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Subwavelength seismic metamaterial with an ultra-low frequency band gap
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A subwavelength seismic metamaterial (SMs) consisting of a three-component SM plate (SMP) and a half space is proposed to attenuate ultra-low frequency seismic surface waves. The design concept and models are verified firstly by lab-scale experiments on the SM consisting of a two-component SMP and a half space. Then we calculate the band structures of the one-dimensional and two-dimensional subwavelength SMs, and evaluate their ability to attenuate Rayleigh waves. A wide ultra-low frequency band gap can be found. And the Rayleigh waves are deflected by the subwavelength SM and converted into bulk waves in the frequency range of this band gap. When the number of the unit cells of the subwavelength SM is sufficient, the transmission distance and deflection angle of the Rayleigh waves are constant at the same frequency. This discovery is expected to open up the possibility of pragmatic 2 seismic protection for large nuclear power plants, ancient buildings and metropolitan areas.

Introduction

Millions of earthquakes occur every year on the planet we live in. [START_REF] Reitherman | Earthquakes and engineers: an international history[END_REF] According to the statistics of China Earthquake Networks Center, there have been 836 major earthquakes of magnitude 6 and above in the past 100 years (1919-2018), i.e. an average of more than eight times a year. The major casualties caused by Earthquakes are due to the collapse of buildings. The destruction of some important buildings and facilities will bring devastating disasters and irreparable damage, such as nuclear power plants and ancient buildings. The seismic metamaterials (SMs) [START_REF] Finocchio | [END_REF][3][4][5] proposed in recent years can prevent these things in a clever way.

SMs with periodically arranged structures have band gaps (BGs). [6][7][8][9] In the frequency ranges of the BGs, the seismic waves cannot pass through the SMs. In 2014, an experiment with cylindrical holes arranged periodically verified that this SM can attenuate seismic waves in the BG. 3 When the shape of the holes is changed or some special material is filled in the holes, the BG characteristics and the attenuation effect of the SMs on the seismic waves can still be found. [10][11][12] In addition, the research on SMs based on half-space conditions has also received much attention. It has been found that the forest can attenuate the seismic surface waves, because these trees in the forest, which can be modeled as pillars over a half space, can open the BG of the surface waves. 13 Therefore, various pillars placed on the ground have been extensively studied and experimentally verified. [14][15][16][17] It is worth mentioning that the use of Matryoshka-like structures, 18 fractal structures 19,20 and "rainbow trapping effect" 4 can realize the attenuation of seismic surface waves over a wider range of frequency. Among them, Miniaci et al. 20 

demonstrated the possibility of lowering

BGs in elastic systems by introducing self-similar structures at multiple scales experimentally. In addition, some multi-component SMs have been proposed to attenuate the seismic bulk waves and surface waves. [START_REF] Finocchio | [END_REF][21][22][23][24][25][26][27] However, the SMs, which are often made of a very soft coating and a very heavy core, 10 can attenuate seismic waves below 5 Hz which contains the resonant frequencies of many large buildings and metropolises. There are also some works 28,29 that consider the effectiveness of SMs in layered soils. It is consistent with the fact that the substrate in practice is composed of multiple layers of soil. 30 These works will facilitate the practical applications of SMs. Although SMs clamped by bedrock have a zero-frequency BG, they are only suitable for areas where the embedded depth of bedrock is shallow. 29,31 In this paper, a subwavelength SM consisting of three-component seismic metamaterial plate (SMP) on a half-space is proposed to attenuate ultra-low frequency seismic surface waves in a variety of geological situations. We first review the surface wave transmission experiments of the two-component SM composed of two-component SMP on a half-space. 32 This is the experimental basis of the three-component SMs in this paper. Then we calculate the band structures of the one-dimensional (1D) and two-dimensional (2D) SMs, check their attenuation ability to Rayleigh waves, and specifically discuss the propagation of Rayleigh waves in the SM in the range of the ultra-low frequency BG (UFBG). The subwavelength SM does not need bedrock or fixed boundary condition to clamp the bottom of the pillars metamaterials. This explains that the UFBG and the wide BG can be more universally implemented theoretically than the previous works. 29,31 And the subwavelength SM uses traditional building materials, making it a very practical design.

Methods

Numerical simulations

In this paper, we use Solid Mechanics Module of COMSOL Multiphysics to calculate the band structures and the propagation of Rayleigh waves in the SM. The meshes are free triangular mesh with quadratic serendipity element for 2D models, free tetrahedral mesh with quadratic Lagrange element for 3D models. The minimum wavelength involved in this work is approximately 5.6 m (3.7a) when the frequency is 22 Hz. In simulation, the maximum sizes of the mashes is set to a/5, which is about 1/18 of the minimum wavelength. Therefore, the meshes are small enough to get the converge results. 33,34 For the one-dimensional periodic SM, the reduced wave vector from 0 to π/a (a is the period of the SM) is used to obtain the eigenvalues 35 . For the two-dimensional periodic SM, which is highly symmetrical, the wave vector along Γ -X direction 36 is used to calculate the band structures. We mainly target Rayleigh waves which are often concerned in the study of SMs as they can travel far away and are extremely harmful to buildings in the mid-and far-fields. So the excitation condition in the frequency domain calculation is mainly used to obtain Rayleigh waves, which has sagittal displacement with a maximum value of 0.01m both in the x and z directions on the surface. 4,17 When we calculate the attenuation ability of SMs, the transmission spectrum is defined as TS = 20×log10 (A1/A0) where A1 is the acceleration of a point behind the SM, and A0 is the acceleration of the same point when there is no SM. Therefore, the amplitude of the excitation does not change the value of TS in the simulation calculation and the attenuation of seismic waves by SM is under linear elastic conditions. (c) and 1(d) respectively.

Lab-scale experimental setup

In the experiment, the sample comprising foam-steel composite is zoomed in the upper right corner of Fig. 1(e). The size of the steel core is 140 mm x 40 mm x 40 mm, and the thickness of the flexible foam plate is 5 mm. The size of the glass box is 1.2 m x 0.5 m x 0.5 m, and the material of the substrate is sand. In order to reduce the reflection of the elastic wave by the glass wall, pebbles are placed around the wall. 24 The details of the experimental instruments used in the present work are consistent with this reference 32 . A thick layer of high-damping plastic foam is placed under the glass box to achieve a similar effect to the vibration isolation platform.

The accelerations are carried out by using two accelerometers placed on two symmetrical points (labels D and E in Fig. 1(e)). One (label D) is placed in the free zone where there is no interaction between the SM and the seismic wave, and the other ((label E)) is located behind the SM. Suppose that the acceleration values of points D and E are AD and AE, respectively. Then the attenuation spectrum of SM on the surface wave is 20 x log10(AE/ AD) shown in Fig. 1(f 1. All parameters used in the simulation are consistent with those in the lab-scale experiment.

Comparing the two band structures, we can find that when the SMP is placed on the half space, the original band is basically unchanged, but the sound cone (dark gray area in Fig. 1(d)) is added due to the existence of the half space. So, we can not only keep the BG of the SMP itself in Fig. 1(d). It is found that the addition of the substrate does not affect the original band structure of SMP. That is to say, the band structure of the SM composed of the two-component SMP and a half space is almost equal to band structure of the two-component SMP plus the sound cone. The sound cone, the boundary of which is formed by the slowest bulk wave propagating in the substrate, can be used to immediately identify real propagating surface waves, bulk modes as well as leaky surface modes and spurious PML modes. 37,38 Therefore, the wide BG of the SMP itself is preserved. At 110 Hz -300 Hz, we can verify that the SM can attenuate the surface waves well by lab-scale experiments and simulated calculations of the supercell, which corresponds to the BG in Fig. 1(d). The geometric model, material parameters, and position of the supercell and substrate used in the simulation calculations are consistent with the lab-scale experiments. In addition, the boundary formed by the glass wall is replaced by a low reflection boundary to reduce reflected waves.

This lab-scale experiment demonstrates that the two-component SM can attenuate the surface waves in the frequency range of the BG well, but this SM is powerless for the lower frequency surface waves. However, our previous work 32 shows that this SM composed of SMP and substrate can strongly attenuate surface waves in numerical simulation and lab-scale experiments. In addition, this kind of SM only needs to be laid on the base layer, which reduces costs and simplifies construction. The functional shortcomings of the two-component SM prompt us to further improve the SM to possess the above-mentioned advantages and also attenuate surface waves at ultra-low frequencies. In the following, the effect of SM composed of the three-component SMP and substrate is systematically investigated on the attenuation of surface waves in the ultra-low frequency range.

Discussions of the SM

From the above simulations and lab-scale experiment of the SM consisting of the two-component SMP and half space, it can be seen that the band structure of the SM is almost equal to the band structure of the SMP plus the sound cone. This SM can effectively attenuate the seismic surface waves to protect the buildings. Next, we will use FEM calculations to discuss the band structure and attenuation effect of the subwavelength SM consisting of the three-component SMP and a half space on the seismic surface waves. The UFBG of the subwavelength SM is discussed under the one-dimensional (1D) and two-dimensional (2D) periodic models. = 0.5a, H = 20a. The material parameters are illustrated in Table 1. 11 Figure 2(c) shows a schematic diagram of the system used to calculate the transmission spectrum. Since the UFBG of the subwavelength SM is mainly studied and discussed in this paper, and the wavelength of the seismic surface wave is large in the range of the UFBG, the values of the geometric parameters involved here are all large, especially the depth (500a) of the substrate, the distance (340a) from the source (point A in Fig. 2(c)) to the ULSM and the number (1600) of the unit cells of the subwavelength SM. Point B (Fig. 2(c)) is the signal collection point. Suppose that the acceleration at point B located after the SMP is A1, and the acceleration at point B without the SMP is A0. Then the transmission function is defined as 20 x log10(A1/ A0).

Model of 1D SM

To prevent unwanted reflections, we add a perfectly matched layer (PML) with a thickness of 50a which is about the same as the incoming wavelength at low frequencies, as shown in Fig. 2(c). Among them, the PML scaling factor and the PML scaling curvature parameter are 1. Some works 12,39 also use low reflection boundaries to achieve similar results.

Band structure and transmission spectrum of 1D SM

For a 1D three-component SMP based on local resonance, a BG can easily occur.

As shown in Fig. 3(a), a narrow BG appears in the range of 10.0 -14.0 Hz. Even if the unit cells in Fig. 2(a) are periodically arranged in two dimensions, the BG is very narrow. 22 It is conceivable that such a narrow BG cannot meet our needs. However, when we place this SMP on a half space (i.e. the SM), we are surprised to find two wide BGs (0 -9.0 Hz and 9.4 -22.0 Hz) for surface waves. And one of them is a UFBG. By comparing the band structures in Figs. 3(a 

3(b)

. It is worth noting that there are still bulk modes in the frequency range of the UFBG without any surface mode. This result proves that this work is completely different from the previous ones 29,31 which do not have modes in the UFBG. In Fig. 3(d), the effective density, shear modulus and bulk modulus of the SMP are obtained by using numerical methods. 40 We can see that the BG of SMP is due to the appearance of its negative effective mass density.

Through the transmission spectrum of the subwavelength SM, we can also see the existence of these two wide BGs. In the range of the UFBG, we see that the seismic surface waves are well attenuated in the range of 0.5 -9.0 Hz. However, for the seismic surface waves close to zero frequency, the attenuation effect needs to be improved. Because the number of unit cells in the proposed subwavelength SM is infinite because of the periodic boundary condition when calculating the band structure, while the number of the unit cells in the subwavelength SM is finite (1600 unit cells) when calculating the transmission spectrum. Therefore, we hypothesize that the number of the unit cells of the ULSM and the lower limit of the attenuation zone in the transmission spectrum are closely related.

Discussion on the UFBG of 1D SM

To discover the relationship between the number of the unit cells of the subwavelength SM and the lower limit of the attenuation zone in the transmission spectrum, we simulate and plot the displacements of surface waves of the system varying with the frequency by calculating the transmission spectrum. As shown in Fig. 4(a), we use the subwavelength SM of 1600 unit cells placed from 0 m to 2400 m for calculation. The transmission distance of the Rayleigh waves increases in the subwavelength SM exponentially with the decrease of frequencies from 5.0 Hz to around 0.5 Hz. It is found that in a higher frequency range between 3 Hz to 5 Hz, we can also attenuate seismic surface waves with very few seismic metamaterial units.

When the frequency is less than 0.5 Hz, Rayleigh waves pass through the 1600 unit cells of subwavelength SM. We can speculate that if the number of unit cells in the subwavelength SM increases, the propagation of the lower-frequency Rayleigh waves can be attenuated. Physically speaking, this subwavelength SM is a novel SM with the UFBG. For practical applications, it is also very convenient to select the number of unit cells according to the frequency range that we consider. We have studied the transmission of Rayleigh waves in the subwavelength SM at 2.2 Hz to demonstrate the mechanism of the subwavelength SM. As shown in Fig. 4(c), when the Rayleigh waves enter the subwavelength SM, they are deflected at a certain angle and converted into bulk waves. As shown in Figs 4(c) and 4(d), the waves at the left end of the SM are Rayleigh waves. The energy of Rayleigh waves is mainly concentrated in the depth of two wavelengths below the surface. The Rayleigh waves are converted into bulk waves in the SM, because there is no surface wave mode in the SM at the frequency of the UFBG, but the bulk wave modes exist.

To explain this phenomenon, we draw a dotted line with the frequency of 2.2 Hz on the band structure of the subwavelength SM shown in Fig. 4(b). At 2.2 Hz, there is no surface wave mode in the subwavelength SM. However, there are a large number of bulk wave modes outside the sound cone. That is to say, at 2.2 Hz, only the bulk wave modes exist in the subwavelength SM. Therefore, Rayleigh waves will be deflected and converted into bulk waves as shown in Fig. 4(c). This principle is also used to achieve low-consumption energy transmission and other functions in topological metamaterials and has been validated in experiments. 41,42 We also use the subwavelength SM of 100 unit cells placed from 0 m to 150 m with for the calculation of the transmission spectrum in Fig. 4(d). We find that the deflection of Rayleigh waves is almost the same as the subwavelength SM with 1600 unit cells. When the Rayleigh waves propagate to the position of X = 60 m (presumably at the position of the 40th unit cell), most of the energy has turned from the surface to the bulk below the surface. This also shows that when the number of the unit cells of the subwavelength SM is sufficient, the transmission distance and deflection angle of the Rayleigh waves in the subwavelength SM are constant at the same frequency. In practical applications, the method of arranging the number of the unit cells of the subwavelength SM according to the specified frequency range is effective.

In order to investigate the influence of the material parameters of the substrate on the UFBG, we consider the effect of the Young's modulus and mass density of the substrate on the upper frequency bounds of the UFBG for the 1D subwavelength SM.

The material parameters of the substrate are selected within the actual soil parameters 19 . However, when the Young's modulus of the substrate increases from 10 MPa to 100 MPa, and the mass density of the substrate is between 1600 kg/m 3 and 2200 kg/m 3 , the upper boundary (9.0 Hz) of the UFBG does not change. In this range of the Young's modulus and the mass density, the upper boundary of the UFBG is determined by the band of the local resonance of the SMP, which is invariable. From the effect of the Young's modulus and mass density of the substrate on the upper frequency bounds of the UFBG for the 1D SM, we can find that the subwavelength SM is suitable for different soils in different regions. This also shows that the subwavelength SM is universal.

The values for material parameters of the substrate are swept and are intended for qualitative comparison only 40 . Through the simulation calculation and discussion, we find this important universal equation: the band structure of the SM composed of the SMP and a half space is almost identical to band structure of the SMP plus the sound cone. It is noteworthy that this conclusion is incorrect when the heavy core of the unit cell of the SMP connects the substrate. 10,11 The above 1D SWSM can be modelled as a two-layered medium as shown in Fig. 5(a). The green part is the effective medium of the SMP. Its upper boundary is the free boundary, and the thickness is a = 1.5 m. In the low frequency region (0 -5 Hz) away from local resonance, as shown in Fig. 3(d), the effective mass density of the SMP is about 2000 kg/m 3 . And the effective Young's modulus Ee = 27.12 GPa, Poisson's ratio υe = 0.3. The substrate shown in Fig. 5(a) is a half-space of soil.

For the layered medium shown in Fig. 5(a), the dispersion curve of the Rayleigh wave can be calculated by the fast scalar method. 43 As shown in Fig. 5(b), the dispersion curve of the layered medium only supports a single waveguide mode and exhibits a typical inverse dispersion. [START_REF] Yang | Forward Modeling of Zigzag Dispersion and Pavement Systems Dispersion Curves[END_REF] The wave velocity of Rayleigh waves increases with the frequency increasing in the two-layered medium in the range of 0 -0.0125 Hz. And there is a cut-off frequency (0.0125 Hz). It means that, when the frequency is greater than the 0.0125 Hz, Rayleigh waves will not exist in the effective two-layered medium. This also verifies the correctness of the UFBG because 0.0125 Hz is close to zero.

In practice, the substrates are composed of multiple layers of soil. [28][29][30] For illustration, we divide the substrate into three layers of soil. 29 Each layer has a thickness of 10 m as shown in Fig. 6(a). Each layer of soil has an identical Poisson's ratio of 0.3 and a density of 1800 kg/m 3 . The Young's modulus from the top layer to the bottom layer is 5, 100 and 2000 MPa. The values for material parameters of the substrate are intended also for qualitative comparison only. 40 The UFBG still exists and the width is unchanged as shown in Fig. 6(b). This shows that even if the substrate is composed of multiple layers of soil, this SM can still attenuate ultra-low frequency seismic surface waves.

Model of 2D SM

In order to verify that the above the subwavelength SM still has a UFBG in the three-dimensional space, we have studied the 2D SM as shown in Fig. 7(b). Similarly, we also calculate the band structure of the unit cell of the 2D three-component SMP shown in Fig. 7(a). The unit cell of the 2D SM consists of a unit cell of the 2D three-component SMP and a half space. The geometric parameters (a, a1, a2 and H) and the material parameters of the four materials (concrete, rubber, steel and soil) are consistent with those of the 1D SM. We set the Bloch period boundary conditions on the four vertical boundaries of the 2D SMP; and the upper and lower boundaries are free. The Bloch period boundary condition is set on the four vertical boundaries of the 2D SM; the lower boundary is set as the fixed boundary condition, and the upper boundary is set as the free boundary condition. The system used for transmission spectrum calculation is similar to Fig. 2(c), so it is not illustrated here. 17 Although they can obtain BGs at low frequencies, the width of the BGs needs to be expanded. 38,[START_REF] Liu | [END_REF]46 As shown in Fig. 8(a), the BG of the 2D three-component SMP is very narrow and only exists around 10.0 -12.0 Hz. Even if the unit cells of such three-component SMP are three-dimensionally periodically arranged, the width of the BG is also narrow. 23 However, the 2D SM has two wide BG for surface waves, and one of them is an ultra-low BG. By comparing the band structures in Figs. 8(a) and (b), we can easily find that the band structure of the subwavelength SM consisting of the 2D three-component SMP and a half space is almost equal to the band structure of the 2D three-component SMP plus the sound cone. This is also the reason for the wide ultra-low BG.

We calculate the transmission spectrums of Rayleigh waves in the 1D and 2D SMs (along ΓX direction) with 100 unit cells at 0.5 -5.0 Hz which is within the UFBG.

The attenuation effect of the two kinds of subwavelength SM is almost the same, and the 2D ULSM is slightly better than the 1D SM at low frequencies (0.5 -4.0 Hz). This shows that the 2D SM can also attenuate ultra-low frequency surface waves in the three-dimensional space.

Discussion on the UFBG of 2D SM

As shown in Fig. 9, by comparing the propagations of Rayleigh waves in the 1D and 2D SMs (xz section diagram) with 100 unit cells at 4.0 Hz, the Rayleigh waves in the 2D SM also convert from surface waves to bulk waves, and the deflection angle of the Rayleigh wave is almost the same as that of the 1D SM. This shows that the 2D SM can attenuate surface waves in the frequency range of its UFBG to protect the target building. Its mechanism is consistent with that of the 1D SM.

Conclusion

In summary, through the lab-scale experiments and numerical simulation of the SM consisting of the two-component SMP and a half space, we demonstrate this new design methodology to create SMs to attenuate seismic surface waves. In addition, lab-scale experiments are also the important basis for the application of three-component subwavelength SM. Then we propose a three-component subwavelength SM consisting of the three-component SMP and a half space. By investigating the influence of the material parameters of the substrate on the 1D SM, we find that the band structure of the SM composed of the SMP and a half space is almost equal to the band structure of the SMP plus the sound cone. By analyzing the propagation of Rayleigh waves in the 1D and 2D SMs in the frequency range of the UFBG, we find that Rayleigh waves are deflected at a certain angle and converted into bulk waves. When the number of the unit cells of the subwavelength SM is sufficient, the transmission distance and deflection angle of the Rayleigh waves in the subwavelength SM are constant at the same frequency. In summary, the SM consisting of only one layer of the SMP buried underground and substrate has an ultra-low frequency BG and can convert Rayleigh waves into bulk waves in the frequency range of the BG. Meanwhile, the simple design of this SM is conducive to its manufacturing and practical application and the efficiency of the SM to attenuate Rayleigh waves is also very significant. All the phenomena demonstrate that the subwavelength SM can attenuate surface waves in the frequency range of its UFBG to protect the target building. This subwavelength SM is expected to protect large nuclear power plants, ancient buildings and metropolises from damage by seismic waves. This paper not only demonstrates the application prospects of subwavelength SM, but also provides design guidance for surface wave researchers. 
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Table 1 .

 1 Material parameters of the unit cell and the half space

	Material	Density (kg/m 3 )	Young's modulus (Pa)	Poisson's ratio
	Rubber	1300	1.2 x 10 5	0.47
	Concrete	2500	4 x 10 10	0.3
	Steel	7784	2.07 x 10 11	0.3
	foamed plate	1053	1.6 x 10 5	0.39
	Soil	1800	2 x 10 7	0.3
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