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THE BLUM-HANSON PROPERTY

SOPHIE GRIVAUX

ABSTRACT. Given a (real or complex, separable) Banach space, and a contraction 7" on
X, we say that T has the Blum-Hanson property if whenever x,y € X are such that T"x
tends weakly to y in X as n tends to infinity, the means
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tend to y in norm for every strictly increasing sequence (ng)r>1 of integers. The space
X itself has the Blum-Hanson property if every contraction on X has the Blum-Hanson
property. We explain the ergodic-theoretic motivation for the Blum-Hanson property,
prove that Hilbert spaces have the Blum-Hanson property, and then present a recent
criterion of a geometric flavor, due to Lefevre-Matheron-Primot, which allows to retrieve
essentially all the known examples of spaces with the Blum-Hanson property. Lastly,
following Lefévre-Matheron, we characterize the compact metric spaces K such that the
space C'(K) has the Blum-Hanson property.

1. INTRODUCTION

These notes present the material for a mini-course on the Blum-Hanson property, given
within the framework of the ACOTCA 2019 conference at the Université Paris-Est in
Marne-la-Vallée (France) in June 2019. They were written down by Clément Coine. The
mini-course consisted of three lectures of 45 minutes. The structure of this course is
preserved in these notes, and the contents of the three lectures correspond to the contents
of Sections 2, 3 and 4 respectively.

We will be concerned in this series of lectures with a property of contractions of bounded
operators on Banach spaces, called the Blum-Hanson property. It originated in the work
[8] of Blum and Hanson in the 60’s who characterized a certain property of measure-
preserving dynamical systems (strong mixing) in terms of a mean ergodic theorem along
all subsequences. Just like in the ergodic theorem of von Neumann, this theorem of Blum
and Hanson has an abstract formulation for contractions on a (real or complex, separable)
Hilbert space, which is Theorem 1 below. It was proved by Akcoglu-Sucheston [3] and
Jones-Kuftinec [11] independently.

Whenever (x,,) is a sequence of elements of a Banach space X, and z € X, the notation

Il-1l
Ty — X
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2 S. GRIVAUX

means that z, tends to z in norm in X as n tends to infinity, while the notation z,, — z
means that z, tends weakly to x in X. We denote by B(X) the algebra of bounded
operators on X, by Bx the closed unit ball of X, and by Sx its unit sphere.

Theorem 1. [3, 11] Let H be a (real or complex) Hilbert space, and let T € B(H) with
|IT|| <1. Ifx,y € H are such that T"xz = y, then

1 & I
k=1
for every strictly increasing sequence (ng)k>1 of (positive) integers.

This theorem motivates the following definition:

Definition 2. Let X be a (real or complex) Banach space, and let T € B(X). We say that
T has the BH property (or simply has BH) if whenever x,y € X are such that T"x =y,

1 o W
N ZT”kl‘ —y
k=1

for every strictly increasing sequence (ny)k>1 of integers. We say that X itself has the BH
property if every contraction on X has the BH property.

In the first part of these lectures (Section 2), we will quickly present the theorem of
Blum and Hanson and its ergodic-theoretic motivation. We will also prove Theorem 1 and
give some examples of spaces which have BH. During the second lecture (Section 3), we
will present and prove a recent criterion, due to Leféevre-Matheron-Primot [15], proving
that certain contractions (sometimes all contractions) on certain Banach spaces have BH.
We will present some of its applications, as well as its limits. Finally, the last part of this
mini-course (Section 4) will be devoted to the study of spaces which do not have the BH

property.

2. STRONGLY MIXING DYNAMICAL SYSTEMS AND THE BH THEOREM

Let (X, B,u) be a probability space, and let ¢ : X — X be a measure-preserving
transformation of (X,B,p): this means that p(¢=1(A)) = u(A) for every A € B. One
associates to ¢ a canonical isometry Uy on L?(X,B, 1), called the Koopman operator and
defined as follows:

Us: frfoo, [eL*X,B,p).
When ¢ is an invertible measure-preserving transformation, Uy is a unitary operator. For
a first reading in ergodic theory, we recommend the classical book [18] by Walters.

Von Neumann’s mean ergodic theorem implies that
RS L np I
N2 fod" =5 D USF = Pew,-nf in L*(X,B,p)
k=1 k=1

for every f € L?*(X,B,u), where Pyer(u,—1) denotes the orthogonal projection on the
eigenspace ker(U, — I) of Uy in the space L*(X, B, p).

The transformation ¢ is said to be ergodic when the only ¢-invariant functions f €
L?(X,B,p) are constant almost everywhere: fo ¢ = f p-a.e. = f = c p-a.e. Another
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way of saying this is that ker(Us — I) is 1-dimensional. In this case,

N

1 .

N E fog” M>/ fdu for every f € L*(X,B, u),
k=1 X

and hence

1 = . —— 2
Nkzzl<fo¢’g>N—>—+>oo (/deu> (/){gdu) for every f,g € L*(X,B, u),

where (., .) denotes the scalar product in L?(X, B, ). This is equivalent to the condition

1

— > wule™A)NB) — p(A)u(B) forevery A, B € B,

N 1 N—+o00
and to the condition that if A € B is such that ¢~1(A4) = A up to a set of y-measure 0,
then pu(A) =0 or pu(A) = 1.

Ergodic systems are the basic building blocks for all measure-preserving systems (a good
illustration of this is given by the Ergodic Decomposition Theorem, see for instance [I,
Th. 2.2.9]); they satisfy Birkhoff’s pointwise ergodic theorem: for every f € L'(X, B, u),

N
1 2
— dp  f — X.
¥ S = [ forp—ae.ae
k=1
which is classically rephrased as “the time means equal the space mean p-a.e.”.
The simplest examples of ergodic systems are the irrational rotations on the unit circle,

but there are many more examples, in various contexts (see one of the references [15], [17]
or [9]).

Let us go back to the definition of ergodicity in terms of Koopman operators: for all
f’g 6 L2(X’ B? H)?

}ng@f, 9) —_ (1D,

There are several natural reinforcements of this notion, where one requires a different kind

of convergence of the quantities <U (]; I g> above. One of them is strong mizing:

Definition 3. A measure-preserving transformation ¢ of (X, B, u) is strongly mizing if
for every f,g € L*(X, B, ),

N
This is equivalent to the condition u(¢*N(A) NB) — u(A)u(B) for every A, B € B, i.e.
to the condition that the events ¢~"V(A) and B become asymptotically independent as N
goes to infinity. Hence the terminology ”strongly mixing”.

Rotations of the unit circle are never strongly mixing. But endomorphisms of the tori
R™/Z"™ are strongly mixing as soon as they are ergodic. Endomorphisms of tori are given
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by n X n matrices with integer entries: to each such matrix
R™/Z™ — R*/7Z"
I I
— A

ai] ... Qip
A= : : one associates the map ®4 :

anl ... Qpp T Z,
Here are the simplest examples of endomorphisms of tori: take n = 1, A = (p) with
p € N\ {0, 1}: one obtains the map

R/Z — R/Z
T — pz mod 1.

Endomorphisms of tori preserve Haar measure (for example, check that for every open
arc I in R/Z, p({z ; prmod 1 € I}) = pu(l)). When ®4 is surjective (which happens
exactly when det(A) # 0), ® 4 is ergodic if and only if A has no roots of unity as eigenvalues,
if and only if ® 4 is strongly mixing. See [1%] for details.

Going back to the theory of strongly mixing systems, we observe that ¢ is strongly
mixing if and only if Uévf % 0 for every f € L3(X, B, 1), where

Li(X,B, ) == {f € L*(X, B,u),/x fdu= 0}

ie. Uév — Pier(u,—1) in the so-called Weak Operator Topology of L*(X,B, ).

Here is the characterization of strongly mixing systems obtained by Blum and Hanson
in 1960.

Theorem 4. [8] The (measure-preserving) dynamical system (X, B, p; ¢) is strongly miz-
ing if and only if for every strictly increasing sequence (ny)g>1, we have

1 N
O
k=1

One can replace the norm ||.||2 by any norm |.||,, 1 < p < +o0, in the statement of
Theorem 4. But one cannot replace it by pointwise convergence. An example of a strongly
mixing system (X, B, p1; ¢) for which there exists a strictly increasing sequence (ng)g>1 of
integers and a function f € L?(X, B, 1) such that

— 0 for every fe L*(X,B,pu).
) N—+00

N N
. Nk £ _ ; 1 Nk _
}\lfrgngg_qub f=0 and l]l\frii—lgng_lU¢ f=1p—ae.

was first given in [10], and then Krengel proved in [I2] that there exists a universal
strictly increasing sequence (ny)r>1 of integers such that for every strongly mixing system
(X, B, u1; ¢), there exists a set A € B with the property that

N N

1 1
lim inf — U14 =0 d i — Uls=1 u—ae.
]\IIILI}FI;NZ 6 LA an ]l\rrgillEN; 6 LA M — a.e.,

where 1 4 denotes the indicator function of A.
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As we already mentioned, the theorem of Blum and Hanson admits an abstract formu-
lation valid for all contractions T on a Hilbert space H (Theorem 1 above), also called a

mean ergodic theorem along all subsequences: if Tz > y, then

1 N
o Ty
k=1

for every strictly increasing sequence of integers (ny)>1. In the case where nj = k for all
k, this is a classical mean ergodic theorem, valid on all Banach spaces X (see for instance
[13, Ch.2, Th. 1.1]). In the same circle of ideas, recall that whenever T" is a power-bounded
operator on a reflexive Banach space X (i.e. sup ||T"|| < +o0; this holds true in particular
when T is a contraction), the averages

1,
— T x
v

converge in norm in X to a vector y belonging to ker(T — I).

—0

Let us now prove Theorem 1.

Proof of Theorem 1. Since Ty = y, we can assume without loss of generality that y = 0.
Thus, we suppose that 7"z — 0. We have

N 2

%ZT”’“@”

k=1

N
1
=Nz Z Re (T"x, T x) .
ij—1

An important ingredient in all the existing proofs of Theorem 1 is the following fact.

Fact 5. Let (c;ij)ij>1 be a bounded sequence of nonnegative numbers. If ¢;; — 0 as
li — j| = 400, then

N

1

2 Zcij—>0 as N — +oo.
i,j=1

Proof. Let M = sup c¢;;. The proof relies on a Cesaro type argument. Let ¢ > 0 and
Z'7j
K € N be such that 0 < ¢;; < € for every pair (4, j) of integers with |i — j| > K. We have

N
1 1 1
t,j=1 li—jl<K li—jl=2K
1

O

Once this fact is observed, there are several ways of proving Theorem 1. Probably the
most elegant argument is the one presented in [15, Sec. 6.1], which relies on the existence
of spectral measures for contractions on complex Hilbert spaces. We prefer to follow here
the elementary approach from [3] (see [13, Ch.8, Th. 1.3]), which runs as follows:

Note that the sequence (||T™z||),>1 is decreasing so that the limit lirf | T™z|| exists.
- n—-+0o0
Hence, given € > 0, there exists K > 0 such that, for all £ > K and for all ¢ > 0,

0 < ||Tz|? — |T*+z|]> < €2 and | <Tkxas> | <e.
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One now observes the following fact: if S € B(H) and v € H are such that ||S|| <1 and
0 < ||ul|? — ||Sul|® < €2, then

| (u,y) — (Su, Sy) | <e|y|| foreveryye H.
Indeed,
| {u,y) — (Su, Sy) [ = [ {(I = §*S)u,y) | < |lu— S Sul|[ly|
< (Jul® = 1Sl 2|1yl
< ellyll-

Apply this with S = T% and v = T*z,y = x to get
‘<Tk:c,x> — <Ti+km,Tim>‘ <eg||x|

and hence
‘<Ti+kx,Tix>‘ < (1+ |lzl)e

for every i > 0,k > K. So 4 '

|[(Tz,T'z) | < (14 ||z])e
for every 0 < i < j with j —¢ > K. Hence Fact 5 can be applied, and this proves Theorem
1. O

More generally, it now makes sense to investigate whether Theorem 1 can be extended
to contractions on other Banach spaces, or at least to certain classes of contractions. Here
is a quick list of what is known and what is not known:

(1) By [16, Ex. 4.1], there exist power bounded operators on H which do not have
BH. Consequently, there exist reflexive spaces which do not have the BH property
(see the beginning of Section 4 for a bit more on this example).
(2) ¢1(N) has Schur’s property (every weakly convegent sequence in ¢1(N) is norm-
convergent) and hence trivially has BH.
(3) £,(N), for 1 < p < oo, has BH, see [16, Th. 2.5]. This is one of the important recent
results on the BH property, which motivated the work of Lefevre-Matheron-Primot
[15] which is the object of the next section.
(4) By [4], positive contractions on spaces LP(Q, F,u),1 < p < +oo, where (2, F, i)
is a standard probability space, have BH. It is unknown whether all contractions
on LP(Q), F,u) have BH, i.e. whether LP(Q, F, ) has BH for 1 < p # 2 < 4o0.
This is one of the major open question concerning the BH property, see [5].
(5) The spaces L*(Q, F, ) have BH by [3, Th. 2.1].
(6) If K is a compact metric space, the space C'(K) has BH if and only if K has finitely
many accumulation points. See [14, Th. 1.1] and Theorem 10 below.
We will present in the next lecture a criterion from [15] which allows to retrieve all
positive results on the BH property thanks to a rather geometric argument, involving the
asymptotic behavior at infinity of a certain “modulus of smoothness”.

3. A GEOMETRIC CRITERION FOR THE BH PROPERTY

Let us begin by fixing some notation. Let X be a real, separable Banach space, C C X
a convex cone (that is, C is a non-empty convex set such that tC C C for every ¢ > 0). Let
us set

WN(Bx N C) = {(xn)n CBxNC; zy, 3>0}~
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In other words, the set WN(Bx N C) consists of all weakly null sequences in Bx N C. For
every x € C and every t > 0, define

re(z,t) = sup lm ||z + tz,|.
(zn) EWN(BxNC) V1T
In the following, we will use the following terminology: if x € X and T € B(X) with
|T| <1, we say that T satisfies the BH property at z if the weak convergence T"z — 0
implies that for every strictly increasing sequence (ny)r>1 of integers,

| X
— > T — 0.
N Z . N—+o0
k=1
Theorem 6. [15] Suppose that for every x € C,
I _ < .
tilgloo re(z,t) —t <0

Then every operator T € B(X) with ||T'|| < 1 and T(C) C C satisfies the BH property at
every point x € C.

Here are some straightforward remarks on the functions r¢(z, . ).
— the map t — r¢(w,t) is 1-Lipschitz on [0,4+00), so that the function r¢(x,t) — ¢ is
decreasing and the quantity . ligl (re(x,t) —t) exists in RU {—o0};
—+00

— if WN(Bx N C) contains a sequence (x,) C Sy, then r¢(x,t) > ¢t — ||z|, so that

. > .
t—lg-noo TC(xat) > ||.T||,

— if moreover C is symmetric, i.e. if tC C C for every t € R, then r¢(x,t) > t, so that
lim re(z,t) —t > 0. Indeed, if (z,) € WN(Bx N C), (—x,) € WN(Bx N C) and

t—-+o0

(.t) > B (oflz+ tan] + = o — tzal])
re(x, > sup im (=|z+tx —||z — tx
(z)EWN(BxNC) VT "2 "2 "

>t sup lim ||z, =t
(zn) EWN(BxNC) M+

— the function ¢ — r¢(z,t) is increasing on [0, +00).
Some applications and examples: if one wishes to show, thanks to Theorem 6, that a
given space X has the BH property, one applies it to C = X (which is indeed a symmetric
convex cone).
(1) X = £,(N),1 < p < +oc: in this case, rg, (z,t) = (||z|[P + t*)V/? for every z € X
and every ¢ > 0. Thus
R
t—=+oc0 P tr—1
for every x # 0, and this tends to 0 as t — +00. Hence X has the BH property.
(2) X = ¢o(N): in this case rp, (x,t) = max(||z||,t) =t if t > ||z|. So X has the BH
property, see [7].
(3) X = LP(Q, F,P), 1 < p < +00, where (Q, F,P) is a standard probability space,
for instance the interval [0, 1] with Lebesgue measure: as we already mentioned at

the end of Section 2, it is unknown whether X has BH for p # 2. We observe next,
following [15, Sec. 6.4] that Theorem 6 does not apply in this case:

rey(x,t) —t

Proposition 7. For every 1 < p # 2 < +o0, tliin B, (x,t) —t>0.
—+00



8 S. GRIVAUX

Proof. Let a,b > 0 with a # b and let A\ € (0,1). Let (&,), be a sequence of independent
random variables on (2, F,P) with P(§, = a) = X\, P(§, = —b) =1 — A, E(§,) = 0 and
ll€nllp = 1. The last two conditions place constraints on the parameters a,b and A\. We
must have

Aa—(1—A)b=0 and AP+ (1 — \)bP = 1.

The sequence (&), tends weakly to 0 in LP(Q2, F,P). Indeed, &, € L%(Q, F,P) for each
n, and since the ,’s are independent and satisfy E(§,) = 0, they are orthogonal in
L2(Q, F,P): E(&:.6,) = E(&)E(E,) = 0 if m # n. Moreover, [€,]lco < max(a,b), so
the sequence (£,), is bounded in L?*(Q,F,P), and thus &, — 0 in L*(Q,F,P). An
approximation argument, using the fact that sup,, [|€,]/ec < +00, then shows that &, — 0
in LP(Q, F,P).

Now,

[T+ 2&nllh = A1 +tal” + (1 — A)[1 — b

= A1 +ta)? + (1= \)(tb— 1) for t >

(SR

Since [|§nll, = 1,
v, (1,1) > AL+ ta) + (1= N (th— 1)P)F for t> %

The fact that Aa? 4+ (1 — X\)b” = 1 and straightforward computations show that

tlgnoo rB,(1,t) —t > Aa (I =X
Since Aa = (1 — \)b, the right-hand side is equal to Aa(a?~2 — bP=2). If p = 2, this term
is equal to 0 and if p # 2, the parameters can be chosen in such a way that this term is
positive (take a < bif p <2 and a > bif p > 2). O

On the other hand, Theorem 6 can be applied to show that positive contractions on
L?(Q, F,P) have the BH property at every positive f € LP(Q, F,P): we apply the theorem
to C = L% (Q, F,P), where LE (Q, F,P) = {f € LP(Q,F,P) ; f > 0 a.e. on Q}.

Let (fu)n € Bry N C, fr = 0: since f,, > 0 for every n, (f,) converges in probability to
0, i.e. P(|fn] > &) — 0 for every € > 0. Hence, for any f € LP(Q, F,P),

1/p
Tim p Timm p
(1 I+ s < (1615+ B )

Indeed, for a fixed € > 0, write

1+ faullt = /

{Ifnl<e}

1+ faul? dIP’+/ f + fal? dP.
{Ifnl>€}

For the first term of the right-hand side, note that

/ |f+fn|deP’§/ (f]+ ) dP < 1] + <.
{Ifnl<e} {|fnl|<e
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For the second term, we have, by the triangle inequality

1/p 1/p 1/p
(/ \f+nwmﬂ s(/ uwm@ +</ \nwmﬂ
{|fn]>e} {lfn]>e} {|fn]>€}
1/p
g(/i rﬂpﬂﬁ 11l
{fn]>e}

1/p
Since |f|P is integrable and P(|f,| > €) — 0, we have (/ |fP dP) — 0 as
{

| fr|>e}
n — +o00. Hence

1/p
Tim p T p
17+ Al < (el + T Alg)

Since € can be chosen arbitrarily small, this proves (1). This inequality means that
the supports of f and f, become asymptotically disjoint as n goes to infinity. Thus
. liin re(f,t) —t =0 for every f € LP(Q2, F,P). Theorem 6 yields that T' has BH at every
— 400

: P
point f € LY, .

Proof of Theorem 6. Let x € C. In order to make the notation lighter, we write x,, =
T™z, n > 0. We thus suppose that z,, — 0. We will prove successively several equivalent
formulations of the BH property for the sequence (x,), which will ultimately yield the
result. Without loss of generality, we suppose that ||z| = 1.

We claim that the following assertions are equivalent:

(1) For every strictly increasing sequence (ny)x>1 of integers,
N

1

IS
k=1

(2) Denote by FIN the class of all finite subsets of N:

S,

neA

— 0.
N—+oo

1

A — 0 as |A| — +o0, A € FIN.

(3) For every s € N, write FIN(s) = {A € FIN, |A| = s} and

S

neA

G(s) = sup
AEFIN(s)

then

G
ﬂ—>0ass—>+oo.
s

(4) For every d € N, write FIN(s,d) = {A € FIN(s) ; Vi # j € A,|i — j| > d} and

T,
neA

Ga(s) = sup
AEFIN(s,d)
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ite also F'(s) = inf = 1li . Th
Write also F(s) inf Ga(s) A Ga(s) en

F
(S)—>Oass%+oo.

— The equivalence between (1) and (2) is essentially obvious: (2) = (1) is clear. In the
converse direction, suppose that (2) is not true:

1
de > 0,3(Ar)r C FIN, |Ag| = 400, — Tnl|l = €.
(A0 € FIN. |4 = +oe, | 5 5,

Then make the sets Ay, disjoint, and enumerate a suitable infinite subsequence of (Ay) as
()

— The equivalence between (2) and (3) is not difficult either.

— (3) = (4) is obvious since for every d € N, F((s) < G4(s) < G(s).

F(s)

— Let us prove (4) = (1). Our assumption is that — 0, so

Ve > 0,3s0,Vs > so,3ds € N, Gy, (s) < es

i.e. for all A € FIN(s,ds), ||>,c4 zn|| <es.
Writing dy := ds,, this implies in particular that for all A € FIN(sg,dp) we have

S,

neA

Let us now fix (ng)g, and let N > 1. Let | be such that lsgdy < N < (I + 1)sody. We
claim that it is possible to partition the interval [1, N| as

1L,N= |J B B
1<4<]
1<5<do

where B; j € FIN(sq,dp) and |B| < sodp. Indeed, let
Bz',j = {(’L — 1)80d0 —|—j, (Z — 1)80d0 +j + do, Ce (Z — 1)80d0 +j =+ (80 — 1)d0} .

< gsg.

Then |B; ;| = so, Bij € FIN(sg,do) and we let B = [1, N]\ U B; ;.

1<i<l
1<j<do

For : = 1 we have
Bl,l:{1,1—|—d0,...,1+(80—1)d0}
BLQ:{2,2—|—d0,...,2+(80—1)d0}

BLdO = {do, 2d0, e ,Sodo}

SO U BLJ' = [1, Sodo].
1<j<do
In the same fashion, U B;j = [1,1s0dp], so |B| < sodp.

1<i<l
1<5<do
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Write now A; ; = {ny ; k€ B;j} and A ={ny ; k € B}: A;; € FIN(s¢,dp), |A| < sodo,

SO
Z T, <esgp and an < sodp.
nEAi,j neA

Hence

Z T, || < ldo(es0) + sodo
ke€[1,N]

so that

ld, d
- E Ty, <eg 050 + s0do

- N
ke[1,N] ~——
<e if N>21sodo

2|~

o

1
It follows that N Z Zn, || = 0, and we are done.
ke[1,N]

We can now conclude the proof of the theorem. We need the following fact.
Fact 8. For every s € N, we have F(s+ 1) <re(z, F(s)).
Proof of Fact 8. The definition of F(s + 1) is
F(s+1)= lim sup
d—+00 ACFIN(s+1,d)

Hence there exists (Ag)q, Aqg € FIN(s + 1,d), with

S

neA

Z Tnl| = F(s+1)

nEAy

as d — +oo. Write Ag = {n1qg <ngq <...<mnsp14}, with njq —n; q > d for every pair
(i,7) of indices with j > i. Then, because T is a contraction, we have

s+1 s+1 s+1
E Tnll = E Tnj’d:E S T+ E Tnj,d_nl,d$ = ||lx + E :L‘TL]' 4—N1.d
neAy 7=1 j=2 j=2
Set
s+1

Zd = § J;nﬁd—nl’d?
Jj=2

and observe that:
— zq € C (because C is a convexe cone);
— 2 = 0as d— 400 (s is fixed, 2, — 0, and njq—mnyq>dforal j=2,...,5+1);
~Bg={njq; 2 <j<s+ 1} belongs to FIN(s, d).

<

Wehave F(s+1) = lim [la-+2q] < re(e,Tim |z0]). Now, Frn] 2| = T HzneBd 2
o

F(s). Since the function ¢t — r¢(z,t) is increasing, F\(s + 1) < r¢(z, F(s)) and this proves
Fact 8.
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Using Fact 8, we have F(s + 1) — F(s) < re(x, F(s)) — F(s). If F were increasing, we
would be able to deduce that F/(s+1)— F(s) tends to 0, and hence by the Cesaro theorem
that

F(s)
5

— 0.

Since F' is not necessarily increasing, we replace F' by the increasing function F defined by
F(s) = max(F(1),...,F(s)), s € N, and check that the same inequality as the one given
in Fact 8 holds true for F'. This concludes the proof of Theorem 6. O

An improved version of Theorem 6, which is also perhaps more natural, can be of use
in certain situations.

Theorem 9. [11] Let T € B(X), with ||T|| < 1 and T(C) C C. Suppose that for every
xeC,

inf i TFz,t) —t) < 0.
inf lm (re(T"z,t)—t) <0

Then T satisfies the BH property at every x € C.

Theorem 9 can be used to show that the space ¢ = {(uk)k € RN,klim Uk exists},
—+o00

endowed with the norm ||.||, has the BH property ([11]).

4. SPACES WHICH DO NOT HAVE THE BH PROPERTY

Our aim is now to investigate spaces which do not have the BH property. We will
present in particular a characterization, due to Lefévre and Matheron [14] of the compact
metric spaces K which are such that C'(K) has the BH property.

Examples of spaces without the BH property:

(1) The space C(T?) does not have the BH property. More precisely, there exists
a continuous map 6 : T2 — T? such that the associated composition operator
Cy: f— fof on C(T?) fails the BH property. See [2].

(2) By [16, Ex. 4.1], there exists a power-bounded operator T on the Hilbert space H
which fails the BH property. Renorm H by setting

lll = sup [T"z]|, =€ H.
n>0

The norm ||.|| is an equivalent norm on H, and thus (H, ||.||) is a (super-)reflexive
space. The operator T is a contraction on (H, ||.||), and it fails the BH property.
(3) In [15, Prop. 6.1], it is proved that if K is an uncountable metric space, C'(K) does
not have the BH property: this result follows from the fact that C(T?) does not
have the BH property, combined with the so-called Milutin Lemma and the linear
version, due to Borsuk, of Tietze extension theorem. See below for more details.

Theorem 10. [11] Let K be a compact metric space. Then C(K) has the BH property if
and only if K has finitely many accumulation points.

Recall that s € K is an accumulation point of K if V\ {s} # 0 for every open neigh-
borhood V of s in K.

Proof. If K is a compact metric space, we denote by K’ the set of its accumulation points.
This set K’ is non-empty as soon as K is infinite, and K’ is also a compact metric space.
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The easy part of the proof is to show that if K’ is finite, let us say K’ = {aq,...,an},
then C(K) has BH. There exist disjoint compact sets K7, ..., Ky such that K/ = {a;} for
everyi=1,...,N and K = UlSiSNKi‘

Indeed, let Vi, ..., V, be open neighborhoods of a1, ..., an respectively, such that their

— — e —~7
closures Vi, ...,V are pairwise disjoint. Let K; = V;NK. Then K; = {a;} and K\Uj<i<n
IA(; is finite. Set K; = IA(; for2< i< N and K7 = IA(; U (K\ Ul<i<N K)
Then
loo

—_——

N times

C(K):@C(Ki):cz@-'-@c.
e o

We have seen that c satisfies the assumption of Theorem 9; it is easy to check that the
direct £oo-sum of finitely many copies of ¢ also satisfies it, and hence has BH.

Conversely, let K be such that K’ is infinite. So K” # (). The simplest of these compact
sets are the ones where K" is reduced to one point. We study this case first. Let S be a
compact metric space such that

S// — {500700}
S" = {00k ; k €N}, where s — Soo,00 a8 k — 00
S = {Si,kz ; 1,k € N} U {Soo,k ; ke N} U {soo,oo}

=Sk

where all the points s; j, are distinct, s;, — 5o for every k € N and Sy, tends to so,00
7 i—+o00 ’ ’

as k — +oo in the sense that any neighborhood of s o contains the sets S for all but
finitely many £’s.

Indeed, if S” = {sco,00}, S necessarily has this form: there exists (o x)r such that
S" = {Scok ; k €N}, where soop — Socoo 88 k — +00. Let V4 be a neighborhood of
Seok in S, with the sets Vi, k € N, disjoint, diam(Vy) < 27 and Scoco & Vi. It is clear
that the sets V tend t0 Soo o in the sense above. Let S, = Vo NS : S} = {seok} and
hence there exists (s;); such that Sy = {s; % ; i € N} U {seo i}, Sik i_:;o Sook- The set

S\ (Uk>1 Sk U {500700}) is finite, so we add these few points to Si, for instance, and we
are done.

Proposition 11. There exists a continuous map 6 : S — S such that the contraction
Co: fr> fol on C(S) does not have the BH property. Hence C(S) does not have the BH

property.

Proof. Define 6 : S — S by setting

9($i7k) = Sik—1 if & > 2
0(si1) = si—1i—1  ifi>2

51,1) = Soo,00

o(
9(5007]0 = Soo,k—1 if k>2
o(

Soo,l) = Soo,00

)

(Soo,oo) = So0,00-

Visually, the map 6 acts as follows:



14 S. GRIVAUX

The map 0 is clearly continuous on S. Moreover, the orbit of any point s € S under
the map 6 attains s oo in a finite number of steps:

Vse S, #{n e N; 0"(s) # sc0,00} < +00.

After reaching S oo, the orbit remains stationary in seo 0. Set Vi = S\S; (recall that
S1 ={si1:;1% € N} U{sc0,1}), which is an clopen neighborhood of ss o in S. For every
N>1,

#{neN; 0"(sn1) ¢ Vit =#{neN; §"(sn1) € S1} = N.

For every u € C(S),Cy(u)(s) = u(6"(s)) = U(Soo,00)- Hence Chu —5 u(Soo,00) 1.

Let f € C(S) be such that f =1 on S and f =0 on Vi = S\S;. Then Cy f = 0. For
every N > 1, consider the set Iy ={n € N; 6"(sn1) € S1}. Then |Iy| = N and

rle| > Gif Z% 3 O (sna))| = 1.

neln 00 nely
Hence
1 mn
A ZC@f 40 as |A] = +o0,
nc€A 0o
and we have proved that Cy does not have the BH property. O

The remaining part of the argument is rather general, and allows to pass from the space
C(S) to any space C'(K) with K’ infinite. It relies on several observations.

Fact 12. If K’ is infinite, it contains a set S of the form above.

Proof. Since K’ is infinite, K" # 0. Let Soo0o € K”. Let (Vi)r be a neighborhood
basis of Soo0o With diam(Vj) < 27% and Vj\Viy1 # 0 for every k. For each k, choose
Sook € K' NV, with Scok F Sococo- Without loss of generality, we can suppose that
Scok € Vi\Vi+1. Let then (s;x) C K N (Vk\m) (which is an open neighborhood of
Sook) be such that s; —l> 500,k With all the s; ;. distinct and distinct from sS4 .

Finally, let Si, := {s;% ; 1 <i < 4o00}: S C Vi and hence the sets Si, tend to soo o0-
The set S = {s;; ; 1 <14,k <400} then satisfies all the required properties. O
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Theorem 13 (Borsuk’s linear isomorphic extension theorem). Let K be a compact metric
space, and let E be a closed subset of K. There ezists a bounded operator J : C(E) — C(K)
such that J1 =1, || J|| =1, and J(f)|g = f for every f € C(E).

In particular, J : C(E) — X := J(C(F)) is an isometry, and X is 1-complemented in
C(K).

To see that X is 1-complemented in C(K), observe that P : C(K) — X defined by
Pg = J(gr), g € C(K), is a projection of C(K) onto X.

Theorem 13 is a linear version of Tietze’s extension theorem which states that for every
f € CO(E), there exists g € C(K) with ||g|lcc = [|f]lcc such that gjz = f. A proof of
Theorem 13 can be found for instance in [6, Th. 4.4.4].

As a consequence of Fact 12 and Theorem 13, we obtain that C'(S) is isometric to a
1-complemented subspace X of C(K).

Fact 14. Let X be a 1-complemented subspace of a Banach space Z. If X fails the BH
property, so does Z .

Proof. Let P : Z — X be a projection of Z onto X, with |P|| = 1. Let T € B(X) with
|T|| < 1, and let o € X be such that T"z¢ — 0, but there exists a strictly increasing
sequence (ny)x of integers such that

lim sup — > 0.

N—+400

N
E Tnkl'()
k=1

Set T=ToP:Z— X C Z: thenT € B(Z),|T| <1, and T"z = T"(Pz) for every
n>1and z € Z. Hence T"zy — 0. But the vector xg € X C Z satisfies Pxg = zo and

N
1 ~
lim sup — T 20| > 0.

N—+00 N kz:l
O
By Proposition 11, C(S) fails BH, and hence C(K) fails BH as well. This concludes
the proof of Theorem 10. ([l
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