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Abstract

A phase-resolved wave model is derived from an ocean circulation model for the purpose of
studying wave-current effects in nearshore zones. One challenge is to adapt the circulation
model to the specificities of wave physics. This mainly concerns the consideration of non-
hydrostatic effects and the parametrization of wave breaking. The non-hydrostatic pressure
is calculated using the artificial compressibility method (ACM). The ACM-induced errors on
wave dispersion properties are examined in detail in the context of the linear theory using
idealized test cases. The possible compromise between the precision achieved on non-
hydrostatic physics and the adjustable CPU cost of the ACM method is looked at in detail.
The modification of the wave characteristics by the bathymetric slope and the breaking of
waves are then examined from a linear slope beach laboratory experiment. Finally the model
is evaluated on the issue of rip currents and their feedback on the wave field using a

laboratory experiment of a beach with a bar intersected by channels.

1 Introduction
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The interactions between waves and current play a major role in coastal modelling studies
and are important to correctly reproduce the nearshore circulation. Coastal engineering
applications need realistic descriptions of waves and currents, their transformations towards
the nearshore and behaviours with artificial coastal structures for the design of harbours or
dykes to prevent overtopping and to reduce submersion or erosion risks and this is only
possible with a circulation model that reproduces explicitly the waves. Taking into account
the waves in the circulation models allows on the one hand the representation of the residual
flows generated by the waves such as the Stokes drift (Mellor 2003) or the rip currents
(Castelle et al, 2016) and on the other hand, to take into account turbulence generation by
waves in the turbulent closure scheme, which improves the oceanic surface and bottom
boundary layers, the vertical current shear, and the vertical temperature and salinity profiles
in the circulation model (Uchiyama et al, 2010). In shallow waters, when the waves effects
near the bottom are no longer negligible, the bottom stress is significantly increased,
allowing the resuspension of sand and sediments (Soulsby, 1995), the Stokes drift, the
undertow or rip currents then playing an important role in their transport in the water column.
The wave-current interaction is also decisive for the mean surface level set-up during
storms, the modification of the surface stress related to the roughness created by the waves,
the modelling of the marine submersion of the coastal continental surfaces (Bertin et al,
2012), the modification of the coastline, the evolution of the shape of the seabed
(Bouharguane et al, 2010) .

At the spatial scales of the coastal circulation models (see review by Klingbeil et al,
2018), such studies are mainly done using a hydrostatic circulation model coupled with a
spectral phase-averaged wave model (McWilliams et al 2004, Ardhuin et al 2008, Bennis et
al, 2011, Benetazzo et al, 2013, Kumar et al, 2015, Uchiyama et al, 2017). The phase-
averaged wave model feeds the circulation model with Stokes drift, residual wave pressure,
momentum and turbulence production terms related to wave erosion. In return, the
circulation model gives the wave model the variations of sea surface level and surface

current, the latter being able to significantly modify the wave field (Uchiyama et al., 2009) as
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in the known example of rips current. The choice of a phase-averaged wave model is largely
guided by computational time considerations as it provides mean properties of the sea state.
The spectral model can indeed be used with a horizontal resolution much lower than the
wave wavelengths and therefore cover large areas with a reasonable number of grid points.

An alternative is the phase-resolved model, or deterministic model, that explicitly
describes the evolution of the free surface. The SWASH models (Zijlema et al, 2011),
REF/DIF (Kirby and Dalrymple, 1983), FUNWAVE (Kirby et al, 1998), BOSZ (Roeber and
Cheung, 2012), NHWAVE (Ma et al, 2012) are widespread examples of this type of model,
very often mentioned in the wave modelling literature. The processes resulting from the
effects of bathymetry such as refraction, diffraction and reflections (Magne et al, 2005),
interaction with other waves or with the background circulation, infragravity waves (Bertin et
al, 2018), the asymmetrical wave transformation at the approach of the breaking phase, are,
in principle, better represented by this type of model (Rusu and Soares, 2013). The phase-
resolved model is also well suited for sand mobilization, which is directly dependent on
orbital velocity near the bottom (Bouharguane et al, 2010). The phase-resolved model has a
continuous approach of frequencies and directions, while the phase-averaged model solves
its equations on a discrete spectrum of frequencies and directions which results in a relative
inaccuracy related to frequency and direction resolution. For example, in Michaud et al 2012,
the Wavewatch Il r model (Tolman et al., 2016) is used with 36 discrete values of the
direction leading to a truncation of the direction of the waves of the order of 10 °. However,
the phase-resolved models require finer temporal and spatial discretisation, thus larger
computational resources. The resolution of the horizontal grid imposes a limit on the
permissible wavelengths, truncating the shortest periods of the wave spectrum.

Deterministic nearshore models should have accurate dispersion and non-linear
properties and thus should be governed by the Navier—Stokes equations (Raoult et al.,
2016), using either an Eulerian approach (e.g., OpenFOAM®, Zhou et al., 2017) or a
Lagrangian approach (e.g. the meshless model SPH model, Oger, 2006). These models are

appropriate for local studies, although eventually limited by spurious diffusion or prohibitive
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computational time (Benoit et al.,, 2017). Simplifications can be made to overcome these
problems: for instance, REF/DIF based on the mild slope equation (Berkhoff, 1972) neglects
some nonlinear effects; SWASH can be used with depth-averaged equations with
appropriate assumptions to introduce the non-hydrostatic pressure (Zijlema et al. ,2011);
Boussinesq, Serre (1953) or Green-Naghdi (Green and Naghdi, 1976) models take partially
into account non linear or dispersive effects (e.g., Bonneton et al.,2011a, 2011b, Tissier et
al., 2012).

Within the limits of the above simplifications, phase-resolved models should
theoretically be capable of simulating the low-frequency 3D processes usually modelled by
circulation models, since their equations are basically the same, except for the hydrostatic
assumption generally made in circulation models (Klingbeil et al. , 2018). As a result, the
phase-resolved wave model is able to generate residual currents such as rip currents and
therefore does not require coupling with a circulation model to simulate the coupling between
waves and low frequency fields. However, it requires a significant horizontal and vertical
resolution (greater than the wavelength of the waves) which limits the size of the modelled
domain. To date and to our knowledge, most of the applications of the phase-resolved
models seem to concern domains whose horizontal dimensions are of the order of a few
kilometres in each horizontal direction (Yoon, 2014). The constant rise of computers
capability suggests that phase-resolved models could now be used on larger domains
covering a significant part of the continental shelf. Meanwhile, ocean circulation models
currently used at coastal scales could be adapted to deterministic wave modelling with,
(among other objectives), the goal of linking waves and continental shelf circulations like
wind-induced eddies (Petrenko et al. 2008), or to better understand momentum and
turbulence transfer in the surface layer (Deigaard and Nielsen, 2018). This assumes,
however, that their equations are suitable for phase-resolved wave modelling. One of the
essential points is to be able to use these models in non-hydrostatic mode. A number of
articles deal with this question, for the MITgcm model (Marshall et al., 1997), POM

(Kanarska and Maderich, 2003), ROMS (Kanarska et al, 2007), GETM (Klingbeil and



113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

Burchard, 2013), SYMPHONIE (Auclair et al, 2011). However, at the resolutions where
these models are most often used, the consideration of non-hydrostatic effects may not be
an essential issue (McKiver et al, 2016). The applications envisaged so far concern more the
propagation of internal gravity waves (Bordois et al 2017) or the convective processes
(Paluszkiewicz et al, 1994) than the high frequency surface waves. One of the obstacles to
the deterministic modelling of waves over large domains is the cost of the non-hydrostatic
solver (Klingbeil et al, 2018). As previously mentioned, in the field of phase-resolved wave
modelling, the common alternative to this difficulty is to use simplified models adapted to the
physical specificities of waves (Bonneton et al.,2011a, 2011b). In the field of ocean
circulation modelling, the most widespread approach to the non-hydrostatic problem, on the
contrary, is to take into account the whole complexity of the problem. It leads concretely to
the resolution of a Poisson equation for the non-hydrostatic pressure. This is a global
approach insofar as this leads to a system of linear equations making all the points of the
numerical domain interdependent. Its resolution is in principle costly and currently
constitutes a challenge in the perspective of large numerical domains of several thousand
points in each direction (Roulet et al., 2017). The sigma coordinate widely used in coastal
modelling also increases the cost of the resolution for two main reasons. The first reason is
that the time variation of the position of the vertical levels (related to the movement of the
free surface) forces to update regularly the coefficients of the main matrix of the system and
its possible preconditioning. The possible representation of the wetting-drying zones adds a
similar difficulty. The second reason is that the sigma coordinate transformation increases
the number of nonzero coefficients of the principal matrix. Roulet et al. 2017 propose to
reduce this number by reformulating the momentum equations. The same authors also
evoke the perspective of the multigrid approach to significantly reduce the cost of
calculation. An application in the vertical direction is proposed by Shi et al. (2015).

The alternative to the global approach is the local approach based on the direct
resolution of non-hydrostatic pressure. Various methods have been proposed so far (Johns

1991, Klingbeil and Burchard, 2013, Bordois et al, 2017, Lee et al, 2006). Among them, Lee
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et al, 2006 (hereafter LO6) ACM (artificial compressibility method) method has a reasonable
numerical cost and its implementation in a model is easy. A method derived from LO6 is
implemented in the SYMPHONIE circulation model (Marsaleix et al, 2008) and tested in the
aforementioned context, namely the high frequency surface waves and the associated
residual circulations. The purpose of the present paper is to assess this model on the
principal issues of wave modelling. This concerns on the one hand the dispersion properties,
the vertical shear of the current, the asymmetrical wave transformation at the approach of
the breaking conditions, the decay of the waves in the breaking zone. On the other hand,
this concerns the residual waves-related circulation such as the stokes transport, the
alongshore coastal drift, the mean sea level, rip currents and their feedback on the waves.
The article is organized as follows: chapter 2 deals with the implementation of the ACM
method in the ocean circulation model, chapter 3 gives an analytical solution verifying the
ACM equations for low amplitude waves, chapter 4 describes academic and laboratory test

cases and finally chapter 5 provides a summary and the conclusions.

2 Model description

2.1 Equations

For the sake of clarity the problem is first presented in a simplified way, in a vertical 2D plane

and presenting only the terms that dominate wave physics:

u__ o2
ot . Y9ox  ox (1)

ow _6_q
5_ 0z (2)
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where q is the non-hydrostatic pressure times the water density, u and w the horizontal and
vertical current, n the sea surface height. As in LO6 the hypothesis of incompressibility is

retained to deduce the surface elevation:

on _ 0
2 = axf udz (3)
Equation (2) is in practice not calculated by the model. Instead, the combination of (1) and

(2) that leads to the Poisson equation is used:

o (du  Ov . Ow 9%n  9%q 9%q
at (6x + ay + 62) = 79%2 a2 oz (4)

The left-hand side of the Poisson equation is ideally zero in the case of the incompressible
hypothesis. Without questioning this hypothesis of incompressibility, the particularity of the
LO6 method is however to allow the left-hand side of (4) to be small and not to equal zero.
Before detailing the approach of LO6, some comments can be made on the possibility of not
cancelling strictly the left-hand side of (4). It can be noted, for example, that non-hydrostatic
incompressible models can use iterative solvers whose convergence is de facto imperfect,
precluding a strict cancellation of the left-hand side of (4). This approximation is currently
accepted because the physical coherence is preserved if the convergence of the solver is
sufficiently precise. We can also recall that a model such as the one used in this study does
not formally represent (4) but its discrete approximation in the finite difference sense. Not
strictly cancelling the left-hand side of (4) induces an error whose order of magnitude can be
compared to the discretization errors of the other terms. For example, given the numerical
scheme used here, the error made on the horizontal laplacian of g at the right-hand side of

(4) is of the order of (APPENDIX A):
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where k is the wavenumber. This discretization error makes it possible to consider a possible
error on the left-hand side, thus relativizing the question to the transformation of the left-hand
side of (4) into a term of artificial compressibility as described by LO6 (see equation 2 in

LO6). In practice, the ACM method of LO6 leads to the reformulation of (4) as follows:
=g—+—=+—= (6)

Assuming a sinusoidal form for q, the artificial compressibility term at the left-hand side of

c

2 2
(6) is of the same order as (g) q= (E) k%?q (cis the celerity of the waves), which, under

2
certain conditions, can become of an order of magnitude comparable to (5) (ie (g)

2
comparable to dlizkz), insofar as it is recommended to use the ACM method with a such that

2
(%) << 1. This point is closely examined later in the article.

In fact, ideally, in compressible theory, the a constant should be the speed of the
acoustic waves, actually much higher than c. However, as pointed out by Mahadevan et al
(1996), this would have the consequence of requiring an extremely small time step, highly
increasing the computational cost . This type of approach therefore generally uses a much
lower a value in order to increase the time step and thus makes the cost of the calculation
affordable. It is therefore noted that the true compressibility of the ocean is not respected by
this approach which relies more on numerical considerations than on a real physical
justification (resulting in the expression "artificial compressibility" used by L06). On the other
hand, apart from the equation (6), the other equations of the model strictly respect the
incompressibility framework. Although greatly diminished by the computational time
constraint just mentioned, the value of &« must nevertheless remain sufficiently large to allow

rapid adjustment of equation (6) to variations in the hydrostatic forcing terms. This property
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is essential for the accuracy of the non-hydrostatic behavior of the model. In practice, a must
remain larger than the phase speed of gravity waves (Bordois et al, 2017).

The resolution of the Poisson iterative equation (6) can be done with the same time step as
the other equations. In practice its determination is done from the stability criterion
corresponding to the forward-backward scheme, but considering a rather than the speed of
the gravity waves as it is larger. The time step is therefore smaller than the one of a
hydrostatic model in similar conditions, but the calculation nevertheless remains affordable
(as we will see in the following) because equation (6) is computed only once per time step of

the full model.

2.2 Implementation in the SYMPHONIE model

The model used is the ocean circulation model SYMPHONIE (Marsaleix et al. 2008).
As we focus on surface waves, the effect of temperature and salinity is neglected. For the
sake of clarity the equations are given in a Cartesian coordinate system but the model

actually uses a system of generalized sigma coordinates. The momentum equations are

given by:

au__auu_av_u_awu . 6_7;_ a_q i( 6_u)

at ~ ox dy 9z +fv 95 rax+az Kmaz * Ty (7)
O _dw_ow_Owv_ gy g0 00,0 (g 0v)

= ox oy or 495, To T Kng )t (8)
Lo 0 ()0 () o o o' ©)
a2 9tz 9x\ot ay \at ax2 ' 9yz = 9z2

Where (%) and (%) represent hydrostatic terms (in practice all the terms of the right-

hand side of (7) and (8) except raz and TZ_;I,)- At this stage, r at the right-hand side of (7)

ox

and (8) is equal to one but we will see later that a value other than 1 can be used to improve
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the accuracy of the dispersion relation and currents of short waves. The incompressibility

hypothesis gives the vertical velocity and elevation of the surface:

ou  Ov  ow _
om_ _ 90 m _ 9 m
2= " on Jo,udz P J_, vdz (11)

The vertical diffusion coefficient is calculated by the k-epsilon scheme (Rodi, 1987) and

(ty, T,) are breaking terms parameterized as a horizontal diffusion:

The eddy viscosity of breaking v, is calculated from a breaking criterion which will be

discussed in a section to follow. Bottom and surface boundary conditions are as follows: at

0wY) — o and at the bottom Z_Z =0, pOKm% = (t4,73) Where p, is the

the surface g=0,

sea water density and (T;,f,rg ) are the components of the bottom stress. The bottom stress
is parameterized as in Blumberg and Mellor (1987), from a quadratic relationship of the
bottom current and a drag coefficient derived from a roughness length.

The equations are calculated with a forward-backward time scheme detailed in
APPENDIX B. Considering that short surface waves are intrinsically three-dimensional, the
barotropic-baroclinic time splitting commonly used in circulation models for calculating
separately barotropic and baroclinic velocities (Blumberg and Mellor 1987) can not applied

here. In practice, all the equations are calculated with the same time step.

2.3 The time step

10
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The time step is determined from the stability criterion specific to the forward-
backward scheme. In the case of the hydrostatic model, the criterion of stability with respect

to surface waves would be:

1

Atmar = 2
max — \/E\/ghmax

(14)

where dx is the horizontal resolution, h,,, is the maximum depth of the domain and

therefore \/ghmax IS the maximum theoretical phase speed expected for surface waves. In

the non-hydrostatic model, the calculation of the equation for g imposes a more drastic

additional criterion since it depends on « that is greater than /gh,,4- It is not trivial to find a
simple expression similar to (14) but, unsurprisingly, it appears in simulations performed by

the authors that the maximum value of the time step allowed by the non-hydrostatic model

dx 1

was close to T ie (14) with \/gh,,. replaced by a. In practice, in all the simulations

presented, the time step of the non hydrostatic model is given by a fraction (70%) of this
criterion to include other stability criteria than gravity waves such as those resulting from

non-linearities, namely:

dx 1

dt = 0.7 Ea (15)

The determination of « is therefore related to the determination of the time step. The larger
the first, the smaller is the second. The quantity N which represents the ratio of the
theoretical time step of the hydrostatic case to the time step of the non-hydrostatic case, is

introduced:

dtmax
N =—"% (16)
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which, using (14) and (15), is equivalent to

- 1_«
N= 0.7 \J/ghmax (17)

N is a key parameter of the problem. The larger it is, the smaller is the model time step and
the better is the accuracy expected on the non-hydrostatic term. Since dt,,,, , IS the time
step that would normally have the hydrostatic model in similar conditions, the ratio N is a
good indicator of the relative additional cost associated with the non hydrostatic effect. The
evaluation of this additional cost must also take into account that an additional equation (for
g) has been added to the equations of the hydrostatic model. The latter essentially counts 4
three-dimensional equations, two for the horizontal components of the current, one for the

turbulent kinetic energy and one for its dissipation rate. The relative numerical excess cost of

the equation for q is therefore of the order of N% =125N.

3 Analytical solutions

Analytical solutions verifying model equations in the context of linear theory are now

presented. We consider a 2D vertical plan, a linearized version of (7),

6u__ a_n_ 6_q
E_ gax rax (18)

the continuity equation,

ou , ow _ 0 (19)

ax ' 0z
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and the non-hydrostatic pressure equation (6). The elevation of the surface is of the form

n = ny,e'**~@8 The non-hydrostatic pressure satisfying equation (6) is of the form:

q = —(g/u*)n + 2P%'**~“Dcosh (uk(z + h)) (20)
with

(4)2
w=(1-32) (21)

Where a appears in the left hand side of (6) and in the definition of N calculated by (17).

Using (20) and the surface condition g=0 leads to:

q= %r)(—l + cosh (uk(z + h))/cosh (ukh)) (22)

Using (22) and (18) gives the horizontal current:

— gk T (cosh (uk(z+h)) _
u=g w N [1 + u? ( cosh (ukh) 1)] (23)

Using (23) and the continuity equation (19) to derive the vertical velocity, then applying the

surface condition w = Z—Z, leads to the dispersion relation:
w? =k?g(1- %) h + 75 gk tanh(ukh) (24)

Note that if r=1 and if N (therefore a) tends to infinity (leading to the cancellation of the left-
hand side of (6) and u = 1) the dispersion relation (24) becomes equivalent to the usual

dispersion relation (Kinsman, 1965):

13



348

349

350

351

352

353

354

355

356

357

358

359

360

361

w? = gk tanh(kh)  (25)

while, using (23) and (25), we find the usual solution for the horizontal current (Kinsman,

1965):

_ cosh (k(z+h))
u=wn sinh (kh) (26)

This result shows that the ACM method becomes equivalent to the classical non-
hydrostatic incompressible method if N is sufficiently large. In the following, we distinguish

the dispersion relations of the incompressible non-hydrostatic linear theory (ie (25)), of the

non-hydrostatic ACM theory (ie (24)) and of the hydrostatic theory (ie (27)):

w/k =[gh (27)
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Figure 1 Dispersion relations at different bottom depthueBline: hydrostatic inear theory (27).
Green line: incompressible nédiydrostatic theory (25). Dashed red line: ACM the@24) with r=1

and N =5,

Figure 1 shows these different dispersion relations for periods ranging from 6s to 14s
(this choice will be discussed in the next section), for different bathymetry values and N=5.
The ACM theory with r=1 provides a considerable improvement over the hydrostatic theory
but overestimates the non-hydrostatic effect (Figure 1: the dashed red curve is always below
the green curve). This overestimation increases with bathymetry. At shallow depths the
agreement is very satisfactory, but the non-hydrostatic effect is also less significant (Figure

1, h=10m).
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375 The parameter r is a way to bring ACM theoretical solution closer to the non-
376  hydrostatic incompressible theory. Frequencies produced by (24) and (25) are actually

377  equivalent if

378

__ 3 tanh(kh)-kh
379 r=u tanh(ukh)—ukh (28)
380

381  Horizontal currents (23) and (26) are identical on the surface without condition on r and 4 ,

382  while near the bottom they are equivalent if

) 1 1
384 r=p2(——-1)(—2—-1 (29)
cosh (kh) cosh (ukh)
0.060 L ‘ ‘ 0.060 L ‘ ‘
. h=30m L
0 0.050 —  0.050 — -
s s
3 E
o o
£ g
< 0.040 = 0.040
g 2
£ £
5 5
20.030 20.030
5 5
H H
< <
©0.020 ©0.020
Z 2
5 5
K] K]
5 3
= 0.010 = 0.010
0.000 T T I ‘ ‘ ‘ 0.000
6.0 8.0 10.0 12.0 14.0 6.0 8.0 10.0 12.0 14.0
Period(s) Period(s)
0.060 ‘ : ‘ 0.060 ‘ : :

- h=20m L _ h=10m L
 0.050 — - »0.050 =
s s
E E
o - ~ © - 7
£ g
< 0.040 - S 0.040 o =
e 2
£ _ L £ _ L
5 5
o o
2 0.030 | - 20.030 o =
5 5
® ® - =
< <
$0.020 50.020 | =
Z 2
K °
) ) 4 L
5 3
= 0.010 Fo00+——————— — — — — — — — — — — — — — — =

0.000 T == —T 0.000 — = ———— :
6.0 8.0 10.0 12.0 14.0 6.0 8.0 10.0 12.0 14.0
Period(s) Period(s)

16



387  Figure 2 Relative error on the wavelength computed byAG# dispersion relation (24) at different
388  bottom depth and N=5. Solid line: r=1. Dashed li®.9845. The horizontal dashed line indicates
389  an error level of 1%.

390

391 Expressions (28) and (29) suggest the possibility of optimizing r according to the
392 local values of the depth and the dominant period of waves. This point will be addressed in
393  future applications. At this early stage of our study, r will be considered constant. Figure 2
394  shows the absolute value of the relative error on the wavelength,|L,qy — L|/L, as a function
395 of the period, Lycy being deduced from (24) and L , the “true” wavelength, from (25).
396 Relative errors are more important for small periods and for large bathymetry values. Errors
397  of the order of several % are expectable with r = 1. On the other hand, it is possible to
398 reduce the error level below 1%, for all the values of period and bathymetry considered in
399  Figure 2, with r = 0.9845

400 The fact that (28) and (29) are not identical shows that it is not possible to strictly
401  cancel the error on the current and on the dispersion relation with the same value of r.
402  However as shown in Figure 3 for h=50mand a period of 10s, (28) and (29) give very similar
403 values of r so that it is possible to find a value of r that reduces both the current and
404  dispersion relation errors (this will be discussed in the next section). Finally we note that a
405 compromise on these two possible values of r is all the easier to find if N is large because

406  (28) and (29) converge both to r=1.
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Figure 3 r computed with (28) (Black line) and (29) (redd) as a function of N for h=50m and a

period of 10s.

In conclusion, the analytical solutions corresponding to the linearized equations of the ACM
method show a satisfactory representation of the non-hydrostatic effect in the range of
periods concerned by the future applications of the model to the near shore zone. The
accuracy however depends on the setting of parameters such as N and r. Since the
accuracy of a numerical model also depends on many other factors related to the
discretization of equations, such as spatio-temporal resolution and relevance of numerical

schemes, the above theoretical analysis is now completed with numerical experiments.

4 Test cases
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4.1 Wave propagation in the context of linear theory

In this section, we check the ability of the model to correctly represent the physical
characteristics of the simulated wave thanks to a series of test cases consisting in exploring
the dispersion properties of the waves. We consider here low amplitude waves (1 mm) in
order to be within the framework of the linear approximation for which simple analytical
solutions exist (Kinsman, 1965). The objective is to define the values of N which lead to a
reasonable compromise between the computation cost (consideration encouraging to lower
N) and the precision of the dispersion properties (consideration encouraging to increase N).
We use a domain with a flat bottom at 50 m depth, a periodic condition in the direction
normal to wave propagation. The horizontal resolution is 5m and 20 vertical levels are used.
The waves are generated at the entrance of the domain, while the fields are at rest at the
initial state. The opposite boundary is closed but the dimension in the direction of
propagation is large enough, so that the waves do not have time to reflect on it before the
end of the simulation (10 minutes). This first numerical experiment is carried out with r = 1.

The open boundary conditions are derived from Marsaleix et al (2006). As
recommended by Blayo and Debreu (2005), an outgoing field is defined as the difference
between the total field and the incoming field. We thus define anomalies of currents, sea
surface height and non-hydrostatic pressure, u' =u—u,, ' =1n—-1y, q =q — q, Where
Uy, Mw, Gy are prescribed by the analytical solution of the short wave linear theory. We then
assume that the incoming short waves do not reflect at the coast because of dissipation and
that waves propagating offshore are at lower frequencies (they may consist of infra-gravity
waves if the conditions of their generations are met (Bertin et al, 2018)). The radiative

conditions, u' = +gn'/c and dq’'/dt + cdq’'/dx = 0, are therefore applied using the long

wave phase speed ¢ = ,/gh.
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The simulation is analyzed in order to extract the modelled wavelength and to
compare it with that predicted by the theoretical relation dispersion of the incompressible
linear theory (25). The modelled wavelength is diagnosed from the distance separating two
successive identical values of the surface level in the direction of propagation. The grid
points chosen for the calculation of this diagnosis are located beyond a distance of 625m
from the open boundary and, moreover, the diagnosis is only calculated once the transient
regime is reached (i.e. once the wave front has passed these points). A time average of the
values obtained is finally calculated. A set of simulations is done to estimate the precision on
(25) as a function of N (ranging from 2 to 20) and of the wave period. The smallest period
considered here is 6 seconds, associated with a wavelength of 56m for h=50m, represented
by 11 grid points given the horizontal resolution of 5m. This minimum value is considered as
a reasonable threshold with respect to the capacity of the C-grid to represent the small
wavelengths. The maximum period considered is 14 s which is associated with a wavelength
of approximately 250 m. Periods greater than 14s are not considered because their
wavelengths, much larger than the depths envisaged, render them slightly non-hydrostatic

and therefore not interesting from the point of view of the authors.
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Figure 4 Relative error on the wavelen( (L* — L)/L where L is given by the incomprese linear
theory and L*is either deduced froisimulations with 20 vertical levels amt=5m (figures a and b)
or from the ACM lineatheory (figures c and . The horizontal dashdahe indicates a relative errc
of -3%. Each curve correspon to a period:14s (magenta), 12s (cyan), 10s (blue), 8s (gr 6s
(red). The black curve (figure a) corresponds to a perdds antdx=2.5m.h=50m (figures a an

c), or h=10m (figures b and d)

Figure 4 shows the relative error on the wavelength, (L* — L)/L , where the “true” wavelength
L is given by the incompressible linear theory (25) and L* is either deduced from the model
or from the ACM linear theory (24) with r=1. Errors decrease when N increases. As expected

from the previous section, the errors are stronger when the bottom depth is important. This
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could be an issue near the model open boundaries where the most important depths are
normally expected. To our knowledge, near shore modelling studies mostly focus on areas
where bathymetry does not exceed a few tens of meters. We thus assume that 50m could
be a plausible upper limit for realistic models of the near shore zone (at least for the time
being). In the following, the case h = 50mis the subject of greater attention.

The model errors are generally similar to those predicted by the ACM linear theory
(Figure 4a and Figure 4c). A notable difference is that errors tend to zero when N increases
in the case of the theory but not in the case of the model. This is explained by additional
sources of error, of numerical origin, in the case of the model. These numerical errors are
more important for small periods. For example, for a period of 6s, the residual error for large
values of N is around 3% for h = 50mand around 2% for h = 10m(Figure 4a and Figure 4b).
The agreement between the model and the ACM linear theory is less good for h = 10m
especially for a period of 6s (Figure 4b and Figure 4d). The relative predominance of
numerical errors is here related to the decrease of the wavelength caused by the decrease
of h. For a period of 6s and h=10m the wavelength is indeed around 48m, i.e. less than 10
grid points while the wavelength is around 56m i.e. more than 11 points when h = 50m
Actually, when h decreases, causing the wavelength to decrease, the resolution of the
horizontal grid eventually becomes insufficient to represent the shortest waves, unless wave
breaking occurs before this critical situation.

Model errors are also sensitive to vertical resolution. The accuracy of the vertical
profile of g and current depends on the number of vertical levels. The shortest wavelengths
are particularly sensitive to this error because the vertical profile of q is more non-linear and
is established on a smaller depth. Figure 5 shows that for the 6s period, the relative error is
much smaller with 80 levels than with 10 or 20. Using more vertical levels reduces the
residual error (but does not completely eliminate it). The error levels obtained with 40 levels
or 80 levels are however equivalent. For larger periods (results not shown), the sensitivity of
the error to the vertical resolution is smaller, plausibly because the vertical profile of the

fields, whose characteristic scale of decay is related to the wavelength, is less sheared.
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curve corresponds to a different numbd vertical levels. From top to bottom: 80 regulaveéls
(magenta) 40 regular levels (dashebold black line) 20 regular levels (blue), 10 levels tighter
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The “minimum” error level, around 1.5% in Figure 5 (case 80 levels, N=20), is attributable to
the time-stepping method itself and no longer depends on the non-hydrostatic aspects. This
aspect of the error can be examined in the hydrostatic model by re-invoking the simple
assumptions we made in section 2.1. Combining the equation (1) (now without term q) and

(3) the surface elevation is given by:
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o 221 (30)

at2 dx2

Given the numerical schemes used by our model, the error is respectively of the order of

2 dx2 9" ~ 2T dac” —k*n for the left- and right-hand sides of (30). These

errors are estimated from the first terms of a Taylor expansion (APPENDIX C). The
compensation of temporal and spatial discretization errors is a characteristic of this type of
discrete equation (Lemarié et al, 2015, page 127 paragraph 2). Here we see that the two
above errors are compensated when the time step is at its theoretical maximum, i.e.
dt = dx/c (with ¢ = w/k). When the time step is significantly smaller (consequence of the
increase of N) the time-dependent error becomes negligible and the error is reduced to the

2 647]

error of the right-hand side, ¢ > e

. dx? | 5 02
also equivalent to —Czﬁkza—xz- and then the

discretization of the (30) equation tends to behave like (APPENDIX C):

9% 20%n 2 dx?, 5 9*n
otz ~ € ax2 k=t (31)

so that the modelled phase speed approaches ¢ /1 ——k2 ~ c(l ——kz) The relative

2
% where n is the number

2
error on the phase speed is therefore of the order of %kz =

of grid points per wavelength. For the shortest wavelengths considered (for which n is
around 10), the relative error on c is therefore of the order of 1.5%. Given that the period is
imposed by the forcing, this level of error is therefore the one expected for the modelled
wavelength and, in fact, it corresponds fairly well to the residual error for N=20 and 80 levels
(see Fig. 5).

In summary, the accuracy of the dispersion properties increases significantly with N
until ACM-related errors become small compared to the other error sources mainly the

vertical resolution and the order of precision of the numerical schemes used to calculate

24



541  spatial and temporal derivatives. The determination of N would lead to choosing N around 14
542 in the case of the experiment considered. Another way to choose N is to define an
543  "acceptable" precision level on the dispersion properties, depending on the period of the
544  simulated waves. For example, a relative error of 3% is obtained for N>7 for a period of 8s,
545 N> 5 for a period of 10s, etc...

546

547 4.2 Improved accuracy (apart from increasing N)

548

549 Distribution of vertical levels

550

551 The previous paragraph shows that the accuracy decreases appreciably with the

552  wave period. At the shortest periods, accuracy is more sensitive to vertical resolution.
553 Increasing the number of vertical levels is an obvious but expensive way to reduce this
554  second source of error. Modifying the vertical distribution of levels without changing their
555  number is an alternative that allows a significant improvement in accuracy at small periods.
556 In the case of the 6s period, Figure 5 shows that 10 irregularly distributed levels (see Table
557 1) provide a much higher accuracy than 10 equidistant levels, and makes it comparable to
558 the precision obtained with 20 equidistant levels. The vertical distribution proposed here is
559  such that the accuracy is also improved or maintained for the other periods considered

560 (results not shown).

561
levels Relative thickness dz/h
10 0.03852
9 0.04623
38 0.05547
7 0.06657
6 0.07988
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579

580

581

582
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584

5 0.09586
4 0.11503
3 0.13803
2 0.16564
1 0.19877

Table 1: Thickness of the ten layers (1 correspaadse bottom) as a fraction of the water depth.

It should be noted that, in a realistic domain, the generalized sigma coordinate makes it
possible to adapt the vertical distribution to the bathymetry. For example, in areas where
bathymetry is low relative to wave wavelength, the vertical profile of current and pressure is
less sheared and a more regular distribution of the levels is preferable to the irregular
distribution of Table 1. Given the positive influence of increasing vertical resolution on
accuracy, the increase in vertical resolution that results from the decrease in bathymetry in
the sigma formulation leads to a better representation of dispersion properties when

approaching the coast.

Influence of horizontal resolution

Increasing the horizontal resolution (without changing the other parameters,
especially N) leads logically to decrease the level of error, especially at short periods.
Significantly increasing the horizontal resolution has a real but limited impact on the
accuracy because of other sources of error such as the lack of vertical resolution. The period
6s is more critical than the other periods tested because, as noted above, the number of grid
points per wavelength is particularly low. Doubling the resolution allows about 22 grid points
per wavelength (for h=50m). Fig. 4 shows that a relative error <3% is obtained with N> 10 for
a horizontal resolution of 2.5m, whereas this same level of error requires N> 14 for a

horizontal resolution of 5m.
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Tuning the non hydrostatic pressure gradient

A modification of the pressure gradient scheme is now proposed to use moderate N
values while maintaining an acceptable level of accuracy on dispersion properties. We
consider values of N around 5. The proposed modification is suggested by the observation
that the error on the wavelength is systematically negative (Figs 4 and 5). This is equivalent
to the fact that the modelled phase speed is systematically lower than the theoretical phase
speed. In other words, the non-hydrostatic effect excessively decreases the phase speed.
This conjecture can be interpreted as an overestimation of the non-hydrostatic component of
the pressure gradient in agreement with the conclusions drawn from the analytical solution of
the linearized ACM equations (section 3, Figure 1). The proposed improvement consists in
moderating the non hydrostatic pressure gradient by multiplying the latter by a constant r

slightly less than 1 (see the non-hydrostatic pressure gradient terms in equations (7) and

(8)).
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27



606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

Fig. 6a, obtained with N=5 (dt = 0.03%), shows that the precision is improved when r
decreases to a certain level below which the sign of the error is reversed (becoming positive)
and the error increases again. As expected from the ACM linear theory, the value of r that
exactly cancels the error is not the same depending on the period. It is around r=0.982 for
the 6s period and smaller for the other periods. The general behaviour is nevertheless quite
similar for all the periods and one can identify a unique value of r which makes it possible to
reduce the error below 1% for all the periods (Figure 6a, r=0.98), which corresponds to a
very significant reduction of the error, especially for small periods (error of 8% and 5% for
periods of 8s and 6s respectively, with r=1). The general behaviour of the model is in good
agreement with the analytical solution (Figure 6b). However, since the model has other
sources of errors than those of the theoretical model, Figures 6a and 6b are not strictly the
same and the best compromise for the value of r would be slightly larger according to (24),
around 0.984 (Figure 6b). Although the theoretical model could certainly be used for a
default setting of r, Figure 6a shows that errors can be further reduced with an empirical
setting. This numerical estimate of the best compromise on r is therefore used in the
following.

As pointed out previously, a realistic numerical domain is characterized by variable
bathymetry. As 50m should be an upper limit of a near shore zone model in our future
applications, we now verify that the value r=0.98, which reduces the error below 1% for all
periods when h=50m remains relevant for lower values of the water depth. These tests are
done keeping the same time step (dt=0.03%) and N=5. Figure 7, obtained for h=20m shows
a precision greater than the simulation with h=50m under the combined effect of the
increase of the vertical resolution (the same number of vertical levels distributed over a
shallower water column) and also the decrease in the non-hydrostatic effect caused by the
decrease in the ratio between the horizontal scale and the vertical scale. If Fig. 7 suggests
that the best value of r would be around 0.978 (the minimum relative error is indeed close to

this value for most of the periods considered), the proposed value of 0.98 for h=50mremains
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relevant for shallower depths because it reduces the relative error associated with the

different periods between -0.25% and 0%.
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0.25% and 0%.

Note finally that the choice of the 50m value as the maximum value of the bathymetry
is somehow arbitrary. There are certainly other ways of defining the offshore limit of the near
shore zone, such as the depth at which the waves are modified by the seabed. In this case,

a maximum value based on the relative depth, kh, may be preferable.
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The ability to strongly reduce, or even cancel, the error via the r parameter means
that this parameter can be used to correct errors beyond the single error caused by the ACM
method. The errors associated with the vertical discretization or the time-stepping scheme
can therefore be compensated by this method. We thus examine the possible undesirable
consequences of this compensating effect on other important properties of wave physics
especially since, according to the theoretical model, the cancellation of the errors on the
current and the relation of dispersion is not obtained strictly with the same value of r (e.g.
(28) and (29)). Recall also that the shape of the vertical profile of the current is of particular
interest, since the intensity of the current near the bottom is crucial for the determination of
the bottom friction, the resuspension of sediments near the bottom, the transport of sand
(among others). Figure 8a shows that for the period 6s, r=0.98 leads to a vertical profile of
the current more accurate than with r=1 (the latter nevertheless correctly reproduces the
vertical shear), the value r=0.986 being the one that would lead to a profile closest to the
profile predicted by the linear non-hydrostatic incompressible theory. A similar conclusion is
made for the period 10s (Figure 8b) for r=0.976. The fact that a single value of r can both
reduce the error on the dispersion relation and the current is finally consistent with Figure 3

which shows that the values of r cancelling these two types of error are actually very close.

z(m)

I Period 6s L Period 10s
50 T T T T T T T =90. T T T T T T

0.0 x10° 2.0 x107* 4.0 x107* 6.0 x107* 8.0 x107* 1.0 x107* 2.0 x107* 3.0 x1074 4.0 x107* 5.0 x107*
Current standard deviation (m/s) Current standard deviation (m/s)

Figure & Standard deviation of the horizonteomponent of the current (m / as a function of the

depth (m) calculated over the last 4 slated periodsat a distance of 625m (125 nts) from the
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666 incoming boundary. The period is 6s (a) or 10s flBb0m, 20 vertical levels, dx =5m, N=5,r=1
667 (red line), r = 0.98 (black dotted line), theoretlcprofile from the incompressible linear theory
668  (continuous black line). For the sake of claritg profiles corresponding to r = 0.986 (period 6s)da

669 totor=0.976 (periode 10s) are not shown becahsy merge with the theoretical profiles.
670
671

672 4.3 Test case with bi-periodic domain

673

674 We are now replacing open and closed boundary conditions at both ends of the
675 domain in the propagation direction by periodic conditions. The interest of this bi-periodic
676 domain is that it avoids reflections at the boundaries that could degrade the results. The
677 simulations can therefore be long, which is of interest for testing the stability of calculations
678 in the long term. The depth is 50m. The domain has 510 points in the direction of
679  propagation corresponding to a whole number of wavelengths, here 17, for a wavelength of
680 150m, a theoretical period close to 10s and a phase speed close to 15m/s. The fields are
681 initialized from the linear theory. The amplitude of the surface elevation is small (1 mm) to
682  remain within the framework of the linear theory. Nonlinear dissipation forces such as friction
683  (using a quadratic parameterization) or breaking are therefore negligible. In this particular
684  case, the Laplacian temporal filter derived from Marsaleix et al. (2012), used in the equations
685 for u, v, qto suppress the numerical mode, is the main source of dissipation. The following
686 test quantifies its adverse effect on the long-term physical mode. Figure 9 shows the
687 amplitude of the surface elevation at different times. Given the value of the phase speed, a
688 distance of the order of 10km (cross shore size of realistic domains that we plan to use with
689  this model) is covered in about ten minutes. Figure 9 shows that the attenuation is negligible
690 over such a short time duration. An attenuation of 10% would require at least 6 hours, during
691  which the waves would travel a distance of about 300 km. In our future realistic applications,
692 the open boundary condition will not be located so far from the coast. The cross-shore

693 domain dimension should be at least an order of magnitude lower, so this numerical
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694  attenuation should be less than 1%, in other words small compared to the expected erosion

695 induced by bottom friction, turbulence or wave breaking.
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698 Figure 9 Surface elevation (r as a function of time (s) at the beginning of thautation (red
699 curve), after 10mn of simulation (black dd curve), after 6 hours of simulation (blue cun
700  h=50m, dx = 5m, 20 vertical levels, N = 5, r = 0.9Bhe 2 horizontal black dotted lines indicate
701  attenuation of the initial amplitude of 1(
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704 4.4 The case of a linear slope beach
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The Hamilton and Ebersole laboratory experiment (Hamilton and Ebersole 2001
hereafter HEO1, Svendsen et al 2003) focuses on the propagation of waves over a uniform
linear slope beach, their breaking, and the alongshore current establishment. This case test
is of particular interest to us to assess the performances of the model on the important
guestion of the parametrization of wave breaking. Incoming waves are monochromatic, with
a period of 2.5s (TEST 6N in HEO1l). The amplitude of the excited waves at the open
boundary is adjusted to obtain a wave height corresponding to the conditions of TEST 6N,
namely 0.19m at the most offshore measurement points (see the observation at 3 meters
from the incoming boundary on Fig. 10). The direction of propagation is 10° from the
direction normal to the beach. A description of the basin and its bathymetry is given in
Svendsen et al. (2003) (see also Fig. 10). The particularity of the basin lies in its pumping
and recirculation system made of 20 pumps that allow having periodic conditions on the
lateral boundaries. In our simulation, incoming waves are specified from the linear theory at
the offshore boundary. Periodic boundary conditions are applied at the lateral boundaries of
the model. The dimension of the domain in the direction parallel to the beach is consistent
with the condition of periodicity and the wave propagation direction of 10° in the deep part of
the basin. The horizontal resolution is 0.1m and the grid has 10 vertical levels. The
dimension in the cross-shore direction is 18m and the deepest bathymetry, offshore, is
0.66m. The maximum wavelength, in the deep part of the basin, is of the order of 6m. A
steady state is reached after about 150s. The results presented are obtained at the end of a
simulation of 500s. The roughness of the bottom corresponding to this experiment is a priori
not mentioned by its authors. A roughness length of 3 x 10~>m was empirically fixed in our
model in order to obtain a satisfactory agreement with the vertical profile of the measured
alongshore current.

The basin dimensions are small compared to a real case. If the ratio of the horizontal scale
on vertical scale is used to deduce the characteristics that this experiment would have with
dimensions 50 times larger, close to the dimensions of the test cases presented in the

previous section, we obtain a horizontal resolution of 5m, a maximum depth of 30m, a
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maximum wavelength of the order of 300m and a period of 125s. We are thus in conditions
for which the problems of accuracy examined in the preceding sections are minor and make
it possible to use the ACM method with a small value of N and a coefficient of reduction of
the gradient of g close to one. In practice we use N=4, r=1 (as mentioned previously, we
actually chose this test case for the wave breaking issue rather than the non-hydrostatic
specificities discussed in the previous test case).

Wave breaking is parameterized through the horizontal diffusion of the momentum
(13). The determination of the mixing coefficient, v,, is an important aspect of this
parameterization. Before going into the details of its calculation, we examine the order of

magnitude necessary for the decay of the waves inside the breaking zone. To do this, we

a(gumn)

o and

consider an energy balance between the gradient of the potential energy flux

2
dissipation due to horizontal diffusion —v, (g—’;) (for the sake of clarity we limit ourselves to

unidirectional propagation along the Ox axis). We hypothesize that within the wave breaking

zone the wave height is proportional to the water depth (Miche, 1944):

=y (32)

ST

where H is the wave height. We consider here that the parameter y is a constant of the order
of 0.8 (it can nevertheless be noted that the expression of y an be more sophisticated, as in
Guérin et al. 2018). For convenience (and considering that shallow depths, where breaking
mostly occurs, allow this approximation) the hypothesis of hydrostatic equilibrium is made in
the following reasoning (although the simulations presented are still nhon-hydrostatic). We

thus consider that the current and the surface level are connected to each other according to

u= %n where ¢ = ,/gh. It is finally assumed that the fields have a sinusoidal behaviour and

that the wave amplitude n, satisfies (32) (ie 2% = y). Averaging over a period of waves, the

gradient of the potential energy flux is (APPENDIX D):
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o(gun) _ 3/2.2 3 31/20h
ox =9 14 16h dx (33)

and dissipation due to horizontal mixing is

&y = —Vp % (kgyh)z (34)

c

The equilibrium of (33) and (34) leads to an estimation of the average of the mixing

coefficient over a period of waves:

< >=§g3/2h1/23—:(£)2 (35)

The latter increases with the slope of the bathymetry and vanishes when the thickness of the
water column is zero. The expression (35) is only an intermediate step towards a more
complete formulation taking into account a triggering criterion based on the analysis of the
instantaneous modelled fields. But before addressing this aspect, a preliminary experiment
is carried out to test the relevance of the order of magnitude given by (35). Practically (35) is
used as the value of the horizontal diffusion coefficient in (13) inside the wave breaking
zone. The latter is arbitrarily defined from a threshold on bathymetry (h<0.28m) deduced from
observations of wave heights (HEOL). In the pre-breaking zone (h> 0.28n) v, = 0. Figure 10
shows the simulated wave height and mean elevation, and the corresponding observations
of HEO1. As the laboratory experiment, the simulation lasts 500s. The surface height is
averaged over the last 50 seconds of the simulation. The wave height is calculated from the
difference between the maximum and minimum values of the surface level over the last 50

seconds of simulation. The agreement is satisfactory. The wave breaking trigger point is
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786  unsurprisingly well positioned since it is imposed by the criterion h<0.28m The wave height

787 s slightly overestimated in the breaking zone but the slope of decrease is parallel to that of
788  the theoretical decay 2% =y = 0.8 (dotted line in Fig. 10). It should be noted that several

789  simulations were performed by increasing or decreasing slightly the value of < v, > and
790 that Figure 10 corresponds to a 5% increase in the value predicted by (35).
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Breaking criterion

Practically (35) is not really appropriate because it requires to arbitrarily specify the
location of the onset of breaking. In realistic case, the breaking point of the breaking wave
varies over time, in particular according to the characteristics of the waves and more
generally according to the surrounding hydrodynamic conditions. An extension of (35) taking

into account the instantaneous fields is therefore proposed:

Vp =< Vp > fb (36)

Where v, is the instantaneous coefficient, < v, > is the average coefficient (35) and f; is a
function that triggers the wave breaking according to the instantaneous fields. The average
of f, over a period of wave is expected to be close to 1 so that the viscosity is on average
close to < v, >. One consequence of this property is that v, can be momentarily very high if
f» is negligible over a large fraction of the wave period (so that the average of v, stays close
to < v, >). Many authors use the ratio of the wave height to the water depth (the y constant
(32)) as breaking criterion (Rusu and Soares, 2012). Others use criteria based on the
horizontal gradient of the modelled fields (Lynett, 2006). For example, Zijlema et al (2011)
propose to formulate eddy viscosity from Prandtl's length and a turbulence equilibrium
hypothesis which in practice links eddy viscosity to the horizontal gradient of velocities (see
their equation 12). Roeber and Cheung (2012) also use the velocity gradient (see their

equation 70) but in an approach that is more akin to a criterion on the Froude number, with
\/ﬁ as an approximation of the phase speed. These authors emphasize that this criterion
has the particularity to be more influential in areas where the slope of the waves is important
in contrast to the H/h criterion which favours the wave crests. The criterion on the gradient

is therefore in principle influencing a larger proportion of the breaking zone. From the point of
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view of (36), an approach of this type should lead f;, to act on a larger time interval and thus
limit the maximum values of v,. On the other hand, a criterion on the wave crest should lead
fp to be small over a large fraction of the wave period, with the aforementioned consequence
of momentarily strong v, values. This consideration may be of numerical importance as
there is a stability criterion which limits the eddy viscosity value for a given time step (Zijlema
et al, 2011). In the particular case of this experiment, we find that a wave breaking criterion

based on H/h can cause the eddy viscosity to momentarily exceed the maximum value

1 dx?

allowed by the CFL criterion (ie v, >Vl§nax=ZF)' One possibility of overcoming this

problem is either to reduce the time step of the model, or to use a time splitting technique
with a smaller time step for the calculation of the wave breaking without impacting the time
step of the other equations of the model. From a numerical point of view, the approach
proposed by Roeber and Cheung (2012) is interesting because their parameterization of the
wave breaking should act on a longer duration, limiting the maximum values of the breaking
viscosity. We choose this approach, mainly for the aforementioned numerical issues, but we
propose to add a modification to that method in order to extend the influence of the breaking
criterion to an even greater proportion of the breaking zone. This is arguably questionable
from the point of view of the realism of the process (Kennedy et al, 2000) but it is an
interesting option considering the numerical aspects mentioned above. More specifically, our
objective is to avoid reducing the time step because of a too restrictive stability condition
related to the wave breaking scheme.

The triggering criterion for wave breaking is inspired from Roeber and Cheung (2012)
but is modified to be active both on the wave crest and between crests. This criterion
considers both velocities and their horizontal gradient. The velocity gradient is scaled by the
wavenumber so that the two quantities have the same order of magnitude. A wave breaking
criterion is then given by the ratio of the sum of these fields to the hydrostatic phase speed

(for simplicity the following formula is given in the case of unidirectional propagation):
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LY
o= [%] 37)
Where u, is the surface current and k is the wavenumber fixed a priori according to the
peak period prescribed at the open boundary. The constant ¢, is determined empirically:
ideally, its role is to allow the average value of f;, to be of the order of unity over a period of
waves (so that the eddy viscosity is on average close to (35)). It may be noted that in the
idealized framework of the linear theory (where the current would be of the form wuycos (wt +
kx)) the term in the numerator of (37) would simply be u,, independent of time, and, in a
breaking situation characterized by a current of an order of magnitude comparable to that of
the phase speed, the constant c; would simply be of the order of (35). The exponent, n, is
used to adjust the selectivity of the criterion. It is in particular chosen so that f;, tends more
rapidly towards O upstream of the breaking zone. The simulations presented in the following

use n=2.
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Figure 11. As Figure 10 but eddy viscosity calcedhtvith (36) and (37). Top: mean surface level

(m). Bottom: wave height (m). Dashed line: 0.8h

Figure 11 corresponds to an eddy viscosity calculated with (36) and (37) instead of (35) with
the arbitrary hypothesis on the depth of the breaking onset (the other parameters being
identical to those of the previous simulation). It is comparable to Fig. 10. The main difference
is in the behaviour within the breaking zone where the curves are a little less linear in the
case of Fig. 11, as a consequence of the non-linear character of (36) and (37). Although the
simulation is slightly less close to the observation in the case of Fig. 11, we prefer to use
(36) and (37), whose formulation is more general rather than (35) which suffers from its

arbitrary definition of the trigger point of breaking.
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Taking into account the breaking in the turbulent closure scheme

The turbulence scheme used here is the k-epsilon scheme (Rodi, 1987). A wave-
related turbulence generation term may be taken into account when the circulation model is
coupled to a phase-averaged wave model (Michaud et al, 2012). In the present case, this
term is not taken into account because the explicit modelling of the waves leads naturally to
a significant production of turbulent kinetic energy (TKE) through the vertical shear of the
current. The relevance of adding an additional production term to represent the assumed
increase in turbulence in the breaking zone is an open question (Feddersen and Trowbridge,
2005) and is therefore examined here. The HEQL1 experience provides the opportunity to
examine this point by providing measurements of the residual onshore current at different
depths and at different distances from the edge of the basin. Here, an additional production
term, P,,,, representing a fraction of the kinetic energy lost by the current via the horizontal
mixing associated with the breaking (ie (36), (37)) , is introduced into the TKE equation of

the k-eps scheme:

Pun = [(32) + () +(32) + ()] 9

Where c, is a constant between 0 and 1. Equation (38) implies that a fraction of the breaking
energy feeds the vertical mixing. The simulated alongshore residual current is obtained by
averaging the alongshore current during the last 50 seconds of the simulation. Figure 12
shows the comparison with the observed current from HEO1. Note that the vertical axis has
been normalized so that the figure is easily comparable to that of Svendsen et al. 2003 (see
their figure 11). Two simulations are made, one with ¢, = 0 the other with ¢, = 0.01. The two
simulations generally give rather satisfactory results with the exception of the current at

X=7.9m Looking more closely at Fig. 12, we notice that the simulation taking into account
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P, (red lines) gives a better agreement with the observations. The simulation without P,,;
(c; = 0, green lines) shows indeed a current with a greater vertical gradient than that of the
observation, in particular at the points located in the shallowest depths. Increasing the
vertical mixing coefficient associated with P,,; reduces the current shear in the breaking
zone. We therefore retain at this stage that this approach can be used to improve turbulence
in the wave breaking zone. However, in the state of our knowledge, the setting of ¢, is
arbitrary and would need to be estimated on other experiments, including in situ data such

as current profiles or more direct observations of turbulence (Costa et al. 2017).
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4.5 The case of a barred beach with rip currents
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The interaction of waves and rip currents is an example of the complexity of possible
interactions between current and waves (Weir et al, 2011). The model is now applied to a
laboratory experiment describing the propagation of monochromatic waves over a beach
with a sandy bar and channels inducing rip currents (Haller et al, 2002, Haas and Svendsen,
2002). This experiment has already been simulated with hydrostatic circulation models
coupled with a phase-averaged wave model (Haas and Warner, 2009, Haas et al, 2003,
Michaud et al., 2012, Bruneau 2009). Like these previous authors, we are interested here in
TEST B of Haller et al. (2002). The basin and its bathymetry are described in detail in the
aforementioned articles. The dimensions of the basin are approximately 17m (cross-shore
direction) by 18m (alongshore direction). The cross-shore slope is 1/30. A bar, located a few
meters from the coast, is cut by 2 channels. Ideally, the two channels should have an
identical shape and the bathymetry of the entire basin should respect an alongshore
symmetry: the central bar is twice as long as the two half-bars touching the side walls and
outside the bar the alongshore gradient is supposed to be nil. However, as pointed out by
Haas et al. (2003), an important feature of this bathymetry is that it actually has irregularities
compared to its idealized design, resulting in dissymmetry of the flow and increasing
instability of the currents. The two rip currents that form at the exit of the channels are for
example clearly different in their form and their intensity, and their respective temporal
variations seem rather decoupled. A bathymetry interpolated from a survey of the wave
basin is used here to better respect the real conditions of the experiment. The horizontal
resolution is 0.06m and the vertical grid has 10 sigma levels. The time step is 1.1 x 1072
seconds. Monochromatic waves of period 1s propagate in the direction perpendicular to the
coast (Fig. 13). The amplitude of the excited waves at the open boundary is adjusted to
obtain a wave height corresponding to the conditions of TEST B, namely about 4.1 cm at the
most offshore measurement points (see Fig. 14 around x=8m). Their wavelength at the
entrance of the domain (where the depth is about 0.38m) is about 1.4m (Fig. 13) in good

agreement with the linear non hydrostatic wave theory. It may be noted that the hydrostatic
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949  approximation under the same conditions would lead to a wavelength of about 1.9m, ie an

950 overestimation of about 35%.
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Figure 13. Surface elevation (cm) after 1 minutesiofiulation. black rectangles: position of bars.
Short black line with label: scale of the waveldngt the entrance of the basin. Horizontal axis:

cross-shore distance (m) from the wave generatentidal axis: alongshore distance (m)

Consistently with Haas and Svendsen (2002) and Haas et al. (2003), the simulation lasts 30
minutes to highlight the observed temporal variations of rip currents. The wave height is
obtained from the difference between the minimum and maximum of the surface level
obtained over time intervals of 1 second. An average wave height is then calculated by
averaging these values obtained every second over the simulation except the first minute to
avoid the spin-up phase. Table 2 summarizes the characteristics of the numerical grid and
the calculation time. The latter can be roughly extrapolated to more realistic applications
considering that the scale ratio between this simulation and that of a realistic case (with for
example dx=3m) is about 50, in other words an area of about 1km x 1km and a simulation

duration of about 1 day.

Number of grid points 300 x 284 x 10
Horizontal resolution 0.06m
Horizontal size of the domain 18m x 17m
Parallel calculation 72 cores
Duration of the simulation 30 minutes
Number of iterations 1 600 000
Computing time 10h

Table 2: grid specificities and computing time thie OCCIGEN supercomputer administered by

CINES (https://www.cines.fr)
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The wave height and mean surface height calculated by the model are compared to
the observations of the TEST B case (Figures 6 and 16 of Haller et al, 2002). The wave
height first increases slowly towards the coast, then increases sharply when the waves
arrive above the bar (Figure 14). The breaking conditions are quickly reached and once the

bar crossed, the wave height is much lower and relatively constant (Figures 13 and 14).
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Figure 14 Left: Mean wave height (cras a function of crosshore distance. Right: Average surf:
elevation (cm) depending on the ci-shore distance. In red: in the center of the bggir 9 m, with

bar). In blue: in the channel axis (y = 13.6

A second breaking zone is highlighted near the coast. This behaviour of the model is in good
agreement with the description of the process given in Haller et al. (2002). In the channel
axis, the wave height increases before the channel, as shown in Figures 13 and 14, because
of the blocking by the opposite rip current. Figure 15 shows the horizontal distribution of the
depth-averaged current, that is very similar to the circulation calculated with the phase-
averaged modelling presented by Haas et al 2003 (their figure 5) and Haas and Warner

20009 (their figure 7).
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Figure 15. Depth and time averaged current (m/sinpoted by SYMPHONIE. Horizontal axis:
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Figure 15 continued: Figure 5 in Haas et al (200B)me-averaged depth-integrated current from (a)
experimental data, (b) the simulation, and (c) sihaulation at the same points as the experimental

data

The rip current slows down the waves, causing the waves to refract toward the centre of the
channel (Figure 13), in agreement with the visual observation of the laboratory experiment
reported by Haas et al. (2003), hereafter HO3, (see their section 6). However, the rip current
does not lead to a wave breaking more important than the one above the bar. The wave
height actually decreases more slowly in the channel than above the bar, so that in the last
meters before the coast the waves are higher in the channel axis than behind the bar (Figure
14). The mean surface level increases at the coast, inducing a change in the average
position of the water line allowed by the wetting-drying scheme of the model. The mean

surface level at the coast is markedly different in the channel axis and in front of the bar, in
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agreement with the observation (Figure 14). As Haas and Svendsen (2002) point out, this
difference is associated with a longshore pressure gradient that drives the flow to the
channels. Laboratory experiments show that rip currents are unstable and are characterized
by large temporal variations. The authors of these experiments emphasize the impossibility
of reproducing twice the same series of measurements, even if the experimental conditions
are a priori unchanged. An exact agreement with the model is therefore not sought.
Nevertheless, we expect from the model that it gives the correct orders of magnitude of the
rip currents and their variability. Figure 16 shows the temporal evolution of the current
averaged over the vertical and over a wave period in the two channels. Given the above
limitations, the agreement with the observations presented in HO3 (see Figure 11.a in HO3)
is good. The rip current at y=4.6r is a little overestimated but, as in HO3, it is mostly lower
than the rip current at y=13.6n. The latter has the good order of magnitude, with maximum
around 20 cm/s. The amplitude and time scale of its variability are also close to the

behaviour described in HO3.

x=10.8m, y=13.6m (black), y=4.6m (red)
| |

0. 400. 800. 1200, 1600.
time(s)

Figure 16. Cross-shore dep#Hverage( phase-averageaurrent (cm / s) in the two channels
x=10.8 m as a function of time (s). Periods shottesin 1s are filtered. Negative values in

direction of the wave generator. y = 13.6m (blaock), y = 4.6m (red line
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1029 The occurrence of the rip current is of the order of 200 seconds without being really regular.
1030 The variability of the rip current is of the order of a few centimetres per second, with a
1031 maximum standard deviation around 6cm/s in the centre of the channel at y=13.5m and

1032 x=11.5m (Fig.17).
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Figure 17 Standard deviation of ttcross-shore depth-averaged current (m/s)
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The vertical structure of the time-averaged cross-shore current in the rip channel (Fig.18)
has similarities with the phase-averaged modelling of Haas and Warner (2009, their Figure
11) with a maximum intensity current around 0.2m/s between x=11m and x=12m. At the
point of maximum intensity (x=11.5m), the current is fairly homogeneous on the vertical
except near the bottom where the current decreases strongly, in good agreement with the
observation (Haas and Svendsen 2002, their figures 17, 18, 19). At the exit of the channel
(offshore direction), the current decreases significantly. The vertical gradient also becomes
larger and close to the bottom at x=9m the current is even reversed (positive values in
Fig.18), in good agreement with the observations (Haas and Svendsen 2002, their figures 13

and 14).

9.0 10.0 11.0 12.0

X(m)

Figure 18. timeaveraged cros-shore current (m/s) at y=13.6rlegative values are in the offshe

direction (decreasing x).

5 Conclusions
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A phase-resolved wave model is derived from an ocean circulation model with the
aim of performing simulations of current-wave interaction in nearshore areas. The model is
evaluated on the fundamental aspects of wave dynamics, namely mainly the dispersion
properties, the transformation of wave characteristics by bathymetry (shoaling, wave-
breaking), the influence of waves on low frequency fields such as the mean surface levels
and rip currents.

With the exception of the post-breaking zone that can be processed in some models
by a hydrostatic approach, the phase-resolved wave modelling requires a non-hydrostatic
model. As the representation of the non-hydrostatic problem in all its complexity seems to be
inevitably very expensive to date (Klingbeil et al, 2018), a scheme allowing a reasonable
compromise between, on the one hand the extra cost of the computation, and on the other
hand an acceptable loss of accuracy of non-hydrostatic properties of waves, has been
introduced into the circulation model. It is shown that relative errors of less than a few % (on
the dispersion relation and the vertical current profile) can be obtained with non-hydrostatic
simulations costing 5 to 6 times more than a hydrostatic model calculated under the same
conditions. The non-hydrostatic additional cost remains obviously high but low enough to
consider simulations of realist events such as storms on very large areas and it is anyway
worth noting that wave-current effect modelling based on a hydrostatic circulation model
normally couple the latter with a phase-averaged wave model whose cost is possibly not
negligible.

The non-hydrostatic method implemented in the circulation model is derived from the
method proposed by Lee et al. (2006). In practice, the classical Poisson problem is
transformed into a pressure propagation equation. The resolution is iterative, local, and does
not need to solve a system of linear equations. An essential aspect of this method is to
properly control the various parameters related to the iterative aspect of the problem. The
equation of pressure propagation depends on a constant (the latter being comparable to a
propagation velocity) which determines the speed of the adjustment of the non-hydrostatic

pressure to a change of the hydrostatic terms in the momentum equations. The precision of
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the non-hydrostatic behaviour depends on the fact that this adjustment is faster than the
variation of the other fields. A meticulous adjustment of the time step of the model is in
practice necessary, taking into account various parameters, including the wave propagation
speed and a possible tuning consisting in reducing the non-hydrostatic pressure gradient. So
far the reduction factor is a constant finding of a compromise in a set of possible values
taking into account a range of periods and depths. Future development will adapt this tuning
to the wave peak period and bathymetry using the analytical reduction factor solution that
this study established from the linearized ACM equations.

The model is tested on idealized simulations and laboratory experiments. The ability
of the non-hydrostatic method to accurately represent the dispersion properties of surface
waves is first demonstrated in the context of the linear theory. Hamilton and Ebersole (2001)
laboratory experiment is used to evaluate the model on the issue of wave height
amplification associated with beach slope as well as wave breaking. The parameterization of
the wave-breaking is based on momentum horizontal diffusion, trigger conditions being
related to a Froude number. The tuning of the horizontal viscosity is consistent with
considerations on the mechanical energy balance. The reasoning can be extended to the
possible production of turbulent kinetic energy in the turbulent closure scheme, leading in
practice to the increase in vertical turbulent viscosity. If the vertical profile of the residual
alongshore current can apparently be slightly improved, on the other hand, the fraction of the
kinetic energy lost by the breaking wave, which can in this way be injected into the vertical
turbulence, remains uncertain for the authors and requires, obviously, to be better
understood. Along these lines, a part of the wave spectrum will still be missing in our future
realistic applications because of the limited grid resolution (the smallest periods being
concerned) with, as a result, a possible underestimation of the bottom stress in shallow
areas that should be taken into account.

Finally, the Haller et al. (2002) laboratory experiment, with its bar and its two
channels, makes it possible to evaluate the model on the rip current problem. The model

correctly reproduces rips currents and their high temporal variability. The feedback of the rip
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currents on the waves, in terms of wave amplification and refraction, is well represented. The
onset of wave breaking is also well simulated, either above the bar or in the channel axis.

This paper does not consider some 3D aspects as the effect of tracers on the
pressure gradient and turbulence, which will be taken into account in future applications of
this model. This also includes sediments that may be of great importance for modelling of rip
currents as shown by Ma et al, 2014. These authors show that a wave-resolving non
hydrostatic model is an efficient approach for the problem of resuspension of sediments by
waves, and the possible feedback introduced by the modification of the equation of state by
sediments, which can have a significant influence on the pressure gradient and the level of
turbulence. In practice our wave model will be coupled with the MUSTANG sediment model
(Le Hir et al, 2011)

The next step is now to implement our model on realistic beaches, where we will
confront the results with in situ data. Infragravity waves and the risk of submersion are
possible applications. Some developments are still needed to provide a realistic wave
spectrum to the boundary conditions of the phase-resolved wave model. The phase-
averaged model, which can be applied over large domains at a reasonable cost, appears to
be a good candidate for providing the boundary conditions to the phase-resolved model. The
phase-averaged wave model can also provide an estimate of the missing part of the wave
spectrum in the deterministic model, helping the former to improve bottom turbulence in
shallow areas. Finally, wave growth by local wind action will eventually be considered in the

perspective of large areas (Deigaard and Nielsen, 2018).

APPENDIX A

The discrete version of % at the left-hand side of (4) is given by the left-side of:

q(x+dx)+q(x—dx)-2q(x) _ az_q d_xzﬂ

dx? T 9x2 12 ax* Al
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1137

dx? 0*q

1138 The right-hand side of Al is given by a Taylor development, 5 ot

being the leading term of

4
1139 the errors made by the numerical scheme. Assuming a sinusoidal shape (% ~ k*q, k the

1140  wave number) leads to (5).

1141

1142

1143  APPENDIX B: time stepping scheme

1144

1145 The equations are calculated with a forward-backward time stepping scheme. The
1146  alternation of the fields along the time axis is presented in Figure 19. The height of the
1147  surface at time t, n, is calculated first, knowing nt~! and velocities at time t-%. Equation (9)

1148 gives q¢ knowing ¢!, %2, and hydrostatic tendencies at time t-1. Note that the vertical

azqt—z
0z2 *

azqt
0z2

1149 laplacian of g is computed with an implicit centric scheme of the type% SO as not

1
2
1150 to limit the time step when the vertical mesh becomes very small (which becomes the case
1151 in sigma coordinates when the bathymetry tends to zero). The vertical velocity at time t-Y%,
1152  used for the advection terms of the equations for u and v, is computed from u and v at time t-
1153 %. Finally, the velocities at time t + % are calculated from the velocities, the sea surface
1154  height and the non hydrostatic pressure of the previous times. Vertical turbulent diffusion

1155 terms are calculated with an implicit scheme.

1156

-2 -3/2 -1 —1/2 1/2
q,n' u, v, w' q,n’ u, v, w' q.1" u, v, W'

1157

1158 Figure 19 chronology of the variables of the model. At treginning of each iterative cycle, the
1159 fields at time t-%2 and time t are known.

1160

1161

1162 APPENDIX C
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The discrete version of the left-hand side of (30) is given by the left-side of:

(t+dt)+n(t—dt)—2n(t
e mEA02O — @ () + 2y W () + Cl

The right-hand side of C1 is given by a Taylor development, exponents in brackets indicating
the order of the derivatives, dl—tzzn(‘*)(t) being the leading term of the errors made by the
numerical scheme. Assuming a sinusoidal shape (™ (t) = w*n(t), w the wave frequency)

leads to 2 n(4)(t) ~ —w 4n(t). Similar reasoning can be done on the right-hand side of

2 4-

(30). The leading error term of the corresponding numerical scheme is , ¢ dlx g -+ equivalent
(if a sinusoidal shape is assumed, k the wavenumber) to c? k n and —c? d? k2 o° " . Then

reformulate (30) using the first two terms of the Taylor developments leads to (31).

APPENDIX D

The potential energy flux is F = gun with u = gn/c. A sinusoidal form sin¥ is assumed

leading to F = gzgngsmhp . A wave period averaging gives F = gZing . Within the wave

breaking zone we assume 2% =y.Using c =,/gh leadsto F = %g3/2y2h3/2. The horizontal

gradient is:

oF _ 3 3/2 2 1/2_
6x_16g h 0x D1
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Consider a constant diffusion coefficient < v, >. The dissipation term due to horizontal

e ou\? : d
diffusion is g, = —< v, > (ﬁ) . Assuming a constant wavenumber leads to ﬁ = kugycos¥

and g, = —< v, > k?u3cos®¥. A wave period averaging gives

2
g = —<Vp > kzu(z)% =—<v,> kzé(@) . Using 2% =y leads to:
kgyh\>2
g = —< v, > %(Q—Cy) D2

Using k = % = 2m/(cT) (T the wave period), the equilibrium of (D1) and (D2) leads to (35)
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