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Incompressible Navier-Stokes-Fourier limit

from the Landau equation

MoHAMAD RACHID*

Abstract

In this work, we study the Landau equation, depending on the Knudsen
Number and its limit to the incompressible Navier-Stokes-Fourier equation on
the torus. We prove uniform estimate of some adapted Sobolev norm and get
existence and uniqueness of solution for small data. These estimates are uniform
in the Knudsen number and allow to derive the incompressible Navier-Stokes-
Fourier equation when the Knudsen number tends to 0.
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1 Introduction

1.1 The model.

We start by introducing the Landau equation. This equation is a kinetic model in
plasma physics that describes the evolution of the density function f. = f.(¢, x,v) rep-
resenting at time ¢t € R*, the density of particles at position x € T® the 3-dimensional
unit periodic box and velocity v € R3. This equation is given by

{ Ofe +v-Vyfe= %Q(feafa) (1)
fe‘t:() = fe,Oa

where ¢ > 0 is the Knudsen number which is the inverse of the average number
of collisions for each particle per unit time and @) is the so-called Landau collision
operator which acts on the variable v and which contains diffusion in velocity. More
precisely, the Landau operator is defined by

Q(G,F) = b, /]R a0 — v)[G.O,F — FO,G.) du., 2)

and we use the convention of summation of repeated indices, and the usual derivatives
are in the velocity variable v i.e. 0; = 0,,. Hereafter we use the shorthand notations
G. = G(v.), = F(v), 0;Gyx = 0,,,G(vs), O;F = 0,,F(v), etc. The matrix A(v) =
(a;j(v))1<ij<s is symmetric, positive, definite, depends on the interaction between
particles and is given by

VU5

| — T2 5. — _
a;;(v) = |v| (51 |v|2>’ v € [-3,1].

We recall the standard classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if v = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (—3,—2) and Coulombian potential if v = —3. Hereafter we shall consider the
cases of hard potentials, Maxwellian molecules and moderately soft potentials, i.e.
v € [—2,1]. We consider the fluctuation around the centered normalized Maxwellian

distribution
p(v) = (2m) 32 /2

by setting f.(t, z,v) = p + ep*/?g.(t, z,v), and
L(f.9) = n Q' f, ')
Vi
= 03| (asy 2 1)D30] = (i = 50 )0

the homogeneous linearized Landau operator £ takes the form
L= L+ Lo

The operator £ acts only in variable v, is selfadjoint, and consists of a diffusion part
and a compact part. Using for example [12], [25], we show that the diffusion part £4
writes as follows

£1f = V.- [AR)V.S] - (A@
3

v
2 2

v

)7+, (a3



with A(v) = (G;;(v))1<i j<3 is a symmetric matrix defined through

Qij = Qij *y [,

i o {u”2 [@f iy %Jf] H } '

Now the original problem ([1]) is reduced to the Cauchy problem for the fluctuation g.

Ohge + v - Vag. — 5L = 1T(ge, gc)
gE|t:0 = ge,0)

and the compact part L, is given by

Lof =—pu"?0, {M

(3)

where g, o is given by f.o = p+ ept/ ?g. 0. From now on, we will always assume that

1 1
/ feo(z,v) | v | dedv = / wv) | v | dzdo, (4)
T3 xR3 |’U|2 T3 xR3 |’U|2
which implies that
1 0
/ ge(t,x,0)p*(v) | v |dadv= [0] forallt>0,
T3 xR3 |U|2 O

since our equation preserves the total mass, momentum and energy.

1.2 Notations and functional spaces.

Throughout the paper we shall adopt the following notations. For v € R? we denote
(v) = (1 + [v|>)"/2, where we recall that |v| is the canonical Euclidian norm of v in R3.
The gradient in velocity (resp. space) will be denoted by 0, (resp. 0,). For simplicity
of notations, a ~ b means that there exist constants c;, co > 0 depending only on fixed
number such that c10 < a < ¢3b; we abbreviate “< C' 7 to “<”, where C' is a positive
constant depending only on fixed number that may change from line to line.

In what follows, we shall write for p € [1, +o0]

LP = [P(T%), LF=LP(R®), LPLP = LP(T®xR®).

For p = 2, we use the notations (-, ')Li’ (-, -)L% and (-, ')L%L% to represent the inner
product on the Hilbert spaces L2, L7 and L? , respectively.

For m = m(v) a positive Borel weight function and 1 < p, ¢ < oo, we define the space
LiLP(m) as the Lebesgue space associated to the norm, for f = f(z,v)

1 zarzeny = I N zemlles = Hlmflleellze-

We define for s € N the spaces H: to be the usual Sobolev space on T® and H:L? by
the norm

I lzsz = (X 198012, )*

|k|<s
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It is well known that the null space N of £ is spanned by the set of collision invariants:

N (L) = Span {\/ﬂ, V1L, Var/ I, U/ 1L, |v|2\/ﬁ} . (5)

We also let N'* denote the orthogonal space of N with respect to the standard inner
product (-,-);.. Following [12], we introduce the Hi*—norm defined by

113 = 1@ 2 + [0 2PV f 3 + [(0)2 T (I = PV fIR, (6

this norm naturally arises in the study of the Landau equation. P, is the projection

on v, i.e. Pyw= (w + 11 ) 77> @s well as the space H:H]}, for s € N associated to
1 Rsmexesy = D2 [ 105 fllF de. (7)
T3 s

laf<s

We also define the space H3(H,,)" (is the dual of H3H , w.r.t. H;L?) in the following
way

/]

Hs(HL,) = sup (f, ¢)H;Lg
Hugny <1

‘= sup Z (8ff, Qfgb)

L212°
1PNy <1 161<s o

Let us recall the so called macro-micro decomposition of solutions

g =1Iog + (I —1Ilo)g := g1 + g, (9)
where Ily is the orthogonal projection to N, ¢g; = Ilyg is called the macroscopic
projection of g and go = (I — Ilp)g is called the kinetic or microscopic part of g.

Furthermore, we often use the following notation:

Mog(t, z,v) = {a(t,x) + v - b(t,z) + [v]’c(t, )} /1, Alg) = (a,b,c), (10)

where

2
a = g<§ — ﬂ),u1/2 dv, b:= / gv,u1/2 dv, c¢:= g(
R3©\ 2 2 R3 R3

Jv[? 1> 1/2
—_ == dv.
6 2

We introduce the following temporal energy functional and dissipation rate functional
respectively

Eg) = HQH?Hng = |’91H§1§Lg + ’\92”?{;@
~ A7 + llgallFrs 2,

D(g) = [|92/lx3(ms xrs),

C(9) = [IVaIlogllmzre ~ V2 A(9) |l a2-

(11)

These quantities will be in the heart of the coming study and the main results we
present below.



1.3 Main results.

The first result is about the existence and uniqueness of the solution of the Landau
equation, for small initial data, uniformly in € small enough.

Theorem 1.1. There exists My > 0 such that for e € (0,1) and ||g-o|luzr2 < Mo, the
Cauchy problem ([3) admits a unique global solution

g € L=([0, 00); H7L7)

with the global energy estimate

oo ] [e'e]
sup EX(t) + C /0 SD(t)dt + Co / C2(1)dt < ) E2(0), (12)

>0 0

where Cy, C}, > 0 are independent of .

In the second part of this work, we study the limit to the incompressible Navier-Stokes-
Fourier system associated with the Boussinesq equation which writes

ou~+u-Vyu+ Vep =vAzu,
O +u-V,0=rA,0,

Ve -u=0,

p+6=0.

(13)

In this system 6 (the temperature), p (the density) and p (the pressure) are scalar
unknowns and u (the velocity) is a 3-component unknown vector field. The pressure
can actually be eliminated from the equations by applying to the momentum equation
the Leray projector P onto the space of divergence free vector field (precisely which
is defined in ([96])). This projector is bounded over HY for all N, and in LP for all
1 < p < oco. The viscosity coefficients are fully determined by the linearized Landau
operator £ (see Section 4).

The derivation theorem from ([3]) to ([I3]) is the following.

Theorem 1.2. Let My be as in Theorem [I1]. For any ¢ € (0,1), assume that the
initial data g.o in (3) satisfy

1) 9670 S HgL?};

2) Nlg-0ll7pzr2 < Mo,

3) there exist scalar functions py, 0y € H2 and vector-valued function ug € H2 such
that

g=0 — go, Strongly in HgL% (14)

as e — 0, where go(x,v) is of the form

ol ) = ofa) V) + o) o) + 00(0) (10— D) ). (15)



Let now g. be the family of solutions to the Landau equation ([3) constructed in The-
orem |1.1. Then, as e — 0,

g5—>p\/ﬁ+u-v\/ﬁ+0(7—§)\/ﬁ (16)
weakly-x in L>=([0,00); H3L?). Here
(p,u,0) € C(RY; H7) N L*(R™; 1) (17)

is a solution of the incompressible Navier-Stokes-Fourier equation (I3) with initial
data:

3 2

uli—o = Puo(x), Ol = 590@) - 5,00@)7 (18)

where P is the Leray projection. Moreover, the following convergence of the moments
holds:

P (9o, v3/1) s — 0, (19)

Kl

0. (M0 1)vi) e, (20)
5 L2
strongly in C(R™; H?), weakly—* in L=(R"; H?) as ¢ — 0.

The history of derivation of Navier-Stokes equation from kinetic equations is very rich.
This has been an active research field since the 70’s with some major breakthrough.
In particular Bardos, Golse and Levermore [3] initiated this program in the 80’s, and
the first convergence result without compactness assumption was given by Golse and
Saint-Raymond in [11], following a series of hard works by Bardos, Golse, Levermore,
Lions, Masmoudi and Saint-Raymond [2,10,19,20] the list given here is not exhaus-
tive. More recently this program was tackled in various geometries (with bondary
in [14,15,22]). All these are obtained in a framework of weak solutions: the renormal-
ized solutions for the Boltzmann equation (from DiPerna-Lions [9] or Mischler [23] for
bounded domains) and the Leray solutions for the Navier-Stokes equations.

In the framework of strong solutions, we refer to [1,5,6] for Boltzmann equation with
cutoff and to [16] for Boltzmann equation without cutoff in which a result of weak
convergence to the fluid model is obtained. Our aim in this article is to study the
weak convergence process in the case of the Landau equation, which has strong diffu-
sion properties. This implies difficulties linked to the functional spaces, close in spirit
from the Boltzmann without cutoff case studied in [16] and indeed we shall sometimes
follow the line of their proof. Anyway, major differences appear. In particular we pay
very much attention to the fixed point procedure when building local solutions (uni-
formly with respect to the Knudsen number) and we chose to follow the 13-moments
method of Guo [12] to establish macroscopic estimates. Let us mention that other
approaches, which are all more or less equivalent, could have been chosen, such as
semigroup approaches [6], or hypocoercive methods [5]. A special focus is given on the
weak-x limit at the very end of this article using in particular the Aubin-Lions-Simon
theorem and some compensated compactness argument from [18] (see [1,11] for similar
approaches). We emphasize that a great challenge in this field would be to get strong
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convergence, that we hope to do in the future using the hypoelliptic properties of the
Landau operator.

Organization of the article. In Section 2, we study the construction of the local
solution. In Section 3, we show the global existence and we establish the uniform
energy estimate. Section 4 is devoted for the the incompressible Navier-Stokes limit.
In Appendix A, we give a proof for the existence of a local solution for the linear
Landau equation.

2 Construction of Local Solutions

In this section, we show the existence of a local solution to equation ([Bl). First, we
start with nonlinear estimates where we use the idea of the proof of Lemma 3.5 in [7].
Then, we are interested in the construction of local solutions for Landau equation
where we use the technique presented in section 2 in [16].

2.1 Nonlinear estimates.
We prove in this section some estimates on the nonlinear operator I'.

Lemma 2.1. We have:
V; Ui
(0 21 ) @) + ag % 1220, (@) +| (03 50203 ) (0)

+ |(a;; * Ml/Qf)(U)Uin\ + |(aij * Ml/Qf)(U)Uﬂ S <U>W/+2HfHL%-

[(aij * 12 f) (0)] +

Proof. For the first term, we have

[(aigxp' 2 ) ()] =

[ a0 = v )0 .

S [ @ 2P S 07N s
In a similar way we get

Uj 2
|(ai; * gul/zf)(v)\ S ) N2
For the third term, we have
CLZ']' * ,ul/28jf = 8jaij x ,ul/zf — CLZ']' * 8j,u1/2f,
then
[(aij * 1120, F)(0)] S 19jai % 2 f ()| + lag; * Dy f(v)]
/ VL VL2 £ Jr/ V20 Y782 £ |
S )N f Iz

In a similar way we get

2
S @ ez

V;
(s 5205 ) 0)
8




Recall that 0 is an eigenvalue of the matrix A(v) = (a;;(v))1<; j<3 With corresponding
eigenvector v so that a;;(v—v.)v; = a;;(vV—0v,)v; and a;;(v—v,)vv; = @ (V—0,) VGV,
Using this we can easily obtain,

|(aij * N1/2f)(v)vivj‘ = azy (v — )UlUJN* 2| =
< / VA2 VI 12 |

SO Nz

/ a3 (0 = V)V fo
Vx

In a similar way we get

[(agy * 12 ) @os| S 0) 2N Ne

Lemma 2.2. The following estimate holds:

(T 9) W) e S WAz llgllm Ay - (21)

Proof. We write

(T(f,9)h)ps = — /(%’ * 112 [)0;90:h — / <az‘j * %Nl/Qf)ajgh
+ /(%’ * 101120, ) gOih + / (%’ * %Mmajf)gh
=~ [(A@) + W2 1)Vog- Vo = [ X(0) - Fugh
+/Y Vvhg+/(am*— 1/20]‘)

=T+ T, +1T5+ Ty

Here X (v) (resp. Y(v)) are vectors with coefficients X;(v) (resp. Y;(v)) which are
written in the following form:

X;( Za”*E p?f and Yi(v Zaw*ulﬂ@f

Step 1. For the first term, since the estimate for |v| < 1 is evident, we only consider
the case |v] > 1. We decompose V,g = P,V,g+ (I — P,)V,g, and similarly for V h
where we recall that P,V,g = v|v|™%(v - V,g). We hence write
T, = /(A( )% @2 )PV g - PV h+/ )5 12 )P,V g - (I — P)V,h
+ / * Nl/Q (I Pv)vvg PyVoh + / lul/zf)(l - Pv)vvg ) (I - Pv)vvh
=Ty + T + T3+ Tia.
Therefore we have, using Lemma [2.1],

(U : va) (U ) vvh’>

DR

9

Ti = [(A@) = )



then
Tl SISz [ @) 10] 2 Vgl V0]
< 1122 140) Vgl ) Vb

Moreover

Ty = /(A(v) * W%)%v (I = P,)V,h,

then

Tl S 1l [ @20l Vg (2 = PVR)

S leall (@) Vogll ozl ()3 (T = P,)Vuhl|rs.

and similarly

(Taal S 112 ll(0)? Vgl 2| (o) (1 = P)Vhl| 2.
For the term 774 we obtain

Tia = [(A@) +p2f)(I = P)Vug- (I = P)Vh,
then

Tl S 1Sz [ @) = PVl | = P)V,A
S IA 2l ()2 (T = P)Vogllza (o) (1 = P)Vhl| e,

Step 2. Let us investigate the second term 75, and again we only consider |v| > 1.
The same argument as for T) gives us

o= [ X(0) - {P.Vug+ (I - P)Voghh
=To + T

We have

then

Tl S I lsz [ (0720l Vo] [A
S 11210 Fag i (003 il

For the other term we get

Ty = — /X(v) (I = P)V,gh

10



then
Tl S sz [ 072101 = P) Vgl [
SN2l (0)E T = P)Vagllez [ (0) T 2.
Step 3. For the term T3,
Ty = —/Y(v) AP,Vh+ (I — P,)V,hlg
= T3y + T3s.
Using the same proof in step 2, we have
Ty S A1l 1 w) 2 gllzall (v) 2 Vb 2,
and
[ Tial S N1zl 0)* P allzz | 0) 2T = P)Vuhns

Step 4. We finally investigate the term T, and we have

U;
T, = —/ <aij * Eul/Qij)hg,

then

X 2
ITal S W Nlezll€0)> gllzall{0) ol -

O

The next lemma gives an estimate on the nonlinear collision operator I' in terms of
temporal energy functional and dissipation rate.

Lemma 2.3. Consider f such that /3 [y f dz = 0, we have
T

(O 1) W) e S ESHCES) +D(f)ID(R), (22)
therefore
ICCH Iz S W lmzezll f g (23)

where we recall that the space H3(H,,)" is defined in (8]) and £, D,C are defined in
(11).

Proof. We have that

(O £ W gns = (O )b s+ D2 (9IT(f,9),000a)

1212
1<1Bl<3 e

because

(P(fa f)7 ¢))L% =0 for ¢) = \//_L, ’Ui\/,[_L’ |U|2\/[_L
11



and

afr(fa f) = Z Cﬁl,ﬂ2r(8§1fa 8§2f)
B1+B2=0

The proof of the lemma is a consequence of Lemma [2.2] together with the following
inequalities, that we shall use in the sequel when integrating in x € T3

1/2 1/2
lull pocrsy S Nullmzay, ullzoersy S Nullsy,  ullzarsy S lullges el s -
Step 1. Using Lemma we easily get,

(D(f. £), ha) paga S /T (W2 oMl kel + 0 £llzz [ Fallee (1ol

S W llmzee | follzms, Whellzemy, + 1 flmzee (| fill 2oz (Rallz2ms s

furthermore, Iy f has zero mean on the torus, thus we can apply Poincaré inequality
on the torus and we obtain

(T )y h2) a2 S ECNLC(S) + D(f)}D(R).

Step 2. Case |f| = 1. Arguing as in the previous step, from Lemma [2.2], it follows

(r 020, 05ma) ,

< L (12 1V follng, WVahallmg 4+ 17z Vil [92Ralln,)

S W llazez IVafollezay, IVahollpzmy . + |1 flmzee Ve fill 2z [[Vahallzm
S EC(S) +D(f)}D(h).

Moreover, we have
(F(aff7 f)? afh2)L2L2
< [ (e fllz 1olg . N¥eollas+ IV fllz sz 9ol
SIVefllmzez | follzms, 1Vehellizmy . + Vo fllazee | fill 2oz [Vahell2m;

using Poincaré inequality on the torus, we get

(L@21.0).00a) ,, S EDICU) + D()ID(R).

Step 3. Case |3| = 2. When 5, = 3 we have

(F(fv agf)? af‘h’2)L2L2

S [, (02 192 Rl I92Rallary + 0 ez 192 Al 972l )
5 ||f||HgL% ||Vif2||L§H%7* VihZHL%H%’* + ||f||HgL% ||Vif1||L§L% ||Vih2||L§H%7*
S ENC() +D(f)ID(h).
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If |B1| = |B2] = 1 then we obtain
(C(@2 1,02 f),000s)
S [ (19212 1V fell,
T
SWIVefllazez Vafoll 2,

S EAC) + D) ID(h).
Finally, when 8, = § we get

(C@21.1).00h2) ,

S L (927 ez Wl 192kl + 120 sz il ez 972Ra s )
SIVEflier: [ foll Loz, Vi%”LgHg,* + V2 fllzsze |1 fillzare HvihﬂHL%Hi*
SV e 1l 5 ol V3R]l

1/2 1/2
IV Fllse 205 Wt V2Pl

Vihallmy, + IVafllzz [Vafilzz 1V2Rallms,)
Vihollpzmy, + I Vafllazez Ve fillizr: [Vahellzm

S ENLCS) +D(f)}D(h).
Step 4. Case |B| = 3. When (3, = 3 we have obtained
(£, 000),05hs) ,
5 ||f||H§L% ||Vif2||L§H%’* VihQHLgH;* + ||f||H§L% ||Vif1||L§L% ||Vih2||L§Hq},*
S EAC) +D(f)}D(h).
If |81| = 1 and |B2| = 2 then we obtain
(T2 1,00 1), 07hs)

L3L3
< [, 92l 192 ol
SIVafllmze: IV2follzme,
S ENHC) +D()D(h).

When |G| =2 and |3 = 1 then we get

(F(azfl f7 852 )7 8£h2)

Vihallmy, + Ve fllzz V2 A1l 1V3hallm, )
Vohollrams, + Ve fllaziz 1V fill 2z Vohell 2

L2132

S /T (IV2 £ M2z IV fellzrn (V3 Rallsy, + V22 1V fallza 1V 32l )
1/2 1/2

SV iz Ve foll 22z Ve Follpian . 1V 3R]l .

+ Ve fllmiez Ve fa

tazz Ve fillityea 1 V3hell 2,
S EHC) +D(f)}D(h).
Finally, when ; = 3, it follows

(P@2F. ), 05h) ,
S [, (93 ez Wl 3Rl + I3 F ez il 975l )

SIVafllezee Mfellmzm, IVEhallizm: . + IV fllrzes 1 fillmzes V2Rl r2ms

S EPHC) +D()ID(h).
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Regarding estimate ([23]): Using ([22]), we have
L) M) asre S mzezll fllasm

using now ([8]), we obtain for [|A|[gzp;, <1,

hHHgHg,*,

ICCH Iz S Wzl mzms -

2.2 Linear problem

We consider now the linear Cauchy problem

=0 = go € H L

where f is a given function such that

sup £1(7(0) + [ D7)t < oo (25)

0<t<T

for some T > 0 and verifies
/ o f dz = 0. (26)
T3

We study the existence of a solution to the equation (24]) in the space L>([0, T]; H3L?)N
L*([0,T]; H3H, ).

Remark 2.4. We note that by using ([23]), (23]) and ([26]), we obtain that I'(f, f) €
L*([0, T]; HY(H,.)").

Definition 2.5. We call weak solution of (24]) any function g € L?([0,T]; H3L?)
satisfying

/OT (9, Qﬁb)Hng dt — (go, ¢(0))H§L% = /OT <§1—‘(f, f),¢> dt (27)

H(Hy.)  HEH
for all ¢ € C°([0, T[x T2 x R3), where Q is defined in ([[42]) in Appendix A.

Proposition 2.6. Let go € H2L?, and f satisfy (123) and (28). Then the Cauchy
problem ([24)) admits a weak solution

g € L=([0,T; HyLy) N L*([0, T); H7H, ,)
which satisfies

C T 402 T
s E00(0) + 3 [ Do)t < T s €4 {Oig%e%m / Dz(f)dt}
+26%(g0) (28)

for some T' > 0, where C, C., are independent of 0 < e < 1.
14



Proof. We will show the existence of a solution to the Cauchy problem ([24]) by using
Proposition in Appendix A. By applying Proposition with U, = %F(f, f) (we
have from Remark ID(f, f) € L*([0,T); H3(H,,)') for ¢ a fixed parameter, then
there exists a solution g € L*([0,T7; H3H,) ) such that for any ¢ € C°([0, T[x T2 xR?)

/OT (9,90 ypz dt = /OT <§r( £ 1), ¢>> dt + (g0, (0)) a2 - (29)

H(Hj.)  HIH

where Q is defined in ([[42]). Then, g € L*([0,T]; H2H,,) is a weak solution of the
Cauchy problem ([24]). Now, we will show that the weak solution g satisfies ([28]). We
only sketch the proof which could be done using mollifiers of g and supposing therefore
drg,v - Vyg and Lg are in L*([0,T]; H3L?) and that g and its derivatives in = have
traces in times. For elements of proof see [8, Appendix A], [13] and [16]. We define
the operator G by

1 1 1
Gy := 0,9+ Zv-Vag + 5Ly = T(/.]), (30)

we also suppose Gg € L*([0,T]; H3L?). We have g € L*([0,T]; H3L?), then

(ggag)m([o,T];HgL? - ( (1), 9) ([0,7);H3L2) *

Using ([30]) and the fact that v - V, is skew-adjoint, we have

1 1
(99 Dpsrz = (0:9: D praps + = (v Vad Dy + 5 (L9 Drars

14 (31)
g0 + 5 (£, 9z
Returning to Theorem 1.2 in [24], we have the following estimate:
(Lf, Pz = Cllf I, Vf e N(L)™, (32)
where C, > 0. Then,
5 (£9,9)us1 > Do) (33)

From the above, we get for ¢ €]0, T,

t 1 1 c, rt
| (9. 9) g1z ds = 59O ez = 5190 sz + = [ D90

Using Lemma [2.3] and the fact that C(f) < E(f), we have

g <>||H3L2+f /OtD%g)ds
C 1.
<2 D()}Dlg)ds + 26%(w)
< [1£2(5) + €PNIDLa)s + 587(90)
s% / (HiE(s +D2<f>}ds+2% [ D) + %)
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Thus, we get

E9(0)+ G | Do(0)ds < - [ ENE) + D)} + E¥an).

e2

This implies that for T' < 1

s £00) + G [ Do) < G s )] s 0+ [ D e

0<t<T v 0<t<T

+ 2E%(go)-

Finally, (28]) and (29)) show that g € L>([0, T]; H3L2) N L*([0, T]; HIH, ) is a weak
solution of the Cauchy problem ([24]). O

2.3 Local existence for nonlinear problem.

We consider now the following iteration

n+1 1. n+1 1 nt+l _ 1 n .n
{ 8tg + E'U ng +€2£g 5P(g 7g ) (34)

gn+1‘t20 = 907
with ¢° = 0.

Proposition 2.7. There exists 0 < §g < 1, 0 < T < 1, such that for any 0 < e < 1,
9o € H;)’L?} with

g0l g3z < do
then the iteration problem ([34]) admits a sequence of solution {g"}n>1 satisfying
C’Y

T
sup E(g") + > /0 D?(g™)dt < 4657, (35)

0<t<T

Proof. Looking at the linear Cauchy problem ([34]), we have for a given ¢g" satisfying
([35]), the existence of g"*! is obtained by the Proposition [2.6]. So that it is enough to
prove ([35]) by induction. Using estimate ([28]) with ¢" = f and g™ = g, we obtain

2

T
sup 52(g"+1)+%/ D?(g")dt < o sup E*(g"){ sup E£3(g +/ D?(g™)dt}
0

0<t<T g2 'y 0<t<T 0<t<T

+2E%(go).
Then, using ([35]), we obtain
T 2
sup E2(g"h) + C—;/ D?(g")dt < 6} (2 + 6457 20 )
0<t<T e« Jo C

We complete the proof of the Proposition by choosing dy such that

02
24 6462— < 4.
Ony

16



Theorem 2.8. For T > 0, such that for any 0 < e <1, g.o € H2L? with
ge0ll a3z < do,

then the Cauchy problem ([3) admits a unique solution g € L>([0,T|; H3L?) satisfying

C. [T
sup E(g.) + —;/ D?(g.)dt < 46;. (36)
te[0,T) g« Jo

Proof. We will show that {g"} defined in Proposition is a Cauchy sequence in
L>([0,T); L*(T2 x R3)). We set w" = ¢g"™! — ¢g" and deduce from ([34]),

O™ + v Vo + S Lw" = L1[[(g", ") — T(g" ", 9" )] (37)
wn‘t:() = 0.
Using the fact that, for any h € L2
(g™, g™ = T(g" ", 9" "), Thoh) , =0,
P(gn’gn) _ F(gn—l’gn—l) _ F(gn’gn _ gn—l) + F(gn’gn—l) _ F(gn—l’gn—l)
— F(gn’ wnfl) + F(wnfl’ gnfl)’
we obtain
(F(gn’gn> o F<gn—1’gn—1)’ wn)L2 — <F<gn7 wn—l) 4 F(wn_l,gn_1>7w;)L2 ’
where wf = (I — IIp)w™. Using Lemma [2.2], we have
1 n n— n— n— n C n n— n— n
- (Ng s w' ) + T(w" g 1)7w2)L%’v < g“:(g )(”wl lHLiyv + (w3 IHXO)Hw2HXO

C n— n— n— n
+ e M, (ot ez +D(g™ ) s o

< Go€(g") (lwp 17z, + llws %)
+ Csllw 12 (I Wz + D2(g" )

0.
52 X

Thus, fix a small § > 0, we get

1d C. _ _
Sl + S5 llug R < Cog (g (i e, + s~ 1)
+ Cé”wnflﬂig,v (HQTIH%M + 172(9"71))-
Using the fact that
ot =72, = IMow™ 32 < Cllw™ 32, g e < CEX ™),

we obtain ¢t €]0,T7,
ni|2 1 t n|l2
s, + = [l ds

T
< Csup 9" (The mqorazy + [ g1 ds)
t€[0,T] ' 0

T
+ Ol oz o (T sup €36"Y) + [ DA™ ) ds).
’ t€[0,7)] 0

17



Using now ([35]) with dg > 0 small enough, we get that for any 0 < e <1

[w H%OO([O,T];Lg ot = [ lwsy ”io dt < S| [Jw 1”%00([0,T};L§ )T = Hw2 1H2 de
; e« Jo 2 : €
(38)

Thus we have proved that ¢" is a Cauchy sequence in L*([0,7]; L2 ). Combining with
the estimate ([35]), the limit g is in L>°([0, T]; H3L?). If we note by

C T
F(g") = sup 52(9")+—;/ D*(g™)dt,
0<t<T 19 0

then from weak lower semicontinuity, we have
F(g) < lim inf F(g") < 4.

Then we obtain the estimate ([36]). Now, we will show the uniqueness of the local
solution. Let gV and g be two solutions to ([3]) with same initial data gég = gég

that satisfy (36l). The difference h, = gi) — g{?) satisfies

(39)

dihe + Lv - Vohe + SLh. = 10(9® h.) + 1T(h., gV)
h \t_O — O

using the same argument in Theorem 3.10 in [7], we can show that h. = 0, hence the
uniqueness of the weak solution. O

3 Uniform estimate and global solutions

In this section, we establish a microscopic and macroscopic energy estimates for the
Landau equation. These estimates with Theorem [2.8] allow to prove the existence of
global solutions in the space L>([0,00); H2L?).

3.1 Microscopic energy estimate.

Proposition 3.1. Let g € L>([0,T]; H2L?) be a solution of the equation (3) con-
structed in Theorem [2.8], then there exists a constant C' independent of € such that
the following estimate holds:

d. Oy {1 9 2}
J— — < —
L8+ 5D < C{ZED* + (£C), (40)

where for simplicity, we note £ = E(g), D ="D(g) and C =C(g).

Proof. We apply 9% to ([3]) and take the L?*(T® x R?) inner product with 9%g. Since
the innerproduct including v - V¢ vanishes by integration by parts, we get

1d 1
S8+ 5 Y (L3g,059 ——Z (92T(9.9),079) 12
2dt e 05 € lal<3

18



Returning to Theorem 1.2 in [24], we have
> (£379,029),2 , = Cyllgallsmswny) = CoD*

|| <3

Since / ,Hog dz =0, Lemma implies that,
T

1
_ Z (8§F(g7g)7a§g)L2 S g(c:(ClZ)—|—’Z)2) 0152)2 Cl (86) 77021@2
g \Oé|§3 z,v e 2 -
Taking n = %, we have
Cy
1d 2 C 1., O ) CQ
S5 < i
sy T El = ED 20 (£C)?,
then
d 2 C’y 2 {1 2 2}
gl + 2D OED + (EC)

3.2 Macroscopic energy estimates

We study now the energy estimate for the macroscopic part I1pg where g is a solu-
tion of the equation ([B]). First we decompose the equation ([3]) into microscopic and
macroscopic parts, i.e. rewrite it into the following equation

1 1 1
d{a +bv + clv]*}pu'/? + U Vo{a+ b+ clo|2}pul’? = —0,95 — U V.92 — 5_2£92
1
+-T'(g.9).
(41)

Lemma 3.2. Let 0 = 9%, a € N3, |a| < 2. If g is a solution of the Landau equation

(3), and A = (a,b,c) defined in (1), then
el|0:0° Allrz SC+ D, (42)
where £ = E(g) and D = D(g).

Proof. Let g be a solution to a solution of the scaled Landau equation ([3]). The second
set of equations we consider are the local conservation laws satisfied by (a,b,c). To
derive these we multiply ([41]) by the collision invariants that are the elements of N'(£)
in ([Bl) and integrate only in the velocity variables to obtain

1
8(a+3c)+gvx-b:0, (43)
1
O+ — (V a+ 5V,c) ——E(U~ng2,v\/ﬁ)L%, (44)
1 2
8t(3a+150)+gvm~b: — (U-Vmg2,|v\ \/ﬁ)L% (45)
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Taking linear combinations of the first and third local conservation laws results in

1 2
oia = % (v - V299, V] \/ﬁ)L% ,

1 1
Ob + Z(Vaa +5Vec) = == (v- Vaga, vy/l) 5

1 1 ,
&gc—i— 3—€Vm -b= —g (’U . VIQQ, |’U‘ \/ﬁ)L% .

These are the local conservation laws that we will study below. From the first equation,
we have

1
10:0%al|r2 S g||V$80‘gg||Lng, (46)
the second equation gives that

1 1 1
10:0%0]z2 S ZI1Va0allrz + ZIIVa0cllzz + Z[IVa0®gallzas

x N €
1 1
S g||anaA||Lg + g||anag2||Lng
and the last equation implies that

1 1
0.7 clz S < IVa0bl1z + < IV gal 212

1 1
S gHanaAHLz + gHanangLng-

Then, we obtain

el|0:0% Al Lz S [[V20" Al 12 + V20 ga| 1212
<C+D.

O

We start with the macroscopic energy estimate where we use the so-called 13-moments.
The set of 13-moments is 13-dimensional subspace of L*(R?) and given by

{es} )2 = { Vi v/ vy /i, vl Py

It is well-known [13] that the macroscopic component g = Ilpg ~ A = (a,b,c),
satisfies the following set of equations

Ui|v|2:u1/2 : évxc - _at’rc + %mc + égc + %hca
U?/Ll/2 : 8tc + %&bz = —8t7“,~ + éml + E%EZ + %hl,
vivj,ul/Q : %@bj + éﬁjbz = —8t7“2‘j -+ émij + E%EU + éhija 7 7& j, (47)
vip'? D O+ 10ia = —0yryi + 2 + S5l + Zhyi,
Iul/2 : 6,5(1 = —8157’@ + éma + E%EQ + %ha
where

T:(g%e)L%) m:(_v'vJ:gZ)e)L%a h:(r(g’g)7e)L%7
t= _<£g27€)L%

stand for r., - - -, h,, while

(48)

€€ Span{vi|v|2:u1/27 ’Uz‘zlul/za vivj:ul/za Uiﬂl/Qa M1/2}7 for Z)] = ]-7 2a 3.
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Lemma 3.3. Let r,m,(,h be the ones defined by (48), 0 = 0%, 8; = 0y, o € N,

la| < 2. Then, one has

10,077 || 2 < min{|| g mzr2, D},
10%m|| 2 < min{|[galmzr2, D},
10%¢| 2 < min{||gallmzz2, |92]lx2(rs xrs) }

10%R][r2 < Nlgllmzrz (g2l xera xrs) + (| Vellogl mirz)-
Proof. We have

10:0° ||z = || (0:0%g2,€) 12 |12 S 110:0% g2l 212 llellrz S lg2llmzrz,

1072 = 11 (092, Le) 2 12 S N0l 222 1 Lellz S Mlg2llm2ez,

10°mllz = [[ (Va0"g2,v€) 12 l12 S [IVa0®g2lli2rz [Jvelliz S [lg2llmzrz-

The fact that for f € H;, and v € [-2, 1],
112y oy < WM,
implies ([49]), (B0]) and ([R1]). For the estimate ([52]), we have
O"h = (9"T'(g,9).€)p2

then using the same method of proof of Lemma [2.3], we get ([52]).

O

Lemma 3.4. Let |a] < 2, and let g be a solution of the scaled Landau equation
(3). Then there exists a positive constant C' independent of €, such that the following

estimate holds:

“dt

o <2

Proof. Recall that

C*= 3 V0" AllLz = 3 [IVa0%all7z + IV20bl[75 + | Va0"cl|7s-

la]<2 jal<2

(a) Estimate of V,0%. From the macroscopic equations ([47]),
Hvxaaauig = (V.0%a, V;0%a)
1
— (0= cob—car+m+ ~t+h),V,0%)

L2

x

d { S (077, Vo0 (a,b,¢)) 1z + (870, V,0%) 1 } +C2<C {6—12132 LEC+ D?)} .

(53)

1
SeRy+ [ (0'm, V,0"a) s | + | (070 V,0%) 13 | 4] (0°h, V.0%a) 5 |
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Here,
eRy = —¢ (aaatb + 0%0r, Va:aaa)L%

d
= = (O (b+7), V.0a) 3 — = (Vo0 (b+1),0,0"a) 15

Note that, from (I6]) and (H9]) € (V.0°r, 0;0%a) s S D2, and

1
£ (Vmﬁab, &g@o‘a)L% 5 'r]HV;,ﬁabH%% + %D2

Furthermore, Lemma implies that
| (0%m, V,0%) 15 | < D|V.0%llz S DIIVL0"Alluz < DC,
L a0 o 1 N 1
S (070, V,0%0) 5 | S <l gall e oty | V20" AlL iz S ZDC,
| (9°h, V,0%) 2 | S E(C+D)C.

Hence, for some small 0 <n < 1

3

d 1
" (0°(b+7),Vo0¥a) 5 + |V.0%all72 S 1l V20b]172 + %DQ +DC

1
+-DC+E(C+D)C (54)
1.1
<nC* + E{EDZ +E(C*+ D%}
(b) Estimate of V,0%b. Recall b = (b, bg, b3). From the macroscopic equations ([47]),

AL O°b+ 070%b; = 0% 3 0;(;bi + 0iby) + 0;(20,b; — Y 9;b;)]

i i
1
= 80‘ {Z 8]< — Eaﬂ“ij + mg; + —Eij -+ h”)
i#i <
2 1
+ 8@( — 258,57“,‘ + 2m2 + g& + 2h2 + Ze@trj — mj — gfj — h]>:|

i
:8a{8i<—58tr+m+§€+h>]

where r, ¢, h stands for linear combinations of r;, ¢;, h; and r;;, {;;, hs; for i,j = 1,2,3
respectively. Then

V200132 + 10:0°bil[72 = — (2.0°b + 970°bi, 0y
:€R2—|—R3—|—R4+R5,

L2

x

where
eRy = £ (9,00, 0%b;) 15
= —5% (0%, 0:0°b;) 12 + € (0", 0,0;0%;) 5
22



moreover, we have from ([42]) and ([49]) that
1
€| (@00‘7‘, 8t8abi)L% ‘ 5 77C2 + ZID2

Furthermore, Lemma implies that

—_

| (0%m, 0:0%bi) 2 | S —[0"m|Zz +nl|0:07bi] 1z

—_3

< =llovmll7 + 0l Ve02bil|72

S =D +0l[V.0"bill1s,

10°0]| 22 | V20" All 2 < DC
(C+D)C
(C* 4+ D?).

1
S (0°6,0070),13| S
[(0°h, 0:0°b) 2 | S
<

h o [ —,r3I | —3

Hence, for some small 0 <7 <1
i 1o 9o ap (2. < 2 l i 2 2 2
ST (0%r, 0;0 b,)L% + V2 0%bil|72 < nC” + , €2D +E(C°+D%)y,
summing up for 1 <7 < 3, we obtain that

d 1 (1
e (07 Va0 B + V0, S0+ {6—2@2 LE(C+ Dz)} .

(c) Estimate of V,0%. From the macroscopic equations ([47]),
||Vx8ac||%% = (V20%¢, V:0%¢)
1
= (8"(—8&7‘ +m+ gf + h), Vmaac)

L3

1 11
SeRg+nC* + ~D* + —?DQ + &£(C* + D?),
n 7

where
eRg = — (0“0, VmaaC)Lg
d
=—eq (0%, V30%C) s — € (V50%r,0,0%¢) 12
d .. o 21
< —5& (8 T, va;a C)L% + nC2 + 55_2,1)2
Thus

d 111
o O Vad ) + IV el S0 {5—2192 L E(C+ D?)} .

(55)

(56)

By combining the above estimates ([B4]), ([B3]), (B6l) and taking n > 0 sufficiently
small, then we get the estimate ([53]) uniformly for 0 < & < 1, thus complete the proof

of Lemma )
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Let

1/2
& +7718{ > (0%r,V,0%(a,b, €))pz + (976, V,0%),, }] : (57)

o <2

with n; > 0 will be chosen later.

Theorem 3.5 (Global Energy Estimate). If g is a solution of the scaled Landau
equation (I3), then there exist constants ¢y, cs > 0 independents of € such that if E <1,
then

d 1 1
aE2 +c3 < —D? +(32> < cOE{gDZ +CQ} (58)

holds as far as g exists.

Proof. Based on the microscopic estimate ([40]) and the macroscopic estimate ([53]),
we can derive the uniform energy estimate. Indeed, estimates ([40]) and ([53]), imply
that

d
I (5 + e { > (01, V,0%(a,b,¢)) 2 + (0%, Vmﬁaa)%} ) + %Dz +mC?
|| <2

1
< c(gezﬁ + (5(:)2) "101)2 L mCE(C? + D).

We first choose 1; small enough so that C., — mC > 0, it gives that for 0 < e < 1
d
p” {52 +me Y (9, V,0%(a,b,0)) 5 + (07D, V,.0%),, }+ (e8 7710) Lp2 +mC?
o] <2
~ 1 ~
< (C+ nlc)gsiﬁ + (C& +mC)EC?.
(59)
Using ([49]), we have
| 3 (077, V.0%(a,b,¢)) 12 + (07D, Vod"a) 1

o] <2

S IV iz + Al

S Ngallis (g oy + ARz S €7
Thus, we can choose n; > 0 small such that, for any 0 < e < 1
a & <E<aE, (60)
for some positive constants ¢; and c¢,. Finally, using ([59]) and ([60]) we have

d C+mCy\1 C C
SE (€, - mO) Lp2 e < <l) “ED? + < + ”1—>Ec2,
dt C1 € c1 c1

then there exist constants cg, c3 > 0 independent of ¢ such that

gE2 +03( L2 +C2) < cOE{ED2 +CQ}.
dt 2 €
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We recall that dg, ca, co, c3 are defined respectively in Proposition and Theorem
3.9,

Lemma 3.6. If we choose the initial data g.o such that
€(0) = llgeollzLz < M,
where M 1is defined as

1 C3
M = mi _ 1
i {50’ 4027 40002} ’ <6 )
then,
2 s (M1 2 2
EXT) + 5 —D*+C? pdt < B(0), (62)
0

for some T > 0.

Proof. Note that £(0) < M < §p, then from Theorem [2.8] there exists a solution
g- € L>=([0,T); H3L?) for some T > 0, and from the local estimate ([36]), we have
E(t) <2M for 0 <t < T. Note that on [0, 7], E(t) < c2€(t) < 2caM < 1. Then the
global energy estimate ([58]) implies that

d 1
EE2 + (c3 — 2coca M) {6—2172 + 62} <0.

From the choice of M, ¢3 — 2¢coco M > 62—3 Thus

2 g (1 2 2
EXT) + & {—D +c}dt§E(0).
2 Jo Lle?

O

Proof of Theorem [1.1]. Now, we are ready to prove Theorem by the usual
continuation argument. We set My := £M, where M defined in ([6]). Let

€(0) = llg=oll mprz < Mo,

which implies that £(0) < M < ;. Then from Theorem there exists a solution
g on [0,T] for some T > 0. Furthermore, using ([G3]), we have E(T) < coM, then
E(T) < M < §p. Using again Theorem with initial data £(T"), we obtain the
existence of the solution on [T, 27 and so on. Finally, the local solution constructed
in Theorem [2.8] can be extended globally. Now, we will show the estimate ([12]). Using
([63]) and the fact that we can iterate the process in [T, 27, [2T,3T] ..., we get for all
te Rt

t(1
B+ 2 [ {?2@2 4 62} ds < E2(0). (63)
We get therefore
o (1
sup F2(1) + {—2192 + c?} ds < 22(0). (64)
>0 o Lle
Next, using ([60]) we get
2
2 3 /Oo { L5 2} 265 ¢p
)+ — —D ds < — :
stlzlgc‘f()—l—%% R +C*rds < C%S(O) (65)

2

¢ ¢
Finally, we can choose Cy = 2—32 and C;, = =2, hence the estimate ([[2]) is true.
€1 €1
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4 Limit to fluid incompressible Navier-Stokes-Fourier

In this section, we study the convergence of the perturbed Landau equation ([3]) to the

fluid incompressible Navier-Stokes-Fourier system ([13]) as ¢ — 0. We will present

a well explained and detailed proof. The approach is reminiscent of the one in [16]

(see also [1] for a related problem) but here, we aim to provide a fully rigorous proof.

Note that most of the arguments have already been used in [11] but our framework of
strong solution allows us to develop a simpler proof than the one in [11].

In the rest of the paper, our convergences hold up to extracting subsequences. Note

that for a vector function w = w(z) € R, V,w is a matrix defined by (02, Wi)1<ij<3.

We also write (V,-M)* = 32, 0., Mi;(), if M is a matrix defined by M = (M;;(7))1<ij<3-

4.1 Local conservation laws

We first introduce the following fluid variables
P
Pe = (gea \/,E)L% , Ue = (geav\/ﬁ)L% ) 98 = <g€7 (% - )\/ﬁ) . (66)
L3
Then we can derive the following local conservation laws from the solutions g. con-

structed in Theorem [L.1J.

Lemma 4.1. Assume that g. is the solutions to the perturbed Landau equation (3)
constructed in Theorem [I_1]. Then the following local conservation laws holds

8tp€ + évx cUe = 07
Otie + 1V, (pe +6.) + 1V, - (A(w) i, £(g2)) , =0, (67)
Ol + 31V, u. + 21V, - (B(v)\/ﬁ, E(ge)) =0.

L3

Proof. Step 1. Conservation law of p.. We multiply the first g.-equation of ([3]) by
VI € N(L) and integrate over v € R?. Then we obtain

1 1 1
atpe + g (U -V, \/ﬁ)L% + 8_2 (‘Cgaa \/E)L% = g (P(gaa 96)7 \//7)1% (68)

I I>=0 I13=0

For the term I, we have

1 1

[1 = gvm . (gs,U\/ﬁ)L% = gvx *Ue. (69)

Collecting the above relations, we deduce that
1
Op- + ng cue = 0, (70)

hence the first equation of ([67]) holds.
Step 2. Conservation law of u.. We multiply the first g.-equation of (Bl) by v\/iz €
N (L) and integrate over v € R3, we have

1 1 1
atue + g (U : vmngu U\/E)L% + ? <£g5, U\/E)L% = 6_2 <F<g€7 g€)7 U\/E)L% . (71)
]:[1 ]:[220 ]:[320
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For the term II;, we introduce the matrix A(v) = v ® v — %Hg. We have that
Ay/fi € N*(L) and there exists A(v) such that £(,/pA) = \/uA with A,/ii € N*(L)

and I3 is the 3 x 3 unitary matrix (see for exemple [11]). Then we can write that

1
]Il = gvm . (gs,U ® U\/,l_i)

1 \ |2 1
== - ; : £ _—H - ;$‘ €
e <g <v®v 3 3)ﬂ>L2 € <g

1 Kl

_ ng (ger Av)y/11) 5 + %V;«((ga Vi) s + (gsa (? - 1)\/ﬁ>L%>

o]

H?’f) " (72)

1 1 1
= gvr ’ (gsa A(”)\/ﬁ)Lg + gvxee + gvxps-

Finally, using that E(\/ﬁfl) = /1A and that £ is self-adjoint in L2, we have
1 " 1
]Il = gvx ' (A(U)\/,L_L, E(Qe))L% + gvm(es + pz—:)'
Collecting the previous calculations, we obtain

1 1 a
Oytte + = Va(pe +0c) + —Va - (A)va £(g.),, =0, (73)

then the second equations of ([67]) holds.
Step 3. Conservation law of §.. We multiply the first g.-equation of ([3]) by (|v|

1)\/;7 € N(L£) and integrate over v € R?, we have

1 2 1 2
atee + - (U : vmgeu (ﬂ - 1) \/IE> + ) <£g€7 (ﬂ - 1) \//._L>
€ 3 2 € 3

L3
= ) DIWT; (74)
=5 |9 9:), (5 — 1 :
82<(g g)<3 >\/E>L
]]:[3:0
For the term Iy, we introduce B(v) := v<% — g) We have that B,/u € N*(L)

and there exists B(v) such that E(\/ﬁé) = /uB with E\/ﬁ € N1(£). Then, we can

write
I, = -V g <—| |2 ) \/_u
2 x 87 3 5

21 v[2 5 21
= __V:v : <g€,v(% - 5) \/:E> + g_ (gg,U\/_) L2
L3

(75)
21
:——V (.957 ( )\/}_L)L%—Fggvx-ue
21
= ggvx : (B(U)\//_% 5(96))L% + ggvx " Ue.
Collecting the above relations, we deduce that
21 21 .
hence the third equation of ([67]) holds. O
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4.2 Limits from the global energy estimate

Based on Theorem [I.1], the Cauchy problem ([3]) admits a global solution g. belonging
to L>([0, 00); H3L?) which is subject to the global energy estimate ([T2]), namely, there
is a positive constant, independent of ¢, such that

sup 19e (|73 2 < C (77)
and
| Ngea®) 2 iyt < Ce*, (78)
From the energy bound ([77]), there exists g € L>([0,00); H2L?), such that
g-—g as € — 0 (79)

where the convergence is weak-x in L>°([0,00); H3L?) (the limits may hold for some
subsequence). From the energy dissipation bound ([78]), we have

{I —Ty}g. — 0 strongly in L*([0, 00); H3L?) (80)

as e — 0. We thereby deduce from combining the first convergence in ([79]) and ([80])
that

{1 -Ty}g =0, (81)

Indeed, we have {I —IIy}g. converges in the sense of distributions and to {I —1Ily}g as
¢ tends to zero. By uniqueness of the limit, we obtain the proof. Then, it immediately
gives that there are (p,u,0) € L=([0,00); H3(T2)) such that

9= o)+ () oyi o) (- D)y (52

Via the definitions of p.,u. and 6. in ([GGl) and the uniform energy bound ([77]), we
obtain

sup ([lpellirsry) + ellivsers) + W0:lirs)) S sup loelliny < C- (83)

We thereby deduce the following convergences from the convergence of ([[9]) and the
limit function g(t, z,v) given in ([82]) that

Pe = (gsv\/ﬁ)L% — (97 \/E)L% =p,
U = (ge,v\/ﬁ)L% — (g,v\/ﬁ)L% = u,

0. = (ga, (g — 1)\/;7>L% o (g, <g - 1)\/;7>L% =0,

weakly-* in L*°([0, 00); H*(T?)).

(84)
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4.3 Convergences to limiting equations

In this subsection, we will derive the incompressible Navier-Stokes-Fourier system ([13])
from the conservation laws ([67]) in Lemma and the convergences obtained in the
previous subsection.

Incompressibility and Boussinesq relation: From the first equation of ([67]) in
Lemma and the energy uniform bound ([77]), it is easy to deduce

Vi u. = —0ip. — 0 (85)

in the sense of distributions as ¢ — 0. By using the convergence ([84]), we have V. -u.
converges in the sense of distributions to V, - u as ¢ tends to zero. By uniqueness of
the limit, we obtain

Via the second equation of ([67]), we have
Valpe +0:) = —edpue — Vo - (A() /I, /:(gg))L% . (87)
Notice that
Ve (A L(g2)) ,, = Ve (A@)VEEAL = To}g.)

where the self-adjointness of £ and the fact that A/ € N*(L) are utilized. Then
we derive from the Holder inequality, and the uniform energy dissipation bound ([78])
that

LIV (A £090) , It = [~ IA@) VI VAT = Tlo}g.) , st
S [T = Mo} gelifazat
0
< | DAt)dt
< [
2

then, V, - (A(v)\/ﬁ,,C(gg))L2 — 0 strongly in L*([0,00); H*(T?)). Consequently, it

is easy to deduce that
Valp: +0:) — 0 (88)

in the sense of distributions as ¢ — 0. By using the convergence ([84]), we have
V. (pe + 0:) converges in the sense of distributions to V,.(p + 0) as € tends to zero. By
uniqueness of the limit, we obtain the Boussinesq relation

V.(p+6)=0. (89)

Now, we will show that Boussinesq relation can be strengthened. Using ([4]) and ([66]),
we have that

/ (pe +6.)dz = 0.
T3
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Furthermore, using also ([84]), we obtain

/ (pe + 0.)dx — / (p+0)dz inD,,
T3 T3
from which we deduce that

/1r$<p+ 0)dx =0, fora.e.t>0.

Finally ([89]) yields the strengthened form
p+0=0. (90)

Convergence of %95 — %paz Before doing this, we introduce the following Aubin-
Lions-Simon Theorem, a fundamental result of compactness in the study of nonlinear
evolution problems, which can be found in Theorem I1.5.16 in [4].

Lemma 4.2 (Aubin-Lions-Simon Theorem). Let By C By C By be three Banach
spaces. We assume that the embedding of By in Bs is continuous ans that the embedding
of By in By is compact. Let p,r be such that 1 < p,r < +oo. ForT > 0, we define

Ep,r = {U c Lp<O,T, 80)7 8{& c LT(O, T, Bg)}
1) If p < +o0, the embedding of E,, in LP(0,T; By) is compact.
2) If p=+o0 and if r > 1, the embedding of E,, in C(0,T; By) is compact.

On the one hand, the third equation of ([67]) multiplied by % minus % times of the first
equation of ([67]) gives
3 2 21 .
at(ges - gps) + ggvx : (B(U)\/ﬁa ﬁ(Qe))L% = 0. (91)

We thus have that

3 2
(2 20)
t\ 5 5P

= |52ve (BOWEAT - Tl |

HE
1
S ZIB)Vallzal T — Mo} gellmzrz
1
S EH{I - Ho}gaHHng

which immediately implies from the uniform energy dissipation bound ([78]) that

3 2
_95 - FFe
at(5 5p)

for any 7> 0 and 0 < ¢ < 1. On the other hand, we easily have from ([83]) that

0 ] 1/2
< ( / —2D2(t)dt) <C (92)
L2(0,T;H2) 0 €

3 2
-0, — = €> <C 93
H <5 5 Lo<(0,T;H3) (93)
forall T'> 0 and 0 < ¢ < 1. One notices that
H? s H? — H? (94)
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where the embedding of H? in H? is compact and the embedding of H? in H?
is naturally continuous. Then, from Aubin-Lions-Simon Theorem in Lemma [£.2],
the bounds ([02]), (@3]) and the embeddings ([04]), we deduce that there is a 6 €
C(R*; H3(T2)) N L>(R*; H3(T?)) such that

3 2 ~
(50— 50) =0

strongly in C(R*; H*(T3)) as ¢ — 0. On the other hand, we have that (20, — 2p,)
converges in the sense of distributions to (%0 — % p) as ¢ tends to zero. By uniqueness

of the limit, we obtain that (26 — 2p) = 6. Now we can write = (20—2p)+2(p+0),
which gives us = 6, since p 4+ 6 = 0 according to the relation ([@0]). As a result,

3 2
(36. - 2p-) — 0 (95)

strongly in C(RT; H*(T?)) as € — 0, where 0 € C(R*; H*(T3)) N L>(R*; H3(T?)).
Convergence of Pu.: Here P is the Leray projection operator given by

P=17-V,A'V, (96)
where Z is the identical mapping. Taking P on the second equation of ([67]) gives
1 ~
OiPuz + PV, - (A(o)vm, £(g.)),, =0, (97)

where we used PV, (p: + 6.) = 0. We thus have that

1
|0Pul iz = |2PV. - (Aw)ViAT -~ Tlobgo) y

S RAONAE ST

HZ

AN

1
ZIA@) Va2 RT = Tobgell s

1
S g”{[ — o} gellmzrs

which immediately implies from the uniform energy dissipation bound ([78]) that

o 1 1/2
0Pucl o S ([ 5DM0at) <C (98)
for any 7> 0 and 0 < ¢ < 1. We easily have from ([83]) that

| Pucl| oo 0,1:m3) S Mtel| oo 0,m;m3) < C. (99)

Then, from Aubin-Lions-Simon Theorem in Lemma [£.2], the bounds ([98]), (09]) and
the embeddings ([94]), we deduce that there is a @ € C'(R™; H*(T2))N L (R™; H3(T?))
such that

Pu. — 1

strongly in C(R*; H*(T3)) as ¢ — 0. On the other hand, we have Pu. converges
in the sense of distributions to Pu as ¢ tends to zero. By uniqueness of the limit,
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we obtain that @ = Pu. Using that where we used V, - u = 0 according to the
incompressibility relation ([80]), we get

Pu. — u (100)

strongly in C(R*; H*(T2)) as ¢ —» 0, where v € C(RT; H*(T3)) N L>°(R*; H3(T?)).
Regarding the convergence of P+. We have

Plu, — 0 (101)
weakly-* in L>°([0, 00); H3(T?)). Indeed, on the one hand we have
||Plua||L°°(0,T;H§:) S ||Ua||Loo(o,T;Hg) <C. (102)

On the other hand, we have PLu. converges in the sense of distributions to 0 as ¢
tends to zero, hence the relation ([L01]) is true.
Equation of v and 6: We first calculate the term

(E@)\/M, éﬁge) .

where £/ = A or B. Following the standard formal derivations of fluid dynamic limits
of Boltzmann equation (see [3] for instance), we obtain

| 2

. 1 .
(AR ~Lg.) =@ u. - '“3 Iy — v3(uc) — Bea, (103)
and

(é(v)\/_ 1 ) 200~ 2.0 — R 104
,u7€ Ge L%—zse 9 xVe €,B> ( )

where

2

S(ug) = Vaue + Vau! — Ve - e, (105)

v = 1—10 (vaA, \/M)Lg , (106)
K= 135 (VB \/’EB)L% . (107)
For E = A or B, R. p are of the form
R = (E()Vi.0g:) , + (E) Vv - Vall = To}ee) ,
+ (B T{I = To}ge, {1~ To})ge )
+ (B()vim T (Moge T - Tho}ge))
+ (E(0)vaD({ ~ To}g-, Toge)) , -

(108)

For the vector field u., we decompose u. = Pu. + Pru.. Then, plugging the relation
(I03]) into the equation ([97]), we have

0Puc + PV, - (Pu. ® Pu.) — vA,Pu. = R, (109)
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where,
R =PV, Rea— PV, (Pu. ® Pu. + Pru. @ Pue + Pru. ® Pru.).  (110)

Noticing that 6. = (%95 — %pg) + 2(pe + 0.), we substitue the relation ([[04]) into the
equation ([91]) and then obtain
3 2 3 2 3 2
a(_ee__ 5) x|: 5(_95__ 6):|_ A(_ea__ 8):RE 111
i\ 50 = 5P | + Vi |Puc( £b: — <p RA( =0 = =p 0 (111)
where,

2 2
Rep = Vo Rep = 2 Vo - [Puclp: +0:)] = Vo

; ) (112)
_ gvx . {Plug(p€ + 95)} + SFLA;B(pE +6.).

Our final goal is now to make tend ¢ to 0 in ([I09]) and ([II1]) in order to deduce the
u and 6 equations in ([I3]). We first focus on ([I09]).

Now, we take the limit from ([I09]) to obtain the u-equation of ([13]). For any 7" > 0,
let a vector-valued test function ¢ (¢, z) € C*(0,T; C°(T?)) with V,-¢ = 0, ¢(0,z) =
Yo(x) € C(T?) and ¥(t,x) = 0 for t > T" where T < T. We multiply ([I09]) by
¥(t, ) and integrate by parts over (t,z) € [0,T] x T3. The we obtain

/ / OyPu. - Y(t, x)dxdt = / Pu(0,x) - (0 :c)da:—/OT /TS Pu. - Oy)(t, x)dzdt .
v, 1V,

(113)

From the initial condition ([I4]) in Theorem and the convergence ([100]) , we deduce
that

/ Pu, - 9pb(t, z)dwdt — / w- bt w)dadt (114)
T3 T3
and

/Pua wo dl‘—>/ PUQ ’QZJQ ) (115)

as ¢ — 0. Indeed, for the term IV,, we have

T/ (Pue — u) - Optp(t, x)dzdt
0 Jrs

< ma [Pz — ul 29l xo
< C¢7TI£I30X |Pue — ullp2 — 0.
For the term IV; we have,

‘/11‘3 (Pu(0) — Puo)vo(x)dz

S [[Pue(0) = Puollz [[¢o(2)] 2
S |[Pue(0) — Pugllz — 0.

As a consequence, we have

/T/ 8t73u5-¢)(t,x)dxdt—>—/ Puo-%(ag)dx—/ w-ou(t, x)dadt  (116)
0 T3 T3 T3

as € — 0. Now, we will study the convergence of terms PV, - (Pu. @ Pu.) and vA, Pu,
in the following lemma.
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Lemma 4.3. It holds that

PV, - (Pu. @ Pu.) = PV, - (u®@u) strongly in  C(RT; HY),

117
VAPu, — v stronglyin CRS L), )

as € — 0, where v is defined in ((1006]).
Proof. Using that V, - Pu. =V, -u =0, we have

Ve (Pue ® Pue —u®u)|| g S || Va(Pue —u) - Pucllr2 + || Vau - (Pue — u)l|2
+ Ve Va(Pue — u) - Puczz + || Ve (Pue — u) - Vo Pue| 12
+ [ VaVau - (Pue — )|z + | Vau - Vo (Pue — )| 2
S (HUHL;x’Hg + HPUeHL;”Hg) |Pue — ullom+;m2)

S ||PU5 — u||C(R+;H3) — 0,
where we denote by V,A with A = (Aij)1<ij<s the matrix defined by

5 82:1)\11 aarl)\IZ aarl)\l?)
VxA - 8:1:2 )\21 azg )\22 azg )\23
8:133 )\31 a{L‘g )\32 al‘g )\33

In addition, we have

18 (Pue = u)|lo@+i2) S [Pue = ullo@emzy — 0.

The limit of the last term R, , is handled in the following lemma.

Lemma 4.4. In the distributional sense,
R.,, — 0 (118)

as € — 0, where R.,, is defined in (110).

Proof. First, we have

PV, - (Pue @ Prue + Prue @ Pue)| oo 2

S 1Pucllems [P el e ms,
and by employing the convergences ([L00]) and ([101]), one can obtain
PV, - (Pu. @ Pru. + Pru. @ Pu.) — 0 (119)
in the sense of distribution as ¢ — 0. Let us now show that
PV, - (Pru. @ Pru.) — 0 (120)
in the sense of distribution as € — 0. To this end, we set

B. = pe + 0.
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One observes that, Equation ([73]) reads
ez + VB = =V - (A0)VE, L(92)) , - (121)

Now, we multiply the first g.-equation of ([3]) by %\/ﬁ € N (L) and integrate over
v € R3, we have

2
c0,B. +V, - (gg, v%ﬁ) —0, (122)

L3

where we check easily that

|v[? 2 [v[* 5 5
Vo |gev 3 — /I = gvx : 9570(7 - 5)\/5 + gvx : (geav\/ﬁ)Lg
L3 L2

2

— » 5 €L
= Ve (BOWE L(9)) , + 5 Ve Phue.

Using [21, Proposition 1.6], we can write
Pru. = V, U,

with U, € L*®([0,00); HY(T?)). After applying P+ to (I21]) and reformulating ([122]),
we obtain that U, and B, satisfy

oBe = Fe (123)

83tV U =
=G,

+V
0B, + % L U.
with
= PV (AWVEAL -~ T}y G = ~2 Ve (B)y (T~ Tolg.)
We get from the uniform energy dissipation bound ([78]) that

|Fell22(0,00)z2(m3)) S € and  [|Gellp2(o,00);z2(r3y) S €

then F. and G. converge strongly to 0 in L?([0,00); L?(T3)) which implies that F.
and G, converge strongly to 0 in L} (dt; LZ (dz)). Moreover, returning to ([83]),
(02]) we have U. € L>=([0,00); H*(T?)), B, € L>([0,00); H3*(T?)). Then, according
to [11, Lemma 13.1] we deduce that () is true. From the above, we conclude that

PV, - (Pu. @ Pru. + Pru. @ Pu. + Pru. @ Pru) — 0 (124)
in the sense of distribution as ¢ — 0. Next we prove that £ = A or B

Rep—0 (125)

in the sense of distribution as ¢ — 0, where R. g are defined in ([108]). Indeed, For
any T > 0, let a vector-valued test function ¥ (¢t,z) € C'(0,T;C(T?)) , ¥(0,z) =

35



Po(z) € C°(T?) and ¥(t,z) = 0 for t > T" where 7" < T. Then, from the uniform
bound (IE) and the initial energy bounds given in Theorem that

T3

V)V 8tgg) Wt x)dxdt|

‘/ (B \/_geo) b(0, z)dz| + |/ /T fge) 8tw(t,x)dxdt‘

S el B() vl (Hgs,oHLngdeoHLg + HgsHLoom,T;Lng)HﬁthLl(o,T;Lg))

<Cyr €(ngHLoo(o,T;Hng) + ng,OHHng) — 0,
(126)

as ¢ —» 0, which implies that ¢ ( (v)VM &ggE) , 0 in the sense of distribution
as € — 0. Holder inequality yields that

H( -V {l — HO}ga)

which immediately derives from the uniform energy dissipation bound ([Z8]) that

2

||{] H0}96||H3L2

H2 ™

00 1/2
< (/ D2(t)dt) <Ce—0.
0

L2(0,T;HZ) ™

H( yUs v {[ HO}ge)

Then we have

L3

(E@)vi,v- Vo {I - Ho}ga)L% —0

strongly in L*(R*; H?) as ¢ — 0. For any T' > 0, we take any vector-valued test
function ¢(t,x) € C>([0,T] x T?). Then, by employing the uniform bound ([78]) and
Lemma we get that

’]TS

S ||E(U)\/l7||L5 I¢llz=qorrs) ([ D?(t)dt)

< C¢7T 62 — 0.

\/_ I{I —To}ge, {1 — HO}ge) gb(t,l‘)dxdt‘

Thus, we know that
(E(v) i, T{I = To}g., {I = Ty}g.) , — 0

in the sense of distribution as € — 0. Analogously, one easily derives that

’]TS

(VA PT = o}g., Tlog.) + T (Tloge, {1 — To}g.)) gb(t,x)dxdt‘

N [ 1/2
SNE@ Vil 19l o) 9oy ([ D20t )
< Cd),T e — 0,
which immediately implies that

(E(U)\/ﬁ, F<{[ - HO}gea Hngs) + F<Hog€7 {[ - HO}gs))L% —0

in the sense of distribution as € — 0. O
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Collecting the limits ([TI6]), ((II7]) and ([II8]) gives that u € L>®(R™; H3)NC(R*; H?)
satisfies

Ou+ PV, - (u®@u) —vAu=0 (127)
with the initial data

u(0, x) = Pug(x). (128)

Finally, we take the limit from ([LLI]) to the third f-equation in ([13]) as ¢ — 0. For
any T > 0, let £(t,z) be a test function satisfying &(t,z) € C1(0,T;C(T?)) with
£(0,2) = &(x) € C°(T3) and (¢, ) = 0 for t > T where T" < T. We have that

/OT /1T3 at(gﬁs - gps)(t, x)¢(t, r)dxdt = / / ( )(t 2)0:E(t, z)dadt
V,
B /Irs (ge,o, <g<g - 1) - §>\/E>L2 o(w)dx .
= 2
(129)

From the initial condition ([14]) in Theorem and the convergence ([95]) , we deduce
that

/ /TS < P5>(t x)0&(t, x)dxdt —>/ / (t, 2)9,E(t, z)dzdt

and

/Tg (9670’ <5 <%—1) —%)ﬂ)Lgﬁo(x)dx — /T (go, <§ <g—1>—§)\/p>%§0(x)dx.

Indeed, for the term V;, we have

’ 39 2 G- 0.&(t x)dxdt| <
[ (6.~ 5r) — ) - et 2)arat) < ma

3 2
(0= 50) =), oo
3 2
—0. —=p.) —¥6
‘((5 5”) >

— 0.

< Ce rmax

For the term YV, we have,

‘/W (ge,O — 9 (g (g - 1) - %)ﬂ)ﬁﬁo(@dx

As a consequence, we have

/OT /qrs O @96 - %/)5) (t, 2)§(t, v)dodt

[ O, 2)0,&(t, w)dadt — | §Ho—gpo So(z)da
o JT T3 \D )

S 1920 = gollzz , [1€o(@) ]|z — 0.

(130)

as € — 0. Now, we will study the convergence of terms V, - [Pug(geg — %pe)} and
/@Ax(gea - % pa) in the following lemma.
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Lemma 4.5. It holds that

2
V- {Pu5<§0€ — —pgﬂ — V- (uf) strongly in  C(R*; HY),
5 5 5 ) (131)
/@Ax<595 — gpg) — kA0  strongly in  C(R*; L2),
as € = 0, where k is defined in (107).
Proof. Indeed, we have
3 2 3 2
(5= 500y NG5~ — 0
5 5/) C(R+;12) 5 5p C(R+;H2)
In addition, we have
2
|92 (P = (50~ 5)) + 92 (a0 - 50 =)
5) H!
2 2
R RO
5 5 L%
3 2
+ va(ms —u)T vx<—9€ 2 pe >
) ) L2

T

3 2 T

|72 (58 = 50.)) (Puc—w
3 2 T

§ va(vw(# ~5e.))

+| 5o~ 32
ez N5 ° 5

3 2
_'_vm—r'(_es__s_e)
H " S 5/) L

3 2
_95__ 5_0
<5 57 >

L3

S ||U||L;>°H§z

[ Pus — u||C(R+;H%)

L H3
3 2
§ HPue — u”c(RJr;[-p) + H (—95 — —pPe — 9) H — 0.
v 5 ) C(R+;H2)
O
The limit of the last term R, g is handled in the following lemma.
Lemma 4.6. In the distributional sense,
R.g—0 (132)

as € — 0, where R. g is defined in ((109).
Proof. First, we have

2 2
Ve [Pus(pe +02)] + £V [Puc(pe +0.)] + Vs -

weakly-x in L ([0, 00); H*(T2)) as € — 0. Indeed, we have

PLue(gﬁs — gpgﬂ — 0 (133)

<C

L H?

2 3 2
Pue(pa + 0 )] + gvx ) [,PLua(pa + 05)} + Va: ) [PLU5<395 - gpa)]

B

and by employing the convergence ([100]) and ([101]) we derive that

2 2
_v:v : [Puzs(ps + 95)] + gvx : [PJ—Ue@s + 95)} + vm :

1 3 2 )}
—-6. — — 134
- Pue( 0.~ zp:)| =0 (130

5
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in the sense of distribution as ¢ — 0. Let us now show that
KA (p: +6.) =0 (135)
weakly-x in L>([0, 00); H'(T?)) as ¢ — 0. We have
[18s(pe + 0:)|| oo etim2) S Nlpe + Ocl| Lo et imzy < C (136)
and by employing the convergence ([88]) we derive that
Vi Va(pe +0:) — 0

in the sense of distribution as ¢ — 0. Consequently, the convergences ([125]), ([133])
and ([L35]) imply the convergence ([132]). O

Collecting the limits ([I30]), (I31]) and ([I32]) gives that § € L>(R*; H2)NC(R*; H2)
satisfies

00+ V, - (ub) = kA0 (137)
with the initial data 5 5
0(0,z) = 590@) - gﬂo(x)- (138)

A Appendix

A.1 Study of the linear Landau equation

In this section, we show a local existence of the solution of the linear Landau equa-
tion. We use the technique introduced by Degond in [8] for the linear Fokker-Planck
equation.

We consider now the linear Cauchy problem

1,. 1,
{8tg+sv V.9 + 5Lg = U, (139)

g<07 z, U) = go(ﬂf, U)
where go(x,v) and U.(¢, z,v) are given functions.
For simplicity denote X := L*([0,T]; H3H,,) and X' := L*([0,T}; H;(H,.)') (see
(8])), where X’ is the dual of X w.r.t. H3L2. We denote by Y the set of functions
defined by

1
Y:{geX,ﬁtg+gv-VmgeX’}.

We will construct a local solutions of the problem ([I39]) on Y. In what follows, we
consider ¢ as a fixed parameter.

Proposition A.1. Let ¢ > 0, we assume that go € H2L? and U. € X'. Then the
Cauchy problem (139) admits a weak solution g € Y.
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Proof. We take the change of unknown as follows
G(t,z,v) = e Mg(t, z,v).
The linear Landau equation ([I39]) for g = g(¢, z, v) takes the following form

{ OG+ v Vg + SL5+ Ag = e MU, = U.

§(0,z,v) = go(z,v). (140)

We introduce the following Lions Theorem, that we will use to prove the existence of
solution, which can be found in [17].

Theorem A.2 (Lions Theorem). Let ¥ be a Hilbert space, provided with a norm ||-||¥,
and an inner product (-,-)g. Let 'V be a subspace of ¥, provided with a prehilbertian

norm || - ||v, such that the injection V.— F, is continuous. We consider a bilinear
form E
E : FxV — R

(9,0) — E(g,9)
such that E(-, ¢) is continuous on F for any fired ¢ € V, and such that

[E(6,0)| > allplly, Vo eV, witha>0.

Then, given a linear form L in V', there exists a solution g in F of the problem
E(g,¢) =L(¢), Vo€ V. (141)

In the remaining part of the proof, to lighten the notations, we will drop the tildes.
Let F = X be a Hilbert space with norm

T
1A% = [ 1o cnsyet,
where || f|lys(raxrs) is defined in ([7]). Let V be the space C°([0, T[xT2 x R?) of in-

finitely differentiable functions, with compact support in [0, T[xT3 x R3. V is provided
with a norm defined by

1
ol = lloll% + §H¢(0)H§13Lg, Vo e V.
We define the operator Q as follows:
1 1

with domain C2°([0, T[xT3 x R?). We also define the bilinear form E, and the linear
form L as following

T
E(g,¢) = /0 ((9, Qb)) sz + A9 @) pare )dt,
L(¢) := (Uc, 0) xr x + (90, 9(0)) gz -

The mapping E(-, ¢) is continuous on X: let g € X, we have

[E(g, o) < ([1Q¢llx + AMlollx)llgllx < Collgllx-
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The mapping E is a bilinear and coercive form on V: let ¢ € V, using ([33]), we have

C.

B(0,6)| > £ [0(0) gz + 2 [ D)L+ A [ 0lipacs
) =3 iz T 0 H3LZH

by using that
1611135 m8 wmsy < Clldlzrsre,

where C' > 0 and ¢; = ¢ ( see ([9])), we obtain

1 T A /T
B0, 0)] 2 51600) 3z + s [ D@t + 5 [ 01 rpnnyet,

. A T 1
> min (1,0 2) ([ 1903yt + 510000 3),

then
E(¢, 9)| > al|o|]3-

The mapping L is a linear continuous form on V: let ¢ € V, we have
L&) < [Ullx ol + lgoll rzrz |&(0) 2
<|Uclxliolv + V2llgollmzrz [ 6llv
< (Ul + V2 lgoll 3 22) | llv

then
IL(o)| < C'||9]lv-

Finally thanks to Lions Theorem, there exists a solution g € X for the variational
problem ([I41]) and in particular, we deduce that
1 1
8tg+gv-vmg:U€— gﬁg—)\g e X/,
then ¢ belongs to Y. Now, to prove that g satisfies the initial condition, we use the
following Lemma:

Lemma A.3. 1) If g belongs to Y, g admits (continuous) trace values g(0,x,v),
g(T,x,v) in H3L2.

2) For g and g in'Y, we have

1 1
09+ -v-Vag,5)  +{0G+ -0 Vagg)
< gt 99 X/, X gy 99 X/, X (143)
= 9(T), 9(T) sz — (9(0),9(0) s 2 -

We note that the proof of Lemma is similar to the proof of Lemma A.1 in [8] by
considering H3L? as a pivot space. Now, using ([I40]) and ([I43]), we obtain that the
solution g of the variational problem ([I41]) satisfies

(9(0) = 90,0(0)) gz =0, Vo eV.
Then, the initial condition is satisfied in H2L?. O
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