N x N x N tensors.

Take any N x N x N tensor A of rank < r. Then there exist N-dimensional
vectors X Y 7z 1 <4 < such that

T
(5) Anpy = 3 XV5" 280
u=1
for all «, 3,7. Denote by p1, ..., fin, C [IV] the classes of partition u, respectively
by v1,...,Vn, C [IV] the classes of partition v, and by K1, ..., kn, C [IV] the classes
of partition k (see (4)).

For non-empty subsets I;y C p1,...,1,, € pun, denote by X (1, .. H1h) a
vector of dimension n; with i-th coordinate equal Zaeli Xé“), 1<i<n;. Ina
similar way, for non-empty subsets J; C v1, ..., J,, C v,, we define ne-dimensional
vector YW (Jy, ..., J,,), and for non-empty subsets K; C 1,...,Kn, C kpn, we
define ns-dimensional vector Z(“)(Kl, ..., Ky,). Consider n; X ngy X n3 tensor
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A(Il,...,Inl;Jl,...,JnQ;Kl,...7Kn3)ZZ
Mcuc, X (I, 1y ) @YW (o Jy) @ Z09(Ky, ., Koy) (cf. (5)). Then

1
(6) Q(A):H 0 0 I
1<i<ng Wit Hli<icn, Uit Ha<k<n, Wh
E P(A(Ih...,Inl;Jl,...,an;Kl,...,Kng))
1;Cpi,1<i<ng; JjCrjy,1<5<n2; Ky Cry,1<k<ns
where the summation ranges over non-empty subsets I, ..., In,;J1, .., Iy K1, oo, K

Since obviously rk(A(I1, ..., Iny; J1y ooy Jng; K1y o ooy Kpy)) < rfor all subsets Iy, ..., I, ;
Jiye ooy Ing; K1, ..oy Ky and P(X) € Pr(n1, ng, ng) the right-hand side of (6) van-
ishes, thus we are done. .

Depolarization. Given three functions A; : [N] — [n;],7 = 1,2,3, one obtains
an algebra epimorphism called (A1, A2, A3)-contraction, from C[Xjxlic[n],je[N],keN]
onto (C[}/ijk]ie[nl],je[ng],ke[ng] via (Xijk))‘l’AQ A3 = )/i/\lj/\gk/\;,. The image of a poly-
nomial P(X) € M(N) will be denoted as P*A2:23(Y). Thus, P* 22 (Y) €
P(ni,n2,n3).

Lemma 2.3. Let g = (g1,92,93),h = (h1,ha,h3) € S be arbitrary elements.
Then
(My(X)) M 222 = (M, (X))M*2% <= DgSy = DhS,,

where Sy = Sy, X Sx, X Sh;-

Proof. It follows from

(M(91,92793)(X)))\17)\2 A= M(91>\1792>\2,93/\3)(X)7
(M{(hy hg hay (X))A2225 = Mgy, 3, horg,hara) (X)
and Lemma 2.1 that the proclaimed equality holds if and only if there exists d € Sy
such that dg;\; = h;\; holds for each ¢ = 1,2, 3. This is equivalent to hi_ldgi € Sh,-
Now the claim follows. .

Lemma 2.4. In the above notations P € P.(N, N, N) = P>*2:% € P (ny,ny,n3).
Proof. Given an n; X ny X n3 tensor A set
(A>\17)\27)\3)i,j,k = Ai*l,j*%k}\av iaj7 ke [N]

Then A*1:*2:23 is an N x N x N tensor, and it is easily seen that rk(A) = rk(A*:A2:A3),
It follows immediately from the definition of a (A1, Az, A3)-contraction that

PAriA2;A3 (A) _ P(AMJ\zJ\s)
and we are done. "

For any multihomogeneous polynomial P(X) the result of its polarization with
a subsequent depolarization such that partitions u = {A\7(1),...,A\[ (n)}; v =
DT, A () k= A3 (1), ..., A3 (n3)} coincides with P(X) since the
depolarization of each term from the sum (4) coincides with M (X). Therefore, any
multihomogeneous polynomial from P,.(n,ns2,n3) can be obtained as the depolar-
ization of a certain matching polynomial from P,.(N, N, N) where N is the degree

of the polynomial due to statement (2) of Lemma 2.2.
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3. A REDUCTION TO THE GROUP ALGEBRA OF S, X S,

Throughout the section we fix a number d € [n]. Under a defect d cubic deter-
minant we mean any matching polynomial belonging the set P,_4(n,n,n). This
name is justified since such a polynomial vanishes at any tensor of the rank less or
equal to n — d (generalizing polynomials in matrices). A transition from M(n) to
the group algebra QS2 is provided by the linear space isomorphism

F, : M(n) — QS2, Z a(g)My — Z a(g)g.

geS?2 geS2

The vector space M(n) has a natural structure of a QS3-module via the action of
S2 on matching monomials defined by (M;(X))? = M,,(X). Writing a matching
monomial in a reduced form M, s € S we obtain

M(91,92,93)(X) _ M(

(1,82,83)

(X)=M

91,5292,5393) (1,g;152g2,g;153g3)(X)'

Thus the action of S2 on matching monomials is equivalent to the action of S3 on
Sy % S, definied by the formula

(7) (52,53)(5’1792’93) — (9;18292’9;15393).

Thus the permutation module arising from this action is isomorphic to M(n) and
the subspace V,,.4 = F,(Pp_a(n,n,n)) C QS? is a QS3-submodule.

The action (7) is faithful and transitive. The normal subgroup S of S3 acts
regularly on S2 and can be identfied with the right regular action of S2. The point
stabilizer of (1,1) coincides with the diagonal subgroup D < S2. Thus S2 = S x D
and each element g € S3 has a unique decomposition into a product g = ds with
d € D and s € S. Using this decompsition one can describe the above action (7)
by the formula

(8) L(x?) = 6~ 1(x)ds, where y € QS2.

The module corresponding to the action (7) is isomorphic (as a QS2-module) to
the right ideal generated by D (because D is a point stabilizer of the action). A
direct check shows that the linear map ® defined by the formula

®(D(91,92,93) = (91 92,91 '93)

is an isomorphism between two QS2-modules: D - (QS2) and QS2 = M(n). Since
G = S x D, each element of the ideal D - (QS2) has a unique presentation as a
product Di(x) with x € QS2. This yields the following formula

@(De(x) - g) = x7.

For each g € S,, we define A1(g) = (9,9),A2(9) = (9,1),As(g) = (1, g). Notice
that each A; : QS,, — Q(S,, x Sy) is an algebra monomorphism. The importance
of these monomorphisms follows from the following identity

®(z(g1,92,93)) = A1(g7 ) ®(2)A2(g2)As(g3), = € D - QG.

This identity implies that for any * € D - QG and arbitrary triple of elements
a,b,c € QS, it holds that

(9) Oz (a®b®c)) = Ar(a”")P(2)Aa(b) As(c).
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Lemma 3.1. Let x € QS and P(X) = F, ' (x) = 3 cs2 X(9)My(X). Then P is
a cubic determinant of defect d if and only if x is a solution of the following system

of linear equations:
(10) S3-x=0, AeAn,r)
where SizS)\ X Sy andr =n—d.

Proof. To prove the sufficiency suppose that y is a solution of system (10). Take
an n xn x n tensor A of rank < r. Then there exist n-vectors X (), V() and Z®),
u=1,...,r, such that

Agr =Y XMV Iz ik e n).
u=1
Without loss of generality we can assume that the elements of the vectors X (#), Y (w)
and Z are independent pairwise commuting variables. Then P(A) is a polynomial
on these variables, and for any monomial M,(X), g € S2, of the polynomial P(X)
we have (see (3)):

My(4) = TT(3- Xyl zi).
v=1 wu=1
This implies that any monomial of the polynomial My(A), and hence any monomial
of the polynomial P(A), is uniquely determined by a map 6 : [n] — [r], in terms of
which this monomial can be written as follows:

M(g.0) = T] XDy 00 700,
v=1

Though not all of these monomials are distinct, we have
(11) P(A) = > x@My(X)=>_ > x(9)M(g,6)

gesy gES? 0:[n]—Ir]
where x(g) is the coefficient of x at g. For any two functions 8, i1 : [n] — [r] the prod-
ucts [[, X0, IL, X! are equal if and only if @ = p. Therefore two monomials
M(g,6) and M(g',0’) are equal if and only if § = 6', g '0 = gfl@’,ggw = g’2719'.
This shows that

M(g,0) = M(¢',0) <= ¢ € S3g.
where ) is the partition of [n] with 7/ < r non-empty classes 871(i), i € [r].

Thus given a right S3-coset C' in the group S2, the monomial M (g, #) does not
depend on g € C; we denote it by M(C, ). Then by (11) we obtain that

P(A) =" > > x@MCN = > | D xlg) | M(CN)

AeEN, CeC) geC AEA,. CeC \geCl

where C) is the set of all S3-cosets in S2, and A, is the set of all partitions of [n]
into at most r classes. Thus P is of defect d if and only if for any x the following
condition holds:

(12) VAEA, VC eCy Y x(g) =0.

gel
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In its turn, (12) is equivalent to the following one
YAEA, S3-x=0.
Therefore to finish the proof it remains to show that
(13) YAEA, S3-x=0 < VYreAn,r) S3 x=0.

One direction follows immediately from the inclusion A(n,r) C A,. To prove the
other direction pick an arbitrary A € A,. There exists a refinement p € A(n,r) of
A. Then 57 < 5%, implying S3 ~§i = kS3 with k = |S,|?. Now we obtain

S8 ox=0=5%5-9% x=0=kS5 x=0= 53 -x=0.
| |

Lemma 3.1 shows that V,, 4 coincides with the solutions of the linear system
defined by (10). Clearly that V;, 4 set is a right ideal of the group algebra QsS2.
Lemma 3.2 below enables us to reduce the system (10) to a single linear equation
by means of the element

(14) (=Cua= >, Si

AeA(n,n—d)
For every partititon A € A(n) and a permutation g € S,,, it holds that g~ 1S\g =
Sg-1x. This implies

(9.9 g 9)= > Siay=¢

AEA(n,n—d)

Therefore the coefficients of ¢ are constant on the orbits of the coordinatewise
conjugacy action of S, on S2.

To compute the element (, 1, we note that every partition A € A(n,n — 1) has
exactly one class of size 2 and n — 2 singleton classes. Therefore 5/2\ is a Klein group
whose non-identity elements are (¢,t), (1,,t) and (¢,1,) for some transposition
t € S, where 1, is the identity permutation in S,,. It follows that

(15) Cn,l = (Z)ln +Q1 +Q2 +Q3

where C1 = Diag(T x T), Co = {1,,} x T and C3 = T x {1,,} with T' = T,, being
the set of transpositions in S,,.

Lemma 3.2. In the above notations V,, 4 = {x € QS2: (-x = 0}.

Proof. Clearly, ¢ - x = 0 for all x € V,, 4. Conversely, let x € QS? be such that
¢-x = 0. We have to verify that S3 - x = 0 for all A\ € A(n,r) where r = n — d.
However,

(16) C-x=0= (C-x,x)=0 = > (83-xx =0
AEA(n,r)

where (-,-) is the standard scalar product in QS2. Since Sf\ is a subgroup of S2,
the quadratic form <§§ X, X) s positive semidefinite. Hence the right-hand side
equation in (16) implies that (S5 - x,x) = 0, and hence S3-x = 0 for all A € A(n, 7).
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We complete the section by giving a necessary and sufficient condition for a
matching polynomial to have a nonzero contraction in terms of the Young subgroups
of the corresponding partitions. For an element y € QS? set

X/\l’/\z’/\3 =A1(8y,) - x-A2(8,y,) A3(§A3)'

This element will be called the (A1, A, A3)-contraction of x.
Lemma 3.3. Let P € M(n), x = F.(P) and A1, 2, 3 € A,,. Then for Sy =
Sy, X Sx, X Sy, we have

prAzds £ = Dou(x) Sy #£ 0= ML
Proof. It is enough to prove the first equivalence, since the second one follows
from (9):
‘P(Q'L(X)'i) = Al(ﬁ,\l)'@(Q'L(X))‘A2(§A2)'A3(§A3) = A1(§A1)'X'A2(§,\2)'A3(§,\3)~
By the definition of the mapping F,, we have

P(X) =Y x(9)My(X) = > x(9)M,)(X) =
g€S2 geS2

P(X)A1222) =3 "5 (171 (g)) My (X)Pr A2 ),
ges
By Lemma 2.1 My(X)PAvA248) = M, (X)AvA2As) iff DgSy = DhSy. Thus the

monomial Mj,(X)*1:*2:23) does not depend on a choice of h in the double coset
C = DgS,. Denoting this monomial by Mc(Y) we can write!

P(X)Ad2ds) = " > X)) | Mc(Y).
CeD\S/Sx \gelns
Let ¢4, g € S2 denote the number of pairs (d, h) € D x S satisfying dgh = g. Notice

D||S D||S
that ¢, = ¢y for any ¢’ € DgS,, and, ¢y = IID!Sill' Thus D -g- S\ = IID‘g‘SilngS/\

implying

D)5 =D [ S g | -si= 3 BB S g ) e

| ‘ geCns

geS CeD\S/Sx
Now it follows from %CS"*‘ > 0 that both expressions P(X)*1:X243) and D-u(x)- Sy
are nonzero simultenously. =

4. A DECOMPOSITION OF THE CUBIC DETERMINANT SPACE VIA A SCHUR RING
Throughout this section we fix positive integers n and d € [n], and set V =V, 4.

The ideal D - QG is generated by an idempotent ep = ﬁQ. Therefore, its
ring of endomorphisms coincides with ep(QG)ep. In order to describe the image
®(ep(QG)ep) inside QS2 we introduce the vector space A spanned by the sim-
ple quantities s”,s = (s2,83) € S2. Recall that s? = {s?|d € D} and by (8)
(52,83)(999) = (g7 599, g 's3¢9). Notice that the diagonal subgroup D acts on S2
as an automorphism group and A = {x € QS? |V4ep x¢ = x}. In other words, A

IBelow D\S/S) stands for the set of double cosets DsSy,s € S.
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is a D-fixed point subalgebra of QS2. This algebra is also a Schur ring (see [26,
Chapter IV]) which arises from the action of QS2 on S2.

Lemma 4.1. A = ®(ep(QS2)ep) and & = |D|® is an algebra isomorphism be-
tween ep(QS2)ep and A.

Proof. We can replace ep(QS2)ep by D(QG)D, because those subspaces are equal.
Pick an arbitrary s € S2. Then

®(Du(s)D) = Z O(De(s)d) = Z stec A

deD deD

implying A = ®(D(QG)D) (recall that the elements Di(s)(D), s € S2 span D(QG)D).

To prove that ® is an isomorphism it is sufficient to show that

B(zy) = D(z)D(y)

holds for any pair x,y of the form x = Di(s)D,y = Du(t)D where s,t € S2. First
we notice that for any r € S2 it holds that

Du(r)D =D (Z d%md) =D (Z M)) = |Cp(r)|- D 1(r?),
deD deD

where Cp(r) = {d € D|r® = r}. Thus ®(z) = |D||Cp(s)|s? and D(y) =

|D||Cp(t)|tP. Now we have

&(xy) = |D|((De(s)D)(De(t)D)) = |D|*®(Du(s)De(t) D) =

[DI?|Cp (1) @(De(s)Du(t2)) = [DP|Cp()|ICp ()| @(De(s2)(t2)) =
= [DP|Cp(1)[|Cp(s)|@(De(s” - t2)) = DI |Co()I|Cp(s)ls” - 12 = @ () D (y)

The statement below gives a characterization of QS2-submodules of QS2.

Lemma 4.2. A vector subspace W C QS2 is a QS3-submodule iff it is a D-
invariant right ideal of the group algebra QS2.

Proof. follows immediately from (7). .

Since V is a QS? submodule of QS2, it is a D-invariant right ideal of the group
algebra QS2.

Since QS2 is a semisimple module of QS?, the submodule V is a direct sum
of irreducible ones. In order to study irreducible components of QS2? we will use
the algebra .A. Denote by Irr(A) the set of all Q-irreducible characters of A. As
we will see below (Lemma 4.4) these characters are absolutely irreducible. By the
Wedderburn theorem this implies that

welrr(A)

where Ay is a simple algebra isomorphic to Mat,, (Q) with n, = m(lsz2). The
following statement shows how the space of cubic determinants of defect d can be
constructed from spaces V N A, where V =1V, 4.
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Lemma 4.3. Let W C QS2 be a QS2-submodule. Then the linear space W is
generated (as a right ideal of the algebra QS? ) by the linear space W N.A. Moreover,

(18) WnA= P WnA,.
welrr(A)

Proof. Since QS? is a semisimple algebra, every QS2-module is a direct sum of
the irreducible ones. Thus it is enough to prove the statement for irreducible
submodules. Let now assume that W is irreducible (minimal) submodule of QS2.
Applying module isomorphism ®~! we obtain that J = ®~1(W) is a minimal right
ideal of R = QS2 contained in ep R. It follows from semisimplicity of R that J = eR
for some idempotent e € R. The inclusion ep R 2 eR implies epe = e. An element
eep is non-zero, because eepe = e # 0. Now, by minimality of J = eR, we obtain
eepR = eR. Together with eep € (epRep N J) this implies (epRep N J)R = J.
In other words, the set epRep N J generate J as ideal. Applying now ® to both
sides, we conclude that ®(epRep) NW = AN W generate W as a QS3-module,
that is W = Span{(ANW)9|g € S2}. Now it follows from (ANW)P = AN W
that W = (AN W)(QS2). To prove the second statement we note that W N A is a
right A-ideal. Therefore (18) immediately follows from (17). .

Given a character m € Irr(A) denote by e, the central primitive idempotent?
of the algebra A that corresponds to w. Then A, = e, - A. Therefore to study
the linear space V N A, we find the explicit expression for the idempotent e, in
terms of the irreducible characters of the group .S,,. For this purpose let us fix some
notations. First, given p € lrr(S,,) we denote by e, the central primitive idempotent
of the algebra QS,, that corresponds to p.?> The rationality of p implies that

(19) e, = PAln). > p9)g-

gESn

Second, given any two irreducible characters u, v € Irr(S;,) we have p-v = Zp kf, ,p
where p runs over the set Irr(S,) and &/, , is a nonnegative integer called the Kro-
necker coefficient [3].

Lemma 4.4. Given a character m € lrr(A) there exist uniquely determined char-
acters p, i, v € lrr(Sy,) such that kf, , # 0 and ex = e, ., where

(20) epuw = D1(ep) - Aa(en) - As(ey).

Proof. By Lemma 4.1 e, = ®(f) for some central idempotent f € ep(QG)ep. Pick
a primitive central idempotent g of the algebra (1 —ep)(QS2)(1 —ep). Then f+g
is a primitive central idempotent of QS3 and f = (f + g)ep. Since each primitive
central idempotent of QS? has a form e, for some 7' € Irr(S3), we conclude that
f = €eperr.

Notice that eper # 0 if and only if >° _,7'(g) # 0. Each irreducible char-
acter 7' of QS? is a tensor product of irreducible characters p, u, v of S,, that is

2Recall that a central idempotent is called primitive if it cannot be decomposed into anorthog-
onal sum central idempotents.

3Here and below we are working in the algebra QS,,, because the irreducible representations
of Sy, over Q are absolutely irreducible.
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7' ((91,92,93)) = p(91)1(g2)v(gs) and er = e, ® e, R e,. Therefore eper # 0 if

and only if
07 Y ((dd.d) =) pld)u(d)r(d) =nlsf,.
des, d€Sn
Thus e, = :IS(eD(ep Re,®ey)) =A1(e,)Az(en)As(ey). .

Let us consider the contraction of a cubic determinants (see Section 2 and
Lemma 3.3). For this purpose denote by A, the Young diagram corresponding
a character p € Irr(Sy,), and for a partition A € A(n) by 7 the permutation char-
acter of the group 5,, acting on the right cosets of Sy by multiplications. Then by
[11, Corollary 2.2.22] we have

(21) (T, p) #0 = A, [\

where > denotes the partial order on A(n) in which A &> p (A dominates p) if and
only if for all ¢ the inequality E 1A > ZJ 1 p; holds.

Lemma 4.5. Given p, A\, € Irr(S,) and A1, A2, A3 € A(n) set e =e, ., and set
A, = {)\Z € A(n) : [)\1] = Ai}, i =1,2,3. Then
(1) if A B X, or Ao B A, or Az Ay, then xi22xs = 0 for all x € eQS?
and all \; € A;,
(2) if A1 > A, and Ay > X, and Az > X, and kf, , # 0, then er1222s 0 for
some \; € A;.

Proof. To prove statement (1) suppose that X; B2 X, or Ao B2 A, or Az B2 A,.
Then by (21) for any partitions A; € Ay, A2 € Ay and A3 € A3 we have
(Ta,p) =0 or (ma,,p) =0 or (m,,v)=0.

On the other hand, the idempotents of the algebra QS,, corresponding the permu-
tation characters my,, my, and my, coincide up to multiple 1/a, where a, = |S),],
with the elements S, , S,, and S,  respectively. Thus one of the elements S, -e,,
S, “eu> Sy, - € is equal to 0. Therefore due to (20) for any g € S2 we obtain that

(e-g)hrzrs = Ar(Sh,ep) - Aa(fg1) - Sxzen) - Aslfg2} - Sxsen) =0

(here we used the facts that the elements As(X) and A3(Y') commute each to other
for all X,Y € QS,, and that the elements e,, e, and e, belong to the center of the
algebra QS,,). Now, statement (1) follows from Lemma 3.3.

To prove statement (2) suppose that Ay > A, and Ay > A, and A3 > X,. Then
again as above from (21) it follows that

E Sy cep=a, ey, E Sre s €y =0y "€y, g Sxg €y = a,
A3

# 0 by Lemma 4.4 we have

where )\ runs over all the partltlons in A;. Since k}, ,

0#alensns =3 Ar(Sy, - 0)- Y AalSh - e) - Y0 AalSh, -e0).
A1 A2 Az
Since any element of the form A1 (Sy, -e,)-Aa(Sy,-€,) Az(Sy;-€,) is an idempotent

in QS2, at least one of them is not zero, and we are done. .

It is easily seen that any (A1, A2, Ag)-contraction of the element e, , , is a nonneg-
ative multiple of an idempotent of the algebra QS2. Therefore under the condition
of statement (2) of Lemma 4.5 the sum of all (A1, A2, Az)-contractions of e, , is
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not zero. Thus, summing up the results from Lemmas 4.3, 4.4 and 4.5 we come to
the following statement.

Theorem 4.6. The linear space V,, 4 is generated as a right ideal of the algebra
QS2 by the sets

Vouw ={X € Ap vt Cud - €ppuw X =0}

where p, i, v run over the set Irr(S,) with kf, , # 0. In particular, V, .., = Ay 0 if
and only if e, . € Vi a. In the latter case the sum of all (A1, A2, Az)-contractions
of the element e, ., is not zero whenever the partitions A1, Ao and A3 have the
same Young diagram and this diagram dominates the diagrams X,, A, and X,. =

Given a Young diagram A denote by r(A) the number of rows of A. Then it
is easily seen that A > p only if #(A) < r(u). Therefore the following statement
immediately follows from statement (1) of Lemma 4.5.

Corollary 4.7. Let p,u,v € lrr(Sy) and A, A2, Ag € A(n). Then any cubic deter-
minant in M(n) that corresponds to an element of V, ,, , has a nonzero (A1, A2, Az)-
contraction only if r(A1) < r(X,), r(A2) < r(Ay) and r(A3) < r(Ay). ]

5. CUBIC DETERMINANTS OF DEFECT 1

In this section we refine Theorem 4.6 for the case d = 1. To compute the elements
¢ -er with ¢ = (1 and 7w € Irr(A) we need the following auxiliary lemma.

Lemma 5.1. Let C and p be a conjugacy class and an irreducible character of Sy,

respectively. Then
(1) C-e,= ‘g(‘f)epforanygec
(2) Ai(C) - Aj(ep) = Ajlep) - Ay(C) fori,j=1,2,3.

Proof. To prove statement (1)* we note that the element C belongs to the center

of the group algebra QS,,. Therefore x := C -e, = a-e, for some a € Q. After
comparing the coefficients in both sides of the latter equality at 1,,, we get that
= x(1n)/ep(15,). However, by (19) we have

X1 = €@ ana e, (1) =

where g € C. Thus a = |Cl|p(g)/p(1,) and we are done.

(p(ln))z

n!

Statement (2) is obvious whenever {i,j} C {2,3} or i = j = 1. Suppose that
i =1 and j = 2 (the remaining three cases are proved in a similar way). Then

pg!)A( Asle,) =Y Y ph) g, gh) =D D plg "W g)(g,h'g) =

gEC hES,, geC W' ES,,

33 s W) pgi)Axe,})-Am

geEC h'ES,
whence the required statement follows. .

4Although this statement is a direct consequence of (7.11), [1], we give here a direct proof to
make the text self-contained.
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Below given three irreducible characters p, u, v € lrr(S,,) we set

V) = P(2n) | M20) | v(20)
q(p, p,v) = p(1,) + w(ly,) * v(1n)

where 2,, = (1,2) is the transposition in S,.
Theorem 5.2. Let V =V, 1 and A= A,,. Then
VnA= P A.

mier€EV

Moreover, ex = e, ., €V if and only if ¢(p, p,v) = —1.
Proof. Set {( = (,,1 and T =T,,. Then by (15) we have

¢= (Z)ln + A1(T) + Ao (T) + As(T).

By Lemma 4.4 given a character m € Irr(A) there exist characters p, u, v € Irr(Sy,)
such that ex = Ay (e,) - Aa(ey) - As(e,). Now by Lemma 5.1 we have

- en = <(Z>1" + AL (T) + Ao(T) + Ag(T)> CAv(ey) - Aaley) - Asley) =

(Z) ext+A1(Te,y)-Nale,)-As(e,)+A1(e)-Ao(Tey)-As(en)+A1(e,)-As(ey)-As(Te,) =

n T|p(2n) |T'|2(25) |T'|v(2) <n)
ex + er + enr + er = 1+q(p, p,v)) er.
(5)er+ 5 er + a5 er + 5 er = (5) Wt st
This proves the second statement, and by Theorem 4.6 also the first one. n

As an immediate consequence of Theorem 5.2 and Lemma 4.4 we obtain the
following statement.

Corollary 5.3. The linear space V,, 1 is generated as a right ideal of the algebra
QS2 by the set of all elements Aq(e,) - Aa(e,) - As(e,) where p, p,v € Ire(Sy,) are
such that kf, , #0 and q(p,p,v) = —1. .

Example: The symmetric group Ss has 5 irreducible representations; denote
them by x;, ¢ = 1,...,5. The values x;(2,) and x;(1,) for all ¢ are given in the
following table (here and below we use tables from [11]):

i 1 2 3 i 5
i) | 1 3 2 31 1
i20) | 1 1 0 T

A (MBI 22]2,L1] ][]

A direct check shows that g(x;, x;,xx) = —1 for 1 <i < j <k <5 only if (4,5, k)
is one of the following triples: (1,5,5), (3,3,5), (2,4,5) and (4,4,4). In all these
cases k;gkx7 = 1. Thus

Vii = Vigs® V515D V551D
V335®Vss53® V533D
Vous®Vasa®Vios ®Vasa®Vs24® Vs
Vi,a,4

where V; ;1 is the right ideal ey, \, y, Q(Ss x Si). The dimensions of the ideals in
the first row are 1, in the second - 4, in the third - 9 and in the fourth - 27. "
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Let p € Irr(Sy,) and A = A,. Then (see the remark in the proof of Theorem 3.5
of [21])

s () 0)

where A; (resp. A.) is the size of the ith row (resp. the ith column) of A. The
negative part of the sum in the right-hand side of this equality is more or equal
than the ratio —Aj/n: this bound is obtained by maximizing >, (A;)? provided
that A} > A, > --- >0 and Y, A\; = n. Applying this bound to each summand of
q(p, 1, v) we come to the following statement.

Lemma 5.4. Given p, p,v € lrr(S,,) we have q(p, u,v) = —1 only if at least one of
the diagrams X,, A, A, has at least |n/3] rows. .

It is not so difficult to construct infinite families of triples p, u,v € lrr(S,,) for
which ¢(p, p, v) = —1. For example a straightforward computation by formula (22)
shows that if all the diagrams A,, Ay, A, are hooks (resp. rectangles), then an
infinite family is defined by the condition r(p) + r(u) + r(v) = 2n 4+ 1 (resp. the
conditions r(p) = (1) = n/2 and r(v)(r(v)—3) = n). However, even in these rather
simple cases almost nothing is known on the Kronecker coefficients k}, , (see [3]).

We complete the section by giving an explicit construction of a family of cubic
determinants of defect 1. Take an arbitrary partition [n] = I U J U K, and denote
by Ar, Ay and Ag the partitions of [n] into |I| + 1, |J| + 1 and |K| + 1 classes
containing as a class respectively the complements to the sets I, J and K. The
following lemma shows that the cubic determinant corresponding to the element

(23) D(I,J,K) = A1(x;) - Ba(x,) - As(Xx)
with
X, = Z (—1)%"@g = Z (—1)2"@g  y. = Z (—1)%"9) g,
gESH; gESx, 9ESA

is of defect 1.

Lemma 5.5. For a partition [n) =TUJUK set x = D(I,J,K). Then x # 0 and

(1) X S ‘/71,,17
(2) x*2223 =0 for all Ay, Az, A € A(n,r) with r < 2n/3.

Proof. It is easily seen that the coefficient of the element y at the identity is equal
to 1. Therefore x # 0. Next, by the definition of V,, 1 to prove statement (1) it
suffices to check that given a transposition ¢ = (i, j) € S,, we have

As(T) - As(T)-x =0
where T' = {1,,t}. Suppose first that {i,j} ¢ JU K, say i does not belong to
JU K. Then given a permutation f € Sy, the element j is not contained in one of
the sets J/ ' or K/~ '. In the former case, {i,j}NJ = 0, and hence (f+tf)x, =0,

whereas in the latter case {i,7} N K = (), and hence (f + tf)x, = 0. Thus in any
case

Ao(T) - As(T) - Ar(f) - Dalx,) - As(xe) = Do((f +tf)xs) - As(f +tf)xk) =0



TENSOR RANK: MATCHING POLYNOMIALS AND SCHUR RINGS 17

for all f € S),, and we are done. To complete the proof of (1) let us assume that
{i,j} € JUK. Then by a direct computation we obtain

AQ(I) : AS(I) X1 = X/ . Al(z . XI) = Oa
because of T - x; = 0 where X' = (1,,,1,) + (¢, 1,).

To prove statement (2) suppose that A1, A2, A3 € A(n,r) are partitions such that
x> 1 223 #£ 0. It is easily seen that

X r2rs = A1(§A1 XI) ’ A2(XJ§)\2) : A3(XK§)\3)’
and hence

(24) §>\1 “Xr #0, X ‘§>\2 #0, Xk 'ﬁ,\g # 0.

On the other hand, let a transposition ¢ and the set 1" be as above. Then obviously
T-x, =X, T =0 whenever {i,j} NI = (. Since in the latter case Sx, = Sx, T, we
conclude by (24) that at least one of any two distinct elements 4, j from the same
class of the partition \; belongs to the set I. It follows that a class of A\; of size a
intersects the set I in at least a — 1 elements. Therefore r(A;) > n — |I|. Similarly,
one can prove that r(A2) > n — |J| and r(A3) > n — |K|. This implies that

3r=r(A\)+r(A2) +r(X3) > 3n— (|I| + |[J]| + |K][) = 2n.
Thus r > 2n/3 as required. .

6. APPLICATIONS TO THE BORDER RANK OF A CUBIC TENSOR

In this section we return to the questions discussed in the introduction. The
following metascheme (based on Lemmas 2.4, 3.1 and 3.3) provides a tool to prove
that given a positive integer r the border rank rk(A) of a cubic n x n x n tensor A
is at least 7:

e choose a positive integer N > n,
e find x € V; _, such that x*122:2s # 0 for some A1, A2, Az € A(N,n),
set P = (Fx'(x)) 23 (depolarization),

o if P(A) #0, then rk(A) > r+ 1.
Let us apply this metascheme to the two following concrete examples. The first
one shows, in particular, that the bound from the second statement of Lemma 5.5
is attained, whereas the second one gives a lower bound for the border rank of the

matrix multiplication tensor.

Example 1. Given a positive odd integer n = 2m + 1 we define an n x n X n
zero-one cubic tensor A = A,, such that A; ; = 1 if and only if (¢, j, k) € Q,, where

@Qn = {(n,i,4): 1<i<m}uU
{Gnj+m): 1<j<m}u
{(k,k,n) m <k <n}.
We claim that
(25) () = rk(A4,) = 3m = 201

Indeed, according to our metascheme take r = 3m — 1 and N = 3m. Then by
statement (1) of Lemma 5.5 (with n = N) the linear space Vi y_, = V1 contains
the nonzero element y = D(I, J, K') where

I={1,....om}, J={m+1,....2m}, K={2m+1,...,3m}.
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For i =1,2,3 set \; to be the partition in A(3m,2m + 1) of the shape [m, 12™] the
unique nonsingleton class of which coincides with the set I, J and K respectively.
Then to prove that rk(A) > r 41 it suffices to verify that P(A) # 0 where P(X) is
the (A1, A2, Az)-contraction of the matching polynomial Flgl(x). For this purpose
choose the functions \;,7 = 1,2, 3 as follows

Z_Al_{n, ifiel, k&_{k, ifkelul,

i—m, ifiec JUK,’ n, ifkekK,
and
7, if jel,
i =<, if j e J,

j—om, ifjeK,
Due to (3) and the definition of the (A1, A2, Ag)-contraction, the polynomial P(X)
can be written in the form
(26) P(X) = Y x(g)My+*27(X),
ges?,

where x(g) € {0,£1} is the coefficient of x at g. It immediately follows from the
definitions of the tensor A and the functions A, that M(’\glz’zz’))“(A) # 0 only if the
permutations go and g3 leave the sets I, J, K fixed (as sets) and

B=05 =15 g =lk
where 1; and 1x are the identical permutations of J and K respectively. Denote
the set of all such pairs ¢ = (g2,93) by H C S%. Then the latter conditions
imply that (a) the coefficient x(g) is nonzero and does not depend on g € H
(see (23)), and (b) the monomial M **>43(X) does not depend on g € H, and
hence M)'*2:*3(A) = 1. Therefore

P(A) = 37 x(g) M2 (4) = x(go)|H]| # 0
geH
where gq is an arbitrary element from H. According to our metascheme this means
that rk(A) > 3m. The converse inequality holds because rk(A4) < rk(A), and rk(A)
does not exceed the number of nonzero entries of A that is |Q,| = 3m.

Example 2. Set M, to be the structure tensor of n X n-matrix multiplication.
As it was mentioned in the introduction rk(M,,) > (2 —€) - n? [17]. At present we
can not improve this bound, but we can easily apply our metascheme to obtain the
lower bound

5 o
(27) rk(M,,) > 7

Without loss of generality we can assume that n = 2m is even. Set r = 5m? — 1
and N = 5m?. By statement (1) of Lemma 5.5 (with n = N) the linear space
VN ,N—r = Vv, contains the nonzero element x = D(I, J, K) where

I={1,...,m%}, J={m*+1,...,3m?}, K={3m?+1,...,5m*}.

Now, to prove inequality (27) it suffices to find some partitions A;, Ay and Ag
in the set A(5m? 4m?) such that P(M) # 0 where M = M, and P(X) is the
(A1, A2, Ag)-contraction of the matching polynomial F&l(x). In fact, it is enough
for our purposes that \; € A(5m? n}) for some n; € [4m?] (in this case not all
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variables X1 occur in the polynomial P(X)). To construct the partitions choose
arbitrarily three bijections:

g1: [4m?] — [2m] x [2m)],
g2 [3m?] — [2m] x [m] U [m] x (m,2m],
gz: [3m?] — [2m] x (m,2m] U (m,2m] x [m)],

and define three maps \; : [5m?] — [2m] x [2m], i = 1,2, 3, such that

o JUELTED, dtiel,
i1, ifie JUK,
e JUEELIEED, e,
j92, if je UK,
o J (TR TR, ik e K,
k93, ifkelUlJ,

From the definition it immediately follows that

A1 € A(5m?,4m?) and ] = [(m + 1)m, 14m*=m],

Ao € A(Bm2,3m%+m)  and  [Ag] = [(m+ 1)™, m™, 13m° =™,

A3 € A(5m?,3m? +m) and [As] = [m2m, 13m%).
Due to (3) and the definition of a contraction the polynomial P(X') can be written in
the form (26). It immediately follows from the definitions of the tensor M that given
g € Sy x Sy, we have Mg’\l’)‘z’)‘f‘(M) # 0 only if (i*1,4*292 i%393) = (uv, vw, wu)
for some elements u, v, w € [2m] where uv = (u,v), vw = (v,w) and wu = (w, u).
In this case the above triple obviously belongs to one of the following sets:

{(wv,vu,uu) : wv € [m] x [2m]},
{(wv,vv,vu) : wv € (m,2m] x [2m]},
{(vu, vw,wu) : vw € [m] x (m,2m]}.

Now, denote by H the set of all g = (g2,93) € S% for which Mg)‘lv)‘z”\?’(M) # 0.
Then the argument as in Example 1 shows that (a) the coefficient x(g) is nonzero
and does not depend on g € H, and (b) the monomial M*»*3(X) does not
depend on the element g € H. Therefore P(M) # 0, and hence rk(M) > 5m?.

Remark. The above proof shows that the structure tensor of the 2m x 2m-
matrix multiplication contains a 4m? x (3m? 4+ m) x (3m? + m) subtensor the
border rank of which is at least 5m?.
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