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INFINITESIMAL CHARACTERS IN ARITHMETIC FAMILIES

GABRIEL DOSPINESCU, VYTAUTAS PASKUNAS, AND BENJAMIN SCHRAEN

ABSTRACT. We associate infinitesimal characters to (twisted) families of L-
parameters and C-parameters of p-adic reductive groups. We use the con-
struction to study the action of the centre of the universal enveloping algebra
on the locally analytic vectors in the Hecke eigenspaces in the completed co-
homology.
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1. INTRODUCTION

Let G be a connected reductive group over R and let g = Lie(G(R)). The center
Z(g) of the enveloping algebra of gc has a strong influence on the representation

theory of G, as we will briefly recall. Let G(R) be the unitary dual of G(R). By
Segal’s theorerrEl there is an “infinitesimal character map”

G(R) — Homc.a15(Z(9),C), ™ — X,

and by Harish-Chandra’s finiteness theorem this map has finite fibres. Moreover,
the study of the differential equations hidden in the existence of x, yields important
information about the asymptotic behaviour of the matrix coefficients of 7, and this
can be used to prove Casselman’s subrepresentation theorem and the Langlands
classification. Going somewhat in the opposite direction, one can use the existence
of an infinitesimal character to deduce finiteness results: another classical result of
Harish-Chandra ensures that any admissible Banach representation of G(R) with
an infinitesimal character has finite length.

It is both natural and tempting to investigate whether similar phenomena happen
in the p-adic world, but so far the situation is far less rosy due to our rather poor
understanding of these representations. The results of this paper and its sequel
[29] point to some striking similarities with the above picture, as well as significant
differences. Our results are most definite in the cases when a connection to Galois
representations can be made.

1.1. Quick overview. There are essentially three main results in this paper.
The first is a very general construction (see sections and attaching in-
finitesimal characters to (twisted) families of L-parameters and C-parameters of

IThis crucially uses the unitarity hypothesis, and the result fails for irreducible Banach repre-
sentations, making it impossible to adapt the proof in the p-adic world.
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p-adic reductive groups. This is a p-adic analogue of a classical construction for
L-parameters of real reductive groups (see section for a review). For an L-
parameter p : Galp — © G(@p) the associated infinitesimal character ¢, is obtained
from the conjugacy class of the semisimple part of the Sen operator attached to p.

The second is an interpolation result (theorems and , stating that if we
can produce sufficiently manyﬂ locally analytic vectors in sufficiently many members
of a family of admissible Banach representations of a p-adic reductive group G,
with the property that the center of the universal enveloping algebra of Lie(G)
acts on them by characters in a compatible way, then these characters glue and all
Banach representations of the family have an infinitesimal character obtained by
specialisation.

The third exploits these two results to show (theorems and that many
locally analytic representations arising “in nature” have infinitesimal characters,
which can be explicitly computed from p-adic Hodge theoretic data. Informally, if
we can attach Galois representations to Hecke eigenspaces in completed cohomol-
ogy, so that at classical points the Hodge—-Tate weights of the Galois representation
match the infinitesimal character of the corresponding classical automorphic form
(i.e. a weak form of local-global compatibility at p), then this property propagates
by analytic continuation to all Hecke eigenspaces. Thus in favorable settings if the
Hecke eigenspace is non-zero, then its locally analytic vectors have an infinitesi-
mal character, which can be related to the generalized Hodge-Tate weights of the
associated Galois representation.

Examples of situations covered by our results are given by (sufficiently non-
degenerate) Hecke eigenspaces in the completed cohomology of modular curves,
or more generally Shimura curves over totally real fields, or of compact unitary
Shimura varieties studied by Caraiani-Scholze, or of definite unitary groups over
totally real fields (see sections and . The formalism developed in
this paper also applies to “patched” modules obtained by patching these completed
cohomology groups as in [I5]. In particular, we show (see theorem that the
candidates for the p-adic local Langlands correspondence for p-adic GL,(F') con-
structed in [I5] have infinitesimal characters depending only on the local Galois
representation one starts with, giving further nontrivial evidence that these candi-
dates are independent of the choices made in their construction.

1.2. Problems in the p-adic world. Fix a prime number p and a connected
reductive group G over Q,. Let L be the coefficient field of our representations, a
sufficiently large finite extension of Q,. We assume that G is split over L. Let g be
the Lie algebra of the p-adic Lie group G(Q)) (or equivalently of G).

Before discussing the problems arising for p-adic representations, it is convenient
to introduce some notation and recall a certain number of basic results. Let H be
a p-adic Lie group and let h = Lie(H). Let Bany, (H) be the category of admissible
L-Banach space representations of H and let H; be the set of isomorphism classes
of absolutely irreducible objects of this category. Contrary to the world of real
groups, admissibility of irreducible unitary representations does not come for free,
thus it is better to impose it from the very beginning. Let Bang (H)"™* be the
full subcategory of Bany, (H) consisting of unitary representations, i.e. those having
an H-invariant norm defining the Banach space topology, and let ITIEnit be the

21 a sense which can and will be made precise later on.
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set of isomorphism classes of absolutely irreducible objects of Bany (H)"it. If
I € Bany(H) then we let II'* be the subspace of locally analytic vectors in II,
i.e. vectors whose orbit map g +— g.v is a locally analytic map from H to II. Then
IT' is a dense subspace of II by [73], on which U(h)r, := U(h) ®q, L naturally acts
(U(h) is the universal enveloping algebra of h). Let Z(h), be the center of U(h)y,
and let x : Z(h)r, — L be an L-algebra homomorphism. If II € Bany(H), we say
that IT'* has infinitesimal character x if Xv = y(X)v for all X € Z(h)r,v € II'a.
We will also abuse language and say that II has infinitesimal character y when II'
does so.

A first major problem, which is unfortunately unsolved (to our knowledge) for
any G beyond tori, is the existence of an infinitesimal character map

o —

(1) G(Qp);, = Homp ag(Z(g)r, L),

i.e. whether IT'* has an infinitesimal character for each IT € G/(@) ;- It is conjec-
tured in [30] that this is the case, and it is proved there (based on deep results
of Ardakov and Wadsley [I]) that this is so if we furtherﬂ assume that I is an

absolutely irreducible locally analytic representation of G(Q,). If we replace C@
_—— unit

by G(Qp) , then essentially the only group for which the existence of this map is
known is G = GLg, and the argument in [28] fully uses the p-adic local Langlands
correspondence for GL2(Q,). We will give a different proof in this paper, which
still uses this input, as well as global results, but sheds some more light on what
could happen for other groups. Contrary to the case of real groups, already for
GL2(Qp) all fibres of the map are uncountable. Still, the fibres of the restric-

_——_  unit

tion to GL2(Q)) have nice geometric structures: they are the set of L-points of
some (non quasi-compact) rigid analytic spaces.

Inspired by the situation for real groups, one may ask whether every admissi-
ble L-Banach representation II of G(Q,) with an infinitesimal character has finite
length. One cannot expect such a result to hold in great generality (i.e. with G(Q))
replaced by any p-adic Lie group), since there are admissible L-Banach representa-
tions II of GL3(Z,) with an infinitesimal character and of infinite length. However,
we will show in [29] that this holds for unitary representations of GL2(Q,) (the
proof does not use the p-adic Langlands correspondence for GL2(Q,)), and that a
similar result holds for the group of units of a quaternion division algebra D over
Q,, if we further assume (in the case of D*) that the infinitesimal character is
not the one of an irreducible algebraic representation. When this hypothesis on
the infinitesimal character is no longer satisfied, it is not clear to us whether the
GL2(Z,) or the GL2(Q,) phenomenon prevails, since D* is compact modulo the
centre. This in turn has interesting local and global applications, for instance to
the study of eigenspaces in the completed cohomology of certain Shimura curves
or to the (still hypothetical, despite a lot of recent progress [75], [67), 49, 55]) p-adic
Jacquet-Langlands correspondence for the pair (GL2(Q,),D*). We leave these
applications for [29], but they should suggest that the existence of an infinitesi-
mal character on a Banach representation has rather strong consequences on its
structure, and it is precisely with this existence problem that we are dealing in this

paper.

3This is not automatic; actually it is not even known if IT'* always has finite length, and it is
not even clear that this is to be expected.
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1.3. Analytic continuation and infinitesimal characters. The basic idea is
very simple: suppose that a representation II lives in a family of Banach repre-
sentations Ilx, parameterized by some rigid analytic space X, and suppose that
we can produce sufficiently “many” locally analytic vectors in sufficiently “many”
members of a family of admissible Banach representations, with the property that
Z(g)r acts on them by characters in a compatible way, so that these characters
interpolate to a character x : Z(g)r — Ox(X). A density argument then shows
that Z(g), acts by x on 12, and thus all members of the family have infinitesimal
characters, obtained as specialisations of x.

In order to maximize its flexibility, it is convenient to state the analytic con-
tinuation argument in a rather general and abstract setting. Let O be the ring of
integers of L and let (R, m) be a complete local noetherian O-algebra with the same
residue field as L. Let X'® be the generic fibre of the formal scheme Spf R and let
RM8 = HO(X"8, Oyuie).

Let G be a connected reductive group over Q, and let K be a compact open
subgroup of G(Q,). Finally, let M be a finitely generated R[K]-module. There is a
canonical topology on M making it a compact topological R[K]-module. Endowed
with the supremum norm, the (not necessarily admissible) unitary Banach space
representation of K

T := Hom{™ (M, L)

can be thought of as a family of objects of Bany, (K)"i*, parameterized by the maxi-
mal spectrum m-Spec(R[1/p]): for any x € m-Spec(R[1/p]) the subspace II[m,] of I
consisting of elements killed by the maximal ideal m, is an object of Ban, (. (K yunit
(and also an object of Bany, (K)"™i¢ since the residue field x(x) of x is finite over
L).
Choose the coefficient field L large enough so that G splits over L. Let Irrg (L)
be the set of isomorphism classes of irreducible algebraic representations of Gr.
For any V € Irrg(L), by evaluating at L we get an action of G(Q,) C G(L) on V,
and V is absolutely irreducible as a representation of G(Q,) (since G splits over
L), thus it has an infinitesimal character. For such V' consider the R[1/p]-module

M (V) = Hom@™(V, 11,

where W’ is the topological L-dual of the topological L-vector space W. It is not
difficult to seeﬁ that M (V) is a finitely generated R[1/p]-module. Let Ry be the
quotient of R that acts faithfully on M (V).

We refer the reader to theorems [R5 and [R.6] for variations on the next basic
theorem.

Theorem 1.1. Let R, M be as above and suppose that there is an L-algebra ho-
momorphism x : Z(g)r — R"® such that the following hold

(1) there is an M-reqular sequence yi, ...,yn € m such that M/(y1,...,yn)M is
a finitely generated projective O[K]-module.

(2) for all V € Irrg(L) the ring Ry is reduced.

(8) for allV € Irrg(L) and all x € m-Spec(Ry [1/p]) the infinitesimal character
of V is the specialisation x, : Z(g)r — «(x) of x at x.

4One can also present M (V) = V®opx] M, for the right O[K]-module structure on V' induced
by the anti-automorphism of O[K] sending k € K to k~1.
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Then for all y € m-Spec(R[1/p]) the representation II[m,]| has infinitesimal char-
acter Xy.

We end this paragraph with a detailed explanation of the key ingredients in
the proof of this result, since this also explains the origin of the somewhat exotic
hypotheses in the statement of the theorem. Let D(K, L) be the algebra of L-valued
distributions on K. The representation IT gives rise to an R'® &, D(K, L)-module
T2 roughly speaking the space of vectors v € II that are locally analytic both
for the action of K and that of R. More precisely, we have an isomorphism

(") ~ (R"8 &y, D(K, L)) ®pxy M

describing TT7*!2 as the topological L-dual of the right-hand side. Moreover, the
inclusion TT#'2[m,] — [m,]'® is an isomorphism for all x € m-Spec(R[1/p]).

It suffices therefore to prove that 1@ D — x(D)® 1 € R"& @, D(K, L) kills 1%
for all D € Z(g),. By continuity, it suffices to prove this for a dense subspace of
1712 We will explain how to find such a subspace under the hypotheses of the
theorem. There are natural embeddings

(2) P Homp(V,II**) @,V — 0t
[V]€lrrg (L)
and
(3) &b Hom g (V, [m,]™) @1 V — Homg (V, 1F) @ V,

z€m-Spec(Ryv [1/p])

the first one identifying the left-hand side with the space of K-algebraic vectors in
1712 We prove that under the assumptions of the theorem both embeddings have
dense image. Since the third hypothesis implies that 1 ® D — x(D) ® 1 kills the
image of the second embedding for all [V] € Irrg(L) and D € Z(g)r, this will finish
the proof.

The proof that and have dense image crucially uses the first hypothesis,
which allows us to replace R first by S = OJxy, ..., 23] and then (this requires
changing the groups K and G) by O, while simultaneously reducing the proof to
the case M = O[K]. Sending x; to y; yields an action of S on M, and a key remark
is that the first hypothesis forces M to be a finite projective module over S[K].

Let us explain the proof that has dense image. It is proved in [II] that
I(M)F1 = TI(M)S12) thus we may forget about R. But S[K] is identified with
O[K'], where K’ = (1 +2pZ,)" x K is a compact open subgroup of G’ = G" x G.
The transparent link between Irrg(L) and Irrg/ (L) reduces the proof to the case
R = O and M is finite projective over O[K] (up to replacing G and K by G’
and K’). This further reduces to the case M = O[K]. In this case the result
we want to prove is equivalent to the density of the image of the natural map
OyV* @V — C®(K,L). Since @y V* @ V ~ Og(G), the required density is a
consequence of the following more general result, a simple application of Amice’s
theorem: for any smooth affine scheme X over Spec(Q,) and for any open and
closed subset U of X(Q,), the natural map L ®g, Ox(X) — C'*(U, L), obtained
by restricting regular functions on X to U, has dense image.

Finally, let us explain the proof of the density of the map . We argue by
duality, using the Hahn—Banach theorem. Thus we want to show that the dual of
the right-hand side in embeds in the dual of the left-hand side. The choice of
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a K-stable lattice © in V induces an integral structure M(©) on M (V). Simple
arguments show that

Homy (V,IT71) =~ M(©) @p, Ry
and for all € m-Spec(Ry[1/p])
Homg (V, II[m,]'®) ~ M(©) @, r(x).

One can prove, using again the first hypothesis, that M (©) is a finite free S-module
and deduce that it is a Cohen—Macaulay Ry -module. The result follows now from
the second hypothesis and the following commutative algebra result: if R is a
complete local noetherian O-algebra, which is reduced and O-torsion free, then for
any faithful Cohen—-Macaulay R-module M the natural map

M ®g Rie H M ®p Ii(m)
z€(Spf R)rig

is injective. Note that this is equivalent to the density of the image of in the case
when G is trivial. The proof is a simple application of the Noether normalisation
lemma and basic properties of faithful Cohen—Macaulay modules.

1.4. Infinitesimal characters and local Galois representations. The previ-
ous paragraph gives a systematic way of proving the existence of an infinitesimal
character for a Banach representation, but one needs to be able to find the objects
R, M and x as in theorem This is not at all a trivial problem. As we will ex-
plain in the next paragraph, the existence of R and M can be proved in many cases
using global methods and the existence of Galois representations attached to p-adic
automorphic forms, combined with suitable local-global compatibility results. In
this paragraph we want to focus on a key result of this paper, namely the construc-
tion of a character y starting from a family of local Galois representations. The
construction uses Sen theory in families (as discussed in [3]), Tannakian formalism,
Chevalley’s restriction theorem and the Harish-Chandra isomorphism.

We find it useful to consider first the simplest possible case. Let p : Galg, —
GL,, (L) be a continuous Galois representation, where Galg, is the absolute Galois
group of Q,. We would like to attach to p a character ¢, : Z(g)r — L, where g
is the Lie algebra of GL,(Qp). By the Harish-Chandra isomorphism Z(g)z, is a
polynomial ring in n variables, thus giving ¢, is equivalent to giving n elements
of L. These are simply the coefficients of the characteristic polynomial of the Sen
operator of p. In other words (, encodes the generalized Hodge-Tate weights of
p. When p is de Rham with regular Hodge-Tate weights, one can attach to p an
algebraic representation of GL,, /Q, over L, and (, encodes the highest weight of
this representation.

Let us discuss now the general case. Let F' be a a finite extension of Q, and let
G be a connected reductive group over F' with Lie algebra g. Let G be the dual
group of G (defined over Z). This group comes with an action pg : Galp — G of
the absolute Galois group of F, and we let “G = G x Gal r be the Langlands dual
group of G. The map g — (1, g) identifies Ker(puq) with a normal subgroup of “G,
and we let “G; = "G/ Ker(ug) = G % T, where T = Galp / Ker(ug).
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Next, let X be a rigid analytic variety and let P be a G x-torsor, locally trivial for
the étale topolog Let P*d be the sheaf of G x-equivariant automorphisms of P,
which leave the base X fixed. We define in this generality the L-group “P*d(X) of G
twisted by P, as well as a notion of admissible representatlons p: Gal lp — L P*(X),
see definitions |2.4] and |2 . For instance, if P = G x is the trivial G x-torsor, then
Lpad(x) = LGf(OX( )) = G(Ox(X)) x T and admissibility of a continuous

representation p : Galp — G(Ox (X)) x I is the usual notion, i.e. we ask that the
induced map Galgp — I is the natural projection. Our main construction associates
to any admissible representation p : Galp — L P*d(X) an L-algebra homomorphism
(4) Cp:Z(ReSF/Qp g) ®QPL—)O)((X).

One may naturally wonder if working in the previous generality really has some
interest. A motivating example appears in Chenevier’s thesis [I§], where he con-
structs an eigenvariety X for a unitary group compact at oo and split at p associated
to a division algebra over a quadratic extension F of Q, and a pseudo-representation
t : Galg — Ox(X), which at points corresponding to classical automorphic forms
interpolates the traces of corresponding Galois representations. The locus Xj.,
where ¢ is absolutely irreducible, is an open rigid subvariety of X and Chenevier
shows that over this locus, t gives rise to a representation p : Galg — A*, where
A is an Azumaya algebra over Xj,,, see [I8, Thm.E]. A similar type of example
arising in the deformation theory of pseudo-representations appears in [19, §4.2].
Although, in these cases G="a ¢ = GL,,, the Galois representation takes values
not in GL,(Ox (Xi)), but in an inner form of it. We would like our setup to cover
this example and also the situations where the action of Galg on G is non-trivial.

All previous constructions can be adapted if we work with the C-group G of
G instead of the L-group. Recall that ©G is related to the L-group by an exact
sequence

(5) 155G 5°G 4G, > 1

and that ©G is the L-group of a canonical central extension GT of G by G,,, over
F. In particular, one can define (see remark [2.12) a twisted C-group ¢ P2d(X)
attached to a G x-torsor P, as well as a notion of admissibility for a continuous
representation p : Galp — ¢ Pad (X). And to each such admissible representation
p we can associate (see definition a character

¢S 1 Z(Resp)q, 9) ®g, L — Ox(X).

If we consider “G as the L-group of GT then ¢p and CS are related by a twisting
construction: taking square roots at the Lie algebra level is just dividing by 2 and
we can always do that in characteristic zero. We will only consider L-groups in the
introduction, to avoid too many technicalities, but we emphasizeﬁ that it is better
to consider representations valued in C-groups instead of L-groups. The first issue
is that one expects that the Galois representations attached to C-algebraic auto-
morphic forms take values in the C-group and not the L-group, see [I2, Conj. 5.3.4].
Secondly, if we take L = Q,, G = GLs3, so that LGf = GLo, and

cyc @ 0
p: Gal@p - GL2(QP)’ g = (X yo(g) XCyc(g)b),

50ne could allow other Grothendieck topologies as well.
6We thank Peter Scholze for pointing out this.
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where a > b are integers, then the Sen operator is the matrix (&), but the charac-
ter (, : Z(g) — Qp is not an infinitesimal character of an algebraic representation
of GLy. The problem is caused is by the shift by the half sum of positive roots
appearing in the Harish-Chandra isomorphism. If we choose a twisting element

i(t) = (75"0+1 t%) for some n € Z then to p one may attach a Galois representation

with values in © GL (Qp), which we denote by p©. In this case, Cpcc is equal to the
infinitesimal character of Sym® "' @ det’™™. See section for more details.

The construction and the study of the characters ¢, and CE occupies the first four
chapters of the paper and is a bit subtle since one needs to pay special attention to
the action of the group I' = Galg / Ker(ug). One important result we prove is the
compatibility of our construction with the Buzzard—Gee conjecture, cf. proposition
5.15l This roughly says that for C-algebraic automorphic forms =, if p, is “the”
Galois representation conjecturally attached to 7 as in conjecture 5.3.4 in [12], then
one can relate the infinitesimal characters attached to the restriction of p, at places
above p and the infinitesimal characters of the archimedean components of 7. This
plays a crucial role in global applications, and it was also a major motivation for
our construction of ¢, and Qpc.

We end this long paragraph by sketching the construction of (, in the case
when X is an affinoid over L, P is the trivial G x-torsor and F' = Q. This case
already covers the key difficulties. Thus we start with an admissible representation
p: Galg, — La 7(A), where A is an L-affinoid algebra, and we want to construct a
character ¢, : Z(g)r — A.

Pick a finite Galois extension E/Q, splitting G and pick an embedding 7: E —
L. The map ¢, will be a composition of two maps, each depending on the choice
of 7, but whose composition is independent of any choice

Z(g)r =5 5@)7 5 A.
We write S(W) for the symmetric algebra of an L-vector space W, thought of as
the ring of polynomial functions on the dual of W.

The map K, is an isomorphism, and is obtained by combining the Harish-
Chandra isomorphism and the Chevalley restriction theorem. More precisely, let T’
be a maximal torus in Gg and let T be the dual torus in G. Let t and € be the
associated Lie algebras of 7' and T , and let W be the Weyl group of the root system

of (G,T), which is the same as the Weyl group of the dual root system. Then &,
is the composition

Z(g)r =~ SE)" ~ 5(g7)%,
the first isomorphism being obtained by base change along 7 : E — L of the
(normalised) Harish-Chandra isomorphism Z(gg) ~ S(t)V, where we also use 7 to
identify t ®g » L ~ t*, and the second map being the inverse of the isomorphism

S (ﬁ*)é ~ S(t*)V induced by restriction (this is Chevalley’s restriction theorem).
On the other hand, the map 6, is the composition

S(ﬁ*)é - E®A— A,

the second map being simply x ® a — 7(x)a and the first map being the evaluation
of G-invariant polynomial functions at a special element

OSen,p € (C, ®A) ®L 3.
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A priori the evaluation map lands in (C,,@A, but using the Ax—Sen—Tate theo-
rem and special Galp-equivariance properties of Ogep,, and of the Harish-Chandra
and Chevalley isomorphisms, we show that it lands in £ ® A, and moreover that
0r o k; is independent of 7. The element Ogen,, is obtained using the Tannakian
formalism and the results of Berger—Colmez [3] on Sen theory in families of Galois
representations.

Remark 1.2. Let R be a complete local noetherian O-algebra with residue field k.
We expect that even if p takes values in “G #(R) the character (, will take values
in R™& and not in R[%}, in general.

For example, if G = GL,, and (, takes values in R[%] then this would imply that
the Sen polynomial of p has coefficients in R[%] and this would impose restrictions
on the Hodge—Tate weights of the Galois representations obtained by specialising
p at the maximal ideals of R[1].

Specializing the example further, if p { 2n and p"™™V : Galg, — GL,(Rp) is
the universal deformation of an absolutely irreducible representation p : Galg, —
GL,,(k), which is not isomorphic to its twist by the cyclotomic character, then the
density results of [36] or [46] imply that the locus in m-Spec R;[%] corresponding to
de Rham representations with some fixed Hodge-Tate weights is dense in Spec R5.
Thus if (,univ takes values in Rp[%] then this would imply that all the specialisations
of p"V have the same Hodge Tate weights, which would contradict [42, Thm. D].
1.5. Global input and applications. We use Theorem [I.1]to study Hecke eigen-
spaces in the completed cohomology. Our work is motivated by Emerton’s ICM talk
[34] and his paper [32]. The theorem [1.4] below requires a number of hypotheses to
be satisfied, most serious of which is the existence of Galois representations attached
to automorphic forms and satisfying a weak form of local-global compatibility at p.
We explain in sections to that these hypotheses are satisfied for modular
curves, or more generally Shimura curves over totally real fields, as well as in the
setting of definite unitary groups over totally real fields and of compact unitary
Shimura varieties studied by Caraiani-Scholze [16].

Let G be a connected reductive group over Q and let A be the maximal split
torus in the centre Z of G. Choose a maximal compact subgroup K., of G(R), as
well as a sufficiently smalﬂ compact open subgroup K- 53 =11, 2p Ko of G (AZ}), where
Ky is a compact open subgroup of G(Qy). Let S be a finite set of prime numbers,
containing p and such that G is unramified over Q, and K is hyperspecial for £ ¢ S,
and consider the universal spherical Hecke algebra outside of S (a polynomial ring
over O in infinitely many variables)

Tuniv — ® HE»
(¢S

where H, = O[K/\G(Q)/ K| and the tensor product is taken over O.
If Ky is a compact open subgroup of G(Ay) let

Y(Ky) = GQ\G(A)/Z(R)" K K,

"See the discussion preceding lemma for the precise hypotheses.
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where H° denotes the neutral connected component of the Lie group H. Let

H' =limlim H'(Y (K} K,),0/=")
s Ky

be the associated completed cohomology groups, the inductive limit being taken
over compact open subgroups K, of G(Q,).

The algebra T"™V acts on the various Hi by spherical Hecke operators, and
following [34] one can define a suitable completion T of a quotient of T""V, which
still acts on H' for all i > 0 (see the discussion preceding lemma for the precise
definition). The algebra T is profinite and has only finitely many open maximal
ideals, but it is not known in this level of generality whether it is Noetherian.

Let z : T[1/p] — Q, be a continuous homomorphism of O-algebras with kernel
m,, such that the image of x is a finite extension of Q, (this condition is satisfied
if T is Noetherian). We conjecture that for all n > 0 the G(Q,)-representation

(ﬁn Ko L)[mw}la ®']I‘,;E @p

has an infinitesimal character, and we give a conjectural recipe for this character.
More precisely, motivated by [12] Conj.5.3.4] we conjecture that one can associate
to z an admissible Galois representation

p: GalQ — CGf(@p)
which is unramified outside of S and such that for £ ¢ S the semisimplification
of p(Froby) matches the homomorphism xp : Hy — T = @p via a suitable form
of Satake isomorphism for the C-group, defined in [8§], see section for the
precise definitions. Of course, there is no reason for p to be unique, but we prove

that all such representations p (if they exist) have the same associated (by the
recipe described in the previous section) infinitesimal character Cpc. Let us note

that if we fix an isomorphism ¢ : Q, = C and if we suppose that toz : T — C is
associated to a C-algebraic automorphic form, our conjecture on the existence of
Galois representations becomes [12], Conj. 5.3.4].

Conjecture 1.3. Let p be an admissible representation associated to x : T[1/p] —
Q, as in Conjecture and let n be a non-negative integer. Then Z(g) acts on

(I;f” ®o L)[mg]"* @1, @p via Cpc-

As it stands, the conjecture seems out of reach, but we prove it in a certain
number of cases, cf. theorem [I.4] below. We now explain the extra assumptions one
needs to make in our theorem. First, we assume for simplicity of the exposition
that Z(R)/A(R) is compact, cf. theorem for a version with a fixed central
character which allows one to suppress this hypothesis (this is useful in practice,
for instance in the case of Shimura curves over totally real fields). Next, we choose
an open maximal ideal m and we make the crucial hypothesis that m is weakly
non-Eisenstein, i.e. that there is an integer gg such that

HY(Y(K?K,),0/@)m =0

for all i # ¢o and all sufficiently small compact open subgroups K, of G(Q,). This
assumption is automatically satisfied if G(R)/Z(R) is compact. When this quotient
is not compact, the assumption is rather strong, since one expects it to be satisfied
only when the rank of G(R) is the same as the rank of Z(R) K, i.e. the defect of the
derived group of G(R) is 0, in which case g is half the dimension of the symmetric
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space G(R)/Z(R)°KS,. As mentioned in [34] (see also lemma the hypothesis
on m has very strong consequences, for instance the continuous O-dual of H" is
finite projective over O[K,] for all sufficiently small compact open subgroups K,
of G(Qp), and Ty, acts faithfully on this dual.

Fix a supercuspidal type 7, i.e. a smooth absolutely irreducible representation
of K, on an L-vector space such that for any smooth irreducible non supercuspidal
L-representation 7, of G(Q,) we have Homg, (,7,) = 0. If V is an irreducible alge-
braic representation of G over L, let V(1) = V® 7 and let Ty, v() be the quotient
of the localization Ty, acting faithfully on Homg, (V(7), H¥[1/p]). As in [34], one
can (thanks to Franke’s theorem [39]) associate to any L-algebra homomorphism

r:Tyve) — @p a cuspidal automorphic representation m, = ®/,m, , of G(A) such
P

that (among other things, cf. lemma T, acts on Wf ! via z and 7, o has
the same infinitesimal character as V', thus m, is cohomological and in particular
C-algebraic. Conjecture 5.3.4 of [12] asserts that there should be an admissible Ga-
lois representation p, : Galg — CG(@p) attached to m,. This representation is not
necessarily unique (for instance because 7, is not necessarily unique), but one of
the properties imposed on p, is a relation between the Hodge-Tate cocharacter of
p. at places above p and the infinitesimal character of 7, at the archimedean places,
as discussed in [I2) Rem.5.3.5]. In particular ng is well-defined, i.e. independent
of the choice of 7, or p,. Our main result is (we keep the previous hypotheses):

Theorem 1.4. We assume that the following hold:

(i) Tw is noetherian and m is weakly non-Eisenstein;

(i) there is an admissible representation p : Galg — Gy (THE), such that for
all V € Irrg(L) and all @ : Ty v ()[1/p] = Q,,, the specialisation of p at x
matches m, according [12, Conj.5.3.4];

(iii) the composition d o p is equal to the p-adic cyclotomic character.

Then for all y € m-Spec T [1/p] the centre Z(g) acts on (HE ®0 L)[m, )" by ng.

We apply this theorem in the settings of modular curves, definite unitary groups
over totally real fields, compact unitary Shimura varieties, studied by Caraiani—
Scholze, and we apply a version of the theorem with a fixed central character in
the setting of Shimura curves. We note that Lue Pan has proved a version of
the theorem above in the setting of modular curves in [61) prop.6.1.5] using the
geometry of the Hodge-Tate period map and relative Sen theory (as opposed to
the classical one, used in this paper).

1.6. p-adic Jacquet—Langlands and infinitesimal characters. With a view
towards the p-adic Jacquet-Langlands correspondence, one particularly interesting
example is that of a quaternion algebra D over QQ split at oo, and the first com-
pleted cohomology group of the tower of Shimura curves associated to D (of a fixed
tame level), localised at a maximal ideal corresponding to an absolutely irreducible
2-dimensional mod p Galois representation of Gal(Q/Q). If the ideal m, in the
theorem corresponds to a p-adic Galois representation which is not Hodge—Tate at
p then (pC:gC cannot be an infinitesimal character of an irreducible finite dimensional
U (sly),-module. This implies that if K is a compact open subgroup of (D ® Q,)*
then (f[&l ® L)[m,] does not have a finite dimensional K-invariant subquotient. By
a different argument (see [67] when locally at p the residual Galois representation
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is reducible and generic and [29] for the general case) we can bound the Gelfand—
Kirilov dimension of this Banach space representation by 1 and, putting the two
ingredients together, conclude that (HY ® L)[m,] is of finite length as a Banach
space representation of K. This is interesting because there should be a p-adic
Jacquet—Langlands correspondence realised by the completed cohomology, and the
result suggests that the objects on the division algebra side should be (some) ad-
missible unitary L-Banach space representations of (D ® Q) of finite length and
of Gelfand—Kirilov dimension 1. The case when the p-adic Galois representation
is Hodge-Tate at p seems quite a bit more involved, in particular we do not know
how to prove that the corresponding Banach representation has finite length.

1.7. p-adic Langlands and infinitesimal characters. In the applications dis-
cussed so far we applied theorem with h = 0 in part (i), since the completed
cohomology is admissible. However, we may also apply it to the modules com-
ing out of Taylor-Wiles patching as done in [15], as we will now explain. Let F
be a finite extension of Q, and let n > 1 be such that p t 2n. Consider a mod
p Galois representation p : Galp — GL,(k), with universal framed deformation
p” : Galp — GL,(R3). Let Ro be the patched deformation ring, which is a flat
R%—algebra, and let p : Galp — GL,(Rs) be the Galois representation obtained
from p” by extending scalars to Reo.

Let K = GL,,(OF) and let My, be the compact Roo[K]-module with a compat-
ible Roo-linear action of G constructed in [I5] by patching automorphic forms on
definite unitary groups. Let I, = Hom{$™ (M, L). Any y € m-Spec Roo[1/p]
gives rise to a Galois representation p, : Galp — GL,,(k(x)), where x is the im-
age of y in m-Spec R%[l/p], as well as to an admissible unitary x(y)-Banach space
representation IIo[m,] of G := GL,(F). It is expected but not known beyond the
case n = 2 and F' = Q,, that II.o[m,] depends only on p,, more precisely that
II[m,] and p, should be related by the hypothetical p-adic Langlands correspon-
dence, see [I5, §6]. Theorem below shows that the infinitesimal character of
[ [my]'® depends only on p,, thus adding nontrivial evidence that the expectation
should be true. Using a twisting element we may associate to p an admissible Ga-
lois representation p© with values in the C-group of GL,,, see lemma for more
details.

Theorem 1.5. Let g be the Qp-linear Lie algebra of G. The algebra Z(g) acts on
Moo [my)'® through the character (pcc.

If F = Qp, and n = 2 then the p-adic Langlands correspondence p — II(p),
envisioned by Breuil, has been established by local means in [23], [62], building on
the monumental work of Colmez [22], and the infinitesimal character of I1(p)!* has
been calculated by one of us (G.D.) in [28] in terms of the characteristic polynomial
of the Sen operator of p. We give a new proof of this result in section [0.12] using
the patched module and recent results of Tung [85], [86].

1.8. Beyond [y = 0 case. We end this long introduction by noting that one cannot
hope to prove the conjecture by applying theorems and to the completed
cohomology directly, since the localisation of completed homology H » at a maximal
ideal of the Hecke algebra is not expected to be projective over O[K,]. However,
one might hope to be able to apply our results to the patched homology groups
obtained via the patching method of Calegary—Geraghty [14]. The most accessible
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case, when weakly non-Eisenstein maximal ideal are not expected to exist, is when
G = PGLy over a quadratic imaginary field F', such that p splits completely in F,
studied by Gee-Newton in [43]. It follows from [43, Prop.5.3.1] and its proof that
under the assumptions made there the patched homology satisfies the conditions
of Theorem We do not pursue the matter here, since in this specific setting
instead of applying Theorem it might be easier to use local-global compatibility
at p and appeal to the results on the infinitesimal character in the p-adic Langlands
correspondence for GL2(Qp), see Theorem but hope to come back to these
questions in future work.

1.9. Overview of sections. We will review the content of each section.

In section [2| we review L-groups, C-groups, admissible Galois representations
and introduce their variants twisted by a torsor in subsection [2.3]

In section [3| we review Sen theory for Galois representations valued in GL,, of a
Banach algebra.

In section 4| we define the characters ¢, and Cpc. The main difficulty in this
section is to come up with the right definition, when G is not split over F. At first
reading one should ignore that and assume that G is split over F' and the torsor P
is trivial.

In section |5 we relate ¢, and CPC to the Hodge-Tate cocharacter, when p is
Hodge—Tate. We also explain how to attach algebraic representations to p, when
the Hodge—Tate weights are regular in a setting, when G is (possibly) not split over
F. In subsection [5.4] we check that if p is a Galois representation associated to a
cohomological automorphic representation 7w then Qf is essentially the infinitesimal
character of the archimedean component of .

In section [f] we prove a commutative algebra result, which is used in section

In section [7] we prove a density theorem, which is used in section [§

In section [8] we prove the existence of infinitesimal character in an abstract
setting, modelled on the representations that appear in completed cohomology,
when the mod p Hecke eigenvalues contribute to only one cohomological degree,
and its patched version.

In section|§|we first review completed cohomology following [34]. However, we do
not make the assumption that the maximal Q-split torus and the maximal R-split
torus in the centre of G coincide, since we want to handle Shimura curves. The
main result is proved in subsection by showing that we may apply the results of
section 8]if certain conditions are satisfied. We then check that these conditions are
satisfied in the settings of modular curves, Shimura curves, definite unitary groups,
compact unitary Shimura varieties by appealing to the results already available in
the literature. In subsection we show that we may apply the results of section
in the setting of the patched module defined in [I5]. In subsection We reprove
results on the infinitesimal character in the p-adic local Langlands correspondence
for GL2(Q,). In subsection we formulate a general conjecture regarding the
action of the center of the universal enveloping algebra on the locally analytic
vectors in the Hecke eigenspaces in completed cohomology.
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2. THE L-GROUP

We fix algebraic closure @p of @, and a finite extension F' of @, contained in
@p. Let G be a connected reductive group defined over F. Let E C @p be a
finite Galois extension of F' such that G splits over E. We follow [4 §1.2], [12]
§2.1] and [88] to define the dual group (A?, the L-group G and the C-group “G.
We discuss admissible representations of Galp := Gal(Q,/F) with values in these
groups. In the last subsection we consider versions of these constructions twisted
along a torsor.

We fix a maximal split torus 7' of G defined over E. Let X = X*(T') be the
group of characters of T', ® the set of roots, XV = X, (T') the group of cocharacters
of T and ®V the set of coroots. We denote the natural pairing X x XV — Z by
(,). The 4-tuple R(G,T) = (X,®, X"V, dV) together with the pairing (-,-) is a
reduced root datum in the sense of [24, Def. 1.3.3] by [24] Prop. 5.1.6].

We further fix a Borel subgroup B of G defined over E and containing T'.
To the triple (Gg,T, B) one may attach a based root datum, which is a 6-tuple
(X, ®,A, XV, ®, AV), where A is the set of positive simple roots corresponding to
B, AV is the set of coroots a" for a € A, see [24] §1.5].

Let Aut(G) be the group of automorphisms of G as an algebraic group over E.
Then Aut(G) acts on the set of such pairs (B,T) as above. If ¢ € Aut(G) then
the pairs (¢(B),¢(T)) and (B,T) are conjugate by an element g4 € G(E), which
is uniquely determined by ¢ up to an element of T'(F), see [24, Prop.6.2.11 (2)]
and its proof. This induces a group homomorphism Aut(G) — Aut(R(G,T),A),
defined by ¢ — Ad(ge) o ¢, where Aut(R(G,T),A) is the subgroup of the group
of automorphisms of the root data R(G,T), counsisting of those automorphisms,
which map A to itself. It follows from [24, Prop. 7.1.6] that this induces an exact
sequence:

(6) 1 (G/Zc)(B) — Aut(G) — Aut(R(G,T),A) — 1,

where Z¢ is the centre of G and the first non-trivial arrow is given by conjugation.
Let Aut(G,T, B) be the set of ¢ € Aut(G) such that ¢(T') = T and ¢(B) =
B. If ¢ € Aut(G, T, B) then ¢(a) == ao¢~ ! € A for all a € A and ¢ induces
an isomorphism ¢ : U, — Uy, for all @ € A, where U, is the root subgroup

corresponding to a € A. For each a € A we fix an isomorphism p, : G, = U, over
L. The data {pg}teeca is called a pinning of (G, T, B). The group (T'/Z¢)(E) acts
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simply transitively on the set of pinnings of (G, T, B). Let Aut(G, T, B, {pa}aca)
be the set of ¢ € Aut(G,T,B) such that py,) = ¢op, for all a € A. It is

shown in [24, Prop. 7.1.6] that (6) induces an isomorphism Aut(G, T, B, {pa taca) 5
Aut(R(G,T),A). Thus if we fix a pinning then there is a natural isomorphism:

(7) Aut(G) = (G/Zc)(E) x Aut(R(G,T), A).

By [24, Thm.6.1.17] there is a unique (up to unique Z-isomorphism) pinned
split reductive group (CAv', ﬁfl{pflv taveav) over Z such that its based root da-
tum (R(CA}’, f), AV) is isomorphic to (XV,®V, AV, X, ®, A), which is the based root
datum dual to (R(G,T),A). We will refer to G as the dual group.

We will now give a linear algebra definition of the action

(8) pa : Galp — Aut(R(G,T), A),

defined in [4], §1.1.3]. Let g be the Lie algebra of G as an algebraic group over F.
Then gg = g ®p E is the Lie algebra of Gg. For v € Galp let v : gg — gg be the
map z® A — z®y(A) for z € gand A € E. Let t C b C gg be the Lie algebras
of T and B respectively and let Ad denote the action of G on g by conjugation.
Then v(t) is a Cartan subalgebra of gr and v(b) is a Borel subalgebra of gg. Thus
there is g € (G/Zg)(E) such that Ad(g)(y(t)) =t and Ad(g)(v(b)) = b. The map
Ad(g) o v maps the set of t-eigenspaces for the adjoint action on b to itself, thus
there is a unique o € Aut(R(G,T),A) such that Ad(g)(v(9E,a)) = 95,0 for all
a € A. To show that the map v +— o is a group homomorphism it is enough to
check that o does not depend on the choice of g. This is the case, because any
two choices differ by an element of T'(E), which does not change the eigenspaces.
It follows from the construction that factors through Gal(E/F). By using the
splitting in we obtain a group homomorphism Galp — Aut(G), which induces
an F-linear action of Galp on gg.

The automorphism groups of (R(G,T),A) and (R(G,T),AY) are canonically
isomorphic. Using the pinning and [24, Thm. 7.1.9 (3)] we obtain a group homo-
morphism Galp — Aut(@). We note that the resulting action of Galg on G is
defined over Z. The G /Z z-conjugacy class of this homomorphism is canonical and
depends only on G. We define the L-group of G as a semidirect product:

LG =G x Calp.

In particular, G is a split reductive group over Z with identity component G and
the component group Galp. The map g — (1, g) identifies Ker g with a normal
subgroup YG. We let LGf = LG/ Ker pg.

2.1. C-groups. We follow the exposition in [88]. Let ¢ be a half sum of positive
roots, thus 26 € X*(T) = X, (f) Since CA}’/Z@ is of adjoint type there is a unique
0ad € X*(f/Zé), such that the image of 2§ in X*(f/Z@) is equal to 2d,q9. We
define an action of G,, on G by

AdGaq : Gy 2% T/ 725 2% Aut(@).

Since J,q is Galp-invariant, the action of G,, commutes with the action of Galg.
We let

GT =G xG,, °G:=G" xGalp =G x (G, x Galp).
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Let CGf = CG/ Ker pi; and let d : G — G, denote the projection map. Then
we have an exact sequence of group schemes over Z:

(9) 156G 596G 4G, > 1

and a similar sequence with G and ©Gy.

Following Remark 1 in [88], we may regard GT as the dual group of of a reductive
group GT, which is a central extension of G by G,,, over F, and then regard ‘G =
L@T as the usual Langlands dual group of GT. This is the definition given in 12
Def. 5.3.2].

2.2. Admissible representations. Let N be a topological group and let Aut(V)
be the group of continuous automorphisms of N, which we equip with discrete
topology. Let 6 : Galp — Aut(N) be a continuous group homomorphism. We may
then form the semi-direct product N x Galr and let 7 : N x Galgp — Galg denote
the projection.

Definition 2.1. A continuous representation p : Galp — N x Galp is admissible
if ™o p induces the identity on Galgp. Two admissible representations p, p’ are
equivalent if there is n € N such that p'(v) = np(y)n=1, for all v € Galp.

Let Z1,,(Galp, N) be the set of continuous functions ¢ : Galp — N, v — ¢,

satisfying the cocycle condition ¢,3 = ¢y(7y - ¢g), where - denotes the action of

Galr on N. Two cocycles ¢ and ¢’ are cohomologous if there is n € N such that

¢}, =ncy(y-n~"') for all v € Galp. This relation is an equivalence relation and we
(Galp, N).

denote the set of equivalence classes by HZ .

Lemma 2.2. The rule p(y) = (cy,7) defines a bijection between the set of admis-
sible representations p : Galp — N x Galp and Z. . (Galp, N), which induces a
bijection between the respective equivalence classes.

Proof. Let p : Galp — N x Galg be an admissible representation. Then we may
write p(y) = (¢y,y) with ¢y € N for all v € Galp. The condition p(v8) = p(v)p(8)
translates into the cocycle condition. Conversely, if ¢ € Z1, . (Galgr, N) then p(v) ==
(¢y,7) defines an admissible representation Galp — N x Galp. If n € N then
(n,1)(cy,7)(1,n)t = (ney(y-n7t),g). Thus two admissible representations are
equivalent if and only if the corresponding cocycles are cohomologous. ([

If A is a topological algebra then the topology on A induces a topology on G (A)
and “G(A) = @(A) x Galp, where the topology on Galy is the Krull topology. Thus
we may apply the above discussion to N = G(A) The description of admissible
representations in terms of cocycles shows that admissible representations with
values in “G;(A) coincide with admissible representations with values in “G(A).
We will exploit that © Gy is of finite type over Z. The same discussion applies to
“G(A) and 9G(A).

2.3. Twisted families of L- and C-parameters. We want to allow more gen-
eral families of Galois representations than considered in the previous section. A
motivating example appears in Chenevier’s thesis [18], where he constructs an
eigenvariety X for a unitary group compact at co and split at p associated to a
division algebra over a quadratic extension F of Q, and a pseudo-representation
t: Galg — Ox(X), which at points corresponding to classical automorphic forms
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interpolates the traces of corresponding Galois representations. The locus Xj.,
where t is absolutely irreducible, is an open rigid subvariety of X and Chenevier
shows that over this locus, t gives rise to a representation p : Galgp — A*, where
A is an Azumaya algebra over Xj,,, see [I8, Thm.E]. A similar type of example
arising in the deformation theory of pseudo-representations appears in [19, §4.2].
Although, in these cases G="ag ¢t = GL,,, the Galois representation takes values
not in GL,(Ox(Xiy)), but in an inner form of it. We would like our setup to
cover this example and also the situations where the action of Galg on G is non-
trivial. In this more general setting it is not obvious what admissibility for a Galois
representation should mean.

We keep the discussion deliberately very general, since it applies in different con-
texts. Let X be a space with a sheaf of topological rings Ox for some Grothendieck
topology on X. (In the application, ”space” will mean a rigid analytic space over
Qp, but it could also be, for example, schemes over Iy, rigid spaces over Qg, or
differentiable manifolds.) Let H be a group over X and let P be an H-torsor, by
which we mean a space P — X, together with the left H-action H xx P — P,
such that the map

HxxP—PxxP, (g9,p) (9p,p)

is an isomorphism. We require in addition that there is a family of local sections
s; : U; — P for some open cover U = {U,};cr of X. We note that this implies
that the map H x U; — P X x U, is an isomorphism, so that the restriction of P
to U, is a trivial H-torsor. Following [10], we let P*! be the sheaf of H-equivariant
automorphisms of P, which leave the base X fixed.

Recall that LGf =G x I, where I' = Galp /Ker ug. Since G and the action

~

pe : Galp — Aut(G) are defined over Z, we may view G, LGf, I' as groups over
X, so that Gx(U) = G(Ox(U)). We have an isomorphism of groups over X:

(10) LGﬁx’E@X xI'x.

Let P be a G-torsor and let P; = LGﬂX x Gx P. It follows from that
the quotient G X\Pf is a I'x-torsor on X together with a global trivialisation
t: Gx\Pf = Fx.

Lemma 2.3. We have an ezact sequence of sheaves of groups on X:
1— P P (Gx\Pp)™ — 1,

where we consider P as a Gx-torsor, Py as an LGf,X-torsor, Gx\Ps as a I'x-
torsor.

Proof. If P is a trivial torsor then the assertion follows from . In general, one
may reduce to this case by choosing a covering which trivialises P. O

By taking global sections we get an exact sequence of pointed sets
(11) 1= P*Y(X) = P(X) 5 I'x(X) = H'(X, P*),

where we used the trivialisation ¢ to identify I'x(X) with (@X\Pf)ad(X). There
is an injective group homomorphism I" — I'x(X),y — r,, where r,((5,z)) =

By~ ).
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Definition 2.4. Let P be a Gx-torsor over X. We define the L-group of G twisted
by P to be

Lprd(X) = {pe P} (X) :m(p) €T CTx(X)},
where w is the projection in , equipped with the topology as explained below.
We have an exact sequence of groups

(12) 1 - PYX) = pdx) 5T

Since T is finite it is enough to define a topology on P*(X). If P is a trivial
G x-torsor over X then we topologize P! (X) by identifying it with G(Ox(X)).
Any two such identifications differ by a conjugation by an element of G(Ox (X)),
hence the topology on P2(X) does not depend on a choice of section. In general,
we choose a covering U = {U, };er of X trivialising P, topologize P24(U;) as above
and use the sheaf property to put a subspace topology on P2¢(X). In Remark
we show that if X is a rigid analytic space over Q, and P is a torsor on X for the

étale or the analytic topology then the topology on P*!(X) does not depend on a
choice of a covering.

Ezample 2.5. If P = Gx then P*(X) = LG (Ox (X)) = G(Ox (X)) x T.

Remark 2.6. One may also describe ©P2d(X) as the set of pairs (,7) € P(X)xT,
such that the diagram

P——>Gx\P;

® Ty

Py——Gx\Py

cominmutes.

Definition 2.7. Let P be éx—torsor over X. A continuous representation
p: Galp — L P24 (X)

is admissible, if (p(7y)) = v(Ker ug) for all v € Galp.
Two admissible representations p and p' are equivalent if there is ¢ € P*4(X)
such that p'(7) = o p(y) o=t for all vy €T.

Remark 2.8. If P = G x then we recover the definition of admissible representations
and their equivalence classes for Galois representations valued in “G;(Ox (X)).

Remark 2.9. For a general P the map 7 : LPad(X) — T" might not be surjective;
the obstruction will lie in H'(X, P24). In this case, there will be no admissible
representations of Galp with values in “P2d(X). However, we expect that as the
theory develops examples of admissible representations with values in “P24(X) will
arise in the context of eigenvarieties, similar to [I8, Thm. EJ.

Definition 2.10. If Y — X is a map of spaces and p : Galp — “P*d(X) is an
admissible representation then we define an admissible representation

Py GalF — Lpad(Y)

by composing p with the natural map P}‘d(X) — (Pr xx Y)*(Y).
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Lemma 2.11. Let U = {U; — X}ier be a cover of X together with local sections
{si : Uy = P}icr. Let gij € G(Ox(Ui;)) be such that s; = gi;s; for all i,j € 1.
Then to give an admissible representation p : Galp — “P*d(X) is equivalent to
giving a family of admissible representations

pu, : Galp — “G(Ox (), Viel,
such that
(13) pu, (V) = gijpu, (Vg Vv € Galp, Vi,jel,
where the equality takes place in “*G(Ox (Uy;)).

Proof. We note that the cover U also trivialises Py and the gluing data for Py is
also given by {g;;}i jer- The assertion follows from the description of P}%d(X ) in
terms of the glueing data in [I0 §1, (1.1.4)]. Let us just indicate how to obtain py,
from p and vice versa, leaving the rest of the details for the interested reader.

If u; € Pj?d(Ui) then there is a unique h; € “G;(Ox(U;)) such that u;(s;) =
h;'s;. The map Pfd(Ui) — LG (Ox(U))), ui = hy is a group isomorphism, which
is in fact a homeomorphism (by construction). We let py, be the composition

pu, : Galp 5 PP (X) ¢ Pr(X) — Pr(U;) = LG (Ox(U))).
Conversely, if we start with the family {py, }:cs then for each v € Galp, implies
that {pu, (7) }ier glue to p(v) € P}*d(X). Since the glueing data for Py is given by

clements of G(Ox (U;)), we get that p(y) lies in “P24(X). The admissibility of PU;
then implies that p : Galp — “P2d(X), 4 — p(v) is admissible. O

Remark 2.12. We make the analogous definitions for C-groups as follows. If P is
a @X—torsor on X then PT = @g; xGx P is ég}-torsor on X. By interpreting the
C-group e ¢ as an L-group L G? and using PT instead of P we may make the
same definitions for C-groups, so that ¢ P2d(X) = LPT24(X), and an admissible
representation p : Galp — ¢ P2d(X) is just a representation p : Galp — “PT2d(X),
which is admissible in the sense of Deﬁnition Moreover, the exact sequence @
induces an exact sequence of groups

(14) 1 PPad(x) —» OP(X) -5 Ox(X)".

3. SEN THEORY

Let F be a finite extension of Q, and let F)y = F(pp) = U, F,,, where F,, =
F(ppn). Let Hrp = Gal(F/Fy) and T'p = Gal(Fy /F) ~ Galp/Hp.

Let A be a Qp-Banach algebra and let V' be a finite free A-module with a
continuous A-linear action of Galp (one could as well assume that V' is locally free
over A, but in applications V will actually be free). Define

BSen(V) =(Cp ®Qp V)He

and define Dge, (V) as the set of T p-finite vectors in Dgen (V), i.e. those v € Dgen (V)
for which A[l'r]v is a finitely generated A-module. Observe that lNDSen(V) is an
ﬁN®QP A-module and that Dge, (V') is an Fiw ®q, A-submodule of ZNDSen(V). The
following result is classical when A = L, but somewhat curiously it is not easy to
find it in the literature in the form below:
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Theorem 3.1. With the above notations the Foo ®q, A-module Dsen (V') is free
and the natural map

(15) (Cp®q, A) @F@q,4 Dsen(V) = Cp @g, V
is an isomorphism. Moreover, for all x € Dgen (V') the limit

. y.r—2x
16 f(z) = lim ——
(16) (@) = I e =1

exists in Dgen(V) and 6 € Endpoo®@pA(Dsen(V)).

Proof. We will deduce this by descent from the results of Berger—Colmez [3, Prop. 4.1.2].
For this we need the following lemma:

Lemma 3.2. If E is a finite Galois extension of F' and Vg is the restriction of V'
to Galg, then the natural map (Ex ®q, A) ®F. 0q,a Dsen(V) = Dsen(VE) is an
isomorphism.

Proof. Consider the finite group G = Gal(Eo/Fs). We clearly have Dgen(V) =
ﬁsen(VE)G. We claim that a vector v € ﬁsen(V) is I'p-finite if and only if it is
I'g-finite, or equivalently v is a G-invariant I' g-finite vector of ﬁsen(VE). In other
words Dgen(V) = Dgen(Ve)®. Thus given the claim, the result follows then by
Galois descent for the finite Galois extension Eu,/Fo.

To prove the claim, we observe that one direction is trivial and the other follows
from Cayley—Hamilton. Namely, let eq, ..., e, be some generators of A[l'r|v as an
A-module, let v be a topological generator of I'r and M = (a,;) be a matrix such
that ve; = Z?:1 ajje; for 1 <4 < n. It follows from Cayley-Hamilton that, for
all kK > 0, M™" is an A-linear combination of M™ for 0 < i <n—1. If y™ is a
topological generator of I'g, we deduce that 4™ for 0 < i < n—1 generate A[l'g]v
as an A-module. O

Coming back to the proof of the Theorem, let AT be the unit ball in A. By
continuity, there is a finite Galois extension E of F' and a free AT™-module ' C V
such that A® 4+ T ~ V, T is stable under Galg and Galg acts trivially on T'/(12pT).
By a result of Berger—Colmez [3| Prop.4.1.2], for n sufficiently large we can find a
free E,, ®g, A-module D,, C (C, ®g, A) ®4 V such that

e D, is stable under Galg, fixed by Hg and has a basis B over E,, ®g, 4 in
which the matrix M, of each v € T'g satisfies || M, —1|| < 1, i.e. the entries
of M, — 1 have positive valuations.

e the natural map (C, ®g, A) ®F, 20,4 Dn = (Cp ®g, A)®4V is an isomor-
phism.

We claim that Dsen(VE) = (Es®q, 4)® E.®q, ADn. This immediately implies that
the theorem holds with F replaced by E. But then the previous lemma combined
with the fact that E., ®q, 4 is faithfully flat over Fi, ®q, A allows one to conclude.

To prove the claim, first take Hpg-invariants in the isomorphism

((Cp ég)Qp A) ®EV,L®@;,A D, ~ (Cp ®Qp A)@aV
to deduce that ﬁsen(VE) ~ (Eoo@)@pA) ®F,®q, 4 D,,, where EOO is the closure of

Es in C,. This implicitly uses that (C, ®g, A) ®4 V ~ C,&q,V (since V is finite
over A) and (C,®q, A)H7# ~ Eoo@QpA (pick an orthonormal basis of A over Q, and
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use Ax-Sen-Tate). Now [2, Lem.4.2.7] implies that I'g-finite vectors in Dgen(VE)
coincide with (Eu ®q, A) ®F, 80, A D, =Ey ®g, D,.
We will now show that the operator 6 is well defined. Since

DSen(V) - DSen(VE)Gal(EOQ/FOO)
by Lemma it is enough to compute the limit inside Dgen(VE). Since
DSen(VE) = Eoo ®En Dn = hgl Em ®En Dn
m>n

it is enough to compute the limit inside D,,. If v € I'g, then the series

= (1- M,)"
log(M.,) = — -
ony=- 3 0=
converges in Endg, g4 (D,). Since log(M,x) = log(Mf) = klog(M,) and I'g is pro-
cyclic the operator 6’ := log(My)(log,(Xcyc(7)) ™" is independent of . Moreover,
the I'g, -action on D,, is given by v = exp(log, (Xcyc(7))f) = M,,. Thus the limit
exists and 6 = 6'. O

Definition 3.3. The Sen operator of V is the (C,,@@pA—linear endomorphism Osen, v
of Cp@)QPV obtained from the endomorphism 0 of Dgen (V) by linearity using .

Remark 3.4. Tt follows from the proof of Theorem that the Sen operator does
not change if we restrict the Galois representation to the Galois group of a finite
extension.

Lemma 3.5. Let V and W be free A-modules of finite rank with continuous Galg-
action. Then

@Sen,VGBW = ®Sen,V S @Sen,W
and
Osen, Ve w = Osen,v @ idw +idy ®Ogen,w -
Proof. The first assertion is trivial. To prove the second assertion we note that the
natural map Dgen (V)®p_ ®QPADSen(W) — Dgen(V®4W) becomes an isomorphism

after extending scalars to C, ®g, A. Since C, ®q, A is faithfully flat over Fi, ®g, A
we conclude that the map is an isomorphism. The assertion then follows from (16|
applied to an element of the form z ® y with & € Dgen (V) and y € Dgen(W). O

Lemma 3.6. Let A — B be a continuous map of Qp-Banach algebras. There is
a natural isomorphism Dsen(B ®4 V) =~ Dgen(V) @p._ga (Fso ® B) inducing an
identification

®Sen,V®AB = @Sen,V ®id.

Proof. This is proved in the same way as the previous lemma. O

We may identify End¢ 5 1(C, V) = C,®End4(V) and define two commuting,
A-linear actions of Galg on it via

Tr(zeX)=1()eX, 7-(20X) =20 Ad(p()(X),
for all z € C, and X € Enda(V'), where p denotes the action of Galp on V.

Lemma 3.7. We have v - (7 % Ogen,v) = Osen,v, for all v € Galp.
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Proof. We observe that the *x-action maybe described as follows: every v € Galp
induces a semi-linear map y®1d: C, ®V = C,®V, 2®v — v(2) ® v, and

vxp=(y®id)opo(y@id)™
for all ¢ € Endg & 4(C, ®V). Thus the assertion of the lemma is equivalent to the
equality
(7 ® 9(7)) 0 Ogen,v © (7 & p(’Y))71 = @SQH,V'

Note that v +— v ® p(v) is just the diagonal action of Galp on C,®V. Since
both operators are C, ® A-linear, it is enough to show that they agree on Dge, (V).
Since the action of Galg on Dgen (V) commutes with the limit in , we obtain
the assertion. O

4. FAMILIES OF (GALOIS REPRESENTATIONS AND INFINITESIMAL CHARACTERS

Recall that we fix algebraic closure @p of Q, and a finite extension F' of Q,
contained in Q,. Let G be a connected reductive group defined over F. Let E C Q,
be a finite Galois extension of F' such that G is split and and let I' = Gal(E/F).
Let L be a further finite extension of Qp, let O be the ring of integers of L with
residue field £ and a uniformizer . We assume that L is large enough so that
there are [E : Q] field embeddings of F into L. In particular, G X g, L is split for
any embedding o : ' — L.

4.1. Topology on the coefficients. Let 7 be a Grothendieck topology on the
category of rigid analytic spaces over L, such that the following hold:

e the functor X — Ox(X) is a sheaf on T;

e every X admits a covering in 7 by affinoids;

e every covering {U; — X }ier with U; and X affinoid admits a finite sub-
cover.

An example of such topology is the analytic topology, [8, §9.3.1], or the étale topol-
ogy, A1l §8.2]. We want to topologize the rings Ox(X). If X = Sp(A) then
Ox(X) = A, which is naturally an L-Banach space. Moreover, a map between
affinoids induces a continuous map on the ring of functions.

Lemma 4.1. Let {U;}ic; be a covering of X in T. If X and U; for i € I are
affinoid then the map
Ox(X) = [[ ov. ()
iel
is a homeomophism onto its image for the product topology on the target and Banach
space topology for the rings of global sections.

Proof. For each i,j € I we choose a covering by affinoids {Vj;x — U; xx U;}x. The
maps in the equalizer diagram

(17) Ox(X) —— T100,(U) == TT Ov,,, (Vig)

1,5,k

are continuous and hence Ox (X) is closed in [, ; Ov, (U;) for the subspace topol-
ogy, which we denote by o. Let F C I be finite such that {U;};cr is a cover
of X. Then by the same argument Ox(X) is closed in [];cp Ov,(U;) for the
subspace topology, which we denote by o¢’. Since F is finite, ¢’ is a Banach
space topology. Since by the Open Mapping theorem every continuous bijection
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between Banach spaces is a homeomorphism, 8 and ¢’ coincide. The projec-

tion map [[;c; Ov, (Ui) = [],cp Ouv,(U;) induces continuous maps (Ox (X), 3) q
(Ox(X),0) 9 (Ox(X),0"), thus o and 8 coincide. O

For an arbitrary X we define the topology 7 on Ox(X) to be the coarsest
topology such that for all coverings {U; — X}; by affinoids the map Ox(X) —
1, Ou, (U;) is continuous, where we put the Banach space topology on each Oy, (U;)
and the product topology on the target.

Lemma 4.2. If {U; — X}ier is any covering of X in T by affinoids then the
subspace topology on Ox (X) induced by Ox(X) — [[;c; Ouv, (Us) coincides with T,
for the for the Banach space topology on Oy, (U;) and the product topology on the
target.

Proof. Let {Uj — X}je be another covering in 7 of X by affinoids. Then {U; x x
U]’» — U;}i and {U; xx UJ’. — Uj’-}j are both coverings in 7. For each 7,5 we let
{Viji}r be a cover of U; xx U]{ by affinoids. It follows from Lemma that the
maps
[10uv.@) = ] Oviyu Vig)s  T1Ow/(U)) = T] Oviye (Vir)
i ik j ik

are homeomorphisms onto their images. Since both maps coincide, when restricted
to Ox(X), we deduce that the subspace topologies on Ox(X) induced by the
coverings are the same. O

Corollary 4.3. If X is an affinoid then T coincides with the Banach space topology
on Ox(X).

Proof. This follows from the fact that X 4 Xisa covering of X by affinoids. [

Remark 4.4. If a covering of X by admissible open affinoids for the analytic topology
is also a covering in 7 then Lemma implies that both topologies on Ox (X)
coincide. In particular, there is no difference for the topology on Ox(X) in the
analytic and étale topologies.

Remark 4.5. We may identify G with a Zariski closed subset of A" for some n.
Then G(Oy, (U;)) is a closed subset of Oy, (U;)®". If P is a G-torsor over X for T
and U = {U, }ier is a covering of X by affinoids trivialising P, then we may identify
P*(U;) with G\((’)Ui(Ui)). This identification is canonical up to conjugation by
elements of é((’)Ui (U;)), thus the induced topology on P24(U;) does not depend on
choices. The argument in Lemma shows that the subspace topology on P(X)
induced by the inclusion P*4(X) C ], P*4(U;) does not depend on the choice of
the cover U.

4.2. The Sen operator in the affinoid case. Let U = Sp(A) be an affinoid and
let
pu : Galp — LG(A) = G(A) x T

be an admissible representation. If r : G ¢ — GL(V) is an algebraic representation
of 'G ¢ on a finite dimensional L-vector space V', we let

C_')Sen,r,U S End(cp ® A((Cp @ A) AL V)



INFINITESIMAL CHARACTERS IN ARITHMETIC FAMILIES 25

be the Sen operator Ogen,vg,a defined in Definition [3.3] for the representation
ropy : Galp — GL(V).
Let g be the Lie algebra of G, which we identify with the Lie algebra of LGf.

Lemma 4.6. There is o unique Ogen,v € (C, @A) ®1 g such that
Lie(r)(GScn,U) - @Scn,r,U

for every algebraic representation (r,V) of “Gy over L. Moreover, ifU" = Sp(A") —
U is a map of affinoid varieties then the map

(C,8A) 28— (C,8A") LT,
induced by extension of scalars, sends Ogen,y t0 Ogen, v -

Proof. As explained in [68, Lem. 2.2.5], given the transformation properties of the
Sen operator with respect to the direct sum and tensor product proved in Lemma
the assertion follows from the Tannaka duality for Lie algebras. Patrikis refers
for this to [45]. We note that alternatively one could follow Milne [59, Prop. 6.11]
and deduce the statement from the Tannaka duality for algebraic groups. Infor-
mally, it says that if R is an L-algebra then to give an element of “G ¢(R) is
equivalent to giving a compatible family {gy € Autg(R ®r V)}v indexed by alge-
braic representation V of “G ¢ defined over L. The statement is made precise in
the references cited below. We may identify

(18) R®; § = Ker("Gy(R[e]) — “Gf(R)),
where R[] = R[X]/(X?) is the algebra of dual numbers over R, and consider
(19) 1+ Osen,r,v € At e, 5 4y (Cp® A)e] @1 V).

The existence and uniqueness of Oge, iy follows from [25] Prop.2.8], see also [59,
§2.10]. The last assertion follows from Lemma (]

The natural A-linear action of Galg on (CP®A induces an action of Galg on
(C,® A) @1, g, defined by
(20) Y (20 X) =) @ X
for € C,®A, X € g and 7 € Galp.

On the other hand, the group “G;(C, & A) acts on (C, ® A) ®,g via the adjoint
action of LGf on its Lie algebra g. Since LGf is defined over Q,,, the action of Galp

on C, & A induces an action of Galr on “G;(C, ® A), denoted (7, g) — v(g). These
three actions are related by

(21) 7 (Ad(g)(X)) = Ad(v(g)) (v * X)

for v € Galp, g € “G4(C, ® A), X € (C, ® A) ®, §. Indeed, it suffices to
check this after an L-embedding of G ¢ in some GL,,, where it becomes obvious.
The above relation shows in particular that the adjoint action of “G #(A) C
LG (C, ® A)Gr commutes with the action of Galg.

Finally, we define another action of Galg on (C, ® A) ®r, g, via

(22) 7 X = Ad(pe(7))(X),

where 7 is the image of  in T. Since ug(7) € G (A), the discussion in the previous
paragraph shows that this action commutes with the star action (v, X) — v* X of
Galp on (C, ® A) ®L g.
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For all v € Galp we write py(y) = (¢y,7) with ¢, € G(A) as in subsection

Lemma 4.7. For all v € Galp we have

Ad(C,Y)(’Y * (,Y . G)Sen,U)) = ®Sen,U~

Proof. For simplicity let © = Ogen, v and let p = py. We identify I' and G with
their images in “G t, so that p(v) = ¢,J. By the discussion preceding the lemma

Ad(ey) (v # (- 0)) = Ad(ey)(v- (7% ©)) = Ad(cyua(7) (v * ©) = Ad(p(7)) (7 * ©).

Thus we need to check that Ad(p(v))(y * ©) = O. It suffices to check the
equality after applying Lie(r) to both sides, where r : LGf — GL(V) is a faithful
representation of “G';. Note that for all g € G,y € Galp and u € (C,® A) ®1 g
we have

Lie(r)(Ad(g)(u)) = Ad(r(g))(Lie(r)(u)), Lie(r)(y*u) = v * Lie(r)(u).

Letting ©, = Ogen,r,v = Lie(r)(0), we need to check that Ad(rop(y))(y+©,) = O,
for r o p: Galp — GL(V ® A). This assertion is proved in Lemma d

Let S(g*) be the symmetric algebra in the L-linear dual of g. We think of S(g*)

as polynomial functions on g. Let S (’g\*)a be the subring G-invariant polynomial
functions of g.
If V is a finite dimensional L-vector space and R is an L-algebra then

Homy a1 (S(V*), R) £ Homp(V*,R) =V ®, R.

If A € V® R then we will denote the corresponding L-algebra homomorphism
by evy. To give a homomorphism of L-algebras from S(g*) to an L-algebra R is
the same as to give an L-linear map from g* to R, which is the same as to give
an element of g ®, R. Thus the elements Ogen  give us a compatible system of
homomorphism of L-algebras 6y : S(g*) — C, ® A, which we may restrict to the
subrings considered above.

Lemma 4.8. The map 0y : S(’g\”‘)a — C, ® A takes values in E ® A. Moreover,

(23) Y(Ou(f)) =0u(v-f), VveGalp, VfeSE)°,
where «y- denotes the L-linear action of Galgp on S(g*) via pg.

Proof. Let © = Ogep,y. Thinking of elements of S (ﬁ*)é as functions on g, we need

to prove that 1(£(0)) = (v £)(6) for all f € S(§)¢. Since (v- f)(u) = f(y*-u),
for all w € C, ® A ®1, @, it is enough to prove that v(f(©)) = f(y~'-©). By
observing that f(vy*u) = v(f(u)) for all u € C, ® A ®1, §, we obtain

f(©)=fley - (v*(v-9))) = flyx (v-©)) =~v(f(v-0)),

where the first equality follows from Lemma and the second from the G-
invariance of f. Replacing v by 7! yields the result. O
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4.3. The Sen operator and twisted families of L-parameters. Let X be a
rigid analytic variety and let P be a G-torsor on X with respect to a Grothendieck
topology satisfying the conditions in Section Let p : Galp — “P*d(X) be an
admissible representation, see section |2.3]

Let U = {U; — X}icr be a covering of X by affinoids together with local
sections s; : U; — P. Lemma [2.11] gives a family of admissible representations
pu, : Galp — “G(Ox (U;)) satisfying

pu,(Y) = gizpu,(V)g;;'s Vv € Galp, Vi, jel,

~

where g;; € G(Ox(U;;)) come from the glueing data for the torsor. For each U,
Lemma gives us Ogenv; € (C, ® Ox (U;)) ®1, 8, which behave well under maps
between affinoid varieties. The uniqueness of the Sen operator implies that

®Scn,Ui = gijGScn,Ujgigla VZ,] el
in (C, ® Ox(U;;)) @1 §. Hence, they glue to Ogen,, € C, ®(Lie P2)(X), use (19).

Lemma 4.9. If f: Y — X is a map of rigid varieties over L, and py : Galp —
LPad(Y) is the extension of scalars of p to' Y, see Definition then Ogen,py 15
the image Ogen , in C, ®(Lie P*)(Y).

Proof. One can check this on an affinoid cover trivialising P, and there the assertion
follows from the last part of Lemma [£.6] O

Lemma 4.10. The maps 0y, : S(ﬁ*)a — E ®q, Ox(U;) given by Lemma glue
to a homomorphism of L-algebras

(24) 0:5(5")° - E o, Ox(X),

which satisfies the transformation property in . Moreover, 8 depends only on
the equivalence class of p.

Proof. Since the restrictions of Ogen,y; and Osen,y; to U;; are conjugate by an
element of G(Ox (Us;)), the evaluation maps at Osen,v; and Osen,y; coincide when

restricted to S(g*)¢ and hence glue. The transformation property in holds,
since it holds on a cover.

If we choose different sections s, = g;s; then Ogen, v, get replaced by ¢;Osen,v,9; L
so we obtain the same 6y, and hence the same 0. Clearly, § does not change if we
refine the cover. Thus € does not depend on the choices made at the beginning of
the subsection.

If p and p’ are conjugate by an element u € P*(X) then the representations P,
and py, are also conjugate. More precisely, py; (v) = qipv, (7)q; 1 for all v € Galp

and i € I, where ¢; € G(Ox(U;)) are uniquely determined by u(s;) = q; 'si, see
[10, §1, (1.1.4)]. Hence, we obtain the same 6. |

Lemma 4.11. If f : Y — X is a map of rigid varieties over L and Oy : S(ﬁ*)é —

E ®q, Oy (Y) is the map for py, see Definition then Oy is equal to 6
composed with the map id®f* : E ®g, Ox(X) = E ®q, Oy (Y).

Proof. Tt is enough to check it on the cover, where it follows from Lemma[3.6] O
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4.4. Chevalley’s restriction theorem. Let t be the Lie algebra of T and let W
be the Weyl group associated to the root system. We note that W is also the Weyl
group of the dual root system, [51], §2.9].

Proposition 4.12 (Chevalley’s restriction theorem). The restriction to t induces
an isomorphism of rings

(25) S@)° = SE)".
Proof. If g is semi-simple both assertions are proved in §23.1 and the Appendix to
§23 in [50]. The same proof carries over when g is reductive. O

Recall that the group I' = Gal(E/F) acts on the based root datum. Recall that
by choosing a pinning the group I' acts through Aut(G,T). If § € Aut(G,T) and
g € Ng(T) then 6(g)t0(g) "' = 0(g0~*(t)g~*) € T for all t € T and thus Aut(G,T)
normalizes N, @(f) and thus acts on S(t)"V. The isomorphism is I'-equivariant,
since it is obtained by restriction of functions on g to t.

4.5. Harish-Chandra homomorphism. Since G is split we may assume that
the triple (Gg, B, T) is defined over E. Let t be the Lie algebra of T. We will now
recall the construction of Harish-Chandra homomorphism

(26) v Z(gr) — SOV,

Let (h;)1<i<n be an E-basis of t. We extend it to a basis of gg, {h;, 25,y : 1 <
i <n,B € ®T}, such that tzst=' = B(t)xs and tyst—r = B71(t)ys for all B € &F
and all t € T. By PBW theorem U(gg) has an E-basis consisting of monomials
[pcor v Ty b Tl geqr @5 with iq, ki, jo > 0. Let

§:U(ge) = S()

be a linear map, which sends all the monomials with i, > 0 or j, > 0 to zero and
is identity on the monomials with i, = j, = 0.

Let A € X*(T')4 and let V() be an irreducible representation of Gg of highest
weight A\. The highest weight theory implies that V' (\) is absolutely irreducible

as representation of Gg and gg. In particular, Endg, (V()X)) = E and hence the
action of U(gg) on V(A) induces a ring homomorphism

(27) Xx: Z(ge) = E.
As explained in [54) §VIIIL.5] we have
(28) Lie(A)(£(2)) = xa(2), Vze€ Z(ge), VAe X*(T);.

Let t — S(t) be the E-linear map sending h — h — 6(h)1 for h € t with § =
23 . ca+ @ This induces an isomorphism of E-algebras n : S(t) =5 S(t). We
define ¢ :=no&: Z(gg) — S(t). It follows from [54, Th. 8.18] that ) induces an
isomorphism of E-algebras Z(gg) = S(t)" which is the isomorphism .

Each A € X*(T) ®z E = t* defines a linear map t — E, t — Lie(\)(¢t) and hence
a ring homomorphism S(t) — F, which we denote by evy,. We note it follows from
the construction of ¢ that

(29) evats(¥(2)) = xa(2), VA€ X*(T)y, Vze Z(gr),

where ¢ is a half sum of positive roots. The ring S(t) is reduced and the set of
closed points evy : S(t) — E, for A € X*(T),, is Zariski dense in Spec S(t). Thus
1) is the unique isomorphism such that holds.
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Lemma 4.13. The isomorphism v defined in 18 I'-equivariant.

Proof. The group Aut(Gg) acts on gg and hence on U(gg) and Z(gg). If V is an
algebraic representation of G, then for v € I we define V7 to be the action of Gg
on V given by (g,v) — v~ 1(g) -v. For A € X*(T), we have V(\)Y ~ V(y-)). We
deduce from relation that

eva+s(V(10(2))) = evy—1a45(¥(2)) = x3-10(2),  Vz € Z(gp).
It follows from that Z(gg) acts on V(y~1-X) ~ V(A)?" via ya(7(z)). Finally

we have
evats (7(¥(2))) = xa(v(2))
for all z € Z(gg), this implies v o ¥ = 1) o v and the result. O

Let g be the Lie algebra of G as an algebraic group over F, let U(g) be its
universal enveloping algebra and let Z(g) be the center of U(g). Then gg, where
the subscript F-denotes the extension of scalars from F to E, is the Lie algebra of
Gg. It follows from its universal property [27, Lem. 2.1.3] that U(gg) = U(¢)&.

Lemma 4.14. Let A, B be central algebras over a field F'. The natural map
Z(A)®r Z(B) = Z(A®r B)
is an isomorphism. In particular, the centre Z(gg) of U(gg) is equal to Z(g)g.-

Proof. Let © € Z(A ®p B) and let (a;)ier be a basis of A over F. Writing = =
> icr @i ®b; and imposing (1 ®b) = (1®b)x yields ), ; a; ® (bb; — bib) = 0, thus
b; € Z(B) for alli € I and z € A®p Z(B). Now pick a basis of Z(B) over F and
repeat the argument to get x € Z(A) ®p Z(B). O

4.6. Definition of infinitesimal character. Let us fix an embedding o : F — L
and choose an embedding 7 : F < L, such that 7|p = 0.
We have canonical identifications t = X,(T) @z E and t = X,(T) ®z L =
X*(T) ®z L. Thus an isomorphism of L-vector spaces
t ®E,T L= /{*7

which is equivariant for I' and W actions. By base changing along 7 and using
Lemma we obtain an isomorphism of L-algebras

(30) Kyt Z(g) Opo L — S(E)V.

Since T is split over E we have canonically X*(T) = X*(T xg, L). If V is an
irreducible representation of G X g L and A is the highest weight of V' with respect
to (B,T) x g, L then the above identifications allows to view A, as an element of
/t\, and thus induces a homomorphism evy_: S (f*) — L. Since G x g, L is split
V' is absolutely irreducible and thus by the same argument as in we obtain a
homomorphism xv : Z(g9) ®F,c L — L.

Lemma 4.15. The isomorphism k, is uniquely characterised by the property
€V, 460 Kr = XV
for all irreducible representations V of G X g L.

Proof. The assertion follows from and Zariski density as explained after .
O
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Lemma 4.16. For every v € I' the composition
Z(g) ®po L ™5 S(E)W 25 S(t)W
is equal to Kroy—1, where - denotes the action of I' on S@*)W.

Proof. Let V be an irreducible representation of G x g, L. If ) is the highest weight
of V with respect to (B,T') X g - L then y(A) is the highest weight of V' with respect
to (B,T) X g, roy-1 L. This assertion follows from the definition of the action of I
on X*(T) after identifying E and L via 7. The claim then follows from Lemma
O

Corollary 4.17. If A € ¥ then the composition
Z(9) @0 L 5 SE)W X L
is independent of the choice of embedding 7.

Lemma 4.18. The composition

Z(8) ©pp L =5 SE)W 79 % E e Ox(X) 25 0x(X),

o 0

— S(

where the last arrow is the map x ® a — 7(x)a, is independent of the choice of T
above o.

Proof. This follows from Lemma and I'-equivariance of and (24). O

Definition 4.19. Let P be a Gx-torsor over X and let p : Galp — “P*4(X) be
an admissible representation. If o : F — L is an embedding of fields then we define
a homomorphism of L-agebras

Cp,o : Z(g) ®F,<T L— OX(X)
as the composition of the maps in Lemma[{.18

Remark 4.20. We remind the reader if P = Gx then “P*(X) = LG;(Ox(X))
and p is an admissible representation in the sense of section [2.2]

Let Resp/q, g be the Lie algebra of Resp g, G. We may identify Resp,q, g with
g as a Q,-Lie algebra. Since

(Respyq, G) xq, L= [ G xroL,
o:F—L
using Lemma [4.14] we obtain isomorphisms of L-algebras

U(Respyg, 8) @, L= (X) Ulg) @r.o L
o:F—L

Z(Resryq, 8) ®, L= Q) Z(9) ®ro L.
o:F—L
Definition 4.21. Let P be a Gx-torsor over X and let p : Galp — “Pad(X) be
an admissible representation. Then we define an L-algebra homomorphism
Cp Z(ResF/@p g) ®q, L — Ox(X)
as Cp = ®sCp,0 using the isomorphism above and Definition [{.19

Lemma 4.22. IfY — X is a map of rigid varieties over L then (,, is equal to ¢,
composed with the map Ox(X) — Oy (Y).

Proof. This follows from Lemma [4.11 (I
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4.7. Modification for C-groups. There are two issues at hand. Firstly, one
expects that the Galois representations attached to C-algebraic automorphic forms
take values in the C-group and not the L-group, see [12], Conj.5.3.4]. We would
like to consider a local p-adic analog of this situation, but our Definition does
not cover it. Secondly, if we take F' = L = Qp, X a point, G = GLg, so that
LGt = GLy, and

cyc e 0
p: Gal@p - GLQ(QP), g = (X ‘ O(g) XCyc(g)b),

where a > b are integers, then the Sen operator is the matrix (&), but the charac-
ter (, : Z(g) — Qp is not an infinitesimal character of an algebraic representation
of GLy. The problem is caused is by the shift by § in . We will resolve both of
these issues by modifying Definition

We use the notation introduced in section Let g7 be the Lie algebra of GT.
We may identify g7 = g @ LieG,,, as F-vector spaces. Since taking square roots
out of 26 on the Lie algebra level is just dividing by 2, the map

¢ 2§ LieGn, (g9.t)— (g+15,1)

is a I'-equivariant isomorphism of Lie algebras. Let o : g7 — g be the composition
of the above map with the projection to g. The map induces a @T—equivariant
homomorphism of L-algebras a : S(g*) — S((g7)*). Since G,, acts trivially on
T, it follows from the Chevalley’s restriction theorem that S (ﬁ*)é =S (ﬁ*)éT We
thus obtain a I'-equivariant homomorphism of L-algebras

a: S@)° = S(E))
Let P be a G x-torsor on X and let p: Galp — 9 pad (X) be an admissible repre-
sentation. We define

~ ~ T
(31) 0 :5@E)° - 5(E0)N¢ L Ew0x(X)
where 67 is the map defined in with GT instead of G and regarding p as a

representation of p : Galp — LPT2d(X), see Remark We note that 6’ is
I-equivariant since both « and 67 are.

Definition 4.23. If p : Galp — “P*(X) is an admissible representation and
o : F < L is an embedding of fields then we define a homomorphism of L-algebras

C . Z(g) ®pe L — Ox(X)

PO
as the composition of the maps in Lemmalf.18, but using ' instead of 0. We define
a homomorphism of L-algebras

CPC : Z(Resp/q, 8) ®q, L — Ox(X),
as (5 = ®CS,.

Remark 4.24. We remind the reader if P = Gx then “P(X) = “G;(Ox(X))
and p is an admissible representation in the sense of section [2.2]

Remark 4.25. Although the definition makes sense for all admissible p, we will apply
it to those p, where the composition d o p : Galp — Ox(X)*, where d is defined
in , is equal to xcyc, since the Galois representations associated to C-algebraic
automorphic forms should satisfy this condition according to [I2, Conj.5.3.4]. In
this case, if U = Sp A — X is an affinoid such that P|y is trivial, the Sen operator
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Oy € (C,®A) ® §" is of the form (M,1® 1), with M € (C,®A) @ §,
191€(C,®A)® LieGy, and id®a maps OF,, , to M +1®6 € (C,® A) @ 3.

Lemma 4.26. If Y — X is a map of rigid varieties over L then pCY s equal to
¢S composed with the map Ox(X) — Oy (Y).
Proof. This follows from Lemma [£.22] O

If there is 6 € X, (T) such that its image in X, (f/Z@) is equal to d,q then we
have an isomorphism

(32) tws : GT 2 G x Gy (g,1) = (90(t), 1)
If § is T-invariant then yields CGf ~ LGf X G, PfT = Py x Gy, x and
(33) tws : CP*(X) = Lprd(X) x Ox(X)*

If p : Galp — “P2d(X) is an admissible representation then we may define
p¢ : Galp — CPad(X) via p¢ = tvvg1 o (p X xcyc). We note that d o p¢ = Xeye
and, if U = Sp A — X is an affinoid such that P|y is trivial, using Remark we
obtain that

(34) (id ®a) (0% 1) = Oseny — 1@ +1®3,

where Ogen v is the Sen operator attached to p in Lemma [£.6] and we consider

-~

8,0 €t via the identification t = X, (T) ®z L.
Going back to the GLo example at the beginning of the subsection, we see that

if we choose &(t) = (tng ! 2.) for some n € Z then gfc is equal to the infinitesimal

character of Sym® "1 @ det® ™.

4.8. The archimedean case. We check that our definition is compatible with the
archimedean case. o
Assume now that F' is an archimedean local field and let F' be some algebraic

closure of F, so that [F : F] is 1 or 2. We recall that the Weil group of F is the
semidirect product Wgp = T x Galp. If F = R, we denote by ¢ the non trivial
element of Galg.

Let p : Wr — LG(C) be some admissible representation. The restriction of p
to I takes values in @((C) and, up to conjugate by an element of CA;'((C), we can
assume that p(FX) C T(C). Let oy and o5 be the two isomorphisms of F' with C.
Identifying X*(JA“) ® C with the Lie algebra of T(C), we see that there exists two

~

elements Ay, and A, in X, (7T) ® C such that
p(2) = exp(log(01(2))Ag, +log(02(2))As,)

for 2 € F*. We can assume that Aoy — Aoy € X (f) so that this quantity doesn’t
depend on the choice of the branch of log.

If F = R, then we have A, = Ad(p(c))As so that A, and ), defines the same
element of (X, (T) ® C/ W). Evaluation on this element gives us a linear map
6 : S(t*)" — C which, by composition with Harish-Chandra isomorphism Z(g)c ~
S(t)W gives rise to a character ¢, : Z(g)c — C.



INFINITESIMAL CHARACTERS IN ARITHMETIC FAMILIES 33

If F = C, then we use the elements A\, and A, in X, (T)®C to define a character
Cpo + Z(9) @F,, C — C for each embedding o of F in C. We finally define

Cp,o1®Cp,0n
_—

Cp s Z(Resp/r 8)c C.

Remark 4.27. If p is associated to an irreducible representation of G(F'), then the
center Z(Resp/r g) acts on 7 by (, (see Propositions 7.4 and 7.10 in [87] which
follow from [56]).

5. HODGE—TATE REPRESENTATIONS

We will study Hodge-Tate representations following [79], [3] and [12] §2.4]|ﬂ Let
L be a finite extension of Q, and let V' be a finite dimensional L-vector space with
a continuous L-linear action of Galp. Consider the semi-linear diagonal action of
Galp on W =V ®q, C, and let W (i) be the ith Tate twist of 1. The natural map

P C, (i) @, W(-i)%r — W

i€z
is injective and we say that V' is Hodge—Tate if this map is an isomorphism. Suppose
that this is the case and let W; be the image of C,(i) ®q, (W (—i))%*F in W, ie.
the Cp-span of the set of v € W such that

guv = Xi(g)vv v.g € Gava

where Y is the p-adic cyclotomic character. Then W = ®;czW; and the Hodge—Tate
cocharacter py of V' is the algebraic morphism G, c, — GL(W) defined by

pv(z) = 2'idw, .
i€Z
Note that the Sen operator of V' is simply multiplication by ¢ on W, in particular
(35) Lie(,uV)(l) = 6)Sen,V

Let H be a reductive group defined over L and let Rep(H ), be the category of
algebraic representations of H defined over L. Let p : Galp — H(L) be a continuous
representation. We say that p is Hodge—Tate if the action of Galp on V obtained
by composing p with r : H — GL(V') is Hodge-Tate for every (r,V) € Rep(H)p.

Let p : Galp — H(L) be a Hodge-Tate representation. Given a C,-algebra R
and z € R, for each (r,V) € Rep(H)r we obtain an automorphism id ® py (z) of
R®c, (C,®q, V)~ R®q, V ~ (R®q, L) ®L V, compatible with tensor products
when we vary V. It follows that there is a unique p,(2) € H(R ®q, L) such that
id ® pv(z) = r(up(2)) for all (V,r) € Rep(H)r. Varying R and observing that
H(R®q, L) = (Rest,q, H)c, (R), we obtain a cocharacter

Hp - Gm’(cp — (RGSL/QP H)(Cp.
Using the decomposition
(ResL/Qp H)(Cp ~ H H XLwv C;m
veHom(L,Cp)
we can write pu, = (Mp,u)veHom(L,Cp) with 1, : Gpc, — H X, C,. Note that

since Gy, is connected, p, ,, factors through the connected component of H xr, ,, C,,.

8We note that the published version of §2.4 in [I2] has been updated in https://arxiv.org/
pdf/1009.0785. pdf
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Arguing as in the proof of lemma [£.6] one associates to any continuous represen-
tation p : Galp — H(L) a Sen operator Osen, € (C, ®q, L) ®. h ~ C, ®q, b,
where b is the Lie algebra of H. When p is Hodge—Tate relation (1) combined with
the Tannakian description of both ©Ogey,, and g, yieldsﬂ

(36) Lie(pp)(1) = Osen,p

Lemma 5.1. A continuous representation p : Galp — H(L) is Hodge—Tate if and
only if there is pi: Gy c, — (Resp g, H)c, such that Ogen , = Lie(p)(1), in which
case we necessarily have (= fi,.

Proof. The only fact which hasn’t already been explained is that the existence of
u forces p being Hodge-Tate. Let (r,V) € Rep,(H). We want to prove that
V endowed with the action of Galp via composition with p isHodge-Tate. The
cocharacter p and the representation r give rise to an algebraic morphism 7 o
JU (C;; — (RGSL/QP H)(cp((cp) = H((Cp ®Qp L) — GL((CP ®Qp V) and @sen’v =
Lie(r)(Osen,p)(1) = Lie(r o u)(1). It follows that Ogen v is semi-simple with integer
eigenvalues and V is Hodge-Tate by the corollary to theorem 6 in [76]. (Il

5.1. Galois representations valued in L-groups. Now we assume that G is
a connected reductive group over F and let p : Galp — “G(L) be an admissible
representation, so that we are in the situation of Section {4| with X equal to a
point, so that I'(X,Ox) = L. We assume that p is Hodge-Tate and apply the
above discussion to H = LGf. Let T C G a maximal split torus and let T be
a dual torus in G. For each v, the cocharacter p,, is conjugate inside @((Cp) to
a cocharacter G, c, — fcp, which is uniquely determined up to the action of the
Weyl group W. Consequently we obtain a well defined element
Vp € X*(T)/W = X.(T)/W.
We may think of v, as a W-orbit of an element in t®p,,, C, = X, (T) @z Cp.

Proposition 5.2. The composition

AW = ~\G 0 My,
L
(31) SE) 2560 L C,eL s,

where the last arrow is given by © ® y — zv(y), is equal to the evaluation map at

o~

Vow € (t®L, Cp))/W.

Proof. Let Osen € (C,® L) ®1 @ = C, ®q, @ be the Sen operator defined in Lemma
Since X is a point we we will suppress the affinoid U from the notation. Since
Ogen = Lie(y,)(1), the image of Ogen in § @y, Cp is equal to Lie(p,,)(1). Since
o, and v, ., are conjugate by an element of é(Cp), the proposition is proved. [

Recall that the group Galg acts on the pinned root datum, which induces an
action on X, (T')/W, which we denote by -. We can now reprove [12, Lem. 2.4.1].

Proposition 5.3. For g € Galp, we have v, g, = g -V, in X.(T)/W.

Proof. Let W = (C, ® L) ®1, g. We refer to the discussion preceding lemma

for the definitions of the various actions of Galy and G (C, ® L) on W used in this
proof. For each embedding v : L — C, let W, = C, ®1, g. Let X, € W, be

90nce we identify the Qp-Lie algebras Lie(Resr, /g, (H)) and b.
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the image of X € W via the natural isomorphism W ~ ][ ., ,c W,y. One easily
checks that the map %, : W, = W,,, defined by 7, (z ® y) = v(z) ® y satisfies

(38) (7 * X)yo = o (Xo)

In particular, if X = (1 ® uy), € Hv:Lan W, ~ W, with u, € g, then for all
v € Galp we have [y * (y- X))y, =1 ® 7 - uy, where v - u, is the action of v on w,
induced by pg.

Now let © = Ogepn,y and consider

X =(1®Le(,u)1)ve [ WoxW
v:L—C,

By definition of v, and relation (36]), there is g € é((Cp ® L) ~Tl,.r5c, @((Cp)
such that © = Ad(g)(X). Lemma [1.7 combined with relation show that there
exists h € G(C, ® L) (more precisely h = g~ 'cysgs™ !, with s = ue(¥)) such that

(39) Ad(h)(v % (- X)) = X.

Writing b = (ho)w € [],.1oc, G(C,), projecting relation in W,, and taking
into account the discussion above yields

Ad(hy)(1 ® - Lie(v,,)(1)) = 1 ® Lie(vp 40)(1).
It follows that v - v, . and v, . are the same in X, (f)/W O

Remark 5.4. Let us note that Galp-orbits of embeddings v : L < C,, are canonically
in bijection with the set of embeddings 7 : F < L. Concretely, F' = v(L)%** and
7 = v~ !|p. Similarly, Galg-orbits of embeddings v : L < C, are in bijection
with the set of embeddings 7 : F — L. It follows from Proposition that if
v,v" : L = C, lie in the same Galg-orbit then v, , = v, ..

5.2. Ga101s representations valued in C-groups. We will consider the set up
of §2.1} Since Gy, acts trivially on T, TXG,, is a maximal torus of GT, and B x G,
is a Borel subgroup of GT. We also recall that G is the L- group of GT, which is a
central extension of G by G,, over F', so that the previous discussion in this section
applies.

Proposition 5.5. Let p : Galp — “G¢(L) be an admissible representation such
that do p = Xcye, let 0 : F — L, 7: E— L, v: L — C, be field embeddings such
that vorT =1idg and 7|p = 0.

If p is Hodge—Tate and the image of v, ., under

(40)  Xu(T X Gp)/W = X.(T)/W = X*(T)/W = X*(T xp - L)/W

contains a character \;, which is dominant with respect to B xg . L, then Cp o
defined in Definition[{.23, is an infinitesimal character of irreducible representation
of highest weight A, with respect to B X » L.

If (jpc:a s an infinitesimal character of irreducible algebraic representation Vs of
G Xpq L for every o : F' — L, and the highest weight A\, of V, with respect to
B x g ; L is reqular for all T (equivalently, for at least one T above every o) then p

is Hodge—Tate and v,, maps to the orbit of A, under , where voT|p =idg.
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Proof. We first recall the definition of 5, Let ©F,, € (C,®L)®Lg". As explained

in Remark 04, is of the form (M,1®1) with M € (C,® L) ®1g. Let ©F,,

be the image of @gen in g’ ®r,0 C, and let M, be the image of M in g’ ®r.vCp

under the base change along m,, : C, ® L — C,, so that ©F,, , = (M,,1®1).
Then CPC:U is equal to the composition

eV M, +§ vl

2(9) ©rq L =5 SE)Y = 5§ —— o(L) “> L.
Let us point out that in our situation is the map

eV(My,1)

S((E® LieGp))W =5 S((G@ LieG,,)") ¢ ——— u(L).

Let us assume p is Hodge Tate and that AT € Vp» maps to a dominant weight
A € X*(T' x g . L) with respect to Bx g L. We will denote the images of A in X, (f)
and X*(T) by the same letter. It follows from Propositionthat Cga = eVr450K,
and Lemma implies that (S, is the infinitesimal character of V/(X).

Let us assume that CPC:U is equal to the infinitesimal character of irreducible
representation V, of G x g » L, which is of highest weight A, with respect to Bxg . L.
Let us additionally assume that A, is regular. Lemma implies that the maps
evy. and evyy, coincide, when restricted to S (ﬁ*)a This implies that if we write
M, = zs+ 2, € §®L Cp, where z, is semisimple, x,, is nilpotent and [z, x,] = 0,
then x4 is conjugate to A, by an element of CAJ((CP), see for example [48] Prop. 10.3.1].
Since A, is regular, z,, = 0 and thus M,, is conjugate to A, by an element of é((Cp).
This implies that there is ), : Gy c, — GT X1 Cp, such that d o u), = idg,,
and Lie(u,) = ®§en,v. Thus p = (43,)v : Gme, — (Respq, @T)Cp satisfies

Lie(p/) = O, . Tt follows from lemma that p is Hodge-Tate and p/ = p,.

On then checks as in the proof of Proposition that v, ,, maps to the W-orbit of

A+ under . O

Lemma 5.6. Let p,p' : Galp — “G(L) be admissible representations, such that
dop=dop = Xeye. Wewrite p(v) = (cy,7),0'(7) = (c},¥) for all v € Galp,
where ¢, ¢l € GT(L). Assume that

try (r(cy)) = try(r(c))), Vv € Galg,
for all algebraic representations (r, V') of GT. Then Cpc = CS’;.

Proof. Let © = ©f,, ,,0" = 6§, , € (C, ® L) ®, g" be the respective Sen
operators, where we consider CGf as the L-group of GT. We claim that f(©) =
f(@) forall f e S((ET)*)éT. The claim implies that the maps 6 in associated
to representations p and p’ coincide, which implies the assertion.

To prove the claim we note that the polynomial function x + try (Lie(r)(z)") is
an element of S ((ﬁT)*)GT and it follows from Chevalley’s restriction theorem that
these functions, for all algebraic representations (r,V) of GT and all k > 1, span

S((ﬁT)*)GT as an L-vector space. Thus it suffices to show that
tr(Lie(r)(©)) = tr(Lie(r)(©)%), Vk >1,
which in turn is equivalent to tr(©% ) = tr(6k ) for all £ > 1. By as-

Sen, rop Sen, rop’
sumption the Galois representations r o p and r o p’ restricted to Galg have the
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same semi-simplification. Note that the restriction to Galg does not change the
Sen operator. It follows from that the functor W +— Dge, (W) is exact. This
implies that for every embedding v : L < C, the semi-simple parts of Ogen rop,v
and Ogen rop v are conjugate in GL(V ®r,,, C,) and the assertion follows. O

5.3. Algebraic representations and regular Hodge—Tate weights. We would
like to spell out a part of the proof of Proposition [5.5 since this is important for
the p-adic Langlands correspondence.

We assume the setup at the beginning of sectionand let p: Galp — “Gy(L) be
a continuous admissible representation, satisfying d o p = xcyc We assume that p is
Hodge-Tate. For each embedding v : L — C,, we get a W-orbit VZU € X*(fx Gnm).

Each AT € v is of the form (), idg,,) with A € X, (T). We let ng be the image

of ng in X*(f) It follows from Remark H that VPC:U depends only on Galg-orbit
of v and these are canonically in bijection with the set of embeddings 7 : F — L.
Let us reindex the W-orbits by the embeddings 7 : £ — L. We may identify

X.(T) = X*(T) = X*(T xp,, L), so that v§, € X*(T xp L).

Definition 5.7. We say that p has reqular Hodge—Tate weighs if for each T, l/gT
contains Ay € X*(T X g+ L), which is dominant with respect to B xg , L.

Remark 5.8. Since the action of Galp on the root system permutes the positive
roots, Corollary [5.3]implies that it is enough to check this condition for at least one
T above every o : F' — L.

Definition 5.9. If p has reqular Hodge—Tate weights then we define an irreducible
algebraic representation mag(p) of (Resg/q, G)r = [, G xro L by

7ralg(/’) = ® Vo,

o:F—L
where Vi is an irreducible algebraic representation of G X p,o L of highest weight A,
with respect to B Xg . L, for any 7 : E — L above o.

Remark 5.10. The definition of V,, is independent of the choice of 7: any two lie
in the same Galp-orbit and Corollary [5.3] together with the proof of Lemma [£.10]
imply the assertion.

Remark 5.11. Tt follows from the proof of Proposition that under the above
assumptions ¢, defined in Definition [4.23} is the infinitesimal character of mag(p).

We will discuss the notion of regular Hodge—Tate weights in the presence of the
twisting element, see the end of subsectionﬁ Recall that d.q € X, (f/Z@) is the
unique element such that 2d,4 is equal to the image of 2. We assume that there is
be X, (f) such that its image in X*(ZA“/Zé) is equal to d,4. Let p: Galp — “G(L)
be an admissible representation, which we assume to be Hodge-Tate. Let v, . be
the W-orbit corresponding to Galg-orbit of v : L — C,,.

Lemma 5.12. Let p€ : Galp — CGf(L) be the representation

p< = twgl o (p X Xeye)s

where tws is defined in . Then p€ is Hodge—Tate and its Hodge—Tate weights

are regular if and only if for every 7 : B < L there is A\; € v, C X*(f xgr L)
such that Ay —§ is dominant with respect to B X L.
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Proof. The assertion follows from (34). O

Ezample 5.13. Let G be an inner form of GL,, r, B the upper-triangular matrices
over ' and T the diagonal matrices over E. Then G = GL, 1, B the upper-
triangular matrices over L and T the diagonal matrices over L. Let p : Galp —
GL, (L) be a Hodge Tate representation. Since G is an inner form, the action of
Galp on the root system is trivial, so all v, , above depend only on 7|r. We may
identify X*(f) with the set of n-tuples of integers, where (ki,...,k,) corresponds
to t + diag(t**,... t*»). The action of W = S,, permutes the entries. With the
above identification let
6:=(0,—1,...,1—n).

If A € v, , corresponds to an n-tuple (k1,65 -+ kn,o) then A — § is dominant with
respect to B X g, L if and only if

k1,0'>k2,o'+1Z---an,a+n_17

which is equivalent to k1, > k2 » > ... > ky . This is the usual notion of regular
Hodge—Tate weights in the p-adic Hodge theory.

Remark 5.14. If G = GL,, r and p : Galp — GL, (L) is a Hodge-Tate represen-
tation with regular Hodge—Tate weights in the traditional sense then the algebraic
representation m,4(p) defined in [I5, §1.8] coincides with 7 (o) defined in Defi-
nition with & as above. We caution the reader that in order to verify this one
has to bear in mind that in [I5] the Hodge-Tate weight of the cyclotomic character
is —1 and in this paper it is 1.

5.4. Automorphic representations. In this section we fix an embedding ¢ : L —
C. Now let F' be a number field, G a connected reductive group over F' and g its Lie
algebra. Let 7 be some automorphic representation of G(Ar) which is C-algebraic
in the sense of [I2] Def. 3.1.2]. Let mo, be the representation of G(F ®gR) which is
the archimedean part of 7. Then the center Z(Resp/q g)c of the enveloping algebra
U(Resp;q g)c acts on the subset of smooth vectors of 7., by a character . The
decomposition
Z(Respq8)c ~ ® Z(9) ®px C
k:FP—C
gives a decomposition x = @), xx of the character x.

Proposition 5.15. Let p,, : Galp — CG(L) be a continuous admissible represen-
tation satisfying the assumptions of Conjecture 5.3.4 in [12]. Let v be a place of F
dividing p and let p, = p,r7L|Ga1Fv. Then we have

Cpc; ®L,L C= ® Xiok-

K:Fy ‘—>@p

Proof. Let € : G,,, — “G be the cocharacter defined by t — (25(t~1), ).

If v is an archimedean place of F', the local Langlands correspondence gives us
an admissible morphism p, : Wg, — LG(C). We recalled in section how to
associate to an embedding x of F' in C above v, an element of \,, € X..(T)®C, well
defined up to the action of the Weyl group. This gives us A\ € X*(f) ® C for each
embedding x of F' in C. Saying that 7 is C-algebraic is equivalent to the condition
Ao +3E € X*(f X Gyy,) for each K : ' — C. Note that we have A\, € X*(f) ® Q.
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Now let v be a place of F' dividing p. According to Conjecture 5.3.4 and Re-
mark 5.3.5 in [I2], the representation p is Hodge-Tate at v and the Hodge-Tate
cocharacter of p associated to an embedding x : F,, < L is Ao, + %f.

Recall from Remark that for an embedding & : F' — C the character x, is
the composite

Z(ge = S(E)" 25 C
where the first map is the Harish-Chandra isomorphism over C which can be
obtained from the Harish-Chandra isomorphism over L after base change along
t: L — C.
If k : F,, — L, the character Cpc:ﬁ is the composite

2(g) @ry L = SE)W 25 1
since A, is exactly the image of (A, + %f, 1) in gz, by the map « of section (note

that since A\, € X*(f)®(@, we land in L C E®L). Tt follows that x,o, = (gm ®r,.C
and hence the result. O

6. FIBRES OF COHEN-MACAULAY MODULES

Let (R, m) be a complete local noetherian O-algebra with residue field &, which
we assume to be O-torsion free. Let R'® be the ring of global functions on the rigid
space X8 associated to the formal scheme Spf R, see [53] §7.1].

Proposition 6.1. Let M be a faithful, finitely generated R-module and let M*i& =
M ®gr RV, If R is reduced and M is Cohen-Macaulay then the natural map

MME H M"8 @ i k()
reXris

18 injective.

Proof. Since R is O-torsion free we may choose a finite injective map of O-algebras
S = O[x1,...,24] = R, where necessarily d + 1 = dim R, see [58, Thm. 29.4 (iii)]
and the Remark following it. The assumptions on M imply that M is a faithful,
Cohen—-Macaulay module over S. Since S is regular it follows from the Auslander—
Buchsbaum theorem, [58, Thm.19.1], that M is free over S. The finite injective
map S[1/p] — R[1/p] induces a finite surjective morphism

¢ : X = SpecR[l/p] =Y = Spec S[1/p].

The fibre of the generic point 1 of Y is geometrically reduced. Indeed, it suffices to
check that it is reduced (since it lives in characteristic zero), which is clear since it
is a localization of the reduced ring R[1/p]. Thus Lemma 37.24.4 in [83] Tag 0574]
yields a nonzero f € R[1/p] such that all fibres over the non-vanishing locus of f
are reduced.

Let ¥ be the set of closed points y of Y such that f(y) # 0. For any y € ¥ and
any = € ¢~ !(y) we have x € m-Spec R[1/p], thus x corresponds to a point of X'
with the same residue field, see [53, Lem. 7.1.9]. Moreover, for such y we have an
isomorphism k(y) ®s R =[], #(2), since the fibre over y is finite and reduced.
Using the isomorphism R"& & R®g S*¢ provided by [53, Lem. 7.2.2], we obtain an
isomorphism

H MU @ puig k() = M8 @ guig K(y).
w(z)=y
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It suffices therefore to prove that the natural map M'e — [[yes M "8 @ grie k(YY)
is injective. Since M is finite free over S, this reduces to the case M = S, i.e. we
need to prove that a nonzero rigid analytic function ¢ on the open unit disc e
cannot vanish at all y € ¥. In that case, fg would vanish at all points of 9)"®.
It follows from [8, Prop.5.1.3/3] that the restriction of fg to every closed disc of
radius 1/p'/™ is zero. Since the union of such discs for n > 1 give an admissible
covering of the open unit disc, we deduce that fg = 0. Since f # 0, g # 0 and S"&
is a domain, we get a contradiction. O

7. DENSITY OF ALGEBRAIC VECTORS

Let X be a smooth affine scheme over SpecQ, of finite type of dimension d
such that X(Q,) is Zariski dense in X. Let A = I'(X, Ox) be the ring of global
sections on X. We may choose a presentation A = Qp[T4,...,T,]/I. This allows
us to consider X(Q,) as a closed subset of Q) with the induced topology. If U
is an open subset of X(Q,) we let C(U, L) be the space of continuous functions
from U to L. Since X(Q,) = Homg,-aig(4, Qp), evaluation induces a bilinear map
X(Qp) x A = Q. This induces a map A®q, L — C(X(Qy,), L) and we denote the
image by C*8(X(Q,), L).

Definition 7.1. Let U be an open and closed subset of X(Q,). We let C*&(U, L)
be the image of C*8(X (Q,), L) in C(U, L) under the restriction map f + f|u.

We will equip X (Q,) with the structure of a locally analytic manifold. Let
J1,-.., fa be a sequence of generators of I. They induce a map ¢ : Q) — Qg which
is polynomial and in particular map of locally analytic manifold. The smoothness
of X and the Jacobian criterion imply that ¢ is a subimmersion in the sense of [78]
Part. I, chap. IT1.4)] at all points of X (Q,). It follows from the Theorem in IT1.11C)
of loc. cit. that X(Q,) = ¢~'(0) is a submanifold of Q) and in particular carries a
canonical structure of locally analytic manifold. Moreover it follows from II1.11.A)
in loc. cit. that, for each point z € X (Q,), there exists an open neighborhood U,

of z in Q) and a locally analytic isomorphism o, = (az1,...,z) from U, onto
an open subset V,, of Q) such that

(41) Us nX(Qp) ={yel.,]| O‘J:,T—H(y) == O‘z,n(y) = 0}.

It follows that the inverse f, of the map (a1, ..,y ,) induces a locally analytic

map from V, to U, whose image is U, N X (Q,).

The main result of the section, Theorem says that C¥8(U, L) is a dense
subspace of C!#(U, L) locally Q,-analytic functions on U, when U is an open and
closed subspace of X(Q,). This holds if for example U is open and compact. We
then look closer at the example, when X is a connected reductive group scheme
and U is a compact open subgroup of X (Q,).

Lemma 7.2. Let M be a paracompact manifold, U C M an open and closed
subspace, and let S be a dense subset of C'*(M, L). Then the image of S is dense
in C'*(U, L).

Proof. Since U is open, it naturally carries a structure of a paracompact manifold.
Since M \ U is also open, we have a homeomorphism:

C'*(M,L)=C"™(U,L) x C*(M \ U, L)
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for the product topology on the right-hand side, [72] Prop. 12.5]. Hence, the restric-
tion map r : C'*(M, L) — C'*(U, L), f — f|v is continuous and surjective. Hence,
if V c C'*(U, L) is non-empty and open, then »—'(V) C C*(M, L) is non-empty
and open. The intersection SNr~1(V) is non-empty, since S is dense in C'(M, L).
Hence, 7(S) NV is also non-empty and so r(S) is dense in C'*(U, L). O

Lemma 7.3. C*8(A"(Q,), L) is dense in C'*(A™(Q,), L).

Proof. Let A™(Q),) = U;erU; be a disjoint covering by open subsets, where each U;
is a closed ball of radius € around some point in A"(Q,). By [(2, Prop.12.5] we
have a homeomorphism of topological vector spaces:

C(A™MQy), L) = [[ (Ui, L)
iel

with the product topology on the right-hand side. Thus it is enough to show that
the image of C*8(A"(Q,),L) in [],c;C"*(U;, L) is dense for every finite subset
J C I. Given such J there will exist an m > 0 such that U;c;U; is contained in
PR

It fz)ollows from the theorem of Amice, see [57, (III.1.3.8)] that the image of
C*8(A™(Qp), L) is dense in the Banach space of locally analytic functions on p~™Z
of radius of convergence p~", for any h > 0. These Banach spaces are denoted by
Fz(E) in [(2], with E = L in our situation. The topology on Cla(p_mZZ,L) is
the locally convex inductive limit topology defined by the family of Banach spaces
{Fz(L)}z, see [72, §IL12]. If £ : C'*(p~™Z3, L) — L is a continuous linear form,
then its restriction to Fz(L) is continuous and hence if £ vanishes on C*#(A"™(Q,), L)
it vanishes on Fz (L) for all Z, and thus ¢ = 0. Hahn—-Banach implies that the image
of C*8(A™(Q,), L) is dense in Cla(p*mZg, L).

Since Uje U; is both open and compact, it will be closed in p™™Z;. Lemma

implies that the image of C*#(A™(Q,), L) in C®*(U;e U, L) = [[;c, C*(U;, L)
1s dense. O

Theorem 7.4. C*8(X(Q,), L) is dense in C'*(X(Qp), L).

Proof. We consider a closed embedding X <— A™ as before. Since the inclusion
X(Qp) — A™(Q,) is a map of locally analytic manifolds, it induces a continuous
map

(42) C(A™(Qp), L) — C*(X(Qy), L),

by [72, Prop. 12.4 (ii)]. Since C*8(X(Q,), L) is equal to the image C*&(A™(Q,), L)
via and C*8(A™(Q,), L) is dense in C'*(A"(Q,), L) by Lemma it is enough
to show that is surjective, see the proof of Lemma

To show the surjectivity of let A™(Qp) = U,¢; Ui be a covering by pairwise
disjoint open subsets such that each Uj; is of the form U, as in . It is enough
to prove that the induced map

(43) C'*(U,, L) — C™(X(Q,) N Uy, L)

is surjective. After composition with ay, : U, — Vj it is induced by a map of
the form (z1,...,2,) — (21,...,2.,0,...,0) which has a locally analytic section.
Hence is surjective. O
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Corollary 7.5. IfU is an open and closed subset of X (Q,) then C*&(U, L) is dense
in C'*(U, L).

Proof. This follows from Theorem and Lemma O

Let G be a connected reductive group scheme defined over Q,,. It follows from [5]
Cor. 18.3] that G(Q,) is dense in G. Let Irr(L) be the set of isomorphism classes
of irreducible algebraic representations of G. We assume that G splits over L,
which implies that all representations in Irrg (L) are absolutely irreducible. Let K
be a compact open subgroup of G(Q,). By evaluating V' at L we get an an action
on V by G(Qp), and hence by K, via the embedding G(Q,) — G(L).

Corollary 7.6. The evaluation map
(44) P Homg(V,C*(K,L) @V - C™(K, L),
[V]elrg(L)
is injective and the image is equal to C*8(K, L). In particular, the image of
is a dense subspace of C'*(K, L).
Proof. The first part follows from [64, Prop. A.3], where we have shown an anal-

ogous statement with C'*(K, L) replaced with C(K,L). The density result follows
from Corollary O

Let 7 be a continuous representation of K on a finite dimensional L-vector space.
If V is an irreducible representation of G, we will write V(7) := V ® 7 with the
diagonal K-action.

Corollary 7.7. Let 11 be an admissible unitary L-Banach space representation of
K, which is a direct summand of C(K,L)®™ for some m > 1. Let II'* be the
subspace of locally analytic vectors in I1. Then the evaluation map

(45) P  Homg(V(r),I*) @ V(r) — I,
[V]eIrrg (L)

is injective and its image is a dense subspace of IT'?.
Proof. We note that the subspace of locally analytic vectors in C(K, L) is equal to
C'*(K, L) by [31, Prop. 3.3.4]. Thus [I'* is a direct summand of C'(K, L)®™. If 7 is
the trivial representation then the assertion can be easily deduced from Corollary
[Z.6l We will reduce the assertion to this case.

Let W be the closure of the image of in IT'"®. Then W can be characterised
as the smallest closed subspace of II'* such that

Hompg (V(7), W) = Homg (V(7),11'*), VV € Irrg(L).
We deduce that
Hompg (V,W @ 7*) = Homg (V,II'* @ %), VV € Irrg(L).
Thus W ® 7* contains the closure of the image of the evaluation map
(46) @ Homp (V, 11" @ 7) @ V — 11" @ 7*.
[V]elrrg (L)

The projection formula gives us an isomorphism C(K,L) ® 7* = C(K, L)®dimT,
Thus ITI®7* is a direct summand of a direct sum of finitely many copies of C(K, L).

Since 7 is finite dimensional we have (Il ® 7%)% = IT'* ® 7*. From the special case
considered above we deduce that W @ 7* = I1'* @ 7* and hence W = II'. O
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We want to have a variant of Corollary [7.7] with fixed central character. Let Z be
the centre of G and let ¢ : KNZ(Q,) — O be a continuous group homomorphism.
We let Cy (K, L) be the closed subspace of C(K, L) consisting of functions on which
K N Z(Q,) acts by ¢. We assume that 7 has central character 1.

Corollary 7.8. Let 11 be an admissible unitary L-Banach space representation of
K, which is a direct summand of Cy (K, L)®™ for some m > 1. Let II'* be the
subspace of locally analytic vectors in I1. Then the image of the evaluation map

(47) @ Homg (V(7),11'*) @ V(r) — II'%,
[Vlelrrg,z (L)

is a dense subspace of II'*.

Proof. Since the central character of 7* is equal to ¢!, projection formula gives
us an isomorphism Cy (K, L) ® 7* = C(K/K N Z(Q,), L)® 4™ 7. Thus arguing as
in the proof of previous Corollary we may reduce the assertion to the case when
7 and 9 are both trivial. Since the image of K in (G/Z)(Q,) is a compact open
subgroup, the assertion follows from Corollary applied to G/Z. O

8. FAMILIES OF BANACH SPACE REPRESENTATIONS

Let G be a connected reductive group over Qy, split over L and let K be a
compact open subgroup of G(Q,). An example relating this set up to section
would be G'= Resp/q, G', where G’ is a connected reductive group over F, and K
compact open subgroup of G’ (F).

Let (R, m) be a complete local noetherian O-algebra with residue field k. Let M
be a finitely generated R[K]-module. If V is an irreducible algebraic representation
of G, then by evaluating at L we get an an action on V' by G(Q,), and hence by
K, via the embedding G(Q,) — G(L). Let 7 be a representation of the form
o ®n, where o is a smooth absolutely irreducible representation of K and n : K —
O* is a continuous character. Then V(7) := V ® 7 is an absolutely irreducible
representation of K. Since K is compact there is a K-invariant O-lattice © in
V(). We let

M (©) := Homyy (M, 07)" = © @opx) M,

where (-)¢ := Hom®"(-,0) and in the tensor product © is considered as a left

O[K]-module via g +— g~1. Since M is a finitely generated R[K]-module, M(©)
is a finitely generated A-module, see [63] Prop.2.15]. Moreover, M(©)[1/p] is
independent of the choice of lattice ©. Let Ry (;) be the quotient of R, which
acts faithfully on M(©) and let

Yy (r) = m-Spec Ry ([1/p].
We note that Ry ;) and ¥y (;) also depend on M. Since M is finitely generated
over R[K], it is compact. Thus
I1 := Hom&I"™ (M, L)

equipped with the supremum norm is a unitary L-Banach space representation of
K. If M is not finitely generated over O[K] then II is not admissible. However, one
can get around this by a trick introduced in [63, §2.1]. We choose a presentation
O[z1,...,2s] — R. This induces a surjection O[Z5 x K] — R[K], and thus II is
an admissible unitary Zj x K-Banach space representation. Following [11] Def. 3.2]
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we define IT'12 ag the subspace of of locally analytic vectors for Zy, X K-action on
II. It will become apparent in the proof of the Theorem below that it is actually
better to think of Ofz1,...,z,] as the completed group algebra of ((1+ 2pZ,)®, x)
instead of (Z5, +).

If x € m-Spec R[1/p] then we denote by m, the corresponding maximal ideal
and by (z) its residue field. Let II[m,] be the subspace of II consisting of vectors
killed by m,. Since R acts on II by continuous endomorphisms, II[m,] is a closed
subspace of II. It follows from [63] Lem. 2.20, 2.21] applied with m = x(z) that

[m,] = HomS™ (M ®g Oy, L)

and TI[m,] is an admissible unitary Banach space representation of K.

We will now explain how to put a topology on Hompg (V (1), [171%) @ V(7). The
module M (0)® 01 is finitely generated over R[K]. Hence, Hom&™ (M (©)® 6% L)
is an admissible unitary Banach space representation of Z; x K. It follows from
[63, Eq. (10), (11)] that we have an isomorphisms of Banach space representations:

Hom@&"" (M (©) ® 6%, L) = Hom{xy (M, V(1)*) @ V(7)
>~ Homg (V(7),II) @ V(7).

Since both Homg (V(7),II) ® V(7) and II are admissible unitary Banach space
representations of Z; x K, the evaluation map

(49) Hompg (V(7),II) @ V(1) — 11
is continuous and the image is closed in II.

Lemma 8.1. The evaluation map is injective.

(48)

Proof. Since as K-representation Homg (V(7),II) ® V(7) is isomorphic to a direct
sum of copies of V(7), which is irreducible, the kernel K is also isomorphic to a direct
sum of copies of V(7). Since V(7) is absolutely irreducible and finite dimensional
we have Homg (V(7),V (7)) = L. By applying the functor Homg (V (1), -) to
we obtain an isomorphism. Hence, Homg (V(7),K) = 0 and so K = 0. O

By applying the functor of R-locally analytic vectors to we obtain injection
(50) Homg (V (1), I @ V(1) = (Homg (V (), 1) @ V(7)) Fle — 11812
where Homg (V (7), 1)1 is the subspace of locally analytic vectors for Z3-action
on Hompg (V(7),1I), thus is naturally endowed with a topology, see [73].

Lemma 8.2. Homg (V(7),I1)%1% @ V() = Homg (V (1), [I712) @ V (1),

Proof. We identify Homg (V (7),II) ® V(7) with its image in II. Then its R-locally
analytic vectors are equal to (Homg (V(7),1T) ® V(7)) N T2, The inclusions

Hompg (V (), II"1%) @ V(1) € (Homg (V(7),II) @ V(7)) nII#* e  [pf-la
become isomorphisms after applying Homg (V(7), ). Since as representations of K

both Hom g (V (1), 2@V (1) and (Homg (V (1), )@V (7))NIIF2 are isomorphic
to a direct sum of copies of V(7), we conclude that they are equal. 0

The Lemma above and allows us to put a topology on Homg (V (7), 1718 ®
V(7). It follows from the theory of admissible locally analytic representations, see
[73, Prop. 6.4], that the image of Hom g (V (1), IT1%) ® V(1) under is closed in
718 and induces a homeomorphism between Hom g (V (7), II18) @ V(1) and
its image in 1712,
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Proposition 8.3. If Ry, is reduced and M(©) is Cohen-Macaulay then

B Homg(V(r), Mm.]'*) @ V(r)
TE€Xv (r)

is a dense subspace of Homy (V (1), II712) @ V(7).

Proof. Let us fix 2 € Yy (). Since II[m,] is admissible as K-representation [I1],
Prop. 3.8] implies that II[m,]!* = I[m,]'*. We thus have an inclusion II[m,]'* C
oI Itz zq,..., 2, € Yy (r) are pairwise distinct then (®f_;II[m,,]) NII[m,] = 0,
as 1 € my + N my,. We thus have an inclusion @IGEV(T)H[mx]Ia C IIftla By
applying Homg (V (1), -) we deduce that

(51) @ Hom (V (7), I[m,]™®) € Homg (V (7), IIF12).
€Sy (r)

By Hahn—Banach theorem, see [71, Cor.9.3], it is enough to show that any con-
tinuous linear form on Homg (V (1), ITf1%)| which vanishes on the left hand-side of
, is zero. Below we will denote by W’ the continuous linear dual of a locally
convex L-vector space W.

Going back to we think of Hompg (V (), II71%) as locally analytic vectors
for the Z;-action on Hom{™(M(0©), L). Thus

Hom (V(7), %) = M(0) @oyz;) D(Z;) = M() ®r,,, RS, = M(©)".
We may think of Homg (V (), II[m,]®®) as Homg (V (7), II18)[m,]. Thus
Homye (V/(7), fm, ') = M(0)™ & e i(a).
The assertion follows from Proposition [6.1] a

Theorem 8.4. Assume that there is an M -regular sequence yi,...,yn contained
in m, such that M/(y1,...,yn)M is a finitely generated projective O[K]-module.
Then the evaluation map

(52) P Homg(V(r), T @ V(r) —» I,
[V]erre (L)

is injective and its image is a dense subspace of IIF12. Moreover, the map

(53) D P Homg(V(r),Om,]'"*) @ V(r) — I,

[Vlehrrg (L) z€Xv (+)

is injective and if additionally Ry ;) is reduced for all V € Irrg(L) then the image
of is a dense subspace of TIF12,

Proof. Since Homg (V (1), 1%1%) @ V(1) is V (7)-isotypic to prove the injectivity of
it is enough to do so for a single summand. That follows from Lemma
and injectivity of (50). Since the left hand-side of is a subspace of the left
hand-side of , see Proposition we deduce that is injective. We will
now show that image of is dense by exhibiting a dense subspace.

Let S = Ofx1,...,2,]. By mapping z; to y; we obtain a ring homomorphism
S — R, which makes M into a finitely generated S[K]-module. We claim that M
is a projective as S[K]-module. To prove the claim it is enough to show that M
is a free S[P]-module, where P is a pro-p Sylow of K. By topological Nakayama’s
lemma we may choose a surjection S[P]®™ — M, which becomes an isomorphism
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after applying the functor k®gppy, and let K denote the kernel. We argue by
induction on h that such map has to be an isomorphism. If h = 0 then S = O
and M is projective as S[K]-module, and so the surjection has a section. Hence,
k ®@sppp K = 0 and topological Nakayma’s lemma implies that K = 0. Let h be
arbitrary. Since xp, is M-regular, we have an exact sequence of S/(xp)[P]-modules

0— K/2K — S/(zn)[P]®™ — M/x,M — 0.

Since S/(zp) & Oz, ..., xp-1] and the sequence z1,...,xp—1 in M/x,M-regular,
we deduce that M/x,M is a free S/(xp,)[P]-module and so the surjection has a
splitting. By the same argument as above we deduce that K/xp X = 0. Topological
Nakayama’s lemma implies that K = 0. This finishes the proof of the claim.

The claim implies that M is a direct summand of S[K]®™ for some m > 1.
By dualizing and identifying S with the completed group algebra of (1 + 2pZ,)",
we may consider II as an admissible unitary Banach space representation of K’ :=
(1 + 2pZ,)" x K, which is a direct summand C(K’,L)®™. The locally analytic
vectors for the action of K’ on II are equal to I and since M is finitely generated
over S[K], [IT Prop.3.8] implies that I171* = [T1512, Since K’ is a compact open
subgroup of G’ := G" x G, Corollary implies that the evaluation map

(54) P  Hompg (V'(r), T @ V() —» I,
[V/]€lrrg/ (L)

is injective and its image is a dense subspace of II"12, Every V' is of the form
XXV, where V € Irrg(L) and x : G, — G,, is an algebraic representation. Such
X induces a continuous group homomorphism x : (1 + 2pZ,)* — L* and hence a
maximal ideal of S[1/p], which we denote by m}. We thus may rewrite as a
K-equivariant map

(55) @ @ Homg (V(7), H[m!]*) @ V(r) — I
[V]elrrg (L) XEI”@% (L)

Since IT[m/ ]'* = [[m/ ]®'* C 1112, the image of will be contained in the image
of . Since the image of is dense, we conclude that the image of is
dense.

The proof of [I5, Lem.4.18 1)] shows that M(©) is a free S-module of finite
rank. Thus y,...,yn is a regular sequence of parameters for M(©) and hence
M(©) is Cohen-Macaulay as Ry (r)-module. If Ry (;y is reduced then Proposition
[8.3 implies that the closure of the image of

B Homg(V(r), Mm,]'*) @ V(r) — T
:Eezv(.,-)

is equal to Homg (V (1), I1712) @ V(7). Hence the closure of the image of will
contain the image of and hence is equal to IT%12, O

Let Z(g)1, be the centre of the enveloping algebra of the Lie algebra of G, and
let ¢ : Z(g)r — R'® be a homomorphism of L-algebras, where R™8 is the ring of
global functions on the rigid space X™8, associated to the formal scheme Spf R, see
[53, §7.1]. The map R[1/p] — R'® induces a bijection between m-Spec R[1/p] and
points of X'& and isomorphism on the completions of local rings by [53, Lem. 7.1.9)].
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Thus we may specialise ¢ at any € m-Spec R[1/p] to obtain a ring homomorphism:
Ce:Z(9)L S, Rris k().

Theorem 8.5. Assume that the following hold:
(i) there is an M-regular sequence y1,...,yn inm, such that M/(y1,...,yn)M
is a finitely generated projective O[K]-module;
(ii) the rings Ry -y are reduced, YV € Irrg(L);
(ii) the action of Z(g)r on V(1) is given by (x, YV € Irrg(L), Vo € Xy (4.
Then Z(g)r acts on T2 wia ¢. In particular, for all y € m-Spec R[1/p|, Z(g)1
acts on [m,]'* via the infinitesimal character (,.

Proof. Tt follows from [I1, Lem. 3.3] that we have a continuous R"¢ & D(K, L) ac-
tion on I by continuous endomorphisms. This induces an action of R"8®Z(g) 1,
see [74, Prop.3.7]. Let a be the ideal of R"& @ Z(g)1 generated by the elements of
the form ((2)®1—1®z for z € Z(g)r. Assumption (iii) implies that such elements

will kill
b P Homg (V(r),Mm,]"*) @ V(7).
[Vlerrg (L) z€Xv (+)

Since the assumptions (i) and (ii) imply via Theorem |8.4] that the subspace is dense
we conclude that the action of R ® Z(g), on II*!2 factors through the action of
(R'® ® Z(g)r)/a = R'8. Thus the action of Z(g) on I factors through ¢. If
y € m-Spec R[1/p] then the action of (R'® ® Z(g)r)/a on I[m,]"® = II[m,]®1* =
1718 [m, ] factors through the specialisation of ¢ at y. O

We want to prove a variant of Theorem with a fixed central character. Let
Z be the centre of G and let ¢ : KN Z(Q,) — O* be a continuous group homo-
morphism. Let Modll)(rib((’)) be the category of linearly compact O[K]-modules on
which K N Z(Q,) acts by 11, We assume that the central character of 7 is equal
to .
Theorem 8.6. Assume that the following hold:
(0) M is in Mody, (O);
(i) there is an M -regular sequence yi,...,yn inm, such that M/(y1,...,yn)M
is a finitely generated O[K]-module, which is projective in Mod‘;(rip((’));
(ii) the rings Ry -y are reduced, VV € Irrg,z(L);
(iii) the action of Z(g)r on V(7) is given by Cz, YV € Irrg/z (L), Vo € By (4.
Then Z(g)r acts on 1% wig . In particular, for all y € m-Spec R[1/p], Z(g)r
acts on Il[m,]'* via the infinitesimal character (.

Proof. One proves the analog of Theorem [8.4] using Corollary [7.§] instead of Corol-
lary [7.7] Then the proof is the same as the proof of Theorem O

9. GLOBAL APPLICATIONS

The abstract Theorem [8.5]is motivated by the study of Hecke eigenspaces in the
completed cohomology. We will show that if we are in the situation where the Hecke
eigenvalues contribute only in one cohomological degree and we can attach Galois
representations to the Hecke eigenspaces in a way to be made precise below, then
the locally analytic vectors in the Hecke eigenspaces in the completed cohomology
afford an infinitesimal character.
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9.1. Locally symmetric spaces. We are motivated by Emerton’s ICM talk [34]
and his paper [32]. Let G be a connected reductive group over Q, let Z be its centre,
let A denote the maximal split torus in Z. Let G, = G(Q,), let G = G(R), let
As = A(R), let Zo, = Z(R) be the centre of G, and let K, denote a choice of
maximal compact subgroup of Go,. For any Lie group H, we let H° denote the
subgroup consisting of the connected component at the identity.

The quotient Goo/Z3, K3, is a symmetric space on which G, acts. We denote
its dimension by d.

Let A denote the ring of adeles over Q, A the ring of finite adeles, and N; the
ring of prime-to-p adeles.

Definition 9.1. A compact open subgroup Ky C G(Ay) is sufficiently small if
G(Q) acts on G(A)/AS K3 Ky with trivial stabilisers.

Lemma 9.2. If Ky =[], Ky with K¢y C G(Qq) compact open and Ky ¢ is torsion
free for some £ then Ky is sufficiently small.

Proof. Let us first assume that Z is Q-anisotropic, so that A2, is trivial. The
stabiliser of gK2 K is equal to G(Q) N gK Krg~! and is both compact and
discrete, hence finite. By considering the projection onto gK g~ !, we deduce it is
trivial. Let us return to the general case. Since the centre of G/A is anisotropic, we
deduce that the G(Q)-stabilizer of gK3 K;A2 is contained in A(A) and hence in
A(Q). Since A(Q)NgK A2 K g~ is finite we conclude by the same argument. [

o0

Remark 9.3. An easy way to ensure that the condition in Lemma [9.2] holds both
for Ky and its image in G(A)/Z(Ay) is to embedd G C GL,, by choosing a faithful
representation over Q. If £ > n+1 then the pro-¢ Sylow in GL,,(Qy) is f-saturable by
[57, TIT (3.2.7)] and hence torsion free. If we assume that Ky, is pro-¢, for example
a pro-¢ Iwahori subgroup if G is split over QQp, then it will be torsion free. To make
sure that the assertion also holds for the image of Ky in G(Ay)/Z(Ay), pick an
embedding G/Z < GL,+ and repeat the argument. Thus if £ > max(n,n’) + 1 and
Ky is pro-¢ then both conditions are satisfied.

Let us assume that Ky satisfies the condition of Lemma @ and its image in
(G/Z)(Ay) is sufficiently small with respect to G/Z and let

A=A(Ky)=Z(QNK;KSZS,.

Lemma 9.4. A is a discrete cocompact subgroup of Zoo /Aco. In particular, A 2 77,
where 1 is the split R-rank of Zoo[Aso.

Proof. By assumption on Ky, A is torsion free and Z(Q) N KyK3 AZ is trivial.
Thus the map induced by the projection to the co-component induces an injection
A — Zy /A Since the torus Z/A is Q-anisotropic, it follows from [69, Thm. 4.11]
that the quotient is compact. ([l

Remark 9.5. Emerton in [32, §2.4] assumes that » = 0. We don’t do this because
we would like to cover the case of Shimura curves in the applications.

Lemma 9.6. The action of G(Q) on G(A)/ZS, K3 Ky factors through the action

o0
of G(Q)/A, which acts with trivial stabilisers.
Proof. The first part is clear. Since the image of Ky in G(A)/Z(Ay) is sufficiently
small, G(Q)/Z(Q) acts with trivial stabilisers on G(A)/Z(A)KS Ky. The rest of
the proof is an exercise for the reader. [
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If K is a compact open subgroup of G(A), we write
V(K;p) = GQ\G(A)/AL KKy, V(Ky) = GQ\G(A)/Z8 K2 K.

It follows from Lemma that the map ¢ : Y(Ky) — ?(Kf) makes Y (Ky) into a
torus bundle for the compact torus

T =(Z23,]A(ZLNKL)) /A =R, /JA=R"/Z".
Let G, be the intersection of Ker x? for all y : Gg — Gum,r. We then have

(56) Goo = GLZ2,,
see [6, 4.3.1]. Let G(A)! := G(A;)GL A% and let G(Q)! := G(Q) N G(A)! and let
Y(Ky) = GQNG(A) ALK K

Lemma 9.7. The natural map Y'(Ky) — Y (Ky) identifies the source with the
closed subset of the target. The map T x Y (Kf) — Y(Ky), (t,y) v ty is a
homeomorphism. In particular, we obtain a homeomorphism

YI(Ky) = Y (Kp) /T = Y (Ky).
Proof. The inclusion G(A)! € G(A) induces an injection
G@Q"\G(A)' € GQ\G(A),

and hence an injection Y'(Kf) < Y (Ky). Since the map G(A) — Y (Ky) is open
and G(A)! is a closed subset of G(A) we deduce that Y'!(K) is a closed subset of
Y (Ky). Since Y(Ky) is a T-bundle over 57(Kf)7 it is enough to show that the map
YY(Ky) — ?(Kf) is bijective. From we obtain an equality:

YH(E) = GQNG(A)/ZL K Ky = G(Q) Z\G(A) JZ5 KK
Thus it is enough to show that G(Q) C G(Q)'Z2,, which follows by considering
the map G(A) = Goo — Goo/GL A%, and using (56) again. O
If M is a Ky-module then following [32] Def. 2.2.3] we define a local system
M= (M x (GQ\G(A)JALKSL)) /Ky, M= (M x (GQ\G(4)/23,KS.))/ Ky,

on Y(Ky) and Y(Kf) respectively. We have ¢, M = M. If N is the maximal
quotient of M on which A acts trivially then M=N.

Lemma 9.8. If A acts trivially on M then for alln > 0 we have a natural isomor-
phism
H™(Y( ~ (P HI(Y M) ® H (T, Z).

i+j=n

Proof. Since HY(T,Z) is a free Z-module for all j > 0, the assertion follows from
Kiinneth formula, see for example [26, Thm. 15.10]. O



50 GABRIEL DOSPINESCU, VYTAUTAS PASKUNAS, AND BENJAMIN SCHRAEN

9.2. Completed cohomology. It follows from Lemma that if K} is an open
normal subgroup of K¢ then Y (K ¥ = Y (K ) is Galois covering with Galois group
Kf/A(Kf)K}. We want to vary Ky by shrinking the subgroup at p. We fix a
compact open subgroup K Pc@ (A]Ji) and assume that for some sufficiently large /¢,
as in Remark |9 . 3l K% F01s pro—f As a consequence we have that for all compact open
subgroups K, C G(Qp) both K} K, and its image in G(Ay)/Z(Ay) are sufficiently
small and K ?Kp NG(Q) is torsion free. We set up things this way, because we don’t
want to put any restrictions on the subgroup K, but all three properties hold if
Kjf is arbitrary and K, is small enough.
We then define the completed (co)homology by

H(O/w®) = lng( Y(KJK,),0/w"), H':=lmH (O/=")

Hi(O]w®) y_H Y(K}K,),0/w®), H;=1limH,(O/w").

where in the limits K, ranges over all compact open subgroups of G(Q,). The
topologies are as follows: discrete on H'(O/w*®), p-adic on H?, projective limit
topology on H;(O/w*®) and H;. Note that H'(O/w*) and H;(O/w*) are related
by the Pontryagin duality. If K, is a compact open subgroup of G(Q,) then H; is
a finitely generated O[K,]-module, [34, Thm.2.2].

We will consider Kj,-modules M as K ¥ K,-modules by making K P act trivially.

We can then obtain local systems M and M as 1n the previous ¢ subsectlon Let
A, be the closure of A(K}K,) in K. If M = IndK,A M’ then M is equal to M’
defined with respect to K. Since cohomology commuteb with direct limits, see
for example [44, Lem. 2.5], by writing C(K,/A,, O/w®) = QK' IndK,A O/w?® we
obtain

(57) H{(O)=") = HI(Y (KVK,),C(K,/A,, Of)).

Lemma 9.9. Let M be a finite O /w®-module with continuous K,/ Ap-action. Then
there is a spectral sequence

By =Exty (M, H(0/w*)) = H (Y (K}K,), M),
where MY is the local system associated to the Pontryagin dual of M.

Proof. We use an argument due to Hill [47] in an easier setting, alternatively see [32]
(2.1.10)]. We pick a triangulation of ?(KPK ) and write down the Cech complex
computing the cohomology of the local system associated to C(K,/A,, O/w®). We
then apply Homp sz, (M, *) to obtain a complex computing the cohomology of

M. This yields the desired spectral sequence. ([l
9.3. Hecke algebra. We fix a finite set of places S containing p and oo, such
that G is unramified over Q, for all £ ¢ S. We assume that we may factor K% =
K?’EKZ with K, hyperspecial for all £ ¢ S. Let H, be the double coset algebra
O[K@\G(Qg)/[(d and let

r]runiv — ®HZ

¢S
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where the tensor product (defined by its universal property) is taken over O. One
may think of T""" as a polynomial ring over O in infinitely many variables. If M is
an O[K,]-module then T"V acts on the cohomology of the associated local system.
Following [34] we define T to be the closure of the image of T"™V in

(58) T IT Endo (B (Y (K7 K,), M),

where the product is taken over all compact open subgroups K, C G(Q,), all finite
O-torsion modules M with continuous K,/A,-action, and all degrees 7, where the
target is equipped with the profinite topology.

Lemma 9.10. Let K, be an open pro-p subgroup of G(Q,), let m be an open
mazximal ideal of T and let i be a mon-negative integer. Then the following are
equivalent:

(i) HY(V(KE,), O @) = 0;
(i) Hi(Y(K]’?KP),M)m =0, for all representations of K, on finitely generated
O-torsion modules M ;

) l‘Ii(Y(K}’?KI’))7 O/@)m =0, for all open normal subgroups K, C K.
Proof. Since K, is pro-p any such M has a composition series with graded pieces
isomorphic to O/w with the trivial Kp-action. Since localisation is exact part (i)
implies (ii). Part (ii) implies (iii) by considering the induced module. Part (iii)
trivially implies (i). O

Corollary 9.11. T has only finitely many open mazimal ideals.

Proof. If m is open then it has to lie in the support of some Hi(Y(K;)K;),M).
By embedding M into in an induction from the trivial representation of a smaller
subgroup, we may assume that KI'J is an open normal subgroup of K,. Lemma

implies that m lies in the support of Hi(}N/(K?Kp), O/w). Thus if we let T be

the image of T in the finite dimensional k-algebra Endk(@f:OHi(Y(KJ’?Kp), O/w))
then the set of maximal ideals of T coincide with the set of open maximal ideals of
T. O

Remark 9.12. By applying the Chinese remainder theorem at each finite level of
, we obtain an isomorphism T = [[. ﬁ‘m, where the product is taken over
the open maximal ideals and 'il\‘m = @n T/m™ with the topology induced by the
limit. Since the product is finite the completion coincides with localisation, so that
’f‘m = T\,. This explains why localisation at m behaves well for various topological
modules of T. Below subscript m always means localisation at m. If Ty, is noetherian
then the topology will coincide with the m-adic topology.

9.4. Weakly non-Eisenstein ideals.

Definition 9.13. We say that an open maximal ideal m of T is weakly non-
FEisenstein if there is an integer qo such that the equivalent conditions of Lemma

[9:10] hold for all i # qq.

Remark 9.14. If G, /Z is compact then every open maximal ideal is weakly non-
Eisenstein.
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Remark 9.15. We note that one does not expect weakly non-Eisenstein ideals to
exist unless the rank of G, is equal to the rank of Z,, K, which corresponds to
the assumption [y = 0 for the derived subgroup of G,. In that case, d is even and

qo = d/2

Lemma 9.16. If m is weakly non-FEisenstein then the following hold:
(i) I}qmm is a projective finitely generated O[K,/Ap]-module;
(i1) Tw acts faithfully on Hyy m;

(1ii) There are natural T [G(Q))]-equivariant homeomorphisms:

HY = Hom3" (Hygm: 0),  Hypm = Hom3" (HL,0).

Proof. Since the functor M +— Hi(Y(KﬁKp), M) commutes with direct limits, we
obtain from that H7(O/w*)m = 0 for all j # qo and all s > 0. This implies
that Hj, = 0 for j # qo and the spectral sequence in Lemma degenerates to
give:

(59) Hom, (M, H®(O/w")w) = HO (Y (K}K,), M)

The assumption on m implies that M Hi(Y(KJ’iKp), M)y is exact, thus we de-

duce that H% (O /@®)m is injective in the category smooth representations of K, /A,
on O/w*®-modules. By Pontryagin duality we get that ﬁqo (O/w?®)y is projective in
the category of compact O/w*[K,/A,]-modules. By passing to the limit we obtain
part (). Any M as in Lemma may be embedded into C(K,/A,, O/w®)®™ for
some m. Using we get an embedding H% (?(K;’Kp),//\/lv)m s H®(O/w*)&m,
This yields part (ii). It follows from part (i) that ]?Iqmm is O-torsion free. Part
(iii) follows from Schikhof duality, see the discussion in [67, §2], together with the
identity H%(O/w*)Y, = I;fqo (O ) = ~q0,m/ws; alternatively one could use [13]
Thm. 1.1 3)). O

9.5. Automorphic forms. Let V be an irreducible algebraic representation of
G over L. As in the previous section we evaluate V' at L, and make G(Q,) and
K, act on it via G(Q,) — G(L). We assume that A, acts trivially on V. We
fix a K,-invariant lattice M in V. Let M? the local system associated to M? =
Homo (M, O), let V* the local system associated to V* on Y (K] K,) and let i be a
non-negative integer. We let

H'(V*) = lim H'(Y(K}K,), V"),  H'(M?) = lim H (Y (K} ), M?).
KIIJ K/

Then H'(V*) = H{(M%) ®¢ L.

Let 7 be a smooth absolutely irreducible representation of K, on an L-vector
space with the property that if 7, is a smooth irreducible L-representation of G(Q,)
then Homg, (7, 7,) # 0 implies that m, is supercuspidal. We will call such repre-
sentations supercuspidal types. If p is bigger than the Coxeter number of G then
examples of supercuspidal types for every open K, can be obtained by inducing
representations considered in [38, Thm. 2.2.15] and letting 7 be an irreducible sub-
quotient; if G = GL, then there is no need to put restrictions on p, see [36]
Prop. 3.19]. We assume that A, acts trivially on 7.
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We fix an embedding L < C. Following [34, §2.1.6], we let
A(KY) = @A(K?Kl’?),
Kp

where A(K}K}) is the space of automorphic forms on G(Q)\G(A)/K}K),. Let
X be the character through which A2 acts on V. Let A(K]’?)X be the subspace
of A(KY) on which A3, acts through x. Franke’s theorem [39] implies, see [40,
Thm. 2.3], that

(60) H'(V) @, C= H' (5,8 AKY), © V),

where éoo is the group of real points of the intersection of the kernels of all the
rational characters of G, g is its Lie algebra and € is the Lie algebra of K. The
space A(KY), decomposes into the cuspidal part Acusp(KF)y and its orthogo-
nal complement Ag;s( JZZ)X. Since 7 is a supercuspidal type, it follows from the
description of Amis(K7})y in the course of the proof of [40, Prop.3.3, Eqn.(3),
(4)] as a quotient of a direct sum of parabolically induced representations, that
Hompg, (1, Agis(K7})y) = 0. Thus we obtain a TEniv-equivariant isomorphism:

(61) Homg, (7, H' (V") @ C = Homp, (1c, H'(g, & ACUSP(K}))X ® V).

If we let Acusp = ligK,, Acusp(K?) then Acusp decomposes into a direct sum of
f

KP
irreducible representations 7 = ®;,7, of G(A). Moreover, Acitp = Acusp(KF). We
thus obtain a TEV-equivariant isomorphism

Homyp, (c, Hz(ﬁ, £ Acusp(K?)X ® Ve))

(62) = @Hi(§7€§wm ® V¢) ®Hopr(TC77T:D) ® (pro)K?’
where the sum is taken over all irreducible subrepresentations 7 of of Acysp counted

with multiplicities, such that A2  acts by x on 7, and, where 7P = ®,v+pooﬂ'v.

Remark 9.17. The supercuspidal type 7 is only used to ensure that Ag;s (K ]]f ) does
not contribute to Hecke eigenvalues. If the group G is anisotropic then Agis(K }))X

is zero and the use of supercuspidal type is redundant. See also the discussion in
[34, 3.1.2].

Let M? the local system associated to M? := Home (M, ) and V* the local

system associated to V* on ?(Kng). If K, is an open normal subgroup of K,
then

HOHIKIL(Z\f7 E’gio) = LiLnHOHlK]Z7 (M, j';[q‘o (O/ws)m)
lim H' (Y (K} K}), (M) )m

S

= H'(Y (KYEK), M%),

INE

(63)

where the last isomorphism follows from Mittag-Lefller. Thus we have an isomor-

phism of T-modules

(64)  H®(Y(KVK}), M®) = Hompy, (M, HP) & @ H® (Y (K}K]), M%)
/#m
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where the direct sum is over open maximal ideals of T different from m.
It follows from that Homg, (V(7), Hf ®o L) is a direct summand as a T-

module of Hompg, (7, H% (V*)), where V(7)== V @ 7. It follows from Lemma
that we have a G(Ay)-equivariant isomorphism

lim H (Y (K7), V) = @ (lim H'(V(K), V")) 9, B (R"/Z", L),
Ky i+i=qo Kr
After taking K§-invariants we deduce that Homg, (7, H% (V*)) is a direct summand
of Homg, (7, H(V*)) as a T-module.
Let Ty, v (- be the quotient of Ty, acting faithfully on Homg, (V' (1), H® @0 L).
Lemma 9.18. The algebra Ty, v (r) s reduced. Moreover, if we fix an isomorphism

Q, = C then for every L-algebra homomorphism x : T, v(n)[1/p] = Q, there is a
cuspidal automorphic representation m, = Q. my ., of G(A), such that the following
hold:
. K7
(i) T acts on wy ? via x;

(ii) Homp, (T, 7z,p) # 0;

(i1i) A2, acts on Too via X;

(iv) HP (g, 7y 00 @ V) # 0.
Proof. Let T, , be the L-subalgebra of End (Homg, (7, H%(V*))) generated by
the image of T. As explained above Hompg, (V (1), H¥ ®o L) is a direct summand
of Homg, (7, H%(V*)) as a T-module and hence it is enough to prove the assertion
for T}, (,). Since Homg, (7, H% (V")) is finite dimensional, Ty, is a quotient of
Tuiv[1/p]. Tt follows from and that the assertion of the Lemma holds for
T/V(T)- (I

Lemma 9.19. For all m, in Lemma[9.18, my oo and V have the same infinitesimal
character.

Proof. Tt follows from Lemma (iv) and [7, Cor.1.4.2] that Z(g) acts on (g, £)-
module of 7, o, and V' by the same infinitesimal character. Since A2, acts on both

representations by y and éooAgo is of finite index in G, see for example [6] 4.3.1],
the assertion follows. O

9.6. Main result. Part (iv) of Lemmal9.18| implies that 7, is cohomological, and
such automorphic forms are C-algebraic by [12], Lem. 7.2.2]. Thus according to the
Conjecture 5.3.4 of [12], that there should be an admissible Galois representation
pe : Galg — CG(@p) attached to 7, (or rather to the local information detailed in
Lemma .

Theorem 9.20. We assume that the following hold:

(0) Zoo/Ass is compact;

(i) Ty is noetherian;

(ii) there is an admissible representation p : Galg — G (Tw?), such that for
all V € Trrg(L) and all x : Ty v () [1/p] — @p, the specialisation of p at
matches m, according [12, Conj.5.3.4];

(#4i) the composition d o p is equal to the p-adic cyclotomic character.

Then for all y € m-Spec Tw[1/p] the centre Z(g) acts on (HY ®o L)[my]' by the
infinitesimal character ng.
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Proof. We will show that the conditions of Theorem holds for M = I}qmm,
R =T, and ¢ = ¢¢. The assumption that Z., /A, is compact implies that A, is
trivial via Lemma Part (i) of Theorem holds by Lemma with i = 0.
Part (ii) is given by Lemma[0.18 To show that part (iii) holds we denote by p, the
specialisation of p at x. It follows from Lemma that the specialisation of Cg
at x is equal to CPC;. Proposition implies that ¢ pm is equal to the infinitesimal
character of 7, o, which is equal to the infinitesimal character of V' by Lemma
Since 7 is a smooth representation, part (iii) of Theorem is satisfied. (]

Remark 9.21. Let us note that we do not need the full force of the [I2], Conj. 5.3.4],
just the part relating the Hodge-Tate cocharacter of the Galois representation at
places above p to the infinitesimal character of the automorphic representation at
the archimedean places, as discussed in [I2, Rem. 5.3.5] in the amended version of
the paper.

The most difficult condition to check is part (ii). In the known cases one obtains
such representations by expressing Ty, as a quotient of a Galois deformation ring.
This then automatically implies part (i). Part (iii) is forced upon us by the conjec-
ture of Buzzard—Gee, since according to it part (iii) should hold for representations
associated to z in part (ii), and it follows from Theorem that such points are
Zariski dense in Ty [1/p].

We will now prove a version of the theorem above with a fixed central character.
It will enable us to remove the assumption that Z., /A is compact.

Lemma 9.22. The closure of the image of Z(AS) inside Z(A)/Z(Q) is a subgroup
of finite index. Moreover, if Z = Resp;q Z', where Z' is a split torus defined over
a number field F, then the image is dense.

Proof. Since the map Z(A) — Z(A)/Z(Q) is continuous the inverse image of the
closure is closed in Z(A) and contains Z(A%)Z(Q). Thus it is enough to show that
the closure of Z(A®)Z(Q) is of finite index in Z(A). Since Z(A®) is closed in Z(A),
this closure is equal to Z(A®)C, where C is the closure of Z(Q) in Z(Ag). Since C
is of finite index in Z(Ag) by [70, Cor.3.5], we are done. If Z = Resp,q Z’, where
7' is split over F', then it follows from [69, Prop. 7.8] applied to Z’ that C' = Z(Ag).
Thus Z(A%)Z(Q) is dense in Z(A). O

For each ¢ ¢ S let Z, be the O-subalgebra of H, generated by functions with
support in Z(Qy) Ky, let Z™Y C TV be the tensor product of these algebras over
O. If ¢ : Z(A) = O% is a character then we will denote by (HL ®¢ L), the
1-eigenspace for the action of Z(A) on H® @0 L.

Lemma 9.23. Let a be the kernel of an O-algebra homomorphism ¢ : Zuwiv 0,
such that (HY @0 L)[a] # 0. There exist finitely many characters ; : Z(A) — O*,
1 <i<n, such that
(H @0 L)[a] = UHE @0 L)y,
i=1
Moreover, if Z = Resp/g Z', where Z' is a split torus defined over a number field
F, thenn = 1.

Proof. The action of Z(A) on H¥ ®¢ L factors through Z(A)/Z(Q). Let J be
the closure of the image of Z(A) inside Z(A)/Z(Q). Lemma says that J is
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of finite index in Z(A)/Z(Q). Thus it is enough to show that there is a character
Y1 J — 0%, such that (H® ®0 L)[a] is equal to the y-eigenspace for the action of
J on flgf’ ®Ro L.

Let (HE ®o L)[a]° be the unit ball and let v € (HL ® L)[a]°/w™. Since
the topology on (HE ®o L)[a]°/=™ is discrete and the action of .J is continuous,
the J-stabiliser Stab(v) of v is open in J. Since Z(A®) is dense in J, the map
Z(A®) — J/Stab(v) is surjective. On the other hand if £ ¢ S then Z(Qy) acts on
(H® ®0 L)[a] by the character g — o(gk,), thus J acts on v by the character v,,,
uniquely determined by the formula 1, (g9) = ¢(gK;) (mod w™) for all g € Z(Qy)
and for all ¢ ¢ S. The uniqueness implies that J acts on (HY ®o L)[a]’/@™ via
1. By passing to the limit we obtain a character ¢ : J — O, by which J acts on
(HE ®0 L)[a], and which satisfies ¢(g) = ¢(gKy) for all g € Z(Qy) for all ¢ ¢ S. In
particular, ¥-eigenspace is contained in (ﬁgf ®e L)[a] and thus the two coincide.

If Z = Resp/g Z', where Z' is a split torus defined over F, then J = Z(A)/Z(Q)
by Lemma and the assertion follows. O

We fix Vj such that A(K ?Kp) acts trivially on it and choose an O-algebra ho-
momorphism zg : Ty, v, (r) — O. Let a be the kernel of the composition

Zuniv _, Tm,Vo(T) 2o, 0.

Then (HE ® L)[a] is non-zero, since it contains (HL ® L)[m,, ], which is non-zero
as xg lies in the support Homg (Vo(7), HX ®o L). Let ¢ : Z(A) — OX be one
of the characters in Lemma [9.23] such that (H® ®¢ L), is non-zero. Note that
Y| z(@,)nk, i the central character of Vo(7). Let T% be the quotient of T acting
faithfully on (ff,%o ®o L)y, and let Ti,v(r) be the quotient of T4 acting faithfully
on

Homyg, (V(7), (HZ ®0 L)y).
If the action of Z(Q,) N K, on V(r) is not given by 1 then ']I‘i v(r) Will be zero.

Theorem 9.24. We assume that the following hold:

(i) T4 is noetherian;

(ii) there is an admissible representation p : Galg — ©G¢(TW™"8), such that for
allV € Irrg(L) and all x : Tﬁ Vir) [1/p] = Q,, the specialisation of p at x
matches m, according [12, Conj.5.3.4];

(iii) the composition d o p is equal to the p-adic cyclotomic character.

Then for all y € m-Spec T [1/p] the centre Z(g) acts on (HY ®o L)[m,]' by the
infinitesimal character ng.

Proof. We first note that since m,, is an ideal of Tﬁ[l /p], the subspaces annihilated
by m, in HY ®p L and in (HL ®0 L)y coincide. It follows from Lemma
that (HZ), is a direct summand of Cy(K,, ©)®™. Thus its Schikhof dual M is
projective in Mod%,(O) and is equal to the largest quotient of Hgy.m on which
Z(Qp) N K, acts by ¥~!. The algebras Tw,v(r) are finite dimensional over L and
reduced by Lemma hence products of finite field extensions of L. Thus the
quotients Tfl,V(T) are also reduced. The rest of the proof is the same as the proof
of Theorem [9.20] using Theorem [
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In sections [0.79.8] [9.9] and [0.10] we will discuss some examples, where the con-
ditions of Theorems [0.20 and [0.24] are satisfied.

9.7. Modular curves. Let G = GL;. Then Z, = Ay, d =2, q =1, Ky =
GL2(Z) and TV = (’)[Tg,Slftl : £ ¢ S]. Let m be an open maximal ideal of T.
After extending scalars we may assume that the residue field of m is k. Since H?

is dual to HY, which is contained in H°, m is weakly non-Eisenstein if and only if
HO(Y(KJ’iKp), O/w)m = 0.

Lemma 9.25. HO(Y(K}ng),(’)/w)m £ 0 if and only if there is a character v :
Z* ) det(KYK,,) — k* such that

T, =L+ 1)) (modm), S,=¢(f*) (modm), V&S

Proof. We may identify H° (Y(K$Kp), O/w) with the set of maps from the set of
connected components of Y (K ;’KP) to k. The set of connected components can be

identified with Z*/ det(K}Kp). The action of GL2(A%) on lim H(Y(K}K,),0/w)
P

factors through the determinant. Since H° (Y(K$Kp),O/w) is the K}-invariants

of this representation we obtain the assertion. ([l

We assume that m is weakly non-Eisenstein. It follows from Deligne—Serre lemma
that after extending scalars there is a homomorphism of O-algebras x : Ty v () —
O, lifting T — k. By composing it with our fixed embedding L < C we
obtain a cuspidal eigenform f. To it Deligne associates a Galois representation

py : Galg,s — GL2(Zy) such that
tr ps(Froby) =T, (mod my), detps(Froby) =4S, (mod m,), YL &S.

Let p: Galg,s — GLa(F,) be the reduction of py modulo p. Then
tr p(Froby) =T, (mod m), det p(Froby) =4S, (mod m), V¢ ¢&S.

After extending scalars we may assume that p takes values in GLa (k).

We assume that j is absolutely irreducible. It is explained in [33], §5.2] there
is a surjection R; — Ty, where R; is the universal Galois deformation ring of p :
Galg,s — GL2(k). This implies that Ty, is noetherian. Let p : Galg, s — GL2(Tw)
be the corresponding Galois representation. This is a representation into an L-
group. By using the twisting element 5 (t) = ((1J t91 ) we obtain a representation p© :
Galg.s — “Gf(Ty) as in section This representation satisfies the condition (ii)
of Theorem but it is not so easy to extract this statement from [12]. Instead,
we observe that it follows from [37, Thm.7] that the conditions in Remark
are satisfied. Thus Theorem holds when G = GLs and m is associated to an
absolutely irreducible Galois representation g : Galg,s — GLa(k).

9.8. Shimura curves. Let D be a quaternion algebra over a totally real field F'
split at only one infinite place. Let G’ be the group over F defined by G'(A4) =
(D ®p A)* for F-algebras A and let G = Resr/q, G'. Then d = 2, go = 1 and the
split R-rank of Z,, /A is equal to [F : Q] — 1. We assume that S contains the
ramification primes of F/Q and the primes below the ramification places of D. Let
S’ be all the places of F' above the places in S. Then T"V = O[T, SF! : v ¢ S'].
Let m be a weakly non-FEisenstein ideal of T. Arguing as in the previous section and



58 GABRIEL DOSPINESCU, VYTAUTAS PASKUNAS, AND BENJAMIN SCHRAEN

using the results of Carayol [I7] we may assume that there is a Galois representation
p: Galp g — GLa(k), such that

(65) trp(Frob,) =T, (modm), detp(Frob,)=¢q,S, (modm), Vv ¢S,

where ¢, denotes the number of elements in the residue field of F;,.

Let o : To vy (r) — O be an O-algebra homomorphism and let 1 : A}iF/F>< —
O* be as in section If po is the Galois representation attached to the automor-
phic form corresponding to zg, then det pg = ¥xcye-

Let Ri; 5 be the universal pseudodeformation ring deforming the characteristic

P

polynomial of p as in [I9], and let Rj, ; be the quotient of Ry, ; which corresponds

to the determinant ycyct. Arguing as in [66] we obtain a surjection R;br 5 Tﬁ,

which implies that TY% is noetherian.

We will assume that p is absolutely irreducible. Then R:ﬁ 5 is the universal
deformation ring of p and thus by specialising the universal deformation along
Rﬁﬁ —» T% we obtain a Galois representation p : Galp g — GLQ(T‘?‘).

As explained in [4] there is a canonical bijection between the equivalence classes
of admissible representations of Galg s into the L-group of G and the admissible
representations of Galg g into the L-group of G’. So we will work with Galp g/.

By using the twisting element 5(15) = ((1) t91) we obtain a representation p® :
Galps — ‘q f(Tﬁ) as in section Specialisations of this representation at

P
m,V (1)

extract this statement from [I2]. Instead, we observe that the compatibility at p
and oo discussed in Remark follows from [82].

We conclude that the conditions of Theorem [9.24] are satisfied, when m is as-
sociated to an absolutely irreducible Galois representation p : Galp s — GLa(k),

and Z(g) acts on (HY ®¢ L)[m,]'* by the infinitesimal character Cgc,xv for all
z € m-Spec T4 [1/p].

z € m-SpecT [1/p] satisfies [12, Conj.5.3.4], but again it is not so easy to

Remark 9.26. Let m be an open maximal ideal of T and let p : Galp v — GL2(k)
be a Galois representation satisfying . If p is absolutely irreducible then m is
weakly non-Eisenstein, see [60].

9.9. Definite unitary groups. Let F' be a totally real field and let E be a qua-
dratic totally imaginary extension of F. We assume that [F' : Q] is even, every
place of F above p is split in F and every finite place of F' is unramified in F. Since
[F' : Q] is even there exists a unitary group G’ over F' which is an outer form of GL,
with respect to the quadratic extension E/F such that G’ is quasi-split at all finite
places and anisotropic at all infinite places. Let G = Resp/qgG’. Then d = 0 and
Zo is compact. We assume that S contains the ramification places of F/Q. Let
S’ be the set of places of E above the places in S. Let TSPLUniY he the subalgebra
of TV generated by subalgebras H(G'(F,)//K,) for those places v of F, which
split completely in E and are not above places in S. Let TSP! be the closure of the
image of TSPLunv i T,

Since d = 0 every open maximal ideal of TSP! is weakly non-Eisenstein. As
explained in Remark [9.12] the set of such ideals is finite and we have an iso-
morphism TSP! = ] Ty". As explained in [66, Lem.C.7] every open maximal
ideal of m corresponds to a characteristic polynomial of a Galois representation

p:Galg s — GL,(F,). Let Ry, , be the universal deformation ring parameterising
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pseudorepresentations (or determinants) lifting the characteristic polynomial of p
as in [19]. It is shown in [66, Thm. C.3] that T5P' is a quotient of RF®
is noetherian.

Let us assume that m corresponds to an absolutely irreducible representation p.
Then R}, is also the universal deformation ring of p. Let p : Galg s+ — GL, (TSP
be the representation obtained from the universal deformation representation of
p by extending scalars along the surjection RFS. — TSP If ’]I‘ilpi/(T - Q,
is a homomorphism of O-algebras then p, is the Galois representation associated
to m; by Clozel, see [38, Thm.3.3.1]. The local-global compatibility between
and p, is summarised in [35, Thm.7.2.1], see the references in its proof for proper
attributions. In particular, p, is potentially semi-stable with Hodge-Tate cochar-
acter A + 6 (note that the convention concerning Hodge—Tate numbers is different
in loc. cit.), where A is the highest weight of V' and 6= (0,—1,...,1—n). Let
pC : Galg g — CG}(TEPI) be the representation obtained from p using the twist-

ing element 5. Tt follows from Proposition that Z(g) acts on V through the
character CC

It follows “from Theorem that if m is associated to an absolutely irreducible
p then for all z € m-Spec Ty [1/p], Z(g) acts on (H2 ®¢ L)[m,]® via C%.

tr 5 and hence

trp

9.10. Compact unitary Shimura varieties. Let F' be totally real field and F a
CM quadratic extension of F. We assume that E contains a quadratic imaginary
number field. Let G be some anisotropic similitude unitary group over Q with
similitude factor ¢ : G — G, and let H = ker(c). We have H = Resp,q H' with
H' an unitary group over F' such that HY, is an inner form of GL,,. Note that we
have a decomposition g = h @ s where s is the Lie algebra of the maximal Q-split
normal torus S contained in G.

As in section we define the Hecke algebra TSP! using places v of F' which are
split in E and such that H’ is quasi-split at v. Let m be some open maximal ideal
in TSP! and let py : Galg — GL,(F,) be Galois representation associated to m in
[16, Thm. 1.1]. Up to enlarging L, we can assume that p, takes values in GL,, (k).
We assume from now that py, is decomposed generic (see Definition 1.9 in loc. cit.)
so that, by Thm. 1.1 in loc. cit., the ideal m is non Eisenstein.

Let V' be some algebraic irreducible representation of GG such that ']I‘Spi, #£0. If

TSPV — C is a character of ’]I‘m v» we fix some automorphic representation m, of
G(AQ) whose existence is assured by Lemma [9.18] “ It follows from [81, Thm. A.1]
that we can define the base change II of m which is an isobaric sum of conjugate self
dual C-algebraic cuspidal automorphic representations of GL,, . The main Theo-
rem of [20] gives us some admissible representation p, : Galg — GL,(Q,) associ-
ated to II. Assume now that py, is absolutely irreducible and that p > 2. Reasoning
as in the proof of [2I, Prop. 3.4.4], we can construct a continuous representation
p: Galg s — GL, ('IFEF ) such that, for all z : ’JI‘SPV — Qp, ps is associated to m, by

the previous construction. As in subsection for all x € m-Spec Tmpl[l /p], the
center Z(h) acts on (H% ®¢ L)[m,]'* by (pcc, the representation p¢ being obtained
from p, using & = (0,—1,...,1 —n). As S(Q,) acts on (H® @0 L)[m,]"* by a
character by Lemma it follows that Z(g) acts by a character on this space.
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9.11. Patched module. In this subsection let F' be a finite extension of Q,. Let
n > 1 be such that p t 2n, let p: Galp — GL, (k) be a Galois representation and
let R% be the framed deformation ring of p.

Let K = GL,(OF) and let g be the Q,-linear Lie algebra of G = GL,(F). Let
M be the patched module constructed in [15] by patching automorphic forms on
definite unitary groups. This is a compact Ro[K]-module carrying an R..-linear
action of G extending the action of K, where R, is a complete local noetherian
R3-algebra with residue field k, which is flat over R7.

We let I, = Hom@"(Ms, L). If y € m-Spec Roo[1/p] then I, [m,] is an
admissible unitary x(y)-Banach space representation of G. By letting x be the
image of y in m-Spec R%'[l/p], we obtain a Galois representation p, : Galp —
GL,(k(z)). The expectation is that Il [m,| and p, should be related by the
hypothetical p-adic Langlands correspondence, see [15] §6].

Let p : Galp — GL,(Rw) be the Galois representation obtained from the uni-
versal framed deformation of p by extending scalars to R... Let

p< = twi o (p B Xeyc),
where 4 is the twisting element (0, —1,...,2 —n,1 —n) of GL,, see Remark
Theorem 9.27. The algebra Z(g) acts on Iloo[my)'® through the character Cpcf'

Proof. We will show that Theorem [B.5] applies with M = M., R = R, and
¢ = Cfc. By [15, Prop. 2.10], there is a morphism of local rings

Soo :Oﬂyl,...,yh]] —)Roo

such that M, is a finitely generated projective Sy [K]-module. Thus the sequence
(y1,--.,yn) 18 Moo-regular and Moo /(y1,...,yn) is a finitely generated projective
O[K]-module. This gives hypothesis (i).

Let V' be an irreducible algebraic representation of Resp/q, GL, over L. Let
R (V) be the quotient of R, acting faithfully on Homg (V,Ils). Then R (V) is
reduced by [15] Lem.4.17] and we have (ii).

If y € ¥y, the O-algebra homomorphism z : R — O, factors through
R (V) and, by [15, Prop.4.33], the representation p, is crystalline with Hodge—
Tate cocharacter A 4+ & where X is the highest weight of V' and z is the image of
y in m-Spec Rg [1/p]. By Proposition see also Remark the algebra Z(g)

acts on V' via the character Cfc. Thus part (iii) of Theorem [8.5|is satisfied.
The specialisation of (- at y € m-Spec Ro[1/p] is equal to ((o by Lemma
where x is the image of y in m-Spec R%' [1/p], thus we obtain the result. |

Remark 9.28. It is not known in general whether the Banach space representation
IT[m,] depends only on the Galois representation p,. However, this is expected to
be true, as the p-adic Langlands correspondence should not depend on the choices
made in the patching process. The theorem above shows that the infinitesimal char-
acter of Hoo[my]la depends only on p,, thus adding evidence that the expectation
should be true.

9.12. The p-adic Langlands correspondence for GLy(Q,). It is shown in [62]
for p > 5 and in [23] in general that Colmez’s Montreal functor IT + V (TI) induces
a bijection between the equivalence classes of absolutely irreducible admissible L-
Banach space representations IT of G = GL2(Q)), which do not arise as subquotients
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of parabolic inductions of unitary characters, and the equivalence classes of abso-
lutely irreducible Galois representations p : Galg, — GLz(L). The correspondence
is normalised so that local class field theory matches the central character of II(p)
with xc_yi det p. Let p© : Galg, — CGf (L) be the Galois representation attached
to p using the twisting element 6 = (1,0).

The following result proved by one of us (G.D.) was an important motivation
for this paper and we will give a new proof of it.

Theorem 9.29 ([28], Thm.1.2). Let II be as above and let p = V(II) then the
action of Z(g) on II'* is given by C/?c.

Proof. We will use the recent results of Shen-Ning Tung [85], [86] proved in his
thesis. We may assume that p is the specialisation at # € m-Spec RJ[1/p] of the
universal framed deformation of some p : Galg, — GLz(k). If p > 2 then let M
and R., be as in the previous section with n = 2 and F' = Q,,. Since R is flat
over RE there is an O-algebra homomorphism y : R, — O extending x. It follows
from [85, Thm.4.1] that there is an irreducible subquotient II" of Il [m,], such
that V(IT') = p. Theorem implies that the action of Z(g) on Iloo[m,]", and
hence also on (II')!?, is given by Cfc. Using the bijectivity of the correspondence
we obtain that IT = II'. If p = 2 then in [86] Tung carries out the patching
construction himself to obtain the analog of M, see [86, Prop. 6.1.2], which says
that the patched module satisfies parts (o) and (i) of Theorem The same
argument as in the case p > 2 can be carried over using [86, Thm. 6.3.7]. O

Remark 9.30. The proof of bijectivity in [23] uses the results of [28] in an essential
way. However, if one is willing to assume that p > 5 or if p = 2 or p = 3 then
p* # x © xw, for any character x : Galg, — k>, where w is the reduction of xcyc
modulo p, then the bijectivity follows from [62], Thm. 1.3], [65, Cor. 1.4]. The papers
[62] and [65] use only Colmez’s functor V, which goes from GLg(Q,)-representations
to Galois representations, see [22, §IV], and not the construction V' — II(V'), which
uses the p-adic Hodge theory in a deeper way and is used in [28].

9.13. A conjectural picture. In this subsection we formulate a conjecture, which
describes the infinitesimal characters of the subspace of locally analytic vectors of
Hecke eigenspaces in completed cohomology in the general setting, i.e. in the setting
when one does not expect weakly non-Eisenstein ideals to exist.

Let T be the Hecke algebra defined in subsection N Let 2 : T[1/p] — Q, be a
continuous homomorphism of O-algebras with kernel m,, such that the image of x
is a finite extension of Q,. Note that this condition is satisfied if T is noetherian.
If ¢ a prime number which is not in .S, then we will denote by x; : H; — @p the
composition of x with the natural map H, — T.

There is a version of the Satake isomorphism using the C-group which is defined
in [88] (see Proposition 5 and Remark 6 in loc. c¢it.). As £ is invertible in O, it takes
the form of an isomorphism of O-algebras

/Hg >~ O[éT|d:g X {Frobg}}é

where Froby is a geometric Frobenius at £ and (A;'T|d:4 is the subscheme of GT which
is the inverse image of £ under d : GT — G,,.
Using this isomorphism, we can associate to x; a semisimple G (@p)—conjugation

class CC(a) in G(@,) % ({£} x {Frob}).
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Inspired by [12, Conj. 5.3.4] we have the (very) optimistic conjecture :

Conjecture 9.31. There exists an admissible representation
p: Galg — CGf(@p)
such that

(i) dop is the cyclotomic character;
(ii) p is unramified outside of S;
(i1i) for € & S, the semisimplification of p(Froby) is in

CC(2)€(Xeye (Frobe)) € G(@,) » ({£71} x {Froby})

where € : Gy, — GT is the cocharacter is t — ((28)(t™1),12), where 26 is
the sum of positive roots.

Remark 9.32. The cocharacter £ is central in @T, thus is independent of the choice
of B and T' and CC(x¢)&(Xcyc(Froby)) is a GT(Q,)—conjugacy class.

Remark 9.33. If cox : T — C, where ¢ : @p = C is a fixed isomorphism, is associated
to a C-algebraic automorphic form then the existence of p satisfying the conditions
of Conjecture is conjectured in [I2, Conj.5.3.4].

Assume that p and p’ are two admissible representations associated to = as in
Conjecture then p(Froby)® and p'(Froby)® are conjugate by an element of
@(@p). Let E be a finite Galois extension of Q unramified outside S such that
Galg acts trivially on the root datum of G. If y € Galg, then p(7) = (¢y,1) and
p'(v) = (c,,1) with ¢, ¢, € éT(@p) and thus

9p()g7" = (9ey97" 1), Vg € G(@,).
Thus if ¢ splits completely in E then

try (7(Crob, ) = trv (r(Cvob, )

for all places v of E above £ and all algebraic representations (r,V) of GT. By
Cebotarev density we have try(r(c,)) = try(r(c))) for all v € Galg and thus
(jpc = ,9, by Lemma This proves that if Conjecture is true, there is a well

defined character Z(g) — Q,, associated to z.

Conjecture 9.34. Let p be an admissible representation associated to x : T[1/p] —
Q, as in Conjecture and let n be a non-negative integer. Then Z(g) acts on

(ﬁn Ko L)[mx]la ®T,z @p via Cpc

Remark 9.35. Note that (H"™ ®o L)[m,] can be zero, in which case the statement
of the Conjecture [9.34 holds trivially.

Remark 9.36. In the general case, even after localising f[n at a maximal ideal of the
Hecke algebra, we do not expect to get a projective O[K,]-module. So Theorems
and cannot be applied directly. However, one might hope to be able to apply
our results to the patched homology groups obtained via the patching method of
Calegary—Geraghty [14]. The most accessible case, when weakly non-Eisenstein
maximal ideal are not expected to exist, is when G = PGLy over a quadratic
imaginary field F', such that p splits completely in F', studied by Gee-Newton in
[43]. It follows from [43] Prop. 5.3.1] and its proof that under the assumptions made
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there the patched homology, denoted by H, (C(c0)) in [43], satisfies the conditions
of Theorem We do not pursue this further, just remark that in that setting
instead of applying Theorem [8.5(to H,, (5 (00)) it might be easier to use local-global
compatibility at p and appeal to the results on the infinitesimal character in the
p-adic Langlands correspondence for GL2(Q,), see Theorem m
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