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Highlights

« A new conceptual design of pillared elastic metasurface (~0.4954) with constructive
interference (PEMC) is proposed to manipulate flexural waves.

« We systematically reveal the phase shift of transmitted waves across the improved
subunits and establish an analytical model for multi-resonator subunits to accurately
predict the phase shift and amplitude of the transmitted wave.

« The intrinsic physical of the constructive and destructive interferences through out-
of-plane vibration of the plate for the two adjacent subunits are analyzed.

 Finally, we experimentally verify deflecting and focusing functionality of the

proposed PEMC without any drilling or grooving the original plate surface.

Abstract
In engineering, plate structures are one type of the main load-bearing structures.
However, most of designed plate-like metamaterials/metasurfaces need to be heavily

grooved or drilled on the original plate surface, which will inevitably cause some
1
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destruction to the strength and stiffness of the host plate structures. To overcome this
weakness, we propose a new conceptual design of pillared elastic metasurface (~0.4954)
to manipulate flexural waves in plates by considering constructive interference. The
interference, which manifests itself as the coupling through out-of-plane vibration of
the plate for the two adjacent subunits, is analyzed to reveal the physical mechanisms.
In addition, we reveal the mechanism of the phase shift of transmitted waves across the
sub-wavelength subunits and establish an analytical model for the multi-resonator
subunits to accurately predict the phase shift and amplitude of the transmitted wave.
We theoretically design and experimentally demonstrate the deflecting and focusing
functionalities of the proposed elastic metasurface. Our design can provide a new route
to broad applications of the constructive interference in elastic
metamaterials/metasurfaces, which can be used to efficiently engineer arbitrary wave

profiles.

Keywords: Elastic metasurfaces, Constructive interference, Flexural waves,

Metamaterials, Elastic waves
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1. Introduction

Metasurface is one kind of ultrathin metamaterials, with a more compact and easily
fabricated form. It has been recently proposed to realize extreme features of bulky
metamaterials [1-8]. The studies on the metasurfaces with phase gradients, based on the
generalized Snell’s law (GSL) [9], have made a significant progress in the fields of
optics [9-11] and acoustics [12-15]. Recently, the development of elastic metasurfaces,
with complex inherent properties of different elastic wave types and mode conversions,
has also attracted wide attentions of researchers.

The existing elastic metasurfaces can be classified into body wave metasurfaces
[16-20], surface wave metasurfaces [21], and plate wave metasurfaces [22-33],
according to the manipulated wave type. Among them, the plate wave metasurface is a
hot one due to the universality of plate waves in engineering. For the first time, the
concept of the optic metasurface or acoustic metasurface was extended to elastic wave
metasurface in the field of solid mechanics by Zhu and Semperlotti [22]. They
investigated the anomalous refraction of Lamb waves (plate waves in a relatively thick
plate [34]) based on mode conversion by using geometric tapers. Meanwhile, Liu et al.
[23] designed a zigzag structure metasurface by grooving the plate to achieve a source
illusion device for flexural waves (plate waves in a relatively thin plate [34]). In order
to further improve transmittance, a high transmission metasurface for deflecting and
focusing in-plane longitudinal waves in a plate [24] was proposed by breaking the
intrinsic proportional density-stiffness relation. Furthermore, in one [33] of our

previous works, phase accumulation of the multi-resonators was used to experimentally
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design and demonstrate the pillared metasurface, which is capable of deflecting
vertically and obliquely incident flexural waves with high transmissions.

On the other hand, some tunable plate wave metasurfaces [35-38] were also
proposed. An adaptive metasurface [35] capable of modulating Ao Lamb waves in a
plate were designed through the piezoelectric units. Furthermore, a programmable plate
wave metasurface [36] with sensing-and-actuating units was introduced to adapt and
reprogram flexural wave control functionalities in real time. Recently, a switchable
multifunctional fish-bone elastic metasurface [37] is proposed to manipulate the
transmitted plate waves. More recently, plate wave metasurfaces had been applied to
total mode conversions from in-plane longitudinal waves to shear waves [39], splitting
flexural waves [40], asymmetrical flexural wave transmission [41] and isolating
vibration [42].

Almost all of the above mentioned elastic metasurfaces need to be grooved on the
complete plate surface, which avoids the coupling interference (CI) between two
adjacent subunits to design them independently. The CI is similar to the Fano
interference [43-46], which results from the coupling between individual unit-scatters
in the continuum background, i.e., the host plate. However, the CI in our work pays
more attention to the coupling of the adjacent subunits deviating from the resonance
frequency.

In the present research, we improve the model reported in our previous paper [33]
by the iron pillared-resonator subunits. The lowest dispersion band and vibration mode

analyses are used to explain the working mechanism of the phase shift of transmitted
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waves. Furthermore, we indeed propose an analytical model for multi-pillared subunit
to accurately predict the amplitude and phase shift of the transmitted wave. Based on
the improved subunit model, the physical mechanisms of CI between the adjacent
subunits are revealed, which can be classified into the constructive and destructive
interferences. Further, by considering the CI, we propose the pillared elastic
metasurface with constructive interference (PEMC) to manipulate flexural waves
propagating in a plate. Finally, experimental validations are carried out to demonstrate

the deflecting and focusing capabilities of the designed PEMCs.

2. Theoretical design of the subunit of PEMC

Fig. 1(a) depicts the PEMC structure (enlarged one is shown in the top of the figure)
without slots. To clarify the difference between the current work and our previous one
[33], the sketches of the previous elastic metasurface with slots and the present one
without slots in a front view (xy-plane) are shown in Figs. 1(d) and 1(e), respectively.
The most obvious difference is that CI will exist at the junction of the adjacent subunits
for the metasurface without slots (marked in Fig. 1(e)). The interference manifests itself
as the coupling through out-of-plane vibration of the plate for the two adjacent subunits.
In addition, the previous subunits are improved by the iron pillared-resonator subunits.
Considering the CI, the present elastic metasurface is composed of the improved three-
dimensional (3D) subunits, periodically arrayed on the host plate, as shown in Fig. 1(b).
The subunit design is one of the core design components. For simplicity, we firstly
design the corresponding two-dimensional (2D) subunits, which is the cross-section

view, as shown in Fig. 1(c). Then, it will be expanded to the 3D one.
5
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Fig. 1. (a) Sketch of the PEMC capable of deflecting an incident flexural wave, with the enlarged

view in the top. (b) illustrates the three-dimensional (3D) subunit corresponding to the dotted box

in (a). (¢) The corresponding two-dimensional (2D) subunit, which is the cross-section view of the

3D one. (d) and (e) illustrate the adjacent subunits without CI and with Cl in a front view (xy-plane),

respectively.
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2.1. Mechanism of phase shift in the multi-resonator subunit

The 2D subunit is based on the pillared resonators periodically arrayed and bonded
on the surface of a thin aluminum alloy plate, as shown in Fig. 1(c). Here, two types of
pillared resonators are analyzed, which are made of aluminum alloy (with the elastic
modulus of E, =70 GPa , Poisson's ratio of v, =0.33, and the density of
Puw =2700 kg/m’) and iron (with the elastic modulus of E, =200 GPa, Poisson's
ratio of v, =0.29, and the density of p,_ =7870 kg/m’). The elementary unit cells
are illustrated in Figs. 2(a) and 2(b), where the black and grey areas represent the iron
and aluminum alloy, respectively. Both of the plate and pillar thicknesses are d=1 mm.
D denotes the constant lattice with 2 mm, and # is the pillar height. The periodicity is
along the x-axis. Figs. 2(a) and 2(b) show the lowest dispersion bands (corresponding
to flexural waves in the plates) for different heights of the pillared resonators. They are
obtained by using the eigen frequency analysis of COMSOL MULTIPHYSICS 5.4
software.

It can be observed from Figs. 2(a) and 2(b) that the wavenumbers & corresponding
to the color lines (representing the plate with pillared resonators) are bigger than that
corresponding to the black lines (representing the plate without resonators) at the same
frequency. Furthermore, the wavenumber in the plate increases with the pillar height.
According to v=27f/k , the wavenumber is inversely proportional to the
corresponding wave velocity. Therefore, the wave velocity of the flexural wave
propagating in the plate with the periodic structures decreases when the height of

pillared resonator increase. After propagating the same distance, the flexural wave
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with lower velocity will have a larger phase shift. Except for the above same
characteristics, the difference between Figs. 2(a) and 2(b) is that the wavenumber of
the flexural wave in the plate with periodic iron pillared resonators is larger than that
in the plate with periodic aluminum alloy pillared resonators at the same frequency. It
indicates that periodic iron resonators are easier to make the flexural waves in the plate
slow down, i.e., phase shift. Therefore, the iron pillared resonator is adopted to

improve the subunits in our previous paper [33].

2000 2000
/ b
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Fig. 2. (a) and (b) show the lowest dispersion bands for different heights of the aluminum alloy and
iron pillared resonators, respectively. (c¢) and (d) illustrate the longitudinal and bending vibration
modes of the iron pillared resonator with varying of the pillar height, respectively.

The targeted frequency in our design is 1 kHz, which is one of the typical low
frequencies. In order to further reveal the interaction between the pillared resonators

and flexural waves in the plate, the corresponding vibration modes of the iron resonator
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are analyzed. Figs. 2(c) and 2(d) show the z direction displacements in the pillared
resonators associated with longitudinal vibration modes (longitudinal waves) and the x
direction displacements in the pillared resonators associated with bending vibration
modes (flexural waves), respectively. It can be found that when the pillar height is short
(less than 6d), the longitudinal vibration of the pillared resonator (the longitudinal wave)
is dominant, while when the pillar height is high (more than 144d), the bending vibration
(the flexural wave) is dominant. From this propagation form in the resonators, it makes
one easy to understand the dispersion bands in Figs. 2(a) and 2(b). When the
propagating flexural waves in the plate encounter a resonator, parts of them are
converted into longitudinal waves or flexural waves in the resonator, which will
propagate in the resonator and then to the plate. This transmission process leads to slow
flexural waves down to have a big phase shift. In this way, the wave velocity of the
longitudinal wave or the flexural wave in the iron pillared resonator is lower than the
one in the aluminum alloy resonator. In other words, the transmission speed in the iron
resonator is slower than the one in the aluminum alloy resonator. The transmission
process with the slower speed will lead to a larger phase shit. Then, we can easily
understand that the improved subunits based on periodic iron resonators are easier to

make the flexural waves phase shit.

2.2. Analytical transmission and phase spectra of the 2D subunit

In the current study, the number of pillared resonators is set as 25. It makes multi-
resonators structure approximate the above mentioned infinite periodic subunits to

compose the subunits, as shown in Fig. 3(a), which will cause the phase shifts of
9
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transmitted flexural waves in a plate. The working mechanism of the phase shifts of
transmitted flexural waves across the subunits has been revealed by the above lowest
dispersion band and vibration mode analysis. The subunits with different pillar heights
make it possible to meet the desired phase profile for designing a gradient metasurface.
In addition, the evenly distributed amplitude of transmitted waves across the subunits
is also crucial in designing a metasurface without any undesired distortion for
transmitted pattern [24, 33]. Therefore, both amplitudes and phase shifts of transmitted

waves across the subunits need to be accurately solve.
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Fig. 3. (a) Sketch of the 2D subunit with 25 pillared resonators. The host plate is divided into several
regions, which are marked as the 1%, 2", ..., 26™ regions in (b). (c) illustrates the (j-1)" region, ;™
region, and ;™ pillared resonator. (d) shows the analytical and simulated results of the phase shift

and amplitude for the transmitted waves by varying the pillar height.
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To solve amplitudes and phase shifts of the transmitted waves, we establish the
analytical model and divide the host plate into several regions, which are marked as the
15, 27 26" regions, respectively, in Fig. 3(b). First, wave transmission in the (j-1)"
region, ;™ region, and ;" pillared resonator are studied, as shown in Fig. 3(c). From the
above analysis of Figs. 2(c) and 2(d), we know that both flexural waves (bending
vibrations) and longitudinal waves (longitudinal vibrations) will couple and exist in the
pillared resonator. Therefore, for accuracy, they must be considered in the pillared
resonator and host plate at the same time. It should be pointed out that flexural and
longitudinal waves are equivalent to A0 and SO lamb waves, respectively, in the low
designed frequency of 1 kHz [34]. The governing equations for flexural waves and

longitudinal waves in the host plate can be expressed in the following forms,

respectively:
o*w(x,t o*w(x,t
E 1 83(c4 ) +pd, 852 ) =0
; (1
E  0Ou(x,t Ou(x,t
_Pulen) | Pulrn)
(1-v)  ox ot

where E,, p,, and I, are the Young’s modulus, density, and section moment of

3

inertia of the plate, respectively. [, = ————
P PEEY A T )

, in which d, and v, are the

thickness of the plate and Poisson’s ratio of the material, respectively. The general
solutions of the displacements for the flexural wave equations in the (j-1)™ and j* regions

arc:

11
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W(J—l) ()C, t) — (A(f—l)e‘[k1>1x + B(j—l)eikblx + C(j—l)e'k1>1X + D(,/_l)ekblx )em
, (2)

W(]) (x, t) — (A(j)e-ikmx + B(j)eikhlx + C(j)e-khlx + D(j)ekmx ) eia)t
where the superscripts (j-1) and (j) indicate the (j-1)™ and j regions, respectively. The

pd, @

flexural wavenumber is k,, :[
EIII

1/4
J , in which @w=27zf is the circular

frequency. AY", BUV, cUV, pub 4D BY  CY and DY are complex
coefficients. AYe ™" and AYe ™" correspond to the positive-going propagating
flexural waves, whereas BYe®* and B“e™™ correspond to the negative-going
propagating flexural waves. CYe™™* and CYe ™™ correspond to the positive-
going evanescent flexural waves, whereas DYe’ and DYe*™ correspond to the
negative-going evanescent flexural waves. The general solutions of the displacements

for longitudinal wave equations in the (-1)™ and j* regions are:

uh ( X, t) — ( PpUDgiknx | Q(j-l) gt ) P
: 3)

u? (x,t) — (P(j)e—iknx n Q(j)eiknx)eiwt

2 2 12 . . .
where the longitudinal wavenumber is f, :{M} , PUY, QU pu
1

and QY are complex coefficients. PYe™ and PYe ™" correspond to the
positive-going propagating longitudinal waves, whereas QUYe”* and QYe"
correspond to the negative-going propagating longitudinal waves.

The governing equations for the flexural wave and longitudinal wave in the

pillared resonator j can be expressed in the following forms, respectively:

12
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EzlzT"'pz 2720

; 4)
L Ou(an)  Sulzn)
(Uvp) o2 e

where E,, p,, and I, are the Young’s modulus, density, and section moment of

3

inertia of the pillared resonator, respectively. [, =————, in which d, and v,

C12(1-v,2)
are the thickness of the resonator and Poisson’s ratio of the material, respectively. The
general solutions of the displacements for flexural wave and longitudinal wave
equations in the j* pillared resonator are

W(Pj) (Z, t) — (A(P_,')e-ikbzz + B(P,-)eikbzz + C(P_,)e-kmz + D(P_,')ek;,zz )eia)t
, (5)

u(P/) (Z,t) — (P(P/)e—iklzz + Q(Pj)eiklzz )eiwt

where the superscript (P;) indicates the jt pillared resonator. The flexural and

E,I E

272 2

1/4
d a)Z 20 2 1/2
longitudinal wavenumbers are £k, :[/)2—2] and f, :[M} ,

respectively. A(P’), B(P’), C(Pf), D(Pf), P® and Q(P/) are complex coefficients.
A" e ™ and  B™e™** correspond to the up-going and down-going propagating
flexural waves, respectively, whereas C* ‘e and D" correspond to the up-
going and down-going evanescent flexural waves, respectively. P e and
0"e">* correspond to the up-going and down-going propagating longitudinal waves,
respectively.

The physical quantities w'”, u"', @, FY, y© MY and the complex
coefficients 4, BY, ¢, DY, PP OY forevery region in the plate can be

organized as a state vector and a coefficients vector, respectively:
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v = {W(])’u(ﬂ’ (D(‘]), F(])’V(J),M(j)}
(6)
K9 = {A(])’B(])’C(])’D(])’P(J)’Q(])}

where ¢, FY, yU) and M"Y are slope, axial force, shear force and bending moment,
respectively. For simplicity, the origins of coordinates x and z are set at the interface
among the (j-1)™ region, /" region, and ;" pillared resonator. Substituting Egs. (2) and
(3) into Eq. (A13), we obtain

vO=N, kY, j=1,2---26, (7)

where N

, 1s the transformation matrix between the state vector and the coefficient

vector. It is shown in Appendix A. Substituting Egs. (2), (3), (5), and (A13) into the
boundary conditions among the (j-1)™ region, j* region, and ;" pillared resonator (Egs.

(A1)-(A12)), we obtain

) ) ) ) ) ) P, P P P P o7
N, [A('/),B(‘]),C('/),DU),P('/),Q(j),A( ’),B( ’),C( /),D( ’),P( /)’Q( /):|
, ()
) ) . ) ) AT
_ (Jj-1 (-1 -1) -1) -1) -1)
_N3|:A/ ),B/ ,C(/ ,D(j ,PU ,Q(j :I

where N, and N, are the 12x12 and 12x6 matrices, respectively. They are

given in Appendix A. From Eq.(8), we obtain

T
. . . ; ; ; P, P, P, P; P; P
[A(/)’B(J),CU),DU)’P(J>’Q(./>’A< D B®,c® p® p* o ,)]

)
=N4 [A(j*l) B(j—l) C(j—l) D(jq) P(j,l) Q(jfl):IT
From Eq. (9), we get
kii):NSk;f—l)’ j=2,3---26, (10)

where k!” and kY™ indicate the coefficient vectors in the left interface of the ;"
region and the right interface of the (j-1)™ region, respectively. Ns is obtained by

selecting the first to sixth rows of the matrix N, and has included the contribution of the
14
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pillared resonator.
For the j* region with a length s, the relationship between the state vector and
coefficients vector can be expressed as
vy =Ny kY, j=23...25, (11)
where N, is the transfer matrix for waves propagating from the left to the right
interface of the j region and it is shown in Appendix A. From Egs. (7), (10) and (11),
for waves propagating from the right interface of the (j-1)" region to the right interface
of the j region, the transfer matrix can be expressed as
kY =NV =N"'NKY =N'NNKY", j=23--.25. (12)
From Eq. (12), for waves propagating from the right interface of the 1% region to the
right interface of the 25" region, the transfer matrix can be expressed as
k(=N "'NNKY =(N,'NN,)*KY. (13)
Furthermore, for waves propagating from the right interface of the 1% region to the left
interface of the 26" region, we get
kP = N k=N, (N, 'N,N, )k} . (14)
From this equation, we can solve the amplitude and phase shift for the flexural wave
propagating through these 25 pillared resonators. Eq. (14) can be rewrittend as
K, = N5(N,'NNyPK,, - (15)
where kiHZ[I,Q,O,Q*,O,Ifl ]T , koutZ[tb,O,tZ,O,t,,OJT , 1o, 1, and 1 are the
amplitude ratios of the reflected propagating flexural wave in the 1% regions,
respectively, ¢, , ¢, and ¢ are the transmitted propagating flexural wave,

transmitted evanescent flexural wave and transmitted longitudinal wave in the 26%

15
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regions, respectively. From Eq. (15), 7, ¢,, r,, t,, 7, and f can be solved. The
phase shift of the transmitted wave is obtained by subtracting the phase in the right of
the subunit from the phase in the left. More coresponding details can be found in
Appendix A.

Fig. 3(d) shows the analytical amplitude (red line) and phase shift (blue line) of
transmitted waves predicted by Egs. (15) and
Erreur ! Source du renvoi introuvable.. It can be seen that the phase shift with the
high transmission (average over 0.8) by varying the pillar height can span over a full
phase range of 2z. To evaluate the accuracy of the analytical solution, the simulated
results obtained by COMSOL MULTIPHYSICS 5.4 software (Plane Strain Module)
are shown with small circles and triangles in Fig. 3(d). The simulated results are in very
good agreement with the analytical ones. This confirms the accuracy of the analytical
method. It should be pointed out that the total thickness of the subunit L=49 mm is
about half of the incident wavelength 4 =98.9 mm [47], that is, these 25 pillared

resonators constitute the sub-wavelength subunit.

2.3. The design of 3D subunits with the CII

The above-designed subunit is embodied in its 2D model, as shown in Fig. 3(a).
The corresponding 3D one is shown in Fig. 4(a). The periodic boundary conditions need
to be applied on the two long boundaries in the 3D strip-like subunit model. In order to
display intuitively the 3D subunit applied by the periodic boundaries, another form is
shown in Fig. 4(b). In our previous paper [33], slots are made at the subunit region

(marked with the red dotted box in Fig. 4(a)) to avoid the CI. In the present work, we
16



1  retain the spacing in the 3D subunits instead of the slot. In this way, the CI between

2 identical subunits (CII) will exist by the spacing, marked with red arrows in Fig. 4(b).

(a) (b)

13% (1-mw, Flexural waves

CII (spacing instead of slot)

Periodic boundaries

©) 0.5 Ay -
' g 08 u
& =020
£f°° 2 1014
3 3
o[04 S §0.08
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1 0.2 0.1 g §0.02
02 04 06 08 1.0 02 04 0.6 0.8 1.0<
wy/A w,/A

Transmitted fields

4 Fig. 4. (a) the 3D subunit. (b) Another form of the subunit applied by the periodic

5  boundaries (¢) and (d) the dependence of the influence coefficients A, and A,, on w; and 7.

4 iy

6 (e) illustrates the out-of-plane (z component) displacement distributions in transmitted fields for the
7 twelve specific 3D subunits with the pillar height values marked in the left black square. The phase
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shits for every subunit, which are obtained by subtracting the phase in the right of the subunit from
the phase in the left, are marked in the right.

The spacing size is determined by the parameters of the subunit width w; and the
filling ratio #, which is the ratio of the spacing width to the subunit width in one subunit.
We need to analyze the influence of the CII, which is related to the subunit width wy
and the filling ratio #, on the consistency of the single 3D subunit and the corresponding
2D subunit. The consistency of the single 3D subunit and the corresponding 2D subunit
can be reflected in the differences between their phase shift and transmission amplitude
for the different height /. Therefore, in the fixed design frequency, the phase shift ¢;
and transmission amplitude |#1| for the 3D subunits can be expressed as ¢1=Gg1(w1, 1, h)
and |t|= Gja(w1, 1, h), respectively, while that for the 2D subunits can be expressed as
#o=Gyo(h) and |to|= Gpo( h), respectively. In order to quantitatively evaluate the
influence of the CII, related to the subunit width w; and the ratio #, on the consistency

of the 3D and 2D subunits, we define the influence coefficient as:

lnd
s (wom)==-2[ G, (w,m. )= G, (h) |
nh:d
) (16)
1 n-d
(e _Z,;[ (w1-1:1) =Gy ()

where n=13, which is the ratio of the maximum pillar height (considered in Fig. 3d) to

the thickness of the plate. The dependence of the influence coefficients A, and A

¢ |
on wi and # are shown numerically in Figs. 4(c) and 4(d). It can be clearly seen that
these two influence coefficients (determine the influence of CII) are small when the

values of w1 and # (determine the spacing size) are small. According to Figs. 4(c) and
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4(d), w1 and # are set as 0.24 and 1/7, respectively (marked with the red stars). It can
keep the consistency of the 3D and 2D subunits.

After the values of wi and # are set, in order to intuitively demonstrate the
consistency, twelve specific 2D subunits are selected to achieve twelve steps of an
equally phase shift to cover a full range of 2r according to Fig. 3(d). The corresponding
out-of-plane (z component) displacement distributions in the transmitted field for the
3D subunits are plotted, as shown in Fig. 4(e). The black squares represent different
subunits, and they are marked with the corresponding values of pillar heights. It can be
observed from Fig. 4 (e) that twelve steps of an equal phase shift can still approximately
cover a full range of 2x, and the transmitted fields are the uniformly high transmission.
The values of phase shifts for every subunit, which are obtained by subtracting the
phase in the right of the subunit from the phase in the left, are marked in the right of
Fig. 4(e). Compared with Fig. 3(d), the average error of the phase shifts is very small
(about 0.1 rad). It, indeed, indicates that the CII has little effect on the consistency of

the designed 3D and corresponding 2D subunits.

3. The constructive and destructive interferences between the adjacent different
subunits

The above twelve 3D subunits in the order shown in Fig. 4(e) are integrated into a
supercell as shown in Fig. 5(c). Two identical supercells, providing a stair-step (linearly
gradient) discrete phase profile, compose the elastic metasurfaces in Figs. 5(a) and 5(b).
For these two metasurfaces, the only difference between them is that one has no CI

(with a slot) at the junction of the supercells and the other has CI (without a slot), as
19



shown in the upper right corners of Figs. 5(a) and 5(b). The simulations of deflected
flexural wave fields by the two metasurfaces are shown in Figs. 5(a) and 5(b). It can be
clearly seen in Fig. 5(a) that the incident wave is deflected without any undesired
distortion in the transmitted field. However, in Fig. 5(b), the transmitted field near the
junction of two supercells is destroyed. The upper part of the transmitted field is hardly
deflected. By comparing these two simulation results, we know that the destruction of

the transmitted field is mainly due to the CI at the junction of the two supercells.
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Fig. 5. (2) and (b) illustrate the two metasurfaces consist of two supercells. Enlarged views of the
junctions of adjacent supercells, with slot and without slot, are shown in the back dotted frames in
upper right corners of (a) and (b). (c) illustrates OWMS for the twelve black squares (the 3D subunits)
shown in Fig. 4(e). (d) and (e) illustrate OWMS for the black squares (the supercells) shown in (a)
and (b). (f) The models are composed of two subunits with different heights. The one has slots and
the other has no slots. (g) shows the deviation between the phase shifts for the two models in (f).

The subunit consists of the square pillars and the plate under them, shown in Fig.
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4(a), which are named as subunit pillars and subunit plate, respectively, for easy
description. In order to reveal the intrinsic physics, the out-of-plane wave fields (z
components of the displacements) on the mid-planes of subunit plates (OWMS),
corresponding to the twelve black squares (the 3D subunits) in Fig. 4(e), are extracted,
as shown in Fig. 5(c). It can be observed for one supercell that the difference of the
extracted OWMSs between adjacent subunits from the #1 subunit to the #12 subunit is
small. After the two supercells are arranged to design the metasurface, Fig. 5(c) shows
the #1 subunit in the lower supercell and the #12 subunit in the upper supercell become
adjacent two subunits, marked with black dotted box in Fig. 5(c). It can be seen that the
difference of OWMSs between the two subunits is large, especially in terms of wave
intensity and wavelength size. For example, the wave intensity for the #1 subunit is
about 2.5 times of that for the #12 subunit, which may be caused by the different energy
diversions of pillared resonators with different heights. Furthermore, Fig. 5(c) shows
approximate one and a half wavelength for the #12 subunit and a half wavelength for
the #1 subunit. This means one third of the particles in the adjacent subunit plates move
in opposite directions. The very different OWMSs for the two subunits will be
superimposed to form a new mixed wave field through the vibrations of plate at the
junction, i.e., CI. In other words, the CI from the junction of the two adjacent subunits,
which have very different OWMSs, greatly destroys their designed wave fields.
Furthermore, the OWMSs corresponding to the black squares (the supercells) in
Figs. 5(a) and 5(b), are extracted, respectively, as shown in Figs. 5(d) and 5(e). Since

the incident wave is a Gauss beam, the wave intensity decreases gradually from the
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middle to the outsides. In Fig. 5(d), the CI exists between all two adjacent subunits
within the supercell, but not between the two outer ones in different supercells (the #1
subunit in the lower supercell and the #*12 subunit in the upper supercell). Compared
with OWMSs in Fig. 5(c), that in Fig. 5(d) are almost the same. It confirms that the CI
within a supercell causes constructive interference due to smaller different OWMSs
between the adjacent subunits. This will result in fine wave field manipulation. In Fig.
5(e), the CI exists in all adjacent subunits including the junction between the #1 subunit
in the lower supercell and the #12 subunit in the upper supercell. Compared with
OWMS:s in Fig. 5(c), that in Fig. 5(e) has changed a lot, specially at the junction (back
dotted frame). It confirms that the CI at the junction of two supercells causes destructive
interference due to larger different OWMSs between the adjacent subunits. This will
result in bad wave field manipulation.

To further quantitatively analyze the influence of the CI on the designed subunits,
we select all adjacent two subunits, i.e., “i subunit and # j subunit, from the two
supercell in Fig. 5(c). The values of i and j=i+1 are set to make the two subunits as
the adjacent ones. The two adjacent subunits make up the two types of analytical models,
the one has the slots and the other has no slots, as shown in the upper and lower subplots
of Fig. 5(f), respectively. For the two types of analytical models, we calculate the
transmitted fields and obtain the phase shift in the far field, respectively. For the first
type of model with slots, the obtained phase shifts are accurate values without the
influence of the CI on the OWMSs. For the second type of model without slots, there

will be some deviation in the obtained phase shifts due to the influence of CI on the
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OWMSs. The difference values between the phase shifts for the two types of models
are shown in Fig. 5(g). It can quantitatively analyze the influence of CI on OWMSs,
which will determine the manipulation effect of the transmitted field. In order to make
a comprehensive comparison, we also add the phase shift differences for the models
composed of two identical subunits (i = j) to Fig. 5(g), which are related to the 3D
subunits applied by the periodic boundaries.

It can be clearly observed that the phase shift difference for the model composed
of the #1 subunit and the #12 subunit reaches a large value of 2 rad, while the remaining
differences are all less than 0.4 rad. The big difference value of 2 rad indicates that the
transmitted wave field has been completely destroyed by the CI, the small difference
value less than 0.4 rad indicates that the CI results in constructive interference. We can
know from the above analysis of Fig. 5(c) that only the OWMSs between the subunit 1
and the subunit 12 in all adjacent subunits have big difference while the OWMSs for
all other adjacent subunits have a small difference. It indicates that the CI between two
adjacent subunits with very different OWMSs will lead to destructive interference while
the CI between two subunits with small different OWMSs will lead to constructive
interference. Therefore, we can take the advantage of the constructive interference to

avoid having slots in the subunits.

4. Manipulating flexural waves by the PEMC
To design the PEMC, we need to take the advantage of the constructive
interference and avoid the destructive one. For the deflecting metasurface, continuous

phase shift within one supercell and an abrupt phase shift of 2n between two adjacent
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supercells will make wave front linear change in the transmitted filed due to the wave
periodicity [12]. The OWMSs for the two adjacent subunits at the junction between the
two adjacent supercells exhibit a larger difference and that for other two adjacent ones
have a small difference. It will lead to the constructive interference exist all two
adjacent subunits, except for that at the junction between the adjacent supercells.
Therefore, in the present study, taking the advantage of the constructive interference
and avoiding the destructive one, we can just use one supercell without any slots to
build the deflecting PEMC. It should be pointed out that this has one limitation, i.e., it
is only suitable for incident Gauss beam whose width does not exceed the width of one
supercell. However, we can simply eliminate this limitation by introducing only one
slot at the junction of adjacent two supercells, which still greatly reduces the damage to
the plate. However, for the focusing PEMC, there is no such limitation. The reason is
that the phase shift for all two adjacent subunits is continuous without the abrupt phase
shift. It enables our new conceptual design to be of great value for the focusing

metasurface.

4.1. Sample fabrication and experimental setup

To accurately fabricate the iron pillared resonator, the Wire Electrical Discharge
Machining (WEDM) with a manufacturing precision of 0.01 mm is adopted. The
manufactured iron pillared resonators are bonded to the middle of the aluminum alloy
plate (1000 mm x 2000 mm x 1 mm) by a special adhesive. The enlarged view of the
deflecting PEMC sample is shown in the top of Fig. 1(a). An array of four piezoelectric

patches PZT-5A (20 mm x 20 mm X% 0.3 mm) is bonded on the surface of the plate
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acting as actuators. The spacing of adjacent piezoelectric patches is set as the width of
the piezoelectric patch according to the phased array theory [2]. By rotating the
direction of the bonded piezoelectric patch array, we can get different incident angles.
The exciting frequency is 1 kHz and the value of fd (the product of the frequency and
the plate thickness) is far less than 0.4 MHz mm [48]. Normal traction excitation of the
piezoelectric patches can be used to generate a flexural wave (single Lamb mode A0)
with the high signal-to-noise ratio.

With the controlling of the waveform editor (based on the Labview software), the
signal generator (Agilent 33220A) generates a 5-cycle tone burst signal
w, = A)[ 1-cos(27/.t/5) |sin(27f;t), where f =1kHz is the central frequency.
The power amplifier (HVPAOS) drives the piezoelectric patches in a manner that the
amplified voltage for the two middle piezoelectric patches is two times of that for the
ones on both sides. The bonded four piezoelectric patches can approximately excite the
transient flexural wave Gaussian beam. A layer of blue-tack is glued on the boundary
edges to minimize reflections from the outer boundary of the test piece [22, 23]. The
wave fields in the incident and transmitted areas are measured by the PSV-400 scanning
laser Doppler vibrometer. In the scanning areas, more than six points in one flexural

wavelength need to be scanned to ensure fine resolution.

4.2 PEMC for deflecting flexural waves
The PEMC without slots is formed by one supercell, as shown in Fig. 1(a).

According to the GSL, the theoretical refraction angle 6, of the incident wave can be

calculated by
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2 dy

where 6, is the incident angle. d¢/dy=2x/(12w,)=26.18 is the spatial phase shift
gradient. Firstly, a vertically incident flexural wave is considered, i.e., @, =0. In the
supercell, the phase shift of subunits is set to increase along the opposite direction of
the y-axis. The theoretical refraction angle of the transmitted wave is calculated to be
24.3° according to Eq. (17). For obliquely incident flexural wave, when the incident
angle meets with the relationship of siné, <(1/2x)-(d¢/dy), and the phase shift of
subunits is set to increase along the y-axis, negative refraction will occur. As a typical
example, the incident angle is set as 6, =15°, the corresponding theoretical refraction
angle is calculated to be -8.8°.

The corresponding numerical simulations are carried out. The simulation results
are shown in Figs. 6(a) and 6(c). It can be clearly observed that the vertically and
obliquely incident waves have been deflected by the designed PEMC and the negative
refraction appears in the transmitted field in Fig. 6(c). In order to get the refraction
angle from the numerical simulations, polar directivity graphs of the transmitted waves
measured at two wavelengths away from the center of the PEMCs are shown in Figs.
6(b) and 6(d). It can be observed that the refraction angles are 25.1° and -9.6°,
respectively, which have a good agreement with the theoretical ones, recalling that the

corresponding angles are 24.3°and -8.8°.

27



10

11

=200 ms =202.34 ms

=603.36 ms =605 ms

-150 um | 150 um 2 -150 um e 150 um

Fig. 6. The numerical simulation results for the vertically (a) and obliquely (c) incident waves across
the PEMC. Polar directivity graphs of the transmitted waves measured at two wavelengths away
from the center of the PEMCs are shown in (b) and (d), numerically and experimentally. The
experimental full wave fields including the incident field and the transmitted field at different time
points are shown in (e) and (f).

In order to show the deflection intuitively, the experimental full wave fields in the
incident and transmitted zones at different time points are shown in Figs. 6(e) and 6(f)
by the “time” measurement mode. The time points of measurements for the incident
and transmitted wave fields are marked below the wave fields. For example, in Fig.

6(e), the incident field and the transmitted field are measured at 603.36 ms and 605 ms,
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respectively. From the two test results, it can be clearly observed that the designed
PEMC can abnormally deflect the vertically and obliquely incident flexural waves. In
order to obtain the experimental refraction angles, firstly, the maximum peak values of
5-cycle tone burst signal for every measured point at two wavelengths away from the
center of the PEMC:s are searched in the whole test process. Then, based on maximum
peak values, the polar directivity graphs of the transmitted waves across the specimen
are added to Figs. 6(b) and 6(d). The experimentally observed angles from the polar
directivity graphs are 31.2°and -12.1°, respectively, recalling that the corresponding
simulation angles are 25.1°and -9.6°. These experimental results for deflecting PEMC
are in good agreement with both the theoretical and numerical simulation results. Some
small deviations mainly come from the manufacturing error of the specimen and the

measurement noise.

4.3. PEMC for focusing flexural waves
The focusing PEMC without slots is illustrated in the upper right corner of Fig.

7(a). It can be readily constructed by selecting subunits that match the requested
2 ~ - .
hyperbolic phase profile ¢(y) = TE(JF *+y* —F), where F is the designed focal

distance. Without loss of generality, the focal distance is setas F'=31. The continuous
phase profile makes the pillar height in the PEMC changes gradually. According to
Fig. 3(d), the corresponding values of the pillar heights for all subunits with the
precision of 0.1mm are presented by Table B1 in Appendix B. The metasurface with

gradually changing of the subunits will lead to the OWMSs change gradually. There
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Fig. 7. (a) shows the transmitted field of incident flexural waves propagating through the PEMC
capable of focusing. The intersection (of white dashed lines) points out the predicted position of
the focal point. The model of the PEMC is illustrated in the upper right corner. (b) and (c) show
the intensity distribution of normalized amplitude along the longitudinal dashed line and transverse
dashed line in (a) from the simulation and experiment, respectively. (d) and (e) show the
displacement fields of the simulation and experiment, respectively.

The transmitted intensity and displacement fields with the focal distance of 34

is simulated and shown in Figs. 7(a) and 7(d), respectively. One can clearly observe a

focal spot after the incident waves go passing through the PEMC. The theoretically
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predicted position of the designed focusing point is located at the intersection of the
longitudinal and transverse dashed lines, as shown in Fig. 7(a). The full field of
experimental measurement is shown in Fig. 7(e), which is normalized by the incident
wave field. The transmitted energy is proportional to the square of the displacement

amplitude [49]. The normalized energy intensity can be expressed as |t 2, which is the

ratio of the square of the displacement amplitude in the transmitted filed to that in the
incident field. For a more quantitative comparison, the normalized energy intensity
distribution along the longitudinal dashed line from the simulations and experiments
is also plotted in Fig. 7(b). It can be seen that the energy intensity of the peak is about
3. The normalized energy intensity distribution at the focal spot along the transverse
dashed line from the simulations and experiments is also plotted in Fig. 7(c). As one
can observe, the peaks from the simulations and experiments approximately occur at
the targeted focal distance of x = 3A. The experimental result for focusing PEMC is in
good agreement with both the theoretical and numerical simulation results, although
some small deviations exist due to the manufacturing error of the specimen and the

measurement noise.

5. Conclusions

For the improved subunits (~0.4954), the lowest dispersion band and vibration
mode analysis reveal the mechanism of phase shift, that is, arrayed pillared resonators
decrease the wavenumber of the flexural wave in the subunit due to slowing down. The
corresponding analytical model is established and both of the amplitude and the phase

shift of transmitted waves across the subunits are analytically solved. In addition, we
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have revealed that the CI between the two subunits with larger different OWMSs lead
to destructive interference, while the CI between the two subunits with smaller different
OWMSs lead to the constructive interference. Further, combined with the constructive
interference, pillared elastic metasurfaces have been analytically and numerically
investigated to manipulate incident flexural waves in a plate. We find that the
subwavelength focusing PEMC (~0.4951) enables our new conceptual design to be of
great value because has only the constructive interference due to the continuous phase
shift for every two adjacent subunits. Finally, we experimentally have demonstrated the
deflecting and focusing functionalities of the designed PEMC. This proposed
conceptual design can ensure the integrity of the original plate without introducing any
damage to its strength and stiffness. We expect the present work will open a new avenue
for a variety of applications in the field of elastic metamaterials/ metasurfaces with the

constructive interference.
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Appendix A: Boundary conditions and the transfer matrixes

In Fig. 3(c), the positive directions of axial force F , shear force V' and bending
moment M are marked at the interfaces among the (j-1)" region, j" region, and /" pillared
resonator [50, 51]. The force and moment must be balanced at the connection position.
According to Fig.3(c), the following boundary conditions must be satisfied.

Force balance in x direction:

FU_ o) P g (A1)
Force balance in z direction:
y U _ ) _ plP) _ g (A2)
Moment balance:
MUY g ) Z g (A3)

At the connection position, the displacement and rotation angle are continuous, so the
following boundary conditions must be satisfied.
Displacement continuity in x direction:

™ =y (A4)

w0 = ") (AS)

W Z ) (A6)

WU (B (A7)
Slope continuity:

go(/fl) — ¢(J’) (A8)

A = %) (A9)
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At the top of the j™ pillar resonator (z = &), there is no constraint, hence the force and

moment are 0.

ek - (A10)
z=h

FP Zo (A11)
z=h

M —o (A12)
z=h

The relationships between the slope ¢ and the displacement w, between axial

force F and the displacement u, between shear force V and the displacement w, between
bending moment M and the displacement w are:

p=w
Ed
F=——u'
(1-V2) )
V =—EW"

M=EW"

(A13)

respectively, where the superscript ’ indicates space differentiation with respect to
the corresponding coordinate.

The transformation matrix between the state vector and the coefficient vector N,

1S:

1 1 1 0 0
0 0 0 0 1 1

N= —ik,, ik,, —k,, k,, 0 O 1 A
0 0 0 0 —ik, EH, ik, EH,
_iElllkbl3 iElllkbl3 _Elllkb13 Elllkbl3 0 0
__E1]1k1712 _Elllkblz Elllkblz _Elllkblz 0 0

where H, =d, /(1-v?).

The transfer matrix N, has the following components:

T, =-12ik, E1 /b’

Ty = _Ezlzkb23 s Ty = Ezlzkb23 >

T,=12ik,EL/h |

T, = _iElllkbl3 >
34

I, = iEzlzkb23 >

T, = iElllkh13 >

Ty :_Z.Ezlzkbz3 >

1, = Elllkbl3 >
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T,=-Elk, , T, =-ik,E,)1,/h’ , T,,=ik,E,L,/h> , T,=-Elk, ,
T,=-Elk, , T,=ElLk,’, T,=Elk, , T,=-ELk,, T,=-ELk,,
T39:Ezlzkh22’ T310:E212kb22,];5=—1, Ty=-1, I;=1, Ty=1, T, =1,
I,=1 T,=1, T,=1, Ty=1, T, =1, T,;,=1, T, =1, ];il:_ikbl’ ]zszzikbl’

T

83

= _kbl , Ty = kbl , Iy = _lkbz , I = lkbz s Iy = _kbz s Ioy = kbz )
. 3 iky,h . 3 iky,h _ 3 kyoh _ 2 ikyh

Ty, =-iE,Lk,,"e s T =iE, Lk, ™" Ty = E, Lk, e, T, =—E, Lk, e™",
_ 2 kyoh _ 3 kyoh _ 2 kyoh . 2 ikyoh

Tw=E,Lk,,e™", T, =—E, Lk, e, T,,=ELk, e, T,,=ik,E,1, /| h"e™",

1

T,,=E,Lk, e™", T, =-ik,E,I,/h*e™", others items equal zero.

The transfer matrix N, can be expressed as:

0 0 0 0  —ik,EH, ikEH, ]
—iElk,’ iElk,’ Elk,’ -Elk,’ 0 0
-Elk,’ -Elk,’ Elk,’ Elk,’ 0 0

0 0 0 0 -1 -1

0 0 0 0 -1 -1

1 1 1 1 0 0

N, = (A15)

1 1 1 1 0 0
_ikbl ikbl _kbl kbl 0 0
_ikbl ikbl _kbl kbl 0 0

0 0 0 0

0 0 0 0
0 0 0 0

For the /™ region with a length s, waves propagate from the left to the right. From
Egs. (2), (3) and (A13), the relationship between the physical quantities w{’, u!’,
oV, FY, VY, MY in the right interface of the j* region and the complex
coefficients 4, B, C, DY, PY, QY in the left interface of the /* region

L > “L ° L >

can be expressed as follows:
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Wl(aj) — Aij)e*ikbrY +B£j)eikbls +C£f)e*kbﬁ +D£])ekbls
uéj) — PL(./)e—ik/ls +Q£j)eik“5

Ql(ej):_ ikblAéj)e—ikbls _i_l‘kble/')eikms _ kaCI(‘J)e_kmS +kb1DI(‘j)€kh]S

(A16)
F\) =-12ik,E 1,/d* PV ™™ +12ik,E 1, /d* O\ ¢""
Vi =—iE Lk, A" e " +E Lk, >B " +E 1 k,’C\"e - E I k,’D}"e""
MY =-E Lk, *Ae™ —ELk,’Be"" + ELk,’C}"¢ """ + E 1 k,’D} "
Here, s=1; +c;’2 , Eq. (A16) can be rewritten in matrix form as follows:
vW =N kY, j=23...25, (A17)

where N, is the transfer matrix for waves propagating from the left to the right

interface of the j™ region and it is

e—ikbls eikbls e—kbls ek,,]s 0 0
0 0 0 0 e e’
N, = —~ik, e ik, " —k, e k, e OA OA . (A18)
0 0 0 0 ~De " D"
~iD ke iD)k, e Dk, e -D,k,e"" 0 0
—D,e™  —D, ™ D™ D 0 0 |

where D, =12ik,E,1,/d* and D, = E I k,’. For accurately solving the phase shift,
the modifying thickness of the pillared resonator C:’z =0.9-d, must be added to the
length of the /" region, which can compensate the ignored thickness of the pillared
resonator in boundary conditions between the (j-1)™ and ;" regions.

The wave fields for the 1%t and 26" regions can be described as follows:
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wh (x)=e™" +re"" +1'e

: (A19)

—ikyx

where e is the incident flexural wave with an amplitude of 1, 7,, r and 7 are

the amplitude ratios of the reflected propagating flexural wave, reflected evanescent
flexural wave and reflected longitudinal wave in the 1% regions, respectively. ¢,, ¢,

and ¢, are the transmitted propagating flexural wave, transmitted evanescent flexural

wave and transmitted longitudinal wave in the 26" regions, respectively. The coefficient

vectors ki and k{* are written as k., and k_,, respectively, in terms of

R ut ?

T

Ky, =[ 130,770, | o Ko =[1,,0.45.0.,0]

The phase of #, can be calculated by using the following formula:

sr+arctan Imag(t,) if real(z, )<0
Real(z,)
4, = 1 . (A20)
arctan Imag(?,) if real(z,) > 0
Real(#,)

Appendix B: The sensitivity and limitation of the focusing PEMC

Table B1. The pillar height 4;(mm) (i=1, 2, ..., 12) corresponding to focusing PEMCs with different

precisions

hi hi2 hu hio ho hs h7 he hs ha h3 ha h
Pr=0.1 13.3 13.2 13.0 12.7 12.2 11.6 10.8 9.6 8.0 6.3 44 23
Pr=0.5 13.5 13.0 13.0 12.5 12.0 11.5 11.0 9.5 8.0 6.5 4.5 2.5
Pr=1.0 13.0 13.0 13.0 13.0 12.0 12.0 11.0 10.0 8.0 6.0 40 2.0

For the focusing PEMC in Fig. 7(a), the values of the pillar heights in the subunits have

a precision of 0.1 mm, as shown in the first row of Table B1. Further, the sensitivity of
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the focusing PEMC is investigated by the designed errors of the pillar heights. To this
end, we will carry out numerical studies on the focusing performance [the focal distance
of 34 with f= 1 kHz] to show the sensitivity to designed errors. The values of the
pillar heights for two lower precisions (Pr = 0.5 and 1.0 mm) are presented in Table B1
by rounding each value of Pr = 0.1 mm up to the nearest value. By employing these
pillar heights separately, the PEMCs are designed and the transmitted fields are
simulated. The normalized transverse and longitudinal intensities at the focal spot along
two orthogonal directions [white dashed lines in Fig. 7(a)] are shown in Fig. B1. It can
be seen that the designed pillar heights with precisions of Pr = 0.5 and 1.0 mm have a
satisfactory focusing effect like that of Pr = 0.1 mm. This indicates that the focusing
PEMC has good robustness. It should be pointed out that when the total width of the
metasurface is constant, the focal distance can be arbitrarily designed in the range of
more than half wavelength. The smaller the designed focal distance is, the smaller the

error between simulated focal distance and theoretical one is, and vice versa [52, 53].

Pr=0.1 mm
==im Pr=0:5:mm
O o R Pr=1.0 mm

0.1 0.2 0.3 0.4 0.5 0.6 0.0 B
x (m) y (m)

Fig. B1. The focusing results at the frequency of 1 kHz with a focal distance of 34 with different

precision. (a) and (b) the corresponding intensity at the focal spot along the transverse and

longitudinal directions.
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Appendix C: The PEMC for splitting flexural waves

The PEMC capable of splitting flexural waves can also be designed. This design
can split the incident flexural wave beam into two same beams at the same time, which
can ensure the integrity of the original plate without introducing any damage. The
model of the PEMC is based on the above designed subunits. It consists of the two
symmetrical supercells and is illustrated in the upper left corner of Fig. C1(a). In the
model, there is only constructive interference without destructive one. The spatial phase
shift gradient of the two supercells are d@/dy=2z/(12w,) and d@/dy=-27/(12w,).
The theoretical refraction angles of 31.0° are superimposed on the full wave fields
in Fig. Cl(a). The theoretical refraction angles have an excellent agreement with the
numerical ones £27.5° from the polar directivity graphs of the transmitted waves in Fig.

CI1(b). It confirms that the PEMC has effective splitting functionality for flexural waves.

270°

0= £27.5°

Fig. C1. (a) shows spitting the incident flexural wave by the PEMC. The model of the PEMC, which
consists of the two symmetrical supercells, is illustrated in the upper left corner. (b) illustrates the
polar directivity graph of the transmitted wave measured at two wavelengths away from the center
of the PEMC.
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