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Université Gustave Eiffel, CNRS

77420, Champs-sur-Marne, France
denis.duhamel@enpc.fr

Gilles Foret
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In a railway track, the sleeper’s responses on a non-homogeneous foundation have been
investigated by researchers focusing on the foundation behavior along the rails. However,
the foundation can also vary along the sleeper length, particularly when the track is
newly tamped. The foundation at the sleeper center is often weaker than those under

∗Corresponding author.
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the rails and this non-homogeneity directly affects the sleeper responses. This paper
presents a new model to calculate the influence of such foundations on the dynamic
responses of the railway sleepers. This model is developed by combining a finite element
model for the sleepers and foundation and a model of periodically supported beams
subjected to moving loads for the rails. In this paper, the foundation contains three
parts with different mechanical behaviors. The sleeper’s responses can be calculated
by transforming the finite-element dynamic stiffness matrix to the one considering the
boundary conditions and the relation between the rail seat forces and rail displacements
governed by the beam model. This method reduces all the degrees of freedom of the
railway track to its one period which gives a substantial reduction in computational time.
The numerical applications show that the more homogeneous (so-called consolidated)
the foundation is, the larger the sleeper strain is at its center. This result shows the
potential application of the sleeper responses to estimating the consolidation level of the
foundation.

Keywords: Railway; sleeper; non-homogeneous foundation; semi-analytic method; con-
solidated ballast.

1. Introduction

Railway sleepers are transverse beams laying on ballast to support and secure the

rails, providing safe navigation of rolling stock. In this article, we study the influ-

ence of the foundation on the dynamic responses of sleeper. We consider that the

foundation behavior varies along the sleeper length as shown in the Fig. 1.1 When

the track is tamped, the part of the ballast inside the two rails is normally less

stiff than that at the rail positions. Over time, the ballast deteriorates, the middle

part is densified and its stiffness increases (so-called the cosolidated ballast). By

studying the sleeper responses in difference cases, we can deduce the evolution of

ballast/foundation.

(a) Newly tamped (b) Partially consolidation (c) Homogeneous

Fig. 1: Evolution of railway foundation

For this purpose, we have developed an semi-analytical model for a railway

track. There are numerous models for the mechanical behaviors of railway tracks.

Among these methods, the most widely used are the analytical methods based on a

beam posed on a homogeneous foundation2–7 or a periodically supported beam.8–11

However, these methods are limited to simple foundation models such as Winkler

or Kelvin-Voigt foundation. Non-linear foundations have been studied by different

techniques. Ding et al.12 used a Runge-Kutta method to calculate the dynamic

responses of a beam on a nonlinear foundation. The importance of non-linearity
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of the track support system on the overall behavior has been demonstrated by

Sadeghi and Fesharaki.13 In this work, the track response was calculated at any

time step from the responses obtained for the previous step by an iteration method

which is presented by Morino et al.14 In 2016, Hoang et al.15 used a harmonic bal-

ance method for periodically supported beams on a nonlinear foundation. Recently,

Yang et al.16 developed an explicit periodic nonlinear model for damaged founda-

tions which has been validated by FEM methods and the in-situ measurements. In

order to take into account the non-homogeneous nature of the track substructure,

the finite element method has been used in numerous studies.17–26 This method

is particularly useful to study the sleeper frequencies.27–30 By coupling an analyt-

ical and numerical model, Gustavson and Gylltoft31 studied the influence of crack

sleepers on a track response. Ruiz et al.32 used the same method to calculate track

responses by an implicit iteration. One limitation of the numerical methods is that

the dimensions of track components are not of the same scale (the rails are longer

than the sleeper and the dimension of foundation is much bigger than ones of sleep-

ers, rail pads and rails). This problem generates numerous degrees of freedom of

the railway track and it significantly increases computing time. Some studies have

been developed to reduce the number of degrees of freedom by different techniques.

The semi-analytical model has been shown to be a good approach for this type of

problem.33

The proposed model is based on the finite element method for the sleepers

together with the foundation and an analytical model for the rails and the rail pads.

The foundation consists of three parts with different mechanical behaviors to model

the non-homogeneity. By substituting the boundary condition of the foundation into

the dynamic equation of the FEM model, we obtain the first relation between the

rail seats displacements and forces. On the other side, we have the second relation

between these displacements and forces from the analytical model applying each

rail subjected to moving loads.34 By combining these two relations, the sleeper

response can be calculated in the frequency domain and then the time domain. The

numerical applications show the coherence between the numerical and analytical

models in the case of homogeneous foundations. In the case of non-homogeneous

foundation, the results show that when the foundation is more consolidated, the

strain is more important at the sleeper center. Moreover, we have studied the sleeper

response when the loads are unequal at the two rails.

2. Formulations

Let us consider a railway track with a sleeper posed on a visco-elastic foundation

as shown in Fig. 2a. In this figure, the rail is modeled as an infinite beam subjected

to moving loads using the Euler-Bernoulli’s beam model (this model is presented in

Appendix B). We will compute the dynamic responses of the sleepers by considering

only one period of the track as shown in Fig. 2b.
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(a) Railway track in 3D (b) Numerical model of the sleeper and
foundation

Fig. 2: Coupling of analytical and numerical models

By using FEM, we obtain the dynamic equation of the substructure as follows:

Mü(t) + Cu̇(t) + Ku(t) = F(t) (2.1)

where M, C and K are the mass, damping and stiffness matrices of the sleeper and

foundation respectively, u(t) and F(t) are the nodal displacements and forces in the

time domain. (�̇) denotes the partial derivative with respect to time. By using the

Fourier transform, Eq. (2.1) can be rewritten in the frequency domain as follows:

D(ω)û(ω) = F̂(ω) (2.2)

where ω is the angular velocity and

D(ω) = −ω2M + iωC + K (2.3)

We denote that the index L, R, B , R1 , R2 and I represent respectively the degrees

of freedom (DOF) of the foundation and sleeper at the left boundary, at the right

boundary, at the bottom boundary, contact surface rail 1 boundary, contact surface

rail 2 boundary and the others (see Fig 2b). By taking into account the boundary

condition at the base ûB = 0 and no force density at the interior nodes (F̂I = 0),

Eq. (2.2) can be rewritten as follows:



DR1R1 DR1R2 DR1L DR1R DR1I

DR2R1
DR2R2

DR2L DR2R DR2I

DLR1
DLR2

DLL DLR DLI

DRR1
DRR2

DRL DRR DRI

DIR1
DIR2

DIL DIR DII







ûR1

ûR2

ûL
ûR
ûI




=




F̂R1

F̂R2

F̂L
F̂R
0




(2.4)

In the steady-state, we suppose that the responses of the track period are un-

changed when the moving forces come and leave this interval but with a delay which

is equal to the time for the force to cover the length of the track interval (so-called

the steady-state condition):




uR(t) = uL

(
t+

L

v

)

FR(t) = −FL

(
t+

L

v

) (2.5)
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Influence of non-homogeneous foundations on the dynamic responses of railway sleepers 5

where L and v are the length of the interval and moving force speed respectively.

By using the Fourier transform, Eq. (2.5) can be rewritten as follows:
{

ûR = ûLe( iωL
v )

F̂R = −F̂Le( iωL
v )

(2.6)

By substituting the Eq. (2.6) into Eq. (2.4) and transforming the rows and

columns of the dynamic stiffness matrix, we can obtain the following result (the

detail is shown in Appendix A):



DR1R1 DR1R2 D̃R1L DR1I

DR2R1
DR2R2

D̃R2L DR2I

D̃LR1
D̃LR2

D̃LL D̃LI

DIR1 DIR2 D̃IL DII







ûR1

ûR2

ûL
ûI


 =




F̂R1

F̂R2

0

0


 (2.7)

Eq. (2.7) represents a reduced stiffness matrix in the steady-state. In this equa-

tion, we have to calculate the two reaction forces applied on the sleeper F̂R1
and

F̂R2 . We suppose that all DOF in the rail-sleeper contact surface have the same

vertical displacement, hence we have:



∀i ∈ SR1
: ûi = ŵR1

and F̂R1
=
∑

i

F̂R1i
= −R̂1

∀i ∈ SR2
: ûi = ŵR2

and F̂R2
=
∑

i

F̂R2i
= −R̂2

(2.8)

where SR1
, ŵR1

, R̂1, SR2
, ŵR2

and R̂2 are the surface, displacement and reaction

force applied on the sleeper at the rail seat 1 and 2 respectively. Therefore, if we

denote dik and dki the rows and columns of the matrix DSM corresponding to F̂R1i

and ûi respectively, we have:

F̂R1i
=
∑

k

dikûk (∀i ∈ SR1
) (2.9)

By substituting Eq. (2.9) into the Eqs. (2.8), we can rewrite :

−R̂1 =
∑

i∈SR1

(∑

k

dikûk

)
=
∑

k


 ∑

i∈SR1

dik


 ûk =

∑

k

d̃SR1
kûk (2.10)

where d̃SR1
k =

∑

i∈SR1

dik. Hence, Eq (2.10) defines a new row of DSM which is the

sum of all rows corresponding to the nodal force F̂R1i
with i ∈ SR1

. This equation

deals with the contact of the rails and the sleeper. In the same way, we can have:

F̂R1k
=
∑

i/∈SR1

dkiûi +
∑

i∈SR1

dkiûi(∀k) (2.11)

By substituting Eq. (2.8) into Eq. (2.11) we obtain:

F̂R1k
=
∑

i/∈SR1

dkiûi +


 ∑

i∈SR1

dki


 ŵR1 =

∑

i/∈SR1

dkiûi + d̃kSR1
ŵR1 (2.12)
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where d̃kSR1
=
∑

i∈SR1

dki.

Eq. (2.12) defines a new column of DSM which is the sum of all columns cor-

responding to the DOF ûi with i ∈ SR1
. In a similar way, we can also calculate

the new row d̃SR2
k and column d̃kSR2

of DSM which are the sum of all rows for

the contact surface SR2
. Thereafter, we can replace these rows and columns into

Eq. (2.7) and obtain:




D∗R1R1
D∗R1R2

D̃∗R1L
D∗R1I

D∗R2R1
D∗R2R2

D̃∗R2L
D∗R2I

D̃∗LR1
D̃∗LR2

D̃LL D̃LI

D∗IR1
D∗IR2

D̃IL DII







ŵR1

ŵR2

ûL
ûI


 =




−R̂1

−R̂2

0

0


 (2.13)

By substituting the last two rows and columns of the Eq. (2.13) into the two

first rows and columns, we can deduce:

[
R̂1

R̂2

]
= −D̃s

[
ŵR1

ŵR2

]
(2.14)

where :

D̃s = DNN −DNMD−1MMDMN (2.15)

with the four matrices DNN , DNM , DMM and DMN :

DNN =

[
D∗R1R1

D∗R1R2

D∗R2R1
D∗R2R2

]
DNM =

[
D̃∗R1L

D∗R1I

D̃∗R2L
D∗R2I

]

DMN =

[
D̃∗LR1

D̃∗LR2

D∗IR1
D∗IR2

]
DMM =

[
D̃LL D̃LI

D̃IL DII

]

Now, we may also use the analytical model of periodically supported beam which

permits us to obtain a relation between the sleeper displacements and reaction forces

in the steady-state condition (see Appendix B):

H

[
R̂1

R̂2

]
=

[
ŵR1

ŵR2

]
+

[
ŵQ1

ŵQ2

]
(2.16)

where the expressions of two functions ŵQ1 , ŵQ2 are shown in Eq. (B.6).

By substituting Eq. (2.16) into Eq. (2.14), the sleeper reaction forces can be

determined as follows:
[
R̂1

R̂2

]
=
(
H + D̃−1s

)−1 [ŵQ1

ŵQ2

]
(2.17)

Eq. (2.17) permits us to calculate the sleeper reaction forces. Then, we can

compute the model response by using eq. (2.13). Thus, this model can calculate the

track responses without involving all DOF of the railway track.
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3. Numerical applications

3.1. Comparison with analytical results

In this example, we compare the sleeper response in the case of homogeneous foun-

dation with the analytical model of a railway sleeper by Tran et al.6 which is a

uniform beam on a Kelvin-Voigt’s foundation. For the numerical model of a uni-

form beam the dimensions are: 2.41 m×0.24 m×0.2m posed on an elastic foundation

of dimensions: 3 m×0.6 m×0.8m.The foundation parameters are: Young’s modulus

Ef = 125 MPa, density 1900 kgm−3 and Poisson’s coefficient 0.24. We note that

the width of the foundation corresponds to the sleeper spacing. The mesh is gener-

ated by using a linear brick element with reduced integration (C3D8R) with: 21720

elements and 24662 nodes using ABAQUS software. The nodal displacements at

the bottom foundation are fixed. The track parameters for the analytical model are

given in Table 1. We calculate the sleeper responses in two cases: symmetric loads

(Q1 = Q2 = 100 kN) and dis-symmetric loads (Q1 = 80 kN, Q2 = 100 kN).

Table 1: Parameters of the railway track

Parameters Unit Notation Value

Young’s modulus of rail GPa Er 210
Cross-sectional moment inertia of rail m4 Ir 3×10−5

Rail density kgm−3 ρr 7850
Rail section area m2 Sr 7.69 × 10−3

Track gauge m 2a 1.435
Stiffness of rail pad MNm−1 krp 192
Damping coefficient of rail pad MNsm−1 ζrp 1.97
Train speed kmh−1 v 150
Sleeper spacing m L 0.6
Young’s modulus of sleeper GPa Es 48
Cross-sectional moment inertia of sleeper m4 Is 1.69×10−4

Density of sleeper kgm−3 ρs 2658

Fig. 3a presents the comparison of the sleeper reaction forces by the numerical

and analytical models for symmetric loads. In this case, the reaction force at the

two rails are almost equal (48.35 kN for the analytical result and 48.47 kN for

the numerical result). Meanwhile, the sleeper displacements from the two methods

agree well (see Fig. 3b) with a maximum difference of 2.7% located at the rail seats.

The results for the dis-symmetric loads are shown in Fig. 4. The difference of

the sleeper displacements at the two rail seats of the two models are 3.7% and 1.8%

as shown in Fig 4b. We can conclude that the two models agree well. The small

difference at the rail seat could be explained by the limit of the beam theory and

the Kelvin-Voigt’s foundation.

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

10
/1

0/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



September 1, 2020 9:51 IJSSD-D-20-00185

8 Tran et al.

(a) Reaction force (b) Displacement

Fig. 3: Sleeper responses with symmetric loads by the analytical and numerical

models

(a) Reaction force (b) Displacement

Fig. 4: Sleeper responses with dis-symmetric loads by the analytical and numerical

models

3.2. Influence of non-homogeneous foundation

Now, we take into account the real dimensions of an M450 sleeper produced by

SATEBA.

In this example, the partially consolidated foundation is modeled by 3 parts

of different material parameters as shown in Fig. 5a. The evolution of the ballast

can be written as 3 stages: newly tamped, partially consolidated and completely

consolidated as shown in Fig 1. In this paper, the studied problem is limited to the

case of non-homogeneous symmetric foundation which means that the 2 parts on

the left and right have the same Young’s modulus Ef meanwhile the middle part

is considered more flexible than the other with Young’s modulus Em. A factor of

consolidation kc which describes the foundation behaviors is introduced as follows:

kc =
Em
Ef

(3.1)

The value of this factor of consolidation kc is according to the convention below:

• kc � 1: Foundation is newly tamped (Fig. 1a).
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(a) Three parts of a non-homogeneous
foundation

(b) Mesh of the finite element model

Fig. 5: Model of an M450 sleeper on a non-homogeneous foundation

• kc ∈ [0, 1] : Foundation is partially consolidated (Fig. 1b).

• kc = 1 : Foundation is completely consolidated (homogeneous) (Fig. 1c).

3.2.1. Comparison with the homogeneous foundation

Firstly, an example of the influence of non-homogeneous foundation on the sleeper

responses will be presented with the factor kc = 0.3 (Em = 37.5 MPa and Ef = 125

MPa). The loads are dis-symmetric and the others parameters of the track are shown

in Tab. 1. The mesh of the model which contains 79360 elements and 84190 nodes

is shown in Fig. 5b.
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(b) Non-homogeneous foundation

Fig. 6: Comparison of sleeper displacement subjected to the dis-symmetric moving

loads for the two cases of foundation

Fig. 6 shows the comparison of sleeper displacements under a dis-symmetric

loads for the two cases of foundation homogeneity with the help of Paraview software

(consolidated foundation (Fig. 6a) and partially consolidated foundation (Fig. 6b)).
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These figures demonstrate visually the influence of the foundation state on the214

sleeper response.215

Moreover, Fig. 7a shows that the sleeper reaction forces of the non-homogeneous216

foundation are smaller than the ones of the homogeneous foundation (39.55 kN and217

49.68 kN at the two rail seats to compare with 40.94 kN and 51.13 kN). Meanwhile,

(a) Reaction force (b) Sleeper deflection

Fig. 7: Influence of the non-homogeneous foundation on the sleeper responses under

dis-symmetric moving loads

the sleeper deflections are shown in the Fig. 7b. In the case of dis-symmetric loading,

we see that the sleeper deforms more when the foundation is consolidated.

3.2.2. Parametric study

In the previous section, we see clearly that the non-homogeneous foundation influ-

ences on the sleeper responses, especially at its center. Now, we study the evolution

of the sleeper strain in its lifespan by computing the track responses with different

consolidation factors kc in the interval [0; 1]. This work is still limited to the case of

non-homogeneous symmetric foundation. We consider two cases for Young’s mod-

ulus on the left and right parts: Ef = 50 MPa and Ef = 175 MPa. The Young’s

modulus of the middle part of the foundation Em is given by the factor kc via

Eq. 3.1. The sleeper is subjected to symmetric moving loads.

Fig. 8 presents the sleeper strain in the longitudinal direction of the sleeper, at

the distance zs = −42mm from the neutral axis when the moving loads pass. The

5 lines (blue, red, green, yellow and violet) in this figure correspond respectively

to the different factors: kc = [0.1; 0.3; 0.5; 0.7; 0.9]. We note that the sleeper strains

obtained at the rail-seats are almost unchanged. The difference of strain at the

positions is 2.3%. However, the sleeper strain in the middle part is highly dependent

on the consolidation of the foundation. When the foundation is newly tamped

(kc = 0.1), the middle part of the sleeper does not deform. The strain at the center

is 0.18 µdef (for Ef = 50 MPa) and -4.2 µdef (for Ef = 175 MPa). Meanwhile,

when kc = 0.9 (which means that the foundation is almost homogeneous), this part

is in compression with the strain at the center calculated as -28 µdef (for Ef = 50
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Fig. 8: Influence of the factor of consolidation kc on the sleeper strain

MPa) and -30 µdef (for Ef = 175 MPa).

The dependence of the sleeper strain on the consolidation of the foundation

demonstrate that the middle part of the sleeper is very sensitive to the foundation

state. The more consolidated the foundation is, the larger the sleeper strains are.

This result shows the importance of the tamping process for the sleeper health.

4. Conclusions

A semi-analytical model for a railway track has been proposed to study the influence

of the non-homogeneity of foundation on the dynamic responses of the sleepers. The

ballast of this model consists of three parts with different stiffnesses. The numeri-

cal results show the difference between the sleeper responses with a homogeneous

(consolidated) foundation and non-homogeneous (newly tamped and partially con-

solidated) foundation. Precisely, the sleeper posed on the homogeneous foundation

deforms much more than the sleeper posed on the non-homogeneous foundation. In

addition, a parametric study shows that the sleeper strain at the center of sleeper

depends highly on the level of consolidation of the foundation. This part deforms

only slightly and in tension when the track is newly tamped, meanwhile it is in com-

pression in the case of a homogeneous foundation. This phenomenon can be used

to determine the level of consolidation of the foundation from the measurement in-

situ with the help of an integrated sleeper. We emphasize that this computational

method considers only one track period, thus we reduce the number of track DOF

which leads to a reduction of the calculation time in comparing with classical FEM.
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Appendix A. Transformation of the dynamic stiffness matrix

By replacing Eq. (2.6) into the Eq. (2.4), we can get a new system of equations:





DR1R1 ûR1 + DR1R2 ûR2 + DR1LûL + DR1RûLe( iωL
v ) + DR1I ûI = F̂R1

DR2R1
ûR1

+ DR2R2
ûR2

+ DR2LûL + DR2RûLe( iωL
v ) + DR2I ûI = F̂R2

DLR1 ûR1 + DLR2 ûR2 + DLLûL + DLRûLe( iωL
v ) + DLI ûI = F̂L

DRR1
ûR1

+ DRR2
ûR2

+ DRLûL + DRRûLe( iωL
v ) + DRI ûI = −F̂Le( iωL

v )

DIR1 ûR1 + DIR2 ûR2 + DILûL + DIRûLe( iωL
v ) + DII ûI = 0

(A.1)

By mutiplying the 4th equation of the system of Eqs. (A.1) with e−
iωL
v , then

adding its product into the 3rd equation of the same system of equations, we can

obtain:




DR1R1
ûR1

+ DR1R2
ûR2

+ D̃R1LûL + DR1I ûI = F̂R1

DR2R1
ûR1

+ DR2R2
ûR2

+ D̃R2LûL + DR2I ûI = F̂R2

D̃LR1 ûR1 + D̃LR2 ûR2 + D̃LLûL + D̃LI ûI = 0

DIR1
ûR1

+ DIR2
ûR2

+ D̃ILûL + DII ûI = 0

(A.2)

where :




D̃LL = DLL + DLRe( iωL
v ) + DRLe(− iωL

v ) + DRR

D̃LR1 = DLR1 + DRR1e(− iωL
v ), D̃R1L = DR1L + DR1Re( iωL

v )

D̃LR2
= DLR2

+ DRR2
e(− iωL

v ), D̃R2L = DR2L + DR2Re( iωL
v )

D̃LI = DLI + DRIe
(− iωL

v ), D̃IL = DIL + DIRe( iωL
v )

(A.3)

Appendix B. Periodically supported beam model

The periodically supported beam is shown in Fig. 9.

When the rails are modeled by periodically supported beams, Hoang et al.5,15

demonstrated a relation between the reaction force R̂k(ω) on each rail k and the

rail displacement in the frequency domain. This relation is developed for two types
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Qj Q1

l
Rn

v
Dj

−∞ +∞

Fig. 9: Periodically supported beam model

of beam model for the rail: Euler-Bernoulli’s beam, and Timoshenko’s beam and it

is written as follows:

R̂k(ω) = K(ω)ŵ[k]
r (ω) +Qk(ω) (B.1)

where ŵ
[k]
r are displacements of the rail k at the sleeper position (k ∈ [1, 2]). The

constants K(ω), Qk(ω) are the equivalent stiffness and the equivalent charges of

the two rails respectively which are determined in the case of the Euler-Bernoulli’s

beam model as follows:



K(ω) = 4λ3rErIr

[
sin lλr

cos lλr − cos ωlv
− sinh lλr

cosh lλr − cos ωlv

]−1

Qk(ω) =
K(ω)

vErIr

[(
ω
v

)4 − λ4r
]
K∑

j=1

Q
[k]
j eiω

Dj
v

(B.2)

where λr = 4

√
ρrSrω2

ErIr
. The parameters Er, Ir, ρr, Sr are the Young’s modulus,

cross-sectional inertial, density, cross-sectional area of rail respectively and l is the

track gauge. The moving load parameters are characterized by the train speed v,

the vertical loads on each rail Q
[k]
j , the wheel number K and the wheel positions Dj .

We remark that the equivalent stiffness K(ω) depends only on the rail parameters

and the moving forces.

Let ŵRk
(ω) be the sleeper displacement in the frequency domain at two rail

seats positions x = ±a of the sleeper, the forces R̂k(ω) can be expressed by the

constitutive law of the rail pads in the frequency domain as follows:

R̂k(ω) = −kp
(
ŵ[k]
r (ω)− ŵRk

(ω)
)

(B.3)

where kp = krp + iωζrp is the dynamic stiffness of the rail pad and krp, ζrp are the

stiffness, damping coefficients of the rail pads respectively. By substituting Eq. (B.1)

into Eq. (B.3), we obtain:

R̂k(ω) =
kpK
kp +K ŵRk

(ω) +
kp

kp +KQk(ω) (B.4)

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJSSD

In
t. 

J.
 S

tr
. S

ta
b.

 D
yn

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

10
/1

0/
20

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



September 1, 2020 9:51 IJSSD-D-20-00185

14 Tran et al.

Eq. (B.4) can be also expressed in the other form:

ηKR̂k = ŵRk
+ ŵQk

(B.5)

where the two functions ηK and ŵQk
are calculated as follows:





ηK =
kp +K
kpK

ŵQk
=

1

vErIr

[(ω
v

)4
− λ4

]
K∑

j=1

Q
[k]
j e−iω

Dj
v

(B.6)
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