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PRESENTATION

In this supplementary information, we explain the calculation in detail, and generalize some of the results of the main text.
We also present a set of results on the distributions associated to 1

xn and sgn(x)
xn , and their Fourier Transform in the general notation.

I. DEFINITION AND FIRST PROPERTIES

A. Distributions associated to 1
xn and sgn(x)

xn

We provide a generalisation of these later functions by defining

T 1
xn

:=
(−1)n−1

(n−1)!
(

ln(|x|)
)(n) (I.1)

Tsgn(x)
xn

:=
(−1)n−1

(n−1)!
(
sgn(x) ln(|x|)

)(n) (I.2)

Remark I.1 1. One has the recurrence property:

T 1
xn

=
−1

n−1
T ′ 1

xn−1
(I.3)

Tsgn(x)
xn

=
−1

n−1
T ′sgn(x)

xn−1
. (I.4)

2. T 1
xn

and Tsgn(x)
xn

are tempered distributions, as they stem from the multiple differentiation (in the sense of distribution)

of, respectively, x 7→ x ln(|x|)− x and x 7→ |x| ln(|x|)− |x|, which are continous and slowly increasing functions, – and
therefore tempered distributions.

Proposition I.2 1. xnT 1
xn

= 1.

2. xnTsgn(x)
xn

= sgn(x).

3. xT 1
xm+1

= T 1
xm

.

4. xnT 1
xm+n

= T 1
xm

.

5. xnTsgn(x)
xn+1

= Tsgn(x)
x
−2
(

∑
n
k=1

1
k

)
δ0, where δ0 is the Dirac distribution at 0.

6. xTsgn(x)
xm+1

= Tsgn(x)
xm
− 2

m! (−1)m−1δ
(m−1)
0 , with the convention δ

(0)
0 := δ0.

7. xnTsgn(x)
xm+n

= Tsgn(x)
xm
− (−1)m−1P(m,n)δ (m−1)

0

P(m,n) =
2

(m−1)!

n−1

∑
k=0

1
m+ k

=
2(Hm+n−1−Hm−1)

(m−1)!
.

where Hn is the n-th Harmonic number:

Hn = 1+
1
2
+ · · ·+ 1

n
.
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Let us remark that ∫ +∞

0
ln(x)(ϕ(x)+ xϕ

′(x))dx =
∫ +∞

0
ln(x)ϕ(x)dx+

∫ +∞

0
(x ln(x)− x)ϕ ′(x)dx

+
∫ +∞

0
xϕ
′(x)dx

=
∫ +∞

0
ln(x)ϕ(x)dx−

∫ +∞

0
ln(x)ϕ(x)dx

+
∫ +∞

0
xϕ
′(x)dx

=−
∫ +∞

0
ϕ(x)dx (I.5)

and ∫ 0

−∞

ln(−x)(ϕ(x)+ xϕ
′(x))dx =

∫ 0

−∞

ln(−x)ϕ(x)dx

+
∫ 0

−∞

(x ln(−x)− x)ϕ ′(x)dx+
∫ 0

−∞

xϕ
′(x)dx

=
∫ 0

−∞

ln(−x)ϕ(x)dx−
∫ 0

−∞

ln(−x)ϕ(x)dx

+
∫ 0

−∞

xϕ
′(x)dx

=−
∫ 0

−∞

ϕ(x)dx. (I.6)

1. By induction :

〈xT1
x
,ϕ〉= 〈T1

x
,xϕ〉

= 〈(ln(|x|))′,xϕ〉
=−〈ln(|x|),(xϕ)′〉

=−
∫ 0

−∞

ln(−x)(ϕ(x)+ xϕ
′(x))dx−

∫ +∞

0
ln(x)(ϕ(x)+ xϕ

′(x))dx

=
∫ 0

−∞

ϕ(x)dx+
∫ +∞

0
ϕ(x)dx (with (I.5) and (I.6))

=
∫ +∞

−∞

ϕ(x)dx = 〈1,ϕ〉.

Then (with T 1
xn

= −1
n−1 T ′ 1

xn−1
),

〈xnT 1
xn
,ϕ〉= 〈T 1

xn
,xn

ϕ〉

=−〈 −1
n−1 T ′ 1

xn−1
,xn

ϕ〉

=
1

n−1
〈T 1

xn−1
,nxn−1

ϕ + xn
ϕ
′〉

=
n

n−1
〈xn−1T 1

xn−1
,ϕ〉+ 1

n−1
〈xn−1T 1

xn−1
,xϕ

′〉

=
n

n−1

∫ +∞

−∞

ϕ(x)dx+
1

n−1

∫ +∞

−∞

xϕ
′(x)dx

=
n

n−1

∫ +∞

−∞

ϕ(x)dx− 1
n−1

∫ +∞

−∞

ϕ(x)dx

=
∫ +∞

−∞

ϕ(x)dx = 〈1,ϕ〉.
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2. By induction:
If n = 1,

〈xTsgn(x)
x

,ϕ〉=−〈sgn(x) ln(|x|),(xϕ)′〉

=
∫ 0

−∞

ln(−x)(ϕ(x)+ xϕ
′(x))dx−

∫ +∞

0
ln(x)(ϕ(x)+ xϕ

′(x))dx

=−
∫ 0

−∞

ϕ(x)dx+
∫ +∞

0
ϕ(x)dx (with (I.5) and (I.6))

=
∫ +∞

−∞

sgn(x)ϕ(x)dx = 〈sgn(x),ϕ〉.

Let us assume the property is true at rank n−1, we then have (with Tsgn(x)
xn

= −1
n−1 T ′sgn(x)

xn−1
),

〈xnTsgn(x)
xn

,ϕ〉= 〈Tsgn(x)
xn

,xn
ϕ〉

= 〈 −1
n−1 T ′sgn(x)

xn−1
,xn

ϕ〉

=
1

n−1
〈Tsgn(x)

xn−1
,nxn−1

ϕ + xn
ϕ
′〉

=
n

n−1
〈sgn(x),ϕ〉+ 1

n−1
〈sgn(x),xϕ

′〉

but,

〈sgn(x),xϕ
′〉=−

∫ 0

−∞

xϕ
′(x)dx+

∫
∞

0
xϕ
′(x)dx

=
∫ 0

−∞

ϕ(x)dx−
∫

∞

0
ϕ(x)dx

=−〈sgn(x),ϕ〉

then,

〈xnTsgn(x)
xn

,ϕ〉= n
n−1

〈sgn(x),ϕ〉− 1
n−1

〈sgn(x),ϕ〉= 〈sgn(x),ϕ〉.

3. By induction :

〈xT 1
x2
,ϕ〉= 〈T 1

x2
,xϕ〉

=−〈T ′1
x
,xϕ〉

= 〈T1
x
,ϕ〉+ 〈T1

x
,xϕ

′〉

= 〈T1
x
,ϕ〉+ 〈1,ϕ ′〉︸ ︷︷ ︸

=
∫

ϕ ′=0

= 〈T1
x
,ϕ〉.

Then

〈xT 1
xm+1

,ϕ〉= 〈T 1
xm+1

,xϕ〉

=
1
m

(
〈T 1

xm
,ϕ〉+ 〈xT 1

xm
,ϕ ′〉

)
=

1
m

(
〈T 1

xm
,ϕ〉+ 〈T 1

xm−1
,ϕ ′〉

)
=

1
m

(
〈T 1

xm
,ϕ〉+(m−1)〈T 1

xm
,ϕ〉
)

= 〈T 1
xm
,ϕ〉.
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4. By induction : from item 3., it is true for n = 1 (and for all m).
Then

〈xn+1T 1
xm+n+1

,ϕ〉= 〈xnT 1
x(m+1)+n

,xϕ〉

= 〈T 1
xm+1

,xϕ〉

= 〈xT 1
xm+1

,ϕ〉

= 〈T 1
xm
,ϕ〉. (from item 3.)

5.

〈xn+1T sgn(x)
xn+1+1

,ϕ〉= 〈T sgn(x)
x(n+1)+1

,xn+1
ϕ〉

=
−1

n+1
〈T ′sgn(x)

xn+1
,xn+1

ϕ〉

=
1

n+1
〈Tsgn(x)

xn+1
,xn+1

ϕ
′+(n+1)xn

ϕ〉

=
1

n+1
〈xn+1Tsgn(x)

xn+1
,ϕ ′〉+ 〈Tsgn(x)

xn+1
,xn

ϕ〉

=
1

n+1
〈sgn(x),ϕ ′〉+ 〈xnTsgn(x)

xn+1
,ϕ〉

=
−2

n+1
ϕ(0)+ 〈Tsgn(x)

x
−2
( n

∑
k=1

1
k

)
δ0,ϕ〉

= 〈Tsgn(x)
x
−2
(n+1

∑
k=1

1
k

)
δ0,ϕ〉.

6. By induction. m = 1,

〈xTsgn(x)
x2

,ϕ〉= 〈Tsgn(x)
x2

,xϕ〉

=−〈T ′sgn(x)
x

,xϕ〉

= 〈Tsgn(x)
x

,ϕ〉+ 〈Tsgn(x)
x

,xϕ
′〉

With

〈Tsgn(x)
x

,xϕ
′〉= 〈xTsgn(x)

x
,ϕ ′〉= 〈sgn(x),ϕ ′〉=−2ϕ(0),

the property is well verified.

We can write :

〈xTsgn(x)
xm+1

,ϕ〉= 〈Tsgn(x)
xm+1

,xϕ〉

=
1
m

(
〈Tsgn(x)

xm
,ϕ〉+ 〈xTsgn(x)

xm
,ϕ ′〉

)
We then write the latter expression m times, replacing ϕ by its first derivatives ϕ(q) with q∈ [0..(m−1)]. A linear combination
of these m equations gives:

〈xTsgn(x)
xm+1

,ϕ〉= 〈Tsgn(x)
xm

,ϕ〉+ 1
m!
〈xTsgn(x)

x
,ϕ(m)〉 (I.7)

Then, one gets
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1
m!
〈xTsgn(x)

x
,ϕ(m)〉= 1

m!
〈sgn(x),ϕ(m)〉 (item 2.)

=− 2
m!

ϕ
(m−1)(0)

=− 2
m!

(−1)(m−1)〈δ (m−1)
0 ,ϕ〉,

what permits to obtain the result.

7. By induction on n. For n = 1 (and for all m), we recover the previous formula, if we define P(m,1) := 2
m! .

Now, let us assume that, for all m, and at some rank n,

〈xnTsgn(x)
xm+n

,ϕ〉= 〈Tsgn(x)
xm

,ϕ〉−P(m,n)ϕ(m−1)(0). (I.8)

We then have:

〈xn+1T sgn(x)
xm+n+1

,ϕ〉= 〈T sgn(x)
xm+1+n

,xn+1
ϕ〉

=− 1
m+n

〈T ′sgn(x)
xm+n

,xn+1
ϕ〉

=+
1

m+n
〈Tsgn(x)

xm+n
,(xn+1

ϕ)
′〉

=
n+1
m+n

〈xnTsgn(x)
xm+n

,ϕ〉+ 1
m+n

〈Tsgn(x)
xm+n

,xn+1
ϕ
′〉

But,

〈Tsgn(x)
xm+n

,xn+1
ϕ
′〉= 〈xnTsgn(x)

xm+n
,xϕ

′〉

= 〈Tsgn(x)
xm

,xϕ
′〉−P(m,n)(xϕ

′
)(m−1)(0)

and

〈Tsgn(x)
xm

,xϕ
′〉= 〈xTsgn(x)

xm
,ϕ
′〉

= 〈Tsgn(x)
xm−1

,ϕ
′〉− 2

(m−1)!
ϕ
(m−1)(0),

where the last equality has been demonstrated previously, see Eq. (I.7).

Gathering, and using the induction hypothesis, we obtain:

(m+n)〈xn+1T sgn(x)
xm+n+1

,ϕ〉= (n+1)〈Tsgn(x)
xm

,ϕ〉−P(m,n)(n+1)ϕ(m−1)(0)

+(m−1)〈Tsgn(x)
xm

,ϕ〉− 2
(m−1)!

ϕ
(m−1)(0)

−P(m,n)(xϕ
′
)(m−1)(0)

The value of the (m−1)th derivative of x 7→ (xϕ
′
) at x = 0 can be evaluated easily to (m−1)ϕ(m−1)(0). We finally obtain:

(m+n)〈xn+1T sgn(x)
xm+n+1

,ϕ〉= (m+n)〈Tsgn(x)
xm

,ϕ〉−P(m,n)(n+m)ϕ(m−1)(0)

− 2
(m−1)!

ϕ
(m−1)(0)
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Let us assume that P(m,n) obeys to:

P(m,n+1) = P(m,n)+
2

(m+n)(m−1)!
(I.9)

if a set of numbers P(m,n), that verifes Eq.(I.9), as well as the condition P(m,1) = 2
m! exists, then, we have proved the

equation Eq. (I.8) at rank n+1.
It is actually trivial to find an explicit expression for P(m,n), that matches those requirements :

P(m,n) =
2

(m−1)!

n−1

∑
p=0

1
m+ p

, (I.10)

Note that we assume P(m,0) = 0.
Using the definition of the Harmonic numbers[18], we can write

P(m,n) =
2(Hm+n−1−Hm−1)

(m−1)!
.

B. Theorem for change of variable

Theorem I.3 Let ϕ : U → D a C 1 diffeomorphism. Then, for all measurable (resp. integrable) function f : D→ R+ (resp.
R), ∫

D=ϕ(U)
f (x)dx =

∫
U

f
(
ϕ(u)

)∣∣det(ϕ ′(u))
∣∣du.

II. FOURIER TRANSFORMS: GENERAL NOTATIONS

A. “Universal” notation for the Fourier Transform

The general definitions for the Fourier transform are given in the main text. Let us recall them here, for the sake of clarity.
With f ,g : Rn→ R:

F a,b( f )(k) :=
(
|b|

(2π)1−a

)n/2 ∫
Rn

f (t)eib〈k,t〉 dt (II.11)

(
F a,b)−1

(g)(t) :=
(
|b|

(2π)1+a

)n/2 ∫
Rn

g(k)e−ib〈t,k〉 dk (II.12)

To jump from a convention to another, we have the simple following corresponding formula :

F a,b( f )(k) =
(
|b/b′|

(2π)a′−a

)n/2

F a′,b′( f )
( b

b′ k
)
. (II.13)

B. Fourier Transform of a tempered distribution

Let us recall that if T ∈S ′(Rn) is a tempered distribution, we define de Fourier transform of F a,bT by

〈F a,bT,ϕ〉 := 〈T,F a,b
ϕ〉 (II.14)

In order to give the formula to jump from a convention to another, we have to define the following operator : for a ∈ R, we
set ma : f 7→ (x 7→ f (ax),x ∈ Rn).

This operator can be extended to the distributions : for all a 6= 0,

〈maT,ϕ〉 :=
1
|a|n
〈T,m 1

a
ϕ〉 (II.15)
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From (II.13) and (II.15) we have

F a,b
n T =

(
|b′/b|

(2π)a′−a

)n/2

F a′,b′
n
(
m b′

b
T
)
. (II.16)

(please notice that |b/b′| in (II.13) “becoming” |b′/b| in (II.16) is not a typo!)

Then, we can prove

Proposition II.1

m`F
a,b(T ) =

1
|`|

F a,b(m 1
`
T
)

(II.17)

〈m`F
a,b(T ),ϕ〉= 1

|`|
〈F a,b(T ),m 1

`
ϕ〉

=
1
|`|
〈T,F a,b(m 1

`
ϕ
)
〉

with

F a,b(m 1
`
ϕ
)
(x) = ca,b

∫
R

ϕ(
y
`
)eibxy dy

= ca,b|`|
∫
R

ϕ(t)eib`xt dt

= |`|F a,b(ϕ)(`x) = |`|m`F
a,b(ϕ)(x)

=〈T,m`F
a,b(ϕ)〉

=
1
|`|
〈m 1

|`|
T,F a,b(ϕ)〉= 1

|`|
〈F a,b(m 1

`
T
)
,ϕ〉.

Using a straightforward multidimentional version of (II.17) and (II.16), we obtain

F a,bT =

(
|b/b′|

(2π)a′−a

)n/2

m b
b′

F a′,b′(T). (II.18)

C. Elementary Formulas

In this section we denote by T distributions of S ′(R)

Notation II.2 In the sequel we will give general results using the F a,b notation, but also the simpler notation

û := F 1,−1(u)

where u is a function or a distribution, to obtain more concise results.

1. Double Fourier Transform

Lemma II.3 Let f a function in L1∩L2.

F a,b(F a,b f
)
(t) = (2π)an fσ (t)

(where fσ (t) := f (−t)).

We will just use the fact that

(
F
)−1

F ( f ) = f



9

with

F ( f )(k) := F 0,−2π( f )(k) =
∫
Rn

f (t)e−2πi〈k,t〉 dt.

and (
F
)−1

(g)(t) =
∫
Rn

g(x)e2iπ〈t,x〉 dx.

Since

F ( f )(x) := F 0,−2π( f )(x) =
( | 2π

b |
(2π)a

)n/2

F a,b( f )
(
− 2π

b x
)
,

(
F
)−1

F ( f ) =
∫
Rn

e2iπ〈t,x〉F ( f )(x)dx

=

( | 2π

b |
(2π)a

)n/2 ∫
R

e2iπ〈t,x〉F a,b( f )
(
− 2π

b x
)

dx

=

( | 2π

b |
(2π)a

)n/2( |b|
2π

)n ∫
Rn

e−ib〈u,t〉F a,b( f )(u)du

=

( | 2π

b |
(2π)a

)n/2( |b|
2π

)n( (2π)1−a

|b|

)n/2

F a,b(F a,b( f )
)
(−t)

and the result is then straightforward.
We shall now give the FT of the convolution and the product of two distributions in the general notation. Note that these formula
can be found in many textbooks, see e.g. [1], but are not usually derived in the general notation.

2. FT of a convolution

Let us recall, see e.g. [1], the definitions of convolution between S and T , two generalized functions of Rn:

〈S?T,ϕ〉=
〈
[ξ 7→ S(ξ )]⊗ [η 7→ T (η)], [(ξ ,η) 7→ ϕ(ξ +η)]

〉
where ⊗ is the tensorial product defined by:

〈 f ⊗g, [(x,y) 7→ ϕ(x,y)]〉=
∫
Rn×Rn

f (x)g(y)ϕ(x,y)dxdy

Therefore, the FT of the convolution writes:

F a,b
(

S?T
)
=
〈

S?T, [t 7→ cn
a,beib〈k,t〉]

〉
= cn

a,b

〈
[ξ 7→ S(ξ )]⊗ [η 7→ S(η)], [(ξ ,η) 7→ eib(〈k,ξ 〉+〈k,η〉)]

〉
= cn

a,b

〈
[ξ 7→ S(ξ )], [ξ 7→ eib〈k,ξ 〉]

〉
·
〈
[η 7→ T(η)], [η 7→ eib〈k,η〉]

〉
= cn

a,bF
a,b
(

S
)
·F a,b

(
T
)
,

Where we have used the notation

cn
a,b =

(
|b|

(2π)1−a

)n/2

. (II.19)
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3. FT of a product

Starting from 〈
F a,b

(
S
)
?F a,b

(
T
)
,ϕ
〉
=
∫
Rn×Rn

F a,b
(

Sξ

)
F a,b

(
Tη

)
ϕ(ξ +η)dξ dη

= c2n
a,b

∫
Rn×Rn

∫
Rn

Steib〈ξ ,t〉 dt
∫
Rn

Tt′e
ib〈η ,t′〉 dt′ϕ(ξ +η)dξ dη

= c2n
a,b

∫
R4n

StTt ′e
ib〈(ξ+η),(t+t′)/2〉eib〈(ξ−η),(t−t′)/2〉

ϕ(ξ +η)dtdt′ dξ dη

= c2n
a,b

∫
R4n

Su++u− Tu+−u− eib〈v+,u+〉eib〈v−,u−〉
ϕ(v+)dv+ dv− du+ du−,

where we have set u± = t±t ′
2 , v± = ξ ±η . Using now∫

Rn
eib〈v−,u−〉 dv− =

(2π)n

|b|n
δu− ,

we obtain 〈
F a,b

(
S
)
?F a,b

(
T
)
,ϕ
〉
= c2n

a,b

∫
R2n

Su+ Tu+ eib〈v+,u+〉
ϕ(v+)dv+ du+

=
(2π)n

|b|n
cn

a,b

〈
F a,b

(
ST
)
,ϕ
〉

We eventually obtain:

F a,b(S.T ) =
(
|b|

(2π)1+a

)n/2

F a,b(S)?F a,b(T )

4. Formula on distributions

Proposition II.4

F a,b(T ′) =−ibxF a,b(T ) (II.20)

F a,b(eivxT ) = τ− v
b
F a,b(T ) (II.21)

F a,b(Tσ ) = F a,b(T )σ (II.22)

A direct calculation gives:

〈F a,b(T ′),ϕ〉= 〈T ′,〈F a,b(ϕ)〉

=−〈T,F a,b(ϕ)′〉 (As F a,b(ϕ)′ = ca,b

(∫
R ϕ(x)eibξ x dx

)′
= ca,b

∫
R ibxϕ(x)eibξ x dx = F a,b(x 7→ ibxϕ(x)))

=−〈T,F a,b(ibxϕ)〉
=−〈F a,b(T ), ibxϕ〉= 〈−ibxF a,b(T ),ϕ〉.

〈F a,b(eivxT ),ϕ〉=〈eivxT,F a,b(ϕ)〉
=〈T,eivxF a,b(ϕ)〉

with

eivxF a,b(ϕ)(x) = ca,b

∫
R

ϕ(y)eix(by+b v
b ) dy

= ca,b

∫
R

ϕ(t− v
b )e

ibxt dt

= ca,b

∫
R

τ v
b

ϕ(t)e−ibxt dt = F a,b(
τ v

b
ϕ
)
(x)

=〈T,F a,b(
τ v

b
ϕ
)
〉

=〈F a,b(T ),τ v
b
ϕ〉= 〈τ− v

b
F a,b(T ),ϕ〉.
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〈T̂σ ,ϕ〉=〈T̂ ,ϕσ 〉
=〈T, ϕ̂σ 〉

avec

ϕ̂σ (x) =
∫
R

ϕσ (y)e−ixy dy

=
∫
R

ϕ(−y)e−ixy dy

=
∫
R

ϕ(t)e−i(−x)t dt = ϕ̂(−x) = ϕ̂σ (x)

=〈T, ϕ̂σ 〉
=〈Tσ , ϕ̂〉= 〈T̂σ ,ϕ〉.

Corollary II.5 Let T be a distribution, then

F a,b(sin(kr)T ) =
1
2i

τ−k
b

F a,b(T )− 1
2i

τ k
b
F a,b(T ) (II.23)

F a,b(cos(kr)T ) =
1
2

τ−k
b

F a,b(T )+
1
2

τ k
b
F a,b(T ) (II.24)

Let us recall that, with the F 1,−1 notation, we would obtain:

̂sin(kr)T = 1
2i τkT̂ − 1

2i τ−kT̂ (II.25)

̂cos(kr)T = 1
2 τkT̂ + 1

2 τ−kT̂ (II.26)

D. Fourier Transform of a few distributions

In this section, we present the FT of some distributions, that have been used in the main text. Note that we go beyond the
derivation presented in [2], as each formula is given here in the general F a,b notation.

1. Conversion in general notations

Most of the calculations in the main text have been carried out in the simplified notation for FT. We give here the method to
convert the FT in the general notation, in R3.

Using Eq. (A.6) of the main text, we can write

〈F a,b(T ),ϕ〉= c3
a,b〈m−bF

1,−1(T ),ϕ〉

= c3
a,b〈F 1,−1(T ),m− 1

b
ϕ〉 1
|b|3

This permits to obtain F a,b(T ) in most cases. Let us give an example :
conversion of F 1,−1(T ) := k 7→ P.V.

( kb
k−kb

)
One writes, using a radial test function x 7→ ϕ(x) :

〈F a,b(T ),ϕ〉= c3
a,b

1
|b|3

∫ kb

k− kb
ϕ(
−x
b
)dx

= c3
a,b

kb

|b|3
∫ 1
|b||u|− kb

ϕ(u)|b|3 du

= c3
a,b

kb

|b|

∫
ϕ(u)

|u|− kb
|b|

du

Therefore,

F a,b(T ) = c3
a,b

kb

|b|
1

k− kb
|b|

. (II.27)
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Using the same method, we obtain:

F 1,−1 F a,b

k 7→ P.V.
( kb

k−kb

)
k 7→ c3

a,b
kb
|b|

1
k− kb
|b|

k 7→ kbδS(0,kb)(k) k 7→ c3
a,b

kb
|b|δS(0, kb

|b| )
(k)

k 7→ kik j
k2 k 7→ c3

a,b
kik j
k2

k 7→ kik j
k2 P.V.

( 1
k−kb

)
k 7→ c3

a,b
kik j
k2

1
k− kb
|b|

k 7→ kik j
kb

δS(0,kb)(k) k 7→ c3
a,bkik j

|b|
kb

δ
S(0, kb

|b| )
(k)

2. Principal Value

Let us give the Fourier transform of Principal Value distribution, in general notations. As well known,

Proposition II.6

p̂v
( 1

x

)
(ξ ) =−iπ sgn(ξ ). (II.28)

Corollary II.7 We now extend Eq. (II.28) to the general notation :

F a,b(vp
( 1

x

))
(ξ ) = i

√
|b|2

a−1
2 π

a+1
2 sgn(bξ ) (II.29)

3. Distribution T 1
|x|

from [2]

Proposition II.8

T̂ 1
|x|
(ξ ) =−2γ−2ln(|ξ |) (II.30)

Corollary II.9 We now extend Eq. (II.30) to the general notation :

F a,b(T 1
|x|

)
(ξ ) =−2

(
|b|

(2π)1−a

)1/2

(γ + ln(|bξ |)) (II.31)

4. Distribution T 1
rn

and Tsgn(r)
rn

Corollary II.10 For every n≥ 1, see [2],

T̂ 1
rn
=−iπ

(−ir)n−1

(n−1)!
sgn(r) (II.32)

T̂sgn(r)
rn

=−2
(−ir)n−1

(n−1)!
(
γ + ln(|r|)

)
(II.33)
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Corollary II.11 We now extend these last results to the general notation : For every n≥ 1,

F a,b(T 1
rn

)
= i
(
|b|

(2π)1−a

)1/2

π
(ibr)n−1

(n−1)!
sgn(br) (II.34)

F a,b(Tsgn(r)
rn

)
=−2

(
|b|

(2π)1−a

)1/2 (ibr)n−1

(n−1)!
(
γ + ln(|br|)

)
(II.35)

E. Some useful Lemmas

Lemma II.12 Let f be a continuous real valued function. Let us assume moreover f being differentiable except over a finite
set and f ′ ∈ L1

loc. Then (with Tg denoting the distribution associated to g),

T ′f = Tf ′ (II.36)

It is sufficient to prove it when the finite set is {a} for some a ∈ R. Let ϕ be a test function. Then (for every ε > 0)

〈T ′f ,ϕ〉=−〈Tf ,ϕ
′〉

=−
∫

f ϕ
′

=−
(∫ a−ε

−∞

f ϕ
′+
∫ a+ε

a−ε

f ϕ
′+
∫ +∞

a+ε

f ϕ
′
)

=
∫ a−ε

−∞

f ′ϕ− f (a− ε)ϕ(a− ε)−
∫ a+ε

a−ε

f ϕ
′+
∫ +∞

a+ε

f ′ϕ + f (a+ ε)ϕ(a+ ε)

It comes, with ε → 0

〈T ′f ,ϕ〉=
∫

f ′ϕ = 〈Tf ′ ,ϕ〉.

Lemma II.13 If f ∈ C (Rn) (or in L1 and radial), differentiable on Rn \{0} with ∂xi f ∈ L1(Rn)∩C (Rn \{0}), then

Dxi(Tf ) = T∂xi f .

Let ϕ be a test function. Then (for every ε > 0)

〈∂xi(Tf ),ϕ〉=−〈Tf ,∂xiϕ〉

=−
∫
Rn

f ∂xiϕ

=−
∫
Rn−1

(∫ −ε

−∞

f ∂xiϕ dxi +
∫ +ε

−ε

f ∂xiϕ dxi +
∫ +∞

+ε

f ∂xiϕ dxi

)
∏
j 6=i

dx j

=+
∫
Rn−1

(∫ −ε

−∞

∂xi f ϕ dxi− f (−ε)ϕ(−ε)−
∫ +ε

−ε

f ∂xiϕ

+
∫ +∞

+ε

∂xi f ϕ dxi + f (+ε)ϕ(+ε)
)
∏
j 6=i

dx j

(with the notation g(±ε) := g(x1, . . . ,±ε, . . . ,xn), at the jth place, for g = f ,ϕ). It comes, with ε → 0

〈Dxi Tf ,ϕ〉=
∫

∂xi f ϕ = 〈T∂xi f ,ϕ〉.

III. FOURIER TRANSFORM OF THE SINGULAR PART : SI

A. Theorem for change of variable

Theorem III.1 Let ϕ : U → D a C 1 diffeomorphism. Then, for all measurable (resp. integrable) function f : D→ R+ (resp.
R), ∫

D=ϕ(U)
f (x)dx =

∫
U

f
(
ϕ(u)

)∣∣det(ϕ ′(u))
∣∣du.



14

B. Spherical properties

Here, we prove a set of lemma necessary to obtain explicitly the FT of the singular part of the LS Equation.

In the multidimensional case, we have

∫
RSn−1

f (x)dσ(x) =
∫

π

ϕ1=0
· ·
∫

π

ϕn−2=0

∫ 2π

ϕn−1=0
f (x(ϕ))J(n,R,ϕ)dϕn−1 · ·dϕ1 (III.37)

Where

x1 = Rcos(ϕ1),

x2 = Rsin(ϕ1)cos(ϕ2),

x3 = Rsin(ϕ1)sin(ϕ2)cos(ϕ3),

...
xn−1 = Rsin(ϕ1) · · ·sin(ϕn−2)cos(ϕn−1),

xn = Rsin(ϕ1) · · ·sin(ϕn−2)sin(ϕn−1),

and

J(n,R,ϕ) = Rn−1(sin(ϕ1))
n−2 · · ·(sin(ϕn−3))

2 sin(ϕn−2). (III.38)

Note that ϕ1,ϕ2, ...ϕn−2 ∈ [0,π] and ϕn−1 ∈ [0,2π].

Lemma III.2 Let f be in Sn−1 and A a rotation. Then∫
Sn−1

f (Aθ)dθ =
∫
Sn−1

f (θ)dθ .

We define a function f̃ : B(0,1)→ R by

f̃ (y) := cn f
( y
||y||
)
, ∀y ∈ B(0,1)

with cn := 1∫ 1
0 rn−1 dr

.

We have, then ∫
Sn−1

f (θ)dθ =
∫

B(0,1)
f̃ (x)dx,

since, using spherical coordinates∫
B(0,1)

f̃ =
∫ 1

r=0

∫
π

ϕ1=0
· ·
∫

π

ϕn−2=0

∫ 2π

ϕn−1=0
f̃ (rx(ϕ))J(n,r,ϕ)dϕn−1 · ·dϕ1 dr

= cn

∫ 1

r=0

∫
π

ϕ1=0
· ·
∫

π

ϕn−2=0

∫ 2π

ϕn−1=0
f (x(ϕ))rn−1J(n,1,ϕ)dϕn−1 · ·dϕ1 dr

= cn

∫ 1

r=0
rn−1 dr

∫
π

ϕ1=0
· ·
∫

π

ϕn−2=0

∫ 2π

ϕn−1=0
f (x(ϕ))J(n,1,ϕ)dϕn−1 · ·dϕ1

=
∫

π

ϕ1=0
· ·
∫

π

ϕn−2=0

∫ 2π

ϕn−1=0
f (x(ϕ))J(n,1,ϕ)dϕn−1 · ·dϕ1 =

∫
Sn−1

f (θ)dθ .

If A is a rotation, ||Ay||= ||y||, and it follows that∫
Sn−1

f (Aθ)dθ =
∫

B(0,1)
f̃ (Ax)dx

=
∫

B(0,1)
f̃ (x)dx (using Theorem III.1)

=
∫
Sn−1

f (θ)dθ
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Lemma III.3 ∫
Sn−1

f (θi)g(θ1, ..,θi, . . . ,θn)dθ =
∫
Sn−1

f (θ1)g(θi, . . . ,−θ1, . . . ,θn)dθ .

Let A be the rotation defined by Aei = e1, Ae1 =−ei, Ae j = e j elsewhere ; then (since tAe1 = ei and tAei =−e1)∫
Sn−1

f (θi)g(θ1, ...,θi, ...,θn)dθ =
∫
Sn−1

f (ei ·θ)g(e1 ·θ , ...,ei ·θ , ...,en ·θ)dθ

=
∫
Sn−1

f (Ae1 ·θ)g(AtAe1 ·θ , ...,AtAei ·θ , ...,AtAen ·θ)dθ

=
∫
Sn−1

f (e1 · tAθ)g(tAe1 · tAθ , ..., tAei · tAθ , ..., tAen · tAθ)dθ

=
∫
Sn−1

f (e1 ·θ)g(tAe1 ·θ , ..., tAei ·θ , ..., tAen ·θ)dθ

=
∫
Sn−1

f (θ1)g(θi, ...,−θ1, ...,θn)dθ

Lemma III.4 Let α1, . . . ,αn be positive integers.

∃ j 6= i, α j is odd =⇒
∫
Sn−1

f (θi)
n

∏
j=1

θ
α j
j dθ = 0.

Introducing τ := (1 i), the permutation between ith and 1st elements, defined by τ(1) = i, τ(i) = 1 and τ( j) = j if j 6= 1 and i,
we have by Lemma III.3, with the slight notation abuse τ(α j) := ατ( j),∫

Sn−1
f (θi)

n

∏
j=1

θ
α j
j dθ = (−1)αi

∫
Sn−1

f (θ1)
n

∏
j=1

θ
τ(α j)
j dθ .

Now, let us set

k := inf{ j 6= i / τ(α j) is odd}.

If the hypothesis (∃ j 6= i, α j is odd) is true, then k ≥ 2. Let us denote β j := τ(α j).
We have

θ j = cos(ϕ1)sin(ϕ2) · · ·sin(ϕ j−1)cos(ϕ j), j ≤ n−1 (III.39)
θn = cos(ϕ1)sin(ϕ2) · · ·sin(ϕn−2)sin(ϕn−1), (III.40)

and (recalling that J(n,1,ϕ) = (sin(ϕ1))
n−2 · · ·(sin(ϕn−3))

2 sin(ϕn−2), using the Fubini Theorem, one of the factors is,

• If k = n, ∫ 2π

0
(sin(ϕn−1))

βn dϕn−1 = 0

since βn is supposed to be odd;

• if k = n−1, ∫ 2π

0
(cos(ϕn−1))

βn−1(sin(ϕn−1))
βn dϕn−1 = 0

• if k ≤ n−2 ∫
π

0
(cos(ϕk))

βk
n

∏
j=k+1

(sin(ϕk))
β j(sin(ϕk))

n−1−k dϕk

=
∫

π

0
(cos(ϕk))

βk(sin(ϕk))
∑

n
j=k+1 β j+n−1−k dϕk

=
∫

π

0
(cos(ϕk))

βk(sin(ϕk))
γ dϕk = 0,
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indeed, since βk is supposed to be odd, we have,∫
π

0
(cos(ϕk))

βk(sin(ϕk))
γ dϕk =

∫
π/2

−π/2
(cos(ϕ + π

2 ))
βk(sin(ϕ + π

2 ))
γ dϕk

= (−1)βk

∫
π/2

−π/2
(sin(ϕ))βk(cos(ϕ))γ︸ ︷︷ ︸
Odd function since βk is odd

dϕk = 0.

Note that we have set γ = ∑
n
j=k+1 β j +n−1− k

C. Detailed computation of the integrals for G0

First, we can manage to obtain
∫
Sn−1 log |θ1|θ 2

2 dθ from
∫
Sn−1 log |θ1|θ 2

1 dθ and
∫
Sn−1 log |θ1|dθ .

With the notation J(n,ϕ) := J(n,1,ϕ) (cf. (III.38))∫
g(ϕ1)cos2(ϕ2)J(n,ϕ)dϕ =

∫
g(ϕ1)J(n,ϕ)dϕ−

∫
g(ϕ1)sin2(ϕ2)J(n,ϕ)dϕ

=
∫

g(ϕ1)J(n,ϕ)dϕ− n−2
n−1

∫
g(ϕ1)J(n,ϕ)dϕ

=
1

n−1

∫
g(ϕ1)J(n,ϕ)dϕ

Using Fubini and the properties of Wallis integrals : Wn =
∫ π

2
0 sinn(x)dx that obey the well-known relation (n−1)Wn−2 = nWn,

for all n≥ 2. (here n≥ 4), ∫
π

0
sin2(ϕ2)sin(ϕ2)

n−3 dϕ2 = 2Wn−1

=
n−2
n−1

2Wn−3

=
n−2
n−1

∫
π

0
sin(ϕ2)

n−3 dϕ2

So ∫
Sn−1

log |θ1|θ 2
2 dθ =

∫
log |cos(ϕ1)|sin2(ϕ1)cos2(ϕ2)J(n,ϕ)dϕ

=
1

n−1

∫
log |cos(ϕ1)|sin2(ϕ1)J(n,ϕ)dϕ

=
1

n−1

(∫
Sn−1

log |θ1|dθ −
∫
Sn−1

log |θ1|θ 2
1 dθ

)
To compute these integrals, we use [23, p. 442], that links the integral of θ 7→ K(x ·θ) on the Sn−1 sphere to the following

integral on the [0 1] inteval:

∫ 1

0
sα(1− s2)β log(s)ds =

∂

∂α

∫ 1

0
sα(1− s2)β ds

=
∂

2∂α

∫ 1

0
u(α−1)/2(1−u)β du

=
∂

2∂α
B
(

α+1
2 ,β +1

)
=

1
4

B
(

α+1
2 ,β +1

)(
ψ
(

α+1
2

)
−ψ

(
α+1

2 +β +1
))

where ψ(x) := Γ′(x)
Γ(x) is the digamma function, and B is defined by B(x,y) = Γ(x)Γ(y)

Γ(x+y) , and verifies ∂

∂x B(x,y) = B(x,y)(ψ(x)−
ψ(x+ y))
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Then, using the relations Γ(z+1) = zΓ(z), Γ( 1
2 ) =

√
π , ψ(z+1) = ψ(z)+ 1

z , ψ( 1
2 ) =−2log(2)− γ , we obtain:

∫
Sn−1

log |θ1|dθ =− πn/2

Γ(n/2)
(ψ(n/2)+ γ +2log(2)) (III.41)

and ∫
Sn−1

log |θ1|θ 2
1 dθ =− πn/2

nΓ(n/2)
(ψ(n/2)+ 2

n + γ +2log(2)−2). (III.42)

We also obtain ∫
Sn−1

log |θ1|θ 2
2 dθ = 1

n−1

(∫
Sn−1 log |θ1|dθ −

∫
Sn−1 log |θ1|θ 2

1 dθ
)

=− πn/2

nΓ(n/2) (ψ(n/2)+ 2
n + γ +2log(2)). (III.43)

IV. FOURIER TRANSFORM OF THE REGULAR PART : SI

A. Detailed computation of the FT for G1I

1. Imaginary part of v̂1

First, the FT of r 7→ −isin(kbr)T 1
r3
+ ikb cos(kbr)T 1

r2
+ ik2

b sin(kbr)T1
r

is the function k 7→V1I(k), given by (cf. Corollaries II.5

and II.10) :

V1I(k) :=
−1
2

(
τkb T̂ 1

r3
− τ−kb T̂ 1

r3

)
+ i

kb

2

(
τkb T̂ 1

r2
+ τ−kb T̂ 1

r2

)
+

k2
b

2

(
τkb T̂1

r
− τ−kb T̂1

r

)
=
−1
2

( iπ
2
(k− kb)

2sgn(k− kb)−
iπ
2
(k+ kb)

2sgn(k+ kb)
)
+ i

kb

2

(
−π(k− kb)sgn(k− kb)−π(k+ kb)sgn(k+ kb)

)
+

k2
b

2

(
− iπsgn(k− kb)+ iπsgn(k+ kb)

)
=

iπ
4
(k2 + k2

b)(sgn(k+ kb)− sgn(k− kb)).

2. Real part of v̂1

The FT of r 7→ (1−cos(kbr))T 1
|r|3
−kb sin(kbr)Tsgn(r)

r2
+k2

b cos(kbr)T 1
|r|

is the function k 7→V1R(k) given by (cf. Corollaries II.5

and II.10) :

V1R(k) :=T̂ 1
|r|3
− 1

2

(
τkb T̂ 1

|r|3
+ τ−kb T̂ 1

|r|3

)
− kb

2i

(
τkb T̂sgn(r)

r2
− τ−kb T̂sgn(r)

r2

)
+

k2
b

2

(
τkb T̂ 1

|r|
+ τ−kb T̂ 1

|r|

)
=− 1

2

(
(k− kb)

2(
γ + ln(|k− kb|)

)
+(k+ kb)

2(
γ + ln(|k+ kb|)

))
+ k2(

γ + ln(|k|)
)

− kb

(
(k− kb)

(
γ + ln(|k− kb|)

)
− (k+ kb)

(
γ + ln(|k+ kb|)

))
− k2

b

((
γ + ln(|k− kb|)

)
+
(
γ + ln(|k+ kb|)

))
=− k2

bγ + k2 ln(|k|)− 1
2
(k2 + k2

b)
(

ln(|k− kb|)+ ln(|k+ kb|)
)

3. Computation of v̂3 : real part

We give below the detail of the computation of −ω2
2 〈kT 1

k−kb
+ kT 1

k+kb
,ϕo(k)〉.
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As shown in the main text,

−ω2

2
〈kT 1

k−kb
+kT 1

k+kb
,ϕo(k)〉=−ω2

2
lim

ε→0+

(∫ kb−ε

−∞

k
k− kb

ϕ
o(k)dk+

∫ +∞

kb+ε

k
k− kb

ϕ
o(k)dk+

∫ −kb−ε

−∞

k
k+ kb

ϕ
o(k)dk

+
∫ +∞

−kb+ε

k
k+ kb

ϕ
o(k)dk

)

But ∫ kb−ε

−∞

k
k− kb

ϕ
o(k)dk+

∫ +∞

kb+ε

k
k− kb

ϕ
o(k)dk+

∫ −kb−ε

−∞

k
k+ kb

ϕ
o(k)dk+

∫ +∞

−kb+ε

k
k+ kb

ϕ
o(k)dk =∫ 0

−∞

k
k− kb

ϕ
o(k)dk+

∫ kb−ε

0

k
k− kb

ϕ
o(k)dk+

∫ +∞

kb+ε

k
k− kb

ϕ
o(k)dk

+
∫ −kb−ε

−∞

k
k+ kb

ϕ
o(k)dk+

∫ 0

−kb+ε

k
k+ kb

ϕ
o(k)dk+

∫ +∞

0

k
k+ kb

ϕ
o(k)dk

=2×
(∫ kb−ε

0

k
k− kb

ϕ
o(k)dk+

∫ +∞

kb+ε

k
k− kb

ϕ
o(k)dk+

∫ +∞

0

k
k+ kb

ϕ
o(k)dk

)
=

2
ω2

(∫
B(0,kb−ε)

1
|x|(|x|− kb)

ϕ
o(|x|)dx+

∫
R3\B(0,kb+ε)

1
|x|(|x|− kb)

ϕ
o(|x|)dx+

∫
R3

1
|x|(|x|+ kb)

ϕ
o(|x|)dx

)
. (IV.44)

Using the relations

1
|x|(|x|+ kb)

=
1
kb

( 1
|x|
− 1
|x|+ kb

)
,

1
|x|(|x|− kb)

=
1
kb

( 1
|x|− kb

− 1
|x|
)
,

and denoting: Bext := B(0,kb− ε)∪Bc(0,kb + ε), Bsur f := R3 \{B(0,kb− ε)∪Bc(0,kb + ε)},
Eq. (IV.44) finally reads:

2
kbω2

(∫
Bext

1
|x|− kb

ϕ
o(|x|)dx−

∫
R3

1
|x|+ kb

ϕ
o(|x|)dx+

∫
Bsur f

1
|x|

ϕ
o(|x|)dx

)
Which eventually brings:

−ω2

2

〈
kT 1

k−kb
+ kT 1

k+kb
,ϕo(k)

〉
=

1
kb

(
−
〈

vp
( 1
|x|− kb

)
,ϕ(x)

〉
+
〈 1
|x|+ kb

,ϕ(x)
〉)

B. Detailed computation of the FT for G1Q(l)Q

1. Imaginary part of v̂1

The FT of r 7→ 3isin(kbr)T 1
r5
−3ikb cos(kbr)T 1

r4
− ik2

b sin(kbr)T 1
r3

is the function k 7→U1I(k) given by (cf. Corollaries II.5 and

II.10) :

U1I(k) =
3
2

(
τkb T̂ 1

r5
− τ−kb T̂ 1

r5

)
− kbi

3
2

(
τkb T̂ 1

r4
+ τ−kb T̂ 1

r4

)
−

k2
b

2

(
τkb T̂ 1

r3
− τ−kb T̂ 1

r3

)
=

3
2

(−iπ
24

(k− kb)
4sgn(k− kb)+

iπ
24

(k+ kb)
4sgn(k+ kb)

)
− ikb

3
2

(
π

6
(k− kb)

3sgn(k− kb)+
π

6
(k+ kb)

3sgn(k+ kb)
)

−
k2

b
4

(
iπ(k− kb)

2sgn(k− kb)− iπ(k+ kb)
2sgn(k+ kb)

)
=iπ

[
−
( 1

16
(k− kb)

4 +
kb

4
(k− kb)

3 +
k2

b
4
(k− kb)

2
)

sgn(k− kb)+
( 1

16
(k+ kb)

4− kb

4
(k+ kb)

3 +
k2

b
4
(k+ kb)

2
)

sgn(k+ kb)
]

=
iπ
16

(k+ kb)
2(k− kb)

2(sgn(k+ kb)− sgn(k− kb)).
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2. Real part of v̂1

The FT of r 7→ 3(cos(kbr)−1)T 1
|r|5

+3kb sin(kbr)Tsgn(r)
r4
−k2

b cos(kbr)T 1
|r|3

is the function k 7→U1R(k) given by (cf. Corollaries

II.5 and II.10) :

U1R(k) :=
3
2

(
τkb T̂ 1

|r|5
+ τ−kb T̂ 1

|r|5

)
−3T̂ 1

|r|5
− kbi

3
2

(
τkb T̂sgn(r)

r4
− τ−kb T̂sgn(r)

r4

)
−

k2
b

2

(
τkb T̂ 1

|r|3
+ τ−kb T̂ 1

|r|3

)
=− 1

8

(
(k− kb)

4(
γ + ln(|k− kb|)

)
+(k+ kb)

4(
γ + ln(|k+ kb|)

))
+

1
4

k4(
γ + ln(|k|)

)
− kb

2

(
(k− kb)

3(
γ + ln(|k− kb|)

)
− (k+ kb)

3(
γ + ln(|k+ kb|)

))
−

k2
b

2

(
(k− kb)

2(
γ + ln(|k− kb|)

)
+(k+ kb)

2(
γ + ln(|k+ kb|)

))
Using again the factorisation 1

4 (k−kb)
4 +kb(k−kb)

3 +k2
b(k−kb)

2 = 1
4 (k+kb)

2(k−kb)
2 and 1

4 (k+kb)
4−kb(k+kb)

3 +k2
b(k+

kb)
2 = 1

4 (k+ kb)
2(k− kb)

2, a nice and straightforward simplification follows.

To sum up, we already obtained :

Re(v̂1) =
k4

4
(γ + ln(|k|))− 1

8
(k+ kb)

2(k− kb)
2(2γ + ln(|k2− k2

b|)
)

(IV.45)

ℑ(v̂1) =
π

16
(k+ kb)

2(k− kb)
2(sgn(k+ kb)− sgn(k− kb)

)
. (IV.46)

3. Computation of the derivatives

We need to compute the derivative of v̂1 expressions (in the sense of the distributions) ; using the Lemma II.12, we obtain, for
the real part :

Dk Re(v̂1) = kk2
b

(
γ +

1
4

)
+ k3 ln(|k|)− 1

2
k(k+ kb)(k− kb) ln(|k2− k2

b|) (IV.47)

For the imaginary part, we obtain:

Dk ℑ(v̂1) =
π

4
k(k+ kb)(k− kb)

(
sgn(k+ kb)− sgn(k− kb)

)
(IV.48)

4. Computation of F (T )

To compute v̂3, using the Corollary IV.5 in the main text, we need to evaluate the scalar product between k Dk v̂1 and a test
function k 7→ ϕo(k). For the real part, we get:

ω2

2

〈
k
(

kk2
b

(
γ +

1
4

)
+ k3 ln(|k|)

)
,ϕo(k)

〉
=

ω2

2

∫
R

(
k2k2

b

(
γ +

1
4

)
+ k4 ln(|k|)

)
ϕ

o(k)dk

= ω2

∫ +∞

0
(k2k2

b

(
γ +

1
4

)
+ k4 ln(k))ϕo(k)dk

=
∫
R3

k2
b

(
γ +

1
4

)
+ |x|2 ln(|x|))ϕo(|x|)dx

=

〈
k2

b

(
γ +

1
4

)
+ l2 ln(l),ϕ

〉
and, omiting the prefactor −1/2 in Eq. (IV.51) :
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ω2

2

〈
k(k(k2− k2

b)
(

ln(|k+ kb|)+ ln(|k− kb|)
)
,ϕo(k)

〉
=

ω2

2

∫
R
(k2(k2− k2

b)
(

ln(|k+ kb|)+ ln(|k− kb|)
)
ϕ

o(k)dk

= ω2

∫ +∞

0
(k2(k2− k2

b)
(

ln(|k+ kb|)+ ln(|k− kb|)
)
ϕ

o(k)dk

=
∫
R3
(|x|2− k2

b)
(

ln(||x|+ kb|)+ ln(||x|− kb|)
)
ϕ

o(|x|)dx

=
〈
(l2− k2

b)
(

ln(|l + kb|)+ ln(|l− kb|)
)
,ϕ
〉

For the imaginary part, omiting the prefactor π/4 in Eq. (IV.52), we obtain:

ω2

2
〈k2(k2− k2

b)
(
sgn(k+ kb)− sgn(k− kb)

)
,ϕo(k)〉= ω2

2

∫
R
(k2(k2− k2

b)
(
sgn(k+ kb)− sgn(k− kb)

)
)ϕo(k)dk

= ω2

∫ +∞

0
(k2(k2− k2

b)
(
sgn(k+ kb)− sgn(k− kb)

)
)ϕo(k)dk

= ω2

(∫ +∞

0
k2(k2− k2

b)ϕ
o(k)dk−

∫ kb

0
−(k2− k2

b)k
2
ϕ

o(k)dk

+
∫

∞

kb

−k2(k2− k2
b)ϕ

o(k)dk
)

= ω2

∫ kb

0
2k2(k2− k2

b)ϕ
o(k)dk

= 2
∫

B(0,kb)
(|x|2− k2

b)ϕ
o(|x|)dx = 2

〈
1B(0,kb)(l)(l

2− k2
b),ϕ

〉
Gathering all the terms, we have

−2v̂3

ω2
= k2

b

(
γ +

1
4

)
+ k2 ln(k)− 1

2
(k2− k2

b) ln(|k2− k2
b|)+ i

π

2
1B(0,kb)(k)(k

2− k2
b) (IV.49)

5. Green formula

Definition IV.1 Let Ω be an open set of Rn, and k ∈ N∗ ∪ {∞}. Ω is said to be a C k-open set if there exists a function
ρ ∈ C k(Rn,R) such that {

Ω = {x ∈ Rn : ρ(x)< 0},
∂Ω = {x ∈ Rn : ρ(x) = 0}, gradρ(x) 6= 0, ∀x ∈ ∂Ω,

(IV.50)

with ∂Ω := Ω̊\Ω.

Remark IV.2 Ω := {x ∈ Rn, |x|< R} (resp. Ω := {x ∈ Rn, |x|< R}) is a C ∞-open set with ρ(x) := |x|2−R2.

Theorem IV.3 Let Ω be a C 1-open set (and ρ the associated function). There exists a positive measure dσ on ∂Ω such that
for all ϕ ∈ C 1

0 (Rn) and all f1, . . . , fn ∈ C 1(Rn)∫
Ω

divF(x)ϕ(x)dx =−
∫

Ω

F(x) ·gradϕ(x)dx+
∫

∂Ω

ϕ(x)F(x) ·n(x)dσ (IV.51)

where F(x) = ( f1(x), . . . , fn(x)), X ·Y = ∑
n
i=1 XiYi and n(x) := gradρ(x)

‖gradρ(x)‖ .

Corollary IV.4 For Ω = B(0,r) (resp. Ω = B(0,r)
c
) C 2.
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6. Partial Derivative of F (T ) : detailed computation

The first derivative of the function k 7→ (k2− k2
b) ln(|k2− k2

b|) is

∂i f (k) = 2ki
(

ln(|k+ kb|)+ ln(|k− kb|)
)
+2ki

, which is not L1 anymore.

We will use the Green Formula (see Theorem IV.3) in order to compute ∂i∂ j f (k) with Ω−ε := B(0,kb− ε) (resp. Ωε :=
Bc(0,kb + ε)). ∫

Ω−ε

f (x)∂iψ(x)dx =−
∫

Ω−ε

∂i f (x)ψ(x)dx+
∫

∂Ω−ε

ψ(x) f (x) ·n−ε

i (x)dσ

Using again this formula for ψ := ∂ jϕ , we have∫
Ω−ε

f (x)∂i∂ jϕ(x)dx =
∫

Ω−ε

f (x)∂iψ(x)dx

=−
∫

Ω−ε

∂i f (x)ψ(x)dx+
∫

∂Ω−ε

ψ(x) f (x)n−ε

i (x)dσ

=
∫

Ω−ε

∂ j∂i f (x)ϕ(x)dx−
∫

∂Ω−ε

ϕ(x)∂i f (x)n−ε

j (x)dσ +
∫

∂Ω−ε

ψ(x) f (x)n−ε

i (x)dσ (IV.52)

By dominated convergence, limε→0
∫

∂Ω±ε
ψ(x) f (x)n±ε

i (x)dσ = 0, so

∫
R3

f (x)∂i∂ jϕ(x)dx = lim
ε→0

∫
Ω−ε∪Ωε

∂ j∂i f (x)ϕ(x)dx

−
∫

∂Ω−ε

ϕ(x)∂i f (x)n−ε

j (x)dσ

−
∫

∂Ωε

ϕ(x)∂i f (x)nε
j (x)dσ

With Θ := (cos(θ)sin(ϕ),sin(θ)sin(ϕ),cos(ϕ)), in spherical coordinate, n−ε = Θ, nε =−Θ and with Θ(±ε) := (kb± ε)Θ,
(and with Jϕ,ε := (kb− ε)2 sin(ϕ))∫

∂Ω−ε

ϕ(x)∂i f (x)n−ε

j (x)dσ +
∫

∂Ωε

ϕ(x)∂i f (x)nε
j (x)dσ

=
∫ 2π

0

∫
π

0
ϕ(Θ(−ε))

(
2(kb− ε)Θi(ln(ε)+ ln(|2kb− ε|))+2(kb− ε)Θi

)
Θ jJϕ,ε dθ dϕ

−
∫ 2π

0

∫
π

0
ϕ(Θ(ε))

(
2(kb + ε)Θi(ln(ε)+ ln(|2kb + ε|))+2(kb + ε)Θi

)
Θ jJϕ,ε dθ dϕ

=
∫ 2π

0

∫
π

0
ΘiΘ j ln(ε)2

(
(kb− ε)ϕ(Θ(−ε))− (kb + ε)ϕ(Θ(ε))

)
Jϕ,ε dθ dϕ +R(ε)

=
∫ 2π

0

∫
π

0
ΘiΘ jε ln(ε)

(
(kb− ε)ϕ(Θ(−ε))− (kb + ε)ϕ(Θ(ε))

ε

)
Jϕ,ε dθ dϕ +R(ε)

where the quantity R(ε) is the part which converge to zero by a straightforward application of the dominated convergence
theorem.

Noticing that

(kb− ε)ϕ(Θ(−ε))− (kb + ε)ϕ(Θ(ε))

ε
= kb

ϕ(Θ(−ε))−ϕ(Θ(ε))

ε
−ϕ(Θ(−ε))−ϕ(Θ(ε))

and recalling that if

∂v f (a) := lim
t→0

f (a+ tv)− f (a)
t
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exists, then

∂v f (a) =
n

∑
i=1

∂ f
∂xi

(a).vi,

we can apply then again the dominated convergence theorem, since ϕ is smooth and

kb
ϕ(Θ(−ε))−ϕ(Θ(ε))

ε
= kb

ϕ((kb− ε)Θ)−ϕ(kbΘ)

ε
+ kb

ϕ(kbΘ)−ϕ((kb + ε)Θ)

ε

−→
ε→0

kb∂−Θϕ(kbΘ)− kb∂Θϕ(kbΘ)

(with ‖∂±Θϕ(kbΘ)‖ ≤ ‖∂1ϕ‖L +‖∂2ϕ‖L +‖∂3ϕ‖L, with L a big enough compact set).
Finally ∫

R3
f (x)∂i∂ jϕ(x)dx = lim

ε→0

∫
Ω−ε∪Ωε

∂ j∂i f (x)ϕ(x)dx

Eventually, we obtain:

Dki Dk j(k
2− k2

b) ln(|k2− k2
b|) = 2(1+ ln(|k2− k2

b|)δi, j +2
kik j

k

(
v.p.

1
k− kb

+
1

k+ kb

)
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