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ABSTRACT

In the last decades, designs of most incandescent sources have been realized by heating the whole device. Here
we propose a novel approach consisting in taking advantage of hot nanoemitters that can be cooled in a few
tens of nanoseconds. It offers a new opportunity for high speed modulation and for enhanced agility in the
active control of polarization, direction and wavelength of emission. To compensate the weak thermal emission
of isolated nanoemitters, we propose to insert them in some complex environments, such as e.g. the gap of
cold nanoantenna, which allow a significant thermal emission enhancement of the hot nanovolume. In order to
optimize this kind of device, a fully vectorial upper bound for the thermal emission of a hot nanoparticle in a
cold environment is derived. This criterion is very general since it is equivalent to an absorption cross-section
upper bound for the nanoparticle. Moreover, it is an intrinsic characteristic of the environment regardless of the
nanoparticle, so it allows to decouple the design of the environment from the one of the hot nanovolume. It thus
provides a good figure of merit to compare the ability of different systems to enhance thermal emission of hot
nanoemitters.

Keywords: Nanophotonics, Active and tunable device, Infrared, Nanoantenna, Thermal emission, Absorption,
Plasmonics, Local Density of Optical States

1. INTRODUCTION

Several applications such as energy conversion,1–3 gas detection,4 or radiative cooling5,6 requires a precise control
of the thermal emission in the infrared. In recent decades, researchers have demonstrated incandescent sources
that exhibit monochromatic, directional, and even fast modulated infrared emission.7–13 Yet the modulation of
thermal emission at a rate faster than a few hundreds of kHz is a further challenge that has not been achieved.
It would be particularly useful for short range communications applications such as remote control or wireless
LAN communication systems. According to Kirchhoff’s law, thermal emission is the product of the absorptivity
and the blackbody spectral radiance at the working temperature. Modulation of thermal emission can thus
be obtained by dynamically tuning either the absorptivity of the device14–16 or its temperature.17 Electrical
modulation of the emissivity of a stack of quantum wells has allowed modulating thermal emission at a record
rate of 600 kHz.16 However in this kind of device, the modulation speed is limited by parasitic resistances and
capacitances in the semiconductor layers.

In order to reach higher modulation speeds we propose a novel approach that consists in heating only nanoscale
volumes whose cooling times can be extremely fast.18 Indeed, the thermal diffusion time constant of an object of
size h is proportional to h2/D, with D the thermal diffusion coefficient. Hence a cubic volume of matter with a
100 nm size has a characteristic diffusion time in the range of a few tens of nanoseconds – the diffusion coefficient
being on the order of 10−6m2.s−1 for most non-metallic materials. Such short thermal timescales should enable
modulation speeds as fast as a few tens of MHz.
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Figure 1. Device general principle: a cubic hot nanoemitter is inserted in the gap of a dimer nanoantenna and deposited
on a substrate. The heating of the nanovolume can be obtained electrically with a metallic wire of varying width: the
width is chosen narrower below the nanoemitter so that the electric resistance locally increases allowing to dissipate heat
by Joule effect at this precise location.

However, the thermal emission in the infrared of these isolated and sub-wavelength nanoemitters is weak.
To design their emission in a cold environment, a local Kirchhoff law has to be used due to the anisothermal
nature of the proposed device: it indicates that the problem is equivalent to optimize the nanovolume absorption
cross-section in its complex environment.19 To compensate the weak absorption inside subwavelength objects,
different strategies can be used. In particular, the absorber properties, the illumination, or the environment can be
engineered. Many works have been dedicated to the optimization of the absorption by a single nanoparticle.20–26

For an absorber in a homogeneous medium, the physical bounds of the problem are known; they depend on
the multipolar character of the particle. The maximum absorption cross-section of a molecule or a nanoparticle
that behaves like a pure electric dipole (dipolar approximation), is 3λ2/(8πn2), with λ the wavelength and n
the surrounding refractive index.20,23 This upper bound can only be reached if the absorber polarizability α
matches a precise value, αopt = i3λ3/(8π2n). Subwavelength particles that go beyond the dipolar approximation
offer additional degrees of freedom and are governed by different physical bound.21–26 Plunging the absorber
(or hot nanovolume) in a complex medium or modifying the illumination offers additional possibilities to tailor
the absorption.27,28 In this work, we consider a subwavelength hot nanovolume in a complex environment
(inhomogeneous or not) as depicted in Fig. 1. According to the local Kirchhoff’s law , we focus on the absorption
inside the hot nanovolume and do not discuss dissipation in the surroundings, if any. To fully exploit the control
possibilities offered by the environment, it is crucial to know what is the relevant figure of merit. The absorption
density is proportional to the local electric-field intensity |E(r)|2,29 which results from the environment and the
absorber. It is highly desirable to decouple both contributions to provide a figure of merit that is intrinsic to the
environment. Only then can we properly compare the ability of different structures to modify absorption.

In this work, we derive a general upper bound for the power dissipated in a subwavelength absorber (or
equivalently the power emitted by a hot nanoemitter) surrounded by any complex inhomogeneous environment.
Owing to its subwavelength dimensions, the absorber is treated in the electric-dipole approximation. On the
other hand, the electromagnetic properties of the environment are treated rigorously without any approximation.
The upper bound is independent of the absorber; it entirely depends on the environment and the illumination.
Thus, it provides a relevant figure of merit for comparing the ability of different systems to enhance absorption
(or thermal emission). This figure of merit results from the interplay between two electromagnetic properties
of the environment, the field enhancement and the Green tensor. We also discuss under which conditions the
system can reach the upper bound. This theoretical formalism is finally applied to the design of a high-speed
modulation incandescent source. In particular, three kind of environments for the hot nanovolume are compared:
a plasmonic dimer nanoresonator, a Yagi-Uda nanoantenna and a L-shape nanoantenna.



2. RESULTS

2.1 Kirchhoff’s law applied to an anisothermal structure

In contrast to previous works, the approach proposed in this paper relies on the use of anisothermal structures
where only nanoscale volumes are heated while the rest of the device remains at lower temperatures. The usual
Kirchhoff’s law is established for thermodynamic equilibrium and cannot predict thermal emission of complex
structures composed of different parts at different temperatures. In this case, the theoretical study has to be
realized in the framework of a generalized version of Kirchhoff’s law. It is indeed possible to establish the equality
between the local emission rate in one specific direction, wavelength and polarization and the local absorption rate
for the same wavelength, polarization and direction for any finite-size body with arbitrary geometry.19,30 In this
generalized version of Kirchhoff’s law applied to an anisothermal structure where only a small part is hot while
the rest of the device is cold, the key physical quantity is the absorption cross-section. Since the temperature to
be taken into account is the temperature at the point of interest, we have to consider the absorption cross-section
associated to the hot nanovolume and not the cross-section of the whole structure. It is given by:

σa(u, ω) =
ω

2P0

∫
Ve

Im(ε)|E|2d3r. (1)

where ω is the frequency, P0 is the norm of the Poynting vector of the incident plane wave, ε is the dielectric
permittivity of the material, E is the total electric field and Ve is the volume of interest, i.e. the nanoscale volume
that will be heated. We can define the local absorption cross section as:

ρa(r,u, ω) =
ωIm(ε)|E|2

2P0
. (2)

The power emitted by the hot nanovolume Ve is then given by:

Pe(u, ω) =

∫
Ve

ρa(r,u, ω)IB(ω, T (r))d3r. (3)

where IB(ω, T (r)) is the spectral radiance of a blackbody.19,30

If we assume a constant temperature in the nanovolume Ve, we obtain Pe = σaIB(T ). It evidences that
in order to increase the extraction of thermal power from a given object, one needs to increase its absorption
cross-section. Therefore in the following discussions, we focus on the calculation of σa given by Eq. 1. Hereafter,
we refer to the volume Ve as the nanoemitter or as the absorber.

2.2 General considerations on absorption of a nanoparticle in a complex environment

Absorption by deeply-subwavelength and isolated objects is extremely weak. For instance, the absorption cross-
section at λ = 10 µm of a small cube of silicon nitride with a 200 nm side is on the order of 0.01 µm2, i.e. only
one fourth of its geometrical surface. In order to take advantage of the short thermal timescales offered by small
objects, we thus need to increase significantly the absorption in a given object whose typical size is on the order of
100 nm. In principle, the maximum absorption cross-section for a small object behaving as a pure electric dipole
is 3λ2/(8π) = 12 µm2 at λ = 10 µm. However, reaching this upper bound with a subwavelength nanosphere
whose polarizability is given by the quasistatic limit requires the use of a material with a relative permittivity
close to -2. In practice, obtaining an absorption cross-section of 3λ2/(8π) at λ = 10 µm with a sphere of radius
100 nm in air requires to fill the nanosphere with a relative permittivity equal to -2.0095+0.0005i. Such a precise
value is impossible to find with realistic materials. It has been shown recently that absorption cross-sections
close to 3λ2/(8π) or even larger can be obtained with realistic materials,23 but with bigger objects that do not
behave as pure electric dipoles and that would have longer thermal timescales.

Plunging the absorber (or hot nanovolume) in a complex medium or modifying the illumination offers ad-
ditional possibilities to tailor the absorption.27,28 To fully exploit the control possibilities offered by the en-
vironment, it is crucial to know what is the relevant figure of merit. Let us underline that the link between
the thermal emission (or absorption) and the environment properties is more complex than the proportionality



relation between spontaneaous emission and LDOS. For an emitter coupled to a resonant cavity, the spontaneous
emission enhancement has a well-known upper bound, the Purcell factor, which is intrinsic to the resonator and
independent of the emitter.31–33 The upper bound is reached if emitter and resonator fulfill a few matching
conditions – spectral, spatial, and in polarization.33

In the case of absorption, let us start by the simple case where the absorber perturbs only slightly the
electromagnetic field. In this perturbation regime, the Born approximation can be used and the field inside
the absorber is asssumed to be equal to the field Eb provided by the environment alone, see Fig. 2b. In that
case, the absorption is simply proportional to the field enhancement |Eb|2/|Einc|2. Hence, hot spots are often
thought to provide large absorption enhancements and nanoantennas are often engineered for maximizing the
field enhancement they provide.34,35 However, if the presence of the absorber significantly affects the local field,
a perturbative treatment is not valid and the situation is more complex: the field enhancement is not the only
electromagnetic property of the environment that drives the absorption. For instance, it has been recently shown
that, in a scalar quasi-static case, the absorption cross-section is inversely proportional to the square of the LDOS
.27 The work in Ref.27 considers absorption in a given system absorber + environment but does not decouple
the contribution of the absorber from the impact of the environment. It does not study the physical bounds of
the problem. Until now, no upper bound – kind of Purcell factor analogue – has been derived for the problem
of an absorber in a complex environment.

Antenna theory provides a solution in one specific case. For an antenna receiving a signal from the direction
(θ, φ), the maximum absorption cross-section of the load is Ga(θ, φ)λ2/(4πn2), with Ga the antenna gain.36–38

This upper bound is reached if the load is impedance-matched with the antenna. The gain is defined for an
emitting antenna as the fraction of the wall-plug power radiated in the direction (θ, φ). Unfortunately, the
Gaλ

2/(4πn2) limit only applies to plane-wave illumination and to antennas working in the scalar approximation
when one component of the electromagnetic field is dominant. In cases where the vectorial nature of the electro-
magnetic field cannot be neglected, the problem remains open. Moreover, the antenna point of view highlights
the gain, whereas other derivations underline the field enhancement and the LDOS.27 It is thus important to
generalize existing results, while enlightening the link between them.

2.3 Derivation of an upper bound for an absorber in any complex environment

We consider the problem illustrated in Fig. 2(a). An absorbing subwavelength particle (in red) is placed in
a complex absorbing or non-absorbing environment (in green) and illuminated by an incident field Einc. We
focus on the absorption inside the particle. We consider passive materials and use the exp(−iωt) convention for
time-harmonic fields, with ω = 2πc/λ. The following derivations apply to any incident field and any environment
geometry. We refer to the environment as ”the antenna”, but no particular assumption is made on its geometry.

The total electric field can be written as E(r) ≡ Eb(r) + Es(r), where Eb is the field in the absence of the
absorber, see Fig. 2(b), and Es is the field scattered by the absorber. It is the field radiated by the current
source induced inside the absorber by the exciting field. We now make the sole assumption of our derivation. We
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Figure 2. (a) Subwavelength absorber (in red) in an arbitrary environment (in green, referred to as ”nanoantenna”)
illuminated by an incident field Einc. We focus on the absorption inside the particle. (b) Same problem without the
absorber. The field Eb is the field scattered by the environment alone.



assume that the subwavelength particle scatters light like an electric dipole p located at r = r0. The scattered
field is then Es(r) = µ0ω

2G(r, r0)p, with G the Green tensor of the antenna alone.

The power dissipated in the particle is the difference between extinction and scattering, Pa = Pe−Ps.29

Within the dipole approximation, Pe = − 1
2ωIm(p†Eb) and Ps = ωp†gp, with g ≡ 1

2µ0ω
2Im[G(r0, r0)] (see

Appendix A). It follows

Pa = −1

2
ωIm(p†Eb)− ωp†gp , (4)

where Eb ≡ Eb(r0) and p† is the conjugate transpose of p. The induced dipole is p = ε0α(ω)[Eb(r0) +
µ0ω

2S(r0, r0)p], with α(ω) the polarizability tensor of the particle and S = G − G0, G0 being the Green
tensor of the homogeneous medium of refractive index n that surrounds the particle.

In order to derive an upper bound that is independent of the absorber, we calculate the maximum of Pa =
f(p). In a complex medium composed of passive materials, the quantity ωu†gu gives the total electromagnetic
power emitted by the electric-dipole source u (see Appendix A). Therefore, u†gu > 0 whatever the vector u and
g is a semi-definite positive matrix. We now use this important property to derive the maximum of Pa = f(p).
For that purpose, we have to rewrite the dissipated power under the form Pa = −ωu†gu + A, where A is
independent of p. A few algebraic manipulations of Eq. (4) lead to (details can be found in Appendix B)

Pa = −ω
(
p† +

i

4
E†bg

−1
)
g
(
p− i

4
g−1Eb

)
+
ω

16
E†bg

−1Eb. (5)

Now the dissipated power takes the form Pa = −ωu†gu + A, with u = p − i
4g−1Eb and A = ω

16E†bg
−1Eb.

Since g is a semi-definite positive matrix, we know that −ω(p†+ i
4E†bg

−1)g(p− i
4g−1Eb) 6 0. This readily leads

to an upper bound for the absorption, which is independent of the absorber and depends only on the environment
and the illumination, Pa 6 Pmax

a , with

Pmax
a =

ω

16
E†bg

−1Eb . (6)

According to Eq. (5), the upper bound is reached for an optimal dipole popt = i
4g−1Eb. The optimal polarizability

that yields the maximum absorption is then (see Appendix C)

αopt(ω) =
c2

ω2

[
S∗(r0, r0)− i ωn

3πc
I
]−1

. (7)

with S∗ the conjugate of S. Any other polarizability in the same environment necessarily absorbs less light.
Equation (7) can be seen as a vectorial generalization of the usual scalar impedance-matching concept.36,39

We define the absorption efficiency ηa = Pa/Pinc as the fraction of the incident power that is absorbed inside
the particle. The maximum absorption efficiency is

ηmax
a =

ω

16

E†bg
−1Eb

Pinc
. (8)

If the incident field is a plane wave, we rather define a maximum absorption cross-section by normalizing Pmax
a

with the incident Poynting vector 1
2ε0cn|Einc|2,

σmax
a =

3λ2

8πn2
g0

E†bg
−1Eb

|Einc|2
, (9)

where g0I≡ 1
2µ0ω

2Im[G0(r0, r0)]=ω3n/(12πε0c
3)I. Note that, in a homogeneous environment, g=g0I, Eb=Einc,

and we recover the usual result σmax
a = 3λ2/(8πn2).



Equations (6)-(9) form the central result of this article. They deserve a few comments before we illustrate
their consequences on a couple of examples. The upper bound is independent of the absorber; it solely depends
on the antenna and the incident field. Thus, Eqs. (8) and (9) provide meaningful figures of merit for comparing
the ability of different systems to enhance absorption. These novel figures of merit result from an interplay
between the local field Eb provided by the sole antenna and the imaginary part of its Green tensor g.

In the case where the vectorial nature of the electromagnetic field can be neglected, the general upper bound
can be replaced by an approximate form. Let us assume that the field Eb and the Green tensor g are dominated
by a single component, the z component. Within this scalar approximation, Eq. (9) reduces to

σmax
a ≈ 3λ2

8πn2

|Ebz|2

|Einc|2
g0

gzz
=

3λ2

8πn2

Intensity enh.

LDOS enh.
. (10)

The upper bound appears to be the ratio between the intensity enhancement |Ebz|2/|Einc|2 and the LDOS
enhancement gzz/g0. The fact that a LDOS enhancement is detrimental can be intuitively understood as follows:
a larger LDOS increases the radiation of the induced dipole, i.e., it increases the scattering at the expense of
absorption.

It can be shown using reciprocity that Eq. (10) is equivalent to σmax
a = Ga(θ, φ)λ2/(4πn2), with Ga the

antenna gain.40 The upper bound derived with antenna theory is thus a particular (scalar) case of the general
result in Eq. (9). Two equivalent points of view can be adopted. They provide different conclusions and it is
interesting to consider both of them. Equation (10) evidences that antennas supporting hot spots are a good
choice if, and only if, the formation of hot spots is not concomitant with a large LDOS. On the other hand, the
antenna gain is the product of the radiative efficiency and the directivity, Ga(θ, φ) = ηrD(θ, φ).36 This second
point of view underlines that (i) directional structures perform better and (ii) dielectric objects (ηr = 1) are
better choices than plasmonic structures with ηr < 1.

2.4 Comparison of three kind of environments

Let us illustrate the theory with a few examples. First, we study a plasmonic dimer nanoresonator and a
Yagi-Uda antenna made of silicon nanospheres. Both can be treated in the scalar approximation. Secondly, we
consider a structure that can only be studied with a fully vectorial formalism: silicon nanospheres in a L-shape
configuration.

In the case of a single-mode antenna, LDOS and field enhancement are not independent since both are
driven by the excitation of an eigenmode.42 Both are resonant with the same spectral profile and increasing one
necessarily enhances the other. Thus, quite counter-intuitively, the value of the upper bound in Eq. (10) is not
correlated to the presence of hot spots. To illustrate this conclusion, let us consider a dimer made of two gold
nanorods (length 414 nm, radius 15 nm, and gap 20 nm) illuminated by a normal-incident plane wave. Only the
dipole mode at λ= 3 µm is excited. Figure 3(a) displays the spectra of the maximum absorption cross-section
and the intensity enhancement at the gap center: |Eb|2/|Einc|2 is resonant whereas σmax

a is not (even if it is not
shown here the LDOS enhancement is resonant at the same wavelength than the intensity enhancement). For
comparison with the upper bound of an optimal absorber in a homogeneous medium, we plot the ratio of the
maximum absorption cross-section, σmax

a with 3λ2/(8πn2). This ratio being always ¡ 1 any absorber in the gap
of this particular plasmonic dimer absorbs less than an optimal absorber in a homogeneous medium. Figure 3(b)
shows the variation of |Eb|2/|Einc|2 and the ratio of σmax

a and 3λ2/(8πn2) with w. As w is varied, the cylinder
length is tuned to keep the resonance fixed at λ=3 µm so that all the antennas are at resonance. The maximum
absorption cross-section only weakly varies while the field enhancement strongly decreases.

Since the upper bound in the scalar case is proportional to the radiative efficiency ηr and the directivity,
we switch to a Yagi-Uda antenna made of silicon nanospheres, which is known to be directional.44 We keep a
plane-wave illumination and a wavelength of λ = 3 µm. The silicon is transparent and ηr = 1. The maximum
absorption cross-section σmax

a is represented on Fig. 4(a) as a function of the incident angle θ for r0 located in
between the reflector and the first director. The incident plane wave is either TM (black curve) or TE (red
curve) polarized. For θ = 0◦, σmax

a is one order of magnitude larger than 3λ2/(8πn2). This evidences that a
dielectric directional antenna can provide larger absorption enhancements than a plasmonic antenna supporting
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Figure 3. Nanoantennas in the scalar approximation. Dimer composed of two gold cylinders illuminated by a normal-
incident plane wave polarized along the cylinder axis. The point M(r0) is the gap center. (a) Spectra of the maximum
absorption cross-section σmax

a (left axis, black curve) and the intensity enhancement (right axis, dashed red curve) for
L=414 nm, R=15 nm, and w=20 nm. (b) Maximum absorption cross-section and intensity enhancement as a function of
the gap width w (the cylinder length is tuned to keep the resonance fixed at λ = 3 µm). Calculations are performed with
an aperiodic Fourier modal method dedicated to body-of-revolution objects.41 The antenna is embedded in a medium of
refractive index n = 1.5.
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a at λ = 3 µm as a function of the incident angle θ for a TM (purple
curve) or TE (red curve) polarized plane wave. Direct absorption cross-section calculation for an absorbing nanosphere
(radius 176 nm and permittivity εopt=-6.46+1.22i) inserted inside the non-absorbing Yagi-Uda antenna. The blue squares
curve corresponds to TM polarization and the green squares curve to TE polarization. These rigorous calculations are
superimposed on the upper bound (no absorber, Yagi-Uda antenna alone). (c) Direct absorption cross-section of an
absorbing nanosphere of radius 176 nm inserted at r0. The real and imaginary parts of the absorber permittivity are
varied around the optimal value εopt=-6.46+1.22i. Calculations are performed with a rigorous multipole method.43,44

The antenna is embedded in a medium of refractive index n = 1.5.



hot spots. Note that, for a fixed geometry, the upper bound changes with the incident angle, whereas the optimal
polarizability given by Eq. (7) is constant. Once the polarizability has been chosen, one is sure to reach the
upper bound whatever the incident angle.

Before considering fully vectorial examples, we discuss the possibility to reach the upper bound on the Yagi-
Uda example. The optimal polarizability corresponds for instance to a sphere of radius 176 nm filled with a
material of relative permittivity εopt = −6.46 + 1.22i; the relation between the electric-dipole polarizability,
the sphere radius, and the permittivity has been rigorously calculated with Mie theory. Such a permittivity at
λ=3 µm can be obtained with highly-doped semiconductor nanocrystals.45,46 We have checked with a rigorous
numerical method that inserting this nanosphere in the Yagi-Uda antenna yields an absorption that is indeed
equal to the upper bound (see Figure 4(b)). We have also tested the robustness of the optimal polarizability.
Figure 4(c) shows the absorption cross-section at normal incidence in TM polarization obtained by varying the
absorber permittivity around the optimum. Since the cross-section varies smoothly around the maximum, we
have a good flexibility on the choice of the permittivity.

Let us now consider a L-shape antenna made of three silicon spheres, see Figs. 5(a)-(b). Such a structure
cannot be described in the scalar approximation, especially for positions r0 outside the symmetry planes. In
that case, Eq. (10) is not valid. The system can only be characterized by the vectorial upper bound of Eq. (9).
The latter depends on the absorber position and it is important, for a given nanoantenna, to evaluate where
the particle could reach the best absorption. Figures 5(a)-(b) show respectively the spatial distributions of the
intensity enhancement and the maximum absorption cross-section in the (x, y) plane for z = 232 nm. The
antenna is illuminated from the bottom by a plane wave propagating along the z axis and polarized linearly
along the white arrow. The blue cross in Fig. 5(b) marks the position where the upper bound is maximum. It
does not correspond to the maximum of |Eb|2/|Einc|2, which evidences, once again, that seeking hot spots is not
sufficient to maximize the absorption.
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absorption cross-section as a function of the position r0 in the (x, y) plane for z = 232 nm. The map of the intensity
enhancement is clearly different from the spatial distribution of the maximum absorption cross-section. Calculations are
performed with a rigorous multipole method.43,44

This study shows that the realization of an efficient high-speed modulation incandescent source based on the
approach presented in Fig. 1 is possible. An array of highly-doped semiconductor nanoparticles that would be
heated locally and inserted in the vicinity of cold nanoantennas (Yagi-Uda nanoantennas appear to be a good
choice) shall be suited to the realization of such device.

3. CONCLUSION

In conclusion, we derived an upper bound for the problem of absorption by a dipolar absorber in a complex
environment, homogeneous or not. The derivation relies on a vectorial formalism and is valid for any environment
and any illumination. Since it decouples the environment from the absorber, the upper bound provides a
meaningful figure of merit for comparing the intrinsic ability of different structures to enhance absorption in
a nanovolume. Moreover, it allows seeking, for one given structure, the optimal position for the absorber.
In the scalar approximation, the relevant parameter is not the field enhancement but the ratio between field
enhancement and LDOS. Thus, although placing an absorber in a hotspot of a plasmonic structure can increase
the absorption,18 plasmonic antennas supporting hot spots are not necessarily the best candidates to reach



high absorption enhancements. Larger enhancements can be achieved with dielectric directional antennas. In
cases where the scalar approximation is not valid or the illumination is not a plane wave, the situation is more
complex and our general upper bound is the good figure of merit to characterize the problem. Since it relies on
electromagnetic calculations (field enhancement and Green tensor) that are nowadays performed routinely, we
think that this work opens new avenues for understanding and optimizing absorption in subwavelength volumes
inserted in complex media. This result opens the way to the realization of an efficient device composed of arrays
of nanoemitters that would be heated locally and inserted in the vicinity of cold nanoantennas allowing a high
modulation rate together with an enhanced thermal emission. Moreover various kind of nanoantennas can be
placed on the metasurface allowing to tune actively the emission of the nanoemitter in directivity, wavelength
and polarization by heating specifically the emitters related to one antenna or the other. This approach will
enable the design of cheap, compact and dynamic IR sources. Furthermore given the generality of the derived
upper bound, it should also benefit others applications based on light absorption in several spectral domains:
SEIRA, photovoltaics, or nanochemistry.

APPENDIX A. DEMONSTRATION OF THE POWER DISSIPATED BY A
DIPOLAR ABSORBER

Equation (4) of the main text gives the power dissipated in a dipolar absorber plunged in a complex environment
and illuminated by an incident field. The absorption is expressed as the difference between the extinction and
the scattered power. It is a classical expression but we present its derivation here for the sake of completeness.
In contrast to the standard demonstration that can be found in some textbooks, we provide a derivation that
carefully handles the singularity of the field radiated by a dipole source on itself.

Energy conservation implies that the flux of the Poynting vector through a closed surface Σ surrounding the
absorber (and only the absorber) is negative and equal to the opposite of the power Pa dissipated inside Σ,

Pa = −
∫∫

Σ

1

2
Re(E∗ ×H) · dS, (11)

where E and H are the total electric and magnetic fields and E∗ is the conjugate of E. Usually, the total field
is separated in two contributions, E(r) = Eb(r) + Es(r), where Eb is the field in the absence of the absorber
and Es is the field scattered by the absorber located at r = r0. By doing so, the dissipated power given by
Eq. (11) can be expressed as the sum of two surface integrals. The first one corresponds to the extinction; it
is given by

∫∫
Σ

1
2Re(E∗s×Hb + E∗b×Hs) ·dS. The second integral corresponds to the power scattered by the

absorber in the presence of the environment; it is given by
∫∫

Σ
1
2Re(E∗s×Hs) ·dS. The latter corresponds to

the power emitted by the induced dipole p since Es(r) = µ0ω
2G(r, r0)p, with G(r, r0) the Green tensor of the

environment. This power can be expressed as a function of the imaginary part of G(r0, r0). However, such
derivation is not straightforward if one wants to properly handle the singularity of the real part of G(r0, r0).

In order to avoid the mathematical difficulty related to the Green tensor singularity, we present here a
derivation that is based on a different decomposition of the total field. We write the total field as E(r) =
E0(r) + Er(r), where E0(r) = µ0ω

2G0(r, r0)p is the field radiated by the induced dipole p in an homogeneous
medium of refractive index n and Er(r) = Eb(r) + µ0ω

2S(r, r0)p, with S = G−G0. The field E0(r) is singular
at r = r0, while the field Er(r) is regular everywhere in Σ. The dissipated power can be written as

Pa = −
∫∫

Σ

1

2
Re
[
(E∗r + E∗0)× (Hr + H0)

]
· dS (12)

= −
∫∫

Σ

1

2

[
Re(E∗r ×Hr) + Re(E∗0 ×H0) + Re(E∗r ×H0 + E∗0 ×Hr)

]
· dS . (13)

The dissipated power is the sum of three different terms. Let us have a look at the first two terms:

•
∫∫

Σ
1
2Re(E∗r ×Hr) · dS = 0 since Er and Hr verify Maxwell’s equations without source inside Σ.



•
∫∫

Σ
1
2Re(E∗0×H0) · dS is the power emitted by the dipole source p in a homogeneous medium of refractive

index n. It is given by the Larmor formula
∫∫

Σ
1
2Re(E∗0 × H0) · dS = ω4n

12πε0c3
|p|2. Since the imaginary

part of the bulk Green tensor is given by Im[G0(r0, r0)] = n ω
6πcI, we can write

∫∫
Σ

1
2Re(E∗0 ×H0) · dS =

1
2µ0ω

3p†Im[G0(r0, r0)]p.

Now let us consider the third term in Eq. (4). We use the Lorentz reciprocity formula, which relates two
time-harmonic solutions of Maxwell’s equations (E1,H1, ω1, j1) and (E2,H2, ω2, j2), where (Ei,Hi) is the elec-
tromagnetic field created by the current distribution ji at the frequency ωi. A general form of Lorentz reciprocity
formula and its derivation can be found for instance in Annex 3 of Ref.42 Here we consider two solutions of
Maxwell’s equations inside the closed surface Σ at the same frequency ω1 = ω2 = ω. As the first solution, we
consider the field (E0,H0) radiated by the dipole p, i.e., a current distribution j1 = −iωpδ(r − r0). As the
second solution, we consider the regular field (E∗r ,−H∗r) that is solution to Maxwell’s equations without source,
i.e., a current distribution j2 = 0. We obtain (see Annex 3 of Ref.42)∫∫

Σ

[
(E∗r ×H0 + E0 ×H∗r)

]
· dS = iωEr(r0)†p, (14)

where the superscript † denotes the conjugate transpose. One can then deduce the real part of this expression
that takes the following form∫∫

Σ

Re
(
E∗r ×H0 + E∗0 ×Hr

)
· dS = −ωIm[Er(r0)†p] = ωIm[p†Er(r0)] (15)

Finally, the power dissipated in the dipolar absorber becomes

Pa = −1

2
ωIm[p†Er(r0)]− 1

2
µ0ω

3p†Im[G0(r0, r0)]p, (16)

with Er(r0) = Eb(r0) + µ0ω
2S(r0, r0)p and S = G−G0. Thus, it follows

Pa = −1

2
ωIm[p†Eb(r0)]− 1

2
µ0ω

3Im[p†S(r0, r0)p]− 1

2
µ0ω

3p†Im[G0(r0, r0)]p. (17)

By using the relation Im(p†Sp) = 1
2i

(
p†Sp− p†S†p

)
= p† S−S

†

2i p, we can write the dissipated power as

Pa = −1

2
ωIm[p†Eb(r0)]− ωp†sp− 1

2
µ0ω

3p†Im[G0(r0, r0)]p, (18)

with s = 1
2µ0ω

2 S(r0,r0)−S(r0,r0)†

2i .
Therefore, by defining the matrix g as g = s+ 1

2µ0ω
2Im[G0(r0, r0)] = s+g0I, we can express the power dissipated

by the dipolar absorber as [see Eq. (4) in the main text]

Pa = −1

2
ωIm[p†Eb(r0)]− ωp†gp . (19)

Note that, in the case where the materials composing the environment are reciprocal, the tensors G and S are

symmetric. Thus, the expressions of g and s can be simplified as s = 1
2µ0ω

2 S(r0,r0)−S(r0,r0)∗

2i = 1
2µ0ω

2Im[S(r0, r0)]
and g = 1

2µ0ω
2Im[G(r0, r0)]. We emphasize that the equations presented in the main text are valid for non-

reciprocal materials, provided that g is properly defined.



APPENDIX B. DETAILS ON THE DERIVATION OF THE UPPER BOUND

The power dissipated in a dipolar absorber is given by Eq. (4). As explained in the main text, in order to derive
an upper bound that is independent of the absorber, we have to rewrite the dissipated power under the form
Pa = −ωu†gu +A, where A is independent of p.

This can be done with the following algebraic manipulations:

Pa = −ωp†gp− 1

2
ωIm(p†Eb) = −ωp†gp +

1

4i
ω
(
E†bp− p†Eb

)
= −ωp†gp +

1

4i
ω
(
E†bg

−1gp− p†gg−1Eb

)
= −ω

(
p†gp +

i

4
E†bg

−1gp− i

4
p†gg−1Eb

)
= −ω

[(
p† +

i

4
E†bg

−1

)
gp− p†g

i

4
g−1Eb −

i

4
E†bg

−1g
i

4
g−1Eb +

i

4
E†bg

−1g
i

4
g−1Eb

]
= −ω

[(
p† +

i

4
E†bg

−1

)
gp−

(
p† +

i

4
E†bg

−1

)
g
i

4
g−1Eb −

1

16
E†bg

−1Eb

]
= −ω

(
p† +

i

4
E†bg

−1

)
g

(
p− i

4
g−1Eb

)
+
ω

16
E†bg

−1Eb . (20)

APPENDIX C. DETAILED DERIVATION OF THE OPTIMAL POLARIZABILITY

We provide in this Section more details on the derivation of the optimal polarizability αopt given by Eq. 7 in the
main text. According to Eq. 5 in the main text, the maximum absorption is reached for an optimal dipole

popt =
i

4
g−1Eb . (21)

The induced dipole, located at r = r0, is given by

p = ε0α(ω)
[
Eb + µ0ω

2S(r0, r0)p
]
, (22)

where α(ω) is the polarizability tensor of the dipolar absorbing particle and S = G −G0, with G the Green
tensor of the environment (without absorber) and G0 the Green tensor of the homogeneous medium of refractive
index n that surrounds the particle.

By injecting Eq. (21) into Eq. (22), one finds that, in order to reach the upper bound, the absorber polariz-
ability tensor has to fulfill the expression

i

4
g−1 = ε0αopt(ω)

[
I + µ0ω

2S(r0, r0)
i

4
g−1

]
. (23)

Right multiplying both sides of the equation by −4ig and isolating the polarizability leads to

αopt(ω) = µ0c
2
[
µ0ω

2S(r0, r0)− 4ig
]−1

. (24)

Since, in the case of reciprocal materials, g = 1
2µ0ω

2Im[G(r0, r0)] = 1
2µ0ω

2Im[G0(r0, r0)]+ 1
2µ0ω

2Im[S(r0, r0)] =
ω3n

12πε0c3
I + 1

2µ0ω
2Im[S(r0, r0)], we have the following relation

µ0ω
2S(r0, r0)− 4ig =µ0ω

2S(r0, r0)− 2iµ0ω
2Im[S(r0, r0)]− i ω3n

3πε0c3
I

=µ0ω
2S∗(r0, r0)− i ω3n

3πε0c3
I ,



with S∗ the conjugate of S. Therefore, the optimal polarizability given by Eq. (24) can be rewritten as

αopt(ω) = µ0c
2

[
µ0ω

2S∗(r0, r0)− i ω3n

3πε0c3
I

]−1

, (25)

which is equivalent to Eq. 7 in the main paper,

αopt(ω) =
c2

ω2

[
S∗(r0, r0)− i ωn

3πc
I
]−1

. (26)

Note that, in the case of non-reciprocal materials, the conjugate S∗ has simply to be replaced by the conjugate
transpose S†.
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