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Abstract

In [SS13| Sandier and Serfaty studied the one-dimensional Log-gas model, in partic-
ular they gave a crystallization result by showing that the one-dimensional lattice Z is a
minimizer for the so-called renormalized energy which they obtained as a limit of the N-
particle Log-gas Hamiltonian for N — oco. However, this minimizer is not unique among
infinite point configurations (for example local perturbations of Z leave the renormalized
energy unchanged). In this paper, we establish that uniqueness holds at the level of (sta-
tionary) point processes, the only minimizer being given by averaging Z over a choice of
the origin in [0,1]. This is proved by showing a quantitative estimate on the two-point
correlation function of a process in terms of its renormalized energy.

1 Introduction and statement of the results

1.1 Introduction
The N-particle Log-gas Hamiltonian wy is defined on RY by:

N

(1) wN(xl,...,xN):—Zlog|mi—xj]+NZV(xi).
i#j i=1

where V' is a confining potential satisfying some growth conditions to be given later. The factor
N before the second term in corresponds to a mean-field scaling where both terms in the
Hamiltonian (the interaction term — >, . log |z; — z;| and the potential term N SN Vi)
have the same order of magnitude N2.

While wy has an obvious physical interpretation as the energy of N charged particles
x1,...,xN living on the real line, interacting pairwise through a potential g(z,y) = — log |[z—y|
(which is the Coulomb potential in two-dimensional physics) and subject to an external field
V', the Hamiltonian also appears in random matrix theory as an exponential weight in the
law of the eigenvalues of random Hermitian matrices (for a survey see [Forl0|). Minimizers
of wy are also called (N-points) “weighted Fekete sets” and arise in interpolation, cf. [ST97].
The “renormalized energy” W of Sandier-Serfaty (introduced in [SS12], see also [SS14] for the
two-dimensional case, [RS13| for an alternative approach that allows to handle the higher
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dimensional case as well, and [Ser14] for a pedagogical survey) is a way to make sense of
the Hamiltonian wy in the N — oo limit, by deriving an energy functional which allows to
consider the energy of infinite point configurations, and which is the second-order I'-limit of
WH -

It is proven in [SS13] that W is minimal at Z among infinite point configurations of
density one, however this minimizer is not unique: in particular it was observed that local
defects in the lattice, by the mean of arbitrary perturbations of Z on a compact set, form
non-lattice configurations with the same minimal energy. In this paper we prove that the
local defects essentially account for all the ground state degeneracy, by showing that there is
no translation-invariant probability measure on point configurations having minimal energy
in expectation, but the one associated to Z by averaging Z over translations in [0,1]. This
uniqueness result is obtained as consequence of our main theorem, which gives a lower bound
on the (mean) renormalized energy of a stationary point process in terms of the difference
between its two-point correlation function and that of the stationary process associated to
the one-dimensional lattice Z.

1.2 Definition and properties of the renormalized energy

In this section, and in all the paper, we follow mainly the definitions and notation from [SS13].
We have chosen to work here with the definition of the “renormalized energy” as given in [SS13]
or |SS14]. An alternative definition has been given in [RS13| and extended for more general
interactions in [PS14], for which our results would apply readily in the case of a logarithmic
interaction. For more general interactions (when the logarithmic kernel is replaced by a two-
body interaction of the type g(z,y) = ﬁ with 0 < s < 1) the lattice Z is again expected
to minimize the renormalized energy by a simple convexity argument (see [PS14, Proposition
1.5.]), and the type of quantitative bounds that we show can probably be extended to these
interactions as well.

Let us start by recalling the definition of the renormalized energy. The renormalized
energy (in the spirit of the “renormalized energy” of [BBH94|) of an infinite configuration of
points can be understood as a way of computing the electrostatic energy of those points, seen
as interacting charged particles of charge +1, together with an infinite negatively charged
uniform background. In 1D, the renormalized energy is obtained by “embedding” the real
line into the plane and computing the renormalized energy in the plane according to its two-
dimensional definition of [SS14]. In particular, the pairwise interaction g(z,y) = —log |z — y|
is not the Coulomb electrostatic interaction of one-dimensional physics, but a restriction on
R C R? of the Coulomb two-dimensional interaction, hence the term “Log-gases”.

In what follows, R will denote the set of real numbers but also the real line of the plane
R? i.e. points of the form (x,0) € R2. For the sake of clarity, we will denote points in R by
the letter x and points in the plane by z = (x,y). We denote by dg the measure of length on
R seen as embedded in R?, that is

/ 905R:/g0(m,0) dx
R2 R

for any smooth compactly supported test function ¢ in R2.
The “admissible classes” A, correspond to the electric fields generated by infinite config-
urations on the real line together with a background of uniform density m:



Definition 1.1. Let m > 0. Let E be a gradient vector field in R?. We say E belongs to the
admissible class A, if

(2) div E = 27(v — még) in R?

where v has the form v =) __ 0. for some discrete set A C R C R? (where 8, denotes the

v([=R,R])
R

Dirac mass at x), and s bounded by a constant independent of R > 1.

We now turn to the central definition:

Definition 1.2 (Renormalized energy). Let m be a nonnegative number. For any bounded
function x and any E satisfying we let

(3) W(E, x) = lim E

X|E)? + mlogn Y x(p)
n—0 | 2 /R2\UpeAB(pﬂ7) Z

pEA

and the renormalized energy W is defined by

E
(4) W(E) = limsup 2 L2 XR)
R—o00 R

)

where {XRr}r>0 s a family of cut-off functions satisfying
IVxr| <C,  Supp(xr) C [-R/2,R/2] xR, xr(z) =11 |z| <R/2-1,
for some C' independent of R.

The various admissible classes A,, (m € R™) are related to each other by the following
scaling relation: if E belongs to Ay, then E’ := LE(-/m) belongs to A; and

(5) W(E)=m (W(E') — mlogm).

Moreover, it is easy to see that the point configurations associated to E and E’ coincide up
to an homothety.

For reasons related to the physical interpretation of the Hamiltonian wy, the gradient
vector field E is sometimes called the “electric field” associated to a configuration (seen as
charged point particles). Starting from a discrete set of points A C R C R?, there might be
several gradient vector fields F satisfying with v =) . 0g: if E is any such field (let us
note that, due to the infinite setting, there might not be any) we can simply add to E the
gradient of any harmonic function on R2. In the two-dimensional case this is indeed an issue,
but for one-dimensional Log-gases the following lemma shows that there is in fact a natural
choice of the electric vector field E:

Lemma 1.3. [SS13, Lemma 1.7.] Let E € Ay, be such that W (E) < +oo. Then any other
E' satisfying div E' = div E and W(E'") < 400, is such that E' = E. In other words, W
only depends on the points.

By simple considerations similar to [SS14} Section 1.2] this makes W a measurable function
of the point configuration A and with an abuse of notation we will write W(A) as well as
W(E), where E is the only admissible vector field of finite energy associated to A (when it



exists). We will frequently use the following map to get from an electric field E € A; to its
underlying point configuration:

1
(6) B o—div E + 6.

It is not difficult to show (for a proof see [SS14]) that an admissible gradient vector field
is in L] (R? R?) for ¢ < 2. We endow the admissible classes A, with the Borel o-algebra
inherited from L (R? R?) for some ¢ < 2.

Definition 1.4. Let m > 0. If P is a translation-invariant probability measure on A,,, we
define

(7) W(P) = / W (E)dP(E).

We say that such a probability measure is translation-invariant (or stationary) when P is
invariant by (the push-forward of ) the maps E — E(- — X) for any A € R.

Finally, when X is a measurable space, P(X) will denote the space of probability measures
on X. If P € P(X) is a probability measure and f : X — R a measurable function, we denote
by Ep [f] the expectation of f under P.

1.3 Periodic case and minimization

When the configuration is assumed to have some periodicity, there is an explicit formula for
W in terms of the points. The following lemma is proven in [BS13, Section 2.5.] (here we can
reduce to the class A; by scaling, as seen above in )

Lemma 1.5. In the case m = 1 and when the set of points A is periodic with respect to
some lattice NZ, then it can be viewed as a set of N points a1, ...,an over the torus Ty :=
R/(NZ). In this case, by Lemma there exists a unique E satisfying and for which
W(E) < +oc. It is periodic and equal to Eiq4y = VH, where H is the solution on Ty x R to
—AH =27n(}", 04, — 0r), and we have the explicit formula:

2

7T(az' —aj)
—_— —Wlog—.
N

N

(8) W(E(y) = —% Zlog 2sin
i#j
Henceforth we will denote by W(Z) the energy of the periodic electric field associated to Z
as above. In this periodic, one-dimensional setting, Z is shown to be the (unique) minimizer
of W by a simple convexity argument. The key point of our proof is to make this argument
quantitative in order to get a lower bound on W(Ey,,;) in terms of the local defects with
respect to the lattice configuration (this is Lemma [1.9).
A general argument of approximating any gradient vector field E of finite energy by
periodic electric fields implies a minimization result for W on A,,, without any periodicity
assumption. It is proven in [SS13, Theorem 2] that:

Theorem (crystallization in 1D). min4,, W = —mmlog(27m) and this minimum is achieved
by the perfect lattice i.e. A = %Z.

Let us emphasize that as a consequence of the definition of W as a limit over large
intervals W does not feel compact perturbations of the points (as long as the configuration
stays simple i.e. two points of A are always distinct) hence no uniqueness of the minimizer
can be expected at the level of point configurations.



1.4 Point processes and correlation functions

In this paragraph we give some definitions about point processes (for a complete presentation
see [DVJ03]).

Definition 1.6 (Point processes).

o Let X be the set of locally finite, simple point configurations on R. If B C R is a Borel
set, we let Ng : X — N be the map giving the number of points of a configuration
that lie in B. The set X is endowed with the initial o-algebra associated to the maps
{Np, B Borel}.

o A point process is a probability measure on X. The additive group R acts on X by
translations {0; her: if C = {x;,i € I} € X we let 0, -C = {x; —t,i € I}. It also acts
on the set P(X) of point processes in the natural way, by pushing-forward P € P(X) by
the map C — 0y - C for each t € R.

e A point process is said to be translation-invariant (or stationary) when it is invariant
by the action of R.

o If A € X is a periodic configuration of points on R with 0, - A = A, we may associate
to C the following stationary point process:

1 L
9) Py = L/O 0p,-Adt.

In particular, we will use the stationary processes associated to Z and its dilations %Z
(for m > 0), which we denote by Pz, P 1z We may abuse notation, relying on Lemma
and use the same notation for the stationary “electric” probability measure (concentrated on
A, and of finite energy) corresponding to %Z.

Definition 1.7 (Correlation functions). Let Py € P(X) be a point process. For k > 1 the
k-point correlation function py p, is a linear form on the vector space of measurable functions
or : RF — R, defined by:

Prpy (k) = Epy > or(21,. - .5 Tp)

x1,...,2,€C 24,25 pairwise distinct

Strictly speaking, it is only defined on the subspace of functions pi such that the map C —
le,...,xkeC\xi,zj pairwise distinet or(x1, ..., xL) is integrable against dPy.

When the k-point correlation function exists as a distribution and can be identified with a
measurable function, we will write [ prpy instead of pi (). Heuristically, py (also called the
intensity of the point process) gives the density of the process at each point, while ps(x,y)
gives the probability of having a point both at z and .

Remark 1.8. If P is a translation-invariant (stationary) probability measure concentrated on
the class of admissible electric fields A,,, the push-forward Py of P by E +— %div E + mig
is a stationary point process. Let us assume that W (P) is finite. Then:



e The one-point correlation function may be identified as (testing against) the function
P1,py =M.

o The two-point correlation pa p, is well-defined as a Radon measure on R2.

Physically speaking, this is because there must be approximately m points per unit volume
in order to compensate (without overwhelming) the background charge —mdg, so that the
configuration is globally neutral (non-neutrality would generate too much energy). We will
give a proof of Remark [I.8)in Section

Henceforth, if ¢ is a compactly supported, continous function on R? and C a point con-
figuration, we will denote by (¢,C) the quantity

(@.C)="Y . o)
v#y|z,yeC

which is always a well-defined number since ¢ is compactly supported and C € X is locally
finite.

1.5 Statement of the results

We start by stating a quantitative version of the convexity argument on which the minimality
of W(Z) as in |SS13|, Proposition 4.3.] relies:

Lemma 1.9. Let a; < --- < ay be any points in [0, N] and Ef4;y be the corresponding
periodic vector field as in Lemma . Let uy; = ajyp — a; with the convention an4; = a;+ N
and let b, ; = up; —p. Then, for some universal constant C':

N/2

N 2
b2 .
(10) W(E(,;) —W(Z)>C § % § min ( £, 1) .
p=1 i=1

p

The proof is given in section The quantity by, ; in the right-hand side of measures
a local defect with respect to the lattice: the spacing error u,; —p between two p-th neighbours
(in Z two p-th neighbours are always at distance p).

We then state our main theorem and its consequence for the minimization problem. The
theorem gives for any translation-invariant probability measure P € P(A;) of finite energy a
lower bound on W (P)—W (Z) in terms of the two-point correlation functions of the stationary
point process associated to P.

Theorem 1. Let P be a stationary probability measure concentrated on Ay such that W (P)
is finite, let Py be the push-forward of P by the map @ and pa p, be the two-point correlation
function of Py. Then for any T > 1 and any function ¢ € CY([~T,T)?) we have

N
[N

) 2, = | < CLTP) + OO (W) - W(2)

with C, depending only on |||, ||[V@||leo and T, and C a universal constant.

The proof is given in Section The constant C, appearing in Theorem [T] can be made
explicit and is seen to be of the type:

Cop = Clllelloo + [[Veplloo) T



for some power a which could be tracked down if necessary, and where C is a universal
constant.
An easy consequence of Theorem [I]is the following uniqueness result:

Corollary 1.10. For m > 0, the only minimizer of W on the set of stationary probability
measures concentrated on Ay, is P1,.

Theorem [I] also allows to track down the crystallization of the statistical mechanics model
via the convergence (in distributional sense) of the two-point correlation functions of to p2 z
when the inverse temperature 8 — 400, as stated in [SS13| Corollary 1.14.]. This was one of
the main motivations for this paper. More precisely, it is shown in [SS13, Corollary 1.14.] that
any limit point of the canonical Gibbs measure (after averaging over translations) associated
to the one-dimensional Log-gas Hamiltonian [1| has its two-point correlation function close to
p2,7z with a bound becoming sharp as 3 — oo.

1.6 Connection with the Log-gas Hamiltonian

Let us now briefly give a motivation for studying the renormalized energy and its minimization
(for a thorough study we refer again to [SS14], [SS13|, |[RS13| and to the survey [Ser14]).
Starting again from wy, when the potential V' in the definition (|1} is lower semi-continuous
and satisfies the growth assumption V(z) — 2log |z| — +oo (when |z| — +00), it is known
that for any sequence {z3 } x of minimizers of wy, the empirical measures py := % Ef\i 10z,
converge weakly as N — +o00 to some measure g on R, called the “equilibrium measure”.
We assume that the equilibirum measure pg has a compact support > which is a finite union
of compact intervals, and is absolutely continous with respect to the Lebesgue measure with
a density mg € L°(R). The result is in fact much stronger, since the convergence of the
empirical measures to g holds not only for minimizers but almost surely under the Gibbs
measure associated to wy at any finite temperature (see [BAG97], [HP00]). The renormalized
energy appears as the Hamiltonian wpy at second order: there is an exact splitting formula

wy (1, ..., xn) = N2F(uo) — Nlog N + NFy(v)

where F(uo) is a “first-order” potential energy associated to the equilibrium measure, and Fy
is a function of the finite point configuration Zf\il 0z,. To any such finite point configuration
we associate a probability measure P, on X x A obtained by averaging over x € X the electric
field Ey associated to the finite configuration v}, = Zf\; 1 0Nz, (for finite configurations such
a field always exists), translated by Nx:

P,y = ][ O(2,Exn (Nat))-
s

Let us emphasize that in this setting the scaling z; — z; = Nu; is necessary: since we
know that the empirical measures % Zf\i 1 0z, typically converge to a compactly supported
measure g on R it is relevant to scale the distances by IV so that the spacing between two
consecutive points becomes of order 1. If {vy}xy is a sequence of finite point configurations
such that { Fy(vn)}n is bounded then it is proven in [SS13, Theorem 3.] that up to extraction
the sequence {P,, } v converges to some admissible probability measure P (the definition of
“admissible” is given below) and liminfy_, 4o Fn(vy) > W(P) More precisely, the sequence
of functionals {Fv}n (for each N we can see Fiy as a function of probability measures P €



P(X x A) which is infinite outside the image of the map vy — P, ) has W for I'-limit
(see |[Bra02|), which implies that the minimizers of Fiy (hence of wy) converge to minimizers
of W. This reduces the second-order study of the Hamiltonian wy in the limit N — oo to
the study of W on admissible probabilities.

Definition 1.11 (Admissible probabilities). We say P € P(X x A) is admissible if
e The first marginal of P is the normalized Lebesgue measure on 3.
e It holds for P-a.e. (7, E) that £ € Ay, (o)

e P is invariant by the maps (z,E) — (z,E(A + -)) for all A € R (this is a weaker
assumption than the “T)(,)-invariance” of [SS13] but it is sufficient for our purpose).

When P is admissible, we denote by W the expectation of W under P:

(12) W(P) = E'/W(E) dP(z, E).

For Log-gases, Theorem [l implies the following uniqueness result:

Corollary 1.12. The equilibrium measure pio and its density mo being fized, the only mini-
mizer of W on the set of admissible probability measures is given by

dx
“Eeop

13 P, .
( ) 0— ’2| mO(L)Z

In we make a slight abuse of notation, it is not strictly speaking a tensor product
since there is a dependency on x in P_1 ,. The probability measure Py € P(X x A) is

mq(z)

rigorously defined by duality : if F € C°(X x A) is a test function we let

FdP, : .
/ 0 / 1= / Pz

Let us note that Pi1, is not well-defined for m = 0, however we may assume that the set

{z € ¥,mp(x) =0} has zero Lebesgue measure. Corollary as well as Corollary are
proven in Section

The minimization problem is of physical relevance, indeed minimizers of an Hamilto-
nian describe the behaviour of the physical system at zero temperature. It is believed (see
e.g. |CKO7, Conjecture 9.4.]) that for a wide class of interactions the minimizing infinite con-
figurations are lattices. The one-dimensional crystallization is somewhat easier to prove (see
e.g. [EL62] for positive results concerning the Coulomb interaction in 1d, [BL75], [BLO02|,
[Kun74] for one-dimensional long-range order, [ALS10] for zeroes of orthogonal polynomials),
but the higher-dimensional cases are largely open (see [The06] for a result in d = 2 and [FT14]
for recent progress in d = 3).

2 Proof of the results

2.1 Preliminary bounds on the density of points

Since we are dealing with two-point correlation functions, we will often need to bound the
variance (for some point process) of the number of points that lie in some fixed interval.



For this purpose we use a deviation estimate of [SS13| which gives a lower bound on the
renormalized energy in terms of the local non-neutrality of a point configuration (together
with the uniform background). We summarize the consequences for correlation functions in
the following lemma:

Lemma 2.1. If E € Ay is an electric field, we denote by N(E,T) the number of points
of %div E + 6r that lie in the inverval [-T,T]. Let P be a stationary probability measure
concentrated on Aj.

o We have, for any T > 0,
Ep [N(E,T)] = 2T.

In particular, the one-point correlation function (the intensity) of the point process asso-
ciated to P may be identified as (testing against) the function py p, = 1. This, together
with the scaling relation , proves the first claim of Remark .

e The following bound holds:

/ N(E,T)*dP(E) < Cr (C+W(P)).

where Cr depends only on T and C' is universal.

The proof of such discrepancy estimates (especially the second point) involves technical
details of [SS13] that we will quote when needed. It might be interesting to note that when
working with the alternative definition of a renormalized energy given in [RS13], [PS14], the
proof of similar estimates is more natural.

Proof. In what follows C' is a universal constant, which may vary from line to line. Let F
be in A; and 7' > 1 and let A(E) := 5div E + dg. Denoting by D(E,T) the quantity

D(E,T) = N(E,T) — 2T (D measures the “discrepancy” between the expected number of
points and the actual one, hence is a measure of local non-neutrality), [SS13| Proposition 4.6.]

reads:
|D(E, T)|>

/ dg > —CT + ¢D(E,T)? min <1,
[—27,2T] T

where the density g is defined in [SS13, Proposition 2.1.] (we quote below the results that
we need) and ¢ > 0 is universal. From [SS13| Proposition 2.1.i)], we know that g is bounded
below by —C, hence if x7 is a smooth cut-off function satisfying yr = 1 on [-27,27] and
x1 = 0 outside [-2(T+1),2(T+1)] with ||Vx7||se < 1, which we extend by xr(z,y) = x7r(x)
on R?, we have:

(14) /)_(ng > —CT + ¢D(E,T)? min (1, ‘D(E’T)‘> .

T

We also know from [SS13| Proposition 2.1.iii)] that for such a function xr the following bound
holds:

(15) \W(E,m Sk dg\ < Cnflogn + 1) Vx|,



where n is a boundary term bounded by the number of points of the configuration A(E) in
[-3T,—2T] U [2T,3T)]. Let ¢ be the map ¢ : x — 2% min(1, BT‘) Combining and
we easily get

Y(D(E,T) <C(C+T+W(E,xr)+n(logn+1)).

Taking the expectation under P yields:

(16) /¢(D(E,T))dP(E) <C <C + T+ / (W(E, xr) +nlogn+n) dP(E))

with n = n(E) bounded by the number of points of A(E) in [-3T, —2T| U [2T,3T]. Since P
is stationary the average number (under P) of points of A(F) in any interval of length 7" is

the same. Hence if we write NV} (E) = max(N(E,T),2) we have by stationarity (and using
the Cauchy-Schwarz inequality):

(17) /nlogndP <4 (/NﬁdP)é </(1og/\/+)2dp)é .

Obviously the right-hand side of also bounds the term [ n(E)dP(E). For any 0 < o < %,
we may find C, large enough such that

; ; o
(/N_Edp) </(logN+)2dP> < C, (/Nidp) .
Together with and we thus obtain:
b+
(18) /w(D(E,T))dP(E) <C (c + 1712 + /W(E,XT)dP(E) + C, (/Nidp) ) .

From Definition it is easy to see that W(E,-) is additive in the second variable i.e.
W(E,x1+ x2) = W(E,x1) + W(E, x2). Using the stationarity of P we get for any R > 0:

R
JwEawirm) =5z [ [WExra@r)aPE = 55 [ WE g mondPE).

Let us observe that the family of functions {x’p} r defined as

= JEREXXT
i I xr

satisfy the conditions of Definition [1.2so that sending R to +oco we get: [ W(E, x’z)dP(E) =
W (P). This in turn implies that

(19) / W (E,x7)dP(E) = W(P) < / XT) < CT(W(P)+C).

Moreover since D(E,T) = N(E,T) — 2T an elementary computation shows that for any
0<a§%wehave:

lia
(20) CCy, ( / NﬁdP) tc % / D*(E,T)dP + C\,T'™

10



where C, C,, are the constants in and C!, depends only on a. Combining , and
(20) we get for any 0 < a < %:

(21) [ oET)aPE) < CTV(P) + C)+ LTt

with a constant C!, depending only on a and C' universal. Equation implies (by distin-
guishing the events D < T and D > T) that [ D(E,T)?dP(E) = o(T?). The following is
then a consequence :

e We have [ D(E,T)dP(E) = o(T) hence [(N(E,T)—2T)dP(E) = o(T) but by station-
arity we have [N(E,T)dP(E) =T [ N(E,1)dP(E) so that in fact
/N(E,T)dP(E) —oT

for all T' > 0, which proves the first claim of the lemma.

e Since N(E,T)? <4T?+2 [ D(E,T)? we also get a bound on the mean square number
of points [ N(E,T)?dP(E) as in the second claim of the lemma.

O]

We now use Lemma to show that two-point correlation functions exist as Radon
measures for point processes of finite renormalized energy.

Lemma 2.2. Let T > 1, let p € C%([=T,T]?) and let P be a stationary probability measure
on Ay such that W (P) is finite. Let also Py be the push-forward of P by the map E
%div E + 0g. The following bound holds:

(22 [ w.0ramo) < e+ o)

with C,, depending only on |||l and T', and C' a universal constant.

Proof. For x € R and E € Ay, let us denote by N (E,T) the number of points of %div E+6r
lying in [T, T. Since ¢ is supported on [T, T)? the following bound is obvious by definition

(. C) < N(B, T)?[[p]oc-

Integrating against dPy, we get
(23) [ w.0ram©) < liells [ B T7aPE)

By Lemma [2.1{ we know that the right-hand side of is bounded by C,,(C + W (P)) which
concludes the proof. ]

Lemma has the following implication: if P is a stationary probability measure con-
centrated on A; such that W (P) is finite, then the push-forward of P by E + %div E +or
admits a two-point correlation function in distributional sense. Indeed, the linear form
o — [(p,E)dP(E) is shown to be bounded by O(||¢||s) uniformly for test functions in
CO([-T,T)?), for all T. This proves the second claim of Remark (the case of probability
measures concentrated on A, reduces to the former case by scaling as in )
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2.2 Energy lower bound near the ground state for periodic configurations

We prove a quantitative version of the minimization of W on periodic configurations, as stated
in Lemma [[.9

Proof. Let up; = a;+p — a;, with the convention an4; = a; + N, and let b,; = up; —p. We

know from that

Using a Taylor expansion of the function F': z +— log |2 sin x|, we get for each p,i:

N N N
m‘pyi) _ 1 TUp,; oL TUp,; Tup; 1 TUp,i
@) () = r (T e (2 ) (T AR

i= i=1 i=1

2
+ }F//(:B ) Wupv'b _ i iv: WUP7rL
2 b N N N

.

Observing that Zf\il up; = pN, we have |z,;| < BF + |bzm‘|7T and

N/2 N
27 . pT 1 . TUp
(24) W(Ey) —W(Z) = ~ 2 (log ’251n ﬁ‘ - N ;_1 log ‘2 sin —

for a certain x,; with

N
> Tt
N

i=1

T Ups| 1
‘xp,i’ Smax( ’]\f,l|’N

212 2 2 2
o) (T _@)2: TR S TR sy T
2.\ N N N2z2 . = 2 (pr)? + (bpﬂw) 6 p?’

Y20

The last inequality in is obtained by observing that 1 352 +2 5 > émm(% 1) on R. Sum-

ming the Taylor expansions . ) for i =1... N gives, for any p < N/2:

N TUp; TP\ 2
_ /! . D, _
_;2F (‘TP”)( N N)

1=

=

N
. pm 1 . TUp
(27) log‘Qsm—‘—— E 10g‘2sm7’
N N P N

An explicit computation shows that, for any z € R, F/(z) = —%— > max (1, 2) so by

combining and we get e

N
. pT 1 . TUp
log‘QSHlﬁ‘—N Ellog‘QSlnN
1=

Finally, inserting the previous inequality for 1 < p < N/2 into (24) gives

N/2 1 22 . 1 B2
(28) W(Efay) —W(Z) =) 5 wax ( Ng’z,gmin (;’;, 1>>
p=1

which yields the inequality

N2
W(E{a;3y) — ) > CZ Z min <

for some universal constant C'. O

12



2.3 Consequences for correlation functions

We now recast Lemma in the context of stationary point processes associated to peri-
odic point configurations. The following lemma proves in particular Theorem 1 for periodic
stationary point processes.

Lemma 2.3. For any N > 1, let a1 < --- < ay be any points in [0, N] and Ey,,y be the
corresponding periodic vector field. Let A be the corresponding infinite periodic configuration
i R, and Py be the stationary point process associated to A, defined in @ by averaging
translated copies of A over [0,N]. Assume that W(Ey,,,) is finite. The following bound
holds:

ol
o=

‘/ (p2,p, — P2,py) @] < Co(C 4+ W(E(e3)2 (W(Ea,y) — W(Z))

for any ¢ € CY[-T,T)?) with C, depending only on ||¢||so,||V¢llee and T > 1, and C
universal.

Proof. Let ¢ € C}([~T,T)?) (without loss of generality we assume 7' > 1). Since W(E{a;})
is finite we know by Remark that po p, exists as a Radon measure, we will abuse notation
and write [ pg a¢ for pa(p). By Definition we have:

/p2,A(P = EPA [<907 >] :

Let up,; = a;4p — a;, with the convention ay; = a; + N, and let us write the expectation
Ep, [(¢,)] as

(29) Ep, [(g, / > el@.y))dPa(C) N/a1+N p(w,y) )dt

r#y|z,yeC x7ﬁy|x,y€9t
az+1 +°°
~ Z/ D (laipr =ty airk —t+ tpik) + p(aish =t + Up gk, i — 1)) )dt-
kGZ p=1

The first equality in is simply an explicitation of the measure Py as an average of A on
translations in any interval of length N as in @[), and the second equality amounts to writing
the sum of ¢ over couples of distinct points by taking a; as the “origin” of A on each interval

[a’i7 ai+1]:

Yo ey = D ey ter)= Y, pla—ty—t)+ely—tz—t)

rFy|r,y€b-A r<y|z,y€b;-A r<ylz,yeA
—+o00
=D elar —tagyy — 1) + @(arp — tax — 1)
kEZ p=1

=3 > laik =t aighip — ) + P(aiprip — taiy — 1)
keZ p=1

and using the fact that, by definition, a; x4y = aitr + Upitk-

13



Fori=1...N,let ¢; =1 when |u;; —1| <1 and ¢; = |u ;| otherwise, so that |u;; —¢;| <
min (|by4],1). Let us recall that the numbers b, ; are defined as by ; = up; — p. The following
bounds are easily seen

N

Y

=1

N N N
(30) D furg =il <) min(fbyl,1) and <> min (b, 1),
=1 =1 i=1

the second inequality following from the first one by observing that since >, ;u1; = N we
have N — Zfil ci = Zfil (u1,; — ¢i). We may now write that, by 1-periodicity of Z, and the
fact that ¢; (i = 1...N) is an integer:

1 N 1 Ul .4 C; N—ZAL Cj
(31) /5 dt—lz/ / " dt+/ 5o, 2t +1/ T Syt
0 07 - N — 0 0 07 s 047 N 0 0+ 7 .

The decomposition of is meant to adapt the average of Z over translations in [0, N]
to the decomposition as a sum over translations in [a;, a;+1] used in , at the cost of an
error term which feels the spacing irregularities in A. We may haved use the same way of
writing Ep, [(¢, )] as in (29), i.e.

(32)

Ep, [(¢, NZ/

however expressions and are not easy to compare. Using when testing against
¢ yields, by making a change of variables ¢ — ¢ + a; on each interval [0, u; 4]:

a2+1
( (i—l—k—t,i+k‘—t+p)+g0(i+/~c—t+p,i+k—t))>dt
kEZP_

541
/pgngo NZ/ ZZQ@QZ—}—k‘ tiai+k—t+p) +pla+k—t+pa+k—t)|dt
keZ p=1

NZZ 16
+ Z/ (¢, 0; - Z dt+/ (p,0: - Z) dt,
AW

Since ¢ is compactly supported on [~T,T]?, the terms (¢, ; - Z) are bounded uniformly on
t € R by (2T + 1)?||¢||co, because there is at most (27" + 1)? couples of distinct points of
Z in any interval of length 27". Since we may bound the lengths of the intervals |ui; — ¢

(i=1...N)and |[N — Zf\;1 ¢i| according to , we get

a; +oo
CON Nz/ (et ka4 k4 p)

keZ p=1

+w<ai—t+k+p,a@-—t+k)dt+ me 1bi], 1) O(/ ] )

where the terms O(||¢||s) are bounded by (27 + 1)?||¢||co- In the rest of the proof, we
denote by C, a constant, which may vary from line to line, depending only on ¢ via ||¢||«
and ||Vy||s and T

14



Let us recall that a;; = a; + ug;. A first order expansion of ¢ yields, for any ¢,4,k,p
such that a;y and ajp4p lie in [T +¢,T + ],

(34)  fp(airr =t airr —t + Uipyp) — 0la; —t +k,a; —t +k +p)|
< min (|[Velloo|br,ils 2[|¢llo0) + min ([[Ve||oo [bk+p,il, 2l 0]loo)
< Cfp (min(|bg,i|, 1) + min(|bg1p,l, 1)) -

Let us emphasize that the constant C, appearing in is of the type C x (||¢|]oo + ||V !loo)-
We may now compare and the main term of by summing the expansions ([34)):

1 N @it1 too
(35) N Z/ (Z Z (@it =t @ik — L+ Upivk) + Q(Qik — t+ Upik, Qir — )
i=1 "% keZ p=1

_@(ai—t+k7ai—t+k+p)_‘P(ai—t+k+paai_t+k)>dt

N oo
ZZ my; min(|b ], 1)
=1 k=1

where the numbers my,; are given by

aN+1
Mg, = / Lo,el-rat, 700 ars pe[-T+e, T+ AL
al

Indeed, the first-order expansions allow us to bound every term in the left-hand side of
by a sum of four terms of the type min(|by;|,1). For ¢t € [a1, an41] the term min(|by |, 1)
appears only if a; —t and a;44 —t lie in [T, T, which gives the expression for my, ;. Moreover
since there is at most N points of A in any interval of length IV, if N > 2T we have my; =0
for all £ > N. The assumption N > 27T is not restrictive since we may always consider a
N-periodic configuration as rN-periodic for any integer r.

It is easy to see that my,; < 27T hence we may bound Zf\; 1 Z]kvzl m%l in the following
way :

N N N N N1
Z Zmiz < ZTZ Z M = 2T/ < Z loe-14e T+t}1ai+k€[—T+t,T+t]> dt

i=1 k=1

aAN+1
< 2T/ N2(6; - A, T)
ay

where N(A,T) denotes the number of points of A in [-T,T]. By definition of Py, we may
re-write the last term as

N0 AT = N / N?(C.T)dP,(C).

ai

By Lemma [2.1] we know that

/Nz(C,T)dPA(C) < Cp(C+W(Py)) = Cr(C+ W (Eq,y)),

15



so that we finally get:

N N

(36) YY) mii < NCr(C+ W(E,)).
i=1 k=1

Combining and we obtain:

N N
1
(37) ‘/(Pz,Pz—PzPA)@'S S g min([b ). 1) + me b1als 1) Ol o).

=1 k=1

If my,; is nonzero it means that ug,; < 27T (since a; and a;44 lie in some common interval of
length 27°) hence the spacing error |by ;| is larger than k —27". Consequently, if my, ; is nonzero

for k > 3T, we have b',fc’i > % so that for any i, k, since T' > 1:

b .
(38) my; min(|bg |, 1) < 3Tmy, ; min (‘ ’Z;z’ , 1) )

Combining and gives:
39)

N N
1 . k
[nn = pmmie| < 5 303 sTmgmin (Pl 1) 4 3 me b1.1.1) Ol ).

i=1 k=1

The second sum in is controlled by Lemma as follows:

[N

7me |b14,1) ( Zmln \b“] 1) > < C (W(Epq,y) —W(Z))

hence we have

ol

N N
1 by i
< C¢N E g my, ; min (’ Z |,1> —i—C’(W (Efa;y) — W(Z))

(40) ’/,02,192 — P2,P\ P
=1 k=1

Using the Cauchy—Schwarz inequality in , the bound ( . ) for the sum of the mk and
the bound ( . ) of Lemma we get:

41 ‘/ P2,P; — pQPA) ‘<C ( Z mi,z) <szmln< k:; 71>>

+C (W(E{ai} —

/-\
N
~—
[N
—~
Q
+
=
!
-~
@
N
~
~—
(SIS
—~
—~~
!
-~
2
-
S~—
=
N
~—
~—
(SIS

which concludes the proof of the lemma. Let us note that altough the bound of Lemma

12 12
only controls 32N, ZIZCV/? min ('b’;';:‘ ,1) we may easily bound SN 57V min ('b’;;‘ ,1) as

well by periodicity.

An inspection of the proof shows that Cy, may be taken as C, = C x (||¢||oc + || V||oo) T
for some o > 0 and C universal.
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A reason for the “natural” role of two-point correlation function is that the renormalized
energy itself derives from an Hamiltonian with two-body interaction. This is what allows the
energy gap W (E(,,})—W (Z) to be bounded below by quantities which are “pairwise” in nature
asin Lemmal[l.9] The arguments of Lemma[2.3]could be applied to higher correlation functions
if we knew how to bound the higher moments of A'(C,T') uniformly for point processes which
are close to the ground state. It could be expected that for € > 0 small enough, the family
of point processes whose renormalized energy is < W(Z) + ¢ is such that a uniform bound
on Ep [N(C,T)"] holds for any n (one can think e.g. of harmonic deformations of the perfect
lattice). It would imply a control of the crystallization for any higher correlation function, in
the neighborhood of the ground state. Unfortunately we do not know if such a result is true.

2.4 Extension to the non-periodic case

Let us now turn to the proof of the main result, Theorem

Proof. In the following we denote by C,, a constant, which may vary from line to line, de-
pending only on ¢ via ||¢||ec and ||V¢||s and T" and of the type C X (||¢||co + [|[V¢|]o0)T.
Since W (P) is finite, let us recall that by Remark the two-point correlation function
of Py exists at least in distributional sense.
- Step 1: Choosing a large set where the controls are uniform. A straightforward adaptation
of [SS13 Lemma 3.6.] (the only modification is that we are dealing with probability measures
on the electric fields only, with no dependance on ) ensures that for any € > 0, we may find
a subset G C A such that G has almost full P-measure, and on which we have a uniform
control for the relevant quantities. Precisely, the lemma ensures that:

1. P(G) < e

2. The convergence in the definition of the renormalized energy is uniform with respect
to F € G..

3. Writing div F = 27(vg — 1), both W(FE) and vg(Ir)/R are bounded uniformly with
respect to £ € G- and R > 1.

4. Uniformly with respect to E € G, we have

(42) lim  lim ][/ |E|* = 0.
Yo—+00 R—+o0 Ir Jyl>vo

This is a technical assumption needed for the “screening” construction of Step 2.

Moreover, we may assume (this is Equation (5.3) in [SS13, Lemma 3.6.v)]) that G is almost
translation-invariant in that for any £ € G., E(A + ) € G¢ for all A € R except for a set
of bounded Lebesgue measure (the set depends on E but its measure is bounded uniformly
on G.). Note that, strictly speaking, it is not precised in [SS13| Lemma 3.6.] that one may
choose G both of almost full P-measure and almost translation-invariant, however it is a
consequence of Equation (3.6.) in [SS13| Lemma 3.6.v)]), and is written as Equation (7.6)
in [SS14, Lemma 7.6] (which handles the purely 2D case, but from which [SS13, Lemma 3.6.]
is essentially deduced).

For e < 1, let P. be the probability measure induced by P on G, let Py, be the push-

forward of P. by the map E — idiv E + 6r and let py p, . be the two-point correlation
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function of Py .. In the rest of the proof we make the following abuse of notation: we denote by
1. both the characteristic function of G¢ and its push-forward by the map E +— %div E+R.
We claim that

(43) \ s = 20, 3] = 00l

Indeed, we know that [ pa p, |¢| = Ep, [(|¢], )] is finite (see Lemma, and that P(G¢) < e.
By uniform continuity of the integral, if € is small enough, then |Ep, [(¢, )] — Ep, [1a6. (¥, )]
is arbitrarily small. This proves the claim, because we also have, by definition of P .:

1
/1027PA,ESO = EPA,s [105 <807 >] P(G )
€

- Step 2: Obtaining periodic fields by screening. We now construct, for R large enough and
for each E in G, a periodic field Er of period R, which approximates E, and we use these
fields to approximate P- by an average of stationary measures on Ay associated to periodic
electric fields.

To this aim, we apply [SS13, Proposition 3.1.]. This screening result allows us to truncate
FE outside of a large interval, to approximate E on this interval by some field which is “screened”
so that we may paste identical copies of it in order to get a periodic electric field on R, whilst
letting E unchanged in some large interval. For R > 0 we let Ip = [-R/2, R/2].

Let a > 0. We get from [SS13| Proposition 3.1.] that there exists Ry > 0 (depending on
e and «) such that for every integer R > Ry, for every E € G, there exists a vector field
Er € L] (Ig x R,R?) (for q < 2) satisfying:

loc

i) Eg-v =0 o0n 0l x R, where 7/ denotes the outer unit normal.

ii) There is a discrete subset A C Ir such that

div Er =2 [ Y 6, —0r | inlgpxR
pEA

ili) Eg(z) = E(z) for x € [-R/2+ aR,R/2 — aR).
iv)

(44) W(Ez’lfﬂ) <W(E) +a.
The “screened” property is expressed by i), the point iii) shows that E is unchanged on a large
interval and iv) gives an upper bound on the new energy.

For any integer R > Ry, we extend the electric fields Fr periodically, and make them
gradients. This amounts to first pasting together identical copies of EFr to make it periodic
of period R (the point i) allows us to make such a construction), and then considering the
L?-projection of the constructed field onto the space of gradient vector fields, which, together
with point ii) guarantees that we end up in the class A;. It is proved that the projection can
only decrease the energy, so that iv) is conserved. Moreover, projecting onto gradients leave
the divergence of Er unchanged, so that iii) becomes:

div Eg(z) = div E(2) for z € [-R/2+ aR, R/2 — aR).
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Details are given in the proof of [SS13, Proposition 4.1.], and we only state the conclusions:
we get, for each E € G., and any R > Ry (let us emphasize that Ry depends on ¢ and «) an
electric field Eg which is R-periodic, which coincides with E on [-R/2+aR, R/2 — aR], and
such that _
W(E R, 1 ]R)
R
- Step 3: Approximate stationary processes. For each E € G, and any R > Ry, we now con-

<W(E)+ a.

sider the stationary probability measure f_Ré?Q d,.5,dt on Ay associated to Eg by averaging
Er over translations in [~R/2, R/2], and we define P as the pushforward of the probability

measure P. by the map
R/2
E —> f 59tERdt

—R/2

(let us note that this map is only defined on G., but P. itself is concentrated on G¢). The
process PI is stationary as an average of stationary probability measures, we denote by P/{%,s

its push-forward by the map E +— %div E+6r and we let pf p, . be the two-point correlation

function of P/{%’E. We now claim that

(45) \ [k, - pz,pA,Ew\ < o e(1) + aCL(W(P) + C).

Indeed, by definition we have Ep, _ [(¢,-)] = [ p2,p, ., and

R/2
f (0,0, dt
“R/2

1 —R/242aR 1 R/2
+/ Eor [(0,0,)] df + — Epr [(0,0,)] dt.
il Eeplleslaeg [ B o)

1 R/2—2aR

= / Epr_ [(p,00)]dt

R J_Rja12ar "M

16) [ oftn, 0 =Epy.

Since ¢ is compactly supported and since div Eg coincides with div E on the interval [—R/2+
aR,R/2 — aR), if R is large enough (depending on ¢) we have P.-a.s. that div Eg(- —t) =
div E(- —t) for t € [-R/2+ 2aR, R/2 — 2aR] (i.e. the screening and periodization have not
affected the point configuration on a large interval). It means that for R large enough, we
may express the first integrand in the right-hand side of as

Epp, [{e.00)] = Bry. (0. 60)] = P(lGa)EpA 16 {,00)].

The probability measure P is, by assumption, translation-invariant hence so is Py, so that
for any t € R we have

Ep, [La. (¢, 01)] = Epy [1.(0-¢) (¢, )],

which in turn gives

Ep, . [(0.00)) = P(lgg)EpA 16, (9, 0)] = P(1GE>EPA L. (0-4) (i, )]
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We now claim to control the default of invariance of Py . under translations in the following
way:

(47)

= Ay, [(,00)] -

1 /R/ 220k R—4aR
—R/2+2aR R

EPA,E [{, >]‘ = OR—00(1)
with a 0p—o0(1) depending on ¢, e, P.
Indeed, we have, for t € [-R/2 4+ 2aR, R/2 — 2aR):

1
P(Ge)

Integrating between [-R/2 + 2aR, R/2 — 2aR) yields:

(48)  Ep,_ [{¢,0)] —Ep,  [(¢,")] = /<¢,C> (Lg.(0-1-C) = 16.(C)) dPA(C).

1 R/2—2aR R daR
(49) R/_R/2+2aR dEp, . [(¢,00)] = ——"—Ep, . [(¢,")
R/2— 2aR
/ P (€ >/ (#,€) (16, (6~ - C) = 16.(C)) dPA(C)

1 R/2—2aR
=———— [ dPy(C gO,C/ dt (1g.(0—¢+-C) —1¢.(C)) .
G | Qe [ e 00 -16,0)
We know that for E € G., there is a set I'(F) such that |[['(E)| < C. (for some constant
depending only on G¢) and if A ¢ I'(F) then E(- — \) € G.. This property is clearly pushed
forward at the level of the point configurations. This yields the following bound

R/2—2aR
/ 0t (16.(6-: -C) ~ 16.(0))| < C.

—R/2+2aR

and since [ dP,(C) (|¢|,C) is finite (again, by Lemma we get

C
< g, P

(50) < =

1 /*R/Q—roR R — 4aR
R

dtEp, . [(¢,00)] — ——F—Epy . [{¢, )]

—R/2+2aR

with a constant depending on ¢, ¢, P, which proves .
We are now left to bound the two error terms in , for which we have, applying Lemma
in the last inequality:

1 R/2 L
(51) / Epr_ [(¢,0:)]] dt < 2asupEpr_[(J¢], 0:)] < aCp(W(P) +C).
R Jrjp—2ar "M° teR e
R/2—2aR . .
The other term R/o E PR, [{(p,0:)] dt is bounded the same way, moreover with the

same application of Lemma [2.2] we get
(52) 40 [(0,)]] < aCL(T(P) +C).
Combining with the estimates , , , we have

C. .
53) [t~ 6] < 2T acimr) + O
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which proves the claim .
- Step 4: Using the result of the periodic case. We may now come back to the proof of Theorem

_ U] ;
Let us fix n > 0, and take o = CLOT(P)IIC) where C, and C are the constant in .

Then for R large enough (depending on « and G.) we have

Coep
(54) [, o] <0 S

Let us now apply Lemma for the periodic case. For each E (under P:), and for any
R > 0, we consider the stationary measure fié% 9.5, dt whose energy is finite P:-a.s., and

we denote by ps g r the two-point correlation function of its push-forward by the map @
From Proposition [T we get

[ or = p )| < ColC -+ W(ERY (W (Ew) - W(z)”

and integrating this inequality against dP.(F) gives (using Jensen’s inequality in the last line)

) | [ e~ mre| = | [ a2.8) [ rsi = pn)s
< C,(C + W (PR)): (W(PR) - w(z))"?.
By construction we know that for R large enough (depending on G, and «) we have P.-a.s.
W(ER) < W(E) +n
hence gives, for R large enough

50 | [0k | < G TR 40t (VR 4 - wiE)

Combinining and , we get

1/2

=

(57) ‘/(pa,PA,a - pz,PZM’ <n+ % +Co(C+W(P.) +n)2 (W(P.)+n—W(Z))

Since [ |W(E)|dP(E) is finite (because W (P) is finite and W is bounded below on A;), and
since P(G¢) < ¢, by the uniform continuity of the integral we know that

(58) W(P.) = W(P) + 0-—0(1).
Combining , and , taking n arbitrarily small, € arbitrarily small and then R
arbitrarily large, we conclude the proof. O

2.5 Uniqueness results

We now turn to the proof of the uniqueness results for minimizers as stated in Corollary
and Corollary First we observe that the invariance condition in the definition of
admissible measures is equivalent to translation-invariance of the disintegration measures.
Let us briefly recall (for a precise definition see [AGS08|, Section 5.3.]) that in this context if
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P € P(Xx.A), the disintegration measures (with respect to the normalized Lebesgue measure
on X)) form a family {P”*},cx of probability measures (concentrated) on .4 such that for any
measurable function f € L>®(X x A) we have

f(z, B)dP(z,E) = /2 ’dE‘””' / f(z, B)dP*(E).

YxA

Remark 2.4. Let P be an admissible probability measure on ¥ x A, and let {P*},cx. be the
disintegration measures of P on A with respect to X. Since the first marginal of P is the
normalized Lebesgue measure on X we have, by defintion of disintegration measures, for any
continuous map f € L*(dP):

Eplf) = { do [ 1o, E)aP* (E)
b
For any smooth cut-off function x on R and any A € R we have, by the invariance property
of P:
F x@ds [t B)ipe(E) = f oo [ @ B0+ )P (E).
by b

A standard approzimation argument (by taking a sequence {xn} converging to a Dirac mass
at xq) shows that for any xo € X, any X\ € R we have

/f(ffovE)dP“(E):/f(xovE(AJr-))deO(E)v

hence P* is translation-invariant for all xog € X.

Conversely it is easy to see that if { P*},ex is a measurable family of translation-invariant

probability measures such that each P* is concentrated on Ay, (), then d‘gf ® P* is an ad-

missible probability measure. In particular, Py as defined in is admissible.
We now give the proof of Corollary and Corollary

Proof. 1t is clear, from the crystallization result of section that P1, (resp. Fp) is indeed a

minimizer of W (resp. of W) on stationary measures P(A,,) (resp. on admissible probability
measures). It remains to show the uniqueness. By the scaling relation (5)), it is enough to
show that Py is the unique minimizer of W on P(A;) to prove the first claim. If P € P(A;)
is another minimizer we have W (P) = W(Z) hence by Theorem |1} if Py denotes the push-
forward of P by the map @, we have

P2,Py = P2,P,

where po p, is the two-point correlation function of Py and ps p, is given in distributional

sense by:
1
PQ,PZ—/O E E O(i—t,j—t)dl.

i€Z jEL, j#i
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Let us note that, in general, two point processes sharing the same two-point correlation
function may be distinct (for conditions under which two point processes sharing all their k-
point correlation functions are equal, see [Len73]), but here the rigidity of the lattice structure
ensures that Py = Py.

Let {fn}n be an increasing sequence of continuous functions converging pointwise to the
characteristic function 1j9;; and let o, 7(z,y) = fo(r — y)1_17(7)L—77)(y) for some
fixed T > 0. The sequence of continuous compactly supported functions {y, v}, con-
verges pointwise to (z,y) = 1, ycjoilj-r,7(%)1—r7(y). We have for any integer n:
f Pn,TP2,Py = f on,1p2,7 = 0 and the Lebesgue dominated convergence theorem ensures
that:

/1x—ye]0,l[1[—T,T] (@)1 —171(y)p2,py (2, y) = 0.

Hence we get that Py-a.s. there is no couple of points x,y € CN[—T, T such that z—y €]0, 1].
We may apply the same argument for any interval |k, k + 1] (k € Z) and for any T € N, and
since a countable union of events with zero Pj-measure has zero Py-measure it implies that
there is Pjy-a.s. no couple of points z,y € C such that © — y ¢ Z. Hence C is Py-a.s. a
subset of (a translated copy of) Z. Moreover we know from Lemma that average number
of points in [—7,T] coincides with that of Py for all T'. Since P, is stationary this ensures
that in fact Py = Pz and proves the first claim of uniqueness.

To prove the second claim, let P € P(X) be a minimizer of W on the set of admissible

probability measures, and let us write its disintegration P = 22 ® P* where z-a.e. in X,

P¥ is a probability measure on AmO(ﬁand since P is admissible we also know that P* itself

is translation-invariant, see remark Since P minimizes /W/, the stationary probability
measure P minimizes W over P (A, (y)) for almost every x € 3. By the first claim, this
means that P* = P 17 for almost every x € ¥, which in turn ensures that

mo x

po o2 p P
D @z

O
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