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Abstract. We use two conformal transformations to represent field lines in the
poloidal sub-manifold of Kerr space-time. The first one is based on an embedding
in R3 of a manifold which is conform to the poloidal submanifold. The second one is
a planar representation using quasi-isotropic coordinates.

We compare plots of the poloidal magnetic field lines in the usual Boyer-Lindquist
Cartesian coordinates) and in the conformal representation based on quasi-isotropic
coordinates. In a conformal representation these lines appear entering in the horizon
perpendicularly to it as deduced through a mathematical perspective conversely to the
usual physical approach.

We also compare the value of the conformal factor in these two representations.

1. Introduction

Generally, stationary and axi-symmetric magnetic field lines penetrate the horizon of a
rotating black hole horizon perpendicularly. Indeed, the line element appearing in the
expression of the magnetic field BY latitudinal component reaches a singular value on
the horizon. Let call A the magnetic flux across a surface, which border is a
circle of constant colatitude and constant Boyer-Lindquist radius. If A is of
class C! across the horizon, we have B% = 0 on this horizon. More details on this
point are given after Eq. 19. Nevertheless, when the field is not a purely radial
field (more precisely if we do not have 9.4 = 0 on the horizon), this property does not
appear clearly in the ordinary field line representation of the poloidal magnetic field. In
the literature focusing on black hole magnetosphere, Nathanail and Contopoulos [2014];
Pan [2018] or Mahlmann et al. [2018], the field line representation of some solutions
of the Grad-Shafranov equation (GSE) seems not enter in the horizon perpendicularly
to it. This problem does not lie with the solution determination. However, this is a
typical problem encountered in the planar representation of field lines on non-Euclidean
geometry.
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To avoid this kind of problem in the representation, a solution consists in getting
isometric embedding in R?® of the 2-dimensional poloidal sub-manifolds on which we
represent field lines. In this case, the representation of lines on the isometric embedding
should respect angles and lengths. Embedding of two dimensional sub-manifolds of space
time gives us in addition to a representation of these manifolds a correct representation
of the curves, the lengths and the angles on these surfaces. That is why quickly after
the discovery of Kerr-Newman space-time, Smarr [1973] exhibited an embedding of its
horizon. This embedding is possible only for an angular momentum below a given
value. Hledik et al. [2008] found the isometric embedding of the equatorial plane for
Schwarzschild, Ernst or Kerr-Newman space-times. Han and Lee [2016] constructed
embedded diagrams of the equatorial surface of a slightly deformed Kerr space-time.
We also find embedding of ergosphere surfaces in Ray et al. [2015]. The embedding is
not a problem if one of the coordinates is ignorable, i. e. if there is a symmetry in
the problem. For the poloidal manifold of the Kerr Black Hole, this is unfortunately
not the case. The general case is still an object of research. There is a lot of literature
about the construction of embedding algorithms for Riemanian manifolds with positive
curvature everywhere, e.g. Bondarescu et al. [2002]; Jasiulek and Korzynski [2012]; Ray
et al. [2015] and Tichy et al. [2014].

Nevertheless, since the poloidal manifold of Kerr space time has no ignorable
coordinate, its immersion is more complex. The purpose of this paper is to find a
correct representation of angles even if the distances are not be correctly represented.
We want to explore different ways for tracing curves such that they give a correct
measure of angles. Thus, even if we do not obtain a correct representation of distances,
we will have a correct representation of angles. Correct representation of angles is
important when we represent magneto-hydrodynamics (MHD) fields where cross and
scalar products are present in the mathematical formulation of Euler equation (in the
Lorentz force for example). The problem of conformal representation was encountered
by the navigators of the XVI** century. At this time, it was crucial to build a planar
representation of the Earth, which properly respects angles between the curves. One
famous example is the famous cylindrical map construction proposed by the geographer
Mercator.

About the poloidal manifold, we note that a choice of a correct set for conformal
factors allows us to go back to the situation with latitudinal symmetry for the conformal
manifold. Then we are able to obtain an isometric embedding in R? for this set of
conformal manifold. We present one of these embeddings.

Remembering that any manifold is conformally flat, we can find in our set the
one that is embedded in the plane. The radial coordinate of this plane corresponds to
the so called quasi-isotropic coordinate. It is used in general relativity, especially for a
stationary, axisymmetric and circular space-time Gourgoulhon [2010].

Then we illustrate the conformal properties of these two conformal representations.
First, we build and represent two orthogonal families of curves. Then we propose
different representations of typical field lines used for astrophysical jets around compact
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objects. We will focus on how the field lines look close to the horizon. Finally, we
discuss the differences between the conformal factor values of these two conformal
representations.

The conformal representation of poloidal manifolds might be useful for any work
requiring a representation of phenomena in the poloidal manifold of a Kerr black hole.
This could be useful for representation of electro-dynamics or MHD fields, but also for
trajectories of test-mass objects or photons in this plane. The same kind of work can
be done for the equatorial sub-manifold of Kerr space-time.

Our results are also valid for Kerr-Newman poloidal sub-manifold replacing the
dimensionless spin a by \/Q? + a? where Q? = Q?/4megGM?, with Q the electrical
charge of the black hole, the only difference being the value of the conformal factor.

2. The Kerr poloidal sub-manifold

Let note (K,g) the Kerr space time, and (¢,7,0,¢) the Boyer-Lindquist coordinates,
which map this manifold. In these coordinates let us remind that the metrics may be
written as,

ds® = —h*dt> + h2dr? + h3d6® + h2 (d¢ — BPcdt)”, (1)
where the introduced functions depend on (r,6) and the two parameters, which
characterize a Kerr black hole, are its angular momentum 7 and its mass M.

Let us introduce the 2D poloidal sub-manifold of the 4D Kerr manifold. This sub-
manifold is obtained by P, = {M € K|r(M) > ry t(M) =t and ¢(M) = ¢} taking
the part of the Kerr space-time outside of the horizon with constant time and toroidal
coordinates. The Kerr poloidal sub-manifold can be mapped with (r, 8) and its induced
metrics is,

r?2 4+ a® cos®
r?2 +a? —2ryr
where 2r, = r; = 2GM/c* is the gravitational radius linked to black hole mass M,
and a = % the typical length associated to the angular momentum [J. We also

do? =

dr* + (r* + a* cos® 0) d9?, (2)

have 14y = r4(1 + /1 — (a/ry)?) for the horizon radius. Because of stationarity
and axisymmetry of the Kerr space-time manifold, for any value of ¢, ¢, the
submanifold P, , has the same metrics line elements. As a consequence, it
also has the same intrinsic geometry. Since the metrics of P, ,; is independent
of t, ¢, we note P the poloidal sub-manifold.

The dimensionless radial coordinate is 7 = r/r, and the dimensionless angular
momentum @ = a/r,. Noting that we can factorize our line element by a conformal
factor, we get,

10" = gty (14 aowo) [y o+ Piovar]. ®)

removing the 6 dependence of the line element in bracket. We have, A(7) = 7 +a? — 27
and f € C? ([fq.t, +oo], Ri) f is a function that does not cancel in order to
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avoid singularity in conformal metrics. We are interested in the part of this sub-
manifold outside of the horizon, so we define the 7 coordinate on [ry,oo[, with
Ty = (1 + M) In order to reduce the notation, we shall skip the ~ sign below in
the text.

The way we wrote the line elements in Eq.(3) suggests a possible
conformal transformation. Let call P; a 2D-manifold associated to the
metrics g; defined by,

_ e
gr = A(’F)

Then the application, which transforms a point M € P of coordinates 7,0 to

di @ di + f2(7)7df @ d . (4)

a point M; € P; of coordinates 7, is a conformal transformation. Thus, g;
is a conformal metric and P; a conformal manifold.

The conformal manifolds get the interesting properties that the intersections of the
curves have the same angle on P or on P;. Indeed, the angles between the parametric
lines of type A — (7(A),0())) are the same for the poloidal manifold P or for the
conformal manifold P;.

The expression of the conformal metrics allows us to build a conformal
representation of the lines. First, removing the latitude dependence in the line elements
ensures that the conformal manifold can be embedded in R3. We shall represent this
embedding for f(r) = 1. Secondly, it is known that any two-dimensional manifold is
conformally flat, so we choose f = fy such that Py, is a flat manifold. It allows us to
build a change of coordinate R(r) such that we can interpret R, 6 as polar coordinates
on Py,. By expressing the link between the conformal polar coordinates (R, 6) and the
Boyer-Lindquist coordinates (r,0), we found a way to represent in a conformal way on
R, x R — D(Ry(a)) the field lines and the curves on the poloidal manifold.

3. Embedding of conformal poloidal manifolds

Let us try to select an embedding of Py in R3. Introduce the following embedding in

R3

M [ry,o00[x [0,7] — R3 5)

(r,0) — rf(r)u(d) + z(r)e. -

where z; € C*(R) and u(f) = cosfe, + sinfe, with (e,,e,,e,) the canonical basis of

R3.

Using U = [ry, o0[x [0,7], we interpret this embedding as the one of P; in R?

only if the first fundamental form associated to this immersion is equal to the conformal
metrics g. This imposes a requirement on the function zy,

(%)~ sy~ (242)]
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The positiveness requirement of the right hand side brings a constraint on the choice of
the function f in order to obtain such embedding of Py,

() s

We integrate this inequality to explicitly express the requirement on f. Let us choose
f(r) = 1, which obeys to the requirement of the Eq.(7). Thus we get,

" 2r — a?
alr) = aula)+ /m \/(x — 1) (T — 2)dx’ (®)

0 =m/2

z1(r)

Figure 1. On the left, evolution of z(r) for different values of a. The curves obtained
for a = 1 reach —oo where r reaches ry.

Figure 2. Plot of the poloidal submanifold between § = 0 and ¢ = 7. On
the right, the embedding of the conformal poloidal manifold P; for a = 0.9.
The red solid line is the set of points with § = 0 and 6 = 7, which allows us
to interpret it as the O, axis.

For all @ with |a| < 1 this integral is correctly defined on |ry, +00[, because,

2x — a? Ty 1
(x —ry)(x+ 1y —2) . V2(ry — 1) VT —rH
which can be integrated on |ry,r]. We choose 21 (a) equal to
z1(a) = lim #dx —2V2Vr — 2,
rotoo J V x® +a® — 2z
in order to obtain the same behavior at infinity for the different functions, z; when
we change the value of a. The curves z; are plotted in Fig.(3) and the corresponding
embedding surface on Fig.(2). According to the previous equivalence, for all a with
la| < 1 we have z; o V1 —ry. For |a] =1 we need to have z; ~ Inr —ry. We

r—r r—ry
note P; the sub-manifold embedded in R? presented in this section.



4. Conformally flat poloidal manifold

All bidimensional manifolds are locally conformally flat. We are therefore looking for
the function fy and the radial coordinates R(r) = r fo(r) such that the conform metrics
in Eq.(3) is the one of a flat manifold in polar coordinates. Such condition requires the
cancellation of Eq.(6), which can be rewritten with the both conditions,

din R 1

= (9)
dr A(T)
fo(r) =R/r . (10)

Then we get,
" dx 1

R(r) = Rye =—(r—14+Vr2—2r+a?), 11
(r) H Xp/mm 2( r T a) (11)

where Ry, = R(ry). As in Eq.(3), we can easily show that this integral is properly
defined.

R(r)

Figure 3. Evolution of R(r) for different values of a.
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We have set Ry = R(ry) = v/1 —a?/2, in order to have R ~ r. This coordinate

r—00
is the so-called quasi-isotropic coordinate.

The expression of Eq.(11) calculated for a®* < 1 can be extended, by continuity,
to extreme Kerr black holes for which a*> = 1. The expression, Eq.(11), can also be
inverted in order to express r as a function of R(r),

1—a? l1+a 1—a
r:1+R(7”)+4R(T) = R(r) <1+2};_(r)> <1+2R(r)) : (12)
Then the curves A — (r(\), 8(\)) representing the following Cartesian coordinates,
w(r,0) = R(r)sinf (13)
Z(r,0) = R(r) cos#, (14)

cross themselves with correct apparent angles. We will call these coordinates the quasi-
isotropic Cartesian coordinates. In the following we used Py for the conformal manifold

P, -

5. Representation of two orthogonal families of curve

To illustrate the relevance of the conformal embedding or quasi-isotropic coordinates
previously introduced, let us introduce two families of curves which are chosen in order
to map the manifold and to be orthogonal between themselves. The first families £, is,

w
=(A) = 1
ro(A) = = (15)
Os(N) =X . (16)

This family covers P. We define the second family L7 : M(rz()\),0z()\)) as the

curves that cross perpendicurlarly the curves of the first family. In order to satisfy
this request the speed vector of the second family v; = 7,8, + 0,0y (indexed by Z)

needs to be chosen orthogonal to the speed vector of the first family. Thus, the function

(rz(N),02(N)) of the second family £, must satisfy the following differential system,
1

e "
6,0 = xﬁw . (18)

We stop the integration of this equation where the line reaches the boundary of the
manifold or reaches a limiting radius. On Fig.(4) we represented these families for
different kind of representation. First of all we directly used Cartesian coordinates
attached to Boyer-Lindquist coordinates (z = rsinf,y = rcosf), which are not a
conformal representation. Then we used the surface embedded into R?® presented in
Fig.(2). And finally we used the Cartesian coordinates attached to quasi-isotropic
coordinates.

As expected, the intersection between two curves of the two orthogonal families
appears orthogonal, in a conformal representation, either on the embedded surface or
using quasi-isotropic coordinates). The intersection does not appear orthogonal when
we used Boyer-Lindquist’s coordinates.



rcosf

T
[T,
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/ /s ’fe “‘

w=rsinf

Figure 4. Two subsets of the orthogonal families of curve £! (blue) and £2 (red)
represented in the Boyer-Lindquist Cartesian coordinates (left), in the embedded
manifold (center), in the conformal Cartesian coordinates (right). The chosen spin
is a = 0.9. We also plotted the ergosphere in green. The horizon is represented in
cyan. The O, and O axis are drawn in black solid lines.

6. Boyer-Lindquist and conformal representations of field lines

To insist on the importance to represent magnetic field lines with a conformal set of
coordinates, let us give the different representations of some examples of typical magnetic
field configurations. Remind the classical result in the axi-symmetric assumption that
the poloidal magnetic field is entirely determined by the value of the magnetic flux A
which crosses the circle of coordinates (r, ),
~ VAxe

B, Py

(19)
This equation implies that the magnetic field B’ must be 0 on the horizon

because h, — o0. More details are given in Chantry et al. [2018]. This result implies
T—TH

that the poloidal magnetic field line corresponds to the isocontours of the magnetic flux
A = Cst. Let us give some examples of typically used magnetic-flux fields and represent
their isovalues in the Boyer-Lindquist coordinates or in the quasi-isotropic coordinates.

6.1. Intersection of curves and event horizon

It should also be noted that the curve which crosses the horizon enters inside it
perpendicularly (except for some specific cases). This implies that most of magnetic
field lines are always perpendicular to the event horizon surface, except for specific
cases. Indeed for a curve (r(#),0), such that r(6y) = ry, the angle ay between the
curve and 9, at the horizon verifies the equation,

dr
do

r2—=2r+a®+ <%>2

Ccos iy = 011_%1
0

(20)
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The angle ay corresponds to the intrinsic angle. The apparent angles correspond
everywhere to the intrinsic angles if we use a conformal representation. If we do not have
dr/df — 0 on the horizon, we get ay = 0[r]. The curve which defines the ergosphere
re(0) = r,(1 + /1 — a2 cos? ) fulfills the condition dr/df — 0 when this curve touches
the horizon at its pole. This is why on the pole of the horizon the ergosphere touches
it with this non-orthogonal angles o ¢ on the conformal representation in Fig.(4). In
fact a simple calculation gives

Cosaye = a.

For a curve of constant magnetic flux A, the local value of dr/df is given by —0yA/0, A.
Then if —0yA/0, A does not reach 0 on the horizon, every poloidal field line, which
reaches the horizon touches it perpendicularly.

In the representation of GSE solutions, see Nathanail and Contopoulos [2014],
the curves of constant magnetic flux does not seem to enter perpendicularly in the
horizon. Let us see how the field line represented on this paper look like when we use
a conformal representation. Let us also check that these curves enter in the horizon
perpendicularly to it. We will compare a classic representation using Boyer-Lindquist
Cartesian coordinates and the quasi-isotropic coordinates.

6.2. Vertical field lines

Let us start with a vertical magnetic field line configuration,

A(r,0) = Ay, (TSiHQ)Q . (21)

7]

4.0 : : : : : 4.0
3.5 | 35
3.0} | 3.0
2.5 | 25
> 2
S 2.0t O 20
O Q
£ <
1.5 | 15
™~
1.0l | 1.0
0.5 | 05
0% 1 2 3 4 5 0% 1 3
rsind Rsinf

Figure 5. Representation of a vertical field line, in the Boyer-Lindquist Cartesian
coordinates (left), in the quasi-isotropic Cartesian coordinates. We choose a = 0.9, the
horizon is represented in cyan, the ergosphere in green and the axis in black.

For this configuration dpA/0, A reaches 0 only for § = w/2. Then the poloidal field
line curve reaches the black hole horizon perpendicularly to it except the one which
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touches the horizon on the equator. This property appears correctly on a conformal
representation. We plotted the only line which does not cross perpendicularly in red on

Fig.(5). A calculation leads to cos ay = ry/v/3ry — 2a2.

6.3. Paraboloidal field lines

In Fig.(6), we plot a paraboloidal configuration of magnetic field lines,

14
r+ To
A(r,0) = Ay (1 —|cosb]) . (22)
T3+ To
2.0 ‘ : : , : 2.0
15 ] 15
SN SN
& 10 8 10
) Q '/
~ Q: /
/
0.5} ] 05 //
.
985 05 1.0 15 2.0 25 %35 =55 1.0 15 2.0 25
rsind Rsinf

Figure 6. Representation of paraboloidal field lines for v = 2, in the Boyer-Lindquist
Cartesian coordinates (left), in the quasi-isotropic Cartesian coordinates (right). We
choose a = 0.9, the horizon is represented in cyan, the ergosphere in green and the
axis in black.

For this field 9yA/0, A does not reach 0 on the horizon, then the field line enters in
it perpendicularly to it. We observe again that the angles of intersection between the
field lines and the horizon appear correctly on the conformal representation.

6.4. Field lines with a magnetosphere

Then in Fig.(7), we plot a configuration of magnetic field lines with a magnetosphere
(closed field lines),

A(r,0) = Ayg(r)sin® 6, (23)

where ¢ is a continuous function, which decreases between 14 and r); (magnetosphere
radius) and increases for larger radii. In Fig. 7, we have chosen the following
form for ¢(r),

exp (—0.01(r — 3.5r3)?)

g(r)=2—tanh (r —ry) — 5

(24)
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Figure 7. Plot of the magnetic field lines with a magnetosphere, in the Boyer-
Lindquist Cartesian coordinates (left) and in the quasi-isotropic Cartesian coordinates
(right). We choose ¢ = 0.9 and g¢(r) is given in the main text. The horizon is
represented in cyan, the ergosphere in green and the axis in black.

In Fig.(7), we plot in red the limiting line between the open field line and the
magneto-sphere. Because dg/dr # oo on the horizon, everywhere on the horizon the
field lines enter in it perpendicularly, which is correctly plotted on the quasi-isotropic
Cartesian coordinates representation.

7. Conformal factor

Concerning the proper representation of angles, the use of quasi-isotropic Cartesian
coordinates is more practical than the representation on the surface embedded in R3,
since the representation using these coordinates avoids the use of 3D representation.
Nevertheless, the representation of distances is better for the embedded representation.
Indeed, on a conformal representation the intrinsic length of an infinitesimal segment
correspond to the apparent length multiplied by the conformal factor at this point. The
closer to one is €2, the better is the representation of distance. Remember that for the
conformally flat manifold, the conformal factor is,
r? 4+ a? cos? 0
R? ’

which is between 1 and 8(1 + /1 — a2?)/(1 — a?). Therefore for the embedded surfaces
plotted in Fig.(2), we get,

Q?’o,a(rv 9) - (25)

r? + a?cos®

r2

03 (r,0) = (26)

which is between 1 and 2. The values of the conformal factor are plotted in Fig.(8).
We observe that the conformal factor of the conformally flat manifold Py becomes
quite large near the horizon specially when a is close to 1. It means that we have a bad
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Figure 8. Conformal factor in quasi-isotropic Cartesian coordinates for the embedded
conformal manifold in R?® named P; (left) and for the conformally flat manifold Py
(right). The spin is chosen to the value of a = 0.9.

representation of distances near the horizon. This is not the case for P, for which the
conformal factor is limited by /2 and we have a quite good representation of distances
close to the equator O ,(r,7/2) = 1.

8. Discussion

In this work we present a simple way to get a planar and conformal representation of
fields and curves on the Kerr poloidal sub-manifold. This representation is based on a
construction of a conformal radial coordinates as functions of the Boyer-Lindquist radial
coordinates Eq.(11). This system can be inverted in Eq.(12). In this representation, the
size of the horizon decreases with the spin of the black hole and disappears for extremely
rotating Kerr Black Hole. We also construct the quasi-isotropic Cartesian coordinate in
Eq.(14).

In stationary MHD), except for specific case the poloidal magnetic field line enters
in the horizon perpendicularly to it. Then it is important to have a conformal
representation in order to check quickly this property of these solutions on our
representation.

We also obtain a conformal representation based on an isometric embedding in R3
of a conformal manifold. This representation is not a planar one, but the conformal
factor is globally smaller than the one for a planar representation. For this reason, we
get a better representation of distances compared to the planar representation where
the maximum value of the conformal factor is infinity for a — 1, when the conformal
factor is between 1 and /2.

The only way to obtain a satisfying representation of distances is to perform an
isometric embedding. In the future we may use the algorithm given in Hotz and Hagen
[2004] or another one method, to numerically compute an isometric embedding in R? of
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poloidal sub-manifold. This embedding could give to us better intuition concerning the
motion in the poloidal sub-manifold.
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