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Dynamics of a tracer particle interacting with excitations

of a Bose-Einstein condensate

Jonas Lampart ∗†, Peter Pickl∗‡

July 9, 2021

.

Abstract

We consider the quantum dynamics of a large number N of interacting bosons cou-
pled a tracer particle, i.e. a particle of another kind, on a torus. We assume that in
the initial state the bosons essentially form a homogeneous Bose-Einstein condensate,
with some excitations. With an appropriate mean-field scaling of the interactions, we
prove that the effective dynamics for N → ∞ is generated by the Bogoliubov-Fröhlich
Hamiltonian, which couples the tracer particle linearly to the excitation field.

1 Introduction

The reaction of a many-particle system to small perturbations – for example the introduction
of a different particle – carries detailed information about its global properties. An interest-
ing example is a Bose-Einstein condensate with an impurity particle. Apart from the obvious
motivation of understanding this state of matter, Bose-Einstein condensates in the laboratory
have the advantage that many of their parameters are controllable, which allows for compar-
ison of theory and experiment over a large range paramter values. Systems of Bose-Einstein
condensates with few impurities can now be realised using cold atoms and promise numerous
applications [45]. Theoretical approches to their description are discussed in [21].

In this manuscript we will perform a mathematical analysis of the dynamics of such an
impurity entering a Bose gas at zero temperature. In keeping with the convention of [13, 10],
and since one motivation is to use the impurity to probe the condensate, we will call it “tracer”
particle in what follows.

We will show that, for a certain choice of parameters and for a Bose-Einstein condensate
of constant density, the tracer particle will effectively interact with the excitations in the gas,
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which will be of finite number and are governed by the dynamics proposed by Bogoliubov in
his seminal work [4]. Thus the system is – for a large number of bosons – in good approx-
imation described by the Bogoliubov-Fröhlich Hamiltonian, given in (9) below. Our result
is in agreement with recent findings by Mysliwy and Seiringer, who analyzed the spectral
properties of the same system [30].

In order to get an interaction which is governed by the excitations in the condensate we
have to assume that the condensate state has constant density – at least in the interaction
region of the tracer particle. Otherwise, the effect coming from particles in the condensate
state – which is at zero temperature the vast majority – would be dominant. Assuming
constant density, this leading contribution of the interaction will also be a constant which
simply leads to a global change in phase for the dynamics, and thus does not influence the
motion of the tracer. To simplify the technicalities we assume that our system lives on a
three dimensional torus of fixed length. However, we expect that this can be generalized.
This generalization has to ensure, of course, that density stays constant in the range of the
tracer particle for the full time scale of our observation, which amounts to considering gases
of large volume.

The configuration space of one particle is the d-dimensional torus of side-length one,
T d = R

d/Zd. The wave function of a system of N bosons and one tracer particle in T d is then
an element of

HN = L2(T d)⊗ L2(T d)⊗sN , (1)

where ⊗s denotes the symmetric tensor product.
The dynamics of the system is described by the Schrödinger equation on HN




i
d

dt
Ψ(t) = HNΨ(t)

Ψ(0) = ΨN ,
(2)

with Hamiltonian

HN = − 1

2m
∆x −

N∑

j=1

∆yj + gB

N∑

j 6=k=1

V (yj − yk) + gI

N∑

j=1

W (x− yj) , (3)

where x denotes the position of the tracer and y1, . . . , yn those of the bosons.
As an N -boson initial state ΨN one can think of an N -fold product of the normalized

constant on the torus times an L2-function of x ∈ T d describing the initial state of the tracer.
More generally, this could be modified by adding some “excitations”, i.e. factors orthogonal
to the constant function of y ∈ T d, as long as their number stays finite as N → ∞ (see (20)
below for the precise condition).

The coupling constants gB of the boson interaction and gI of the interaction with the
impurity will depend on the number N of bosons. The precise form of the dependence has
to be chosen appropriately to get the desired effect, i.e. a system where the interaction with
excitations is of order one.
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1.1 Mean-field equations and corrections

The effective description of many-body systems is an old and yet vivid research area of
mathematical physics. Hepp [22] and later Ginibre and Velo [14, 15] as well as Spohn [44]
proved that the dynamics of a many-body Bose gas at zero temperature is, in the weak
coupling limit, described by the Hartree equation in the sense that the one-particle marginal
density of the N -body wave function converges to a pure state given by the solution of
the Hartree equation as N tends to infinity. The latter can be derived by replacing the
interaction of the many-body system by the respective mean-field, effectively turning the N -
body description into a one-body dynamics. Subsequently, many improvements have been
found, for example generalizations to a larger class of interactions, and different notions of
convergence (see [25] for a review). The dilute (Gross-Pitaevskii) limit, where interactions
are of order one but rare, is a variation of this theme that has also been studied extensively
(see [1]).

More recently, there have also been many works on the fluctuations around the mean-field
behavior. Grillakis, Margetis and Machedon proved the validity of Bogoliubov theory in a
weak-coupling situation with mathematical rigor [19, 20, 17]. They showed that the number
of excitations is finite in this case and that the convergence of the N -body wave function
towards the respective solution of the Bogoliubov time evolution holds in L2-norm. This
implies also that the errors are small compared to the effects of Bogoliubov’s theory. Their
results have been generalized by many other authors in different situations [8, 18, 23, 26,
28, 31, 32, 33, 34, 37]. Corrections beyond the Bogoliubov dynamics were studied in [36, 5],
including explicit formulas for higher contributions [6].

In parallel to these results concerning the dynamics, there are also numerous results related
to the static question, which show closeness of the N -body ground state to the minimizer of
an effective functional (see [25]). Bogoliubov theory has also been justified in this context [42,
16, 11, 43, 27, 38, 39, 40, 2], and allows for a resolution of the spectrum close to the ground
state [11, 16, 42, 27, 3]. Recently, higher order corrections [7] and the interaction with a tracer
particle [30] have also been considered in the static context.

1.1.1 Heuristics of the mean-field scaling

In this article we consider the mean-field scaling for the boson interactions, i.e. the situation
where gB is of order N−1. With a weak coupling of this form, we can expect the interaction
energy of the N bosons, which is roughly of order N2gB, to be of the same order as their
kinetic energy. In models for dilute gases this is complemented by a scaling of the potential
VN such that VN tends to δ weakly as N → ∞. We will not consider this situation here. We
only remark that, in addition to the difficulties in the derivation of the Bogoliubov Hamilto-
nian, it will be necessary to take into account the renormalization of the limiting model (see
Remark 2).

As explained above, we are interested in a tracer particle entering the Bose gas. We want
to consider a scaling, respectively coupling, which is such that the interaction of the tracer is
with the excitations from the ground state. Since the vast majority of the bosons will be part
of the condensate, the leading contribution to the energy of the tracer will generally come
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from the condensate and this should be of order gIN0 ∼ gIN , where N0 is the number of
bosons in the condensate. However, since the condensate density is assumed to be constant,
this contribution will be trivial, i.e. a constant. The next order would be the back-reaction
on the tracer of small changes to the condensate, i.e. excitations. Since this is a second order
effect one can expect it to be of order g2IN . We thus assume that gI is of order N−1/2, which
will also ensure that the number of excitations coming from the interaction with the tracer is
of the same order as the number of excitations we have without tracer particle (i.e. of order
one). This is exactly the same scaling as in [30].

The articles [10, 9] considered the different situation where the interaction of the tracer
with the Bose gas is such that the density of the gas is changed significantly. To achieve this,
the coupling constant between tracer and gas is chosen to be one. Thus the back-reaction of
the gas particles and the tracer will be of order N (respectively of the order of the density if the
gas has large volume). In order to have a nice limiting regime the mass of the tracer-particle
in [10, 9] was assumed to be of order N , resulting in an acceleration of order one.

1.1.2 Heuristics of Bogoliubov theory

We now briefly explain the heuristic derivation of the Bogoliubov-Fröhlich Hamiltonian (see
also [21, Sect.3.3]), which we will subsequently make rigorous. Let ϕ0 ≡ 1 denote the constant
function on the torus, which we think of as the condensate state, and extend this to a complete
orthogonal system (ϕj)j∈N0

of the one-particle Hilbert space L2(T d) (of course, one can take
the ϕj to be plane waves, but for our purposes this is not necessary and we prefer to retain
this generality). Let a∗j := a∗(ϕj) and aj := a(ϕj) be the creation, respectively annihilation,
operators for the state ϕj (see [41, Sect.X.7] for definitions of these, and related, objects).

The boson-Hamiltonian with coupling gB = N−1 can then be written as

HB =dΓ(−∆) +N−1
∞∑

j,k,ℓ,m=0

Vjklma
∗
ja

∗
kaℓam (4)

with

Vjkℓm =

∫

T d

∫

T d

ϕ̄j(y)ϕ̄k(y
′)V (y − y′)ϕℓ(y

′)ϕm(y)dy
′dy . (5)

Bogoliubov’s idea [4] is that, since the vast majority of particles will be in the condensate
state, the operators a∗0 and a0 will give contributions of order

√
N , whereas a∗j and aj with

j ≥ 1 give contributions of order one. Consequently, all terms with less than two of the indices
j, k, ℓ,m equal to zero are small. Replacing then a∗0 and a0 by

√
N in the remaining ones and

assuming that V is even and
∫
T d V = 0 (which corresponds to a constant shift in energy and

eliminates all terms where more than two of the indices j, k, ℓ and m are equal to zero – see
also Lemma 1.1 below), one arrives at the Bogoliubov Hamiltonian

HBog =dΓ(−∆) + 2
∞∑

j,k=1

Vj0k0a
∗
jak +

∞∑

j,k=1

Vjk00a
∗
ja

∗
k +

∞∑

j,k=1

V00jkajak . (6)
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If we apply the same reasoning to the interaction of the bosons with the tracer, we write

N∑

n=1

W (x− yn) =

∞∑

j,k=0

a∗jak(Wx)j,k, (7)

with Wx(y) = W (x− y), (Wx)j,k =
∫
ϕ̄j(y)ϕk(y)Wx(y)dy. Using that (Wx)0,0(x) =

∫
W = 0,

and then setting gI = N−1/2, dropping the terms with j 6= 0 6= k and replacing a∗0 and a0 by√
N as above, we arrive at (see also Lemma 1.2 below)

∞∑

j=1

(
aj(Wx)0,j + a∗j(Wx)j,0

)
= a(Wx) + a∗(Wx). (8)

Adding this interaction as well as the kinetic energy of the tracer to the Bogoliubov
Hamiltonian, we obtain the Bogoliubov-Fröhlich Hamiltonian

HBF = − 1

2m
∆x +HBog + a∗(Wx) + a(Wx). (9)

Remark 1. An important feature of the original Bogoliubov Hamiltonian is that it is a
quadratic expression in the operators a, a∗. There is a unitary Bogoliubov transformation
UBog (that amounts to changing the creation/annihilation operators) such that

UBogH
BogU∗

Bog = dΓ(E) + E0 (10)

for a one-particle operator E and a constant E0. The excitations can thus be described by
a non-interacting theory and, in the case of the torus, the energy levels can be computed
explicitly (see e.g. [30]).

We emphasize that the Bogoliubov-Fröhlich Hamiltonian does not share this feature. Even
though the expression (9) seems to be quadratic, the interaction depends on the position
x of the tracer particle, which also appears in the Laplacian. Performing an x-dependent
Bogoliubov transformation will thus not yield a simple result (alternatively, introducing a
field for the impurities and viewing HBF as the restriction to the one-impurity space, one
sees that the interaction is in fact cubic in the creation and annihilation operators, cf. [21,
Sect.3.2]). One can, of course, transform HBF using UBog, which yields an operator of the
form

(1⊗ UBog)H
BF(1⊗ U∗

Bog) = − 1

2m
∆x + dΓ(E) + a∗(W̃x) + a(W̃x) + E0, (11)

with a suitably transformed interaction W̃ (see [21, Sect.3.3] and [30, Eq.(1.10)] for explicit
expressions). Operators of the form (11), with general E andW , which feature the interaction
of a particle (or several) with a quantum field by a linear coupling have been studied in many
variants and are sometimes referred to as Fröhlich or polaron Hamiltonians. They include
the original Fröhlich model [12] and the Nelson model [35]. One of the main motivations of
the present work is to show rigorously that such a model arises as an effective description of
a many-particle system.
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Remark 2. If, instead of the mean-field regime, we were to consider a dilute N -particle system
(as in [2]) then, as an intermediate step, we would find a Hamiltonian of the same form as
HBF, but with W = WN depending on N and converging to δ weakly as N → ∞. Since
a∗(δ) is not a densely defined operator, it is not immediately clear how to define the limiting
dynamics. It was shown in [24] that a renormalized version of HBF with W = δ can be
constructed in this case and that its unitary group can be approximated using operators with
ultraviolet cut-off, up to a divergent phase. In a dilute system the particle number N would
function as an effective ultraviolet cutoff, so we expect that in this case the phase would
have to be modified accordingly in order to obtain the effective dynamics generated by the
renormalized Bogoliubov-Fröhlich Hamiltonian.

1.2 The condensate-excitation representation

In order to make the heuristics of the previous section rigorous, we will represent functions
in HN by decomposing them into their components along the (constant) condensate wave-
function ϕ0 and in the orthogonal complement. The rigoros implementation of this idea was
pioneered by Lewin, Nam, Serfaty and Solovej [27] and we closely follow their presentation. It
naturally gives rise to Fock space and thus the representation of the excitations by a quantum
field.

Recall that ϕ0 ≡ 1 denotes the constant function on T d and (ϕj)j∈N0
a complete orthonor-

mal system in L2(T d) with ϕj ∈ H2(T d), j ∈ N. Let

Pψ =

∫

T d

ψ(y)dy

be the projection to span{ϕ0} =: H0 in L
2(T d) and Q = 1−P . The function ϕ0 plays the role

of the condensate wave-function, while H+ := QL2(T d) is the Hilbert space of an excitation.
The functions (ϕj)j∈N, with j > 0, thus form a complete orthonormal system in H+. Let
Ψ ∈ L2(T d)⊗sN , then we can write

Ψ = (P +Q)⊗NΨ =

N∑

j=0

ϕ
⊗(N−j)
0 ⊗s Φ

(j) (12)

with Φ(j) ∈ H
⊗sj
+ . We can thus represent Ψ ∈ L2(T d)⊗sN uniquely by the sequence

(
Φ(n)

)
n≤N

∈
N⊕

n=0

H
⊗sn
+ =: F≤N

+ . (13)

We denote by F+ = Γ(H+) the Fock space of excitations, and by F≤N
+ the truncated Fock

space, defined as above.
The N -boson space HN also contains an additional factor for the tracer particle. We define

H+ =: L2(T d)⊗ F+, H≤N
+ =: L2(T d)⊗F≤N

+ . (14)
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Leaving the first tensor factor untouched, we obtain a unitary

UN : HN → H≤N
+ ⊂ H+. (15)

By viewing L2(T d)⊗sN as embedded in the Fock space F = Γ(L2(T d)), the unitary can be
expressed by the formula (see [27, Eq.(4.6)])

UNΨ =
N⊕

j=0

Q⊗j

(
aN−j
0√

(N − j)!
Ψ

)
. (16)

Denote by N+ := dΓ(Q) the number operator in F+. Then from (16) one easily deduces
the following identities for f, g ∈ H+ (see [27, Prop.14]):

UNa
∗
0a0U

∗
N = N −N+

UNa
∗(f)a0U

∗
N = a∗(f)

√
N −N+

UNa
∗
0a(f)U

∗
N =

√
N −N+a(f)

UNa(f)
∗a(g)U∗

N = a(f)∗a(g)

(17)

Note that on the left hand side we only consider number-preserving combinations of creation
and annihilation operators, so these expressions can be viewed as operators on HN .

We now apply this transformation to the interaction terms in the Hamiltonian.

Lemma 1.1. Let (ϕn)n∈N0
be as above and assume that V ∈ L2(T d) is an even function with∫

T d V (y)dy = 0 and relatively ∆-bounded as an operator. The following identity holds in the

sense of closed operators

UN

( N∑

j,k=1

V (yj − yk)

)
U∗
N = 2

∑

j,k∈N

Vj0k0a
∗
j (N −N+)ak

+
∑

j,∈N

Vjk00a
∗
j

√
N −N+a

∗
k

√
N −N+ +

∑

j,∈N

V00jk
√
N −N+aj

√
N −N+ak

+ 2
∑

j,k,ℓ∈N

(
Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓ + V0jkℓa

∗
jak
√
N −N+aℓ

)
+

∑

j,k,ℓ,m∈N

Vjkℓma
∗
ja

∗
kaℓam

with Vjkℓm defined by (5).

Proof. We write the mulitplication operator
∑

j,k V (yj − yk) on L
2(T d) as in (4) (where Vjkℓm

is well-defined since the ϕj ∈ H2 and V is ∆-bounded). We then apply the transformation
UN using the identities (17). Note that, since V is even, V0j0k = Vj0k0 are real. In order to
transform the quartic expressions in aj , a

∗
j , these must be grouped into number-preserving

pairs, e.g. for j, k, ℓ > 0,

UNa
∗
ja

∗
kaℓa0U

∗
N = UNa

∗
ja0U

∗
NUNa

∗
kaℓU

∗
N = a∗j

√
N −N+a

∗
kaℓ. (18)

The claim then follows by noting that Vjkℓ0 = Vkj0ℓ and that
∫
V = 0 implies Vj00k = 0 = V0jk0

for j, k ∈ N0.

7



Lemma 1.2. Assume that W ∈ L2(T d) be ∆-bounded with
∫
T d W (y)dy = 0 and set Wx(y) :=

W (x− y). The following identity holdsin the sense of closed operators

UN

( N∑

j=1

W (x− yj)

)
U∗
N =

√
N −N+a

(
Wx

)
+ a∗

(
Wx

)√
N −N+ + dΓ(QWxQ).

Proof. We can rewrite Wx as in (7). The claim then follows from the identities (17) by noting
that

(Wx)00 = PWxP =

∫

T d

W (x− y)dy = 0,

∞∑

k=1

(Wx)k,0a
∗
k =

∞∑

k=1

a∗(ϕk)〈ϕk,Wxϕ0〉 = a∗
(
QWxϕ0

)
= a∗(Wx),

∞∑

k,ℓ=1

a∗kaℓ(Wx)k,ℓ = dΓ(QWxQ).

(19)

2 Main Result

We assume that the N -particle initial state ΨN ∈ HN is a member of a sequence such that

lim
N→∞

UNΨN =: Φ (20)

exists in H+. This assumption means that the number of excitations out of the condensate
in the initial states ΨN remains finite with probability one as N → ∞. Note, however, that
the expected number of excitations 〈N+UNΨN , UNΨN〉 may diverge.

Recall that the expression of HBF in (9) is given by H0 := − 1
2m

∆x + dΓ(−∆) plus several
terms that are linear or quadratic in creation and annihilation operators. If V,W ∈ L2(T d),
the latter are bounded relative to N+ (see Proposition A.3). Consequently, HBF is a well
defined operator on D(H0), since on F+

dΓ(−∆) ≥ 4π2N+. (21)

In fact, HBF is essentially self-adjoint on D(H0), see Proposition A.3. Thus the time evolution
under HBF, e−iHBFtΦ, is well-defined and we may compare it to the time evolution with HN

using UN .
If we make the assumption that Φ ∈ D(H0), then we obtain a quantitative estimate

proving the closeness of the two evolutions for large N .

Theorem 2.1. Assume that V,W ∈ L2(T d,R) are infinitesimally bounded relative to −∆
and satisfy V (−y) = V (y) and

∫
T d V = 0 =

∫
T d W . There exists v > 0 such that for all

Φ ∈ D(H0) there is K > 0 such that for all N ∈ N and t ∈ R

∥∥UNe
−iHN tU∗

NΦ
≤N − e−iHBFtΦ

∥∥
H+

≤ Kev|t|N−1/4 .
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The proof of Theorem 2.1 will be the content of the next section. Note that in this
statement only K depends on the intial states. By density of D(H0) in H+, the statement
can be extended to any Φ ∈ H+, but without an explicit rate of convergence.

Theorem 2.2. Assume that V,W ∈ L2(T d,R) are infinitesimally bounded relative to −∆
and satisfy V (−y) = V (y) and

∫
T d V = 0 =

∫
T d W . Then for every Φ ∈ H+ and and every

sequence ΨN , N ∈ N, with limN→∞ UNΨN = Φ we have

lim
N→∞

∥∥UNe
−iHN tΨN − e−iHBFtΦ

∥∥
H+

= 0

uniformly in t on compact subsets of R.

Proof. This follows from Theorem 2.1 above by an approximation argument. Let Φ ∈ H+ be
given and T > 0, ε > 0. Let Φ̃ ∈ D(H0) with ‖Φ − Φ̃‖H+

< ε and set Ψ̃N = U∗
N Φ̃

≤N . Since
limN→∞ UNΨN = Φ, we have for sufficiently large N

‖ΨN − Ψ̃N‖HN
≤ ‖UNΨN − Φ‖H+

+ ‖Φ− Φ̃‖+ ‖Φ̃>N‖ < 3ε. (22)

By unitarity of the time evolutions we thus have

∥∥UNe
−iHN tΨN − e−iHBFtΦ

∥∥
H+

< 4ε+
∥∥UNe

−iHN tΨ̃N − e−iHBFtΦ̃
∥∥
H+
. (23)

By Theorem 2.1 the last term is bounded for |t| ≤ T by

∥∥UNe
−iHN tΨ̃N − e−iHBFtΦ̃

∥∥
H+

≤ KevTN−1/4, (24)

so it is smaller than ε for sufficiently large N .

3 Proof of convergence

Throughout this section we assume the hypothesis of Theorem 2.1. As a fist step we will prove
that the time evolution UNe

−iHN tU∗
N is well approximated by the time evolution generated

by a truncation of UNHNU
∗
N , where terms that are more than quadratic in the creation

and annihilation operators are neglected. We collect the leading-order terms in an auxiliary
operator Haux. This operator acts on H≤N

+ and is naturally extended to H+ by zero. Since
〈ϕk,∆ϕ0〉 = 0 = 〈ϕ0,∆ϕk〉 for k ∈ N0, we have

−UN

N∑

j=1

∆yjU
∗
N = dΓ≤N(−∆), (25)
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where dΓ≤N(−∆) denotes the projection of dΓ(−∆) to H≤N
+ . In view of Lemmas 1.2, 1.1, we

define Haux
N by the expression

Haux
N :=− 1

2m
∆x + dΓ≤N(−∆) +

2

N

∑

j,k>1

Vj0k0a
∗
j(N −N+)ak

+
1

N

∑

j,k>1

Vjk00a
∗
j

√
N −N+a

∗
k

√
N −N+

+
1

N

∑

j,k>1

V00jk
√
N −N+ak

√
N −N+ak

+
1√
N
a∗(Wx)

√
N −N+ +

1√
N

√
N −N+a(Wx) (26)

on D(Haux
N ) = UND(HN) ⊂ H≤N

+ . Note that Haux
N is self-adjoint by Lemma A.2 and that

HBF is obtained from Haux
N by simply replacing

√
1−N+/N by one and extending to H+.

To prove closeness of e−iHaux
N

t and UNe
−iHN tU∗

N , and later e−iHBFt and e−iHaux
N

t, the crucial
ingredient is control of the number of excitations for all times.

Lemma 3.1. For any Φ ∈ D(H0) set

α(t) :=‖(N+ + 1)UNe
−iHN tU∗

NΦ
≤N‖2

αaux(t) :=‖(N+ + 1)e−iHaux
N tΦ≤N‖2

αBF(t) :=‖(N+ + 1)e−iHBFtΦ‖2.

There exists a constant v such that for all Φ ∈ D(H0), N ∈ N and t ∈ R we have

α•(t) ≤ α•(0)ev|t|

for • ∈ {∅, aux,BF}.

Proof. Since Φ ∈ D(N+), the statement clearly holds for t = 0. We will use Grönwall’s
Lemma to obtain a bound for all t ≥ 0 (the proof for t ≤ 0 is the same).

We first prove the claim for α and αaux (since Haux
N is obtained from UNHNU

∗
N by dropping

some terms the proof for αaux is contained in the one fo α). By Lemma A.2, we have Φ≤N ∈
UND(HN) = D(Haux). Thus

dα

dt
(t) =

d

dt

〈
UNe

−iHN tU∗
NΦ

≤N , (N+ + 1)2UNe
−iHN tU∗

NΦ
≤N
〉

=
〈
UNe

−iHN tU∗
NΦ

≤N , i[UNHNU
∗
N , (N+ + 1)2]UNe

−iHN tU∗
NΦ

≤N
〉
. (27)

With [UNHNU
∗
N , (N++1)2] = (N++1)[UNHNU

∗
N ,N+]+[UNHNU

∗
N ,N+](N++1) and Cauchy-

Schwarz we obtain

∣∣∣
dα

dt
(t)
∣∣∣ ≤ 2

√
α(t)

∥∥[UNHNU
∗
N ,N+]e

−iHN tU∗
NΦ

≤N
∥∥ . (28)
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We can thus prove the claim by bounding the latter norm in terms of
√
α.

To do this, we start with the terms from Haux
N . Using that

[a∗jaj, a
∗
ka

∗
ℓ ] = (δjk + δjℓ)a

∗
ja

∗
j (29)

[a∗jaj , akaℓ] = −(δjk + δjℓ)ajaj (30)

and N+ =
∑∞

j=1 a
∗
jaj we find

[
N+,

∞∑

j,k=1

Vjk00a
∗
ja

∗
k

]
= 2

∞∑

j,k=1

Vjk00a
∗
ja

∗
k (31)

[
N+,

∞∑

j,k=1

V00jkajak

]
= −2

∞∑

j,k=1

V00jkajak. (32)

We thus have

[N+, H
aux
N ] =

2

N

∞∑

j,k=1

Vjk00a
∗
j

√
N −N+a

∗
k

√
N −N+

− 2

N

∞∑

j,k=1

V00jk
√
N −N+ak

√
N −N+ak

+
1√
N
a∗(Wx)

√
N −N+ − 1√

N

√
N −N+a(Wx). (33)

As ‖N−1/2
√
N −N+‖H≤N

+
→H≤N

+

≤ 1, this operator is bounded relative to N+ by Lemma A.1

and (60), which gives the desired bound. The expression for UNHNU
∗
N additionally contains

the term N−1/2dΓ(QWxQ) from the interaction (see Lemma 1.2), which commutes with N+.
Additionally, there are the terms from the boson interaction (see Lemma 1.1)

2

N

∞∑

j,k,ℓ=1

(
Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓ + V0jkℓa

∗
jak
√
N −N+aℓ

)
, (34)

1

N

∞∑

j,k,ℓ,m=1

Vjkℓma
∗
ja

∗
kaℓam. (35)

The latter also commutes with N+, so it remains to bound the commutator of N+ with the
first line. We have from the canonical commutation relations (for the first term – the second
one yields minus the adjoint)

[
N+,

2

N
Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓ

]
= − 2

N

∞∑

j,k,ℓ=1

Vjkℓ0a
∗
j

√
N −N+a

∗
kaℓ. (36)
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In order to bound this operator, let Ψ,Ξ ∈ H≤N
+ , and rewrite

∞∑

j,k,ℓ=1

〈
Ψ, Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓΞ

〉

=

∫

(T d)
2

∞∑

j,k,ℓ=1

ϕ̄j(y)ϕk(y
′)
〈√

N −N+ajakΨ, V (y − y′)ϕℓ(y)aℓΞ
〉
dydy′. (37)

By the Cauchy-Schwarz inequality and the fact that ‖N−1/2
√
N −N+‖H≤N

+
→H≤N

+

≤ 1 we thus

have

1

N

∣∣∣
∞∑

j,k,ℓ=1

〈
Ψ, Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓΞ

〉∣∣∣ ≤
(∫

(T d)
2

∥∥∥
∞∑

j,k=1

ϕj(y)ϕk(y
′)ajakΨ

∥∥∥
2

dydy′
)1/2

(∫

(T d)
2

∥∥∥N−1

∞∑

ℓ=1

V (y − y′)ϕℓ(y)aℓΞ
∥∥∥
2

dydy′

)1/2

.

(38)

Now

N−1

∫

(T d)
2

∥∥∥
∞∑

ℓ=1

V (y − y′)ϕℓ(y)aℓΞ
∥∥∥
2

dydy′

≤ sup
y∈T d

{∫

T d

V 2(y − y′)dy′
}
N−1

∫

T d

∥∥∥
∞∑

ℓ=1

ϕℓ(y)aℓΞ
∥∥∥
2

dy

= sup
y∈T d

{∫

T d

V 2(y − y′)dy′
}
N−1

∫

T d

∞∑

ℓ,m=1

〈
ϕℓ(y)aℓΞ, ϕm(y)amΞ

〉
dy

≤ N−1‖V ‖2L2(T d)

∞∑

ℓ=1

〈
aℓΞ, aℓΞ

〉
≤ ‖V ‖2L2(T d)‖Ξ‖2 (39)

where we used that the (ϕn)n∈N form an ONB and that
∑

k∈N a
∗
kak = N+. Similarly,

∫

(T d)
2

∥∥∥
∞∑

j,k=1

ϕj(y)ϕk(y
′)ajakΨ

∥∥∥
2

dydy′

=

∫

(T d)
2

〈 ∞∑

j,k,ℓ,m=1

ϕj(y)ϕk(y
′)ajakΨ, ϕℓ(y)ϕm(y

′)aℓamΨ
〉
dydy′

=
〈 ∞∑

j,k=1

ajakΨ, ajakΨ
〉
, (40)

and we have
∞∑

j,k=1

〈ajakΨ, ajakΨ〉 =
∞∑

j,k=1

〈Ψ, (a∗jaja∗kak + a∗j [a
∗
k, aj]ak)Ψ〉

= 〈Ψ,N+(N+ − 1)Ψ〉 ≤ ‖N+Ψ‖2. (41)
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This implies that the commutator (36) is N+-bounded uniformly in N , so, by our earlier
reasoning, there is a constant C such that

dα

dt
(t) ≤

∣∣∣
dα

dt
(t)
∣∣∣ ≤ Cα(t).

Thus by Grönwall’s Lemma α(t) ≤ α(0)eCt, which proves the claim for α, αaux.
The proof for αBF follows from the same argument, since [N+, H

BF] is N+-bounded by the
identities (31), (32) and Lemma A.1. Taking the growth rate v to be the maximum of the
constants for α, αBF proves the claim.

3.1 Proof of Theorem 2.1

Lemma 3.2. Let H be a Hilbert space and D ⊂ H a dense subspace. If (H1, D), (H2, D) are
self-adjoint operators, then for Ψj ∈ D, j = 1, 2, and t ≥ 0

∥∥e−iH1tΨ1 − e−iH2tΨ2

∥∥2
H
≤ ‖Ψ1 −Ψ2‖2H + 2

∫ t

0

∣∣∣〈e−iH1sΨ1, (H1 −H2)e
−iH22Ψ2〉

∣∣∣ds.

Proof. We have

d

dt

∥∥e−iH1tΨ1 − e−iH2tΨ2

∥∥2
H
= −2Re〈e−iH1tΨ1, i(H1 −H2)e

−iH2tΨ2〉, (42)

so the claim follows from the fundamental theorem of calculus.

Lemma 3.3. Assume the hypothesis of Theorem 2.1 and let Φ ∈ D(H0), ΨN = U∗
NΦ

≤N .

There exists K > 0 such that for all N ∈ N and t ∈ R

∥∥e−iHN tΨN − U∗
Ne

−iHaux
N tUNΨN

∥∥ ≤ KN−1/4ev|t|,

where v is the constant of Lemma 3.1.

Proof. By Lemma A.2, we have D(H0) ⊂ D(Haux) and thus ΨN ∈ D(HN) = U∗
ND(Haux).

Using Lemma 3.2 it then follows that
∥∥e−iHN tΨN − U∗

Ne
−iHaux

N
tUNΨN

∥∥2

≤2

∫ t

0

∣∣〈e−iHN tΨN , (HN − U∗
NH

auxUN )U
∗
Ne

−iHaux
N tUNΨN〉

∣∣ds

=2

∫ t

0

∣∣〈UNe
−iHN tΨN , (UNHNU

∗
N −Haux)e−iHaux

N
tΦ≤N 〉

∣∣ds. (43)

In view of Lemmas 1.2, 1.1, we have

UNHNU
∗
N −Haux =

1√
N
dΓ(QWxQ) (44)

+
2

N

∞∑

j,k,ℓ=1

(
Vjkℓ0a

∗
j

√
N −N+a

∗
kaℓ + V0jkℓa

∗
jak
√
N −N+aℓ

)
(45)

+
1

N

∞∑

j,k,ℓ,m=1

Vjkℓma
∗
ja

∗
kaℓam. (46)
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The first term in (45) satisfies, by the reasoning of (38), (39) and (40)

2

N

∣∣∣
∞∑

j,k,ℓ=1

〈
UNe

−iHN tΨN , Vjkℓ0a
∗
j

√
N −N+a

∗
kaℓe

−iHaux
N tΦ≤N

〉∣∣∣

≤ 2√
N
‖V ‖L2‖

√
N+UNe

−iHN tΨN‖‖N+e
−iHaux

N tΦ≤N‖

≤ 2√
N
‖V ‖L2

(
α(t)αaux(t)

)1/2
. (47)

The adjoint term from (45) satisfies the same bound.
The quartic term (46) will require some regularity of Φ (unless V ∈ L∞). First, we may

expand

∞∑

j,k,ℓ,m=1

〈
UNe

−iHN tΨN , Vjkℓma
∗
ja

∗
kaℓame

−iHaux
N

tΦ≤N
〉

=

∫

(T d)
2

∞∑

j,k,ℓ,m=1

〈
ϕj(y)ϕk(y

′)ajakUNe
−iHN tΨN , V (y − y′)ϕℓ(y)ϕm(y

′)aℓame
−iHaux

N tΦ≤N
〉
dydy′.

(48)

Then, noting that the Laplacian is self-adjoint and invertible on H+, multiplying with the
identity operator in the form ∆−1

y ∆y and using the Cauchy-Schwarz inequality gives

1

N

∣∣∣
∞∑

j,k,ℓ,m=1

〈
UNe

−iHN tΨN , Vjkℓma
∗
ja

∗
kaℓame

−iHaux
N tΦ≤N

〉∣∣∣

≤
(∫

(T d)
2

1

N

∥∥∥∆−1
y V (y − y′)

∞∑

j,k=1

ϕj(y)ϕk(y
′)ajakUNe

−iHN tΨN

∥∥∥
2

dydy′

)1/2

(49)

×
(∫

(T d)
2

1

N

∥∥∥∆y

∞∑

ℓ,m=1

ϕℓ(y)ϕm(y
′)aℓame

−iHaux
N tΦ≤N

∥∥∥
2

dydy′

)1/2

. (50)

Using (40), (41), we have

(49) ≤ ‖∆−1V ‖L2→L2N−1/2‖N+UNe
−iHN tΨN‖ ≤ CN−1/2α(t)1/2,

since ∆−1V is a bounded operator by hypothesis.
For (50) we use that ‖N+e

−iHaux
N tΦ≤N‖ ≤ N‖e−iHaux

N tΦ≤N‖ to obtain, similarly to (40),

(50) ≤
(∫

T d

∞∑

ℓ,m=1

〈
∆y

∞∑

ℓ=1

ϕℓ(y)aℓe
−iHaux

N tΦ≤N ,∆y

∞∑

m=1

ϕm(y)ame
−iHaux

N tΦ≤N

〉
dy

)1/2

=
〈
e−iHaux

N
tΦ≤N , dΓ

(
∆2
)
e−iHaux

N
tΦ≤N

〉1/2

≤ ‖dΓ(−∆)e−iHaux
N

tΦ≤N‖ . (51)
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Now

‖dΓ(−∆)e−iHaux
N

tΦ≤N‖ ≤ ‖H0e
−iHaux

N
tΦ≤N‖ ≤ ‖e−iHaux

N
tHaux

N Φ≤N‖+‖(Haux
N −H0)e

−iHaux
N

tΦ≤N‖,

and the difference Haux
N −H0 is a quadratic operator that is N+-bounded uniformly in N by

Lemma A.1 and (60). We thus have the following bound on the quartic term (46)

2

N

∣∣∣∣
∞∑

j,k,ℓ,m=1

〈UNe
−iHN tΨN , Vjkℓma

∗
ja

∗
kaℓame

−iHaux
N tΦ≤N 〉

∣∣∣∣ ≤ CN−1/2
√
α(t)

(
‖Haux

N Φ≤N‖+
√
αaux(t)

)
.

By a similar argument (see also (61)), we have the bound

1√
N

∣∣〈UNe
−iHN tΨN , dΓ(QWxQ)e

−iHaux
N

tΦ≤N
〉∣∣

≤ sup
x∈T d

‖∆−1Wx‖L2→L2N−1/2‖N 1/2
+ UNe

−iHN tΨN‖‖dΓ(−∆)e−iHaux
N tΦ≤N‖

≤ CN−1/2
√
α(t)

(
‖Haux

N Φ≤N‖+
√
αaux(t)

)
.

Using the assumption that Φ ∈ D(H0) ⊂ D(Haux), Lemma 3.1 and integrating in (43)
yields the claim.

To complete the proof of Theorem 2.1, it remains to prove the following Lemma on the
approximation of e−iHaux

N t by e−iHBFt, which essentially amounts to removing the restriction
to H≤N

+ .

Lemma 3.4. Assume the hypothesis of Theorem 2.1 and let Φ ∈ D(H0). There exists a

constant K such that for all N ∈ N and t ∈ R

∥∥e−iHaux
N tΦ≤N − e−iHBFtΦ

∥∥ ≤ Kev|t|N−1/4,

where v is the constant of Lemma 3.1.

Proof. We have Φ ∈ D(H0) ⊂ D(HBF) (see Proposition A.3), so Φ≤N ∈ D(Haux
N ) by Lemma A.2.

Note that

‖Φ− Φ≤N‖2 =
∞∑

n=N+1

‖Φ(n)‖2 ≤ (N + 1)−2‖N+Φ‖2, (52)

so, by Lemma 3.2, we have

∥∥e−iHaux
N tΦ≤N−e−iHBFtΦ

∥∥2 ≤ (N+1)−2‖N+Φ‖2+
t∫

0

∣∣∣
〈
e−iHaux

N sΦ≤N , (Haux
N −HBF)e−iHBFsΦ

〉∣∣∣ds.

(53)

15



The difference of the operators can be written as

Haux
N −HBF =− 2

N

∑

j,k>1

Vj0k0a
∗
jN+ak

+
1

N

∑

j,k>1

Vjk00a
∗
j (
√
N −N+ −

√
N)a∗k(

√
N −N+ −

√
N)

+
1

N

∑

j,k>1

V00jk(
√
N −N+ −

√
N)ak(

√
N −N+ −

√
N)ak

+
1√
N
a∗(Wx)(

√
N −N+ −

√
N) +

1√
N
(
√
N −N+ −

√
N)a(Wx).

Using that

a∗kN+ = (N+ − 1)a∗k (54)

a∗k
√
N −N+ =

√
N + 1−N+a

∗
k (55)

ak
√
N −N+ =

√
N −N+ − 1ak (56)

we can move all of the N+-dependent factors to the left. The factors on the right are then
terms that also appear in HBF and are N+-bounded by Lemma A.1 and (60). With

N−1‖(
√
N + 1−N+

√
N + 2−N+ −N)Ψ‖2

≤ N−1
〈
((N + 2)2 +N2)Ψ,Ψ

〉
− 2N−1Re

〈
N(N + 1−N+)Ψ,Ψ

〉

≤ 2N−1
〈
(2N + 16)Ψ,Ψ

〉
+ 2
〈
Ψ,N+Ψ

〉
≤ C(‖Ψ‖+ ‖N+Ψ‖)2, (57)

we then obtain
∣∣∣
〈
e−iHaux

N
sΦ≤N , (Haux

N −HBF)e−iHBFsΦ
〉∣∣∣ ≤ CN−1/2

(
αaux(s)αBF(s)

)1/2
(58)

with some constant C > 0. Applying Lemma 3.1 thus completes the proof.

A Self-adjointness of the Hamiltonians

Here we prove the relevant self-adjointness and domain properties of Haux and HBF, as well
as a useful general Lemma.

Lemma A.1. Let (Mjk)j,k∈N ∈ ℓ2(N× N). Then for any Φ ∈ D(N+)

∥∥∥
∑

j,k∈N

Mj,kajakΦ
∥∥∥
F+

≤ ‖M‖ℓ2‖N+Φ‖F+

∥∥∥
∑

j,k∈N

Mj,ka
∗
ja

∗
kΦ
∥∥∥
F+

≤ ‖M‖ℓ2‖(N+ + 2)Φ‖F+
.
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Proof. We only prove the first inequality, the second can be proved in a similar way. We have
for any Ψ ∈ F+ by the Cauchy-Schwarz inequality

∣∣∣
〈
Ψ,
∑

j,k∈N

Mj,kajakΦ
〉∣∣∣ ≤ ‖M‖ℓ2

(
∑

j,k∈N

|〈Ψ, ajakΦ〉|2
)1/2

. (59)

With (41) we get the claim.

Lemma A.2. Assume that V,W ∈ L2(T d) are infinitesimally bounded relative to −∆. The

operator Haux
N defined by the expression (26) is self-adjoint on UND(HN) and essentially self-

adjoint on D(H0).

Proof. For the second claim, we prove that Haux
N is a perturbation of − 1

2m
∆x + dΓ(−∆)≤N ,

the projection of H0 to H≤N
+ , by a bounded operator.

For the quadratic terms in (26), this follows from the fact that Haux
N acts non-trivially only

on H≤N
+ and Lemma A.1 together with Parseval’s identity, which yields

‖Vjk00‖2ℓ2(N×N) = ‖V00jk‖2ℓ2(N×N)

≤
∑

j,k∈N0

∣∣∣
∫

T d

∫

T d

ϕ̄j(y)ϕ̄k(y
′)V (y − y′)dydy′

∣∣∣
2

= ‖V (y − y′)‖2L2(T d×T d) = ‖V ‖2L2(T d),

‖Vj0k0‖2ℓ2(N×N) ≤
∑

j,k∈N0

∣∣〈ϕj ⊗ ϕ0, V (y1 − y2)ϕ0 ⊗ ϕk〉
∣∣2 = ‖V ‖2L2(T d). (60)

For the linear term in (26) this follows from the bound ‖a(Wx)Ψ‖H+
≤ ‖W‖L2‖√N+Ψ‖H+

by the same reasoning. Hence, Haux
N is self-adjoint on the domain of − 1

2m
∆x + dΓ(−∆)≤N

and essentially self-adjoint on D(H0) by the Kato-Rellich theorem.
To obtain the first claim it is now sufficient to prove that the difference of Haux

N and
UNHNU

∗
N is bounded relative to dΓ(−∆)≤N , with relative bound zero. This difference con-

sists of cubic (45) and quartic (46) terms involving V , and a quadratic term (44) with W .
The cubic terms are bounded by an argument analogous to (38). The relative bound for
N−1/2dΓ(QWxQ)

≤N (i.e. (44)) is a consequence of the bound for Ψ ∈ D(dΓ(−∆)), Φ ∈ H≤N
+ ,

and λ ≥ 0 (cf. [29, Eqs.2.9, 2.10])

|〈Φ, N−1/2dΓ(QWxQ)
≤NΨ〉| ≤ N−1/2‖N 1/2

+ Φ‖H≤N
+

‖dΓ((QWxQ)
2)1/2Ψ‖H≤N

+

≤ ε‖Φ‖
H≤N

+

‖dΓ((λ−∆)2)1/2Ψ‖
H≤N

+

≤ ε‖Φ‖
H≤N

+

‖dΓ(λ−∆)Ψ‖
H≤N

+

, (61)

with ε = ‖(λ − ∆)−1Wx‖L2→L2 = ‖Wx(λ − ∆)−1‖L2→L2. Since ε goes to zero as λ → ∞,
because W is infinitesimally −∆-bounded, this gives an infinitesimal bound. The quartic
term is dΓ(−∆)≤N -bounded by the argument that gives (51), but replacing −∆ by λ−∆ and
arguing as above.
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Proposition A.3. Let V,W ∈ L2(T d), then HBF−H0 is N+-bounded and HBF is essentially

self-adjoint on D(H0).

Proof. The first statement follows from Lemma A.1 as above. Consequently, there exists a
constant c such that HBF+ cN+ is self-adjoint and positive on D(H0) = D(H0+ cN+) by the
Kato-Rellich theorem, since HBF −H0 is H0 + cN+-bounded with bound less than one.

Essential self-adjointness of HBF can now be obtained by applying the commutator theo-
rem [41, Thm.X.36], with HBF + cN+ as a comparison operator. For this, it is sufficient to
prove that

|〈Φ, [N+, H
BF]Φ〉| = |〈Φ, [N+, H

BF −H0]Φ〉| ≤ C〈Φ,N+Φ〉,
for some constant C > 0 and all Φ ∈ D(H

1/2
0 ). Since the commutator of N+ with HBog

is again a quadratic operator, composed of the same terms up to signs, this follows from
Lemma A.1 as above.
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