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ABSTRACT 
Several reinforced concrete structures fail by fatigue loads. The effects of this type of loading are complex. Many mechanical 
models based on the damage theory could be used to represent the behavior of reinforced concrete under cyclic loading. Their 
use requires, among others, knowledge of the material characteristic parameters and its related uncertainties that could be 
determined from experimental tests. However the models are time-consuming and the experimental data scarce. In this paper 
we propose a Bayesian network based methodology to propagate uncertainties in the damage theory model. The proposed 
methodology is useful to identify the uncertainties of the damage model used when some parameters are measured. The 
methodology is illustrated with a reinforced concrete beam subjected to cyclic loading. The results obtained were compared 
with those of the experimental tests to validate the proposed methodology. The good agreement indicates that our approach is 
capable of propagating uncertainties and integrating data from experimental tests. The proposed approach could be also used 
to identify the uncertainties of the model used by introducing experimental measurements. 
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INTRODUCTION 
During their operation, reinforced concrete structures are subjected to stresses of several types responsible for their rapid 
deterioration. To reproduce or predict the degradation processes of these structures, numerical models validated by 
experimental tests have been developed for many authors. In the case of fatigue loads, several models based on the damage 
theory are useful to describe the mechanical behavior of concrete after each loading cycle (loading-unloading) [1]–[3]. The 
purpose of these models is to assess the effects of micro-cracking in concrete, using a bounded variable (scalar or tensor) 
called the damage variable. For the models of damage, the behavior law relating stress to deformation is written as follows: 

𝛔 = (𝐈 − 𝐃)𝐂 ∶ 𝛆 (1) 

where σ is the stress tensor, ε the strain tensor, I the unity tensor, C is the tensor of elastic behavior and D is the tensor of 
damage. These models take into account intrinsic parameters of the material such as the elastic modulus, the stresses of 
tension/compression or even the parameters of hardening; which are determined from experimental tests. These tests may 
contain uncertainties related to the implementation of the tests, the variability of the material properties, the errors in the 
measurements and the used calculation methods. In this context, the main objectives of this work is to propose a 
methodology based on Bayesian networks that could be useful to propagate uncertainties in the damage model and that could 
be updated with some measurements. The first part of this work describes the constitutive equations of the used damage 
model (Section 2). The numerical implementation and the description of the proposed Bayesian network based methodology 
are detailed in Section 3. Finally, the results are presented and discussed in Section 4. 



CONSTITUTIVE EQUATIONS OF THE DAMAGE MODEL 
The model used is an isotropic damage model developed by Richard et al. [3], and implemented in Castem codes. In this 
model, the damage variable representing the degradation of the elasticity modulus, due to micro-cracking, is a scalar which 
varies between 0 for healthy concrete and 1 for cracked concrete. The constitutive equations are formulated in the framework 
of the thermodynamics of irreversible processes and the model accounts for residual deformations, hysteretic behaviors and 
unilateral effects (opening - closing of the crack) of concrete [3]. The different state laws based on the inequality of Clausius 
- Duhem - Trusdell [4] are summarized by the following equations: 
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where µ is a shear coefficient, 𝛔𝝅 is the frictional tensor, 𝜺𝝅 is the sliding tensor and 𝒀 is The damage energy released rate. 
Equation (3) gives the expression of the scalar damage variable. 
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where 𝐴&'( represent the brittleness in tension, 𝐴+,- the brittleness in compression, 𝑌. the damage initial threshold and H is 
Heaviside. 

NUMERICAL IMPLEMENTATION AND PARAMETERS UPDATING 
 

Problem description 

The approach will be illustrated based on the configuration of a test conducted by Wang et al. [5] is presented. The specimens 
are reinforced concrete beams of dimension 300mm×120mm×1500 mm, subjected to a cyclic bending at three points (10,000 
cycles) with an alternating point load varying between 5.4 kN and 18 kN. The geometry of the beam as well as the 
configuration of the loading is presented in Figure 1. 

 

Figure 1 – Beam geometry configuration  

Mechanical model 

The beam was modeled in Castem finite element software in 2D case with the assumption of plane stresses. The input 
parameters of the model are presented in Table 1. The Young's modulus, the tensile strength and the applied load are modeled 
as random variables whose laws and their parameters are also defined in Table 1. The other parameters (Brittleness in tension 
and in compression, kinematics and nonlinear hardening) of the model are taken from [1], [3], and [6] for ordinary concretes 
because we don't have information on this. These parameters are not easy to measure during experimental tests unlike others 
such as the deflection whose observations will be used as described in the following sections. 1000 Monte Carlo simulations 



were performed for each random variable. The outputs of the finite element code are the values of the mid-span deflection 
(w) and the stress of Von Mises (σ/0) in the direction of loading. 

In order to integrate the test data into the Bayesian network (Section 0), the properties (material characteristic, geometry, 
loading, etc.) of the numerical model are the same as those of the real beam. 

Table 1 – Input parameters of mechanical model 

Parameters   Notation Value   
Elasticity modulus          (MPa) 𝐸  Lognormal (µ = 35000; COV = 0.12) 
Tensile strength              (MPa) 𝑓1 Lognormal (µ = 3.5; COV = 0.13) 

Concentrate load             (N) 𝐹  Uniform on the interval [5.4; 18]×103 
Damage initial threshold (Jm-3) 𝑌. 1000   
Poisson ratio ν  0.2   
Brittleness in tension 𝐴&'(  1×10-2   
Brittleness in compression 𝐴+,- 5×10-4   

Kinematics hardening     (Pa) γ.  7×109   
Nonlinear hardening       (Pa) 𝑎.  7×10-7     
 

BAYESIAN CONFIGURATION AND UPDATING  
The configuration of the Bayesian network is presented in Figure 2. It is constructed from the input random variables and 
output data estimated from the finite element code. The input random variables (E, F and	f2) are modeled as parent nodes, and 
the output parameters (w,	σ/0) as child nodes. All nodes are considered discrete and divided into a number of states within 
predefined bounds. The details of the discretization and the a priori information of the different nodes are summarized in  

Table 2. 

 

Figure 2 – Bayesian network setup 

Table 2 – Discretization of nodes and a priori information for the Bayesian network 

Nodes  Number of states Prior distribution  Boundaries 

𝐸 (MPa) 20 LN (µ = 35000; COV = 0.12) [20 ; 50]×103 
𝑓1 (MPa) 20 LN (µ = 3.5; COV = 0.13) [1 ; 5] 
𝐹 (N) 20 Uniform [5.4 ; 18]×103 
𝑤 (mm) 40 -  [3 ; 0] 
	𝜎34 (MPa) 20 -   [ 10 ;  80] ×103 



 

The methodology used to update the deflection and the Von Mises stress requires an iteration of mechanical (finite element 
code) and probabilistic analyses (Monte Carlo simulation, Bayesian network) see Figure 3. Monte Carlo simulations of the 
input random variables of the mechanical model (E and	f2) and of the load (F), carried out in the Matlab software, are 
introduced into the Castem code to calculate 1000 values of the output parameters of the model (w,	σ/0). These values allow 
building the conditional probability tables of the nodes of the Bayesian network. This step allows propagating the 
uncertainties of the input parameters to the outputs. The data from the experimental tests observed on the mid-span deflection 
are then introduced into the Bayesian network as evidence in order to update the probabilities of all the nodes. The deflection 
measurements can also be used to indirectly identify the mean values, standard deviation and type of distribution of other 
mechanical parameters. The Bayesian network outputs are the posteriori probabilities of each of the nodes, from which the 
laws of the nodes and their parameters (mean, standard deviation) could be determined after updating. 

 

Figure 3 – Flowchart of the proposed methodology 

RESULTS AND DISCUSSIONS 
The values of the maximum mid-pan deflection before and after the update with the Bayesian network are presented in Table 
3. The mean deflection value for 10,000 cycles to the unload is also presented in Table 3 [5]. We can note that the mean 
values of w obtained from the Bayesian network are higher than the experimental value; and that obtained without the 
addition of evidence is closer to experimental value. In addition, the value of the maximum tension stress increases with the 
introduction of the evidence of the deflection. This difference shows on the one hand that the uncertainties linked to the 
parameters of the concrete propagate in the mechanical model before the update, and on the other hand that are linked to the 
experimental evidence propagated through the Bayesian network. Uncertainties on experimental measurements are more 
important than the uncertainties linked to the parameters. 

Table 3 – Deflection and tensile stress means  

Parameters  No evidence With evidence Experimental data 
𝑤 (mm) 0.53 0.82 0.6 
	𝜎34 (MPa) 51.12 61.62 - 

 

These preliminary results can be improved by adjusting the limit values, the number of states or even the number of Monte 
Carlo's simulations that were fixed at 1000 simulations because of the computation time.  

Figure 4 shows the deflection histograms with and without evidence. We can see that the a posteriori histogram of w adjusts 
with the introduction of evidence from the trials. This adjustment is due to the fact to had integrated additional information 
on the deflection. The proposed methodology therefore makes it possible to update the output parameters of the mechanical 
model by integrating experimental measurements. 



 

Figure 4 – Comparison of a posteriori histograms of 𝑤 

CONCLUSION  
This paper proposes a methodology which combines a mechanical model and probabilistic approaches. The methodology 
makes it possible to account for the uncertainties linked to the material, loading, and experimental measurements. It is also 
useful to integrate the observations of the tests and to update the other parent nodes by using Bayesian networks. The results 
show that the uncertainties related to the experimental measurements are greater than those linked to the characteristics of the 
material in view of the difference between the numerical values of the deflection before and after the introduction of the 
evidence. Although the number of simulations is small, the numerical values of the deflection are not very far from those of 
the experimental test. Future work will focus on the analysis of cracking under cyclic load, taking into account the 
phenomena of opening and closing of the crack. Another aspect of the improvement of the methodology will be the 
consideration of the geometry of the crack, the space between the cracks and the propagation of the fatigue cracks. Finally, 
the parameters of the damage model whose values are taken from the literature will be modeled as random variables in order 
to evaluate the effects of their uncertainties on the output parameters of the mechanical model. 
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