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LONG-TIME CORRELATIONS FOR A HARD-SPHERE GAS
AT EQUILIBRIUM

THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

ABSTRACT. It has been known since Lanford [19] that the dynamics of a hard sphere gas is
described in the low density limit by the Boltzmann equation, at least for short times. The
classical strategy of proof fails for longer times, even close to equilibrium.

In this paper, we introduce a duality method coupled with a pruning argument to prove
that the covariance of the fluctuations around equilibrium is governed by the linearized
Boltzmann equation globally in time (including in diffusive regimes). This method is much
more robust and simple than the one devised in [4] which was specific to the 2D case.
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1. INTRODUCTION

The goal of this paper is to study the dynamical fluctuations of a hard sphere gas at
equilibrium in the low density limit. The equilibrium is described by a Gibbs measure, which
is a product measure up to the spatial exclusion of the particles, and stationary under the
microscopic dynamics.

A major challenge in statistical physics is to understand the long time behavior of the
correlations even in such an equilibrium regime. Our ultimate goal would be to prove that the
fluctuations are described in the low density limit by the fluctuating Boltzmann equation on
long kinetic times. The present paper provides a first step of this program, by characterizing
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the evolution of the covariance of the fluctuations on such time scales. We are hopeful that
the method introduced in this paper could be extended to study the convergence of the higher
moments and therefore to complete the program.

Time correlations are expected to evolve deterministically as dictated by the linearized
Boltzmann equation. At the mathematical level, such a result can be regarded as a variant
of the rigorous validity of the nonlinear Boltzmann equation, which was first obtained for
short times in [19] (see also [17, 25, 8, 12, 22, 9, 13, 14]). In fact the same method as in [19],
combined with a low density expansion of the invariant measure, was applied in [2] to prove
the validity of the linearized Boltzmann equation. The result in [2] suffered however from
the same time restriction of the nonlinear case, in spite of the fact that the solution to the
linearized Boltzmann equation is globally well defined.

This limitation was finally overcome in [4], in the case of a two-dimensional gas of hard
disks. The method of [4] used, in particular, that the canonical partition function is uniformly
bounded in two space dimensions. For d > 3 the limit is however more singular, as the
accessible volume in phase space is exponentially small. The goal of the present paper is to
present a much more robust method, based on a duality argument, which does not depend
on dimension. Our analysis is quantitative and the validity holds for arbitrarily large kinetic
times, even slowly diverging. Hence a hydrodynamical limit can be also obtained in the same
way as in [4], but we shall not repeat this discussion here.

1.1. The hard-sphere model. The microscopic model consists of identical hard spheres of
unit mass and of diameter . The motion of N such hard spheres is governed by a system of

S
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FIGURE 1. Transport and collisions in a hard-sphere gas. The square box represents
the d-dimensional torus.

ordinary differential equations, which are set in DV := (T x RY)Y where T? is the unit d-
dimensional periodic box: writing x; € T? for the position of the center of the particle
labeled ¢ and v§ € R? for its velocity, one has

193 13
dx; dv;

(1.1) 7 =v;, 7 =0 aslongas [xj(t) —x;(t)]>e for 1<i#j<N,
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with specular reflection at collisions:
1

(v§) = vi = 5(vi = v5) - (xF —x5) (xf — x3)
(1.2) / 5 if |x(t) —x5(t)| = €.
(v5) =i+ (Vi = vi) - (x5 = x5) (xi = x5)

The sign of the scalar product (vi —v§) - (x; — x5) identifies post-collisional (+) and pre-
collisional (—) configurations. This flow does not cover all possible situations, as multiple
collisions are excluded. But one can show (see [1]) that for almost every admissible initial con-
figuration (XZ‘?O, Vfo)lgig N, there are neither multiple collisions, nor accumulations of collision
times, so that the dynamics is globally well defined.

We are not interested here in one specific realization of the dynamics, but rather in a
statistical description. This is achieved by introducing a measure at time 0, on the phase

space we now specify. The collections of IV positions and velocities are denoted respectively

by Xy = (z1,...,2zx) in T and Vy := (v1,...,vn) in RV, we set Zy := (Xn, Vy)
in (T x RYHN, with Zy = (21,...,2n). Thus a set of N particles is characterized by Z5, =
(z5,...,2%) which evolves in the phase space

?V::{ZNEDN/Vi#j, |I‘i—$j|>6}.

To avoid spurious correlations due to a given total number of particles, we shall consider a
grand canonical state. At equilibrium the probability density of finding N particles in Zy is
given by

1 1 u
(1.3) ﬁMJEV(ZN) = EﬁID%(ZN) M®N(VN), for N =0,1,2,...
with
1 [v]? O
(1.4) M(v) := sexp(——-),  MEN(Vy) = [[M(uv),
(2m)2 2 i=1

and the partition function is given by

N N
- H ,
(1.5) Z5=1+4) NE!/WNXWN | | RIS (H M(vz)> dXy dVy .
i#j

N>1 i=1

In the following the probability of an event X with respect to the equilibrium measure (1.3)
will be denoted P.(X), and E. will be the expected value.

In the low density regime, referred to as the Boltzmann-Grad scaling, the density (average
number) of particles is tuned by the parameter p. := e~(@=1)  ensuring that the mean free
path between collisions is of order one [15]. Then, if the particles are distributed according to
the grand canonical Gibbs measure (1.3), the limit € — 0 provides an ideal gas with velocity
distribution M.

1.2. The linearized Boltzmann equation. Out of equilibrium, if the particles are initially
identically distributed according to a smooth, sufficiently decaying function f°, then in the
Boltzmann-Grad limit py. — oo, the average behavior is governed for short times by the
Boltzmann equation [19]

th—I—v-sz:/Rd/Sd1(f(t,:n,w)f(t,a:,v)—f(t,:n,w)f(t,:n,v))((v—w) -w)+dwdw,
f(O,.r,’U) = fo(x’v)
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where the precollisional velocities (v, w’) are defined by the scattering law
(1.6) V=0 — ((v—w) w)w, wi=w+ (V- w) ww.

At equilibrium, M is a stationary solution to the Boltzmann equation, and in particular
the empirical density defined by

1 N
(1.7) T = — Z(Szf(t)
e =
concentrates on M: for any test function h: D — R and any § > 0, t € R,
(1.8) P, ( 75 (h) — E. (ﬂf(h))‘ > 5) 0.
Jhe —>00

It is well-known that the Boltzmann equation dissipates entropy, contrary to the original
particle system (1.1)-(1.2) which is time reversible. Thus some information is lost in the
Boltzmann-Grad limit, and describing the fluctuations is a first way to capture part of this
lost information. As in the standard central limit theorem, we expect these fluctuations to
be of order 1/,/11-. We therefore define the fluctuation field (* by

(L9) G (h) = Ve (w5 () — Eo(m5 (1))

for any test function h. This process (¢ has been studied for short times in [5, 6] and was
proved to solve a fluctuating equation. Here we focus on the time correlation

(1.10) Cove(t, go, h) := E. (Cé(go)CE(h)) :

Before stating our main result, let us define the linearized Boltzmann operator

Lg:=—v-Vug+ M(w) ((v = w) - w), [9(t') + g(w') = g(v) — g(w)] dw duw

RdxSd—1

which is well-defined in the space L%M, denoting for 1 < p < oo

1
2 = {g;deRd—nR, gl e ;:(/ |g|pdedv>p <oo}.
M T4 x R4

Theorem 1.1 (Linearized Boltzmann equation). Consider a system of hard spheres at
equilibrium in a d-dimensional periodic box with d > 3. Let go and h be two functions in L?w.
Then, in the Boltzmann-Grad limit p. — oo, the covariance of the fluctuation field ((F),~

defined by (1.10) converges on R to /Mg(t)hdmdv where g is the solution of the linearized
Boltzmann equation 0rg = Lg, with gj;—y = go-

Remark 1.1. It is classical that there is a unique solution to the linearized Boltzmann equa-
tion, which is bounded globally in time in L3,.

The same result as Theorem 1.1 was proved in dimension 2 in [4] with a different, more
technical and less robust strategy. The proof presented here could be adapted to the two-
dimensional case, at the price of slightly more intricate geometric estimates (see Appendiz B),
but we choose not to deal with this case here.

The limit is stated for any fixed time t, however as will be clear from the proof, one can
choose t diverging slowly with €, as o((log | log 5])1/4) and thus the hydrodynamical limit holds
true, see [4].

Remark 1.2. Previous work on the (more general) nonequilibrium setting has led to construct
the Gaussian limiting fluctuation field for short times by using cumulant expansions [23, 22,
5, 6]. For further discussions on the fluctuation theory of the hard sphere gas we refer to
these references, as well as to [10, 24, 25].
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Our strategy starts, as in the classical approach of [19], from an expansion over collisions
of the BBGKY hierarchy, moving backwards in time from time ¢ to time 0. These collisions
are represented by binary tree graphs. Moreover following [3, 4], we sample collisions over
small time intervals, and introduce stopping rules in order to avoid super-exponential collision
trees. Here we introduce a second stopping rule, to avoid also trajectories with recollisions
(a practice known to be efficient in the quantum setting [11]). The principal part of the
expansion is shown to converge to the expected limit by classical arguments, while the re-
mainder is conveniently controlled by duality in L?-norm, using a global a priori bound on
the fluctuations of the invariant measure. In order to implement this strategy, we actually
need to control the number of recollisions on the last small time step before stopping time.
This can be done by restricting the initial data to configurations that do not lead to clusters
of particles of cardinality -, mutually close on a microscopic scale: for « finite but large
enough, the cost of this restriction vanishes in the Boltzmann-Grad limit.

The paper is organized as follows. In Section 2 we setup our strategy, introduce several
error terms and list the corresponding estimates (see in particular Section 2.3 for a simplified
description of the method). Section 3 contains a general dual bound in L?-norm (based on
cluster expansion), which is then used in Sections 4, 5, 6 to control the principal part and
the error terms. The required geometric estimates on recollision sets are discussed in the
appendix, restricting this part for brevity to d > 3.

2. STRATEGY OF THE PROOF

2.1. Reduction to smooth mean free data. Let us first prove that, without loss of
generality, we can restrict our attention to functions gg, h satisfying

(2.1) /Mgodz:/Mhdzzo.

We start by noticing that there is a constant ¢, such that for all h € L2,

(2.2) E. (n(h)) = - /D M()h(2)dz.

Indeed

n—1
B (75 (1) = 5 X prgy [, M0t a2,

5
n

1 P - _
= [aapne)(z X5 [z, TT s d7(07)

= P 1<i<p
:cE/M(v)h(z)dz
D

using the translation invariance. Expanding the exclusion condition H1<i<p g —z>e — 1
actually leads to c. = 1 + O(e) but this fact will not be used in the following.

Denoting by (-) the average with respect to the probability measure Mdvdx and by g :=
g — (g), we get according to (2.2),

E. (75 (J0)) = Ee (5 (h)) = 0.

Now, shifting gy and h by their averages boils down to recording the fluctuation of the total
number of particles (in the grand canonical ensemble)

Cov(t, 0, h) = Cove(t, Go, h)+(90)Ex (¢T(1)GF (R) ) +(E= (¢*(1)G (50) ) +(h) (90) < (¢7(1)?)
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where we used the time independent field (*(1) = \/% (N —=E.(N)). Using the time invariance

of the Gibbs measure, the time evolution of Cov, is unchanged and the result follows from
the fact that for all functions h; and hs in L?M

/ M (Lhi)hy dadv = / M(Lhy)hsy dzdo .

It will be also useful in the following to work with functions gg and h with additional
smoothness (namely assuming go Lipschitz in space, and both functions to be in L* and
not only L%w) For this we notice that we can introduce sequences of smooth, mean free func-
tions (g§),0 and (h*),~o approximating go and h in L3, as a — 0. By the Cauchy-Schwarz
inequality there holds for all mean free functions h; and hs in L%w

Cove(t, h1, ha) = Ec(¢§(h1)¢ (h2))
< Ee(¢§(h1)? )%E (G (h2) ) )

which is bounded uniformly (for small €) by virtue of the a priori estimate (see [25] or Remark
3.2 below)

N

(2.3) vhe Ly, E(G()?)? <Cllhllz,, € >0.

In particular

Cove(t, go, h) — Cove(t, g5, h®)

— 0, a—0,

uniformly in . In the following, we therefore assume that go and h are mean free and smooth.

2.2. The Duhamel iteration. For any test function h : D — R, let us compute

N
Ec (¢5(90)¢ (h)) = <<Zgo ))(2h(25(t)))> .

Thanks to the exchangeability of the particles, this can be written

(2.4) E. (¢ (90)C5 (h / G5 (t.2)

where GY is the one-particle “correlation function”

1 =1
G5(t,z1) = o > = /Dp dzy ... dz1ep Wi (8 Z14p)
. !

and W () is defined as follows. At time zero we set

N

1 1 u
(2.5) SWRZN) 1= 22 M 1 (20) MY (V) Y o)
i=1
and W (t) solves the Liouville equation
(2.6) atW]i; + VN - VXNW]% =0 on D?\; ,

with specular reflection (1.2) on the boundary |z; — z;| = e. We actually extend W, by zero
outside DY.

As a consequence, to prove Theorem 1.1 we need to prove that Gj(t) converges for all
times to Mg(t), where g solves the linearized Boltzmann equation.
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Similarly for any test function h, : D" — R, one defines the n-particle “correlation func-
tion”

1 1
(2.7) G (t, Zn) = Z o / Az - A2y W (t, Zngp)
6 —

so that

LN
— (S (z00) ( Z (2, (1), 25, (1) :/G;(t,zn)hn(zn)dzn.
€ i=1

7'17
Here and below we use the shortened notation
(31 5e-ein) i1yeenyin€{1,... ., N}
Z'j 79“@ ) .];ék
By integration of the Liouville equation for fixed e, we obtain that the one-particle correlation
function G§(t,x1,v1) satisfies

(28) 8tG1 + (O Vxl Gl Cl QGE

where the collision operator comes from the boundary terms in Green’s formula (using the
reflection condition to rewrite the gain part in terms of pre-collisional velocities):

(C’iQGg)(:Ul,vl) = /G%(xl,vll,xl + z-:w,vé)((vg — 1) -w)+ dwdvs
(2.9)
- [ G o) (0~ ) ) dwden,

with as in (1.6)
vi=v; — (v —v2) ww, vh=vy+ (v — ) Ww.
Similarly, we have the following evolution equation for the n-particle correlation function :
(2.10) oGy, + Vo - Vx, G, =Cy ,11Gry on Dy,

with specular boundary reflection as in (2.6). This is the well-known BBGKY hierarchy
(see [7]), which is the elementary brick in the proof of Lanford’s theorem for short times.
As Cf 5 above, C} . describes collisions between one “fresh” particle (labelled n + 1) and
one given particle i € {1,...,n}. Asin (2.9), this term is decomposed into two parts according
to the hemisphere j:(vn+1 —v;) - w>0:

n

5 5 L 2 : €1 €
Cn,n+1Gn+1 T n,n+1-"n+1
=1

with
( 2’,%@1 i) (Zn) = /Giﬂ(Zfﬁ, i, Vi, Ti + 8("')71};1,4’1)((1}7’1"1‘1 — v;) -w)+ dw dvpq1
- /GfH—l(Zn, T; + Ew, Un+1) ((Un+1 - Ui) . OJ)_ dw dvn+1 ,

where (v}, v],,,) is recovered from (v;,vn41) through the scattering laws (1.6), and with the
notation

1) .
Z,<L> = (215 ey Zim1s Zidls e oy Zn) -
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Note that performing the change of variables w — —w in the pre-collisional term gives rise
to

(C’f; n+1Gn+1)(Z )= / ( 2+1(Zr<zi>737i7“§796i + EW,U1/1+1) - GfLH(Zn,H?i - Ew7vn+1)>
X ((Un+1 —v;) -w)+ dw dvp 41 -

Since the equation on G, involves G, obtaining the convergence of G requires under-
standing the behaviour of the whole family (G%,),>1. A natural first step consists in obtaining
uniform bounds. Denote by S the group associated with free transport in D¢ (with specular
reflection on the boundary). Iterating Duhamel’s formula

G5 (1) =SNG + / S5t~ 1)Clp1 Gl (1)

we can express formally the solution G%(¢) of the hierarchy (2.10) as a sum of operators
acting on the initial data :

(211) Z Qn n+m n+m )

m>0

where we have defined for ¢ > 0

tl tm 1
i ()G = / / / Se(t >c,i,n+1s;+1<t1 )y s
and Q2 (G20 = S2(1)GE0, Q2 (0)GED,, = GG

n,n+m n+m:

Let us sketch how an a priori bound can be derived from the series expansion (2.11). We
say that a belongs to the set of (ordered, signed) collision trees .A,jfm if a = (as,si)1<i<m
with labels a; € {1,...,n + i — 1} describing which particle collides with particle n + 1,
and with signs s; € {—,+} specifying the collision hemispheres. FEach elementary inte-
gral appearing in the operator @, .., thus corresponds to a collision tree in Anm with
m branching points, involving a s1mplex in time (t; > to > -+ > t,,). If we replace,
for simplicity, the cross-section factors by a bounded function (cutting off high energies),
we immediately get that the integrals are bounded, for each fixed collision tree a € A,ilm,
by [|gol| = C§(Cot)™/m!. Since \Aflm| = 2"(m+n — 1)!/(n — 1)!, summing over all trees
gives rise to a bound C"™1T™¢™||go||L. The series expansion is therefore uniformly absolutely
convergent only for short times. In the presence of the true cross-section factor, the result
remains valid (with a slightly different value of the convergence radius), though the proof
requires some extra care [18, 19].

2.3. Pseudo-trajectories and duality in L?. The strategy described above does not ac-
count for possible cancellations between positive and negative terms in the collision integrals:
the number of collisions is not under control a priori and this is responsible for the short time
of validity of the result. To implement that strategy for long times, it is therefore crucial to
take into account those cancellations, which are particularly visible on the invariant measure.
The idea is therefore to take advantage of the proximity of the invariant measure to control
pathological behaviours. Moreover this has to be done in an adequate functional setting: the
usual Lanford proof [19] consists in using L norms, but this is problematic as the L® norm
of G%(t) scales as p.. Actually (as apparent in (2.3) for instance), a weighted L? setting is
more appropriate. In this paragraph we explain, in the case of a simplified dynamics without
recollisions, how a duality argument enables us to exploit the a priori L? bound (2.3).
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2.3.1. Pseudo-trajectories. (see e.g.[6]) For all parameters (t;,w;, Un4i)i=1,...m With t; > t;11
and all collision trees a € A one constructs pseudo-trajectories on [0, t]

n,m»
\Ilfz,m = \Ilfl7m (Zna (aia Siy ti) Wi, Un+i)i=1,“.,m>
iteratively on i = 1,2,...,m as follows (denoting by Z;_ () the coordinates of the pseudo-

particles at time 7 < ¢;, and setting ty = t):
e starting from Z,, at time £,
e transporting all existing particles backward on (¢;,t;-1) (on Dy ; | with specular
reflection at collisions),
e adding a new particle labeled n + i at time t;, at position 7 (;) + es;w; and with
velocity vn44,
e applying the scattering rule (1.6) if s; > 0.
We discard non admissible parameters for which this procedure is ill-defined; in particular we
exclude values of w; corresponding to an overlap of particles (two spheres at distance strictly
smaller than ¢) as well as those such that w; - (vn1; —v5 (£7)) < 0. In the following we denote
by G: (a, Zy,) the set of admissible parameters.

With these notations, one gets the following geometric representation of the correlation
function Gf, :

G,i(t,zn)zz E /g y Z)ddedeVnH,ner

m20 aEAim
X (H Si((vn-‘ri - ”Zi (tj_)) ’ wi) +> Gigrm (Zf+m(0)) )
i=1

where (Tr, Qm, Va1 nem) = (ti, Wiy Unti)1<i<m.-

In the following we concentrate on the case n = 1 since as explained above, it is the key to
studying the covariance of the fluctuation field: our goal is indeed to study / dz1G5(t, z1)h(z1)
introduced in (2.4).

2.3.2. The duality argument in the absence of recollisions. In the language of pseudo-trajecto-
ries, a recollision is a collision between pre-existing particles, namely a collision which does
not correspond to the addition of a fresh particle in the backward pseudo-trajectory.

Let us assume momentarily that there is no recollision in the pseudo-dynamics. Denoting
by Qﬁ?l +m the restriction of Qf ;,, to pseudo-trajectories without recollision, and recalling
the series expansion (2.11), we therefore focus in this paragraph on

=310 =Y / Ao h(2) Qs ()G, -
m>0 m>0

Let us fix the integer m > 0. Expanding the collision operators leads to

I, = Z / dz1h(21)d T d2mdVa m1 <H Si((v1+z‘ — 5, () 'wi>+> GG (Z14m(0))
o i=1

aEAfm

where P, is the subset of D x ([0,#] x S¥~! x R%)™ such that for any 2, (i, wi, V1+i)1<i<m
in P,, the associate backward pseudo-trajectory satisfies the requirements that as time goes
from t to 0, there are exactly m collisions according to the collision tree a, and no recollision.
Recall that a tree a encodes both the labels of the colliding particles (namely 1 + ¢ and a;)
and the signs s; prescribing at each collision if there is scattering or not.
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Given a tree a € Afm, consider the change of variables, of range R,:

(2.12) (21, (ts, wi, V1i44)1<i<m) € Pa — Zi1(0) € Ra.

It is injective since the particles evolve by free-transport with no recollision, and its jacobian

mH( v — v, () - w ->+.

'ua’bl

Denoting by 2{(t, Zi4m) the configuration of particle 1 at time ¢ starting from Zi4,, € R,
at time 0, one can therefore write

m

= > Me/ A2y 1 m G (Z1gm) R (25 (t, Zagm)) [ ] 5 -

aGAi =1

Note that the restriction to R, implies that Z;,, is configured in such a way that collisions
will take place in a prescribed order (first 1 + m with a,,, then m with a,,—1, etc.) and
with prescribed successions of scatterings or not. Using the exchangeability of the initial
distribution, we can symmetrize over the labels of particles and set

m
(213) W Zmi) = gy D D byt Z) Liz,eray [
aebm+1 aeAi i=1
where &,, 41 denotes the permutations of {1,...,m+ 1}, o = (o(1),--- ,0(m + 1)) and
Zy = (25(1) - + > Zo(m+1)) -

By definition, ®2, 41 encodes m independent constraints of size 1/p. corresponding to the
collisions in the pseudo-dynamics on [0, ], so we expect

/‘q)gm+1(Zm+l)|M®(m+1)(vm+1)dzm+1 <cey)m
for some C' > 0. In order to estimate

(2'14) /dZm+1Gm+1( m+1)q)2n+1(Zm+1) )

the key idea is now to use the Cauchy-Schwarz inequality to decouple the initial fluctuation
from the dynamics on [0, ¢]: indeed, setting

1
(2.15) Eg(@9n+1) = Es W( Z (I)m+1( Zijyse fm+1))
€

(i1, -fm+1)

and introducing the centered variable

1
(2.16) Pi1 (Z) = —pr D Pz, oz, ) — Ee(Phy)

He (#1,-m+1)

we have

> E. (i)omH (Z3) g:go (Z§)) = E. (/é o041 C5(90)>
=1

(2.17) ™20 m20

<s(G")" T u (i (@)") "

and I° differs from the above quantity by a small error coming from the subtraction of the
average (which will be shown to be negligible).
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One important step in this paper will be the estimate of the last expectation in (2.17). It
requires to expand the square and to control the cross products using the clustering structure
of @ 1 (Zm41)®Y,,1(Z),,1). This will be achieved in Proposition 3.1.

At this stage, the duality method does not seem to be much better than the usual method
since we expect an estimate of the form

1| < cen™,

which diverges as m — oo despite the fact that it does not even take into account pseudo-
dynamics involving recollisions, for which the change of variables (2.12) is not injective.

However, since the duality method somehow “decouples” the dynamics and the initial
distribution, it will be easier to introduce additional constraints on the dynamics. Typically
we will require that

e the total number m of collisions remains under control (much smaller than |log¢|);
e the number of recollisions per particle is bounded, in order to control the defect of
injectivity in (2.12).

2.4. Sampling. As in [4], we introduce a pruning procedure to control the number of terms
in the expansion (2.11) as well as the occurrence of recollisions. We shall rely on the geometric
interpretation of this expansion: to have a convergent series expansion on a long time (0, 6),
6 > 1, we shall stop the (backward) iteration whenever one of the two following conditions
is fulfilled:

e super-exponential branching : on the time interval (6 — k7,0 — (k — 1)7), with 7 < 1
to be tuned, the number ny, of created particles is larger than 2F;
e recollision : on the time interval (6 — (k—1)7 —rd,0 — (k—1)7 — (r—1)0) with 6 < 7
to be tuned, there is at least one recollision.
Note that this sampling is more involved than in [4] since we essentially stop the iteration as
soon as there is one recollision in the pseudo-dynamics : this will be used to apply the duality
method. Note also that both conditions (controlled growth and absence of recollision) have
to be dealt with simultaneously : it is indeed hopeless to control the number of recollisions
if the number of collisions can be of the order of |loge|.
The principal part of the expansion will correspond to all pseudo-trajectories for which
the number of created particles on each time step (0 — k7,0 — (k — 1)7), for 1 < k < 6/,

is smaller than 2*, and for which there is no recollision. Recalling that Qfl?n +m denotes
the restriction of @Q, ,,1,, to pseudo-trajectories without recollision, and setting K := 6/
and Ny = 1+ -+ + ng, we thus define the main part of the expansion as
;mai . 0 0 0
(218) G;: maln(e) T Z Qinl (T) e QiVKflyNK (T)Giv}( .
(np<2k) <

In order to prove that G§ — G7™*™" is small, we will use the duality argument discussed in
Section 2.3.2, together with an a priori control on the number of recollisions allowed in the
dynamics. We will therefore need to restrict the support of the initial data, in a way which
is harmless in the limit u. — oco. Given an integer v > 2, we define a microscopic cluster of
size v as a set G of v particles in D such that
(2.19)

(2,2)€GxGe= Tz =2,29,...,2p =2 in G st. |z; —wi11| <2V, VI<i</l-1,

for some parameter V € R* which will be tuned later, in Proposition 2.2, as a cut-off on the
energies.

We define Y5, as the set of configurations Zy € D53, such that for all integers 1 < k < 0/7
and 1 < r < 7/0, any cluster present in the configuration Z5 (6 — (k — 1)1 — r6) is of
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size at most . The parameters will be chosen so that the set T3, is typical under the
initial measure. Thus the main contribution to the Duhamel expansion will be given by the
restriction to configurations in YT4,. For this reason, we introduce the tilted measures

(2.20) Wg =W5 1y, and °Wg = Wg Lers,

and the corresponding correlation functions ((NJE ) ot (CCNJE ) . defined as in (2.7). For the

measure supported on Y%, it is easy to see that if the velocities of the particles at play at
time 6 — (k — 1)7 — rd are under control (the total energy is less than 3|V|?, with |V§| > ¢),
then on the time interval (0 — (k—1)7 —7d,0 — (k—1)7 — (r—1)d), two particles from different
clusters will not be able to recollide.

Now recall that K = 6/7 and Ny, = 1+- - -+ny, (where ny, is the number of created particles
on the interval (6 — k7,0 — (k — 1)7) in the backward dynamics), and let us set R := 7/0.
Defining

rec . 15 e0

n,n+m T ¥nn+m ~ Cnnt+m
the restriction of ()], ,,;,, to pseudo-trajectories which have at least one recollision, we can

write the following decomposition of é‘i
(221)  G5(0) = GYNO) - GYO) + GRUT(0) + G 6) + G(0)
with

G?CIUSt (0) = Z Ql nl( ) QNK 1,NK( ) cG?VOK

(np<2*)p<i

and where

K
Gy (0) Z Yoo > RN QN N (TG (0 — k7)

=1 (nJ<2J)]<k 1 g >2k

is the error term coming from super-exponential trees. The term G5 (6) + G5™(6) encodes
the occurrence of a recollision, depending on the size of the energy at stopping time compared
to some value %VQ to be tuned later. Let us define those two remainder terms: we denote
by nj°¢ > 0 the number of particles added on the time step (6 — (k—1)7 — 76,0 — (k — 1)7 —
(r —1)8) (on which by definition there is a recollision), and by n? := ny — ni* the number of
particles added on the time step (0 — (k—1)7 — (r—1)6,0 — (k—1)7) (on which by definition
there is no recollision). We then define

arec Z Z Z Z Z Ql n1( ) QNk 9, Ni_ 1(T)

k=1 (TLJSQJ) <k—1T= 1niE>0 n0+nrec_nk
QNk 1,N—1+n? ((T‘ o 1)6)QE\C};—PFH%NICA-F”%-F”?C(5) §Vk (9 B (k - 1)T - r5)1|VNk|§V

the error term due to the occurrence of a recollision, with controled velocities at stopping
time, and finally

K R
,vel L 0
GO =2 > DD D QM@ N ()
0 ~
it (= DO v e (0, (6 — (6= 17 — 1)Ly

the error coming from large velocities.
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2.5. Analysis of the remainder terms. Recall that our aim is to compute the integral
n (2.4). According to the previous paragraph, recalling the definition

G5(0) =D Q5 (0)°G, = G5(0) — G5(0),
m>0
there holds
(2.22)  G5(0) = GT™™(0) — GT™N(0) + GT¥P(0) + GTY(0) + GT(0) + °G5(6) .

The remainder terms Gi’cmm(@) and “G5 () consist essentially in measuring the cost of the

constraint on 17 ;. They are easily shown to be small thanks to the invariant measure: the
following proposition is proved in Section 6.1.

Proposition 2.1 (Cost of restricting the initial data). If the parameters 0,6,V satisfy, for
some v € N,

(2.23) lim 623 6Dty =0
e —>00
and if 0,7 are chosen such that
(2.24) im v =
pe—oo 7 log | log £|

then
(2.25) lim / A1 G0, 2 h(z) = Tim [ d21°GE (0, 21)h(z1) = 0.

Jbe —>0O Jhe —+00
Furthermore, the probability of the complement of Y, is bounded by
(2.26) P (“Y5) < 0(y V)" pzttoh
and there holds

y+l o g1
- bl

1,4
E. (Gloo)lry) | < Cyllgollzs, 03 VE puc® 6%

(2.27)

The control of high energies is also an easy matter thanks to the Gaussian bound on the
initial data. The following result is proved in Section 6.2.

Proposition 2.2 (Cost of high energies). If there exists a > 0 such that
(2.28) lim — =0
and if the parameters 0,7 satisfy (2.24) then choosing V = |loge]|,

lim [ dz GSY(0, z1)h(z1) = 0.

e —>00

It remains to study G7*P(0) and G7"*°(0). For these two terms we use the a priori L?

control on fluctuations, and thus resort to the duality argument sketched in Paragraph 2.3.2.
The following proposition is proved in Section 4 thanks to the quasi-orthogonality estimates
of Section 3 and the clustering estimates of Section 4, the extra smallness coming from the
assumption that the tree becomes superexponential on a short time interval of size 7.

Proposition 2.3 (Superexponential trees). If the parameters §,V,0 satisfy (2.23) and if
(2.29) lim 6% =0,

He—>00
then
lim dzlGi’eXp(G, zl)h(zl) =0.

e —>00
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The possibility of recollisions makes the analysis of G7"°° more intricate : it is however
possible to revisit the arguments of Section 4, to gain smallness thanks to the presence of a
recollision on a time interval of size §. The following proposition is proved in Section 5.

Proposition 2.4 (Recollisions). If the parameters 0, V, 0, T satisfy (2.23), (2.24) and if (2.28)
holds with 0 < a < 1, then

lim leGi’reC(e, zl)h(zl) =0.
e —>00
2.6. End of the proof of Theorem 1.1. To conclude the proof of the main theorem, it
remains to study the convergence of the principal part, and to check that there exists a
possible choice of parameters satisfying all assumptions (2.23)(2.24)(2.28)(2.29).

Proposition 2.5 (Principal part). Under assumptions (2.23)(2.24)(2.28)(2.29), there holds

lim [ G0, 2) h(z) dx — / M) g(0,2)h(z)dz V0 RT,

e—0

where g(0) is the solution of the linearized Boltzmann equation with initial datum gg :
(2.30) og = Lyg.

The proof of this proposition is the content of Section 6.3.

Collecting this together with the decomposition (2.22) and the propositions of Section 2.5,
Theorem 1.1 is proved, provided that the scaling assumptions are compatible. The con-
vergence holds quasi-globally in time, i.e. for any finite 6 and even for very slowly diverg-
ing 0 = o((log | log5|)1/4).

We first choose

d—1
5:€n with T<7/]<1,

which ensures that assumption (2.28) is satisfied with 0 < a < 1.
Then, we choose ~ large enough so that

0 123 61 loge|™ = 9= (d=1)=3(d=1) = 50 | P < 1.

This will imply that assumption (2.23) is satisfied, choosing V = |loge|.
It remains to prescribe 7 in order that (2.29) and (2.24) are satisfied. We can take for
instance

T = (6% log|loge]) V2.

3. QUASI—ORTHOGONALITY ESTIMATES

To control the remainders associated with super exponential branching G7“*P(6) and rec-
ollisions G7"*°(6), we shall follow the strategy presented in Section 2.3.2 using a duality ar-
gument. More precisely, in order to use the L? estimate on the initial fluctuation field ¢§(go),
we need to establish L? estimates on the associate test functions @y, , see (2.15)-(2.17). We
prove here a general statement which will be applied to the superexponential case in Section 4,
and to the case of recollisions in Section 5.

In the following we denote for i < j

Zij = (2i, Zit1, - - 2j) -
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Proposition 3.1. Let ®n be a symmetric function of N variables satisfying

(3.1) sup /\(I)N(ZN)\M®N(VN)dXN_1dVN < " py
:L‘NETd
(3.2) sup /\‘I’N(ZN)‘I’N(Zz, ZN+128—0)| MO (Van_p) dXon—r—1dVan—¢
Ton €T
,u
<ol ;M R (=1,...,N,

for some C, po, py > 0. Define the centered variable Oy as in (2.15)-(2.16). Then there is a
constant C > 0 such that

(3.3) B (®n)| < CVpy
and
A ~ N ~
(3.4) B (ped% ) <OV e+ 0 (CVpe) .
/=1

Properties (3.1) and (3.2) will come from the fact that ®y, is a sum of elementary func-
tions supported on dynamical clusters, which can be represented by minimally connected
graphs with N}, vertices, where each edge has a cost in L' of the order of O(1/u.). In or-
der to compute the L' norm of tensor products, we will then extract minimally connected
graphs from the union of two such trees, which provides independent variables of integration.
Additional smallness (encoded in the constants pg, pg) will come from the conditions that
collisions/recollisions are localized in a small time interval, in Sections 4 and 5.

Proof. We start by computing the expectation

1
Eg(@N):WEE< Z (EN( 217“’7Z§N)>
(3 5) € ( ----- N)
Z/dZN+pM€ Ips, . (ZN+p)M®(N+p)(VN+p)(I)N(ZN)'

p>0

This expression will be estimated by expanding the exclusion condition on Zy, = (Zn, Zp)
using classical cluster techniques. We will consider Zx as a block represented by one vertex,
and (Z;)1<i<p as p separate vertices. We denote by d(y,y*) the minimum relative distance
(in position) between elements y,y* € {Zn, Z1, ... Z,}. We then have

ID?v+p(ZN+p) = 19%(21\7) H Li(y,y)>e
y,y*€{ZN,21,---Zp}
y#y*
= 1ps,(Zn) Y 1p:  (Zoy) 9(ZN, Zog)
ooC{1,...,p}
where og is a (possibly empty) part of {1,...,p}, of is its complement, and where the

cumulants ¢ are defined as follows

(3.6) (ZN’ Z H (_ld(y,y*)ge) )

GeCiyo| (y,y*)EE(G)
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denoting by C, the set of connected graphs with n vertices, and by E(G) the set of edges of
such a graph G. By exchangeability of the background particles, we therefore obtain

E.(®yN) = / M®P1pe (Zyy)dZp,
PO >0

(3.7) - [ M (2, 2,10 (23) 0 (2)d2Z 2,

p1>0

pP1
-y / MO (2, 2y ) 1ps (Z8) 8N (Zx)dZndZ,y, |
p1>0

where in the last step we used the definition of the grand canonical partition function Z¢.
A powerful tool to sum cluster expansions of exclusion processes is the tree inequality due

to Penrose ([20], see also [16]) estimating sums over connected graphs in terms of sums over

minimally connected graphs. It states that the cumulants defined by (3.6) satisfy

(38) ‘ (ZN7 Z H 1d(y,y*)§a )

TeT1+p1 (y,y*)EE(T)

where T4y, is the set of minimally connected graphs with 1 + py vertices.

The product of indicator functions in (3.8) is a sequence of p; constraints, confining the
space coordinates to balls of size ¢ centered at the positions Xy, Z1,...7,,. We rewrite it
as a constraint on the positions zy,Z1,...Zp, (recalling that Xy is considered as a block,
meaning that the relative positions inside it are fixed). Integrating the indicator function
with respect to Xp1 provides a factor N4 %1 where d; is the degree of the vertex Xy in 7.
Then, using (3.1) to integrate with respect to Xy_1, Viy provides a factor cNpy.

The number of minimally connected graphs with specified vertex degrees di, ..., d14p, is
given by

1+p1

(3.9) (p = DY/ T (i = 1)
i=1

Therefore, combining (3.7) and (3.8), we conclude that there exists C’ > 0 such that

Né
(3.10) B0l <O ) (O™ D
120 dy,.. ,dp1+1>1H (d; — 1!

from which (3.3) follows by taking ¢ small enough and using the fact that

1
Z Hp1+1( _Z d1_1|z d2—1 "Z(dlerl_l)!SNeNepl‘

di,ydpy+12>1 dpy+1

In order to establish (3.4), we note that

(3.11) Eg(ueciﬁv) = My%,lEg( Z Py (z ”,...,sz))Q —ME(IEE(@J\,))2

¢ (1,--iN)



LONG-TIME CORRELATIONS FOR A HARD-SPHERE GAS AT EQUILIBRIUM 17
and first expand the square

E( > <I>N(“,...,Z§N))2

(7"17"'77:1\7)

=E. Z Py (z “,...,sz) Z @N(zjfl,...,zf;v)

(11,-50N) (G

Notice that we have two configurations of (different) particles labelled by (i1,--- ,in) and
(i, ...,iy), with a certain number ¢ of particles in common, ¢ = 0,1,...,N. Using the
symmetry of the function ®y, we can choose i1 = i},iy = 1),...,iy = i, as the common
indices and we find that
(3.12)
2
E. ( Y dn(z “,...,sz)>
(i1ymrin)
N A2
= <£> 1l EE( Z @N(zgl,..., )<I>N( “,...,ZZ,ZZ‘?NH,...,Z%N_Z)>,
=0

(ik)ke{1,..2N—0}

where the combinatorial factor (]Z )2 comes from all possible choices for sets A and A’
in {1,...N}, with |4] = |A'| = ¢, corresponding to the positions of the common indices
in both N-uplets. The factor ¢! is due to all possible bijections between A and A’, corre-
sponding to the permutations of the repeated indices.

Next we treat separately the cases £ = 0 and ¢ # 0.

Step 1. The case when all indices are different £ = 0. Let us compute

1
WEE( Z (I)N( Zijpyeees ZN)(I)N( ZN+1""’Z;;2N)>

¢ (11,.-582N)

(3.13)
/dZ2N+p 2N+p(Z2N+p)M®(2N+p)(V2N+p)q)N(ZN)<I>N(ZN+L2N)-
p>0

We can proceed as in the proof of (3.3) by expanding the exclusion condition on Zon4, =
(Zn,Z)y, Zp) (see the red part in Figure 2) and considering Zy and Z); as blocks represented
each by one vertex. We then have

Los,.,, (Zonip) = 1o, (Z)10s (Z8) > o, (Zoy)|9(Zn, Zhs Zog)
ooC{1,...,p}

Y eZn 22 Z)]

O'UCT/_O'
ona’ ‘Z‘
where 0, 0,0’ are (possibly empty) parts of {1,...,p}, and where we use (3.6) and

(ZN72N7 Z H (_ld(y,y*)ga) .

GeCayo| (y,y*)EE(G)
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Cluster expansion of the exclusion
in the invariant measure

Dynamical constraints
encoded in ®, and @,

FIGURE 2. Cluster expansion of the exclusion and separation of integration variables
when Zy and Z) are disjoint.

By exchangeability of the background particles, we therefore obtain (as in (3.7))
(3.14)

gi /M® N Ipe (2. Ziv, Zp)On(ZN) BN (ZN)dZNdZdZ,
>0

p=
MZE71+].
= Z /M® 2N+p1) (Z ZN,Zpl)lpe (ZN)l'DE (ZN)(I)N(ZN)(I)N(ZN)dZNdZNdel
p12>0
2
+,us< Z /,Lg /M®(N+p1) (ZN Zpl)lps (ZN)CDN(ZN)dZNdel)
p1>0

The last term is equal to . (E.(®x))? by (3.7), therefore it cancels out in the computation
of (3.11).
The second line in (3.14) is treated as before. By the tree inequality

‘ (ZNaZN7 pl Z H 1d(y,y*)§s )

Te7’2+m (y,y*)EB(T)

we reduce to p; + 1 constraints confining the space coordinates to balls of size e cen-
tered at the positions Xy, X\, Z1,...Zp,, which we can rewrite as a constraint on the posi-
tions zn, 2y, Z1,...Tp, (recalling that X and X}, are considered as blocks, meaning that
the relative positions inside each one of these blocks are fixed). Integrating the indicator
function with respect to Xpl,a: N,y provides a factor N ditdacd(p1+1) where d; and dy are
the degrees of the vertices Xy and X}, in 7. Then, using (3.1) to integrate with respect

to Xn_1,X_,, V, V} provides a factor (CNpO)Q. We conclude that the second line in (3.14)
is bounded by

Nd1+d2 B
(3.15) (C’Npo)2 Z (C'edp)prtt Z = O(CN pe)

P2 ;. 1q
p1=0 diyedpy 4221 H Sy (di = 1)
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and it follows that

1
WEE( Z ‘I)N(ZZ,---,Z;:N)‘I)N(ZfNH,---,Z%N))
(3.16) He (i15--s82N)

— 12 (E(®n))* + O(CV ) |

Step 2. The case when some indices are repeated. For ¢ € [1, N| given, we consider

1
£ £ £ £ £ £
72N—1E€( Z QN(Zi17"‘7ZZ'N>¢N(Z7:17"'7Zi£7ziN+17"’7Zi2N,g)>

He (ik)ke{l,..2N—£}
plt pe IN+p—¢
= 275 Zp'/dZ2N+p—KlD§N+p_[(Z2N+p—é>M®( P (Vangp—o) BN (ZN) PN (ZY)
p>0 "

denoting Zn = (Zy, Zisan)s Ziy = (Zo, Zny1,2n—0) and Zy = Zon—_p41 2N —t4p-

Cluster expansion of the exclusion
in the invariant measure

Dynamical constraints encoded in @, and @’
In this case, X, and X’y have =2 common vertices, we should
remove one edge to get a minimally connected graph.

FIGURE 3. Cluster expansion of the exclusion and separation of integration variables
when Zy and Zj; have ¢ common elements.

This expression is of the same form as (3.5), but now ® 5 (Zy) is replaced by ®n(Zn) PN (Z}y)
which is a function of 2N — £ particle variables. It can be therefore estimated in exactly the
same way (by considering Zsy_y as one block since the dynamical constraints will provide a
cluster structure on Zyn_y: see the red part in Figure 3). The role of the cluster estimate (3.1)
is now played by (3.2) and this leads to (see (3.10))

1
£ € € &€ £ €
72N71E€< Z ¢N(Z7;1""’ZiN)¢N(ZZ.17""Zi£7ZiN+1""7Zi2N_£)>

fe (ik)ke{1,..2N—0}
(3.17) ( y
N Pt y 2N — ) N
SOV |t Y | < VN
p1>20 di,..dp +1>1 11i=1 ( i )

Combining (3.11), (3.12), (3.16) and (3.17) we conclude that

. . No/N\2 .
318) (et ) < e (B0 + OV ) + 30 (1) ) 4107 peV " = e (el
(=0
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and, remarking that ¢! < N¥, this leads to (3.4) by enlarging the constant C. O

Remark 3.2. For N =1 and ®; = h € L s one has EE(,LLECT)%> = Eg(gf(h)Q). A simple
corollary of the above proof leads then to (2.3).

4. CLUSTERING ESTIMATES

In this section we will prove Proposition 2.3. We consider
(4.1)

[ Gieon B S S [ a2 QR () QR (7) G (0 ).

k=1 ( nj<2j)g<k 1 ng>2k

Each term of the sum will be estimated by using Proposition 3.1. With the notation tsp, :=
0 — kT, we set

(4.2) o = [ (0@, ()@, (NG, (taap)n

where 1 < k < K is fixed, as well as the set n; = (n;)1<j<i of integers. Given a collision tree
a€ Af N,—1» we will use, as explained in (2.12), the injectivity of the change of variables

(4.3) (21, (ti,wi, v14i)1<i<N—1) — Z5,(0) € Rapn,
where the configurations in R, n, have to be compatible with pseudo-trajectories satisfying
the following constraints :

(i) there are n; particles added on the time intervals (0 — j7,6 — (j — 1)7) for j < k;
(ii) the addition of new particles is prescribed by the collision tree a;
(iii) the pseudo-trajectory involves no recollision on (tsop, 0).

We can thus write
Ink - /(I)Nk(ZNk) G?Vk(tStOP’ ZNk) dZNk ’

with
Ni—1
(4.4) Dy, (Zn,) : Z > (w0, Zo) Yiz,erany 1] 5
UGGNk CLG.A i=1

1,Np—1
Using same the notation as (2. 16) we set
(4.5) Dy (Z) : N Z Oy (z5,,. ... 25, ) — E(Pn) ,
€ (7fl

so that I, becomes

(4-6) Iy, = Ee < /2 (I)Nk (ZNk (tsmp)) CO (90) 1TN> + N1/2 (‘I’Nk)Ee (Cg(go)l”ff\f) )

where the indicator function on Y%, stands for the restriction on the cluster sizes (2.20).
Applying the Cauchy-Schwarz inequality, as in (2.17), leads to the following upper bound

o] < EE(<<5<go>>2)” VB (1 (B, (28, (o)) )

ut? s (D) Ee (¢5(g0) 15, ) |
which can be estimated by Proposition 3.1. To do this, we are going to check, in Lemmas 4.1
and 4.2 stated below, that ®y, satisfies the assumptions (3.1) and (3.2) of Proposition 3.1.
The last term involving the expectation will be negligible thanks to estimate (2.27) of Propo-
sition 2.1 and the tuning of the parameters performed in Section 2.6.

(4.7)
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Lemma 4.1. There exists C > 0 such that

(4.8) sup /‘(I)Nk(ZNkMM@Nk(VNk)dXNk—ldVNk < CN}cHhHLOO(D)GNk—l—lTnk )

J?Nk ETd

Lemma 4.2. There exists C' > 0 such that, for any £ =1,..., Ng,

sup / |® N, (Z,) @, (Ze, Znys1,28,—0) [ MECNETO (Vo o) dX o, —o—1dVan, —
(4.9) @an, —e€T?

< CM T NI ey 62N T

Assuming those lemmas are true, let us complete the estimate of I,,. Starting from (4.7),
it is enough to apply Proposition 3.1, and (2.27) of Proposition 2.1. We finally get

Ny
—f—1— — 1/2
| < Cllgollgg, bl (o (32 0Nt 71mmigme 4 g2 Neor D21/

/=1
(4.10)

1 d 41 dy-1
AL T A

< llgollzz, Il oo ) (CO)Nortms/2 72

thanks to (2.23) and 6 <7 < 1.
To complete Proposition 2.3, we will show that the contribution of the superexponential
trees is negligible. The superexponential trees are such that N1 < 2k < ny, this leads to

(4.11) [ Tni| < 1Bll o) g0l £z, (CO)NE=1Fm/2 772 < [ h| ooy (CO7)™*/2.

The parameters 6, 7 satisfy (2.29) so we can sum over (n;);<; and the series is controlled by
K

(4.12) | / d=GYP(0, 21)h(21)| < [Bllpoylgoll 2, Y 25 (CO* ).
k=1

The proof of Proposition 2.3 is complete.

Before proving Lemmas 4.1 and 4.2, let us introduce some notation. For any positive
integer N, we shall denote as previously by 7Tx the set of trees (minimally connected graphs)
with N vertices. We further denote by 75 the set of ordered trees. A tree T € T4 is
represented by an ordered sequence of edges (¢i, @)1 <;<n_1-

Proof of Lemma 4.1. For each configuration Zy, , there exist at most 4"+~ different (o, a)
such that Z, € Rqn,. Indeed at each collision in the forward pseudo-trajectory, the particle
which disappears has to be chosen, as well as a possible scattering. To fix these discrepancies,
we introduce two sets of signs §; and s; which determine respectively which particle should
be removed (say §; = + if the particle with largest index remains, §; = — if it disappears)
and whether there is scattering (s; = +) or not (s; = —). Note that the signs (s;)1<i<n,—1
are encoded in the tree a while (5;)1<j<n,—1 are known if o is given. If we prescribe the
set Sy, —1 := (84, 5i)1<i<N,—1, then the mapping

(a,0, 21, (ti wi, Vi4i)1<i<Ne—1) > Zg(tstop)

restricted to pseudo-trajectories compatible with Sy, _1, is injective. This leads to

Np—1
0
(4.13) o (2] < Il 5 3 Lz emay, -

SNy -1
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where Rg N1 is the set of configurations such that the forward flow compatible with Sy, 1
exists, and with the constraints respecting the sampling (we drop the dependence of the sets
on ng, not to overburden notation).

We are now going to evaluate the cost of the constraint Zy, € Rg Np—1 for a given Sy, 1.
For this it is convenient to record the collisions in the forward dynamics in an ordered
tree T~ = (¢, Gi)1<i<n,—1: the first collision, in the forward flow, is between particles ¢
and q; at time 71 € (fstop, #), and the last collision is between g, —1 and g, —1 at time 7, _1 €
(TN, —2,0). Notice that compared with the definition of (backward) pseudo-trajectories, since
we follow the trajectories forward in time we choose an increasing order in the collision times
(namely 7 = ty,—;). This leads to

Np—1
i
(4'14) ‘(I)Nk(ZNk)‘ < HhHOO AENk' Z Z 1{ZNk€RT_<,SNk71}7

SNk—l T< 67—](;C

where R SN -1 is the set of configurations such that the forward flow compatible with
the couple (T<,Sn,—1) exists, and with the constraints respecting the sampling. Actually
note that the above sum over ordered trees corresponds to a partition, meaning that for any

given Zy,, at most one term is non zero.
Given such an admissible tree T let us define the relative positions at time Zgop

i =xg, — Xg; -
Given the relative positions (Z),; and the velocities Vy, , we fix a forward flow with collisions
at times 7 < --- < T;—1 < 6. By construction, ¢; and g; belong to two forward pseudo-
trajectories that have not interacted yet. In other words, ¢; and ¢; do not belong to the same
connected component in the graph G;_1 := (¢;, §j)1<j<i—1. Inside each connected component,
relative positions are fixed by the previous constraints, and one degree of freedom remains.
Therefore we are going to vary #; so that a forward collision at time 7; € (7;-1,6) occurs
between ¢; and ¢; (moving rigidly the corresponding connected components). This collision
condition defines a set Br_ i(Z1,...,2Zi—1, Vn, ). The particles ¢; and ¢; move in straight lines,
therefore the measure of this set can be estimated by

C
’BT<7Z" < I ’U; (thl) - ng- (thm (0 —7i—1)
€

and there holds

C
(4.15) D 1Bril < = (VR, + Ni) N (0 — 7i-1)
qi,qi He
Hence by Fubini’s theorem
Np—1
> /dXNkl II 15...< > /dgeﬂgul/d@.--/dﬁwk11BT<7Nk_1
T<eT]§k i=1 neTﬁk
(4.16)
C Ni—1 No—1 B 0 0
< <) (VR +Np) * 7 N 1/ dﬁ-../ dr, 11,
He tstop TNp—2

where 1,, is the constraint on times respecting the sampling in (4.2). Retaining only the
information that nj times are in the interval (tsop, tstop +7) and the other Nj_; —1 times are
in (tstop + 7,6), we get by integrating over these ordered times an upper bound of the form

ne  gNp_1—1 N —1
(4.17) ™Y < 2 7 g1 =1
el (Vo1 — 1)1 = (N — 1)!
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Up to a factor CVe, the factorial Ni! compensates the factor N]iv’“ in (4.16). Furthermore,
for any K, N and dimension D > 0

1
(4.18) sup {exp (= <|V]) (V]2 + K)N} < ONeK NN,
VeRD 8
After integrating the velocities with respect to the measure M®Nk we deduce from the
N
previous inequality that the term (V]\Q,k + Nk) * leads to another factor of order N]ivk which

is compensated, up to a factor ™V, by the Ni!in (4.13). Combining all these estimates, |®, ‘
can be bounded from above uniformly with respect to one remaining parameter which takes
into account the translation invariance of the system. For clarity, we decide arbitrarily that
the remaining degree of freedom is indexed by the variable xy, . This completes the proof of
Lemma 4.1. g

Proof of Lemma 4.2. The proof is similar to the one of the previous lemma, however, we
have to analyse now the dynamical constraints associated with two configurations Zy, =
(Zo, Zps1,n,) and Z] = (Ze, ZN, 412N, —¢) sharing ¢ particles. For each configuration, we fix
the parameters coding the collisions Sy, —1 = (s;, ;) 1<i<n,—1 and SEVk—l = (8}, 5)1<i<N,—1-
By analogy with formula (4.13), we get

}(ka (ZNk)q)Nk(Zf7 ZN]C+1,2N;€7€)‘

Np—1\ 2
2 [ H
(4.19) < HhHoo< j\fk' ) > Lizn,ersy, ) 1z, eRe )}
! Sh, 1 kT~
Shy 1

We consider the forward flows of each set of particles Zy, and Z }Vk starting at time fsop. Both
dynamics evolve independently and each one of them should have exactly N — 1 collisions
to be compatible with an ordered tree as the ones used in the proof of Lemma 4.1. As the
configurations Zy, and Z}Vk share ¢ particles in common, strong correlations are imposed
in order to produce a total of 2(NN; — 1) collisions. For our purpose, it is enough to relax
these constraints and to record only 2Ny, — ¢ — 1 (weakly dependent) “clustering collisions”
which will be indexed by an ordered graph 77 with 2V, — £ — 1 edges, as well as relative
positions (&;)1<i<an,—¢—1 at time tgop.

5 1
0 O
Q4
3
[ )
5 y ®1 ®
Oo0———0O0——e
Lytop 5 O @ : TZ

FIGURE 4. In the figure on the left, an example of 2 pseudo-trajectories sharing
{ = 3 particles with N = 5. The collision graph T~ associated with the left pseudo-
trajectory starting from Zs is depicted by the bended grey edges ordered according
to the collision times. The complete tree 77 is built starting from T~ to which two
additional straight edges (numbered 5 and 6) have been added to connect 4" and 5'.

The ordered graph T” is constructed as follows. As in the proof of Lemma 4.1, we
denote by T the ordered collision tree corresponding to the forward flow of Zy,, and
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by (7i)1<i<n,—1 and (Z;)1<i<n,—1 the collision times and relative positions. The first Nj, — 1
edges (i, Gi)1<i<N,—1 of the graph T” are the edges of the ordered tree T, so that T is fully
embedded in 77 (this prescribes the constraints on the particles Zy, ). The last Nj — ¢ edges
in 7" will record the additional constraints on the remaining particles Zy, 11 2n,—¢ which are
involved in the dynamics of Z};, (see Figure 4).

The edges (¢i, i) N, <i<2n,—¢ are added as follows, keeping only the clustering collisions in
the forward dynamics of Zj\,k, i.e. the collisions associated with edges which are not creating
cycles in the graph :

e the first clustering collision is the first collision in the forward flow of Z}Vk involving
at least one particle with label in [Ny 4+ 1,2N;, — ¢]. We denote by (gn,,qn,) the
labels of the colliding particles and by 7y, the corresponding colliding time. We also
define the ordered graph G, = (¢;,q;)1<j<n,- Note that on Figure 4, the graph G5
is made of two components {1,2,3,4,5} and {4’,5'}.

o for Np+1 < i < 2Ny —{—1, the i-th clustering collision is the first collision (after 7;_1)
in the forward flow of Z ;Vk involving two particles which are not in the same connected
component of the graph G;_1. By construction at least one of these particles belongs
to Zn,+1,2N,—¢. We denote by (g;, ;) the labels of the colliding particles and by 7;
the corresponding collision time. We also define the ordered graph G; = (g;, Gj)1<j<i-

By this procedure, we end up with a tree T := (¢, Gi)1<i<2n,—¢—1 with no cycles (nor
multiple edges). We define as above the relative positions ; 1= x4, — xg,.

Note that the sequence of times (7;)i<i<2n,—¢—1 is only partially ordered. Indeed the
times 7 < --- < 7Tn,—1 associated with Zy, are ordered, as well as the times 7y, <

- < Ton,—¢—1 associated with the clustering collisions in Zzlvk7 but they are not mutu-
ally ordered. Nevertheless, this is not a problem since the only important point is that
the collision sets (BTQ,Z')IS’L'SW\%*Z*D defined as in the proof of Lemma 4.1, only depend
on I,...,%i—1,Van,—¢. When ¢ > i, this is less obvious than in the previous case since in
the construction of T” some collisions (those in the forward flow of Z]/Vk leading to cycles)
have been left out, so one needs to check that the corresponding trajectories before time 7;
can be reconstructed knowing only Z1,...,Z;-1, Van, —¢.

By construction, for ¢ > Ng, the two particles (g;,@;) colliding at time 7; belong to two
different connected components C;_1(g;) and C;_1(g;) of the dynamical graph G;_;1. The
trajectory of ¢; in the pseudo-trajectory of Z}Vk up to time 7; depends only

e on the relative positions (Z;)(4;,3,)eCi_1(¢:) 2t tstop
e and on any root of C;_1(g;), for instance the position x4, of ¢; at tsiop.

The same holds for the trajectory of ¢;. We can therefore write the colliding condition
by moving rigidly the two connected components C;_1(¢;) and C;_1(g;), which provides as
previously a condition on Z;.

From this point, we can proceed exactly as in the previous lemma and the sets BT/{/J satisfy
the same estimates as before.

INp—b—1

(4.20) Z/dXsz—e—l H 18, ,

T =1

c 2Nkt 2 Ng—1 \;Np—1 2 Ng—€ NN, —¢
= () (VNk + Nk) Nk g ((V&k) + Nk) Nk i

— \ Me
0 0 0 0
X / dTl.../ dTNk—llnk X / dTNk.../ dTQNk_g_l.
tstop TNy —2 tstop TON —£—2
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Notice that the first Ny — 1 ordered time integrals correspond to the constraints in the

tree T and are estimated from above by (%\:‘:11)!7'"’“ ONe-1=1 as in (4.17). The sampling
in (4.2) is omitted for the remaining times which are simply constrained to satisfy 7, <
- < ToN,—t—1 < 0, so that

(% 0 0 6
/ dT1-~/ dTNkfllnk X / dTNk / dTgNk_g_l
tstop TNp—2 tstop T2Np—£-2

Ni—1 Ny—£ N,
< 27k 7% gNk—1*1 % ok < Cr ng 92Nk7€717nk ]
- (Nk—l)! (Nk—f)' B (Nk—f)'(Nk—l)'
Plugging this estimate in (4.20), we deduce that
2Np—L—1
Z / dXQNk —6-1 H IBTQ,i
T// i=1

He
We conclude as in the proof of Lemma 4.1 by integrating with respect to velocities Von, —/,

and by using the prefactor (Ni!)~2 from (4.19) to compensate, up to a factor CN¢, the
N

O\ 2Ve—t-1 N1 N
S(S) T e ) (4 )Y N

divergence NV, ,3 coming from (4.18). O

5. THE COST OF NON-CLUSTERING CONSTRAINTS

In this section we prove Proposition 2.4. The proof consists in applying Proposition 3.1,
and for this we revisit the proof of Lemmas 4.1 and 4.2, to gain some extra smallness thanks
to the recollision. Recall that

K R
GY™(0) = Z Z Z Z Z Q7% (7). QN 2 Ne_1(T)

(51) k=1 (nJ§2])3§k71 r=1mng>0 n0+nrec_nk
© QNk 1,Ng—1-+n <(T B 1)6) 1}\32_1+n27Nk_1+n2+n2°° (5) ?Vk (0 — (k - 1)T - 745>1|V1\;I€\§V-

Let us start by fixing an integer 1 < k < K, integers (n;)i<j<k—1 with n; < 27, as
well as an integer 1 < r < R, and two integers ng, ni¢ summing to ng. We set ng =

((nj)1<j<k: lank7nrkeca )and
e = / (1)@, (7) ..

0 ~
?Vk—lka—l"v‘ng((r -1 )Qﬁ\efz_lJrn%,Nk_ﬁn%JrnZ“ (6)G§Vk (tStOp)l‘VNkKV

with tsop := 0 — (k — 1)7 — rd. As previously we want to use a change of variables in order
to write an expression of the type

e = / B (2, ) O, (ftops Z, )2,

However contrary to the previous case, the presence of recollisions requires the introduction
of additional parameters to retrieve the injectivity of the change of variables (2.12). On the
time interval (fstop + 6, 6), the situation is the same as in the previous section since there are
no recollisions by definition. On (tstop, tstop + 0) however, the construction of the forward
dynamics starting from a configuration Zy, is more intricate since there is at least one
recollision. The important fact is that the number of recollisions is under control. Indeed the
configuration at time tgop has no cluster of more than v particles by construction, and |Vy, |
has been set to be smaller than V. It follows that each particle is at a distance less than 2V§
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of at most v — 1 other particles at time tsop. But thanks to the energy cut-off, two particles
which are at a distance larger than 2V at time tgop cannot collide during the time interval
(tstops tstop + ). Therefore, each particle may interact at most with v — 1 particles on this
small interval. Furthermore, there cannot be any recollision due to periodicity as Vi < 1.
Since the total number of collisions for a system of « hard spheres in the whole space is finite
(see Section 5 in [27]), say at most K., each particle cannot have more than K. recollisions.
We then associate with each particle ¢ an index x; (less than K,) which is decreased by
one each time the particle undergoes a recollision. We denote by Ky, the set of recollision
indices (k;)1<i<n,. Given a collision tree a € Af Ny—1> this new set of parameters enables
us to recover the lost injectivity, by applying the following rule to reconstruct the forward
dynamics. At each collision,

e if the two colliding particles have a positive index, then it is a recollision;

e if one particle has zero index, then it is a collision : the label of the particle which
disappears, and the possible scattering of the other colliding particle are prescribed
by the collision tree a.

Note that the disappearing particle should have zero index, else the trajectory is not admis-
sible.

Finally let us define, for each a and each Ky, in {0,...,K,}V*, the set ig‘;vk amn, Of

configurations compatible with pseudo-trajectories having the following constraints:

(i) the number of new particles added respectively on the time intervals (6 — j7,0 — (j —
D7), (@—(k—1)7—(r—1)0,0 —(k—1)7) and (0 —(k—1)7—76,0 — (k—1)T — (r—1)J)
are respectively n;, ng and n;;

(ii) the pseudo-trajectory 1nvolves no recollision on the interval (tstop + 6,0) and at least
one on (tstopa tstop + 5)7

(iii) the addition of new particles is prescribed by the collision tree a and recollisions
between particles are compatible with Ky, ;

(iv) the total energy at tgop is less than V2/2:

(v) the configuration at time tsop has no cluster of more than « particles.

Then the change of variables, as in (2.12),
(21, (ti, Wi, V144)1<i<Np—1) — (Z]E\Tk(tstop)aKNk)
of range
{(ZnoKu) € D5y, x {0, Y Zng €REE, am, |
is injective (of course not surjective).

So we can now write

155, = [ (2GR aons 2w )2,

where
Ny—1
(5.2) %E(ZNk = Z Z Z h U(l) l{Z 67?‘1;2(;\[ ank H S/L.
O'GGNk aeA 1 =1
Proceeding as in (4.5), we define @5@: by substracting the mean and rewrite I7§ as an
expectation

I, = Ee ( 2 O (Zir (tstop) ) G5(90) 11@) + il Be (PR°) Ee (¢5(g0)1rs,) -
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Following (4.7), a Cauchy-Schwarz inequality implies

1/2 . 2\ 1/2
115 | < B ((G590)%) e (e (B3¢ (Zieltnop)) ) )+ ml/® B (B2) e (G5(90)1rs,) -

As in (4.10), this can be estimated by Proposition 3.1 and using (2.27), once we check

that ®¢ satisfies the assumptions (3.1) and (3.2) of Proposition 3.1. This is the purpose of
k

the following two lemmas.

Lemma 5.1. There exists C' > 0 such that for d > 3,

b /|(I)rec k)‘M®Nk(VNk)dXNk*1dVNk
(5.3) x, €T

< OV ||| poo 0™ (=D (v) i+ pNe-1—1e| Jog e] .

Lemma 5.2. There exists C > 0 such that, for any £ =1,..., Ny and for d > 3,

Td/} Ny (Zn,) N (Ze, Zny 1,2, 1)
962Nk zE

5.4
(5.4) x MOCNO (Vo ) dX oy, —r—1dVan, ¢
< CNkuﬁlek—ZHhH%w(D 5max(1 njee T(n271)+ (Ve)d+1 02Nk7€flfnk6| 10g<€| '

Assuming these lemmas are true, let us conclude the proof of Proposition 2.4. Thanks to
Proposition 3.1 and using (2.27), there holds

1155, 1 < (CV ll ey lollz2, )
1 2(Nj_1—1) o INp—l—1—ny \ /2 ! max(1,n%°) _1(nd—1)
X [52]log5|<50 ket +Z€ k ’“) 52 T2\

d X dy—
+ellogelpNs-1tar(mi-Dr v 21 5T bmax(ni) |

Using (2.23), we get

(5.5) [0S | < s%|log5| Hh“Loo(]D))HgOHL% (CH)Ne- 1t /2 55 max(Lnfee) 3 (nR—1)+

r,ng

Finally we are in position to sum over all parameters. We find after summation over ng

and n;°°, then r (which leads to a factor 7/0) and finally (n;);<; and k,

’/dz Ga rec 21

Now the logarithm of the right-hand side behaves as

1

11
< (sz) “o7ea|logel [17] o w) lgolls,

1
ilogE + 28 1og(CH) — —00,  pe — 00,

J

by the scalings (2.28) to control § (recalling that 0 < a < 1) and (2.24) to bound from above
K = g < %log |loge| for p. large enough. It follows that

lim dzlGi’rec((g)h(Zl) =0

e —>00

which ends the proof of Proposition 2.4. O
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Proof of Lemma 5.1. We shall follow the method of the previous section, by introducing the
set of signs Sy, —1 = (84, 5i)1<i<N,—1, With (s;, 5;) characterizing the i-th creation (whether
there is scattering or not and which particle remains). Then if Sy, 1, Ky, are prescribed,
the mapping

(a,0, 21, (ti,wi, vii)1<icng—1) = (Z5(tstop))
is injective and we infer that
Nj—1
| (Zw,)] < (11’ Y Ly erp )

N! KN, SNy —1
Ky, SN, -1

We have defined Rig‘;vk S

WO Ny —
with Ky, , Sy, —1 exists, and with the constraints respecting the sampling in formula (5.1).

, as the set of configurations such that the forward flow compatible

ig(;vk7SNk—1'
For this as previously we split the above sum according to ordered trees T« = (i, Gi)1<i<N,—1
encoding the ”clustering collisions”: the first collision in the forward flow is necessarily clus-
tering, say between particles ¢; and g; at time 7 € (tstop, tstop + 9). Clustering collisions are
then defined recursively : the i-th clustering collision is the first collision after time 7;_1
involving two particles which are not in the same connected component of the collision
graph Gij—1 = (¢j,Gj)j<i—1- We then denote by (g;,q;) the colliding particles and by 7;
the corresponding collision time. The last clustering collision is between gy, —1 and gy, —1
at time 7y, 1 € (7n,—2,0). Note that by construction we know that there are at least
max(1,n;°) clustering collisions in the interval (fsiop, tstop + 0), and at least n; + ng clus-

tering collisions in the interval (fsiop, tstop + 7). This leads to

Now let us fix Ky, , Sy, —1, and evaluate the cost of the constraint that Zn, €

N,
(5.6) AR LTS aD DI DR PSS
Kn, SNy —1 T €Ty,
where RE?E,KN,C,SN,CA is the set of configurations such that the forward flow compatible
with T, Kpy, ,Sn,—1 exists, and again with the constraints respecting the sampling in for-
mula (5.1).

Notice that, since the pseudo-trajectories involve recollisions, the clustering collisions of
the forward dynamics do not coincide in general with the creations in the backward dynamics.
Furthermore, since the graph encoding all collisions has more than (N; — 1) edges, there will
be at least one non clustering collision in the forward dynamics (see Figure 5).

We proceed exactly as in the proof of Lemma 4.1. Given an admissible tree T, the
relative positions (Zs), <; and the velocities Vi, , we can vary Z; so that a forward collision at
time 7; € (7;—1,6) occurs between ¢; and ¢; and thus define the set Br_ ;(Z1,...,2i—1, Vn,)
of measure

C
IBral < - lva = valo
€

and for 7 > 1

C
Br_i| < ;|UE~(T;Z1) —vg (L )0 = 7i-1) -

ai @i
The point now is to see that the existence of a non clustering collision reinforces one of these
conditions. As can be seen in the two next propositions proved in Appendix B, the first
non clustering collision, say at e between ¢ and ¢/, imposes strong geometric constraints
on the history of these particles, especially on the first deflection of the couple ¢,¢" (moving
backward in time). This first deflection corresponds to a clustering collision, say the j-th,
and we call “parent” the corresponding index j.
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6

FIGURE 5. In the pseudo-trajectory (with N = 6) represented on the left figure,
a recollision occurs between 5,6 in the time interval [tsop, tstop + 0]. This recollision
induces a cycle in the collision graph T~ as shown in the second figure. The time
ordering of the clustering and non clustering collisions is represented by the circled
numbers and the edges are added dynamically in T following the forward dynamics,
i.e. starting from tsop. As a consequence, the recollision between 5, 6 in the backward
pseudo-dynamics becomes the first clustering collision in the forward dynamics and
the non clustering collision is identified with the edge (1,6) occurring close to time 6.

Proposition 5.3. Let ¢ and ¢ be the labels of the two particles involved in the first non
clustering collision at time Tyec, and denote by T; the first time of deflection of q or ¢,
moving down from Trec 10 tsiop. Assume that d > 3. If the non clustering collision is due to
space periodicity

C
P d+1
/ 1Periodic non clustering collision with parent j ]-BT< i diE] S ?(Ve) .
€

If the first deflection involves q and a particle ¢ # ¢', then denoting by vq, Uy the velocities at
_l’_
T
o C
]-Non clustering collision with parent j ]-BT_< i d‘,rj S E(Ve) v |17q _ ’Dq" .

e|loge]

It finally remains to eliminate the singularity 1/|04 — 9|, using the next deflection moving
backward. Note that this singularity arises only if the first non clustering recollision is not
a self-recollision, which ensures that the recolliding particles have at least two deflections
before the non clustering collision in the forward flow.

Proposition 5.4. Let ¢ and ¢ be the labels of two particles with velocities vy and vy, and
denote by T; the time of the first deflection of q or ¢ moving down to tsop. Assume thatd > 3.
Then,

1, . C
/M d{L‘j S — ((51]':1 + 913‘751) .
|vq He
Note that if the first deflection (j = 1) occurs in the time interval (fstop, tstop + 0), then

the estimate is strengthened by a factor 4.

Combining both propositions and summing over all possible parents j, 7' of the first non
clustering collision, we get
Nj—1

Z /dXNk—l H 13T<’Z. < Z Z /di"llBT<71/di‘z---/di’Nk—llBT<,Nk1
=1

TLETR Gog'parents TL €T,

Nk_l Ne—1 tstop+6 0
< () (VO)TINE (VE + Ng) N,ﬁvk—l/ d71-~/ dry, 1| loge| 1n,

/.lg tstop TNk —2
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recalling that 1,,, is the constraint on times respecting the sampling in formula (5.1). Inte-
grating over that simplex in time, and with respect to the Gaussian measure in velocity leads
to the expected estimate. Lemma 5.1 is proved. g

Proof of Lemma 5.2. The proof combines arguments from the proofs of Lemmas 4.2 and 5.1.
Our starting point is the estimate

=1
rec 13
(5.7) |Ns (Zwy)] < HhHOONik! > l{ZNkGRke(;Vk‘SNk_I}‘
Ky, SN, —1
Let us fix two families (Ky,,Sn,—1) and (K’Nk, S’Nk_l) and consider a configuration Zan, ¢

rec ! _ rec
such that Zy, € RKN,C,SN,CA and Zyy, = (Ze, ZN, 412N, —2) € RKM’SQ\%_I .

We consider the forward flows of each set of particles Zy, and Zjlvk starting at time tgiop.
Both dynamics evolve independently and each one of them should have at least one non
clustering collision. As in the proof of Lemma 5.1 we denote by T~ the ordered collision tree
corresponding to the clustering collisions of Zy, , and by (7;)1<i<n,—1 and (Z;)1<i<n,—1 the
collision times and relative positions. Note that the non clustering collision on the dynamics
of Zn, reinforces one of the clustering constraint.

Starting from this ordered minimally connected tree T~ with N vertices, we construct an
ordered minimally connected graph with 2N, — ¢ vertices with the same procedure as in the
proof of Lemma 4.2. The edges (gi, Gi) N, <i<2n,—¢ are added by keeping only the “clustering
collisions” in the forward dynamics of Z; :

e The first clustering collision is the first collision in the forward flow of Z]/\,]C involving
at least one particle with label in [Ny +1,2Ny —¢]. We denote by (¢, , ¢n, ) the labels
of the colliding particles and by 7y, the corresponding colliding time. We also define
the ordered graph Gy, = (¢;,qj)1<j<N,;

o for Ny +1 <i < 2Ny — ¢ — 1, the i-th clustering collision is the first collision (after
7i—1) in the forward flow of Z]’Vk involving two particles which are not in the same
connected component of the graph G;_;. We denote by (g;,q;) the labels of the
colliding particles and by 7; the corresponding colliding time. We also define the
ordered graph G; = (qj',q]')lgjgi.

By this procedure we end up with a tree 7% := (g;, ¢;)1<i<2n, —¢—1 With no cycles (nor multiple
edges). We define as above the relative positions Z; := x4, — zg,.

143 rec ! rec
Necessary conditions to have Zy, € RKNkszk—l and Zy, € RK'N,C:S'N,CA can be expressed
recursively in terms of the collision sets (BTZ,i)lgiSQ Ne—t—1 :
e the sets BT;’,i only depend on 21, ...,Z—1, Van,—¢ for any i < 2Nj, — ¢ —1 (see Lemma

4.2);
e One set of (BTQ,i)lgiSN;rl has some extra smallness due to the existence of a non
clustering collision in the dynamics of Zy, (see Lemma 5.1).

We therefore end up with the estimate

ON—l—1
DY L5 SmRTANRYEC S | (T
T_/</ =1 B

O\ 2Ve—t-1
< (u> (Ve)dJrl(smax(l,nzcc) 7—(”2*1)+ 92Nk*€*1*nk E| log gl(Nk)sz*Z_
€

Summing over all possible (K, , Sy, 1) and (K'y, ,Sy, ), we obtain the expected estimate.
Lemma 5.2 is proved. O
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6. CONCLUSION OF THE PROOF: CONVERGENCE RESULTS

6.1. Restricting the initial measure. This section is devoted to the proof of Proposi-
tion 2.1.

To prove (2.26), we evaluate the occurence of a cluster of size larger than v under the
equilibrium measure. This can be estimated by considering the event that v+ 1 particles are
located in a ball of radius v V§

P (there is a cluster larger than v at time O) <E. Z 14i), . iys1 are in a cluster}
(#15s8y41)
d
< pl Ty Vo).

In the set “Y%, a cluster should appear (at least) at one of the 6/5 time steps. Using a union
bound, this completes (2.26).

Let us now note that the measure restricted to T4, can be decomposed as
E- (¢5(90)1rs,) = E= (G5(90)) — Ee (G5(90)Lers, ) = —Ee (¢5(g0)Lers,) 4

where we used that E. ((§(g0)) = 0. Applying the Cauchy-Schwarz inequality, we get by (2.3)
and (2.26) that

dvy—1

c 1 dy i
P (“Y53) " < Cyllgoll e, 03 VF pe® 6%

(6.1) 1/2

E. (G(90)1vs,) | < Be(G(00)?)
This completes (2.27).

To conclude the proof of Proposition 2.1, let us recall the definitions
Céi(e) = Z Qierl(e) Céfr?ﬂ
m>0

(62) Gi’CIUSt(e) = Z Qi?nl (T) cte Q?\(/v)Kfl,NK (T) Cé(}:\?K *

(np<2*) k<

We start by proving that if

(6.3) lim 6p2t 61V =0 then lim [ dz1°G5(0,21)h(z1) = 0.

e —>00 Jhe —>00

We rewrite the integral in terms of an expectation and then use the Holder inequality
[ 205G 0, 20)he1) = B (1w G 00)G5 1)

< P (T5) Y Ee (G5 (00)2) Y2 B (G5 (R)) V1.

Recall that h is in L®°. Combining (2.26) with the bounds in Proposition A.1 on the moments
of the fluctuation field, we get

dy—1

~ +1
[ G0, 20m(e) < € ool 674 i 555V

s[5

This completes (6.3).

We turn now to proving that under (2.23),

(6.4) lim dzlGi’dUSt(H, z1)h(z1) =0.

Jhe —+00
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Proceeding as in (4.5)-(4.6), we get
/ A2 GE (0, 21 ()
= ZEe(ui/Q b (Z3(0)) ¢5(g0) Levs ) +Zu1/2 (®ny ) Ee (¢5(g0)1ers,)
ng

where, according to (6.2), ®, is conditioned on the sampling nj with sub-exponential trees
and no recollisions in (0,6). Applying the Holder inequality to bound the first term and
Cauchy-Schwarz for the second term leads to

/ Az GG, 2)h(z1)| <P (TR E- (G 0)) ZE (e (B (25) )

+IP’3(CT5\[)1/2 s 1/2 ZMl/Z (I)NK) )

Since gg belongs to L, the moments of the fluctuation field can be bounded by Proposition
A.1. Thus the previous term is estimated as in (4.10) and we find thanks to (2.26) and (2.23)

i _
‘/dz GE Clust(9 Zl)h(zl) < 0% He 5(“4 : V%{ Z(nkSQk)k<K (CH)NK
x4
<07 o (CH?ZH
Using the scaling (2.24) of K = 6/, this concludes the proof of Proposition 2.1. O

6.2. Control of large velocities. Let us prove Proposition 2.2. Recall that R = 7/ and

svel
> Y LY Y 0o
k=1 (n;<27);<j_1 r=1nk>0n0 fnrec=n;

o QNk 1,Ne— 1+n ((T - 1)5)Q§$2—1+n271\7k—1+n2+n2“(5> ~§Vk (9 - (k - 1)T - r(s)l\VNk|>V .

Let us write (recalling that Z5, (¢) denotes the coordinates of the pseudo-particles at time )

/dzlh(zl)le( ) QR (QR o (7= 19)

5\6/2,1+n2,Nk,1+n2+nffc (6)G§Vk 0 — (k-1 — T5)1|VNk|>V
= ) W1)G, (0 — (k — 1) — 18,25, (0 — (k — 1)1 — r9))
+ Pyl
QE‘ALN;Cfl
N,—1

X H fUl—H — U t+)) . wi)+dtidwidv1+i le y

where 77(‘1’el is the subset of Dx((0, 6) x §d—1 de)Nk_l such that for any z1, (¢, wi, Vi4i)1<i<Ny—1
in Pgel, the associate backward trajectory is well defined and
(i) there are n; particles added on the time intervals (6 — j7,0 — (j — 1) ) for j < k, n
particles added on (6 — (k — 1) — (r — 1)6,6 — (k — 1)7) and n}*° particles added
n (0 —(k—1)7—70,0— (k— 1)1 — (r —1)d);
(ii) the pseudo-trajectory involves no recollision on (6 — (k — 1)7 — (r — 1)4,6);
(iii) at time 6 — (k — 1)7 — rd, the total velocity satisfies |V, | > V.
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We notice that for all times
G5, (t, Zn,)| < CreMPNe (Vi) | gol| oo

so we find after integration, taking V = |loge|

> /Pve] h(z1)G, (0 — (k — 1)7 — 10, Z5, (0 — (k — 1) — 10))
aGAkafl @
Nip—1
X H (('U1+i — Uii (t:_)) . wi)+dtidwidv1+i le
i=1

rec 1
< (COP* gl 1] e 1o O (OO exp (1ol

Since 7 < 1 and § <« 1, summing with respect to ng and n;°°, then to r and finally with

respect to (n;);j<r and k, we get

K
£,Ve 1
(6.5) / dz1 GT(0, 21)h(z1) < <§ 32k2> R(CH)*" exp (—4|logs|2> lgoll o< (1]l zoe pre
k=1

By assumptions (2.28) and (2.24), there is a > 0 such that

R:§<<€*a

and for € small enough there holds

0 1

K =— < —log|loge|.

T 2

Then taking the logarithm of the right-hand side in (6.5), we find that it is smaller than
1
(a+d—1)|loge| + | log £|°8 %2 log(CO) — Z|log5]2 — —o0ase—0.

The proposition is proved. O

6.3. Convergence of the principal part. In this section, we prove Proposition 2.5. This
is based on classical arguments relying on L estimates. We shall refer to the literature for
details.
Following [2], the solution of the linearized Boltzmann equation (2.30) can be rewritten as

a Duhamel iterated formula (to conveniently compare it with (2.18)). To do so we introduce
Boltzmann pseudo-trajectories Wy ,,, on (0, 8), constructed as follows. For all z;, all parame-
ters (ti, wi, Unti)i=1,...m With t; > t;41 and all collision trees a € Afm (denoting by Z,4+1(7)
the coordinates of the particles at time 7 < t,,,)

e start from z; at time ¢ and, by iteration on i =1,2,...,m:

e transport all existing particles backward on (t;,¢;_1) (on D?),

e add a new particle labeled i + 1 at time ¢;, at position z,,(¢;) and with velocity vi;,

e apply the scattering rule (1.6) if s; > 0.

We then define the formal limit of (2.11)
(6.6) G1(0) =) Qum1(0)Ghyy, n>1

m>0

where Q1 41 is the Boltzmann’s hierarchy operator

Q1 ()G, = > / ddeﬂdeQ,HmHSi((vm—vai(tj))-wl-)+621+1(\110m+1)
i=1

aEAit’m
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and the initial data are given by
(6.7) Go(Zy) = M®" (Vo) > golzi), n>1.
i=1

From Property 3 in [2] (see also Section 1.1.3 in [4]), G1(0) is equal to the solution M g(6)
of the linearized Boltzmann equation (2.30). Furthermore, the n-particle correlation func-
tion Gy, (t, Zy,) can also be represented by Duhamel series as in (6.6) and it is given by the
following explicit expression for any n > 1 (see [2])

(6.8) VE>0,  Galt, Zy) = M®(V,) zn:g(t, ).
=1

Following the decomposition (2.21) of G5(), we write G1(0) as
G1(0) = GI™™(0) + GT™(6)
where the main part is given by
Glinain(a) = Z Q1 (7). @Ng_1,Nk (T)G?VK )
(np<2F)p<rx

and the superexponential part by

K
GTP(0) = Z Z Z Qi (7). QNy_ | Nic (T)GNy (0 — kT) .

k=1 (nj§2j)j§k71 nk>2k

This remainder term is much easier to control than the corresponding one of the particle
system as there is no recollision in the limiting system and the correlation functions G, are
explicit (6.8). Since the solution g(¢) of the linearized Boltzmann equation (2.30) remains
controlled in L°-norm, the correlation functions Gy, are also controlled in L°°-norm at any
time. Using L™ estimates as in [4], the remainder G can be neglected.

Recalling the principal part

;mai 0 0 0
Gi maln(e) = Z Qinl (T) ttt Q;;VK_LNK (T) G?VK ?
(np<2F) <k
we notice that the differences in this formula with respect to G1"*(#) are due to:
1) the initial data G320 vs.G%;_;
K K
2) the fact that pseudo-trajectories W, are constrained to the set of parameters avoid-
ing recollisions, and also to the set G5, (a, Z1);

3) the fact that (at creations) particles in W§, collide at distance € while in W5, they
collide at distance 0.

These errors are controlled as in [19].
For the initial data we apply the following classical lemma: we refer to [2, 12, 21] for a
proof.

Lemma 6.1. There exists a positive constant C' such that, for any n € N,
‘(szo - G?L) (Zn) 1 (Xn)| < crmeEn (Va) €llgolloo »

when € s small enough.

Now, let \lllEm be an auxiliary pseudo-trajectory defined exactly as Wy ,,, with the only
difference that particle i+1 is created at position x,, (¢;)+¢esiw; (sometimes called Boltzmann-
Enskog pseudo-trajectory). Correspondingly, we can define Qfm 11 exactly as Q1 41, with

V1., replaced by \Ilfm By definition, \Iffm and Vi, have identical velocities and the
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positions cannot differ more than me. In particular at time zero we have that the euclidean
norm of the difference ]\Pﬁg - \ll?vk| is bounded by

3
(6.9) ORY -0 [ < N2 e

Next, we can simplify the integral in G by removing the constraint in point 2) above.
Let O¢ be the complement of the set of parameters in 2). Clearly the pseudo-particles in
V28 'm can overlap (they can reach distance strictly smaller than ). However in absence of
recollisions and overlaps, the auxiliary pseudo-trajectory coincides with the BBGKY pseudo-
trajectory \IIE = U{,,. We can therefore replace ¥, by \Il{Em in the geometric represen-

tation for Gy main . The contribution of O° to @Y, is bounded by a quantitative version of
Lanford’s argument. For instance by applying Eq. (D.3) in [22], combined with Eq. (C.7) in
[22] to control the cross sections, one can show that there is a constant « € (0, 1) such that

Z / dz AT, dQdVa 1 1m h(2)

aE.Ai
X Hsz’((vui — vl () 'Wi) Gy (UF0, ‘ < 1Pl oo myllgoll oo mye® (CO)™
1

Using this after Lemma 6.1, and controlling the error (6.9) thanks to the Lipschitz norm
of go, we conclude that
(6.10)

’/ emaln Grlnain(e)) h(z) dz

< Pl (=90l L) + el Vagollzgg) D (€O

ng

which leads to Proposition 2.5. O

APPENDIX A. LP A PRIORI ESTIMATES

For the sake of completeness, we state below some estimates on the fluctuation field under
the equilibrium measure. These bounds follow from a standard cluster expansion approach
(see e.g. [26]).

Proposition A.1. Let go be a function in L>°. Then for all 1 < p < oo and for € small
enough, the moments of the fluctuation field are bounded:

(A1) E-((65(90)") < Gy,
where the constant C, depends on ||go|| o -

Proof. The upper bounds on the moments will be recovered by taking the derivatives at A = 0
of the following modified partition function

1 1
V(A = ™ logEe(exp (Ausﬂé(go))) + — log z®
€

710g 1+ Z /szv . <H1|mz—m3|>6) (HM v exp()\go(zl))> dZ N

N>1

As [|go]|oc < 00, Equation (26) from [26] applies as soon as ¢ is small enough. Thus the
modified partition function can be expanded as a uniformly converging series for any A in a
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neighborhood of the origin

n—1 n
(A.2) v =Y /MW dZy (HM(vi)exp(Ago(zi))> P(Xn),

n!
n>1 i=1
denoting by ¢ the cumulants defined by
(A3) Z H 1\xlf:rj|<5
GeCy i,jEG

The Laplace transform of the fluctuation field can be related to the modified partition
function as follows

(A.4)
log E- ((exp (AG3(90)) ) = log Ex (exp (A/Hzmi(90)) ) — AV Ex (i(90) )
\115( A ) A@E( £(g ))—1ogz€

N/
>1 € /TanRdn dZ, Zl_IlM ;) <HeXp< )) - Zz"; \/);TSQO(Zi) — 1> o(Xn),

where we used that the decomposition (A.2) applies as well to

n

log 25 = 1. 0.(0) and E. <7T8(go)> = 0\T.(0).

We are left to check that, uniformly in € small enough, A\ — E. ( exp ()\Cg (gg))) is an analytic

function in a neighborhood of 0. The estimate (A.1) on the moments will then follow by
taking derivatives with respect to A. To derive the analyticity, each term of the series (A.4)
can be bounded as follows by a second order expansion of the exponential product

n

/:T%L dZ, UM(Ui) (1:[1 exp <\/)/\T€90(Zi)> - \//L—ego(zi) - 1) ¢(Xn)

Tdn xRdn =1

n—1
<cnte AZ/ dXp(Xp) < C™ (e ) 1N,
n. Tdn
where the constant C' depends on ||go|lec and is uniform in e, A small enough. To derive
the last inequality, we used that ¢ in (A.3) satisfies the tree inequality (3.8) and that the
total number of trees is n”~2 by Cayley’s formula. This shows that the series is absolutely
convergent and completes the claim on its analyticity. O

APPENDIX B. GEOMETRIC ESTIMATES
In this section we prove Propositions 5.3 and 5.4.

Proof of Proposition 5.3.

The case of a periodic non clustering collision.

Denote by q, ¢ the particles involved in the first non clustering collision, assumed here to
be periodic. By definition, their first deflection (going backward in time from 7,cc to tstop)
involves both particles ¢ and ¢'.

If the first deflection corresponds to the j-th clustering collision, {¢,¢'} = {¢;,;}, and in
addition to the condition #; € By, ; which encodes the clustering collision, we obtain the
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condition

(B.1) ewj + (Vg — Vg ) (Tree — Tj) = €Wwrec + ¢ with ¢ € Zd, Wree € ST ,
' and vy — vy = Vg — Uy — 2(Vg — Vgt - Wj Wj

denoting by ¥4, 7, the velocities before the clustering collision in the forward dynamics, and
by w; the impact parameter at the clustering collision. We deduce from the first relation
that vy — vy has to be in a small cone K¢ of opening e, which implies by the second relation
that w; has to be in a small cone S; of opening e.

Using the local change of variables ; — (ewj, 7;), it follows that

N d—1 _ _
/ 1Periodic non clustering collision with parent j]‘BT_< . d:rj < Ce 7 E / 1wj €8¢ ((vq - vq’) ’ w])+dw]
¢

< 0201 (gyyd+t
since there are at most (§V)? possibilities for the (’s.

Non clustering collision.

Denote by ¢, ¢ the particles involved in the first non clustering collision, assumed here
to be non periodic. Assume that the first deflection in the backward dynamics of (gq,q’) is
the j-th clustering collision between ¢; = ¢ and g; = ¢ (with ¢ # ¢’) at time 7; (which implies
necessarily that j > 2). Then in addition to the condition Z; € By, ; which encodes the
clustering collision, we obtain the condition
(‘Tq(Tj) — Ty (Tj)) + (Vg = Vg ) (Treec — 7j) = EWrec + C,

and vy = Vg — (Vg — V) - Wj Wj

(B.2)

denoting by 74, U, and vy the velocities of ¢, c and ¢’ at time T;r_l (and therefore at time T;).
Define

1 _ _
ox := E(:cq/(rj) — x4(15) + C) =: 6z + (Vg — Ug)0T5 ,
where 0z is the component of 0z orthogonal to (7, — 74). We also define the rescaled time
OTrec 1= (Trec - Tj)/8 :

Note that, by definition

o C
(Vg — 0q)d75] < [0x] < .
The first equation in (B.2) restates
1
(Bg) ’Uq - T]q’ = 57 (wrec + 6-%]_ + 57_j('l_)q/ - ’l_)q)) .
Trec

Case 1 : if |(0y — v4)07;| > 2, the triangular inequality implies

1 _ _ _
20 Tooe |(Vg — 0g)d7j] < |vg — Vg
from which we deduce
1 2V
0Trec — (O — Ug)0T|

By (B.3), v4—04 belongs to a cylinder R of main axis 0z | +R(0,—04 ) and of width %
q’ J

Then, v, has to be both in the sphere of diameter [7,, 0] (by the second equation in (B.2))

and in the cylinder vy + R (by (B.3)). This imposes a strong constraint on the deflection

angle w; in (B.2), which has to belong to a union of at most two spherical caps. The maximal

solid angle is obtained in the case when the cylinder is tangent to the sphere (see Figure 6).



38 THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

It is always less than Cymin(1, (n/R)@1/2) denoting by 7 the width of the cylinder, and
by R the radius of the sphere.

FIGURE 6. Intersection of a cylinder and a sphere. The maximal solid angle
is obtained in the case when the cylinder is tangent to the sphere. It is always
less than Cymin(1, (n/R)€4=1/2).

Thus w; has to belong to a union of spherical caps S¢, of solid angle less than

v (d—1)/2
1, - < .
/ w]esgdwj =¢ (’fsTj(”q - @q’)H@q - ”J)

Note that we can always replace the power (d — 1)/2 by 1 since we know that the left hand
side is bounded by [S*1|.

Case 2 : if |(Uy — U4q)07;] < 2, we have a strong constraint on 7; and we do not need any
additional constraint on w;.
Using the (local) change of variables Z; — (€7, ew;), it follows that

/ ]-Non clustering collision with parent j]-BT< i dCC]

C — —
< ; Z / 1|(17q’*17q)57'j|221w]—65¢ ’(Uq - Uc) . wj|dwj €d(5Tj
€
¢

C o
+MZ/1|(”q/”q)5"'j<2|(vq_vc) -wj\dwj é‘d(STj
s

< g(ve)dellogs_w '
He Vg — Vg |
This concludes the proof of Proposition 5.3. O

Remark B.1. In dimension 2, the same strateqy would lead to an estimate 0(61/2), which
s not strong enough. We would therefore have to be more careful when estimating the size
of the intersection between the cylinder and the sphere, and track their relative positions by
introducing an additional parent. For the sake of technical simplicity, we will not present a
detailed proof here.

Proof of Proposition 5.4.

If the first deflection of ¢ corresponds to the j-th clustering collision, in addition to the
condition #; € Br, ; which encodes the clustering collision, we obtain a condition on the
velocity.
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There are actually two subcases :

o (Qjaij) = (q,¢") and [vg — Uq’| = |vg — 5q’| ;
e (¢;,q;) = (q,¢), ¢ is not deflected at 7, and vy = 05 — (Vg — Uc) - wjwj .

Case 1 : there holds

1, . | Uq — Ug') WJ‘ ¢
—= 43 < dwjdr; < — (0121 +01;41)-
/ [vg — vy | " [0 — Vg | TR us

Case 2 : we have
1p, C 1
/mdi‘] < / — — — — |(5q—ﬁc)-Wj}dede.
vg — v pe J |0q = Oy — (Vg — Ve) - wj wj
Denoting w := 94 — 9. and u := 9 — ¥y, we therefore have to study the integral

1
/|u(w-w)w|‘w'w‘dw'

The denominator in the integrand vanishes when

wozﬁ (w-w) = [u]?.

Consider an infinitesimal variation 7 around wy. Since w € S4~!, 7 is orthogonal to wy. The
first increment of the denominator at wqg is
[(w - mwo + (w - wo)n| = [(w - wo)n| = |ulln].

We therefore find that
|w-w| [ul

< .
lu—(w-w)w] = |nl|ul

Locally the measure dw looks like |1|?~2dn, from which we deduce that

W w)w

since d > 3. Integrating with respect to 7; (and for j = 1 taking into account the constraint
that 71 € [tstop, tstop + 9]) concludes the proof of Proposition 5.4. O

Remark B.2. Proposition 5.4 can be easily extended to dimension 2, taking into account the
logarithmic singularity :

. € . CVe|loge]
1z .m1n<1,>dx-§51-:1+91~ ).
/ T<,j |Uq _ ,Uq/’ J /«LE ( J J?ﬁ )
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