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LONG-TIME CORRELATIONS FOR A HARD-SPHERE GAS
AT EQUILIBRIUM

THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

ABSTRACT. It has been known since Lanford [22] that the dynamics of a hard-sphere gas is
described in the low density limit by the Boltzmann equation, at least for short times. The
classical strategy of proof fails for longer times, even close to equilibrium.

In this paper, we introduce a weak convergence method coupled with a sampling argument
to prove that the covariance of the fluctuation field around equilibrium is governed by the
linearized Boltzmann equation globally in time (including in diffusive regimes). This method
is much more robust and simpler than the one devised in [4] which was specific to the 2D
case.
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1. INTRODUCTION

The goal of this paper is to study the dynamical fluctuations of a hard sphere gas at
equilibrium in the low density limit. The equilibrium is described by a Gibbs measure, which
is a product measure up to the spatial exclusion of the particles, and stationary under the
microscopic dynamics.

A major challenge in statistical physics is to understand the long time behavior of the
correlations even in an equilibrium regime. Our goal is to prove that the fluctuations are
described in the low density limit by the fluctuating Boltzmann equation on long kinetic

1



2 THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

times. The present paper provides a first step of this program, by characterizing the evolution
of the covariance of the fluctuations on such time scales.

Time correlations are expected to evolve deterministically as dictated by the linearized
Boltzmann equation. At the mathematical level, such a result can be regarded as a variant
of the rigorous validity of the nonlinear Boltzmann equation, which was first obtained for
short times in [22] (see also [19, 28, 9, 13, 25, 10, 14, 15]). In fact the same method as in [22],
combined with a low density expansion of the invariant measure, was applied in [30] to prove
the validity of the linearized Boltzmann equation. The result in [30] suffered however from
the same time restriction of the nonlinear case, in spite of the fact that the solution to the
linearized Boltzmann equation is globally well defined.

This limitation was finally overcome in [4], in the case of a two-dimensional gas of hard
disks. The method of [4] used, in particular, that the canonical partition function is uniformly
bounded in two space dimensions. For d > 3 the limit is however more singular, as the
accessible volume in phase space is exponentially small. The goal of the present paper is to
present a much more robust method, based on weak convergence and on a duality argument,
which does not depend on dimension. Our analysis is quantitative and the validity holds for
arbitrarily large kinetic times, even slowly diverging. Hence a hydrodynamical limit can be
also obtained in the same way as in [4], but we shall not repeat this discussion here.

The weak convergence method discussed in this paper allows actually to construct the
limit of higher order moments of the fluctuation field and show their asymptotic factorization
according to the Wick rule, providing a central limit theorem and thereby completing the
program. This result, which requires a nontrivial combination with the cumulant techniques
developed in [5, 6], will be presented in a companion work [2].

1.1. The hard-sphere model. The microscopic model consists of identical hard spheres of
unit mass and of diameter €. The motion of IV such hard spheres is governed by a system of

S
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FIGURE 1. Transport and collisions in a hard-sphere gas. The square box represents
the d-dimensional torus.

ordinary differential equations, which are set in DV := (T x RY)Y where T? is the unit d-
dimensional periodic box: writing x; € T? for the position of the center of the particle
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labeled 7 and v§ € R? for its velocity, one has

dx; . avs . c .
(1.1) 7 Vi g =0 aslongas [xj(t) —x;(t)]>ec for 1<i#j<N,
with specular reflection at collisions:
(Vi) = Vi = (v = V) (6 = x5) (5 — )
(1.2) 1 if x5 () — x5(t)] = ¢.
/
(vi) 5= V5 + (v = i) - (5 = x5) (x5 — )

The sign of the scalar product (vi —v$) - (x; — x3) identifies post-collisional (+) and pre-
collisional (—) configurations. This flow does not cover all possible situations, as multiple
collisions are excluded. But one can show (see [1]) that for almost every admissible initial con-
figuration (x59, vE%);<;<n, there are neither multiple collisions, nor accumulations of collision

times, so that the dynamics is globally well defined.

We are not interested here in one specific realization of the dynamics, but rather in a
statistical description. This is achieved by introducing a measure at time 0, on the phase
space we now specify. The collections of NV positions and velocities are denoted respectively

by Xy = (x1,...,zy) in T and Vy := (vi,...,vy) in R¥, we set Zy = (Xn, Vy)
in (T4 x RON | with Zy = (21,...,2n). Our fundamental random variable is the time-
zero configuration, consisting of the initial positions and velocities of all the particles of the

gas (z?o)i = (x9,vY); in the phase space

Vo= {2 eDV Vit G, |vi—ayl > e}

The particle dynamics Z5, = (z],...,2z%) solution of the hard-sphere flow (1.1)-(1.2) with
random initial data Z5?, evolves in D% (and it is well defined with probability 1). Actually, to
avoid spurious correlations due to a given total number of particles, we shall consider a grand
canonical state: the total number of particles is itself a random variable, which we will denote
by N. The particle configuration is therefore Z5, = (zi,...,25), distributed according to
the equilibrium measure as follows. The probability density of finding N particles in Zp is
given by

(1.3) %MJEV(ZN) - Zi *]‘\;V‘ 1 (Zx) MEN(Vy),  for N=0,1,2,...
with ue > 0 (typical number of particles) tuned as explained below,
1 [of? N .
(1.4) M(v) = cexp (=), MEN(Vy) =[] M),
(2m)2 2 i=1

and the partition function given by

N N
- fhe ,
(1.5) ZE=1+) N!/WNXRM | | RIS (H M(v1)> dXn dVy .
i#j

N>1 i=1

In the following the probability of an event A with respect to the Gibbs measure (1.3) will
be denoted P.(A), and E. will be the expected value.

In the low density regime, referred to as the Boltzmann-Grad scaling, the density (average
total number) of particles is tuned by the parameter u. := g—(d-1) ensuring that the mean
free path between collisions is of order one [16]. With this choice of pe, (1.3)-(1.5) imply
indeed that N (distributed according to a quasi-Poisson process) satisfies

lim E. (M) e?t =1,
e—0
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and the fraction of volume occupied by the spheres ~ E. (V) e goes to zero. Furthermore,
the volume covered by a particle (with velocity of order 1) in a unit of time is O (5d_1).
Hence the above scaling relation implies that the typical free flight time between collisions is
of order 1, as well as the mean free path. If the particles are distributed according to the Gibbs

P z
s € 4

// //
// //
7
(m,w@/f

FIGURE 2. The collision cylinder of diameter ¢ has volume proportional to ¢?~1 |v|T,
where 7 is the time of free flight.

measure (1.3)-(1.5), the limit ¢ — 0 provides then an ideal gas with velocity distribution M.

1.2. The linearized Boltzmann equation. Out of equilibrium, if the particles are initially
identically distributed according to a smooth, sufficiently decaying function f°, e.g. according
to a grand canonical density

/;\%V! 1ps, (Zn) (£°)°" (Zw)

(generalizing (1.3)), then in the Boltzmann-Grad limit p. — oo, the average behavior is
governed for short times by the Boltzmann equation [22]

Otf—i—v-sz:/Rd/Sd1(f(t,x,w)f(t,az,v)—f(t,ac,w)f(t,ac,v))((v—w) -w)+dwdw,
f(O,.%,’U) = fo(x7v)

where the velocities (v',w’) are defined by the scattering law

(1.6)

(1.7) V=0 — ((v—w) w)w, wi=w+ (v—w) ww.

At equilibrium, the convergence holds for all times since the Gibbs measure (1.3)-(1.5)
is invariant under the microscopic flow (1.1)-(1.2) and M is a stationary solution to the
Boltzmann equation. In particular, the empirical density defined by

1 N
(18) 7T§ = Z(Szf(t)

He i
concentrates on M: for any test function h: D — R and any § > 0, t € R,
(1.9) P, (

It is well-known that the Boltzmann equation dissipates entropy, contrary to the original
particle system (1.1)-(1.2) which is time reversible. Thus some information is lost in the
Boltzmann-Grad limit, and describing the fluctuations is a first way to capture part of this
lost information. As in the standard central limit theorem, we expect these fluctuations to

be of order 1/,/11c. We therefore define the fluctuation field ¢* by
(1.10) G (k) = vz (7 () — Be(m (1))

75 (h) — Eg(wf(h))‘ > 5) 0.

e —>00
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for any test function h. This process (¢ has been studied for short times in [5, 6] and was
proved to solve a fluctuating equation. Here we focus on the time correlation

(L.11) Cove(t, go, h) = B (G5 (90)G5 (1))
Before stating our main result, let us define the linearized Boltzmann operator
Loi=—v-Veg+ [ M) (0 =w)-w), o)+ g(w') = gl0) = g(w)] ded
i

which is well-defined in the space L?M, denoting for 1 < p < oo

1
po._ .. Td « RY - P b
(1.12) L2, = {g.T xR =R, |lgl : (/M]Rd 9] Md:z:dv) <oo}.

Theorem 1.1 (Linearized Boltzmann equation). Consider a system of hard spheres at
equilibrium in a d-dimensional periodic box with d > 3. Let gy and h be two functions in L?\/l.
Then, in the Boltzmann-Grad limit pe — oo, the covariance of the fluctuation field (¢f);>

defined by (1.11) converges on RT to /Mg(t)hdxdv where g € L°(L3,) is the solution of
the linearized Boltzmann equation

(1.13) g =Ly,

with 9jt=0 = 9o-

Remark 1.1. It is classical that there is a unique solution to the linearized Boltzmann equa-

tion, which is bounded globally in time in L3, (see e.g. Section 7 in [9]).

The limit is stated for any fized time t > 0, however one can choose t € [0,6] with 0
diverging slowly with €, as 0((log | log 5\)1/4). As shown in Section 2, in the case of smooth
data h, go € WH°°(D) there holds for any T < 1 <K 0

sup
t€[0,0]

Cove(t, go, h) — /Mg(t)hd:ndv

6/ 1
< Clpllwr< lgollwr . ((6%7)1/2 4 (CO)* e ) .

In particular, the hydrodynamical limits hold true leading to the acoustic equations and Stokes-
Fourier equations, as explained in [4]. Theorem 1.1 is a consequence of this estimate by a
density argument (see Section 2).

Remark 1.2. The same result as Theorem 1.1 was proved in dimension 2 in [4] with a
different, more technical and less robust strategy. The proof presented here could be adapted
to the two-dimensional case, at the price of slightly more intricate geometric estimates (see
Appendiz B), but we choose not to deal with this case.

Remark 1.3. Previous work on the (more general) nonequilibrium setting (1.6) has led to
construct the Gaussian limiting fluctuation field for short times by using cumulant expan-
sions [26, 25, 5, 6]. For further discussions on the fluctuation theory of the hard sphere gas
we refer to these references, as well as to [12, 27, 28]. By combining cumulant techniques
and the weak convergence method of the present paper, we can actually derive the fluctuating
Boltzmann equation at equilibrium for long times (see the companion paper [2]).

1.3. Strategy and overview. Let us explain now our strategy in a very informal way,
referring to Section 2 below for the technical details. Our goal is to construct the limit
of Covc(t,go,h) as u: — oco. We will therefore compute expectations of observables of the
following type:

(1.14) peEe (5 (g0)m; (h)) -
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A classical way to proceed ([30, 26]) is to introduce the nonequilibrium measure obtained
from the invariant measure by perturbing it with the sum ), go (zfo)

N
E. ((Z go(zz‘O)) ﬂf(h)> — 2 (x5 (1)) .
=1

To compute expectations of the empirical measure 7§ (h) under this nonequilibrium measure,
one transports the nonequilibrium measure along the microscopic dynamics, and then takes
its one-dimensional projection G§(t) :

(1.15) / G5 (t, 2)h(2)dz = EE° (75 (h)) .

This leads to consider the whole family of finite-dimensional projections G{(t) of the trans-
ported measure, namely the so-called correlations functions defined by

(1.16) /G;(t, ZiVhio(Z1)dZ), = B2 S hal (1), .25 () |, k=12,

1
k

He (11,0 yi)

for arbitrary test functions hy, where (i1,...,4) are k-tuples of particle labels. In fact, these

functions satisfy an infinite hierarchy of coupled linear equations, referred to as the BBGKY

hierarchy; see e.g. [12] for the particular application to fluctuation fields.

The explicit, iterated (Duhamel) solution to this hierarchy is the basic formula in the proof
of Lanford [22], and in most of the mathematical literature on the Boltzmann-Grad limit.
Its main drawback is the above-mentioned time restriction, coming from too many terms in
the iterated formula. This is ultimately due to the fact that we are unable to take advantage
of cancellations between gain and loss terms, and this is true even in our equilibrium setting
(as pointed out in [30]).

In this paper, we propose to take advantage in a more systematic way of the invariance of
the Gibbs measure, in particular exploiting the symmetry between gg and h in formula (1.14).
The general idea is to use the Duhamel iteration of the BBGKY hierarchy, which correlates
configurations at time 0 with configurations at time ¢, only when the number of collisions
is under control. In other cases, we would like to identify locally a pathological behavior
(typically a set B of trajectories with an anomalously large number of collisions), and prove
that the contribution of this bad set B to the covariance is negligible. To do this we use a time
decoupling (and the invariance of the Gibbs measure), as in the following Cauchy-Schwarz
estimate

17 B (G0 GG 1) | < Bx (1)1 Ex (G5 (1)) B ((GG(90)?)

In order to implement this intuition, we will actually proceed iteratively, by using the
Duhamel formula on elementary (small) time intervals. There are then two main ingredients:

(i) suitable stopping rules on collision processes. We will use a refined version of the
sampling procedure introduced in [3, 4] (and reminiscent of those explained in [11] in a
quantum setting). In essence, one checks trajectories locally in each time interval, and stops
at tstop € (0,t) when a pathological behavior is found; see Section 2.4 for details.

(ii) a weak convergence argument relating the Duhamel expansion and some geometric
representation of the correlations. The issue here is to introduce geometric constraints on the
trajectories of finite subsets of particles, using as integration variables the configurations of
particles at time Zst0p, and characterizing locally the pathological sets. This representation,
which will be discussed in Section 2.3, is the key tool to rewrite remainder terms as an ezxpec-
tation over symmetric sets of pathological trajectories, allowing an effective time decoupling
(see Eq. (2.19) below).

1/2



LONG-TIME CORRELATIONS FOR A HARD-SPHERE GAS AT EQUILIBRIUM 7

The paper is organized as follows. In Section 2 we setup our strategy, introduce several
error terms and list the corresponding estimates. Section 3 contains a general bound in
a L2-norm (based on cluster expansion), which is then used in Sections 4, 5, 6 to control the
principal part and the error terms. The required geometric estimates on recollision sets are
discussed in an appendix, restricting this part for brevity to d > 3.

Acknowledgements.
We thank the anonynmous referee for a careful reading of the manuscript, and many useful
comments. This work was partially supported by ANR-15-CE40-0020-01 grant LSD.

2. PROOF OF THEOREM 1.1. MAIN STEPS

2.1. Reduction to smooth mean free data. Let us first prove that, without loss of
generality, we can restrict our attention to functions gg, h satisfying

(2.1) /Mgodz:/Mhdz:O.

We start by noticing that there is a constant ¢ such that for all h € L2,

(2.2) E. (75 (h cE/M
Indeed

n—1
B(ri (1) = 5 X ey [, M 0nten) a2,

/dZ1M(U1)h(Z1 Z‘EZ /D" dZ, H 1z —z>eM p(Vp))

1<i<p
:cg/ M (v)h(z)dz
D

using the translation invariance. Expanding the exclusion condition ngz’gp gy —agi>e — 1
actually leads to c. = 14 O(g) but this fact will not be used in the following.

Denoting by () the average with respect to the probability measure Mdvdz, and set-
ting g := g — (g), we get according to (2.2),

E. (7§ (G0)) = Ee(nf(h)) = 0.
Now, shifting gg and h by their averages boils down to recording the fluctuation of the total
number of particles (in the grand canonical ensemble)

Cov(t, o, h) = Cove(t, Go, h)+(g0)Ex (¢ ()G (R) ) +{E- (¢*(1)G (G0) ) +(h) (90) < (¢7(1)?)
where we used the time independent field (¢(1) = \/% (N—=E.(N)). Using the time invariance
of the Gibbs measure, the time evolution of Cov, is unchanged

0 Cove(t,go, h) = 0 Cove(t, Go, )
and the result follows from (1.13) and the fact that for all functions hy and hs in L%,

/ M(Lhy)hy dzdv = / M(Lhy)hs dzdv .
It will be also useful in the following to work with functions gy and h with additional

smoothness (namely assuming go Lipschitz in space, and both functions to be in L* and
not only L?VI) For this we notice that we can introduce sequences of smooth, mean free
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functions (g§'),-o and (h%),- approximating go and A in L%, as @ — 0. By the Cauchy-

Schwarz inequality there holds for all mean free functions hq and hs in L?M
Cove(t, h1, ha) = Ec (G5 (h1)¢; (h2))
1 1
< Ec(¢5(h1)?) % B (G (ha)?)?

which is bounded uniformly (for small €) by virtue of the a priori estimate (see [28] or
Remark 3.3 below)

(2.3) Vhe L3, E.(G(h)?)

In particular

N[

<Clhfl,, C>0.

‘Cove(t,gg,h)—Covg(t,gg,ho‘) —0, a—0,

uniformly in €. In the following, we therefore assume that gg and h are mean free and smooth.

2.2. The Duhamel iteration. For any test function h : D — R, let us compute

1 - 4
E. (C5(g0)CE(h)) = L E ((;go(zf(O))) (z;h(zi(t)))> .

Thanks to the exchangeability of the particles, this can be written

(2.4) B- (G (a0)GF (1) = [ G2

where G is the one-particle correlation function

Gi(t,z1) : ,u Zp' /D dzg...dz14p Wiy, (t, Z14p),

and W5 () is defined as follows. At time zero we set

N
(2.5) % X (Zn) = ;E lj\;, s, (Z8) MEN (Vi) Y~ go(zi) 4
=1

and W (t) solves the Liouville equation
(2.6) oWy + Vn - VXNW]% =0 on Dy,

with specular reflection (1.2) on the boundary |z; — ;| = €. We actually extend W5, by zero
outside DY.

As a consequence, to prove Theorem 1.1 we need to prove that G(t) converges for all times
to Mg(t), where g solves the linearized Boltzmann equation (1.13) with initial datum go.

Similarly for any test function h,, : D™ — R, one defines the n-particle correlation function

(27) G€ t Z Z p‘ dZn+1 PN d2n+p W’Vi—l—p(t? Zn+p)

so that

1 Yy 15 e 5 e
lug(;go(zi(O)))< > bz 0,7, (1) :/Gn(t,Zn)hn(Zn)dZn.

(i1,-in)
Here and below we use the shortened notation for n-tuples
(7:17"'7in) 11,,1n€{1,,/\/}
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Remark 2.1. From the explicit structure of the Gibbs measure, the following uniform bound
is derived in [30] (see also Lemma 6.1 below)

G50, Zn)| < C"ME™ (Vi) llgolloo

for some constant C' > 0 independent of €. However, one is unable to propagate this initial
estimate in time improving the rough a priori bound |GS(t, Z,)| < pC"M®™ (V,,) |lg90]|oo -
For this reason, the theorem of Lanford cannot be applied iteratively to reach arbitrary times
in this close-to-equilibrium setting; see [30] for details.

Using the Liouville equation (for fixed ¢), we obtain that the one-particle correlation func-
tion G5 (t,z1,v1) satisfies
(2.8) OG] + 1 -V, G = Cf 2G5
where the collision operator comes from the boundary terms in Green’s formula (using the
reflection condition to rewrite the gain part in terms of pre-collisional velocities):

(CT2G5) (21, 01) = /Gg(ﬂclavlpm +ew, v3) ((v2 — v1) - w) , dwdvy
(2.9)
- /G§($17017$1 + ew, v2) ((v2 — v1) - w) _ dwdvy,

with as in (1.7)
vi=v; — (v —v2) ww, vh=vy+ (v — V) Www.
Similarly, we have the following evolution equation for the n-particle correlation function :

(2.10) BGE +V, - Vy, G = CF

€ €
n,n—l—lGn-I—l on Dn?

with specular boundary reflection as in (2.6). This is the well-known BBGKY hierarchy
(see [8]), which is the elementary brick in the proof of Lanford’s theorem for short times.
As Cf 4 above, Cf ;. describes collisions between one “fresh” particle (labelled n + 1) and
one given particlei € {1,...,n}. Asin (2.9), this term is decomposed into two parts according
to the hemisphere +(vp41 — v;) - w > 0:

n
5 5 L €,% 5
Cn,n+1Gn+l T § Cn,n+1 n+1
=1
with
et Ge dwd
( n,n-+1 n+1 n+1 xﬂvz"rl + vavn—f—l)((vn-i-l - vi) ’ w)+ W AVUn+1

- /szﬂ(zm i+ EW, Upy1) ((Un+1 — ;) - w)f dw dvp41

where (vj,v], ;) is recovered from (v, vn41) through the scattering laws (1.7), and with the
notation

Z7<:> = (21, Ny /7 S PPN Zn) .
Note that performing the change of variables w — —w in the pre-collisional term gives rise
to

( ’Z:H-l 781+1)(Zn) = /( 2+1(Z,§f>,mi,vl’-,xi +5w,v;+1) - G;H(mefi - sw,vn+1)>

X ((Un+1 —v;) -w)+ dw dvp 41 -

Since the equation on G, involves G, obtaining the convergence of G requires under-
standing the behavior of the whole family (G%),>1. A natural first step consists in obtaining
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uniform bounds. Denote by S the group associated with free transport in D¢ (with specular
reflection on the boundary). Iterating Duhamel’s formula

G5 (1) = SE(HG + / S5t~ 1)Cl 1 G (1)

we can express formally the solution G%(¢) of the hierarchy (2.10) as a sum of operators
acting on the initial data :

(211) Z Qn n+m n+m ’
m>0

where we have defined for ¢ > 0

t1 tim— 1
(2.12) nnm(t) n+m : / / / t)C g 1Sng1(t — 12) Oy o
CSE o (tn)GE, d - dty
and Q5 ()G = S5 ()G

Let us sketch how an a priori L* bound can be derived from the series expansion (2.11).
We say that a belongs to the set of (ordered, signed) collision trees Aim if a = (a;, si)1<i<m
with labels a; € {1,...,n+i—1} describing which particle collides with particle n+i, and with
signs s; € {— +} specifying the collision hemispheres. Each elementary integral appearing
in the operator @)y, ,,,,, thus corresponds to a collision tree in Aim with m branching points,
involving a s1mplex in time (t; > to > -+ > t,,,). If we replace, for simplicity, the cross-
section factors by a bounded function (cutting off high energies), we immediately get that
the integrals are bounded, for each fixed collision tree a € A* m» DY

(Ct) (c)m
m!

< lgollz=Cg*™

[[eq
(see Remark 2.1). Since |AF, | = Qm(m—i—n —1)!/(n—1)!, summing over all trees gives rise to
a bound C™™t™||go|| L. The series expansion is therefore uniformly absolutely convergent
only for short times. In the presence of the true cross-section factor, the result remains valid
(with a slightly different value of the convergence radius), though the proof requires some
extra care [21, 22].

2.3. Pseudo-trajectories and symmetric expectations. In Lanford’s strategy described
above, the number of collisions m is not under control a priori and this is the reason for the
short time of validity of the result in [30]. To extend the convergence for long times, it is
therefore crucial to control the number of collisions. The idea is to introduce a sampling, apply
Lanford’s strategy on elementary time intervals, and discard terms corresponding locally to
too many collisions. For this, we shall use a geometric interpretation of the expansion (2.11)-
(2.12), which we introduce next.

2.3.1. Pseudo-trajectories. (see e.g.[6]) For all parameters (t;,w;, Un+i)i=1
and all collision trees a € A*

m with t; > ;41

7

one constructs pseudo-trajectories on [0, ]

mn,m?
Vom =VYom (Zn, (aq, si, ti, wi, Un+i)i:1,...,m>
iteratively on i = 1,2,...,m as follows (denoting by Z;_ () the coordinates of the pseudo-

particles at time 7 < ¢;, and setting ty = t):
e starting from 7, at time ¢,
e transporting all existing particles backward on (¢;,t;_1) (on Dj_; | with specular
reflection on the boundary),
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e adding a new particle labeled n + i at time ¢;, at position zf (t;) + es;w; and with
velocity vn44,
e applying the scattering rule (1.7) if s; > 0.
We discard non admissible parameters for which this procedure is ill-defined; in particular we
exclude values of w; corresponding to an overlap of particles (two spheres at distance strictly
smaller than ) as well as those such that w; - (vm_i — vy, (tf)) < 0. In the following we denote
by Gt (a, Z,) the set of admissible parameters.

Definition 2.2. We call creation the addition of a new particle n+i at time t; (with scattering
or without).

We call recollision a collision between pre-existing particles corresponding to a configuration
in OD;, ;_y for some time in (t;,t;—1). In particular, a recollision does not involve a fresh
(just created) particle in the backward pseudo-trajectory.

With these notations, one gets the following geometric representation of the correlation
function G¥, :

Go(t,Zn)=>_ Y /g y Z)ddedeVnHMm

m=>0 aéAim
m
x (H si( (vnti = v5,(4)) -wi)+> G (Zim(0)
=1

where (Trn, Qm, Vit intm) = (ti, Wi, Ungi) 1<i<m-

In the following we concentrate on the case n = 1 since as explained above, it is the key
to studying the covariance of the fluctuation field: our goal is indeed to study

/dzlei(t, ah(z1) = I

m>0

where

Ini= 3 [ daah(a1) (@106 ()
m>0
Since we would like to control the collision process independently of the structure of the
initial data, it is useful to define a “dual” operator Q7" ,,(t)

213) [ dahlz) @1 ®G0) (1) = [ dZin Q50 Oh()) G2 (Zrs)

By this procedure, pathological behaviors may be identified directly at the level of the test
function Q7" 1, (t)h(21). This corresponds to changing integration variables, in such a way
that the standard Duhamel iterated formula on the left hand side assumes a more practical
(and more symmetric) geometric representation, in terms of trajectories evolving forward in
time.

2.3.2. The duality argument in the absence of recollisions. Let us assume momentarily that
there is no recollision in the pseudo-dynamics. Denoting by Qﬁ?l +m the restriction of Qf 1,
to pseudo-trajectories without recollision, and recalling the series expansion (2.11), we there-
fore focus in this paragraph on

10 .= Z [21 = Z /dZ1h(Zl)Qi?1+m(t)Gigm'

m>0 m>0
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Let us fix the integer m > 0. Expanding the collision operators leads to

D=3 [ dah(z1)dlndmdVam <Hs@-((v1+¢—v2i(t? >)-wi)+> Gi%m (Z11m(0)) |
=1

P
aeAfm “

where P, is the subset of D x ([0,#] x S¥~! x R%)™ such that for any 2, (i, wi, V1+i)1<i<m
in P,, the associate pseudo-trajectory is well-defined and satisfies the requirements that as
time goes from t to 0, there are exactly m creations according to the collision tree a, and no
recollision. Recall that a tree a encodes both the labels of the colliding particles (namely 1-+1
and a;) and the signs s; prescribing at each creation if there is scattering or not.

Given a tree a € .Afm, consider the change of variables, of range R,:
(2.14) (21, (ti, wi, Vi) 1<i<m) € Pa — Zi1(0) € Ra.

Definition 2.3. We call forward flow the reconstruction of the dynamics on [0,t] starting
from the configuration Z7 ., (0).

In the forward dynamics, two particles are said to encounter if they find themselves at dis-
tance € leading to a creation or a recollision in the corresponding backward pseudo-dynamaics.

In the case without recollision, if we start from some Z1,,, € R, at time 0, we can recon-
struct the forward dynamics on [0, ] by removing at each encounter the particle with highest
index, and possibly scattering the other colliding particle according to the sequence (8;,—i+1);-
The collision parameters (t;, w;, v144)1<i<m are thus uniquely defined. This proves that the
change of variables (2.14) is injective. Note that the knowledge of the sequence (a;) is not
useful in this construction.

From the encounter condition

wfyy () — 2, () = 25y (tip1) — 25, (Lig1) + (8 — tip1) (V54 (67) — 05, (65)) = esiw;

we deduce that

1
d$i+1d1}i+1 = — ((Ul—f—i - ’UZ. (t:_)) . wi) dtidwidviﬂ .
He ’ +

Thus the jacobian of the change of variable (2.14) can be computed recursively

1 m
o L (o =, 6) )
€ =1
Denoting by z5(t, Z14+m) the configuration of particle 1 at time ¢ starting from Zi4,, € R,
at time 0, one can therefore write

m

I?n — Z ILL?L /R le_y_mGi:gm(Zl—s—m)h(Z‘lg(tv ZH-m)) H i -

aGAfm i=1

Note that the restriction to R, implies that Z;,, is configured in such a way that the
encounters will take place in a prescribed order (first 1 + m with a,,, then m with a,,—1,
etc.). This is related to the symmetry breaking in the iterated Duhamel formula. Usually
this symmetry breaking is not an issue since we work with L°° estimates on correlation
functions, and therefore L' bounds on test functions. But here we intend to work with
different estimates (see (1.17)), and it is important to keep the symmetry as much as possible.
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Using the exchangeability of the initial distribution, we therefore symmetrize over the labels
of particles and set

(2.15) 0 (Zimt1) = m+1 > h(EZayt Ze)liz,era Hsz
=1

0€Gmt+1 ge AT

1,m
where &,,+1 denotes the permutations of {1,...,m + 1}, and
Ze = (Za'(l)’ SRR Za(m+1)) :

Remark 2.4. Note that the change of variables
(0, 21, (ti, wis V1) 1<i<m) — Z5 4 (0)

is almost injective : it suffices to prescribe two sequences of m signs to fix the label of the
particle to be removed at each encounter, and the possible scattering, to reconstruct the
pseudo-dynamics. We therefore expect the different terms of the sum with respect to per-
mutations o in (2.15) to have essentially disjoint supports, and therefore the L? norm of the
symmetrized function <I>9n+1(Zm+1) to be smaller by a factor \/(m+ 1)! than the original

function pf" 35, 4% W25 (t Z14m)) 121y meray [Timy i

By definition, ®%, 41 encodes m independent constraints of size ¢/ (the size of the cylinder
spanned by each particle between two collisions) corresponding to the creations in the pseudo-
dynamics on [0, t], so we expect

/ 180,41 (Zons) MO (Vi 1) AZonss < (1Bl e ) CCEY™
for some C' > 0. In order to estimate
(2.16) = [12n G2 (i) s (Zm)

the key idea is now to use the Cauchy-Schwarz inequality to decouple the initial fluctuation
from the dynamics on [0,¢]: indeed, setting

1

(2.17) E.(20,,) =E. W( S Bz fmﬂ))
e (i1,-tm41)
and introducing the centered variable
1
(218) q)m—‘rl (Zi\/’) = Tm+1 Z q)m—i-l( 7,1’ RN zsm+1) —E (q>9n+1)
He iy ima)
we have
. N 1,
> E( B0, (Z3) Y 00(2) ) = D (2 95,11 Giloo))

SEE((CO 90)) )1/2 ZE <M6(®m+1) )1/2,

and I° differs from the above quantity by a small error coming from the subtraction of the
average (which will be shown to be negligible).

One important step in this paper will be the estimate of the last expectation in (2.19). It
requires to expand the square and to control the cross products using the clustering structure
of @ 1 (Zm41)®Y,,1(Z),,1). This will be achieved in Proposition 3.1.
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At this stage, the weak convergence method does not seem to be much better than the
Lanford’s method, since we expect an estimate of the form

In| < C(ct™,

which diverges as m — oo despite the fact that it does not even take into account pseudo-
dynamics involving recollisions, for which the change of variables (2.14) is not injective.

However, since the duality argument “decouples” the dynamics and the initial distribution,
it will be easier to introduce additional constraints on the dynamics. Typically we will require
that

e the total number m of collisions remains under control (much smaller than |log¢|);
e the number of recollisions per particle is bounded, in order to control the defect of
injectivity in (2.14).
Hence our strategy is to apply the above explained argument at a suitably defined stopping
time, as introduced in the following section.

2.4. Sampling. As in [4], we introduce a pruning procedure to control the number of terms
in the expansion (2.11) as well as the occurrence of recollisions. We shall rely on the geometric
interpretation of this expansion: to have a convergent series expansion on a long time (0, 6)
with 6 > 1, we shall stop the (backward) iteration whenever one of the two following condi-
tions is fulfilled:

e super-exponential branching : on the time interval (9 — k7,0 —(k— 1)7’), with 7 < 1

to be tuned, the number ny, of created particles is larger than 2¥;
e recollision : on the time interval (9 —(k—1)7—r0,0 —(k—1)7—(r— 1)5) with § < 7
to be tuned, there is at least one recollision.

Note that this sampling is more involved than in [4] since we essentially stop the iteration as
soon as there is one recollision in the pseudo-dynamics : this will be used to apply the duality
argument. Note also that both conditions (controlled growth and absence of recollision) have
to be dealt with simultaneously: it is indeed hopeless to control the number of recollisions if
the number of collisions can be much larger than |loge].

The principal part of the expansion will correspond to all pseudo-trajectories for which

the number of created particles on each time step (9 — kt,0 — (k — 1)7'), for 1 <k <0/,

is smaller than 2¥ and for which there is no recollision. Recalling that Qi?n +m denotes
the restriction of @, ., to pseudo-trajectories without recollision, and setting K := 6/
and Np =1+ --- + ng, we thus define the main part of the expansion as
;mai — 0 0 0
(220) Gi maln(e) T Z i,]\h (T) ctt Q?VK_l,NK (T)G%K °
(np<2*)p<i

In order to prove that G§ — G7™*" is small, we will use the duality argument discussed in
Section 2.3.2, which requires an a priori control on the number of recollisions allowed in the
dynamics.

This means that we do not work with arbitrary realizations of the hard-sphere dynamics:
we rather condition the measure to avoid atypical configurations, defined as follows. Given
an integer v € N, we call microscopic cluster of size v a set G of v particle configurations
in T¢ x R? such that (z,2') € G x G if and only if there are z; = 2, 29, ..., 2 = 2’ in G such
that

|ZL‘¢—$¢+1|§3\/W5, VlSZSE—l,

where V € R is related to an energy truncation. To fix ideas, we choose from now on

(2.21) 6<<7'<<1<<9<<(log|10g5|)1/4 and y=4d, V =|loge|, §=cl"2a .
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Definition 2.5. Given v € N, we define the set Y5, as the set of initial configurations Zﬁ\(,) €
S such that for any integer 1 < k < 0/7 and any integer r € [0,7/6], the configuration at
tzme 0 — (k— 1)1 —ré satisfies

and any microscopic cluster of particles is of size at most 7.

Thus the main contribution to the Duhamel expansion will be given by the restriction to
configurations in Y%,. For this reason, we introduce the tilted measures

(2.22) Wi = Wg 1rs,
and the corresponding correlation functions (éfl)n>1 defined as in (2.7).

Remark 2.6. For the measure supported on Y%, it is easy to see that on the time inter-
val (0 — (k —1)7 — 76,0 — (k — 1) — (r — 1)§), two particles from different clusters will not
be able to recollide. Indeed the total energy of each microscopic cluster is at most YV?/2 so
that the variation of the relative distance between two particles from different clusters is at
most 2,/ V4, which prevents any collision.

Now recall that K = 0/7 and Ny = 1+---+ny (where ng is the number of created particles
on the interval (§ — k7,0 — (k — 1)7) in the backward dynamics), and let us set R := 7/4.
Defining

rec £ 0

nnt+m " Ynn+m ~ ¥nnt+m

the restriction of @,

n.nim to pseudo-trajectories which have at least one recollision, we can
?

write the following decomposition of é‘i

(2.23) G1(0) = GY™™(0) = GY(0) + GTUP(0) + G (0)
with
GO = Y QP () QR N () (G, — CR) .
(ne<2F)p< i
The term

K
GT( Z Z Z QN (1) ...QN _, N, (T) ivk(Q*kT)

k=1 (nj §27)33k71 ng>2k

is the error encoding super-exponential trees. The term G7"°°(6) encodes the occurrence of a
recollision. We denote by n;*° > 0 the number of particles added on the time step (0 — (k-
1)7 — 76,6 — (k— 1) — (r — 1)8) (on which by definition there is a recollision), and by n{ :=
ng — i the number of particles added on the time step (6 — (k—1)7 — (r—1)8,0 — (k—1)7)
(on which by definition there is no recollision). We then define

K R
G17(0) = Z Z Z Z Z Q1 Nl( 7). QN N1 (T)

)
?\(f)k 1,Ng 1+n2((r B 1)5) ?\E;Z_1+n2,Nk_1+n%+nzec (5) ~§Vk (9 B (k - 1)7— - T(S) :
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2.5. Analysis of the remainder terms. Recall that our aim is to compute the integral
n (2.4). By definition,
(2.24)

E- (G5 (a0)G5 (1)) = [ G (O)h(z) d — [ G O)h(a) ds + B (Lo G (a0)G5 1)

+ / GSP(O)h(z) dz + / G (0)h(z) dx .

The first two remainder terms consist essentially in measuring the cost of the constraint
on T§,. They are easily shown to be small thanks to the invariant measure: the following
proposition is proved in Section 6.1.

Proposition 2.7 (Cost of the conditioning). With the previous choices (2.21) of parameters,
the conditioning is negligible in the sense that

(2.25) Pe(“Y5) < 0 e

In particular,

\ / A1 G0, 20)h(z1) | < Ol oo () 190l Lo () (COZ ™ (82) /2,

|Ec (Lev5,.65(90)G5 (R)) | < Cllhll ooy llgoll 2, (6™ .

Furthermore, there holds

(2.27)

(2.26)

E. (Gloo)lvy,) | < Clloollzz, (=12

It remains to study G7*P(0) and G7"*°(0). For these two terms we use the a priori L?
control on fluctuations, and thus rework the duality argument of Paragraph 2.3.2. The
following proposition is proved in Section 4 thanks to the quasi-orthogonality estimates of
Section 3 and the clustering estimates of Section 4, the extra smallness coming from the
assumption that the tree becomes superexponential on a short time interval of size 7.

Proposition 2.8 (Superexponential trees). If 6,7 are chosen such that
(2.28) lim 67 =0,

He—>00

then

[ @165 6 0me0) | < Ol o, (697

The possibility of recollisions makes the analysis of G7"™° more intricate : it is however
possible to revisit the arguments of Section 4, to gain smallness thanks to the presence of a
recollision on a time interval of size §. The following proposition is proved in Section 5.

Proposition 2.9 (Recollisions). Under the previous scaling conditions,

‘/dzlGi’rec(g, zl)h(zl)

To conclude the proof of the main theorem, it remains to study the convergence of the
principal part.

1

/T 1
< Cllh e llgoll 2, (CO)2" e

Proposition 2.10 (Principal part). Under the previous scaling assumptions, there holds
‘/Gi’mam(ﬁ 2)h(z)dz — /M Yh(z)dz
9/7‘
+ C||h| oo () | V2 90| £ () (CO)

where g is the solution of the linearized Boltzmann equation (1.13) with initial datum go.

0/
<Cllg ) lgoll =) (£'/2(C)* +eT)
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The proof of this proposition is the content of Section 6.2.

Collecting this together with the decomposition (2.24) and the previous propositions, The-
orem 1.1 is proved, provided that the scaling assumptions are compatible. The conver-
gence holds globally in time, i.e.for any finite 6 and even for very slowly diverging 6§ =
o((log|loge|)!/4). Choosing for instance

(2.29) 7 = (6% log|loge]) Y2,
we check that

0
(2.30) im ——— =0 and lim 637 =0,
n=—0 7 log | log ¢| f1e—500
so that (2.28) is satisfied and all remainders converge to 0. U

3. QUASI-ORTHOGONALITY ESTIMATES

To control the remainders associated with super exponential branching G7“*P(#) and rec-
ollisions G{"*“(), we shall follow the strategy presented in Section 2.3.2 using a duality
argument. More precisely, in order to use the L? estimate (2.3) on the initial fluctuation
field ¢5(go), we need to establish L? estimates on the associate test functions @y, , see (2.17)-
(2.19). We prove here a general statement which will be applied to the superexponential case
in Section 4, and to the case of recollisions in Section 5.

In the following we denote for i < j

Zij = (Ziy Zig1,- -5 %5) -

Proposition 3.1. Let ®n be a symmetric function of N variables satisfying

(3.1) sup /](I)N(ZN)]M@N(VN)dXN_ldVN < C¥py
CCNETd
(3.2) sup d/ N (ZN)ON(Zo, Zns1,28—0) [ MEPN O (Von o) dXon—o—1dVan—
Ton—¢€T
N pet
SC ﬁpg, gzl,...,N,

for some C, po, pr > 0. Define the mean E.(®n) and the centered variable dy as in (2.17)-
(2.18). Then there is a constant C > 0 such that

(3.3) B (®n)| < CVpy
and
~ N ~
(3.4) Es(ﬂeq)?\f ) < cN Z pe+ O (CNP%5> :
=1

Remark 3.2. Properties (3.1) and (3.2) will come from the fact that the ®n, are sums of
elementary functions of size pN*=1 in L, supported on dynamical clusters. These clusters
can be represented by minimally connected graphs with Ny vertices, where each edge has a
cost in L' of the order of O(0/p:). In order to compute the L' norm of tensor products, we
will then extract minimally connected graphs from the union of two such trees, which provides
independent variables of integration. Additional smallness (encoded in the constants po, pe)
will come from the conditions that there are recollisions, or that many creations of particles
are localized in a small time interval (see Sections 4 and 5).
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Proof. We start by computing the expectation

1
E. (D) = H—NEs( 3 @N(zfl,...,sz)>
(3.5) p
ZE /dZN+pp o, (Zn4p)MENT (Vi )N (Z) -

p>0

This expression will be estimated by expanding the exclusion condition on Zn4, = (Zn, Zp)
using classical cluster techniques. We will consider Zx as a block represented by one vertex,
and (Z;)1<i<p as p separate vertices. We denote by d(y,y*) the minimum relative distance
(in position) between elements y, y* € {Zn, Z1,...%,}. We then have

1D?v+p(ZN+p) = 1D?v(ZN) H Li(y,y)>e
v, y*€{ZN,Z1,---Zp}
y#y*
=1p5,(Zv) D 1o, (Zoo) 0(ZN, Zog)
O—OC{lv"'vp}
where o is a (possibly empty) part of {1,...,p}, of is its complement, and where the

cumulants ¢ are defined as follows

(36) (ZN’ Z H (_1d(y,y*)§€) ’

G€C1+\g\ (y,y*)€E(G)

denoting by C,, the set of connected graphs with n vertices, and by E(G) the set of edges of
such a graph G. By exchangeability of the background particles, we therefore obtain

1 Po
Eg(@]v) — ? :LLE

, / MO L. (Zy)dZ,
po=0 PO

(3.7) <y re [ ez, 2 )i (20)00(20) 2N dZ,,
p120

= Z /M® NPV (2N, Zp, ) 103 (Z8)ON(ZN)dZNd 2y,
P1>0

where in the last step we used the definition of the grand canonical partition function Z¢.
A powerful tool to sum cluster expansions of exclusion processes is the tree inequality due

to Penrose ([23], see also [20]) estimating sums over connected graphs in terms of sums over

minimally connected graphs. It states that the cumulants defined by (3.6) satisfy

(3.8) |0(Zn, Zp)| < D I tawy=

TeT1+m (y,y*)EE(T)

where T14p, is the set of minimally connected graphs with 1 + p; vertices.

The product of indicator functions in (3.8) is a sequence of p; constraints, confining the
space coordinates to balls of size € centered at the positions Xy, Z1,...Z,,. We rewrite it
as a constraint on the positions zy,Z1,...Zp, (recalling that Xy is considered as a block,
meaning that the relative positions inside it are fixed). Integrating the indicator function
with respect to X,, provides a factor CP1 N digdpr where d; is the degree of the vertex Xy
in T. Then, using (3.1) to integrate with respect to X _1, Viv provides a factor C pq.
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It is classical (see for instance [6, Lemma 2.4.1] for a proof) that the number of minimally
connected graphs with specified vertex degrees di, ..., d14p, is given by

1+p1

(3.9) (p =Y [ @di—1r.
=1

Therefore, combining (3.7) and (3.8), we conclude that there exists C’ > 0 such that

N
N d
(310)  RA2MI SO0 ) | (O™ D |
p1>0 di,.. ,dp1+1>1H (z_ )

from which (3.3) follows by taking e small enough and using the fact that using the series
expansion of the exponential

1
> W‘Z dl_l,Z 2_1 D mzN‘fNepl-

1 yeedpy +1>1 di>1

In order to establish (3.4), we note that

B By ) = e | (3D Oaleh) | e (EE0)°

(41,,iN)

and first expand the square

E( Y on “,...,sz))z

(11,-5iN)

=E. Z Dy (z “,...,sz) Z (I)N(ZZ,...,Z%V)

(i15siN) (3 yensify)

There are two configurations of (different) particles labelled by (i1,...,ix) and (¢, ...,iy),
with a certain number ¢ of particles in common, ¢ = 0,1,..., N. Using the symmetry of the
function @y, we can choose iy = i},i2 = i5,...,i = i, as the common indices and we find
that

E(( Y v ..,sz))2 :ZV;(]Z)QE!

(3.12) (i1,-0N)
XE( Y an(a 7 )ON(E g ),

(ik)ke{1,...2N—¢}

where the combinatorial factor (]Z )2 comes from all possible choices for sets A and A’
in {1,...N}, with |A| = |A/| = ¢, corresponding to the positions of the common indices
in both N-uplets. The factor ¢! is due to all possible bijections between A and A’, corre-
sponding to the permutations of the repeated indices.

Next we treat separately the cases £ = 0 and ¢ # 0.
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Step 1. The case when all indices are different £ = 0. Let us compute

1
mEg( Z Q)N(Z’LE'l""7Z§N)¢N(Z§N+17'"7ZZ§2N)>

(il"“»iQN)

p
- % Z/dZ2N+pl;T1D§N+p(Z2N+p)M®(2N+p)(VQN+P)(I)N(ZN)(I)N(ZN+1,2N)~
p>0 ’

€

(3.13)

Cluster expansion of the exclusion

/ in the invariant measure

ai
Xy

Xy

Dynamical constraints encoded
in &y (Zy) and Oy (Z)y)

FIGURE 3. Cluster expansion of the exclusion when Zy and Zj, are disjoint. The
red graph is a minimally connected graph on Xy (blue graph), X} (green graph)
each seen as one vertex and of = {1,2,3,4,5}. This graph encodes 6 constraints,
independent from the dynamical constraints encoded in ® N (Zy) and ®n(Z}y); these
dynamical constraints on Xy and X}, are represented by two (minimally connected)
graphs with NV vertices, which corresponds more or less to the situations treated in
Sections 4 and 5 (see Remark 3.2).

We can proceed as in the proof of (3.3) by expanding the exclusion condition on Zyn 4, =
(ZN,ZY, Zp) (see the red part in Figure 3) and considering Zy and Z); as blocks represented
each by one vertex. We then have

Ips,  (Zantp) = 1o (Zn)1ps, (Z3) ) 1Df00|(Zao)[¢(ZN,va,Zag)

UOC{17"'7P}
+ Y wl2n 22, 2o
O'UO'/:O'(C)
oNo’=0
where 0, 0,0’ are (possibly empty) parts of {1,...,p}, and where we use (3.6) and

(Zn, 2y, Zo) = Z H (—Lagyy<e) -

GeCay o) (y,y*)EE(G)
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By exchangeability of the background particles, we therefore obtain (as in (3.7))
(3.14)

’““f /M® 2N+10>1Ds (ZN,ZN,Z YON(ZN)ON(ZN)dZndZNdZ,
p>0
Mél“
= /M® NIV O(ZN, D, Dy ) s, (Z8) s, (Z) PN (ZN) BN (2 ) dZNdZ N d Z,,

p1>0

2
+Ma< Z pe /M®(N+p1) (ZN, Zp,)1ps, (ZN)(I)N(ZN)dZNdel)
p1>0

The last term is equal to . (E-(®x))? by (3.7), therefore it cancels out in the computation
of (3.11).
The second line in (3.14) is treated as before. By the tree inequality

‘ (ZNvZN’ ;Dl Z H 1d(y7y*)§€7

Te7'2+p1 (y,y*)€E(T)

we reduce to p; + 1 constraints confining the space coordinates to balls of size € cen-
tered at the positions Xy, X\, Z1,...Zp,, which we can rewrite as a constraint on the posi-
tions xn, 'y, Z1,...Tp, (recalling that X and X}, are considered as blocks, meaning that
the relative positions inside each one of these blocks are fixed). Integrating the indicator
function with respect to )_(pl,xN,x’N provides a factor N td2gde1+1) where dy and dy are
the degrees of the vertices Xn and X}, in 7. Then, using (3.1) to integrate with respect

to Xn—1, X_1, Vi,V provides a factor (C’Npo)z. We conclude that the second line in (3.14)
is bounded by

N 2 1 d, \p1+1 Nt AN 2
(3.15) (C%po) Z (C'e%pe) Z m = O(C™ pge)
p120 di,...,dp, +2>1 H (d; —1)!
and it follows that
1 €
2N71E5< Z (I)N( Zjyyeens ZN)q)N( IN$1 " "’Zi21v)>
(3.16) He (31 yian)

= e (B<(@x))? + O(CN pe) .

Step 2. The case when some indices are repeated. For £ € [1, N| given, we consider
1

2N — 1IE ( Z (I)N( Zijprevs ZN)(I)N( 11""’Z§Z’ZZ§N+1""’Z§2N7£)>

He (ik)ke{1,..2N—0}

lf ,U«E

dZon1p-ilps, . (Zantp-e) MECN PO (Vor ) )@ (Z8) BN (Zly)
p>0

denoting Zy = (Zy, Zys1,n)s Zyy = (Zo, Zns1,28—¢) and Zy, = Zon—p41,2N—t4p-

This expression is of the same form as (3.5), but ®n(Zy) is replaced by ®n(Zn)Pn(Z)y)
which is a function of 2N — £ particle variables. It can be therefore estimated in exactly the
same way, by considering Zsn_, as one block since the dynamical constraints will provide a
cluster structure on Zyn_y. Note that taking £ = 0 in this computation does not reduce to the
case treated in Step 1, since Xy and X, were considered there as two vertices, meaning that
one additional clustering constraint came from the exclusion (one more red edge in Figure 3
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Cluster expansion of the exclusion

in the invariant measure

XN

Dynamical constraints encoded
in &y (Zy) and @ (7)), when
Zy and Z) have £ = 2 common vertices

FIGURE 4. Cluster expansion of the exclusion when Zy and Z); have ¢ common ele-
ments. The constraints imposed by ®n(Zy) and ®x(Z};) are no longer independent,
and the 2(IN — 1) dynamical constraints will be replaced by 2N —¢—1 “independent”
dynamical constraints (by extracting from the blue and green graphs a minimally
connected graph). In this case Xony_y is considered as one vertex for the exclusion
expansion.

than in Figure 4). The role of the cluster estimate (3.1) is now played by (3.2) and this leads
to (see (3.10))

1 Z
) £ ) £
IN— IE < (I)N(Zi17"'7 ’LN)(I)N( 7/17...7Zi€7ZiN+1’...7Zi2N7Z)>

e ("k)ke{l,..zzv_z}
(3.17) d
N — ()& :
! dyoidy rz1 1im1 (di = 1)!

Combining (3.11), (3.12), (3.16) and (3.17) we conclude that
. - No/NN2
(3.18) Ea(ua@?v ) < pie (B (®n))” + O(CNpge) + <€> 0 CNpN~t = e (B<(@n))?
=0

and, remarking that ¢! < N*, this leads to (3.4) by enlarging the constant C. O

Remark 3.3. For N =1 and &1 = h € LM, one has Es(usci)%) = E. (Cf(h)Q). A simple
corollary of the above proof leads then to (2.3).

4. CLUSTERING ESTIMATES

In this section we prove Proposition 2.8. We consider

[ =3 X [dh) 00 (). 0y ()G ).

k=1 ( n]<23)J<k 1 np>2k
corresponding to pseudo-trajectories satisfying the following constraints :

(i) there are n; particles added on the time intervals (6 — j7,6 — (j — 1)7) for j < k,
(ii) there is no recollision on (tstop, 6).
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Each term of the sum will be estimated by using Proposition 3.1. Introducing the nota-
tion tspop 1= 0 — kT, we set

(4.1) In, = / h(2)QV, (1) - QX (1), (Fatop)

where 1 < k < K is fixed, as well as the set n; = (n;)1<j<x of integers. Given a collision
tree a € .Ali N,—1- We will use, as explained in (2.14), the injectivity of the change of variables

(4.2) (21, (ti, wi, V14i)1<i<Ng—1) — Zx, (0) € Rapn,

where the configurations in R, n, are obtained by pseudo-trajectories satisfying (i)(ii) when
the addition of new particles is prescribed by the collision tree a.
We can thus write

Ink - /@Nk (ZNk:) é?\fk (tStOP’ ZNk) dZNk ’

with
Ni—1
(4.3) Dy, (Zn,) : Z Z h(2501)(0, Zo)) L Zyeramy 11 5i-
c€6 N, ae_A 1 i=1

Using same the notation as (2. 18) we set

(4.4) Sy (Z%) : i Z Oy (..., 25,) — E(Pn) |

E (Zl

so that I, becomes

(4.5)  In, = Es( 2 by, (2, (tstop)) G5(90) T ) + 1l Be (@) Ee (C5(g0)17s,)

where the indicator function on Y%, stands for the restriction on the microscopic cluster sizes
and on the velocities (recall Definition 2.5). Applying the Cauchy-Schwarz inequality, as
n (2.19), leads to the following upper bound

In,| <E. (<c5<go>>2)” VB (e (B, (25, (b)) )

pl/? |Ee (D) Ee (¢6(g0)1rs,) |
which can be estimated by Proposition 3.1. To do this, we are going to check, in Lemmas 4.1
and 4.2 stated below, that @y, satisfies the assumptions (3.1) and (3.2) of Proposition 3.1.

The last term involving the expectation will be negligible thanks to estimate (2.27) of Propo-
sition 2.7.

1/2
(4.6)

Lemma 4.1. There exists C > 0 such that
(4.7) sup /]bek Zn ) | MEN (Vi) dX ny—1dViv, < CNF||R|| oo ()™ 1 7177
d

.’L'NkGT B
Lemma 4.2. There exists C' > 0 such that, for any £ =1,..., Ng,
sup / DN, (Zn,) PN (Ze, ZNg1,28—0) | MOV (Vo o) dXon,—o-1dVan,—
(4.8) wany €T
<CNk Z lN EHh”Loo 02Nk f—1— ng Nk

Assuming those lemmas are true, let us complete the estimate of I, . Applying the quasi-
orthogonality estimates of Proposition 3.1 to ®y, , we obtain the bounds

E.(®n,) < CN8||A]| ooy N1 17
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and
N
Es(#s ((ka (Z}:Vk (tstop))2) < ||h||%<x>(]]]>) (Z CNkGQNk—é—l—nank + 692(Nk1—1)7_2nk> .
/=1

As noted in Remark 2.4, thanks to the symmetrization and the quasi-orthogonality of the
supports in (4.3), we gain a factor Ny!.

1/2
Starting from (4.6), and using (2.3) to control EE<(§8(gO))2) and (2.27) of Proposi-
tion 2.7 to control E. (Cg(gg)lyi[), we finally get

Ny

_{—1— _ 1/2

] < O g3, [y (3 6210 e =0 72y
/=1

i ONk-1—% - M;/di/2>
< 9ol 2, 1Al oo (o) (CO) Vi1 #a/2 /2

since e K 7€ 1<6.
To complete Proposition 2.8, we will show that the contribution of the superexponential
trees is negligible. The superexponential trees are such that N1 < 2k < ny, this leads to

(410)  [Ing| < 10l zoemyllgollzs, (COYNs—+7%/2 77%/2 < |[B]| oo o) llgoll 3, (COPT)"*/2.

(4.9)

The parameters 6, 7 satisfy (2.28) so we can sum over (n;);<, and the series is controlled by

K
(4.11) | / d2GYPP(0, 21)h(21)| < [Bllpoylgoll 2, Y 2 (CO*r)* .
k=1

The proof of Proposition 2.8 is complete. U

Before proving Lemmas 4.1 and 4.2, let us introduce some notation. For any positive
integer N, we shall denote as previously by 7y the set of trees (minimally connected graphs)
with N vertices. We further denote by 75 the set of ordered trees. A tree T4 € Ty is
represented by an ordered sequence of edges (¢s, Gi)q<;<n—_1-

Proof of Lemma 4.1. For each configuration Zy,, there exist at most 4+~ different (o, a)
such that Z, € R n,. Indeed at each encounter between two particles in the forward flow,
the particle which disappears has to be chosen, as well as a possible scattering. To fix these
discrepancies, we introduce two sets of signs §; and s; which determine respectively which
particle should be removed (say §; = + if the particle with largest index remains, §; = —
if it disappears) and whether there is scattering (s; = +) or not (s; = —). Note that the
signs (si)1<i<n,—1 are encoded in the tree a while (5;)1<;<n,—1 are known if o is given. If we
prescribe the set Sy, —1 := (84, 5i)1<i<nN,—1, then the mapping

(a,0, 21, (ti wi, Vi4i)1<i<N—1) > Zg(tstop)

restricted to pseudo-trajectories compatible with Sy, —1, is injective. Recalling (4.3) for the
definition of ®y,, this leads to

N1
(4.12) 1w, (Zn,,)| < 17l ooy N > Lizy,eRsy )

where Rg N1 is the set of configurations such that the forward flow compatible with Sy, —1
exists, and with the constraints respecting the sampling (we drop the dependence of the sets
on ng, not to overburden notation).
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We are now going to evaluate the cost of the constraint Zy, € Rgs Np—1 for a given Sy, 1.
For this it is convenient to record the encounters in the forward dynamics in an ordered
tree T« = (qi, Gi)1<i<n,—1: the first encounter, in the forward flow starting at configura-
tion Zy, at time 0, is between particles ¢; and ¢ at time 71 € (tstop,6), and the last en-
counter is between gy, -1 and gy, —1 at time 7n, 1 € (TN, —2,6). An example is depitcted in
Figure 5. Notice that compared with the definition of (backward) pseudo-trajectories, since
we follow the trajectories forward in time we choose an increasing order in the collision times
(namely 7 = tn,—;). This leads to

Nip—1
1
(4.13) @, (Zn,)| < HhHLW(D)jvik! > > L2y, eRr_ sy, 1}

Sn,—1 T« S

where R s Np—1 is the set of configurations such that the forward flow compatible with the
couple (T, Sy, —1) exists, and with the constraints respecting the sampling. Actually note
that for a fixed Sy, 1, the above sum over ordered trees corresponds to a partition, meaning

that for any given Zy, , at most one term is non zero.
Given such an admissible tree T let us define the relative positions at time #gop

€Ty = xqi - ﬂ?q .

3

Given the relative positions (#5),_, and the velocities Vy,, we fix a forward flow with en-
counters at times 71 < --- < 7,1 < 6. By construction, ¢; and ¢ belong to two forward
pseudo-trajectories that have not interacted yet. In other words, ¢; and ¢ do not belong to
the same connected component in the graph Gi—1 := (¢j,Gj)1<j<i—1-

stop

FIGURE 5. In the figure on the left, an example of a pseudo-trajectory with Ny = 5.
The associate graph T is depicted on the right. For instance there holds G, =

{(2»5)(374)} and (qu(jZS) = (273)'

Inside each connected component, relative positions are fixed by the previous constraints,
and one degree of freedom remains. Therefore we are going to vary Z; so that an encounter
at time 7; € (1;,_1,0) occurs between ¢; and g¢; (moving rigidly the corresponding connected
components). This encounter condition defines a set Br_ i(Z1,...,Zi—1, ViN,)-

Definition 4.3. We say that the sets (Br. i)i<n,—1 are sequentially independent if for all i
the set Br_ ; is defined by constraints depending only on Z1,...,%;—1, VN,-

The particles ¢; and ¢ move in straight lines, therefore the measure of this set can be
estimated by

C
‘BT«Z“ < ;‘U;(Tz‘tﬁ - ”Zi(7i+1)‘/1n2n_1d7i

£
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and there holds
C o
(4.14) Yo Broil < — (V& +N) Ni [ Lr>r,dri.
. He
qi,9:

Hence by Fubini’s theorem

Nj—1

> /dXNk_l IT 15... < > /d:m,gw/d@---/d:ﬁerMD,w1
T eT,\?k i=1 T eT;k
(4.15)

C Ni—1 B B 0 0
< <> (VR + Np) Vet N 1/ dﬁ.--/ dry, 11n,
tstop T

/’LE Ny —2

where 1,, is the constraint on times respecting the sampling in (4.1). Retaining only the
information that ny times are in the interval (¢siop, tstop + 7) and the other Ni_; — 1 times
are in (tsop + 7,60), we get by integrating over these ordered times an upper bound of the
form

TTLk (9Nk7171 2Nk71

—_— <
ng! (Nk:—l — 1)! B (Nk — 1)!

Up to a factor CNk, the factorial (Ny—1)! compensates the factor N,iv’“ in (4.15). Furthermore,
for any K, N and dimension D > 0

(4.16) 7k gNe—1=1

1
(4.17) sup {exp(—f|V|2) (\V!2+K)N} < Nl NN,
VeRP 8

After integrating the velocities with respect to the measure M®Nt we deduce from the
previous inequality that the term (Vﬁ,}C + Nk>Nk leads to another factor of order IV, liv ¥ which
is compensated, up to a factor CV¢, by the Ni! in (4.12). Combining all these estimates, we
deduce that / dX Ny—1dVn, ‘q) Ny ‘M Nk can be bounded from above uniformly with respect

to the one remaining parameter which takes into account the translation invariance of the
system: for clarity, we have decided arbitrarily that the remaining degree of freedom is
indexed by the variable xy, . This completes the proof of Lemma 4.1. ]

Proof of Lemma 4.2. The proof is similar to the one of the previous lemma, however, we
have to analyse now the dynamical constraints associated with two configurations Zy, =
(Ze, Zos1n,,) and Zy, = (Zy, ZN,+1,2N,—¢) sharing £ particles. For each configuration, we fix
the parameters coding the encounters Sy, —1 = (s;, ;) 1<i<n,—1 and S'N]r1 = (8}, 8)1<i<N—1-

By analogy with formula (4.12), we get
‘(I)Nk (ZNg) @, (Ze, ZNk+1,2Nk—e)}

Ni—1\ 2
4.18 <RI [ H= 1 1 .
(418) < Iy (557 2 M, N e )
Sy

We consider the forward flows of each set of particles Zy, and Z j\,k starting at time ts;,p. Both
dynamics evolve independently and each one of them should have exactly N — 1 encounters
to be compatible with an ordered tree as the ones used in the proof of Lemma 4.1. As the
configurations Zy, and Zf\,k share ¢ particles in common, strong correlations are imposed in
order to produce a total of 2(INy — 1) encounters. For our purpose, it is enough to relax these
constraints and to record only 2Ny, — £ —1 (sequentially independent) “clustering encounters”
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which will be indexed by an ordered graph T” with 2N, — ¢ — 1 edges, as well as relative
positions (ii)1§i§2Nk—€—1 at time tstop‘

5 1
4
Q4
3
[ )
5’ 4 @ 1 @
O——0——o
Liop 50 @ ; TZ

FIGURE 6. In the figure on the left, an example of 2 pseudo-trajectories sharing
¢ = 3 particles with N, = 5. The graph T associated with the left pseudo-trajectory
starting from Zs is depicted by the bended grey edges ordered according to the en-
counter times. The complete tree 7" is built starting from 7', to which two additional
straight edges (numbered 5 and 6) have been added to connect 4" and 5'.

The ordered graph 7”7 is constructed as follows. As in the proof of Lemma 4.1, we de-
note by T the ordered tree corresponding to the forward flow of Zy, , and by (7i)1<i<n,—1
and (£;)1<i<n,—1 the corresponding encounter times and relative positions. The first Nj — 1
edges (¢, Gi)1<i<n,—1 of the graph T” are the edges of the ordered tree T, so that T is fully
embedded in 77 (this prescribes the constraints on the particles Zy, ). The last Ni — ¢ edges
in 7" will record the additional constraints on the remaining particles Zy, 4125, —¢ which are
involved in the dynamics of Zy, (see Figure 6).

The edges (¢i, Gi) N, <i<2n,—¢ are added as follows, keeping only the clustering encounters
in the forward dynamics of Z]’Vk, i.e. the encounters associated with edges which are not
creating cycles in the graph :

e the first clustering encounter is the first encounter in the forward flow of Z §Vk involving
at least one particle with label in [Ny 4+ 1,2N;, — ¢]. We denote by (gn,,qn,) the
labels of the colliding particles and by 7x, the corresponding time. We also define the
ordered graph Gn, = (¢j,q;)1<j<n,- Note that on Figure 6, the graph G5 is made of
two components {1,2,3,4,5} and {4,5'}.

o for N +1 < i < 2Ny — £ — 1, the i-th clustering encounter is the first encounter
(after 7;-1) in the forward flow of Z}; involving two particles which are not in the
same connected component of the graph G;_;. By construction at least one of these
particles belongs to Zn, 112n5,—¢. We denote by (g;, ) the labels of the colliding
particles and by 7; the corresponding time. We also define the ordered graph G; =
(g5, Tihr<j<i-

By this procedure, we end up with a tree 77 := (¢;,q)1<i<2n,—¢—1 With no cycles (nor
multiple edges). We define as above the relative positions Z; := x4, — zg,.

(3

Note that the sequence of times (7;)i<i<2n,—¢—1 is only partially ordered. Indeed the
times 71 < --- < Tn,—1 associated with Zy, are ordered, and the same applies to the
times 7y, < --- < Tan,—¢—1 associated with the clustering encounters in Zf\,k but they
are not mutually ordered. Nevertheless, this is not a problem since the only important
point is that the sets (BTZ’Z-)lgiggNk,g,l, defined as in the proof of Lemma 4.1, only depend
on Z1,...,%;_1,Van,—¢. When 7 > Ny, this is less obvious than in the previous case since in
the construction of 7" some encounters (those in the forward flow of Z}Vk leading to cycles)
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have been left out, so one needs to check that the corresponding trajectories before time 7;
can be reconstructed knowing only Z1,...,%;—1, Van, —¢.

By construction, for i > Ni, the two particles (g;, ;) which encounter at time 7; belong
to two different connected components C;_;(¢;) and C;_1(g;) of the dynamical graph G;_;.
The trajectory of g; in the pseudo-trajectory of Z]’Vk up to time 7; depends only

e on the relative positions (Z;)(4;,g,)eCi_1(¢:) 2t tstop
e and on any root of C;_1(g;), for instance the position x4, of ¢; at tsiop.

The same holds for the trajectory of ¢. We can therefore write the colliding condition
by moving rigidly the two connected components C;_1(¢;) and C;_1(g;), which provides as
previously a condition on Z;.

From this point, we can proceed exactly as in the previous lemma and the sets BTZJ satisfy
the same estimates as before:

2N, —f—1

Z/ dXon 1 [] 15,
=1

1
=

4.19 AN Nj—1 Ny—¢

He
0 0 0 0
X / d’]’l.../ dTNk—llnk X / dTNk---/ d7_2Nk7€fl-
t TNy —2 t T2Nj —€—2

stop stop

Notice that the first N — 1 ordered time integrals correspond to the constraints in the

tree T- and are estimated from above by (?VNk’i_ll)!T”k oNe-171 a5 in (4.16). The sampling
in (4.1) is omitted for the remaining times which are simply constrained to satisfy the ordering
conditions 7y, < --- < Ton,—¢—1 < 0, so that

0 0 0 0
/ d’7'1"~/ dTNk—llnk X / dTNk / dTQNk,g,1
t TNy, —2 t T2Nj —£—2

stop stop

Ny—1 Ny—t N,
< 2 k Tnk eNk—l_l X 9 k < C K Tnk 92Nk—€—1—nk .
~ (N —1)! (Nk, — £)! = (Ng — V(N — 1)!
Plugging this estimate in (4.19), we deduce that
2N, —l—1
Z/dXsz—e—1 H 181,
T i=1

C\HM it np p2Np—L—1—n 2 Ni—1 1 \2 N ar—20

SV T G (Vi + Ni) ((VR,)? + Nig) " N°
€

We conclude as in the proof of Lemma 4.1 by integrating with respect to velocities Van, v,

and by using the prefactor (Ni!)~2 from (4.18) to compensate, up to a factor CVk, the

divergence N ,fN’“ coming from (4.17). Lemma 4.2 is proved. O

5. THE COST OF NON-CLUSTERING CONSTRAINTS

In this section we prove Proposition 2.9 showing that, compared to the previous section,
the presence of a recollision produces extra smallness as . goes to infinity. Let us recall the
setup: the term G7"°°(6) encodes pseudo-trajectories with no recollision and sub-exponential

growth in the first £ — 1 time intervals of length 7; and the first recollision in the smaller time
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interval (tstop, tstop + 0) With tstop := 0 — (k — 1)7 — 4. Recall that

=

R

GH(0) = Z Z Z Z Z Qi?M (1) "Qi\(’)k—%Nk—l(T)

(5.1) k=1 (n;<2); <1 7=1 120 nd tniec=n,

0 ~
© ink—l Ng—14nf ((r = 1)9) 1;\6;271 +nQ, N_1+nQ+niee (6)G§Vk (tstop)
corresponds to pseudo-trajectories such that

(i) the number of new particles added respectively on the time intervals (6 —jm,0—(j—

1)7), (6 —(k=1)7—(r—1)0,0 — (k — 1)7) and (tstop, tstop + 0) are nj < 27, nf) and

rec

k
(ii) there is no recollision on the interval (tstop + 9, 0) and at least one on (tstop, tstop +0)-
Furthermore because of the conditioning, we also know that at tsp, each velocity |v;| (1 <
i < Ng) is less than V, and the configuration has no microscopic cluster of more than =

particles.
We set ny := ((nj)1<j<p—1,n%, ni, r) and

re = / h(z1) Q% (7) ...

(5.2)
0 ~
T ?Vk—lka—l"v‘ng((r o 1)5)Q§$Z—1+n2,Nk—1+n2+n§fC <5)G§Vk (tStOP) ’

The idea is therefore to combine the argument of the previous section, with a geometric
estimate on the strong constraint characterizing the recollision event, which will bring a
small factor in €.

As above we shall use a duality argument in order to write an expression of the type

e = / B (Zn, ) O, (tstops Z, A2,

Recall however that recollisions have been defined in the context of pseudo-trajectories, which
by construction (see Section 2.3) correspond to following the flow of (pseudo)-particles back-
wards in time. On the other hand the duality argument requires studying the flow forward
in time, and this produces two difficulties. First, defining this forward flow uniquely is not
possible if the number of recollisions for each particle is not known, so a new parameter needs
to be introduced to track this number. Second, we shall need to understand the effect on the
forward flow of the presence of a recollision in the (backward) pseudo-trajectories: it will be
responsible for the presence of a cycle in the (forward) trees we shall construct.

Let us start by writing I;5;, in dual form. The presence of recollisions requires introducing
additional parameters to recover the injectivity of the change of variables (2.14). On the
time interval (fstop + 0, 6), the situation is the same as in the previous section since there are
no recollisions by definition. On (fstop, tstop + 0) however, the construction of the forward
dynamics starting from a configuration Zp, is more intricate since there is at least one
recollision. The important fact is that the number of recollisions is under control. We have
seen that particles from different microscopic clusters cannot collide on (Zstop, tstop + 9) (see
Remark 2.6). Therefore, each particle may interact at most with v — 1 particles on this small
interval. Furthermore, there cannot be any recollision due to periodicity as Vé < 1. Since
the total number of collisions for a system of v hard spheres in the whole space is finite (see
Theorem 1.3 in [7] or [18]) say at most K, each particle in a pseudo-trajectory cannot have
more than K, = 22’22 K, recollisions during the short amount of time §. This crude upper
bound on the number of recollisions takes into account the fact that the number of particles
in a cluster may vary due the creation of new particles. We then associate with each particle
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i an index k; (less than K,) which is zero at time # and increased by one each time the
particle undergoes a recollision in the backward pseudo-dynamics. We denote by Ky, the
set of recollision indices (k;)1<i<n, at time tsiop.

Given a collision tree a € .Af Ne—17 this new set of parameters enables us to recover the lost
injectivity, by applying the following rule to reconstruct the forward dynamics (see Figure 7).
At each encounter between two particles,

e if the two particles have a positive index, then it corresponds to a recollision in
the backward pseudo-dynamics, and the recollision index of each particle has to be
decreased by one in the forward flow,

e if one of the particles has zero index, then it corresponds to a creation in the backward
pseudo-dynamics. In the forward flow, a particle must disappear: its label, and the
possible scattering of the other colliding particle are prescribed by the collision tree
a.

Note that the disappearing particle should have zero index, else the trajectory is not admis-
sible.

tstop+5
K1 =0
K9 =2
/13:3
Ii4=2
K5 =2
tstop kg = 1

FIGURE 7. Example of pseudo-trajectory with recollisions in the time interval
(tstop, tstop + ). The associated forward flow is determined thanks to the recolli-
sion indices at time #g0p, listed on the right.

Finally let us define, for each a and each Ky, in {0,... ,ICW}N’C, the set Rigivk,a,nk of

configurations compatible with pseudo-trajectories satisfying (i)(ii) and such that the addition
of new particles is prescribed by the collision tree a and recollisions between particles are
compatible with Ky, . Then the change of variables, as in (2.14),

(21, (tiuwiyvl—i-i)lgigNk—l) — (Z]EVk(tstop)7KNk)
of range
N,
{73 Kn) € DRy, % {0, 1Y, Zo, € RES, |
is injective (of course not surjective).

So we can now write

e = / 1 (2, )Gy, (tsto: Zn, ) A2,
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where
Ni—1

Z Z Zh (2501 ( 1{zge7z;gjv o) 1:[1 5 -

UGGNk CLE.A KNk

(5.3) N (Zn) -

-1

Note that as in (2.15), we have enforced the symmetry of the particles which was lost in the
Duhamel formulation (see Remark 2.4). Proceeding as in (4.4), we define PR\; by substracting
the mean and rewrite I;§ as an expectation

1%, = Ex (1l @5 (Zi(tutop)) Gilg0) Lrs, ) + /2 Ex (@5) Ex (G5(90)1r,) -

Following (4.6), a Cauchy-Schwarz inequality implies

155 < B (G 000)%) " B (e (5 (Zcttuon)) ) + /2 B (95 B (G001, )

As in (4.9), this can be estimated by Proposition 3.1 and using (2.27), once we check that 3
satisfies the assumptions (3.1) and (3.2) of Proposition 3.1. This is the purpose of the following
two lemmas.

Lemma 5.1. There exists C > 0 such that for d > 3,

sup / ‘ rec ]\4®N’C (VNk) CILXN,C 1dVNk
(5.4) x, €T4

< CNthHL 6max(1n 7—(”2—1)+ (V9)2d+4 9Nk4_15|10g5| )

Lemma 5.2. There exists C' > 0 such that, for any £ =1,..., Ny and for d > 3,

Td/| N ZN, ) ON(Ze, 1,280 |
332Nk eE

rec)

5.5
(5:5) X MEEYO (Vo ) dXon, o 1dVon, o

< CNk Z IN EHhHLOO(]D) 5max(1 niee) T(n2—1)+ (V0)2d+4 02Nk—é—1—nk€| 10g€’ )
Assuming these lemmas are true, let us conclude the proof of Proposition 2.9. Thanks to
Proposition 3.1 and using (2.27), there holds with the scaling choices from (2.21)
N, L Nk2N121 1/2 d+2¢1 1,n8¢) _L1(n9-1
1355, 1 < OBl ol 3, [ % og 2] (D 62N =417 ) 7 (w23 max(ae) 3 (=)

N
/=1

rec)

_|_5| log€|(V9)2d+40Nk 15max( N T(n2—1)+ (H55d)1/2 )

Using the choices (2.21) on the parameters we get
(5.6) |15, | < e2|loge] ||l oqmyllgollpz, (CO)Ns-1tm/2(V)H2s max(lnit®) r3(i =1

Finally we are in position to sum over all parameters (recall (5.1) and (5.2)). We find after
summation over nY and n}, then r < 7/§ (which corresponds to the cutting of each interval
of size 7 into R =7/0 pleces) and finally (n;);<; and £,

‘/ dz1G7"(0)h(z1)

as § = el-2a by (2.21). This ends the proof of Proposition 2.9. O

IN

K

T 2 K .1 1

S(VO)HA (372 (00)" 653 logel 1l ) 90l 2,
k=1

K
(COP" /5 | ] oo 1yl g0l 12,

IN
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Proof of Lemma 5.1. We shall follow the method of the previous section, by introducing the
set of signs Sy, —1 = (8i, 5i)1<i<nN,—1, With (s, 5;) characterizing the i-th creation (namely
whether there is scattering or not, and which particle remains). Then if Sy, —1, Ky, are
prescribed, the mapping

(5.7) (a,0, 21, (ti, wis Vi4i)1<i<ng—1) — (Z5(tstop))

is injective and we infer that

Nj—1
fs
1PN (Zn,)| < (17l oo (my N, Z 1{ZNke7z;§3Vk SN

KN, SN, -1

We have defined RiS, g, | as the set of configurations such that the forward flow compatible
Kk’ k—

with Ky, , Sy, —1 exists, and with the constraints and conditionings listed in (i)-(ii)-(iv)-(v),
page 29.

Now let us fix Ky, , Sy, —1, and evaluate the cost of the constraint that Zy, € Riﬁ‘;vwstil.
For this we start by splitting the sum according to ordered trees T = (gi, §i)1<i<N,—1 encod-
ing the “clustering encounters” as in the previous section: the first encounter in the forward
flow is necessarily clustering, say between particles ¢; and g at time 71 € (tstop, tstop + 9)-
Clustering encounters are then defined recursively : the i-th clustering encounter is the
first encounter after time 7;,_1 involving two particles which are not in the same connected
component of the collision graph G;—1 = (gj,q;)j<i—1. We then denote by (g¢;,g;) the col-
liding particles and by 7; the corresponding colliding time. The last clustering encounter
is between ¢n,—1 and gn,—1 at time 7n,_1 € (Tn,—2,6). By construction (recall (i) and
(ii) above) we know that there are at least max(1,7n;°) clustering encounters in the inter-
val (tstops tstop +6), and at least nj>° +nk clustering encounters in the interval (¢siop, tstop +7)-
This leads to

68) [P < Mo X Y Lzwerss .

T< KN, SNy —1
Kn, SN, — 1T.<€7'<

where RS g g, _, is the set of configurations such that the forward flow compatible
k) k’ k*

with T, Ky, ,Sn, -1 exists, and again with the above constraints and conditioning.

Notice that, since the pseudo-trajectories involve recollisions, the clustering encounters of
the forward dynamics do not coincide in general with the creations in the backward dynamics
(see Figure 8). Furthermore, the construction of T~ is such to exclude cycles, so that the
graph is minimally connected. On the other hand the graph encoding all encounters has more
than (Ny — 1) edges, which means that there will be at least one non clustering encounter in
the forward dynamics (see Figure 8): it will be taken into account to gain some smallness.

To begin, we proceed exactly as in the proof of Lemma 4.1. Given an admissible tree T,
the relative positions (&), , and the velocities Vy,, we can vary Z; so that an encounter at
time 7; € (7;,-1,0) occurs between ¢; and ¢; and thus define the set Br_ ;(Z1,...,Zi—1, Vn,)
of measure

C
(5.9) [Bral < - lvg = valo

€

and for 7 > 1

C
(5.10) Bral < ol () = o5 ()] [ Ly,

3
recalling the sampling (i)-(ii). The point now is to use the fact that the existence of a non
clustering encounter (which would produce a first cycle in the graph encoding all encounters)
strengthens one of these conditions. Given an ordered tree T, the occurrence of a cycle
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FIGURE 8. In the pseudo-trajectory (with N = 6) represented on the left figure, a
recollision occurs between 5, 6 in the time interval [tstop, tstop+0]. Therefore the graph
encoding all encounters is not minimal, and it has at least one cycle (or multiple edge).
The time ordering of the clustering and non clustering encounters is represented by the
circled numbers and the edges are added dynamically following the forward dynamics,
i.e. starting from tsop. As a consequence, the recollision between 5, 6 in the backward
pseudo-dynamics becomes the first clustering encounter in the forward dynamics and
the non clustering encounter is identified with the dashed edge (1,6) occurring close
to time 6.

is thus parametrised by an edge (¢,¢) and an index ¢ such that 7eyc € [7¢,Teq1]. Then,
proceeding as in (4.15) we see that

Nj—1

Z /dXNkl]-cycle H 1BT_<,i
i=1

T GT]\?k

< Z Z Z /di:llBT<,1/dj2"'/diNk118T+Nk1]-cycle defined by (g, q),c *

T GTI\_f<k 4,4 c<Ny

(5.11)

As shown in Appendix B, the cycle imposes strong geometric constraints on the history of
these particles, which produce the estimate

Nj—1

Z /M®Nk(VNk)dVNk/dXNk11cycle H Loz

(5.12) T=¢Tw =

C Ni—1 tstop+0 0

< () (W)QdHNgCNkN,ﬁVkN,jV“/ dry - / dry, 1] loge| 1n,,
He Lstop TNj,—2

recalling that 1y, is the constraint on times respecting the sampling in formula (5.1), with

possibly 3 time integrals missing due to the iterated use of Propositions B.2 and B.3. Inte-

grating over the simplex in time, we finally obtain (5.4). Lemma 5.1 is proved.

g

Proof of Lemma 5.2. The proof combines arguments from the proofs of Lemmas 4.2 and 5.1.
Our starting point is the estimate

Ni—1
rec ,LL
(5.13) PR 2] < WPl = D0 Lzwerg }-

Ny, SNy -1
KN, SN, -1
Let us fix two families (Ky,,Sn,—1) and ( ,]Vk’ S’Nk_l) and consider a configuration Zapy, ¢

-
such that Zy, € Rigjvwst_l and Zy, = (Zo, ZNy+1,2N,—1) € Rig(';vk’skqu .
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We consider the forward flows of each set of particles Zy, and Zj’vk starting at time tgop.
Both dynamics evolve independently and each one of them should have at least one non
clustering encounter. As in the proof of Lemma 5.1 we denote by T~ the ordered tree
corresponding to the clustering encounters of Zy, , and by (7;)1<i<n,—1 and (Z;)1<i<n,—1 the
corresponding times and relative positions. Recall that the non clustering encounter on the
dynamics of Zy, strengthens one of the clustering constraint.

Starting from this ordered minimally connected tree T4 with Ny vertices, we construct
an ordered minimally connected tree with 2Ny — £ vertices by the same procedure as in the
proof of Lemma 4.2. The edges (g;, Gi) N, <i<2n,—¢ are added by keeping only the “clustering
encounters” in the forward dynamics of vak :

e the first clustering encounter is the first encounter in the forward flow of Z ;Vk involving
at least one particle with label in [Ny + 1,2N}, — £]. We denote by (¢n,,qn,) the
labels of the colliding particles and by 7y, the corresponding time. We also define
the ordered graph Gn, = (¢, Gj)1<j<N,,

e for Np +1 < i < 2N — £ — 1, the i-th clustering encounter is the first encounter
(after ;1) in the forward flow of Z}, involving two particles which are not in the
same connected component of the graph G;_;. We denote by (g;,g;) the labels of
the colliding particles and by 7; the corresponding time. We also define the ordered
graph G; = (g5, 3j)1<j<i-

By this procedure we end up with a tree 7% := (g;, ¢;)1<i<2n, —¢—1 With no cycles (nor multiple
edges). We define as above the relative positions Z; := x4, — zg,.

143 rec / rec
Necessary conditions to have Zy, € RKNk7SNk—1 and Z), € RK,N Sh can be expressed

recursively in terms of the collision sets (BT_Z’Z')lgiSQ Np—t—1°
e the sets BTQ,i only depend on 21, ...,Z—1, Van,—¢ for any i < 2Nj, —¢—1 (see Lemma
4.2),
e one set of (BTQ,i)ISiS N,—1 has some extra smallness due to the existence of a non
clustering encounter in the dynamics of Zy, (see Lemma 5.1).
We therefore end up with the estimate
2N, —0—1
Z/dX2Nk—E—ldVZNk—KM@)@Nk_Z) H 1z, ,
1 y— =’
(5.14) 1% =1
O 2Nk—t-1
< <> (Ve)d-l-lé*max(l,nzec) T(n2—1)+ 92Nk—K—1—nk €| 10g5|(Nk:)2Nk_£-
He
Summing over all possible (K, , Sy, —1) and ( /Nk’ S?\@—l)? we obtain the expected estimate.
Lemma 5.2 is proved. O

6. CONCLUSION OF THE PROOF: CONVERGENCE RESULTS

6.1. The cost of the conditioning. This section is devoted to the proof of Proposition 2.7.

To prove (2.25), we evaluate the occurence of a microscopic cluster of size larger than ~
under the equilibrium measure. This can be estimated by considering the event that v + 1
particles are located in a ball of diameter 3v3/2 V3.

P. (there is a cluster larger than v at time O) < E. Z 14iy, .. iys1 are in a cluster}
(@150 msiy41)

< Clu;erl (73/2 Vé)‘h .
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In the set “Y5, a cluster should appear (at least) at one of the 6/ time steps. In a similar
way, the occurence of a large velocity is given by

P. (there is a velocity larger than V at time 0) < E. (Z 15 has a velocity larger than V})
11

_ 1
< CIVI*pue oxp (—QWP) ,

which is much smaller with our choice V = |loge]|.
Thus we get by a union bound

(6.1) P (“Y5) < C,0VT ot
Finally (2.25) follows from the choice of parameters (2.21).
Let us now note that the measure restricted to T4, can be decomposed as
E. (¢5(90)17s,) = Ec (¢5(90)) — Ex (¢5(g0)1ers,) = —Ec (G5 (g90)1ers,)

where we used that E. ((§(g0)) = 0. Applying the Cauchy-Schwarz inequality, we get by (2.3),
(6.1) and the choice of parameters (2.21) that

(6.2)

E- (Gi(90)1v,) | < E<(G(00))*P-(“T5)""* < Cllgoll 3, (62
This completes (2.27).

Next we use the Hélder inequality to get

B (Lers, G5 (90)G5 (1)) | < P (“T5) Y Ex (G5 (90)2) /= (G5 ()"

Recall that h is in L>°. Combining (6.1) with the bounds in Proposition A.1 on the moments
of the fluctuation field, we get

[Ee (Lexs, G5(90)G5 (1)) | < C Il oo (o) lgoll 2, (6% .

We turn now to proving the estimate on /dz1G’i’CluSt(9, z1)h(z1). Proceeding as in (4.4)-
(4.5), we get

/ A G (9, 21 ) h(z1)
= ZEe (M;/z by (Z(0)) G§(g0) Levs ) + ZMW (i) Ee (¢5(90)Lers,)

ng

where @, is conditioned on the sampling n; with sub-exponential trees and no recollisions
n (0,60). Applying the Holder inequality to bound the first term and (6.2) leads to

<P (“Yi) ' Ee (G 90)) ' S E. (ue (<i>NK (va(0>))2)1/2

' / dz G0, 21)h(21)
ng
+Cligollz, (02 " pl? Be (D) -
ng
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Since gg belongs to L, the moments of the fluctuation field can be bounded by Proposi-
tion A.1. Thus the previous term is estimated as in (4.9) and we find thanks to (6.1)

'/dZ1Gi’duSt(9721)h(Zl) < CO0eD) Hlgoll peoyllbllzoemy D> (CONE
(ne<2F)p<i
+C(Hsd)l/QHgoH%||h||Lw(D)M§/22K2(09)

2K+1

2
< C ||kl poomyllgoll ooy (B2) /% 257 (CO) -

2K+1

Using the scaling K = 6/7, this concludes the proof of Proposition 2.7. O

6.2. Convergence of the principal part. In this section, we prove Proposition 2.10. This
is based on classical arguments relying on L™ estimates. We shall refer to the literature for
details.

To begin, the limit initial data is identified thanks to the following classical lemma: we
refer to [30, 13, 24]. We set

(6.3) Go(Zy) = M®"(Va) > golzi), n>1.
=1

Lemma 6.1. There exists a positive constant C' such that, for any n € N,
(G = GR) (Zn) 1ps (Xn)| < C"M®™ (Vi) el golloo

when € s small enough.

Next we define formally a limit hierarchy, and identify its solution with the solution
of the linearized Boltzmann equation (1.13). To do so we introduce Boltzmann pseudo-
trajectories ¥y ,, on (0, 0), constructed as follows. For all z;, all parameters (¢;, wi, Vn44)i=1,...m
with ¢; > ¢;41 and all collision trees a € Afm (denoting by Z,,+1(7) the coordinates of the
particles at time 7 < ¢,,)

start from z; at time ¢ and, by iteration on ¢ =1,2,...,m,

transport all existing particles backward on (¢;,#;_1) (on DY),

add a new particle labeled ¢ + 1 at time ¢;, at position z,, (t;) and with velocity vi,,
apply the scattering rule (1.7) if s; > 0.

[ ]
[ ]
[ ]
[
We then set
(6.4) G1(0) =) Qumr1(0)Gh 1, n>1

m>0

where Q1 41 is the Boltzmann hierarchy operator

Ql,m+1(9)G9n+1 = Z /ddedeV2,1+m

aEAfm

X ( Si<(vl+i — g, (1)) -wi)+> Gy i1 (Zm+1(0)) .

1

1

Similarly we define

Gn((g) = Z Qn,n-l—m(e)G?Ler?

m>0
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where

Qn,n+m( n+m = Z /dT ds2 an+1 n+m

ac At m

x (H 5i<(vn+i — Vg, (tj_)) ‘wi) ) G;io+m( n+m(0)) .

i=1
The following result is due to [30] (see also Section 1.1.3 in [4]). It identifies G; to the
solution Mg(#) of the linearized Boltzmann equation (1.13) with data go. We recall (see for
instance [16, 17]) that there is a unique solution Mg to (1.13) as soon as g is bounded, which
remains bounded for all positive times.

Lemma 6.2. The solution G1(0) of (6.4) with initial data (6.3) is equal to the solution M g(0)
of the linearized Boltzmann equation (1.13) with data go. Furthermore, the n-particle corre-
lation function G, (t, Zy,) is given by the following explicit expression for any n > 1

(6.5) vt >0, Gn(t, Zy) == M®™(Vy,) zn:g(t, %) .

To prove Proposition 2.10, it now remains to prove that

lim [ GS™™(0,2) h(z) dz = / Gi(0,2)h(z)dz,  VOeR*.

e—0
Following the decomposition (2.23) of G5(0), we write G1(0) as
G1(8) = GI™™(0) + GT™(6)
where the main part is given by
GT™(O) = D>, Qum(7) - Qu N (TG
(np<2*) <k

and the superexponential part by

G Z Z Z QN (T) - QN N (T)G N (0 — k7).

k=1 (n;<29);<p_1 ng>2F

This remainder term is controlled as in [3, 4] using the explicit form (6.5) of the correlation
functions Gy, . Since the solution g(¢) of the linearized Boltzmann equation (1.13) remains
in L* for all positive times, the correlation functions Gy, are also in L°° at any time.
Therefore
- 2 k
[ 520,003 < Clanllamolll=or 32 (60 < Cllanllmio o167
k>1

Recalling the principal part
G?main(e): Z Ql N1( ) QNK 1,NK( )GNK7

(np<2*)p<i

we notice that the differences in this formula with respect to G1"*(#) are due to:
1) the initial data GX_ vs.G%; ;
K K
2) the fact that pseudo-trajectories Wf ,, are constrained to the set of parameters avoid-
ing recollisions, and also to the set G¢,(a, Z1);
3) the fact that (at creations) particles in W, collide at distance & while in W§  they
collide at distance 0.
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These errors are controlled as in [22]. First, we borrow an argument from [25] and define \Ilfm
an auxiliary pseudo-trajectory defined exactly as ¥ ,,, with the only difference that particle
i+ 1 is created at position x4, (t;) + £s;w; (this is sometimes called the Boltzmann-Enskog
pseudo-trajectory). Correspondingly, we can define Qfm 41 exactly as Q1mq1, with Wy,
replaced by ¥¥ . By definition, ¥¥  and ¥y, have identical velocities and the positions
cannot differ more than me. In particular at time zero we have that the euclidean norm of
the difference |Zﬁk(0) — Z]Q,k(O)] is bounded by

3
(6.6) |25, (0) = Z, (0)] < Ny e .

Next, we can simplify the integral in G7™*" by removing the constraint in point 2) above.
Let O° be the complement of the set of parameters in 2). Clearly the pseudo-particles
in \Ilfm can overlap (they can reach distance strictly smaller than ). However in absence of
recollisions and overlaps, the auxiliary pseudo-trajectory coincides with the BBGKY pseudo-
trajectory \I/{Em = Vg ,,. We can therefore replace ¥, by \Ilfm in the geometric represen-
tation for G7"™*". The contribution of O¢ to Q| ,,, is bounded by a quantitative version of
Lanford’s argument: following [25], one can show that there is a constant o € (0,1) (which
can actually be chosen arbitrarily close to 1) such that

‘ 3 / dz T d 0 dVa, 1 4m h(2)

aEAfm
o JT s (v = vE(ED) - ) | @ (2E0n(0))] < 11l 0]l e )= (CO)™
i=1

Using this after Lemma 6.1, and controlling the error (6.6) thanks to the Lipschitz norm
of go, we conclude that

/ (Gi’mai“(e) ~ folain(e)) h(z) dz

< N1l ooy (€¥ g0l Lo @) + €l VgollLse) E (CoyNe!
nkSQk
k<K

which leads to Proposition 2.10 since @ may be chosen arbitrarily close to 1. U

APPENDIX A. LP A PRIORI ESTIMATES

For the sake of completeness, we state below some estimates on the moments of the fluc-
tuation field under the equilibrium measure. These bounds follow from a standard cluster
expansion approach (see e.g.[29]).

Recall that the functional spaces L%, was introduced in (1.12).

Proposition A.1. Let h be a function in L%,. For e small enough, the moments of the
fluctuation field are bounded:

(A1) E((GM))| < Golibl, . 1<p<oo,
where the positive constant C, depends only on p

Proof. The proof is based on the same algebraic manipulations used in Section 3 to estimate
mean and variance of test functions; we repeat them here for moments of arbitrary order
of (5. After expanding the product of fluctuation fields in (A.1), we organize the sums by
grouping particles with common indices. Then we proceed to compute the expectations under
the Gibbs measure, by using a cluster expansion of the exclusion condition. This leads to the
exact decomposition (A.5) below, which implies (A.1) thanks to the tree inequality.
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Since the time is always zero in this proof, let us drop the indices 0 from now on. By
definition of (* and #° and abbreviating |o| = s, |0/| = ¢, |\j| = ¢; etc., we have that

E((C0)) = 3 (B @) B (7 (h))

ono’=0
¢
Y CEE)E (Y Y T (=)
an’:{l,.b.,p} AEPs (ilv"'vié)j:]'
ono’/=

where P, indicates the set of partitions of . In the second line we have arranged the s
sums over particles encoded in (7¢(h))* according to the repeated indices: there are £ € [1, s]
different particles and the partition A = {\1,..., \¢} specifies how many test functions are
assigned to each particle.

In terms of the correlation functions (G} °Y)x>1 of the equilibrium measure (1.3), whose
definition (1.16) we recall:

/Gi’eq(Zk)hk(Zk)dezEs PORUCACINEEACI S

(11, k)

the previous formula reads

(A.2)

@? Y Zw*f( /dzh()a“qz> /dZéHh’ ) G5 (2)

oUo’={1,....p} AE€Ps
oNa’/=0
/

D YD S S A § OO

oUo!' ={1,..., p} )\E'P* o'Co’
ona’' =0

X / AZ g dZy hEE"=5) ( ,5) @hf ) G5, (ZK,ZS//,S/)

denoting by P} the set of partitions of o without smgletons. The equality comes from the
renaming of variables

o U{Ni; [Nl =1} —o”
s'H# N Nl =1 = 8"
AN Al =1} = A
C=#{Nis [N =1} = ¢
n (A.2), we adopt the convention of using the symbol Z for variables which correspond to a

single test function h, and z for variables which correspond to a power of test functions h%.
We use now the cluster expansion of the correlation functions, see e.g. Eq. (8.1.18) in [6]:

Giyeq (Zk) _ Z ng eq
PEP(1,.. k) 1= 1
95N (Z,) = M (V;)) /M®p (Vo) (21,--v 20, 2Zp)dZy, 121
p>0

where the cumulant ¢, defined similarly to (3.6), is supported on connected graphs on r + p
points. Note that at leading order correlation functions are tensor products of g7"*! = G7“%.
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We recall that the tree inequality (3.8) implies the estimate

a8 @< Y fazmn @) T tws
p>0 Te’n+p (y.y*)EE(T)

denoting by d(y,y*) the minimum relative distance (in position) between elements y,y*
in {z1,...,%,21,...%}. This bound will be useful below.

Inserting the expansion (A.3) inside (A.2), we will show that the terms with singletons
disappear. First we notice that, for each partition p, the last line in (A.2) factorizes into r =
|p| independent integrals:

A(COIETED YD VI SIS SRR § ECISC

oUc’'={1,...p} AEP% o'Co” pE'PAU(G//\G/)

><H/ A2y Az 07 (Z2) @ W0 (2) 95 (21 22)
i=1

]Epz

where r; = |p;| =1, —l—rl, L= |p}|, r2 = |p?| with p} = p;N X and p? = (p})® (the complement
of p} in p;). Forr} =0, r} =1 the last line reduces to a singleton factor [ h g7l This
suggests to rename again the summation variables as follows:

o' U{pi; ri =0, r? =1} — o8

{1,...,p} \ o*"& — o* )

{pi; 78>0 or r?>1} = p*
with cardinalities s°"8, s*, r* respectively. In this way, o, A and p* determine a nested
partition of ¢*: we first choose 0 C ¢* and A € P}; and secondly we take a partition p*
of AU (0*\ ¢). This partition is characterized by the fact that p} contains at least two

indices in {1,...,p}. We will indicate by A <—* p* the sum over such nested partitions (the
reminding us of the constraint excluding singletons). By Fubini we get that

A(CDDEEEED YD D S M e § FEIOPEO)

o*UoSing={1,....p} 0Co* AePF g/Cosing
o*Nosing—g A—=*p it

xnﬁ%mwwﬂ~>®mw o) o (2. 22)
i=1

)\. ep*l

55 5 e fuoi)

o*UoSing — {1,..., p} )\E'P * O-Co-smg

gsing

o*NosSing—gp )\H*p*
AT f a2 @ 120 a7 @)
A €PF

where in the second equality we eliminated the sum over o by removing the constraint on A.

!

Now the sum over o/ C 0*"8 can be performed first. Since Y/ sine (—1)° = 8,sing g, we
conclude that

Ay m(Coy)=mt Y Y W [ @ 1) 6 ()

AEP(1,... p} PAT*p =1 A €p;

.....
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where the sums run over nested partitions of {1,...,p} with p; containing at least two indices

in {1,...,p}.
Observe that (A.5) is factorized in r integrals, each of which can be bounded by Hélder’s
inequality:

L5/ 305 4
[z, @ 10 ) gz 20 < ] ( [ a7 ) g 2 >) :

A €Ep; A €Ep;
Moreover by (A.4) and Fubini,
[z W= ) g5 (20) < [ e 1Y ) M)
2 7 ri—1 W
x> > !/dandeM@ PV Vo) Il lawen<
p>0T€Tr, 4p (yy*)€E(T)

and the last line of the previous formula is estimated exactly as in Section 3 by r;!CTigd(ri—1)
for some C' > 0, uniformly in z,, for € small enough. On the other hand, the term in the first
line produces a factor

Il < Cp I,

for some pure constant C;/o depending only on p (and not on the partition). From this we
deduce that

Soxiep b
[z @ 1 (21) g (20| < miCmete ) (g, )

Aj€Epi

Hence

‘EE((CE(Q))I)N uet? (Cl ”h”L’i/z) > Mﬁﬁn‘!(f“sd“”") .
=1

Bounding roughly ,uﬁed(e_’”) < pbusttr < ,ug/Z, we arrive to the estimate (A.1). U

APPENDIX B. GEOMETRIC ESTIMATES

In this section, we complete the proof of Lemmas 5.1 and 5.2 and show how the presence of
a cycle due to a non-clustering encounter leads to an additional constraint, producing extra
smallness and leading to (5.12) and (5.14).

We first give some technical definitions to identify this additional constraint, then state
the geometric estimates and finally deduce (5.12) from (5.11) (the argument is the same
for (5.14)).

We recall that in deriving (5.11) an ordered tree T- has been constructed, following the
forward dynamics. The definitions that follow relate to some particular edges in the tree. In a
forward trajectory, encounters are of two types: with annihilation of a particle (corresponding
to a creation in the backward pseudo-trajectory) or without (corresponding to a recollision
in the backward pseudo-trajectory). Moreover in the first case, the surviving particle can be
deflected or not. By deflection we mean here that the particle undergoes a non-zero variation
of velocity.

Definition B.1. We call parent p of a group of particles (qx)i at time T the p-th edge with
the largest p such that one of the particles (qi)i is deflected at 7, < 7. If such a parent does
not exist, then we set T, 1= tsiop-
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We define the connector k of two particles (q,q) the index of the first edge realizing a
connected path between q and q.

The tutor j of two particles (q,q) at time 7 is the largest j with 7; < T such that j is either
the parent at time T or the connector of (q,q).

Recall that the construction of the admissible tree T in the proof of Lemma 5.1 is such to
exclude cycles, so that the graph 7T is minimally connected, whereas the graph encoding all
encounters has more than N —1 edges. Consider the first encounter in the forward dynamics
creating a cycle (or multiple edge) in the graph encoding all encounters. Let (g, q) be the edge
realizing the cycle and 7.y the corresponding time. The cycle will impose a constraint on the
tutor j of (¢, q) at Ty, and integrating on the relative position &; as in the proof of Lemma
4.1 will produce the required additional smallness. The following proposition quantifies this
smallness, which is different depending on whether the tutor is the parent or not.

Proposition B.2. Assume that d > 3. Let q and q be the labels of the two particles involved
in the first cycle, at time Teye, and let j (resp p,k) be the tutor (resp. parent, connector)
of (¢,q) at time Teyc, as defined in Definition B.1. Then, denoting by wq, wg, wy;, wg; the
velocities of q,q,qj,q; at Tjtl, one has if the tutor is a parent p

. C
/]—Cycle with tutor j = p 1BT<7J‘ d.%'] < ;(V@)d
€

y <V5|log51q¢qj Vel log e|1g2g, +W)
|wq — wt?j‘ |wg — wqj’ pe )

where g; is the label of the colliding particle, and if the tutor is a connector k but not a parent

(B.1)

. _C 1
/ ]—Cyclc with tutor j = k > p ]-BT< g dxj S ;(VQ)CH—
€

(B.2)

el s iy
X Z lsin(wq_wéaC)SE + (Ve)d min (17 . (q7q)¢(qj7qj) ))
¢

sin (wg — wg, wg; — wg,

where the sum runs over ¢ € Z%\ {0} contained in the ball of radius V.

The above proposition uses the tutor to gain some smallness from the strong geometric
constraint. However, the estimates in (B.1)-(B.2) lead to singularities in the relative velocities.
Those singularities have to be integrated out either by using available parents (if any) or
by using the Gaussian measure of the velocity distribution at time tgop. The following
proposition summarises the different possibilities.

Proposition B.3. (i) Let ¢ # G be two particles of velocities wy, wg with parent £. Let €
73\ {0}. Then one has that

Vel loge . C
(B.3) / <W3;|| + Lsin(wy—wq, ,C)Ss> 1pr,  dy < ;Vel log e (011 + 01421) -
€

|wq — Wg;

(ii) Let q,q,qj,q; be particles with velocities wq, wg, wq,,wg; and parent £ (say deflecting q),
such that (q,q;) and (G, ;) belong to different connected components of the dynamical graph.

. L4,y #1053} . _C
/mln (1, i ( = 1s;, ,de < EVE\ loge| (01y—1 + 01p+1)

U)q — ’wq, wqj — ’wqj)

" (1 n 9V1(q7qj) encounter at Ty evlq:qj 1@#‘?] )
|ug + ug, — (wg, + wg)| ~ |wg —wg| /)’

(B.4)

denoting by u the pre-collisional velocities.
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(iii) Let q,q,q;j,q; be particles with velocities wq, wg, wy;, wg, such that (q),(q;) and (q,q;)
belong to different connected components of the dynamical graph. Let £ be the first parent
of ¢,q,q;,q; deflecting only one particle of the group.

(B.5)

Velloge| . C
1. ,diy < — Velloge|(dlp=1 + 01pz1) .
/ |wq + wg; — (ij + w@)‘ =t He ( # )

(iv) For ¢ # q, ¢ € 2%\ {0}

(B.6)
| Mg G, )0 ) 2 )

Vel|loge| N Velloge|
lwg —wg|  |wg + wg; — wg — wg;|

el 7 =
b Dty +min (L I YN g, < Vel o]

S1n (wq — Wgq, wqj - ng

Notice that if the parent lies in the time interval (fstop, tstop + 0), then the estimates are
strengthened by a factor J.

Propositions B.2 and B.3 are proved below. We now explain how to apply these local
propositions iteratively, by using the time ordering prescribed by the dynamical graph, so that
the singularities are progressively reduced leading finally to an upper bound of order ¢|loge|.
We recall Inequality (5.11):

Nj—1

Z /dXNk—llcycle H 1BT_<,i
i=1

T<€ Tl\fk

< Z Z Z /d‘%l]‘BT<,1/dj2'”/d:&Nk118T_<,Nk—110ycle defined by (q,q),c*

T<€Ty, 7 =Nk

Now we integrate the constraints iteratively with the additional integrals of Propositions B.2
and B.3 which act on local parameters thanks to the time ordering. More precisely we proceed
as follows.

e We bound the inner integrals one by one up to the step j given by the tutor of the

cycle. At this step, we apply Proposition B.2.

e We continue by estimating the integrals at steps j — 1,7 — 2,... up to the step ¢ (if

any) defined as the parent in Proposition B.3, items (i) or (ii) (depending on the term
to be treated in (B.1)-(B.2)). At step ¢, we apply (B.3) or (B.4) respectively. Notice
that we are left with singularities involving the groups of particles in the right hand
side of (B.4).

e We continue by estimating the integrals at steps £ —1,£—2, ... until we possibly find

a parent of the latter group of particles, as defined in Proposition B.3, items (i) or
(iii) (respectively for the third and the second term in (B.4)). We then apply (B.3)
or (B.5) respectively.

e We continue by estimating the integrals up to step 1. If we have not found enough

parents, we may be left with singularities as in the right-hand side of (B.1)-(B.2)
or (B.4). By integrating the velocities with respect to the measure M®Nk, such
singularities are dealt with by (B.6) and (4.17).

This proves (5.12).

Now let us prove Propositions B.2 and B.3. The cycle at time 7.y, is triggered by a tutor j
involving an edge (g;,q;). Notice that the tutor can involve the particles (¢, q) themselves.
Below, we are going to distinguish the different cases in the definition of tutor (either j = p
or j =k > p) as well as a series of subcases to integrate the singularities.
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Proof of Proposition B.2.

Case la : j = p is the parent of ¢, q.

This is the case of a direct, periodic cycle, in which the last deflection of ¢,g in the
forward dynamics before 7.y involves both particles ¢ and ¢ at time 7; (in this case ¢ = g¢;
and ¢ = ¢;). In addition to the condition #; € Br_ ; which encodes the encounter (recall
that @, := xy, — 2g; = 14 — 24), we obtain the following condition for a cycle

ew; 4 (Vg — vg) (Teye — Tj) = EWeye + ¢ with ¢ € Z%\ {0}, weye € ST,
and vy — vg = wg — wg — 2(wy — wg) - wWj wW;
where, by definition, v4, v are the velocities at time T;— , Wq, wg are the velocities at time Tj+_1,
and wj is the impact parameter at the encounter. We deduce from the first relation that v, —vg
has to be in a small cone K of opening e, which implies by the second relation that w; has
to be in a small cone S¢ of opening €. Note that the additional parameter ¢ € 7\ {0} takes
into account the periodic structure of the domain T?. Since the velocities are bounded by V,
it will be enough to consider the parameter ¢ in the box [~V#,V]?.
Using the local change of variables &; — (ewj, 75), it follows that

S d—1
/ lcyele with j = p, (¢,9) = (‘Ij’(jj)]‘BT<,j diy < Ce™ 0 Z / 1yes. ((wq —wg) - Wj)+dwj
¢

< C2d=1 gyttt
since there are at most (#V)? possibilities for the (’s.

Case 1b : j = p is the parent of ¢ = ¢; and ¢ # g;.

7—cyc

FIGURE 9. Two simple situations corresponding to Case 1b. The non clustering
encounter between (g, ) is triggered by a previous deflection between ¢ = ¢; and g
which is not equal to g. The parameter £; has to be be tuned so that the encounter
between ¢, §; leads as well to the recollision. The corresponding graphs with a cycle
are depicted below.
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In this case (see Figure 9), a third particle is involved in the process, as ¢ is deflected by
an encounter with ¢; # ¢ at time 7; (which implies necessarily that j > 2). By definition of
the cycle, the connector k of (q,q) is such that 7, < 7¢y.. Then by definition of the tutor,

one has j > k so that at time Ttl

e cither ¢ and ¢ are already in the same connected component;
e or ¢; and g are already in the same connected component.

The encounter at 7; is encoded by the condition z; = z, — xg € Br, j, and we can
strenghten this condition thanks to the cycle. The new condition will be written as a new
constraint between Z; := z,, — xg; = 4 — zg;, 7 and w;, which is different in both cases but
can be estimated in the same way.

Case 1b.a) — If ¢ and G are already in the same connected component, then we write that
in addition to the condition #; = x4y — x4, € Br_ j,

(wq(Tj—1) = 24(7j-1)) + (wq — wg) (75 — Tj—1) + (Vg — Wg)(Teye — Tj) = eWeye + ¢,

(B.7) ) p

with (€Z% and v, =w, — (wy — wg;) - wj wj

where we recall that v, is the velocity at time T;r and wq, wg; and wg = vz are the velocities
Tjt 1 (and therefore at time Tj_). Since g and g are already in the same

connected component, their relative distance at Tj+_ , and the velocities are fixed by Z1,...2;_1

and the velocities at top. Condition (B.7) therefore expresses a new constraint between &, 7;
and w;.

of ¢, g; and g at time

Case 1b.b) — If ¢ and g; are already in the same connected component, then their relative
distance at T;r_l and the velocities are fixed by Z1,...%;_1 and the velocities at Zsop. Then,
in addition to the condition #; = z, — zg; € Br, ; which encodes the encounter at 7;, we
obtain
(B.8)

(2q,(mj—1) — 24(7j-1)) + (wg; — wg)(75 — Tj—1) + (vg — wg) (Teye — 7j) = EWeye — wj + ¢,

with ¢ €Z? and v, =w, — (wy — wg;) - Wj Wj
with the same notations as in (B.7) for the precollisional and postcollisional velocities.

The first equations in (B.7)(B.8) restate

1 Teve — Ti
(B.9) Vg = Wq = s (chc—wjlcase 1bb) + o + &jwrel) , Oeye 1= ———2
cyc €
where
o for (B.7) the relative velocity is wye := wy — wg and
1
= g(xq(Tj_l) —2g(1j-1) — ) =: | + TeWyel

1
oy L we and Orj:= E(Tj —Tj—1+T) .
In this case there is no term wj;
e for (B.8) the relative velocity is wye := wg; — wg,

1
= g(:ij(Tj_l) — 2g(Tj—1) — ) = &1 + TuWyel

1
| L we and ;= E(Tj—Tj—l‘i‘T*)-

Note that, by definition
¢
€

cve

‘wrelT*’ < |&7| < = ‘wrel&rj‘ < —
13
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The recollision will be easier to achieve if dr is small, however this cannot happen (for a
large amount of time) if the relative velocity wy is large enough, as the particles will drift
far apart when 7; changes. In the following, we will integrate over the time 7; recalling
that di; = e~ ((w, — wg; ) + wy)+dw;dr;.

Subcase (i) : Suppose that |wyedrj| > 4. We get from (B.9) that
(Uq - wq)&rCyC = wCyC_wj]-Case 1b.b) +dry + wrel&-j .

Thus the triangular inequality implies

1
chlwrel&jl < |vg — wgl,

from which we deduce
1 4V

< :
&cyc o ‘wrel&j‘

By (B.9), v4 —wg belongs to a cylinder R of main axis & | 4+ wye107; and of width 4V /|wye o7 ].

Then, v, has to be both in the sphere of diameter [w,, wg,] (by the second equation in (B.7))
and in the cylinder wg + R (by (B.9)). This imposes a strong constraint on the deflection
angle w; in (B.7)(B.8), which has to belong to a union of at most two spherical caps. The
maximal solid angle is obtained in the case when the cylinder is tangent to the sphere (see
Figure 10). It is always less than Cymin(1,(n/R)(41/2) denoting by 7 the width of the
cylinder, and by R = J|w, — wg, | the radius of the sphere.

0 < Oar < C (1)

FiGURE 10. Intersection of a cylinder and a sphere. The maximal solid angle
is obtained in the case when the cylinder is tangent to the sphere. It is always
less than Cymin(1, (n/R)@1/2),

Thus w; has to belong to a union of spherical caps S¢, of solid angle less than

\ (d-1)/2
1,.cq dw; < .
/ s€5 8T = ¢ (’&jwreleq - wqﬂ)

Note that we can always replace the power (d — 1)/2 by 1 since we know that the left-hand
side is bounded by |S?~!|. Therefore

/leesg((wq — wg;) - wj)ydw;idr; < CV/min(<

) ;.

‘Tj Wrel |

Subcase (ii) : if |wyedr;| < 4, we have a strong constraint on dr; and we do not need any
additional constraint on w;.
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Thus, it follows that

. C elloge|V
/ 1_] parent of ¢ with g # g, 1BT<7J' dxj S 7(V9)d¥

)]
He |wrel |

which concludes the proof of (B.1).

Case 2a : j =k > p is the connector of (¢,q) # (¢;,q;) but not its parent.

The situation when ¢ (or ) is deflected at time 7; has already been dealt with in case
1. We will therefore assume that ¢ and g are not deflected at time 7; (see Figures 11-12 for
situations when this can happen).

A

¢ g q q 494G q

FIGURE 11. Two simple situations corresponding to Case 2. In the picture on the
left, only three particles are involved and ¢; is annihilated in the encounter with ¢ at
time 7; (j > 2). The picture on the right depicts another possible situation, where 4
particles are involved as ¢, § are both different from ¢;,g; (5 > 3).

7 O 4

FIGURE 12. Graphs associated to the pseudo-trajectories in Figure 11. Non clus-
tering encounters are represented by dashed lines.

In this case, the velocities v, = wy and vz = w; are constant on [Tf_l,rcyc}. Moreover
by definition of the tutor, we know that ¢ and g; (resp. ¢ and ¢;) belong to the same con-
nected component of the graph T~ at time Tj+_1. As the corresponding connected components

move rigidly with respect to ;, we notice that the relative distances wg(7j—1) — z4,(7j-1)
and xg(7j-1) — 7g;(7j-1) are independent of #;. The dynamical constraints state

Tq(Tj-1) — 2g(Tj—1) + (Teye — Tj—1)(Wg — Wg) = € Weye + Ceye

B.10
(B.10) Tq;(Tj—1) — g, (Tj-1) + (75 — Tj—1)(wg; — wg;) =€wj + ¢ .

Writing

2q(mj—1) = 2g(1j-1) = &5 + (2(mj-1) — 2, (mj-1)) + (2g;(j-1) — g(T5-1)) ,



48 THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

it follows that Z; has to be in the intersection R of two cylinders of axis wy —wg and wg; —wg;
and width €. The volume of this intersection is at most

1 e
B.11 < — min(Vl, ——
(B.11) [R| < - min(V0, o)

where ) is the angle between w, — wg and wy; — wg,. This proves (B.2).

Case 2b : j =k > p is the connector of (¢,q) = (¢;,G;) but not its parent.

Since ¢ and ¢ are not deflected at 7;, we obtain a contradiction: one of the particles has
to be annihilated and they cannot encounter again. However, in the companion paper [2],
when looking at higher moments of the fluctuation field, we will have to consider overlaps,
i.e. encounters where the two particles survive without being deflected. For the sake of com-
pleteness, we therefore deal also with this case. From (B.10) we deduce that

2q(Tj—1) — 2q(Tj=1) + (Teye — Tj—1)(wq — Wg) = € Weye + Ceye
2q(Tj-1) — 2q(Tj-1) + (75 — Tj-1)(wg — wg) = €w;j + G5,
so that
(Tj = Teye) (Wg — wg) = (G — Ceye) + O(e) .

In other words, the sinus between wy—wg and (;—(cyc has to be less than e, which proves (B.2).

This concludes the proof of Proposition B.2. O

Proof of Proposition B.3.

Integration of the first singularity, proof of (B.3).

Let us start by dealing with the singularity 1/|w, — wg|, which we want to integrate by
using the parent variables. Denoting by ug, ug the velocities at time 7,”, we distinguish again
between two subcases.

Subcase (i) : ¢ = g/ and ¢ = g, then |wy, — wg| = |uy — ug| and there holds

1p —ug) - w C
SCE S dzy < / | q Z‘ dwedty < —(61p=1 + (91@751) .
lwqg — wql |ug — €
Subcase (ii) : ¢ = gy and G # Gy, then g is not deflected at 7y. We therefore have
wq = g — (ug — Ug,) - Wewy

and

1p C 1
/ Tt dzy < / ‘(uq — ug,) - wddw@dn.
|wg — wql He lug — ug — (ug — ug,) - wewy|

Denoting a := uq — ug, and b := uy, — ug, we therefore have to study the integral

1
/|b— (a'w)wwa-w‘dw.

The denominator in the integrand vanishes at
b
wo:=—, if (b-a)=|b.
0]
Consider an infinitesimal variation 7 around wy. Since w € S, 7 is orthogonal to wg. The
first increment of the denominator at wq is

(@ - n)wo + (a-wo)n| > |(a-wo)n| > [b]n].

We therefore find that
o w| b

< .
1b—(a-w)w| = " [n][b]
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Locally the measure dw looks like |1|?~2dn, from which we deduce that

1

since d > 3. Integrating with respect to 7y (and for £ = 1 taking into account the constraint
that 71 € [tstop, tstop + 0]) leads to (B.3) in this case.
The term with small sine in (B.3) is bounded by

CVoe

€

1
. /lsin(wq—wq,g)gelzsug!qu — ug,|dwedry < (00p=1 + 01p21) ,
€

which concludes the proof (B.3).

Integration of the second singularity, proof of (B.4)-(B.5).
We want to integrate the singularity

1
sin €

|wg — wql |wqj- - wqj‘

(242 (g — 1) A (urg, — 1)
by using the parent variable of (¢, ¢, ¢;,q;). Without loss of generality, we can assume that
particle ¢ has a deflection at the encounter ¢. This singularity is very degenerate as the
denominator is equal to 0 as soon as the vectors are aligned. Thus the integration with
respect to the first parent may not be enough to control fully the divergence. Nevertheless,
the integration will lead to a less singular function of the type v +— 1/|v| which can then be

integrated by using an additional parent as in (B.3) (already proved) or (B.5) (proved below).

)

Subcase (i) : Suppose first that ¢ # ¢; and that g; is not deflected at time 7. The encounter
at time 7, involves particle ¢ = ¢y and a new particle go. Denoting by o, the deflection
parameter of the encounter at time 7,, and by ug,, ug, the velocities at time 7,”, we must have

1
Wq, = ) (qu + uQe) + ) |uqe - Uqg‘ g .-

In (B.12), the velocities w,; — wg;

, and wg are frozen at time 7,. By definition, given a

wqj quj

vector w := wg and a unit vector e := W the integral

q; —Wq, K

) elwg, — w| .
1, 74 T ) q d
/mm<wmwwAd>Bﬂf“

1 . elw,, —w
= o /mln <1, |(|qé’) 1, ,|ug, — ug,|doedr
€

wq, —w) A e

(B.13)

has a singularity when (wg, — w) A e = 0. Singularities are isolated as soon as ug, — ug, # 0,
and are in general of order 1, but they become degenerate when the line w + Re is tangent
to the sphere of diameter [ug,,ug] at wy, (see Figure 13). Consider now an infinitesimal
variation 7 around a singular value oy = &. Since oy € S¥~1, 5 is orthogonal to &. At leading
order one has
g, — ugllnAel

[wg, — wl

sin () ~

Therefore, if d > 3 (and even though e is in the plane orthogonal to ),

1 ) £ CVe|loge|
(B'14) ; /mln(1> SinQ)lBT<,e|uqe - Uq”d()’ngg < T (51621 + 91(7&1) )

which gives (B.4) in the case ¢ # ¢; and ¢; is not deflected.

Subcase (ii) : Suppose then that ¢ # ¢; (as on the right picture in Figure 11) and that ¢
and ¢; encounter at time 7. In this case, the velocities w, and wy; change simultaneously
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w

FIGURE 13. The geometry leading to the degeneracy at oy = & of the singular
integral (B.13) is depicted.

in (B.12). In order to decouple them, we rewrite the denominator by adding wy —wg and use
the upper bound |wy, —wg,| <V
1 |wq - wlinqg' - wl?j| < \% ‘wq — wtf’

sinQ) ’(wq_wq)/\(wq+ij — Wg; _wli)‘ B ’wq+w9j - (wqj +wtj)’ ’(wq_wé)/\e|7

wq+wqj —Wg, —Wg

Wq+Wq; —(wti]- twg
momentum is conserved. With the previous notation to describe the encounter at time 74, the
particles are indexed by ¢, = ¢, ¢ = g, the pre-collisional velocities by ug,, ug, and the post-
collisional velocities by wg, = w, and wg, = wg;. In particular the momentum conservation
reads wy + wq; = ug, + ug,.

Thus the term |@e—wad  _ _|s—wal
[(wg—wg)Ael [(wq, —wg) el

where the vector e = | il is unchanged by the encounter between ¢, q; as the

can be integrated as in (B.14)

CVoelloge| 0V (01— + 0141)
He |uq, + ug, — (wq]' + wg)|

9

1 . €
lie /mln(la m)lsmﬂuqe — ug,|doedTy <

which leads to (B.4) in this case.

Subcase (iii) : Suppose now that ¢ = ¢; and g # g; (left picture in Figure 11). If the parent
acts on ¢, then one has to integrate over the variable w, = w,; which appears twice now. To
decouple the different occurrences of w,, we proceed as in the previous step and add wg — wy
in the denominator. Then

1 [wg —wgllwg — wg| lwg — wg|V v |wg — w|
sinQ |(wg — wg) A (wg — wg)| ~ |(wg — wg) A (wg — wg;)| ~ |wg — wg;| |(wg —w) Ae|’
with e = % We stress the fact that, by construction, the particle g, colliding with ¢ is
lw |

q—Wq;
different from the previous particles. Thus we can repeat the above steps but we will be left
with a singularity 1/[wg — wg;|
CVoe|loge] \%

He ‘wq - wl?j’

1 . £
E /mln(l, m)18T<’Z‘uql — UquO'[dT[ <

This concludes the proof of (B.4).

Proof of (B.5) : We discusss now the singularity arising from the previous subcase (ii). This
is a singularity of the form 1/[w, + wy, — (wg, + wg)| and respecting the assumptions of
item (iii) in Proposition B.3. If the parent ¢ of the group (¢, qj, Gj, ) exists and acts on a
single particle, then we proceed as in the proof of (B.3), subcase (ii). If instead the first
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parent of the group (g, gj, j, q) involves simultaneously ¢; and ¢ # g;, then the momentum

w a;

+ wg is constant and the parent cannot be used: one then looks for the next available

parent (if any) deflecting only one particle, and proceeds always integrating the singularity
as in (B.3). This leads to (B.5).

The case of no parent is dealt with by (B.6), which is straightforward. This concludes the
proof Proposition B.3. O
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