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Wave finite element method for waveguides and periodic
structures subjected to arbitrary loads

Tien Hoang, Denis Duhamel, Gilles Foret

Laboratoire Navier, UMR 8205, Ecole des Ponts ParisTech, IFSTTAR, CNRS, UPE,
Champs-sur-Marne, France

Abstract

The wave finite element method has been developed for waveguides and pe-
riodic structures with advantages in the calculation time. However, this
method cannot be applied easily if the structure is subjected to complex or
density loads and this is the aim of this article. Based on the finite element
method, the dynamic equation of one period of the structure is rewritten to
obtain a relation between the responses (DOF and nodal loads) on the left
and right boundaries. This relation presents an additive term which links to
the loads applying on the period. Then, by using WFE technique, we can
compute the wave mode of the period and the wave decomposition. Because
of the periodicity, we can also obtain a relation between the response and the
left and right ends of the structure. Afterwards, the response of the struc-
ture is calculated by using the wave decomposition to apply in the dynamic
stiffness matrix (DSM) approach or the wave analysis (WA). For the DMS
approach, this technique shows that the external loads have no contribution
to the global matrix but they lead to a equivalent force in the dynamic equa-
tion. Meanwhile, the external loads create waves propagating to the left and

right of the structure in the WA approach.

Preprint submitted to Finite Elements in Analysis and Design June 10, 2020
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1. Introduction

The dynamic response of a periodic structure is a subject of numerous
publications. Beside the classical finite element method, some numerical
methods has been developed in order to reduce the calculation time. One of
them is the wave finite element method (WFE), which has been developed
originally in the seventies in order to describe the wave propagation along
one-dimensional periodic elastic structures [1]. Afterwards, this method has
been developed for more complex periodic structures [2-9]. Based on the
periodicity, the wave mode is calculated from the dynamic stiffness matrix of
one period of the structure, provided that it is not submitted to any external
load [2, 10]. Then, the response is decomposed in order to compute the wave
amplitudes by the dynamic stiffness matrix (DMS) or the wave analysis (WA)
approaches. For a structure subjected to external loads, this method can be
applied by considering with different parts as superelements [11, 12]. Another
technique of WFE has been developed to deal with the loads by using the
Fourier transform and the contour integration. Based on the solution of an
infinite waveguide to a concentrated load, [13] the wave amplitudes of the
response have been represented in terms of the wave amplitude of the loads
yielded from the integration. This technique is efficient for waveguides and
simple periodic structures [14-16]. However, it cannot be applied easily for
periodic structures subjected to external loads at inner nodes of each period,

which come from complex shapes. In addition, the integration step makes
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more calculations.

In this article, we present a new development of WFE for periodic struc-
tures of any shape and load.To do that, the dynamic equation of one period is
rewritten by taking into account the loads at the inner and boundary loads.
Then, by using the same technique of the classical WFE, we can obtain a
recurrent relation between the responses (DOF and nodal loads) on the left
and right boundary of the period. The external loads appear naturally as a
additive term in this relation which is missing on the classical WFE. Then,
we use the wave basis of WFE to decompose the vector of responses and the
additive term. Finally, the responses of the global structure are assembled
in the both approaches: DMS and WA. The results show that the external
loads present global equivalent loads in the DMS approach or an addition

wave amplitudes in the WA analysis.

2. Basic framework

qr ar

Figure 1: A periodic structure subjected to external loads

Let’s consider a periodic structure as shown in Figure 1. Each period of

3 the structure contains the left (L), right (R) boundaries and inner (I) nodes.
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By using the finite element method, the dynamic equation of the period can
be written in matrix form

Dq=F (1)

with D = K + jwC — w?M is the dynamic stiffness matrix, and q, F are the
vectors of degrees of freedom (DOF) and nodal loads. We can rewrite the

dynamic equation to separate the boundaries and inner DOF as follows

f)H DIL f)IR qar F;
D;; Dy, Diz q | = | F¢ (2)
f)RI f)RL f)RR ar Fr

We can rewrite the first row of equation (2) as follows
~ _l ~ ~
q; =Dy, [FI — D q, —Dir qg (3)

Then, by substituting the aforementioned equation into the second and the

third rows of equation (2) , we obtain

~ ~ 1 ~ ~ ~ ~

DDy, [FI —Dir q; —Dyr qR] +Dirq, +Drrqp=F; n
4

~ ~ 71 ~ ~ ~ ~

Dgr/Dy; [FI — Dy q, —Dir QR} +Dgr q; + Dgr qr = Fr

In the other hand, we can write

D./F; n D;;, Dir q;, F;
Dr/F; Drr. Drr dr Fr

where
Dy, =Drr, — DD D, Dig=Drg—DriD;;Dig
Dgrr = Dgr — DgiD;; D Dgr = Dgrr — Dg/D;; Dir (6)
~ ~ 1 ~ ~ —1
DLI:DLID]] DRI:DRIDII
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We see that equation (5) presents a relation between the responses (DOF
and nodal loads) at the left and right boundaries of a period. It contains
a term of F; which is zero when the period is free. For two consecutive
connected periods (n) and (n + 1), the right boundary of (n) is also the left
boundary of (n + 1). Thus, we have

n n+1
ayy) =qf"*

S

(7)

where Fgg is the external nodal load at the right boundary R of the period
(n). By combining equations (5) and (7), we obtain

n+1 n n
a1 [ o ][ e N
Y RN e
where
S _ -D;;Di; -Di (9)
Drr — DrrD; D —DgrrDig
and
Dy | —D Dy (10)
Dy Dpgr — DRRDZ}{DL[
We can rewrite equation (8) as follows
u™ = Su™ 4 b (11)
where
(n) D F(”)
u™ — qL(n) b — ?i) L (12)
_FL DfI FI + FaR
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Equation (11) presents a relation between the periods (n) and (n + 1). Here
b™ presents the external loads at the inner nodes F; and at the right bound-
ary Fyg of the period (n). When the period is free, b™ = 0 and we meet
the expression of S of the classical WFE.

In the other hand, equation (11) presents also a recurrent relation with
regard to n. Therefore, we can develop a relation between u™ ans u) as

follows
n—1
u(n) _ Sn—lu(l) + Z Sn—k—lb(k) (1?))
k=1
Similarly, we can get the relation between u¥*Y and u®
N
u(N-‘rl) _ SN—n+1u(n) + Z SN—kb(k’) (14)
k=n

Equations (13) and (14) are the relations between the period (n) and the
left and the right ends of a structure of N periods. Next, we will develop
these expressions with the help of the wave decomposition.

Remark: Fg}% in equation (7) is the external nodal load at the right
boundary but it is not included on the left end of the period. This will
explain the different expressions for the left and right boundary in the DSM

and WA approaches presented in section 3.

3. Wave decomposition

We are looking for wave modes {(u;, ¢;)} which are the eigenvalues and
eigenvectors of the matrix S such that S¢; = p;¢;. Due to the symplectic

nature [11] of the matrix S, its eigenvalues come in pairs as (f;, 1/4;). Then,
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the eigenvectors are separated to ¢; for the eigenvalue less than 1 and ¢} for
the rest. We call ¢; the left (to right) wave and ¢ the right (to left) wave. If
we note ® = [¢; - - - ¢,,] and ®* = [¢F - - ], we call {®, ®*} the wave mode
of the transformation S. We can also separate the components of the wave

mode corresponding to q and F as follows

@*

o= | o= "1 (15)
P ®7.

It is important to note that the wave mode is symplectic orthogonal basis.

We can normalize this basis by considering the weighting matrix given by

U =0"J® =9 Py - DI P,

(16)
U =" = B P}, — DLD;
where
0 I
J= (17)
-1 0

We can verify that ¥* = —W¥” and they are diagonal matrices. Therefore,
we can define a normalized basis by multiplying on the right side with ¥—1/2
(e.i. the basis is given by ®W¥~1/2 and *W¥~1/2),

Now we can decompose each vector of equation (11) in this normalized

basis as follows

u™ = CI)Q(") _ @*Q*(")
(18)
b(n) _ (I)le) . (I)*Q;(n)
It is remarkable that the sign minus in these decompositions yields a more

convenient expression of the wave amplitudes as follows

Q" = & TJu™, Q) = $Tu (19)
Q) = @ 7Ib™, Qi = &7 b (20)

7
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In the other hand, from equation (12) we obtain

®TJb™ = (87D — ®;7D,;) FY + @, Fy -
®7Jb™ = (87D, — ®LD,) F\” + TF.)
Thereafter, by substituting D, and Dy, in equation (10) into the afore-
mentioned equation and then combining the results with equation (20), we
obtain
5 = [(@ — ®"Drr) Dy pD1r + @ Dy FYY + ®TFY)

(22)
an) = [(<I>§ - q’:}FDRR) D, Dy + ‘I’qTDRI] an) + QZF&%

We have also a relation between the components of the wave basis (see [10])

q)F = DRRQq + DRLQqﬂ* (23)
@} = Drr®, + Dri®;u

By substituting the aforementioned equation into equation (22), we obtain

QY = (u®;"Dy; + & Dy " + &:7F) o1
W = (W eIDy + T Dy ) FYY + @TF)

We see that the term b™ in equation (11), which links to the external loads
on each period can be decomposed in the wave basis with the amplitudes
calculated by equation (24). Now we will build the relation of these wave
amplitudes with the amplitude of the response u™.

By substituting equation (18) into equations (13), we obtain

n—1

(I)Q(n)_@*Q*(n) — gn-1 (CI)Q(I) _ @*Q*(l))_i_z gn—k—1 <(1)le) _ ;(”))
k=1
(25)
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In addition, by definition we have S*® = ®u* and S*®* = & u**. Thus, by
multiplying the aforementioned equation with ®*7'J on the left side and then

combining with equation (19), we obtain

n—1
Q(n) _ “n—lQ + Zﬂn—k—ng) (26)
k=1
where Q = QM.
In a similar way for equation (14), we obtain the following result
N
*N—n *(n *N — *(k
Q(N+1) =i N +1Q ( )_|_ Z’u N kQB( ) (27)
k=n

In addition, p* = p~t. Thus, we have
N
*(n —n gy —nAx(k
Q():“N—&-l Q_Zukﬂ QB() (28)
k=n

where Q* = Q*(N+1),

We see that the two wave amplitudes Q™ and Q*™ depend on the
wave amplitudes of the first and the last periods (Q and Q*) and the wave
amplitudes of the external loads Qg) and ng) which are calculated by
equation (24). Next, we will use these relations to obtain the responses by

using two different approaches.

4. Analysis of a complete structure

4.1. DSM approach

The principle of the DSM approach is to establish the relation between
the DOFs and nodal loads of the left end u® and the right ends u~*Y by

using the wave decomposition. This relation is also yielded from the stiffness

9
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matrix of the whole structure with the help of FEM and this is the reason of
the name of the approach.
For the first and the last period of the structure, we obtain the following

results from equations (26) and (28)

N
@+ @MNQ Q1+ @ ZukaQ(El:)
k=1
K (29)
u(l) _ (I)Q o @*MNQ* + P* Z“kQ;’(k)
k=1

Then by multiplying the aforementioned equation with ®*7'J for the first line

and ®7J for the second line, we obtain

N
& T JuN+D — “NQ + Z“N—ngﬁ)
k=t (30)

N
@ I = pVQ - Y utQy”
k=1

In addition, we have Q = ®7TJu™ and Q* = ®7Ju™+V. Thus, by using
the definition of u® and u¥*1 in equation (12), we obtain

N
pN e — @ FNY = Ve al) + e el + Y pV QR

k=1
N (31)
_q)quF(Ll) +NN‘I,qTF(LN+1) _ (I,gq(Ll) _ #Nq)licq(LN'H) _ Zqugk)
k=1

(N+1) (V)

) and qj = qp - Thereforce, we

Otherwise, we have F(LNH) = —FE,%N

can rewrite the aforementioned equation to obtain the following result (see

Appendix A).

e qV
(fv | =Dr (fv | T Fr (32)
Fji dr

10
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where D7, Fr are the reduced dynamic stiffness and the external loads, which
are calculated by equations (A.4) and (A.5).

Equation (32) is the relation between the nodal loads and DOF at the
left and the right ends of the structure. When Fy = 0 (which means F(Ik) =
Fg) = 0), we obtain the same relation for the free loaded structure [2]. We
can combine this relation with the DSM of the rest of the structure to get
the reduced DSM of the whole structure or apply the boundary conditions

on the left and the right ends of the structure to calculate the response.

4.2. WA approach

The WA approach seeks to calculate the response via the wave amplitudes
from the boundary condition at the right and left ends of the structure.

Indeed, by combining equation (18) and (26), we obtain

n—1 N
n n— * —n yx n—k— k * —nyx(k
q(L)Z‘I’qM 1Q—‘I’qﬂN+1 Q +‘I’qZIll le(B)+(I)qZIl’k+l QB()
k=1

k=n

_F(Ln) — & Q — (I)}#NH—nQ* . anll'n_k_ng;) + d% i#kﬁ-l—nQ;(k)
k=1 k=n (33)
The aforementioned equation presents the responses in terms of wave am-
plitudes {Q, Q*}. We note that Qg), Q};(k) are calculated from the external
loads by equation (23). Therefore, if the boundary conditions are given on

N+ we can compute directly {Q, Q*} from these conditions.

u® and u!
Otherwise, if the periodic structure is linked to the other parts of the
structure, we can combine this wave decomposition with the dynamic equa-

tion of these parts. From the dynamic stiffness matrix at the left and right

11
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ends, we can write (see Appendix B)

—F'Y = Dq" +D,q, +DpFy + Fi) (34)
FYY = g+ Djag + DFS (35)

where ng is the external loads at the left end of the periodic structure. We
note that the second line of equation (35) does not have the equivalent term
because it is already taken into account at b™) defined in equation (12). By
substituting equation (33) with n = 1 and n = N +1 into the aforementioned

equations, we obtain
N

(®r — D®,) Q = (¥} — DP]) (uNQ* = @;ukcz;f’“) + Dyqy + DrFy + FS)
k=1

N
(B} + D*®)) Q* = (Bp + D*D,) (#NQ +> %u’“Q%”) +Diq + Dy Fy

k=1
(36)
Then we can rewrite equation (36) as follows
N
Q=C|p"Q -> pQp"| +F
k=
v (37)
Q =C |pQ+Y u" QY| +F
k=1
where
€= - Do, -] [De; - @]
F=—[Dd,— b []D)qqo + DpFo + Fg;;} .

C = - [D'®; + @3] DD, + B

F* = — [D*®, + ®] ' [Diq; + DiFy]

q

12
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Finally, we deduce from equation (37) to obtain

I, _(CMN Q F N (C,U:kQ*(k)
= +) b " (39)

—-Cuy 1, Q" F* - | CuNTRQy
Equation (39) permits to calculate the wave amplitudes {Q, Q*} from
the boundary conditions and external loads of the whole structure. Then the

response is calculated by using the wave decomposition in equation (33).

5. Examples

Figure 2: Fixed-free periodic beam subjected to dynamic loads

Let’s consider a beam of width 0.1m, thickness varied between 0.1-0.14m
and length of 2m as shown in Figure 2. The material parameter is given
by the Young’s modulus of 30GPa and the mass density of 2200kg/m?. The
beam is fixed at the left boundary and it is subjected to a pressure in an
interval between 0.3m and 0.4m . In this structure, the boundary conditions

are the following

q¥ =0, FNtD =g (40)

We use the DMS approach presented in section 3 to calculate the beam

responses. The beam is made of 20 substructures which are squares of di-

13
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184

mension ¢ = 0.1m and the same thickness. With the external load at the
third substructure, we have Qg) = Q;(k) = 0, Vk # 4. By using the finite
element method, we obtain the DMS of the substructure with the mesh as
shown in Figure 2. Then, by using the WFE, we can combine equations (32)
and (40), we obtain

¥y D O |, (41)
— T T
0 qpy Y

Thus, we can calculate qg%NH) from the second line of the aforementioned

equation and then the force F(Ll) from the first row.

1078

FEM

)

—

o
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Modulus of displacement (m

0 100 200 300 400 500 600 700 800
Frequency (Hz)

Figure 3: Response of the beam at the upper corner

Figure 3 shows the results obtained by WFE and the classical FEM for
the displacement in the frequency domain at the upper right corner of the
beam. We see that the WFE has the same quality as the FEM. Moreover,
the calculation time for WFE is 14.0s while 120.2s for FEM, equivalent to

88% of time reduction.

14
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Figure 4: Fixed-fixed pipeline subjected to dynamic pressures

We take another example of a pipeline under pressure as shown in Figure
4. The pipeline is a cylinder of radius 1m and thickness 5mm, made of steel
with Young modulus 210GPa and Poisson coefficient of 0.3. The cylinder
has two fixed ends and it is subjected to a dynamic pressure. We can use
the wave analysis by substituting the boundary condition into equation (38)
and obtain N
®,Q - 2" Q + @)Y Qi =0
R (42)
SQ - &;Q + @, p Q) =0
k=1
Then we can calculate Q and Q* from the aforementioned equation. The
response is calculated then by equation (33).

Figure 5 presents a comparison of the results between the finite element

method and the wave finite element method. The calculation time is reduced
from 1277,7s with FEM to 332,8s with WFE, that means a reduction of 76%
of calculation time.

6. Conclusions

This article presents a new technique of WFE for periodic structures

15
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Figure 5: Response of the pipeline

subjected to external loads. By using the recurrent relation between the left
and right boundaries of one period, we obtain a general formulation of the
response in terms of loads. For the DMS approach, the external loads is
represented by a global force in the reduced dynamic equation. For the WA
approach, the loads on each period create the waves to the left and right sides
of the structures. Moreover, the numerical application proves the efficiency

of WFE in term of calculation time in comparing with classical FEM.

Appendix A. Calculation of DSM approach

We can rewrite equation (37) in the matrix form as follows

MN(I);T (I);T Fg) B _MNq)}T (I)}T qg)

o el | | FY of e ] e ]
N ukang)
+Z kyvx(k)
k=1 niQ



208 Moreover, by substituting equation (24) into the aforementioned equation,

200 We obtain

N “N—ng) B “N—k:—i—lq);T #N—kq)ZT DLI 0 ng)
k=1 Mngk) pler prel Dprr I FSZ%

210 In the other hand, by using equation (23) we obtain the following result

211 (See [2])
prey e || phet e Dy, 0
(I)T [I,N(I’T (I)T [I,NCDT 0 DRR
" " - ! (A.3)
N “N—IQZT uq);T DRL 0
Mq)g [‘llNilq)g1 0 D.r

22 By substituting equations (A.2), (A.3) into equation (A.1l), we obtain the
23 result in equation (32) with the global stiffness matrix Dy and global external

au force Fr calculated by

-1

Dy, 0 & TpNET T
Dy — LL n e B Py «
0 DRR I @;T,U,N¢5
q);—TuN—lq)gT QZ_T‘U,@;T Dg;, 0 (A4>
&, Tud” & TN 9T | | 0 Dy
-1
L SSONT S

-7, N&T
I L TRl
*— —k— * *— — * k
‘I’q T“N k 1(I)qT (I)q T“N k(I)qT D;; 0 Fg)
o | @ Tuter &, TuteT Dpr I | | FS)

25 with [-]77 denotes for the inverse of the transpose matrix.

17



26 Appendix B. Calculation of WA approach

217 For the left end of the structure, we can write the dynamic equation as

218 fOHOWS

(D) D1)er (D1)rs q(Ll) —Fgo) — F(Ll)
(D1)1L (Dl)n (Dl)IB qir = F, (B 1)
(D1)pr (D1)gr (D1)ss do Fip
219
(Do)rr (D2)rr (Da)gs | | af FyY
(D2)ir (D2)ir (Da)rs Qo1 = F; (B.2)
(Dz)BR (Dz)BI (DQ)BB qa Fyp

20 From the first line of the aforementioned equations, we can write

_ng - F(Ll) = <D1>LLq(Ll) + (D1)zrair + (D1) B0 (B.3)
FNY = (D9) praM ™ + (Dy) rrcar + (D2) s (B.4)

21 In addition, from the second line of equations (B.1) and (B.2), we have

qir = (Dl)ZIl [FO - (Dl)ILq(Ll) - (Dl)IBqO] (B-5)
Q@ = (D2)g; [FS — (D) g — (D2)IBq6] (B.6)

22 Then, by combining equations (B.5) and (B.6), we obtain

—FY = Dq'" +D,qy + DrFy + Fi) (B.7)

FY = gy Y + Digp + DS (B.8)
23 where

D = (Di)rr — (D1)r(D1)7; (Dy)ir (B.9)

D, = (D1)rp — (D1)wr(D1)77 D)1z (B.10)

Dr = (Dy)w(D1);} (B.11)
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and

D* = (D2)rr — (D2)ri(D2)7; (Da)rr (B.12)
D} = (D2)rs — (D2)rr(D2);; (D1)ir (B.13)
Dy = (D2)ri(D2)ir (B.14)
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