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Abstract

The study of two-dimensional Coulomb gases lies at the interface of statistical physics
and non-Hermitian random matrix theory. In this paper we give a large deviation principle
(LDP) for the empirical fields obtained, under the canonical Gibbs measure, by zooming
around a point in the bulk of the equilibrium measure, up to the finest averaging scale
N~—1/2+¢ The rate function is given by the sum of the “renormalized energy” of Serfaty et
al. weighted by the inverse temperature, and of the specific relative entropy. We deduce a
local law which quantifies the convergence of the empirical measures of the particles to the
equilibrium measure, up to the finest scale.

1 Introduction

1.1 General setting

We consider a system of N classical charged point particles in the Euclidean space R? with
pairwise logarithmic interaction, in a confining potential V', and associate to any N-tuple Xy =
(1,...,zN) the energy

N
(1.1) hv(Xy)= Y —loglei — x|+ N> V(x), =z €R”
1<i#j<N i=1

We only impose mild conditions on the potential V' (see Assumption .

For any value of the inverse temperature parameter 8 > 0 we consider the associated N-point
Gibbs measure, which is absolutely continuous with respect to the Lebesgue measure on (R?)Y
with a density given by

1

(1.2) dP2 (X y) = ——e 2P (XN Xy,
N?ﬁ

where we denote a N-tuple of points by Xy = (z1,...,zn) and dXy := dzi...dzy. The
constant Zy g is a normalizing constant, also called the partition function, so that the total
mass of IP’?V is 1. The factor % in front of the physical inverse temperature parameter 3 is chosen
in order to match the usual convention in random matrix theory. Let us also emphasize the fact
that the external potential scales like NV, which corresponds to a mean-field/small temperature
regime.
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Motivations. The model described by and is known in statistical physics as a two-
dimensional Coulomb gas, two-dimensional log-gas or two-dimensional one-component plasma,
we refer e.g. to [AJ81], [JLM93|, [SM76] for a physical treatment of its main properties.

When S = 2 and V is quadratic, the probability measure coincides with the joint
law of eigenvalues of a non-Hermitian matrix model known as the complex Ginibre ensemble,
which is obtained by sampling a N x N matrix whose coefficients are (properly normalized)
ii.d. complex Gaussians, see |Gin65]. For f = 2, more general potentials can be considered,
which are associated to “random normal matrices” (see e.g. [AHM15]). Systems of particles with
a logarithmic interaction as in , called log-gases, have also (and mostly) been studied on
the real line, motivated by their link with Hermitian random matrix theory. We refer to |[Forl0]
for a survey of the connection between log-gases and random matrix theory, and in particular
to [Forl0, Chap.15] for the two-dimensional (non-Hermitian) case.

The Ginibre case (and the case f = 2 in general) has the special property that the point
process associated to }P’]BV becomes determinantal, which allows for an exact computation of many
interesting quantities, e.g. the n-point correlation functions. The existence of a matrix model
also allows for local laws at the microscopic scale as in [BYY14a,BYY14b]. In the present paper
we rather work with general 5 > 0 and potential V', thus dealing with what could be called two-
dimensional B-ensembles by analogy with the one-dimensional S-ensembles which generalize the
laws of eigenvalues of random Hermitian matrices (see e.g. [DE02]). The microscopic behavior
of one-dimensional S-ensembles has been recently investigated in [BEY12,BEY14] and we aim
at a similar understanding in the two-dimensional case.

First-order results: the macroscopic behavior. Let us first recall some results about the
macroscopic behavior of the particle system as N — oo.

If the potential V' has some regularity and grows fast enough at infinity (see Assump-
tion (1)) there is an associated equilibrium measure peq, such that the sequence {un}n (where
UN = % Zf\; 1 0z, denotes the empirical measure of the points) converges almost surely to fieq.
Moreover the law of {un}n satisfies a Large Deviation Principle (LDP) at speed gN 2 on the
space P(R?) of probability measures, with good rate function given by

(1.3) 1) = [ =108l = slaut@du(s) + [ Vie)duta),

(see [PHO8|, and [BAZ9§| for a closely related result). This characterizes the first-order or
macroscopic behavior of the interacting particle system. Typically, as N becomes large, the
N points z1,...,rn arrange themselves according to the probability density dueq, which has
compact support X. Events that deviate from this prediction occur only with Pjﬁv-probability of
order exp(—N?) . We refer to [Ser15, Chap.2] and the references therein for a detailed exposition.

Microscopic behavior with macroscopic average. In this section we summarize the main
result of [LS15], which describes the behavior as N — oo of a microscopic quantity obtained
through a macroscopic average.

Let X be the set of locally finite point configurations in R?, endowed with the topology of
vague convergence, and let us denote by P(X) the set of Borel probability measures on X i.e.
the set of random point processes on R? (we refer to Section for more details).

In |[LS15] (following the line of work [SS12|, [SS15b], [SS15a], [RS15], [PS15]) S. Serfaty and
the author have investigated the microscopic behavior of the system by making a statement on
the point processes arising when zooming in by a factor N/2 (which is the typical inter-particle
distance) and averaging over translations in a way that we now briefly present.



For any N-tuple Xy, let zl = N2z, vy = Zfil Oy, let Y := N1/2% denote the support
of feq after rescaling, and let iy be the map iy : (R?)Y — P(X) defined by

L2 1
(1.4) ZN(XN) = ‘E//E/ 59/'”}\1 dZI,

where 0,/- denotes the action of translation by 2z’ € Y/, and where § is the Dirac mass. The
map ¢y transforms a N-tuple of points into the data of all the blown-up point configurations
obtained by zooming in by a factor N*/2 around any z € . Such quantities are called empirical
fields. Empirical fields (in our case, those could also be called “Gibbs random fields”), appear
in mathematical statistical physics as natural objects to encode the microscopic behavior of the
systems, see e.g. [FO88,/01188,|Geo93].

We let By g be the push-forward of IP’]BV by in. The main result of [LS15] gives a large
deviation principle for {Bx g}~ at speed N, on the space of stationary random point processes.
The rate function on this subset of P(&X) is given by

(1.5) Fs(P) == ng[W] + ent[P|TT'],

where W is an energy functional which will be defined later, Ep denotes the expectation under
P, and ent[P|IT'] is the specific relative entropy of P with respect to the Poisson point process
of intensity 1 in R? (see Section . In the energy term is weighted by the inverse
temperature 3, it could easily be re-written following the usual convention of weighting the
entropy term by 7' = 1. A similar free energy functional is derived in a fairly general setting
in [GZ93, Theorem 3.1}, if one knows a priori how to identify the limit energy term, which turns
out to be the central difficulty.

This LDP characterizes the microscopic behavior only in an averaged way, because of the
average over translations in the definition of iy. In fact (this is still a consequence of [LS15,
Theorem 1]) this description can be enhanced by replacing the average over translations in ¥’
by an average over translations in arbitrary small macroscopic regions (seen in blown-up scale),
for example the square C(z{),aNl/Q), where € > 0 is fixed and z, = N1/2z, for some z in the
interior of ¥ (the bulk). Let us emphasize that the average still takes place at the macroscopic
scale N'/2. This is done in [LS15] by considering “tagged” empirical fields which are elements
of P(X x X) keeping track of the point around which the configuration has been zoomed, thus
allowing for a macroscopic localization.

Finally, let us emphasize that proving a LDP implies that the law of observable concentrates
around minimizers of the rate function. If uniqueness of the minimizer is unknown (which is, so
far, the case in our setting), the LDP does not characterize the limit in law of the observable.

Microscopic behavior with mesoscopic averages. The goal of this paper is to push further
the analysis of [LS15] at finer scales and to consider mesoscopic versions of the map iy . In other
terms we look at the empirical fields obtained by averaging over translations in C(z(, N %) for
0 < ¢ < 1/2, and we obtain a LDP at speed N 20 with essentially the same rate function as
above. It is crucial to average over a relatively large set and although one might hope to go
down to even finer scales (e.g. O(log® N) for k large enough) we do not expect a similar result
to hold for a strictly speaking microscopic average at scale O(1) (in blown-up coordinates).

The first-order results show that the empirical measure py := % Zf\; 1 0z, converges to the
equilibrium measure peq almost surely. As a consequence of our analysis we get a “local law”
(borrowing the terminology of [BYY14a] and [TV15, Theorem 20]) which implies that py and
leq are close at small scales with very high probability.



The paper [BBNY15|, which appeared simultaneously, also proves a local law for two-
dimensional Coulomb gases. It does not study the large deviations of the empirical fields but
obtain better (in fact, optimal) bounds on the errors (it can be understood as a “moderate devi-
ations” result at all scales, whereas our local law only deals with the large deviations scale). The
proof of [BBNY15] relies on a multiscale/bootstrap analysis, with very different methods. First,
they establish a local law with error bounds comparable to ours: in that step, the “screening”
method of the present paper is replaced by a fine understanding of the properties of potential-
theoretic equilibrium measures with perturbed external fields. Then, the technology of loop
equations is used to obtain optimal bounds on the error. In a forthcoming paper [LS|, we re-
cover such moderate deviations (as well as a central limit theorem for fluctuations), by different
means.

1.2 Preliminary notation and definitions
1.2.1 Notation

For R > 0 we denote by Cg the square [-R/2, R/2]? and by C(z, R) the translate of Cg by
z € R2. We denote by D(p, r) the disk of center p and radius > 0. If N is fixed and Xy € (R2)N
we denote by vy = SN 6, and vy == SN | 6,/ (where 2, = N'/2z;).

Let 0 < ¢ < 1/2. We say that an event A occurs with d-overwhelming probability if

lim sup N2 log ]P’?\,(.AC) = —00,
N—o00

where A€ is the complement of A. In particular, for any event B, if A occurs with J-overhelming
probability we have

lim sup N~ log }P’?V (B) = limsup N2 log P%(B NA),

N—o0 N—oo
and the same goes for the liminf. In other terms, when evaluating probabilities of (logarith-
mic) order N 20 we may restrict ourselves to the intersection with any event of §-overhelming
probability.

If {an}n,{bn}nN are two sequences of non-negative real numbers, we will write ay =< by if if
there exists C' > 0 such that ay < Cby (va—a.s. if the numbers are random), and we will write
ayn =g by if there exists C' > 0 such that ay < Cby with d-overhelming probability.

We will write ay < N9 if there exists 7 > 0 such that ay < N°~7 (P?V—a.s. if the numbers
are random) and ay <y N % if there exists 7 > 0 such that ay < N7 with &’ -overwhelming
probability.

1.2.2 Equilibrium measure and splitting of the energy

Under mild hypotheses on V' (see Assumption[I) it is known (see e.g. [ST97, Chap.1]) that there
exists a probability measure ji.q with compact support ¥ which is the unique minimizer of I (as
in (T.3)) over P(R?) (the set of probability measures). Defining ¢ as

(16) €)= [ ~togle—pldnte) i~ ( [ ~10gle ~ ldhaleldieat) = 5 [ Vin).

we have ¢ > 0 quasi-everywhere (q.e.) in R? and ¢ = 0 q.e. on ¥, and in fact this characterizes
feq uniquely, see [Fro35]. If N > 1 is fixed we let po, () := feq(xN7/2).



If C is a finite point configuration we define the second-order energy functional wy (C) as
(1.7 wn(€) = [ ~logle — yl(dC ~ dut)(@)(dC ~ dii) 1),

where A€ denotes the complement of the diagonal A. It computes the electrostatic interaction
of the electric system made of the point charges in C and a negatively charged background of
density ,u’eq, without the infinite self-interactions of the point charges.

Let ((C) := [(dC. Tt was proven in [SS15b| (see also [Serl5, Chap.3]) that the following
exact splitting formula holds:

Lemma 1.1. For any N > 1 and any Xy € (RN we have, with I as in (1.3)

Nlog N

(1.8) hn(XN) = N?I(pteq) — 5

+wn (V) + 2NC(vw).

We may thus re-write the Gibbs measure IP”?V as

(1.9) AP (R ) = —— e 3PN Wh)#2NCen) g
K.

where K g is a new normalizing constant. The exponent (wy (V) +2N(vy)) is expected to be
typically of order IV, and it was proven in [LS15, Cor. 1.5] that log K g = —N min Fg + o(N),
where Fg is closely related to the free energy functional Fg mentioned in ([1.5]).

1.2.3 Energy and entropy

Renormalized energy. In [LS15], following [SS12,[SS15b,RS15,PS15], an energy functional
is defined at the level of random stationary point processes (see also [Serl5, Chap.3-6]), which
is the I'-limit of %wN as N — oo. We will define it precisely in Section and we denote it
by W,,, (where m > 0 is a parameter - the notation differs slightly from that of [LS15] where it
corresponds to Wm) It can be thought of as the infinite-volume limit of and as a way of
computing the interaction energy of an infinite configuration of point charges C together with a
negatively charged background of constant density m.

Specific relative entropy. For any m > 0 we let II"™ be the law of a Poisson point process
of intensity m in R%. Let P be a stationary random point process on R?. The relative specific
entropy ent[P|II"] of P with respect to II"™ is defined by

(1.10) ent[PIT"] := lim R~”Ent (RCR|H@R) :

where P, denotes the random point process induced in Cg, and Ent(:|-) denotes the usual
relative entropy (or Kullbak-Leibler divergence) of two probability measures defined on the
same probability space. A sub-additivity argument ensures that the limit in exists, see
e.g. |GZ93]. We take the appropriate sign convention for the entropy so that it is non-negative:
if p1, v are two probability measures defined on the same space we let Ent (u|v) := [log g—‘;du if

1 is absolutely continuous with respect to v and +oo otherwise. For more details we refer to
Section



1.2.4 Good control on the energy

In this paragraph we define the notion of “good control at scale §”, which expresses the fact
that our particle system has good properties in any square of sidelength N® (after blow-up).
The assumption that good control at scale § holds will be a key point in order to prove the
LDP at slightly smaller scales. Moreover we will see that the “good control” assumption can
be bootstrapped, i.e. good control at scale § implies good control at scale 41 for §; < § large
enough.

Let us first introduce the local electric field E°¢ and its truncation E,17°C, we will come back

to these definitions in more detail in Section If Xyisa N -tuple of points in R?, for any

(n)

0 < n <1 we denote by V;V’n the measure V}Vm = ZZ]\L 1 5;7), where §,” denotes the uniform

probability measure on the circle of center z} and radius 7. We let E'°° be the associated “local
electric field”

(1.11) B (z) i= (~V log) + (Vy — pilg)
and E}]‘)C its truncation at scale 7, defined by
(1.12) E}fc(:n) = (=Vlog) * (V) — Heq)-

Finally, we denote by ¥ the interior of 3.

Definition 1.2. For any 0 < § < % we say that a good control at scale & holds if for any zg € )
and any 0 < 61 < § we have with §1-overwhelming probability:
1. The number of (blown-up) points N3 in the square C(z{, N°) is of order N

(1.13) N3 <5 N%.

2. For any 0 <n <1 we have

(1.14) /ZO |Ei700|2_’_/\/'§o log 7 <s, ]\]267
Cs

which expresses the fact that the energy in the square C(zh, N°) (after blow-up) is of order
N,

Let us emphasize that (1.13)), (1.14)) control quantities at scale § by looking at probabilities
at scale 97 < 4. This is mostly a technical choice, which allows to simplify some arguments
below.

1.3 Rate function

Let us define the local rate function as

(1.15) FP(P) = gwm(P) + ent[P|TI™].

It is a good rate function because both terms are good rate functions (see e.g. [LS15, Lemma
4.1]).

For any m > 0 we let Py ,,,(X) be the set of random stationary point processes of intensity
m. Let us define a scaling map oy, : Ps(X) — Ps(X) such that o,,(P) is the push-forward of P
by C + m~Y2C. Tt is easy to see that ,, induces a bijection from Ps ,,(X) to Py 1(X) for any
m > 0.

It is proven (see [LS15, Def. 2.4, Lemma 4.2]) that



Lemma 1.3. The map o, induces a bijection between the minimizers of Fg' over Psm(X) and
the minimizers of .7-"5 over Ps 1(X).

Let us observe that Lemma [1.3| crucially uses the scaling properties of the logarithmic kernel.
Replacing the logarithmic interaction by, e.g. a Riesz potential |z — y|® (as studied in [LS15])
gives rise to a more intricate situation where the effect of the equilibrium measure may be felt

at microscopic scale, not only through a scaling factor.
We may now state our main results.

1.4 Statement of the results
If 2o € X and 0 < § < 1/2 are fixed, let us define the map ing: X = P(X) as

(116) ’L%,J(C) = N_26 60’2-(CQC(Z6,N5))dZ,'
C(z{,N?)

Such quantities are called empirical fields. We denote by P 8.5 the law of the push-forward of

}P’]ﬁv by the map Z']z\(; s - in other words: the empirical field observed around 2 by averaging at the
mesoscopic scale N?. Finally we denote by Meq the density of fieq (see Assumption .

Theorem 1. For any 0 < § < 1/2, for any zy in Y, the sequence {5{3;‘;55}]\7 obeys a large

meq(zﬂ) meq(ZO)

deviation principle at speed N2 with good rate function (}" 3 — min F 3 )
Moreover a good control at scale § holds in the sense of Definition [1.9

Theorem [1] tells us in particular that the behavior around zy € 3 depends on V only through
the value meq(20), and in view of Lemma it has only the effect of scaling the configurations.
Conditionally to the uniqueness of minimizers of Fj3, it would yield another example of the uni-
versality phenomenon: the small scale behavior of the particle system is essentially independent
of the choice of V' (however, since uniqueness of minimizers has not yet been proven, we can
only rigorously speak of universality of the large deviations functional).

The first consequence of Theorem [1]is a bound on the discrepancy i.e. the difference between
the number of points of v/} in a given square and the mass given by ugq.

Corollary 1.4. Let zg € 3, let 0 < § < 1/2 and 6, € (§/2,6). We have

vy — dp!
/c%va) M

For 41 < § close to §, the bound NV 3% on the difference is much smaller than the typical value
of each term, of order N29. Tt allows us to prove a local law in the following sense:

Corollary 1.5. Let zy € Y and0 < 6 < 1/2 be fized. Let f be a C function (which may depend
on N) such that f is supported in C(z(, N?®). Then for any §/2 < 6, < 6 we have

/ fldv, — dyily)
C(z},N9)

In particular if f(z) = f(N_‘;(z — z{))) for some compactly supported C' function f then
IV £lloo = N0 and ||f]|o = 1, thus we get

/ Fldiy — dyily)
C(z(’) ,N‘s)

7

(1.17) <5, N39.

(1.18) N~ 261 IV S oo N + 11l N 72072,

N~—% < 1.




Comments and open questions. In the statement of the results we restrict ourselves to
the following setting: we first pick a point 2y in the interior of ¥ (called the bulk) and then
look at the point process in C(z’, N%) with N-Y2z = 2. A careful inspection of the proof
shows that we might have taken 2z’ depending on N more finely, e.g. by considering a sequence
2 with N~1/22 — 2 € ZO], while keeping the same conclusions. It does not seem possible to
take 2/ — zp € OX (the “edge case”) in general because the density meq may vanish near the
boundary - however, this does not happen in the standard example of the quadratic potential,
in which the density is constant up to the boundary of the support. Our analysis might be done
in the edge case at a scale 0 > ¢, depending on the speed at which meq(z) vanishes, but we do
not pursue this goal here.

The minimizers of the rate function are unknown in general, however it is proven in [LS15|
Corollary 1.4] that the Ginibre point process minimizes F, 61 over P 1(X) for § = 2. We do not
know whether uniqueness of the minimizers holds for 8 = 2, nor for any value of 5. Uniqueness
of the minimizers for some 8 > 0 would imply that the empirical fields have a limit in law as
N — oo, which would heuristically correspond to some “$-Ginibre” random point process. In
that case, our results shows that the hypothetical convergence

Empirical field averaged at scale N® — -Ginibre

holds at arbitrarily fine scales § > 0, which would hint at the convergence in law of the non-
averaged point process v to the conjectural S-Ginibre point process.

Another open question is the behavior of the minimizers as f — oo (the low-temperature
limit). The crystallization conjecture (see e.g. [BL15| for a review) predicts that the minimum
of Wy on P, 1(X) is (uniquely) attained by the random stationary point process associated to
the triangular lattice. In the high-temperature limit 5 — 0, it is proven in [Lebl5, Theorem 2]
that minimizers of F, é converge (in a strong sense) to IT'.

The result of [LS15] and most of the methods used in this paper are valid in a broader
setting than the two-dimensional, logarithmic case, in particular we could think of treating the
1d log-gas (i.e. the [-ensembles). It turns out that an adaptation of the present method in
the one-dimensional case allows one to improve the result of [LS15] to finer, mesoscopic scales,
however, we have been unable so far to go down to the finest scale N ~'*¢ and we hope to return
on this question in a subsequent work.

1.5 Plan of the paper and sketch of the proof

In Section [2| we introduce some notation and we give the definitions of the main objects used
throughout the paper, as well as their key properties. In Section [3| we gather preliminary
results about the energy wy and we prove the main technical tool, called the “screening lemma”.
Section Ml is devoted to the proof of a LDP upper bound and Section {4| to the lower bound. We
combine these two steps to prove Theorem [I]in Section [6] together with Corollary and
Section [7]is devoted to intermediate results which we postpone there.

Let us now sketch how the proof of Theorem [I|goes. The basic idea is a bootstrap argument,
we find that there exists ¢ < 1 such that

Large deviations at scale d;

Good control at scale 1 for all 9 < 61 <.

(1.19) Good control at scale § — {

Once good control at scale § = 1/2 is established, Theorem [l| follows. A similar bootstrap
argument was used in [RNS15] for studying the minimizers of wy (which corresponds to the
B = 400, or zero temperature case).



The main obstruction to obtaining LDP for empirical fields in our context is the non-locality
of the energy : due to the long-range nature of the interactions, it is hard to localize the
energy in a given square in such a way that it only depends of the point configuration in this
square. Another way of seeing it is that Eloc(x) depends a priori on the whole configuration
Xy and not only on the points close to x.

To prove we rely on the following steps: let zg € 3 be fixed. For the sake of simplicity
let us assume that wy(Xy) = 5 Jg2 |E¢|?, where E'°° is the local electric field defined in

Section [1.2.4] (see also Section [2.3)).

1. For any Xy, we split the energy wN(XN) as

/ ’Eloc’2 — / |E100|2 +/ |E10C|2’
R2 C(z},N°1) C(z},No1)e

and we split X N as Xin 4 Xout where X is the point configuration in C(z, N 51) and
XU is the point configuration in C/(z), N°1)c.

2. We define F™(X™) (resp. FO™(X°)) as the minimal energy of an electric field associated
to X™ (resp. X°U), see ([@.13) (resp. (@-10)). We thus have

wN()ZN) > Fin(X’in) +Fout(Xout)'

The two terms in the right-hand side become independent (they depend from two distinct
sets of variables).

3. Inserting the previous inequality into the expression of the Gibbs measure we obtain,
for any event A “concerning” X"

(120) Fi(A) < < / e—;ﬂFWi”)dﬁm) < / e—;6<Fout<f°ut>+zfvé<f°“>>d;zout).
N?B -A

This can be used to prove a first LDP upper bound (taking A = {i}y (Xn) € B(P,e)})

or a first “good control” estimate (taking A = {F(X1) > N201}),

4. Then we need to prove that is sharp (at scale d1). Given Xou and X™ it amounts
to be able to reconstruct (a family of) point configurations Xy ~ X" 4 X guch that
wy(Xy) < F(Xn) 4 pout(Xout) 4 o(N201) This is where the screening procedure is
used: we modify Xout and the associated electric field a little bit (this procedure follows
the line of work [SS15blSS15a,RS15,PS15] and is called screening for reasons that will
appear later) so that we may glue together X and the new X°U and create an electric
field compatible with the new (slightly modified) point configuration Xy. It is then a
general fact that wy(Xy) (the energy of the local electric field associated to Xy) is the
smallest energy in a wide class of compatible electric fields. Let us emphasize that in this
step, the good control on the energy is the key ingredient which allows to bootstrap the
argument. Indeed, the screening procedure requires to find good boundaries where the
energy is controlled, and the existence of such boundaries is ensured by the good control
at a larger scale.

In particular, proving a partial converse to allows us to estimate the “local partition
function”

L ( / 6—;ﬂ(FOUt()?out>+2zv<”o2°ut>>d;zout> ,

Knpg

and also to show a LDP lower bound. Combined with the estimates of the previous step,

it proves (|1.19)).
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2 Notation, assumptions and main definitions

2.1 Assumption on the potential

Assumption 1. The potential V is such that

1. V is lower semi-continuous (l.s.c.) and bounded below.

2. The set {x € R? | V(x) < oo} has positive logarithmic capacity.

3. We have lim,| o —5 Vi) _ log |z| =
These first three conditzons ensure that the equilibrium measure |ieq 15 well-defined and has
compact support 3. Furthermore we ask that the measure jieq has a density meq which is k-

Holder in X, for some 0 < k <1

(2.1) [Meq () = meq(y)| < |2 —yl".

If V is C?, it is known that Ieq is absolutely continous with respect to the Lebesgue measure
on R? and its density coincides with AV in ¥. Thus in particular is satisfied as soon as
V is C?*. Let us observe that the third assumption (that V is “strongly confining”) could be
slightly relaxed into

lim inf Viz)
|z|] =00 2

—log|z| > —o0,

i.e. V is only “weakly confining”, in which case the support ¥ might not be compact (see [Har12]
for a proof of the first-order LDP in this case). We believe that Theorem [1|should extend to the
non-compact case as well, since it is really a local result, but we do not pursue this goal here.

2.2 Point configurations and point processes

Point configurations. If B is a Borel set of R? we denote by X (B) the set of locally finite
point configurations in B or equivalently the set of non-negative, purely atomic Radon measures
on B giving an integer mass to singletons. We will often write C for Zpec 0p. We endow the
set X := X(R?) (and the sets X(B) for B Borel) with the topology induced by the topology of
weak convergence of Radon measure (also known as vague convergence or convergence against
compactly supported continuous functions), these topologies are metrizable (e.g. take the 1-
Wasserstein distance for B compact, and a convergent serie of such distances over an increasing
sequence of compact domains if B is not - in fact we will only encounter the cases B = R? or
B = some square) and we fix a compatible distance dy.

Volume of configurations. Let B be a Borel set of R2. For any N > 1, let ~y be the
equivalence relation on BY defined as (z1,...,2n5) ~n (y1,...,yn) if and only if there exists a
permutation o € &y (the symmetric group on N elements) such that x; = y,;) fori=1,..., N.
We denote by BY /&y the quotient set and by 7y the canonical projection BY — BN / Gn.
The set of finite point configurations in B can be identified to {0y uUL=, BY/6x.

If Ac BY/&y we define A ¢ BY as A := UceaC. It is easy to see that A is the largest
subset of BN such that the (direct) image of A by 7y is A.

We will call “the volume of A” and write (with a slight abuse of notation) Leb®" (A) the
quantity Leb®Y (/l) (where Leb is the normalized Lebesgue measure on R?).
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Random point process. A random point process is a probability measure on X. We denote
by Ps(X) the set of stationary random point processes i.e. those which are invariant under
(push-forward by) the natural action of R? on X by translations. We endow P,(X) with the
topology of weak convergence of probability measures, and we fix a compatible distance dp(x),
e.g. the 1-Wasserstein distance. Throughout the text we will denote by B(P,¢) the closed ball
of center P and radius € for dp(x).

2.3 Electric systems and electric fields

Finite electric system. We will call an “electric system” a couple (C, ) where C is a point
configuration and y is a non-negative measurable bounded function in R?. One should think of
C as a set of point charges (carrying a +1 charge) and p as the density of (negative) charges in
the background. We say that the system is finite if C is finite and p is compactly supported. We
say that the system is neutral if it is finite and [po dC = [go p(z)da.

Electric fields. Let 1 < p < 2 be fixed. We define the set of electric fields Elec as the set of
vector fields in L (R? R?) such that

(2.2) —divE =27 (C — p) in R?

for some electric system (C, 1). When holds we say that E is compatible with (C, u) in R?
and we denote it by E € Elec(C, u). If K is a compact subset of R? with piecewise C'! boundary
we let Elec(C, u, K) be the set of electric fields which are compatible with (C, ) in K i.e. such
that

—divE =27 (C —p) in K.

We denote by Elec” the set of decaying electric fields, such that E(z) = O(|z|72) as |z| — oc.
We let Elec” (C, i, K) be the set of electric fields which are compatible with C, u in K and decay.
As an example of decaying electric fields, one could consider the local electric field (defined in
(1.11])) associated to a neutral (hence finite) electric system.

Local electric fields. If (C, ) is a finite electric system there is a natural compatible electric
field, namely the local electric field defined as

E"°¢ .= —Vlog*(C — p).
We also define the “local electric potential”
H"°¢ .= —log %(C — p).

The scalar field H'°¢ corresponds physically to the electrostatic potential generated by the point
charges of C together with a background of “density” z. The vector field E'°° can be thought of
as the associated electrostatic field. It is easy to see that E'°¢ fails to be in L12OC because it blow

ups like |z|~! near each point of C, however E'°° is in L (R?,R?) for any 1 < p < 2.

Truncation procedure. The renormalization procedure of [RS15,[PS15] uses a truncation of
the singularities which we now recall. We define the truncated Coulomb kernel as follows: for
0<n<1landaz € R? let fy(z) = (—logl|z|+logn),. If (C,u) is an electric system and
E € Elec(C, ) we let

(2.3) Ey(X) = E(X) - van(X —p).

peC
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If E is the local field associated to some finite electric system (C, p1), then E, is given by
E, = —log *(Z 51()7’) —du),
peC

(n)

where §," is the uniform measure on the circle of center p and radius 7.

2.4 Renormalized energy

For finite point configurations. It follows from the definition, and the fact that —log is
(up to an additive constant) the Coulomb kernel in dimension 2, that —AH"*¢ = 27(C — p),
where H'°° denotes the local electric potential associated to a finite electric system (C,p). We
may thus observe that wy(C) (defined in (1.7)) can be written

1
’ZUN(C) ~ _%/HIOCAHIOC

(up to diagonal terms). Using E'°¢ = VH'°° and integrating by parts we obtain heuristically
wn(C) = [go |E'°°[2. However, this computation does not make sense because E'°° fails to be in
L? around each point charge (and indeed the diagonal is excluded in the definition of wy). The
correct way of giving a sense to “wn(C) &~ [p2 |E'°¢|2” is to use a renormalization procedure,
using the truncation at scale n defined above. The following is proven in [SS15b].

Lemma 2.1. For any N > 1 and any Xy € (R?)N, we have

1
/

(2.4) wn() =5 tim | (1B + Nlogn)

Moreover wy is bounded below on (R*)N by O(N).

For infinite electric fields. Let (C,u) be an electric system and E € Elec(C, p). We let
Wy(E) be

I _
Wy(E) = 2—hmsupR 2/ (|1Ey)* + plogn) .

T R—o0 CR

The renormalized energy of E is then defined as W(E) := limsup,_,o Wy (E).

For (random) infinite point configurations. If (C,u) is an electric system with p constant
equal to some m > 0 we define

2.5 Wi (C) = inf E).
(25) O= peetnticn ™)

Similarly if P is a random point process we let W,,,(P) = Ep [W,,,] for any m > 0.
The following lower semi-continuity result was proven in [LS15, Lemma 4.1].

Lemma 2.2. For any m > 0 the map P — W,,,(P) is lower semi-continuous on Ps(X). More-
over its sub-level sets are compact. In particular, W, is bounded below.

2.5 Specific relative entropy

For any P € Ps(X), the specific relative entropy ent[P|II"™] is defined as in ((1.10]) (see e.g. [GZ93,
(2.12))).

Lemma 2.3. For any m > 0 the map P — ent[P|II"] is well-defined on Ps(X), it is affine
lower semi-continous and its sub-level sets are compact.

Proof. We refer to [RAS09, Chap. 6] for a proof of these statements. O
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Large deviations for the reference measure. If we throw ~ mR? points uniformly and
independently in some large square Cr, we expect the associated empirical field to look like a
Poisson point process. The following proposition states that the large deviations are governed
by the specific relative entropy defined in . It can be understood as the “process-level” (or
“type III”, in the language of large deviations) extension of the classical Sanov large deviation
principle for empirical measure. It consists mainly of an adaptation of |GZ93, Theorem 3.1]
(with F' = 0) to our context, while taking care of the additional terms induced by changing the
density of points.

Proposition 2.4. Let P be in Psp(X) for some m > 0. Let {Ng}r>o be such that
Np = mR?*(1 + o(1)).

Let us denote by ir the “empirical field” map with average in Cg i.e. (similarly to (1.4)), (1.16]))

, 1
’LR(C) = R2/C 59Z~(COCR)dZ-
R

We have

e—0 R—o0

. . 1
(26) lim lim —;log /(C - Lip(@1,ang)€B(Pe) AT - - dTNg
R
= — (ent[P|II""] — m + mlogm).
We postpone the proof to Section [7.1] Henceforth we let, for any z € ¥

(2.7) Cs 1= Meq(2) — Meq(2) 10g Meq(2).

3 Preliminary considerations on the energy

3.1 Monotonicity estimates

Almost monotonicity in 7 of the local energy. The next lemma expresses the fact that
the limit n — 0 in (2.4]) is almost monotonous.

Lemma 3.1. Let (C,p) be a neutral electric system with N points and E'°° be the associated
local electric field. We have, for any 0 <n <n <1,

(3.1) </RQ |EC°)? +N10gn> -~ </RQ |Elec|? +N10g771) = =N pal|som1-
Proof. This is [PS15, Lemma 2.3]. O

Let us note that, integrating by parts, we may re-write ng \E%OC\Q as fRQ —H}f’CAH};’C and
(3.1) is really a monotonicity estimate for ( fRQ —H,%OCAH,%OC + N log 17) as n varies.
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A localized monotonicity estimate.

Lemma 3.2. Let (C,p) be an electric system and E'°° be the associated local electric field. Let
Ry > 10 and let N'™ be the number of points of C in Cgr,. We let also NP°" be the number of
points of C in Cr,\Cpr,—5. We have for any 0 <mn; <mng < 1,

(3.2) (/ \E}ﬁc 24 Nin log771> — (/
Cr Cr

"2

+ NP logn; + (logm — 1)/

Cry\CRy—5

|Ew|? + N™ 10g770> = —N™||ullsom0

2

loc|2 loc|2
(1Eke? + | Eer?)

Proof. Tt follows from the proof of [PS15, Lemma 2.4], see e.g. [PS15, Equation 2.29] and the
one immediatly after. O

Almost monotonicity with no points near the boundary.

Lemma 3.3. Let (C,p) be an electric system in R? and E'¢ be the associated local electric field.
Let 0 < Ry and let 0 <y < 1 be such that the smeared out charges at scale 1 do not intersect
OCR, i.e. Upeec B(p,m) NOICR, = 0. Let us denote by N™ the number of points in Cr,. Then
we have for any n < m

(3.3) (/CR |Bloc)? +Ninlogn> _ (/CR

Proof. We postpone the proof to Section [7.2] O

|E0C)? + N 10g771> = =N pl |

2 2

3.2 Discrepancy estimates

Lemma 3.4. Let N > 1, and let C be a finite point configuration in R?. Let E be a gradient
electric field in Elec(C, o, ). For any R >0, let Dg be the discrepancy Dg := fCR (dC — digq) in
Cr.

For any n € (0,1) we have

. Dpg
(3.4) D% min <1, RQ> = / B, .
Car
Proof. This follows from [RS15, Lemma 3.8]. O

As a corollary, we see that if a good control holds at scale §, then the discrepancies are
controlled at smaller scales.

Lemma 3.5. Let 0 < § <
any R € (AN, 2N) with

and let us assume that a good control holds at scale §. Then for
< d1 < 6 we have

N[N =

(3.5) |DRr| <s, NS,

Proof. Let us apply Lemma with 7 = 1/2, taking E to be the local electric field E'°¢. Tt
yields
Dr
D% min <1,> j/ |E1% 2.
R Con

14



Using the good control on the energy at scale § (in the sense of Definition we have
[ IBSP + Nonlog(1/2) < N,
Cor
where Nog (the number of points in Cyp) is itself <, N2 We thus obtain that
: Dp
D% min <1, R2) =5 N,

Then, elementary considerations imply that if g < 01 < 4, we have D;’% =<5 N 2(0149) which yields

(3-9)- O

Application: number of points in a square.

Lemma 3.6. Let 0 < § < % and let us assume that a good control holds at scale 6. Then we
have, for any R € (%N‘51,2N‘51) with %5 < 01 < 6, and for any zp € 3, letting Ny = fC(z(/) R) dc

(3.6) N7 — meq(20) R?| <5, N2

Proof. We have by definition
/ dyil = / Meq(20 + tN Y9 dt.
C(zp,R) C(0,R)
Using the Holder assumption ((2.1f) we get

/ dhtgq — R*mMeq(20)| = N2tn(bi=3),
C(z},R)

Since k > 0 and §; < 1/2 we get

/ dpteq — R¥meq(20)| < N,
C(z0,R)
while Lemma yields
C(zp,R)
Combining these two inegalities we see that if 6; > %5 then (3.6 holds. O

3.3 Minimality of local energy against decaying fields

Lemma 3.7. Let K C R? be a compact set with piecewise C' boundary. Let (C, i) be a neutral
electric system in K. Let E'°° be the local electric field associated to (C, i) and let E € Elec®(C, ).
For any 0 < n <1 we have

(3.7) / |Eloe 2 < / B2,
R2 R2

The proof is very similar to that of [LS15, Lemma 3.12] and we postpone it to Section
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3.4 The screening lemma

The following result is strongly inspired from the “screening lemmas” of [SS15bj, Prop. 6.4}, [PS15,
Prop 6.1] and [LS15, Prop 5.2]. Our setting is slightly simpler because we have ruled out the
possibility of having point charges close to the boundary 0Cg,. A difference is that here we
screen the electric field “from the inside” (a similar procedure is used in [RNS15]) whereas the
aforementioned screening results were constructing a field £ such that £ = 0 outside a certain
hypercube. Another difference is that in the present lemma we really need to deal with a variable
background u.

Let us briefly explain the purpose of Lemma Let p be a fixed background, defined on a
large square C'r,. We start with a point configuration and an electric field associated to it (and
to the negative background given by p), that we can think of as living in Cg,\Cg,, and we want
to fill C'r, with some other point configuration and associated electric field. To connect both
electric fields, we need to check that their normal components coincide along the boundary of
CR, (otherwise divergence is created). A way to ensure that is to have them both equal to 0
on 0CR,. We thus need to change the initial point configuration a little bit so that we can find
an associated electric field whose normal component vanishes on dCFg,. The next lemma shows
that under some assumptions, and especially if the energy control holds, we may slightly
perturb the point configuration and pass from a given electric field E to a new one E'" which
is “screened” in that holds, and whose energy is close to that of E (as expressed in )
In Section [4] we will ensure that, by construction, the assumptions of Lemma are satisfied.

Lemma 3.8. There exists C' > 0 universal such that the following holds.

Let z € R? and for any N let (C,u) be an electric system in R%, let 0 < d3 < 62 < 61 < 1/2
and let Ry, Ry positive be such that, letting n, :== N9, we have

1. Ry € [N% + N% N% 4+ 2N%] and Ry € [Ry — 3N%, Ry — 2N%].

2. The smeared out charges at scale m1 do not intersect 0C(z, Rz), i.e.

N

U D(p.m) N OC(z, Ry) = 0.
peC

3. N8 is an integer, where N8 := fc(z Ry) Ab-
. id . . id 20
4. Letting N™4¢ ;= fc(szQ)\C(szl)dC, it holds N™¢ <« N=°1,
Let us assume that p satisfies 0 < m < u <'m on Cr,\Cr, and that furthermore there exists
Cy > 0 such that

(3.8) V(z,y) € (Cr,\Cr,)) |1(x) — u(y)| < Culz — y[*,

where K is as in [2.1). Let E be in Elec(C, u,R*\Cg,) and let M := faoR B,
2
If the following inequality is satisfied

(3.9) M < C'min(m?, 1)N3%,
then there exists a measurable family AY™ of point configurations such that for any C**" € AR

1. The configuration C*™ is supported in Cr,\CRr, .
2. The configuration C™™ has N™* points where (with i the unit normal vector)

(3.10) Ntran . — / E, - — / dp.
ICR, CRry\CR,
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3. The points of C™" are well-separated from each other and from the boundaries

(3.11) ) ¢;ni€r(1zmn lp1 — po| = MY/, p;%iﬁn dist(p, 8Cr, U ACp,) = m /2.
1 2

4. There exists an electric field E**" € Elec(C*™", u, Cr,\Cr,) such that

(a) We have
can - E, - ondCgr
(3.12) By i =g M ’.
0 on OCR,
(b) The energy of E*™ is bounded by
(313) / ’E;t?ian|2 < N§3M_|_ N§1+3530MN553 _|_N51+53 log N.
CRQ\CRl

Moreover the volume of A% is bounded below as follows
(3.14) log Leb®V"™™ (A%a0) = —(mN%1+98 4 NOU 4 M) logm.

Proof. We set | = N%.,
Step 1. Subdividing the domain. We claim that we may split Cr,\Cg, into a finite family of
rectangles { H;};cr with sidelengths in [I/2,2l] such that letting m; := IT1I [ dp and

1 1
(3.15) my = 1 + / B, .7
' Y H 27 Joognom,
we have for any ¢ € 1
_ 1
(3.16) [mi —mg| < gm, - m|Hi] € N.

The fact that we may split Cr,\CRg, into a finite family of rectangles { H; };c; with sidelengths
in [1/2,2[] is elementary. Using Cauchy-Schwarz’s inequality we see that

1 1/2
~ E 2 _ Ml/Ql—3/2
- l3/2 (/BCVR2 | 77| )

hence assuming (3.9)) (with C' large enough) we have |m; — m;| < %m for any tiling of Cr,\Cr,
by rectangles of sidelengths € [[/2,2l]. It remains to show that we may obtain a tiling such that
m;|H;| € N. We have by definition

1

|Hl‘ 8CRQO<’9HZ-

H; 21 Jocg,noH;
Increasing the sidelengths of H; by ¢ (with ¢ < [/10) increases |, g, 4w by a quantity = mit
whereas it changes |, 9Cr, NOH; E, -7 by a quantity = VtM. We thus see that if holds, up
to modifying the boundaries of H; a little bit (e.g. changing the sidelengths by a quantity less
than [/10) we can ensure that each m;|H;| € N.

We may then subdivide further each rectangle H; into a finite family of rectangles { Ry }aer,
which all have an area m, ! and sidelengths bounded above and below by universal constants
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times ml-_l/ ? (for a proof of this fact, see [PS15, Lemma 6.3.]). Let us emphasize that since p is
bounded above we have m, L<1.
Step 2. Defining the transition field and configuration. For i € I we let E1) := VA1) where

R0 is the mean-zero solution to
— ALY = 27 (m; — p) in H;,

such that VA1) .77 = —F, -7 on each side of H; which is contained in 9Cg, and VA .77 = 0
on the other sides.
We also let, for any «a € I;, h(2®) be the mean-zero solution to

—ARZ) — 9on (0p, —m;) in R, VAZY .7 =0 on OR,,

where p, is the center of R,. We define E2? as 24 .= Zaeli Vh(2®) . Finally we define the

transition field B0 as Efran .= S~ B8 4 B29 and the transition configuration C"™" as
CU™ =31 Yaer, Opa- It is easy to see that

E, -n  on dCg,

3.17 —div (E"™) = 27 (C"* — 14) in Cg,\Cgr,, E"™ .7 = .
(3.17) ( ) ( t) Ry \CRy m {0 on 9Ch,

In particular (3.10) and (3.12)) hold.
Step 3. Controlling the energy. For any i € I the energy of E(1%) can be bounded using Lemma

[C1] as follows
/ B2 < l/ |Enl? + 1 = il [T a1,
H; OH;NOCR,

and using the Holder assumption (3.8)) on p we have ||u — miHQm( py) = Cul” hence

/ |E(1,i)|2 < l/ |E77‘2 + CHZZH—R.
H; 8Hm80R2

For any « € I; we also have, again by standard estimates

/ |Vh7(721’°‘)|2 < —logn <log N by choice of 1.
Ro

The number of rectangles R, for a € I;, i € I is bounded by the volume of Cr,\Cg, hence is
< N%+9_ We deduce that

/ |Ean? < / |, |* + #1C, 14 + N3 1og N,
Cry\CRy OCR

2

where #1I denotes the cardinality of I. We may observe that #I < N%+9[~2 and get (using
that | = N%)

/ |Etran 2 o N63M + N51+3530MN.%53 + N51+53 log N.
CRry\Cr, "

which yields .

Step 4. Constructing a family. As was observed in [PS15, Remark 6.7], [LS15, Proposition
5.2], we may actually construct a whole family of configurations C™®" and associated electric
fields E™ such that (3.17) and (3.13) hold. Indeed, since p < T the sidelengths of R, are
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> 7~ /2 hence we may move each of the points p, (for o € I;, i € I) arbitrarily within a disk
of radius liom_l/ 2 and proceted as above (so that (3.11)) is conserved). This creates a volume of
configurations of order ™" . To get ([3.14) it suffices to observe that

Ntran _<mN51+53 +N51 +M,

which follows from (3.10) by applying the Cauchy-Schwarz inequality and using the fact that
R? — R? < N1+, O

4 A large deviation upper bound

Given a point zg and a scale d; we localize the energy wN()? ~) by splitting it between the
“interior part” (which, roughly speaking, corresponds to the L?-norm of E'¢ on C(z}, N 91)) and
the “exterior part”, then we replace both quantities by smaller ones which are independent (this
corresponds to separating variables). Roughly speaking, it allows us to localize the problem
on C(zh, N°t) by deriving a “local energy” (which corresponds to the interior part) and a “local
partition function” (the exponential sum of contributions of the exterior part). This lower bound
on the energy will be complemented by a matching upper bound in Section

4.1 Definition of good interior and exterior boundaries and energies

The decomposition between interior and exterior part will be done at the boundary of some
“good” square, not much larger than C(zy, N 51). We give the definition of good exterior and
interior boundaries, with an abuse of notation which is discussed in the next subsection.

Definition 4.1 (Exterior boundary). Let 1/2 > 6 > §; > d2 > 0 and 19 > 0 be fized, let N > 1
and let g := N0, Let 29 € %, let Ry > 0 and let X°U be a point configuration in C(z), Ra)°.
Exterior fields. We say that E is in Elec®™(X°") if E is in EIecO(C,,ugq,RQ) for some point

configuration C with N points such that C = X" on C(z, Ro)".
Good exterior boundary. Let E € Elec®™(X°%). We say that 9C(z}, Ra) is a good exterior

boundary for E if the following conditions are satisfied:
1. We have

(4.1) Ry € [N°' 4 N°2 N 4 2N°2],

2. The smeared out charges at scale 1 do not intersect OC(z{,, Ra)

(4.2) U D(p,m) n0C(z, Re) = 0.

peC

3. The energy near 0C(z(, Ra) is controlled as follows

(4.3) / | Enol* = N2 log ],
C(2,R2)\C (2}, R2—5)
(4.4) / [, [ < N*~log N,
C(z},R2)\C (24,R2—5)
(4.5) / By, 2 < N#7% (log N)?.
BC(ZévRQ)
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4. We have, letting NP°" dcC

= fC(ZéﬂRz)\C(Zé,Rz—&
(46) Nbou < N261.
5. We have, letting N™ := fC(26 Ry AC

(4.7) Nm < N2,
6. We have, letting
(4.8) 5 = /C(zg,N‘Sl)dC
that the following holds
(4.9) N™ - N} < N gnd N5 — Meq(20) N2 < N2,

This very last inequality does not depend on Rs, but it is convenient to include it in the
definition of the exterior boundary.
Best exterior energy. Let N°% denote the number of points of Xout i C(z), R2)¢. We
define FOUt(Xout) gs

. 1
4.10 FOut (XU .= — min lim / E,|?> + N°"]o
(4.10) (%) = o —mi MO( C(Z(/)’RQ)C\ l g

where the min is taken over the set of electric fields E satisfying E € Elec®"t (X'O‘lt) and such that
9C (z)), R2) is a good exterior boundary for E (if there is no such field we set FO"(X°") = +c0).

The minimum is achieved because on the one hand E — |E,|* is coercive for the weak Li.

topology, and on the other hand the L? norm is coercive and lower semi-continuous for the weak
L? topology.

Definition 4.2 (Interior boundary). Let 1/2 > §; > d2 > 03 > 0 and ng > 0 be fized. Let N > 1
and let zg € Xol, let Ry > 0, let Ro > 0 such that holds and let X' be a point configuration
in C(z(, Ra).

Interior fields. Let E € Elec(R2). We say that E is in Elec™(X™) if E is in Elec®(C, [ty R?)
for some C € X(R2) such that C = X™ on C(zy, Ra).

Good interior boundary. We say that 0C (2, R1) is a good interior boundary for Xin if

1. We have

(4.11) Ry € [Ry — 3N%, Ry — 2N%].

2. N&°" is an integer, where N8 := fC(z’ Rl)d“/eq'
. 0
3. Letting N™d .= fc(zé Ra\C(#4,R1) dcC, it holds

(4.12) Nmid o N2

Best interior energy. Let N™ denote the number of points of Xin jn C(z), R2). For any
0 < no <1 we define F%l as

. . 1 .
(4.13) F»(X™) := — min / |El¢12 4 N logng | ,
70 21 E C(z{),Rg) 1o

where the minimum is taken over the set of electric fields E such that E € Elec™(X™) (if
Elec™(X™) is empty we set F'"(X™) = +00).
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4.2 Finding good boundaries

The conditions (£3), (), EF), @T), (7). @I), EI2) are asymplotic as N — oo, in
particular they do not make sense for a finite N (nonetheless, (4.1)), (4.2]) and (4.11)) do). Strictly

speaking one thus has to consider sequences Ry = Ra(N) and R; = R1(N).

Lemma 4.3. Let 1/2 > § > 01 > 02 > 63 > 0 and ng > 0 be fized, with & > 26/3. Let
20 € % and no > 0 be fived. Assume that good control at scale § holds and let 61 € (§/2,0).
With 01-overhelming probability, there exists Ry, Ro such that, letting Xin = X;v NC(z{, R2) and
Xout = X\ N C(zh, Ra)¢, we have

1. 0C(z(, R2) is a good exterior boundary for Xout ploc,

2. 0C(z, R1) 1is a good interior boundary for Xin,

Proof of Lemma[{.3 First we look for a good exterior boundary dC(z{, Rz). The good control
at scale § implies that

(4.14) / |E°? <5, N*(1 + |logm|) = N* log N,
C(z{,N?)
(415) [ 1B 25, N1+ logml) < N¥log .
C(z),N?%)

In view of (4.14)), , by the pigeonhole principle, we may find (with d;-overhelming proba-
bility) an interval [R — 10, R + 10] included in [N + N% N9 4 2N%] such that

(4.16) (!E}ﬁc 2+ |Bloc 2) < N*~%2(log N + |log o))

/C(z(),R—l-lO)\C(z{),R—lO)

We may find N? disjoint strips of width 2N ~2?(log N) ! in [R—8, R+8]. In view of (4.16]), there
are at least N2/2 such strips on which the integral of |E717‘1C 2 ¢ |E}]%C|2 is < N2072=2(Jog N +
|logmo|). On the other hand there are at most N point charges, thus since 71 = N!0 by
Dirichlet’s drawer principle we may moreover assume that no smeared out charge (at scale 1)
intersects the strips (more precisely, there is at least one such strip, and in fact many more).
Finally a mean value argument on one of these strips shows that we may find Ry such that

and (4.2) holds. By (4.16) we also have (4.3 and (4.4).

Next, we look for a good interior boundary dC(z, R1). Since zp is in the interior of X,
the density my, is bounded above and below by positive constants on C/(zj, N %) (for N large
enough) and thus the derivative of R — fo(zé R) dmy,, is bounded above and below by (positive)

constants times N° on C(z),2N%). Hence we may find Ry € [Ry — 3N%, Ry — 2N%] such
that fc(zé R1) d,u’eq is an integer, hence the first two points of the definition of a good interior

boundary are satisfied.
We have (4.7)) with §;-overhelming probability according to the good control at scale §. Since
91 > 26/3, the discrepancy estimates of Lemma imply that, up to an error <5, N 201 we have

NP = meq(20) (R — (R — 10)°) =5, N < N
N = mneg(20)(R3 — RY) <5, N < N2,

which proves (4.6) and (4.12]). We obtain (4.9)) with similar arguments. O
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4.3 A first LDP upper bound

Let us recall that Ft, F°" are defined in ([£.13), (£.10).

Proposition 4.4. Let 1/2 > § > §; > 9 > 03 > 0 be fized with 61 > 26/3 and 25 — 02 < §1. Let
20 € X and 0 < ny < 1 be fired. Assume that a good control holds at scale 6.
For any P € Ps(X) and any € > 0 we have

(4.17)  log By 55, (B(P,€)) < —log Kn g

+log  max ( N ) / ~LoFg (X7 g pin < / e—é5(F°‘“(f°“°)+N5(f°ut))dX°““>
R1,Ro,Nout Nout 20 (Xin)GB(PE)

N5,
+ N2210(np).

Let us first give some clariﬁcations about (4.17). The max on Ry, Ry, N°" is restricted to the
set of { Ry, Ro} such that (4.1) and (4.11) hold Wlth N between 1 and N. Once N°" is fixed,
we let dX™ = =dxy...dxpin and dX°" = dz . ..dxyNou, with N + N in — N. The binomial
coefficient originates from the fact that the particles are initially labeled, but for commodity we
prefer to think e.g. that the N'™ first ones are in the “interior part” and that the N° last ones
are in the “exterior part”. This induces a simple combinatorial factor.

Proof. Using the definition of P73 5.5, and of the Gibbs measure IP’?V we have

1

1 / * —
4.18 B P,e / e~ 3BwNWA)+HNCN) g X s
(4.18) N (BPe)) = Kng 0 -1BPe) XN

Step 1. Finding good boundaries. We apply Lemma [£.3] With §;-overhelming probability
we obtain Rj, Ro such that and hold, and such that, letting Xin = X';V N C(z), R2)
and X" = X N C(z), Ro)°, we have

1. AC(z), Ry) is a good exterior boundary for X, Eloc,

2. AC(z), Ry) is a good interior boundary for X™.
In order to prove we may restrict ourselves, in the right-hand side of , to any event
of §1-overhelming probability, and we will henceforth assume that good boundaries exist. Step

2. Splitting the energy wy. For any )Z'N, let Ry, Ry be as above. We have, using (2.4))

(419) wN(Vf\[) = lim / ‘E&]OC‘Q + Nin logn | + lim / |Ei100|2 +N0ut logn | .
=0 \ Jo(2,R2) n=0 \ Jo(2,R2)e

Since (4.2)) holds we may apply Lemma to (X;V, teq) and Rg, 71 as above. Since 71 = N —10,
it yields

lim / |EX°[> + N™logn | > / |El? + N™logmy | +o(1), as N — c.
n=0 \ Jo(z,R2) C(z},R2)

We may then apply Lemma to (Vy, u’eq) and Ry, with 19,7 as above. The number N™
of points in C(z(, R2) is controlled by (4.7)), the number N bou of points near the boundary is
controlled by (4.6 and the energy near the boundary is controlled by (4.3]) and (4.4). We obtain

/ ’Eloc’2 +N1n 10g m | — / ’Eloc 2 + Nm 10g?70
C(zy,R2) C(z(,R2)

- —N2517]() _ Nbou log N — N26762 (log ]\[)27
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which may be simplified (assuming that 26 — d2 < 1, which will be later ensured by the choice
(5.4)) as

(4.20) / |E?l7(ic 2 + Nin logni | — / ’E117((;C 2 + Nin logng | = _N261770-
C(z),R2) C(2),Ra)

Using Definition [4.2] we thus get
(4.21) — lim / |EW°)2 + N™logn | — FI2(X™) = —poN?",
C(zé,Rz)

On the other hand, we may write, using Definition [4.]]

1

(4_22) —~ lim |EIOC|2 + yout logn > Fout(Xv‘out)‘
27T 7’]—)0 C(ZB,RQ)C n

Combining (4.19), (4.21)), (4.22)) and inserting them into yields (4.17). More precisely,
we may split the domain of integration in according to the value of Ry, Ry and N°", and
then (up to a binomial coefficient as in ) we may assume that X™ consists of the N™ first
particles and XU of the N°" last ones, and the constraint (iv 51)_1(3 (P,€)) on the domain of

integration only concerns the points of Xin, Inserting the splitting of the energy and the lower
bounds on each term as described above leads then to (4.17)). O

4.4 Good control upper bound

Lemma 4.5. Let 1/2 > § > 61 > 02 > d3 > 0 be fized with 61 > 20/3. Let zy € Y and 0 < Mo < 1
be fixed. Assume that a good control holds at scale §.
Let us denote by Eny the event

(4.23) Enr 1= {/ | Epcl? + N; logng > 27rN251M} .
C(zf,N°1)
We have
(4.24) logP?, () < —log K5 — gM
N _ out [ yout *( yout —
—|—logR1 %12&]}\(/0“ <N0ut> </e BFOUH (XU +NC(X ))dXout> +N2510(770)-

Proof. We follow the same steps as in the proof of Proposition replacing the event B(P,¢)
by E M-
Let us write

/ |E°2 + N™logng | > / [E0C? + NG logmg | + (N™ — N3°) log 1y,
C(z},Ra) C(zp,1)

Using (4.20)) and the definition of £y we get, conditionally to Exr
( / |E°°[> + N™ log m) > N2 M + (N™ — Nj*)log g + O(N*").
C(z,R2)
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Since we have |[N'™ — N, sl <N 291 we deduce that (conditionally to £yr), using Lemma

(4.25) lim / |1 + N'™logn | > N2 M + O(N?).
=0\ Jo(z),Rz)

Using (4.25)) instead of (4.21]) and arguing as in the proof of Proposition gives (4.24]). O

4.5 Large deviation upper bound for the interior part

In (4.17)) we have separated the Gibbs measure into its interior and exterior parts. In the next
lemma, we give a large deviation upper bound for the interior part, namely

/ BER(Xn) g 5in.
ZN 5 (X“')EB(PE)

Up to technical details, this is a classical application of Varadhan’s lemma (see e.g. [DZ10,
Theorem 4.3.1]): the large deviations for the reference point process (without the exponential
term) are known from Proposition E and on the other hand the lower semi-continuity of
the energy near a random stationary point process P implies that F; ln(X in) > Wineq(z0) (P) on

{ﬁ\?,gl (Xin) € B(P,¢)}, hence we obtain

Lemma 4.6. Let 1/2 > § > §; > 63 > 63 > 0 be fixred with 61 > 26/3, and let us assume that
good control at scale § holds. We have, for any Ry, Ry satisfying (1), (@11)), and any N™

(4.26) limsup N~ log/ BER(X™) 4 5¢in < ]—"meq(zo)(P)—i—czO,
10—0,e—0,N—00 ’7\?5 (Xin)eB(P,s)

where ¢, is the constant (depending only on meq(z0)) defined in (2.7) and which appears in
Proposition [2.7)

Let us emphasize that limsup, _,o . 0 n—00 1S & shorthand for taking the limit

lim sup lim sup lim sup,
no—0 e—0 N—oo

and these limits do not commute in general.

Proof. Step 1. Lower semi-continuity of the energy. We claim that

(4.27) o dminf N~200inf {F;Q(X’in),)fi“ € X(C(20, Ra)), i3, (X™) € B(P, 5)}

> Wmeq(zo) (P) :

To prove (4.27), let E = E(N) be a minimizing sequence in (4.27)), let C = C(N) be the
associated point configuration in C(z), N%') and let us define

P](i/leC = N261/ Sg..pdz', Py := N251/ 592.(;dz/.
CzhN%1) C(=:N"1)

We have, for any m > 1,

1
E perec {/ E 12} §N251/ |Ep, |2,
PN Cml Ja,, ™ CEhR)
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which proves that the push-forward of P$° by E +— E,, is tight in L?(Cy,, R?) for the weak
topology, whereas the sequence {Pge} itself is tight in LP(Cp,, R?) (indeed when 7 is fixed,
the L?-norm of E, controls the LP-norm of E, this follows easily from Hélder’s inequality,
see [RS15 Lemma 3.9]). On the other hand, the sequence of random point processes { Py} is
also tight because the expectation of the number of points in any square is bounded and, up to
subsequence extraction, it converges to some @ € B(P,¢). Denoting by Q°'*¢ a limit point of
{Pglec} it is not hard to see that Q°*° is compatible with @), and by lower semi-continuity of the
L?-norm with respect to weak convergence we have

1 / 2 7 el o —25 2
— |Ep, |7dQ¢¢ < lim inf N ™= |Ep, |~
|Cm‘ Cm o N—o0 C(z(,R2 "

Up to applying a standard diagonal extraction procedure we may assume that it holds for any
m > 1, hence

E getec [| Epo|?] < lim inf N 727 / | B
C(z},R2)

N—o0

Letting ¢ — 0 and arguing as above concerning the tightness of Q°*® and Q (in L oc and in X)

and for the lower semi-continuity of the norm with respect to weak convergence we obtain

N—oo

E petee[| Ey|?] < lim inf N =201 / |Ep, |?
C(2,N1)

where P is some random electric field compatible with P. Letting 1y — 0, using (&.9) and
the definition of Wy, (..)(P) we thus obtain

eq

no—0,e—-0 N—oo

Wineq(z)(P) < lim  liminf N~ ( / | Enol? + NG logno>.
C(zé,N‘sl)

Step 2. Large deviations without interactions. We claim that, on the other hand

(4.28) limsup N~2% log/ B
e—0,N—00 ij\?,él(Xi“)eB(P,s)

where ¢, is as in (2.7)).

The configuration X'™ has N points. Among them, N — A/, 5. are not affected by the
constraint 4y 5()21“) € B(P,e) because they belong to C(z), N°)¢, and are free to move in
C(zh, R2)\C(zh, N°1), but we know from that N'* — N < N?201 thus the volume con-
tribution of these points is negligible because N~2! log ]C(zé,Rg)\C(zé,N51)|Nm_N;1O = o(1).
On the other hand we know, using ([£.9), that N(SZIO ~N—s00 Meq(20)N?* and then follows
from Proposition

Step 3. Conclusion. Combining (4.27) and (4.28]) yields (4.26]). O

10(267R2)(Xin)d)2in < _ent[P|HmeQ(zo)]+czov

4.6 A second LDP upper bound

Combining Proposition [£.4 and Lemma [4.6] and letting 79 — 0 we obtain
Proposition 4.7.

(4.29)  lim limsup N =2 log PN g5, (B(Pre)) < —f;ncq(zo)(P)+cZ0

e—=0 Nooo

+ lim sup N2 log K]BV .61

N—oo
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where ¢4, is as in (2.7)) and we let Kﬁ,z 5, be such that

N out ( You ~( You =
(4.30) logKp , = —log Ky +log > (Nout> /e—éﬁ(F H(XOu)4NG(Xu)) g Fout
w R1,R2 Nout

5 Large deviation lower bound

In this section, we derive a converse estimate to (4.29)), by showing that splitting the energy as
in Proposition is essentially sharp as far as probabilities of order exp(—N2°1) are concerned.

5.1 Generating microstates

In the next lemma, we recall a tool which was introduced in [LS15]. Given a stationary point
process P and a large square Cr, Lemma [5.1 can be thought of as a way of generating a family
of point configurations in C'r whose empirical field is close to P, whose interaction energy is
close to the renormalized energy of P, and such that the volume of the family is optimal in view
of the specific relative entropy of P.

Lemma 5.1. Let zp € ¥ and 0 < 6y < §; < 1/2 be fived. Let P € Psypy(z0)(X) such that
Wineq(z0) (P) and ent[P|TI™<a(20)] are finite.

For any N > 1, let Ry > 0 be such that Ry € (N‘sl,N‘S1 + 2N52) and N& = fC(Z(,) R1) dmé301
is an integer. Moreover let us assume that N&™ ~n_, o meq(zo)N%l.

Then there exists a family Aiﬁt of point configurations in C(z, R1) such that the following
properties hold for any C™ € AWt:

1. The configuration C™ has N&™ points in C(z}, R1).

2. The continuous average of C™ on C(z}, NOV) is close to P, i.e.

(5.1) i%5,(C™) € B(P,0(1)) as N — oo.

3. There exists an electric field E™ € Elec (C™, ul,, C(z(, R1)) such that
(a) E™ .75 =0 on 0C(z}, R1), where ii is the unit normal vector.
(b) The energy of E™ is controlled by Wioneq(z0) (P): as N — 0o we have

1 .
(5.2) — N2 Jim / |E) ) 4+ N8 logn | < W, () (P) + 0(1)
C(z,R1)

2 n—0

uniformly on AR,
4. The (logarithmic) volume of the family is close to the relative specific entropy of P (plus
constant terms depending on meq(20))

(5.3) N~20110g Leb®V*™" (A1) > —ent[P|II™a(*)] 4+ ¢, + o(1), as N — co.

Proof. This follows from the analysis of [LS15, Section 6]. Let us sketch the main steps here.
We fix R > 0 and we tile C(z(, R1) by squares of sidelength ~ R. We let {C;}ic; be this
collection of squares and z; be the center of C;. We sample a point configuration C in C(z, R1)
according to the law Byeen of a Bernoulli point process with N8 points (which is nothing but
throwing N&" independent points uniformly in C(zj, R1)), and we decompose C as C = >, ; C;
where C; := CNCj; is the point configuration in C;. We form two points processes, the continuous
average M := z;‘; 5,(C) and the discrete average My := # > ic10c;- Classical large deviations
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arguments (similar to Section [2.5)) show that both M; and Ms belong to B(P, ) with probability
~ exp (— N1 (ent[P|ITHa(=0)] — ¢, Y).

Then we apply to each point configuration C; the “screening-then-regularization” procedure of
[LS15, Section 5]. The screening procedure is similar in spirit to the one described in Lemma
except that here we change C; to C;** by modifying the configuration only in a thin layer near
0C; and we construct an electric field E}" compatible with C}*" and which is screened outside
C; (whereas in Lemma we rather “screen the configurations from the inside”). By gluing the
fields E5°" together we define £°" which is compatible with C* := ", Ci". The next task is
to “regularize” the point configurations, which means to separate the pairs of points which are
too close from each other. This changes C5* into C™°9 (which is very much like C5) and E5°*
into an electric field £™°¢ which is still screened outside C/(z), R1).

The energy of E5" can be seen to satisfy, for any 0 < n < 1

[ 1B N ogy = 3 [ (B, P+ N g,
C(#),R1) — o

and a certain continuity property of the energy shows that the right-hand side is smaller than
N2 (Wineq(z0)(P) + 0(1)) often enough. Passing from E* to E™°d does not affect this esti-
mate, on the contrary the regularization procedure allows to bound the difference between the
truncated energy fC(zé,Rl) |E7‘f7’“°d|2 + N&logn and its limit as n — 0. O

5.2 Choice of the deltas

In order to apply Lemma (the “screening lemma”) at scale ¢, we need to find good boundaries
as in Section [£.I} which requires to set d3,d2,d1 with d3 < d2 < §; < J, and satisfying some
inequalities dispersed among the various statements. Then the bootstrap argument allows one
to pass from the scale ¢ to the scale 61 < §. We thus need to set up a way of finding ds3, d2, §; such
that the required inequalities are satisfied at each step, and such that the multiscale analysis
can be pushed up to N°(). This is the goal of the next lemma.

Lemma 5.2. Let~y := 4/ ii:ﬁ, with k as in (2.1)). Since 0 < kK <1 we have 1l < v < ¥ ~ 1.06.

Let also o := ?:i, we have a € (0,1).
3

For any 0 < 6 < 1/2 and any 41, 02,03 such that

(5.4) 0> 01 > max <i§,511_a2,5(1 + Kk/2) — /1/2) ,03 = %57, by = a®d3 + (1 — a?)dy,
-«

we have 0 < §3 < 63 < d1 < § and the following inequalities are satisfied

2
51 > g(s
303 >0
01 + 303 +Ii(53 — 1/2) < 261
20 < §9 + 303

20 — 52 < 2(51.

Moreover, if we consider the lower bound on §1 as a function f(0), i.e.

F(6) := max C’lcs 5%, 514 r/2) — ﬁ/z>

we have fF(8) — 0 as k — oo, where f% denotes the k-th iteration of f.
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Proof. 1t is clear that d3 > 0. From the fact that 0; > (1 + xk/2) — k/2 and the expression of
d3 we get 01 + 303 + k(03 — 1/2) < 207. Since kK > 0 we have 363 > §. Since k < 1 we also

have 03 < %\/gé < %(5 hence 63 < d;. On the other hand from the definition of 47 it is clear

that %5 < 01 < § because £k > 0 and § < 1/2. Since 67 > 511:5‘2 and since a < o2, the inegality
20 < d2+303 follows from checking that 6(2—(14+a/3)y) < (1—«)d. The inequality 25 < d2+303
implies the last one, 20 — do < 261, because it can be easily checked that 303 = dy < 25 < 201.
Finally, we may observe that f(5) < max(26, =% 1=%6,0 — k/4) hence f°%(8) is decreasing and
tends to 0 as k£ — oo. ]

5.3 A LDP lower bound
We use Lemma [5.1] and the screening result of Lemma [3.8] to prove a first LDP lower bound.

Proposition 5.3. Let 0 < § < 1/2 and zy € ¥ be fized. Assume that a good control holds at
scale § and let us fix 01,602,093 as in (5.4)). Let us recall that c,, is the constant defined in ([2.7))

which appears in (5.3)).
For any P € Py . (z)(X) we have

(5.5) 1og P 55 (B(P,e)) > —N? 1 F=a)(p) 4 N¥ic, —log Ky

N _ out ( Yout *( yout =
+R17%131)\(,0m log <N0ut) (/e BFOUH(XOU)+NC(X ))dxout> +0(N251).

The maximum maxpg, g, you is taken among {Ri, R} satisfying (4.1]) and ( and with
N°" between 1 and N.

Proof. By definition of P 5.6 and }P’]BV we may forget about the partition function and prove

(5.6) 1og/ e_B(wN(va)‘*‘Nf(VN))dX’N > _N251}*meq(20)(P) + N26162
(1305, (B(P2) g

N _ out ( Yout *( yout =
+R1 %lzaj)\{,ouc log <N0ut> (/e B(FOU(XOUt)+ NC(X ))dXOut> + o(N20),

Let Ry, Ry, N°" be fixed. Let X°ut he a finite point configuration in C(z(, R2)¢ such that
Fout(Xout) g finite. Let E € Elec®™(X°") be a minimizer in the definition of FO". We claim
that there exists a set A" of N-tuples )?N such that X'N = Xout op C(z(, R2)¢, that the energy
is controlled uniformly on A*! as follows

WN (V) € = (Wi (z) (P) + FOH (X)) + o(N?),

and that the volume of A'*! is almost optimal
1 L b®N Atot > N251 P Hmeq(zO) N251 1 N N261
0 Leb ™ (A1) > - NPentPII™o0)] 4 N¥ie,, 1 1og (N ) 4 o2,

Step 1. Screening E. We may apply Lemmato the point configuration Xout and the electric
field £, with p = pig,. Let us check that the assumptions of Lemm are satisfied:
1. The first condition on Ry, Rs is satisfied by assumption (see (4.1) and ( -
2. Since FO™(X°") is finite, ([£.2) holds i.e. the smeared out charges at scale 11 do not
intersect OC(z(), R2).
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3. The third and fourth condition on N&" N™d follow from the fact that R; is a good
interior boundary.
From Assumptionwe know that ,u;q =< 1, and since we are blowing-up the configuration around

20 € 3 the density Mg, is bounded below on C(zy, N %) by some m > 0 depending on zy. We
deduce from (2.1)) that |pe,(z) — peq(y)] = N=*/2|z — y|*, hence we may chose C,, = N™*/2 in

(3-8)-
By definition of a good exterior boundary (see (4.5])) we have [, 9C (=, Ra) |E,,|? = N?0=%2]0g? N,

thus (3.9) is satisfied (for N large enough) as long as 20 < dy + 3d3 (which is ensured by the
choice (5.4))).

We obtain a family A" of point configurations such that the conclusions of Lemma 3.8 hold.

Step 2. Generating microstates. Now we apply Lemma with R; as above and obtain a
family A of point configurations with N&°® points in C(2, R1) together with screened electric

fields E™ such that (5.1)), (5.2), (5.3) are satisfied.

Step 3. Gluing pieces together and bounding the energy. For any C*"™* € A" and cint ¢ Aiﬁt

we form the configuration
ctot .— (tran + Cint + Xout‘
It is easy to check that C*°' always has N points. Indeed we know that
e By Lemma C'n* always has |, (e R) dpgy points.
e By construction, C'*" has N0 = fac(z&&) E, -7 — fC’(z(’),Rz)\C’(z(’),Rﬂ djig, points.

e By integrating the compatibility relation of £ and X out ' we get

Nout — N Em.ﬁ_|_/ duéq'
dC(z},R2) C(z},R2)

If Et2n and E™ are the electric fields associated to C2" and C™* we also define
Etot = Etran + Eint + ElC(z(’),Rg)c

By construction the normal derivatives of E%® and E™ coincide on dC(z{, R1) (they both
vanish), and the normal derivatives of E}*" and E, coincide on 0C (2, Rz) for any n < (they
coincide for n; by construction, but since there are no points at distance < n; of 9C(z, Ra)
the value of the fields E, and E;"" on 9C(z), Rz2) do not depend on 7 for n < ;). Thus E**
satisfies

1. —div E'" = 2r(C*" — /) in R

2. E'' coincides with F on C(z}, R2)°. In particular E** belongs to Elec’, as E does.

3. The energy of E*' is bounded as follows

(5.7) lim ( / |EY"|> + N log n> < FOU(XO")+N2'W,,, o) (P)+o(N?1) as N — oc.
n— R2

To show ([5.7)), let us split the energy of E%* as

(5.8) / |E"? + Nlogn = / |E,[2 4+ N°" logn
R2 C(z(,R2)°

+ / |E;;]ran 2 + Ntran logn + / ‘E;]nt‘Q + veen 10g77
C(z{,R2)\C(2{,R1) C(z{,R1)
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By definition of F"(X°") and by the choice of E we have

1 -
(5.9) — lim / |E, |2 4+ N logn | = FOU(X°").
27 n—0 C(Zé,Rg)C n
In view of (5.2]) we have
1 .
(5.10) o ( /C . | B2 4 NE Jog 77) < N'W,, 0y (P) + o(N1).
2,4t

Finally, the conclusions of Lemma combined with the control (4.5) and the fact that C, =
N—*/2 ensure that

lim / |E7t7ran|2 4 Ntran logn j N53N25752 (log N)2 4 N51+353NI€(5371/2)
170\ J Oz, R2)\C (2, )

+ NOi+9s log N.
The choice of §1,d9,d3 as in (5.4) yields

(5.11) lim / | B2 4 N Jog | < N2t
120\ JC(2),Ra)\C (2}, R1)

Inserting (5:9), (5-10) and (5.TT) into (53) yields (57).
Now, using the minimality of local energy as stated in Lemma and the formula (2.4)) we
conclude that

(5.12) wy(C*") < — lim ( - | +Nlog77> < FOU(XOM) + N2'W,,, (00 (P)

+0o(N%1) as N — .

Step 4. Volume considerations. For any X°" we let A't(X°") be the set of point config-
urations C*°! obtained as above. Now, let A be a measurable set of finite point configurations
Xout with N°U points in C (2(, R2) such that F out( out) is finite for all X°U € A. We let At
be U

Atot — Atot()zout)’
Xoute g
Using the volume estimate we obtain, with the choice (5.4))

o out en in: N
log Leb®Y (A'*") > log Leb®""™" (A) + log Leb®V*" (A}}") + o(N*") + log <N0ut Atean Ngen>’

where the last term denotes a multinomial coefficient. This coefficient comes from the fact
that the elements of a point configuration are not labeled. In particular in any C%*' ¢ A%t
we cannot determine which points belong to the interior, exterior or “transition” part. When
enumerating the total point configurations we can thus multiply the volume of the resulting
“ordered” configurations by ( Nout N{\rfan Ngcn). Using and a straightforward combinatorial
inequality (,2,) > (}) yields

(5.13) log Leb®Y (A™") > log Leb®V"" (4) — N2 Ent[P|IT"a(20)] 4 N2 Cro

N
+ 0<N261) + log (Nout> .
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This proves the claim made before Step 1.

Step 5. Conclusion. Combining ((5.12) and (5.13)), we obtain that

1

log / o~ 3PN AN g 7
(1305, 1 (B(P:e)

N out [ Yout *( yout —
> log <Nout> </e_éf3(F (XM +N((X ))dXout>

1
~ N (Ent[PHmeq<Z0)] - QBWmeq(zo)(P)> + N#ez + o(N?),

for any choice of Ry, Ry and N°" as in the definitions and It yields (5.6]). O

6 Conclusion

6.1 Proof of Theorem [1]
6.1.1 Good control at macroscopic scale

The next lemma is used to initiate the multiscale analysis by proving that good control of the
energy holds at the largest scale § = % A slightly stronger version, with deviations at speed N
and not N'=°()_ can be deduced from the analysis [SS15b| (see e.g. Theorem 5.2).

Lemma 6.1. Good control holds at scale 6 = %

Proof. Let zy € 3. Using (L.9) we see that

log P (wn(Xn) > NM) < —log Ky 5 + log/eg(NMWf(’ZN))dX'N.

Since wy is bounded below by O(N) (see Lemma 2.1]) we have — log Ky g+log (f engE(XNU =
O(N) (which may depend on ), hence we get

log]P’fi, (wN(XN) > M) <N <—§M—i— O(l)) .

We deduce that for My large enough, limsupy_, . %logP’?V(wN()zN) > Mp) < 0, which in
particular implies that limsupy_, ., ﬁlog P’?V(wN(XN) > My) for any § < 3, thus we have

wN()Z ~N) = N with §-overhelming probability. Using (2.4) and Lemma we get for any
n € (0,1) that

lim [ |E]*+ Nlogn =5 N,
’I]HO R2

which yields ([1.14)), and we deduce (1.13)) from the discrepancy estimates of Lemma O

6.1.2 Exponential tightness

Lemma 6.2. For any 0 < § < 1/2, if good control holds at scale § then ‘Bﬁﬂ 5, 18 exponentially
tight (at speed N2°) for any zy € > and %5 <41 <.
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Proof. Let zy € ¥ and %5 < §1 < 6 be fixed. The good control at scale §, combined with Lemma
implies that there exists C' > 0 such that the number of points in C(z{, N 51) is bounded
above by C' N2 with §;-overhelming probability. It implies that ‘Bf\% 58, 18 concentrated on the
compact subset

{PePX),EpN(0,R)] <CR* VR>0},

with 6;-overhelming probability, which ensures exponential tightness at speed N291, ]

6.1.3 Proof of the theorem

Proof of Theorem [1]
Step 1. Good control = LDP.

In this first step we claim that if a good control holds at scale §, then the LDP of Theorem
holds for §; as in (5.4)).

Indeed, comparing the right-hand side of with the definition of K ]BV L6 We see

that limpy_ee N2 log K ]5\, .5, €xists and that the following weak large deviation principle holds

(with ¢, as in (2.7))

(6.1)  lim lim N™*'log P ;5 (B(Pe)) = — geq(zo)(P)+cZ0 — lim N~ log K7y,

b
e—0 N—oo —00 2,01

for any P € Py .. (z)(X), hence since Wy, . ,(P) = +oo as soon as P is not of intensity

Meq(20), we may write (6.1]) for any P € Ps(X). By exponential tightness we obtain a full large
deviation inequality: for any measurable A C Pg(X) it holds

. Meq(20) . —25 B
(6.2) — Iigfx}—ﬁ PP 4y — A}gnooN Hog Ky 5,
< lim) ioréfN‘%l log B 55, (A) < limsup N™*' log B, 5 (A)

N—oo

. Meq(20) . —25 B
S a 1_})2%;6 ’ (P)+CZO B ]\}E)nOON ' log KN?'Z’(;I'

In particular, taking A = Ps(X) we obtain

(6.3) lim N2 log K% = —inf 75/ (P) e,

N—oo

and inserting into yields the LDP for {‘B‘f\? 5.5, as stated in Theorem

Step 2. Good control = good control.

We now claim that if a good control holds at scale §, then it holds at scale §; with §; as in
. Combining the “good control upper bound” of Lemma and the lower bound estimates
which yield we deduce that

(6.4) log B 55, (Enr) X —MN>' + O(N?1),

where £y is as in (4.23)). In particular it implies that |, N \E})%C 24N, 5. logmo S5 N 201 for

any ¢’ < 01 and any ng € (0,1). We also have N <5 N 291 (since it was proven in Lemma

that holds with d1-overhelming probability) hence in particular N <5 N 201 for §' < 6.
Step 3. Conclusion.

Combining both steps with the initialization of Lemma [6.1] and the conclusions of Lemma
yields the proof of Theorem O
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6.2 Proof of Corollary

Proof. We simply combine the fact that a good control holds at any scale 0 < § < 1/2 (which
follows from Theorem [1)) with Lemma O

6.3 Proof of Corollary

Proof. We may split C(z), N°) into a family {C;};c; of squares of sidelength ~ N°!' with
#I ~ N20=01)_ For any i € I we have, letting z; be the center of C; and D; the discrepancy in
Ci

/ F(dvly — dpl) = Dif (z) + / ((2) — f(z0)) (v — dpl).
C}

C;

Since good control holds at scale § We have |D;| <5, N**/3 (from the discrepancy estimates of
Lemma and fc /N9 dvh, <5, N%. On the other hand fc 1 N9 dpihy = N (because fi},

is bounded above). Moreover the mean value theorem yields |f(z ) f(z)] € NV f]loo- We

thus have
‘Z / Flavly — diihy)| <

el

< N20=00) N4/3) | £1|  + NENO ||V £|| oo,

hence we see that

N =61 IV Flloo N+ [ fllooN 772,

/ Fldv, — dyily)
C(z ,N9)

which concludes the proof since §; < 9. O

7 Additional proofs

7.1 Proof of Proposition

Proof. First, let us treat the case m = 1. It follows from [GZ93, Theorem 3.1] (with F = 0)
that, if H}% denotes the law of a Poisson point process of intensity 1 in Cr, we have for any P
stationary

il _ 1
(7.1) ;%ngnooR log I}, (ir(C) € B(P,¢)) ent[P|IT"].
It is not hard to extend (|7.1]) to the case where the points are distributed according to a Bernoulli
point process with R? points in Cp, i.e. the number of points is set to R? (here and in the rest of
the proof, for simplicity we do note take integer values). Describing the Bernoulli point process
in an explicit fashion yields
1 R% 1
(12)  lim s Gy [ e Vst menea @i - dige = —ent{PITL,

which we re-write (using Stirling’s formula) as
(7.3) / 1iR($1,~~,SC Q)GB(P,e)dxl cee d$RQ = —R2 (ent[P|H1] -1+ 0(1)) y
(Cr)R? f
where the o(1) goes to zero as R — oo,e — 0 (in this order). It proves Proposition in
the case m = 1 (the fact that the number of points is not exactly R? but R2(1 + o(1)) is not

important).
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In order to treat the general m > 0 case, let us change variables by setting y; = m~1/2

We have

ZT;.

(7.4) /(C 2 11’3(9&1,...,zRQ)eB(pﬁ)dxl .. drpe
R
R2
=m (C )R2 1iR(m1/2y1,.--7m1/2yR2)eB(P’6)dy1 e dyR2
m71/2R

One can check that having i g(m'/?y,, ..., mY?yg2) close to P is equivalent to having ig(y1, .. ., yg2)
close to o,,}(P) (which has density m, with o, defined in Section (1.3])). On the other hand,
let us set S = m~'/?R. Combining (7.3) and (7.4) and sending S (or R) to +oo and then ¢ to
0 we obtain

— 2 1
/(Cs)m52 1iR(y1,...,ng)eB(a:nl(P),s)dyl ...dygz = —mS? (ent[P|IT'] — 1 + log m + o(1)) .

Writing Q = o,,}(P), it is not difficult to check that
ment[P|IT] = ent[Q|II™],

e.g. by a simple scaling argument (see also [LS15, Lemma 4.2] together with a change of reference
measure in the classical relative entropy). We thus obtain

/<c sz L2 8@ - AR = =% (ent[Q[II™] — m + mlogm + o(1)),
S m
which proves the proposition. O

7.2 Proof of Lemma [3.3

Proof. We may decompose E'°¢ as E'™ 4+ E°U where E™ is the local electric field generated by
the electric system inside Cr, and E°" is the local electric field generated by the electric system
outside C'r,. We have

/ |E’}]OC|2 :/ |E717n‘2+/ ’E;)]ut’2+2 E;]H'ETO)Ut’
CRQ C’RQ CRQ C’R2

Since the charges outside Cpr, are at distance at least 71 from 0CR, we may replace E;;Ut by

E°"* in the previous identity (in fact we have Ep"* = E°" on Cp for n < 7). Integrating by
parts we obtain

/ |E°|? = / —H"AH)" + / HE, i + / HPE - i
Cry Cr dCkr, 9Ck,

2

(up to additive terms which do not depend on 1 < 1), where H'™ is the local electric potential
generated by the electric system inside Cg,. By assumption we have H;n = H;?Ill and E;n = E};}
on OCR,. Finally we see that
loc |2 loc|2 i i i i
|Eep s = [ (s - mpam)
Ro R?

for any n < 1, and (3.3) is obtained as Lemma (¢f. the remark after the statement of
Lemma [3.1]). O
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7.3 Proof of Lemma

Proof. The neutrality of the system implies that the local electric potential H'°® decays like
|z| =1 as |x| — oo in R? and E'°° decreases like |z| 2. This can be seen by using Taylor’s formula
and the fact that the electric system is compactly supported

(75) H(z) = - / log [z — y|(dC — dyx)(y)

= —log |z] /(dC —dp)(y) + O <1> </ dC(y) + du(y)> =0 (|7,

]

and a similar argument goes for E'°°,

If the right-hand side of is infinite then there is nothing to prove. If it is finite, given
M > 1 and letting x s be a smooth nonnegative function equal to 1 in C'; and 0 at distance
> 1 from C}y, we may write

@6) [ xaulBof = [ oulBy - BR[| ol BEP 2 [ (B, - B B
RQ RQ RZ RQ
Z/ XM‘E}]OC‘Q_i_Q/ XM(ETI _E7170C) . (VH%OC)
R2 R2
_ /R2 xar| B + Q/RQ H°(E, — E) - Vxar,

where we have integrated by parts and we have used the fact that E, E'°¢ are compatible with
the same configuration (hence div (F, — E}IOC) = 0). Letting M — oo, the last term tends to 0
by finiteness of the right-hand side of ,the decay properties of H'°¢ and E'°° and the decay
assumption on F. [

7.4 Auxiliary estimate for screening

Lemma 7.1. Let | > 0 and let H be a rectangle of R? with sidelengths in (1/2,31/2). Let
g € L2(0H) and let m be a function on H of average mq := ﬁ me such that

(7.7) — 2mmy| H| :/ g.
OH

Then there exists a solution h to —Ah = 27m in H with Vh -7 =0 on OH satisfying

(7.8) /H VAP <1 /a gl + 1 = mol ey

Proof. A solution exists thanks to the compatibility condition (7.7)). We may split h as hy + ho
where hj solves
—Ahy =2mmgin H, Vhy-7n=gon 0H,

and hso is the mean zero solution to
—Ahg = 2m(m —mg) in H, Vhy-7i=0on 0H.

In view of |[RS15, Lemma 5.8] we may find h; satisfying

(7.9) / Vil <1 / 9l2.
H oOH
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We also claim that

(7.10)

/H [Fhal? % 4]Jm — mol2s

Indeed it is easy to check that (7.10]) holds when [ = 1, and the general case follows by a scaling

argument.

Combining ([7.9) and ((7.10) concludes the proof. O
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