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Abstract

We give two versions of Nakayama’s lemma in the context of commutative rings and some
applications, in particular, we prove two versions of Krull’s intersection theorem. To do so,
we will use the Artin-Rees lemma, for which we will give a detailed proof. We will suppose
that all rings are commutative with identity.

There are various closely related results all of which bear the name Nakayama’s lemma. Here
we will prove two such results.

Theorem 1 (Nakayama’s lemma version 1) Let R be a ring, M a finitely generated module over
R and I an ideal in R, with IM = M. Then there exists a € I such that (1 —a)M = 0.

PROOF Let x1,...,x,, be generators of M over R. Since M = IM, each x; may be written
T; = Z;”:l zijx;, with z;; € I. In other words, Z;.n:l(éij — zi5)x; = 0, where §;; is the Kronecker
symbol. Let d be the determinant of the m x m matrix A = (6;; — z;;). We have d = 1 — q,
where a € I, because all the terms of the matrix A have this form or are elements of I. There
exists a matrix B = (b;;), the complementary matrix of A, such that BA = AB = dI,,,. Writing
out the terms in the product BA, we have E:’;l bnia;; = dop;, for all h and j. Hence

m

NS bniagry = S doyy = da,

j=11i=1 j=1

for every h. However, we may change the order of summation to obtain

m m
E E aijijhi = d.%‘h.
i=1j=1

Given that Z;":l ai;x; = 0, because a;; = d;; — 2;5, we obtain that dxj, = 0, for all h; this implies
that dM = 0, as required. O

In a commutative ring R the Jacobson radical J(R) is the intersection of all maximal ideals
of R. An element a € R is quasi-regular if 1 — a is a unit.

Proposition 1 The Jacobson radical J(R) is the largest ideal in R consisting entirely of quasi-
reqular elements.

PROOF Let a € J(R). If 1 —a is not a unit, then (1 —a) is a proper ideal contained in a maximal
ideal M. But then a and 1 — a are both contained in M, which implies that 1 belongs to M,
which is impossible. Thus J(R) is composed entirely of quasi-regular elements.



Now let I be an ideal composed entirely of quasi-regular elements. If a € I\ J(R), then for
some maximal ideal M, a does not belong to M. Since M is maximal, we have I + M = R, so
1=0b+c¢, withbel and c € M. As b is quasi-regular, c = 1 — b is a unit and it follows that 1
belongs to M, which is impossible. Hence I C J(R). This concludes the proof. O

Theorem 2 (Nakayama’s lemma version 2) Let R be a ring, M a finitely generated R-module
and I an ideal of R. If I C J(R) and IM = M, then M = {0}.

Nakathmi
PROOF From Theorem ? here is an element a € I such that (1—a)M =0. Asa € J(R), (1—a)

is invertible, hence M = 0. O

Nakathm2
We give a second proof of Theorem b:

PROOF Assume that M # {0} and let z1,...,z, be generators of M, with n minimal. Then
n > 0 and z; # 0, for all 7. Since z,, € M = IM, we may write x, = Z:L biy;, with b; € I and
y; € M. Each y; can be expressed in terms of the generators xy,...,z,: y; = 2?21 ai; T, with

a;; € R. Hence

m

m n n n
Ty = E b1 E al-jxj = E E aijbj ’l}j = E Cji)']j,
=1 j=1 j=1

i=1 j= i=1

where ¢; € I. From this we obtain

n—1
(1 —cp)z, = Z cxj,
j=1

where 1 — ¢, is a unit, because I is included in the Jacobson radical. If n > 1, then z, is a
linear combination of the other z;, contradicting the minimality of n. Hence n = 1. But then
(1 — ¢p)zy1 = 0, which implies that x; = 0, which is again a contradiction. Therefore M = {0}.
O

Here is a first application of Nakayama’s lemma. A surjective endomorphism of a finite-
dimensional vector space is always injective. We have an analogous result for a finitely generated
module over a ring.

Theorem 3 Let R be a ring and M a finitely generated R-module. If f is a surjective endo-
morphism of M, then f is injective.

PROOF Let R be a ring, M a finitely generated R-module and f : M — M a surjective
endomorphism. We make M into an R[X]-module by setting P(X)-m = P(f)(m). M is finitely
generated over R, hence over R[X]: If mq,...,my are generators of M over R and m € M, then
there exist r1,...,r, € R such that m = rymq + -+ - +rpmy. If P;(X) is the constant polynomial
of value r;, then

Pi(X) mi+-+ Pu(X) - mp=rimy + -+ remi = m,

so the m; form a set of generators of M over R[X].
Let I = (X) C R[X]. Then

I-M = R[X]X - M = R[f]f(M) C M.



However, if m € M, then there exists m’ € M such that f(m’) = m, because f is su jective,
Also, 1 € R[X], so m € R[f]f(M) and it follows that R[f]f(M) = M. From Theorem [, there
exists Q(X)X € I such that (1 — Q(X)X) - M =0, i.e., m = Q(f)f(m), for all m € M. If

f(m) =0, then

so f is injective. a

We now turn to Krull’s intersection theorem, where once again we will use Nakayama’s lemma.
We need a preliminary result.

Lemma 1 (Artin-Rees) Let I be an ideal in a noetherian ring R, M a finitely generated R-
module and N a submodule of M. Then there exists a positive integer ¢ such that, for n > c,

I"M AN =I"°I°MNN).

PROOF Consider the set
S=Relele---=FI1",

n>0

where I = R. We recall that in a direct sum S, if (ag,a1,...) € S, then all but a finite number
of the a; are nonzero. We define an addition and a multiplication on S as for polynomials, using
the fact that I™I™ C I"™™™. With these operation S is a ring. As R is noetherian, I is finitely
generated, so we may write I = (rq,...,r;) C R. We define a mapping ¢ : R[X;,...,X;] — S
by

BXT - XE) =t C T

where e} = max{ey,...,e;}. The mapping ¢ is clearly a ring homomorphism. However, ¢ is
also surjective: An element a € I"™ is a sum of products of the form a;---a,, with a; € I.
We may write a; = 2321 a;;Tj, with a;; € R, so a1---ay, is a sum of monomials of the form
brii---ri*, with b € Rand e; + -+ e = n. As ¢(bX'--- X7*) = bri*---r{*, there exists
f € R[X1, -+, X¢] such that ¢(f) = a. It now follows easily that ¢ is surjective, so there is an

isomorphism of R[Xy,..., X¢]/ker(¢) onto S. Hence S is noetherian.
We now consider the set A defined by

A:M@IM@IQM@~--=@I"M.
n>0

We define an addition on A in a natural way and a scalar multiplication by elements of S in
a way analogous to that used to define the multiplication defined on S, once again using the
fact that /™™ C I™*". With these operations A is an S-module. We claim that A is finitely
generated: Let mq,...,ms be a generating set of M. If w € I™"M, then u is a sum of terms of
the form am, where a € I"™ and m € M.

As we saw above, the element ¢ is a sum of monomials of the form bri* ---r{*, with b € R
and e; + .-+ e, = n; also, m = vymy + -+ - + vgmyg, with v; € R. Therefore am is a sum of
elements of the form (br{*---r;*)v;m;. Collecting terms, we find that am can be written in
the form cymy + --- + csmg, where ¢; € I™ and it follows that a term u € I™M has this form.
Any element of A is a finite sum of elements of this form with different values of n, so the set
my,...,ms generates A over S, thus A is finitely generated as claimed.



Our next step is to consider the subset B = @, ~,(I"M N N) of A. We claim that B is an
S-submodule of A. It is sufficient to consider the scalar product of a set I™ with a set "M N N.
We must show that this product is included in B. An element of I™ is a sum of monomials of
the form br{*---rj*, with b € R and e; + -+ + e; = n. As such monomials belong to R and N
is an R-submodule, the scalar product of br{* ---r;* with an element of I™M N N must belong
to B. It follows that B is an S-submodule of A.

Since S is a noetherian ring and A finitely generated, B must be finitely generated. Let &;,
j =1,...,k, be a set of generators. By decomposing each ¢; into its homogeneous parts, we
may assume that each {; belongs to I% M N N, for some d;. We set ¢ = max{d;}. Suppose now
that z € I"M N N. There exist uy,...,ur € S such that = u1& + -+ + ug&k. The term u;&;
belongs to I"M NN = I"~% (1% M N N), so there exists u € I"~% and m; € I%M N N such
that Ujfj = u;m] Now m; = Uj71€1 + -+ 'Uj,lcfk: with the Vi € S. Since m; € T4 M N N, we
must have m; = a¢;, with a € R, and it follows that u;&; = 4;&;, with @; € I"~%. From this

we deduce that x = Z?Zl @;&;, with @; € I"~% and &; € I%M N N. However,
n—dj=n—ctc—d; = I""YIYMAN)=I1""(I"HIMAON)=I1""°I°MNN)
and it follows that z € I""¢(I°M N N).

We have established that I"M NN C I""¢(I°M N N). The inclusion I"~¢(I°M N N) C
I"M N N is trivial, therefore we have the desired equality. O

Corollary 1 Let R be a noetherian ring and I,J ideals in R. Then there exists ¢ € N* such
that
mnJ=1""°1°NndJ),

forn > c.
PROOF It is sufficient to set M = R in the Artin-Rees lemma gm |
We now aim to prove two versions of Krull’s intersection theorem. We will use the corollary
to the Artin-Rees lemma and both versions of Nakayama’s lemma.
Theorem 4 Let R be a noetherian integral domain and I a proper ideal in R. Then N2 I" =
(0).
PROOF Let J = N5, I". From Corollary %}%exists ¢ € N* such that
mnJg=I1"cI°nlJ,
for n > c. Setting n = ¢+ 1 we obtain
I (MR I = I(I° N (MR, I™)),

ie.,

N I =T(N ™).
As R is noetherian. the ideal J = N2, I™ is finitely generated. From Nakayama’s lemma version
1 (Theorem [T), there exists a € I such that (1 —a)J = (0). As I is a proper ideal, we have
a#1,s01—a#0. Ifx € J, then (1—a)x = 0; as R is an integral domain, we must have x = 0.0

We now suppose that the ring R is not necessarily an integral domain but impose another
condition.



Theorem 5 Let R be a noetherian ring and I an ideal included in the Jacobson radical J(R).
Then NS I™ = (0).

PROOF We proceed as in the proof of the previous theorem to show that
N I =I(N2 I™).
. Nakathm2 |
We now apply Nakayama’s lemma version 2 (Theorem o obtain J = (0). i

Corollary 2 Let (R, M) be a noetherian local ring. Then NS, M™ = (0).

PROOF It is sufficient to notice that in this case the Jacobson radical is M. O



