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Closed-loop output error identification algorithms with
predictors based on generalized orthonormal transfer

functions: Convergence conditions and bias distribution

Bernard Vau?, Henri Bourles ®

8SATIE Ecole normale supérieure de Paris-Saclay, 94230 CACHAN France.

Abstract

This paper proposes an improved version of closed-loop output-error identification algorithms, where the predictor is established
on a generalized basis of orthonormal transfer functions. It is shown that the selection of the basis poles impacts the convergence
conditions and the bias distribution of the schemes.These algorithms present several advantages: They are able to identify in
closed-loop fast sampled systems, stiff systems (with modes spread over three decades or more), and reduced order models.
Moreover, they are suitable for unstable systems or controllers. A simulation example shows the effectiveness of this approach.
These algorithms can be employed in an open-loop context by using a straightforward simplification.
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Notation

set of natural integers {1,2,---}

q,q " forward /backward shift operator

z z transform variable

A Hambo operator

D exterior of the open unit disc U co

T unit circle

Ho(D) Hardy space of analytic functions in ID which
are square integrable over T

Ho the set of all functions in H2 (D) that are null
at infinity

* transpose conjugate symbol

Iy space of square summable sequences on the
time interval N

1M |2 Largest singular value of matrix M

L(q) Polynomial in ¢ i.e. with ¢ substituted to the
indeterminate (lo # 0 if L # 0):
L(g) = log™ + g™ "+ + 1y,

L*(q7')  reciprocal polynomial of L(g)
Lg ) =lo+hg '+ +lng ™

L (g L*(¢" ') minus its constant term:
L g ) =lg - A lyg ™

d°(L) degree of polynomial L: d°(L) = n;
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1 Introduction

Identification in closed-loop is unavoidable whenever a
system includes marginally stable or unstable poles, or if
for practical reasons an open-loop identification cannot
be carried out (e.g. because of safety constraints), which
is a common situation, in particular in industrial appli-
cations. The main specific issue related to closed-loop
identification lies in the fact that the system input is
necessarily correlated with the noise, entailing a biased
estimation if operated by means of an open-loop algo-
rithm involving an erroneous noise model or a prefilter
([12] pp. 433, 436). Several identification methods in
closed-loop operation have been existing for a long time
[16]. Nevertheless, a significant interest for this topic has
been triggered in the nineties in the perspective of iden-
tification for control [6], [18], entailing several research
teams to work simultaneously on this subject: see for
example [5], [4], [10]. The schemes proposed in the latter
reference by I.D. Landau and A. Karimi, called CLOE
and X-CLOE (CLOE being dedicated to an output error
model, and X-CLOE to an ARMAX model structure),
present a special interest especially in the context of
adaptive control, since their recursive structure makes
them usable in a real-time situation. Their philosophy is
based on the concept of Model Reference Adaptive Sys-
tems (MRAS), in which the true closed-loop works in
parallel with a simulated closed-loop. These algorithms
belong to the pseudo-linear regression (PLR) class, and
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their convergence conditions are well-known (see [10]).
However, it has been shown only recently in [20], that
their bias distributions differs from those of prediction
error methods (PEM), and that the native CLOE and
X-CLOE structures strongly penalizes the model mis-
fit in high frequency. In general, most of discrete-time
identification algorithms are not reliable in a fast sam-
pling situation [11], and the specific bias distribution of
CLOE and X-CLOE algorithms make them even more
unsuited in case of oversampling. As a consequence,
identification of systems having poles separated from
several decades (stiff systems) is totally intractable us-
ing this algorithms family.

This contribution is twofold:

(1) Complete CLOE and X-CLOE algorithms in order
to make them able to cope with unstable controllers
(which is not the case of the initial versions of these
schemes), a situation that can occur when, for ex-
ample, a double integrator is introduced in the con-
trol law. For this, a specific closed-loop formulation
of the predictor is used (see propositions 1 and 2),

(2) Make these algorithms suitable for the identifica-
tion of stiff (or multi-frequency scale) systems.

For purpose (2), a novel parametrization is used, which
is established on generalized bases of orthonormal trans-
fer functions (GBOF) introduced by Heuberger et al. in
[7] and [8], that are associated with the Hambo trans-
form [9]. The models employed in the present article
can be considered as a generalization of infinite impulse
response (ITR) filters. In contrast, the existing identifi-
cation method based on GBOF as described in section
4.3 of [8] (in open-loop operation), rely on a predictor
being, roughly speaking, a generalization of finite im-
pulse response (FIR) filters: the past outputs (whether
true or predicted) are not used in the predictor. For this
latter method, the selection of the basis poles is cru-
cial: if this selection is not relevant, a large amount of
estimated parameters is required, leading to increased
uncertainties. This is the reason why several authors
have proposed methodologies about data-driven pole
selection: see for example [1], [15], [8] (chap. 11), or [17].
On the contrary, in the schemes proposed here, an
asymptotically unbiased model of minimal order can
be obtained without any stringent condition on the
basis poles, provided only that these latter ensure the
algorithm convergence. Nevertheless, these poles have
a strong impact on the bias distribution. Limit models
in the frequency domain are obtained by expressing the
equivalent prediction error (a non measurable signal) as
defined in [20]. The variance of this equivalent predic-
tion error is the convex function minimized by the PLR
algorithms for a full order model. These limit models
are good indicators of the bias distribution and show
that the bias depends on the predictor parametrization,
which is a situation that differs from PEM for which

this parametrization has no impact on the model fit (see
[12] p. 437). The interest of the proposed developments
is to allow for a tuning of the identification schemes in
function of the requirements that the user may have.
We show through the simulations that one can either
identify a wide band model over, say, 3 decades (cor-
responding to a stiff system), or a local model in the
frequency domain that can be useful for control, or
even an almost ”punctual” model (only valid in a small
neighbourhood of one frequency) with highly reduced
order. The basis poles play the role of tuning parame-
ters, and an indicator of their effect on the fit is used.

The article is organized as follows: Section 2 contains
a short review of generalized orthonormal basis trans-
fer functions. In section 3, these functions are employed
in a specific parametrization of output error and AR-
MAX predictors in closed-loop. In section 4, these pre-
dictors are introduced in recursive closed-loop identifi-
cation schemes belonging to the pseudo-linear regres-
sion class. These algorithms are detailed and their con-
vergence conditions are provided. Section 5 presents the
limit models of the algorithms in the frequency domain.
In section 6, an indicator of the basis poles effect on these
limit models is introduced (function x), and the proper-
ties of this indicator are given. Last, section 7 presents
some relevant simulations showing the interest of these
algorithms, and of the function x as an heuristic indi-
cator of the basis poles effect on the bias distribution.
Finally, section 8 contains four appendices.

2 Orthogonal transfer functions bases and
Hambo transforms

At first, some definitions useful for the understanding of
this paper are recalled. They are related to orthonormal
transfer functions issued from a balanced realization of
an all-pass transfer function, as proposed in [7], and to
the associated Hambo signal and operator transforms.
These notions are presented in [8] (chap. 3 and 12), and
[9]: the reader can refer to these references for more in-
formation. In the rest of this section, we recall some ba-
sic facts for the reader’s convenience. Let us consider the
Blashke product Gy(2), with G,(271)Gp(2) = 1, given
by

ny—1
It —ppz+1

Go(2) = H R — (1)
k=0 Pr

where py (|pr| < 1) are the basis poles (being either real
or complex conjugate), and n, the number of poles.

This transfer function can be represented by means
of a balanced state-space realization Gy(z) = Dj +

Cy (21 — Ab)f1 By, which satisfies

Ay By|" [Ay By]
an] [&n] - @



The orthonormal transfer functions basis proposed by
Heuberger and al. [7] consist of the vectors of functions
Vi, with size (n,,1) and where k € N, defined as

Vi(2) = (21 — A) " ByGE~1(2) (3)

One can observe that the basis poles are repeated k
times for each entry of Vi (z) and these transfer functions
form a Hilbert basis of strictly proper transfer functions
in Ho(D). Particular configurations of n, and pj, corre-
spond to well known cases: n, = 1, pp = 0 is nothing but
the classical 271,272, - - - basis, and n, = 1, |po| < 1 (po
being real) corresponds to the Laguerre basis.

Define

U1 (t) = Az_le l)k+1(t) = Gb(q)vk(t) keN

The Hambo signal transform of the sequence {z(t)} be-
longing to Iy is {Z(k)} with #(k) = >, .y vk(t)2(t). The
Hambo operator ) is defined according to A™! = G ().
Ifn, > 1, the mapping A — zis one to n,, (i.e. np-valued)
except at branch points which cannot lie on the unit cir-
cle. Define N(\) = Ap+By(A—Dy) ' Cy. It is shown that
the eigenvalues {z;,j = 1,--- ,n,} of N(1/)) satisfy the
equation A™' = Gy(z;). The X transform of {z(t)}, de-
noted as X : A — X (\), is given by

X =) #k)A* (4)

keN

Consider a rational transfer function H : z — H(z) be-
longing to Ha_. Its corresponding Hambo signal trans-

form, denoted as H : A — ﬁ(A), is given by

H) =) h(k)A™* (5)

keN

where
(k) = - ;{I Vi(2)H(z )

dz
oM

z

(6)

The Hambo operator transform of H, which is denoted
as H: A— H()\) is

H(\) = h(r)NT()) (7)
7=0

where {h(7)} is the impulse response of H. The following
notation is commonly used:

and as shown in ([8], Sect. 3.3.10),

R Np g 2 1T 2
i =3 H“W (9)

The relation from H(\) to H()) is given by ([8], prop.
12.5)
ren

AL — Dy
Consider now {u(t)}, {y(¢)}, two sequences in ls, and
H € Hy_, such that y(t) = H(q)u(t). Then one has
§(\) = H(M)ua(\). Moreover, the transformation (-) :
H + H is an isomorphism of associative and commuta-
tive R-algebras ([8], sect. 12.4). Explicitly, for any trans-

fers functions Hq, Hy € Ho_, the followings relations
hold:

H(\) = H()) (10)

(1) () = L) () = B 0) - (11)

and for any a,b € R

(aH1 ¥ bHQ) (\) = af,(\) +bH (N)  (12)

3 A parameterization for closed-loop identifica-
tion predictors of output error and ARMAX
models

The purpose of this section is to derive expressions of
closed-loop predictors for output error and ARMAX
models by using the generalized orthonormal basis of
transfer functions presented in section 2. Let us consider
{u(t)}, {y(¢)}, the input and output sequences of the
system to be identified (true system), defined as

y(t) = Go(q)u(t) + Wolg)e(t) (13)

or

y(t) = Go(q)u(t) + (1) (14)
The white noise sequence {e(t)} is centered and gaussian
and {v(t)} is a centred gaussian colored noise indepen-

dent of {u(t)} . One assumes that Go(q) = ]jgggg, and

Wolq) = ig%gg, where Ag, By, Cy are polynomials. The

polynomials Ay and Cy are monic with the same degree.

The deterministic and stochastic parts of the model are
denoted respectively as G(q) = %, and W(q) = %,
where A, B, C are polynomials, A and C being monic,
with d°(A) = d°(C) = n, and d°(B) < ng — 1. The sys-
tem is driven by an R-S (causal) controller, such that

u(t) = === y(t) (15)



where S, R are coprime polynomials, S being monic,
and it is assumed that d°(R) < d°(S). Let us define
the relative degrees § and k respectively of G(gq) and of
the controller, such that § = d°(A) — d°(B) > 1 and
k=d°(S) —d°(R) > 0.

According to ([10] p. 296), the predicted output at time
t + 1, denoted as g(t + 1), of the output error model in
closed-loop operation, is given by

§t+1) = — AT (g )g(t+1)+q OB (¢ a(t+1) (16)

with
S*(gHa(t) = —¢ "R (g )j(t) (17)

The ARMAX predictor in closed-loop operation is given
in ([10], p. 300):

Gt +1) = —A*T (g gt + 1) + ¢ B (¢ ")a(t + 1)
H*(¢™")

S*(g~t)

where H* = 1+ C*S* — A*S* — ¢~%~*B*R*. More-

over, the closed-loop prediction error is e(t + 1) =
yt+1)—gt+1).

e(t+1) (18)

Let S be a monic schur polynomial with the same degree
as S, and
np—1
Ap(e) = [ (a-po)" (19)
k=0
where n = n,/n, is chosen to be an integer by a suitable
choice of n,, (the number of basis poles), and n, = d°(4).

Proposition 1 The closed-loop output predictor can be
written

*f oo —1 —Sp*(,,—1
Gt +1) = —Mgf(t T+ qu(fq(ql))af(t 1)
p p (20)
with
S*(q Ngpt+1) =S (¢ gt +1)  (21a)
S*(q Mgt +1) = —¢ "R*(q¢” gt + (21b)
and

where Ay, By have the same degree as A and B respec-
tively, and satisfy the Bézout equation

AyS+ ByR = A,S (23)

Proof: By (21), and (23), (20), can be written —A;Tg}(t—i—

—5 s _ A}S"+q " "BiR" . i
1) +q °Biu(t+1) = ~L——g—L—g(t + 1), which is
equivalent to (16) owing to (17). O

Set
np—1 ,
A )= T] (@—pu)" (24)
k=0
where n' = mh—fe n' is an integer by a suitable choice

of n, and ny, :pdo(H).

Proposition 2 The closed-loop ARMAX predictor can
be written

glt+1)=—
g °Bi(q") H(Y)
A(g) Ayl DA

4 (t+1)

(25)
where
S*q Ves(t+1) = A (q et +1)  (26)
Proof: Similar to the proof of proposition 1. O

Thus, according to (21), if {g(¢)} is bounded, {g/(¢)}
and {a¢(t)} are bounded too. Consequently, an unsta-
ble controller can be employed, contrary to the classical
versions of CLOE and X-CLOE (see [10], pp. 299-301).
In order to solve the equation (23) (in which Ay and By
are the unknown terms), it is necessary to specify S (the
specification of A, results from the basis poles selection).
The zeros of S are chosen according to the principle of
p—stability developed in [3]. Let p > 1, S(z/p) is the
stable spectral factor of S(z/p), i.e

S(2/p)S(p/z) = S(2/p)S(p/2) (27)

where z — S(z/p) has all its zeros inside the unit circle,
assuming that p has been chosen so that z — S(z/p)
has no zero ¢ such that |¢| = 1. In term of zeros place-
ment, the choice of S is equivalent to leaving unchanged
the zeros of S that are inside the circle with radius 1/p,
and to reflect the other zeros with respect to this circle.
In any case, p should be chosen close to 1, and can be
exactly equal to 1 if the controller has no pole on the
unit circle.

Proposition 3 Let puy, vi, k € [1,n] be some vectors
of size (ny,1) with real entries. The closed-loop output
error predictor (20) that we call the H-CLOE predictor



(H stands for Hambo) can be expressed as

gt +1) Zu}{vk gr(t+1)

=1

+ Z vi Velg)ag(t+1)  (28)
k=1

Proof: Let P,, be the space of all polynomials of de-
gree inferior or equal to n, — 1. By (3), the entries of
the column ALV}, belong to P,, and form a basis of this
space by the orthogonality condition of the transfer func-
tions Vi, with k = 1,--- ,n. Since A, is the denomi-
nator of V,,, there exist vectors ,uk, v, with real entries

and size (np, 1) such that A ((‘1 =Y 1FVi(q) and
q° ]j}jgg:ig = r_1 Vi Vi(q), hence the result. O

Proposition 4 Let v, k € [1,n + n'] be some vectors
with real entries and size (ny,,1). The closed-loop AR-
MAX predictor called in the sequel H-XCLOE can be put
under the form

n

Gt +1)==> i Ve(@)is(t+1)
k=1
Nh
+Zukvk Qip(t+1)+ > W Vilges(t+1) (29)
k=1 k=1

Proof: Similar to the proof ofproposztwn 3 since one can

1 ntn’
e Sl Y Vilg). O

wrlteW k=1 ’yk

Remark 1: Note that causality is respected in (28), (29),
since Vj is a strictly proper transfer operator.

Remark 2: The Bézout equation (23) has solutions pro-
vided that R and S are coprime, which means that the
controller is expressed in a minimal form. It is preferable
to solve this equation with the Hambo operator (in order
to have a well conditioned problem). The corresponding
algebra is explained in Appendix A.

Remark 3: Open-loop predictors of output error and AR-
MAX models can trivially be obtained by taking R = 0,
S = S = 1. The convergence conditions and the limit
models of the corresponding open-loop algorithms can

be deduced from the general case treated in sections 4
and 5 below.

4 Algorithms and their convergence conditions
4.1  Recursive structure of the algorithms

The predictors presented in section 2 can now be used
in identification schemes belonging to the pseudo-linear
class. In the following, 6 is the parameters vector of the

true system, 6 is the parameters vector of the predictor,
0(t) is the estimated parameters vector at time ¢, 6* is
the limit estimated parameters vector (if it exists), and
@(t,0) is the regressor of the predictor. According to (28)
and (29), the predicted output of H-CLOE and of H-
XCLOE can be put in the form (which corresponds to a
pseudo-linear regression structure)

gt +1) = 07¢(t,0) (30)

The expressions of ¢(t,0) and € are given in sections 4.2
and 4.3. In the context of pseudo-linear regression, 6 is
generally computed in a recursive manner by means of
the parameters adaptation algorithm ([10], p. 101-102):

B(t+1)=0(t) + F(t)p(t,0)e(t +1)  (31a)
F7Ht4+1) = MF7Ht) + Xao(t,0)07 (t,0)  (31b)

where e(t+1) = y(t + 1) — g(¢t + 1) is the (a-posteriori)
prediction error, F'(t) the adaptation gain (positive def-
inite matrix), 0 < Ay < 1,0 < Ay < 2 are the forgetting
factors.
It will be shown that the expressions of the prediction
error of H-CLOE and H-XCLOE schemes can be put in
the form
e(t+1)=H(g ") (60— 0)" 6(t,0) +w(t+1) (32)
where H : 271 — 1+ 372, hyz™F is a rational func-
tion, and {w(t 4 1)} is a centred stochastic disturbance
such that E[w(t + 1)¢(¢t,60)] = 0. According to ([12]
p. 396), and Theorem 4.1 of [10], if one assumes that
A1 = 1, and that 6(t) generated by the algorithm al-
ways belongs to the domain Dg in which the stationary
processes {¢(t,0)} and {e(t + 1,0)} can be defined, and
if the transfer function H(2~1) — 22 is strictly positive
real, one has

Prob {tllm (t) € Do} =1

where Do = {6 : ¢T (t,0)[0p— 0] = 0} is the convergence
domain.

Therefore it is crucial to make explicit the expression of
‘H in H-CLOE and H-XCLOE algorithms : This is the
purpose of the next subsections. Note that the strictly
real positivity of H(z71) — ’\22 is a sufficient convergence
condition.

4.2 Output error predictor and the H-CLOE algorithm

In the H-CLOE algorithm, the regressor ¢(¢,0), the pa-
rameters vector of the model 6 and the true system 6,
are respectively

" (t,0) = [~V (@)is(t+1) — V5 (g
¢

Yyt +1)---
VI ()i (t+1) Vi (q)ag(t +1) -

], (33)



07 =[uf p - v vy -] (34a)
Gg = [#gl Ngz"‘ VoTl ng2"'] (34b)

Moreover, let us define Sy, as the sensitivity function
of the closed-loop, where

A58 ()
AES ) + 2 By R ()
(35)

Sypo(z_l) =

Lemma 1 A sufficient convergence condition of the H-
CLOE algorithm is that

A P ) ~ 22 (30)
As(z71)S*(z7 1) + 279 Bt (2~ 1)R*(2~1) 2
be a strictly positive real transfer function.
Proof: Let yy(t), us(t) be such that S*(g Yyst) =
S*(¢ My(t) and S* (g~ )uy(t) = —¢ "R*(¢")y ( ). Let
Aor be a monic polynomial with d°(Aor) = ne, and

Bor a polynomial with d°(Bor) = d"(Bo) these poly-
nomials ~ satisfying A% (g )—AOI( -1 +A*T( -1
and Bgi(q~) = Bi(¢™") + Bj(¢™"). The parame-
ters wvectors of the true system por, vor are such
Art(g—1 n o B* (¢!
that A(%I((;fl)) = Sop_, wdVi(q) and q 5% =
S  vE Vi(q). On the other hand, by using the
same procedure as that leading to (20), one can
write from (14), y(t + 1) = AOI((;_l))yf(t + 1) +
® A* —1 1
i‘];’((qq))uf(t +1-9) +—_7AEEZ‘1;E*EZ‘1; v(t + 1). By com-
bining this latter equation with (20) one obtains
et+1)=H(g") (6o — 9) o(t,0) + Sypo(q_l)v(t+ 1),

jth H (2~ Az DS )
we (™) =% HERO LR - "Bi(z DR (z 1) YU
ing to this expression of H, the sufficient convergence

condition is obtained from subsection 4.1. O

Note that (36) is a generalization of the original CLOE
algorithm which correspond to the situation: A5 = 1

and S* = S*
4.8 ARMAX predictor and the H-XCLOE algorithm

The regressor of the H-XCLOE algorithm, the model
parameters vector and the true parameters vector are
given by:

o7 (t,0) = [~V (@)gs(t +1) = V5 (@t +1)---
t+1

VI (@ap(t+1) Vi (@)ag(t+1) -
Vi (@er(t+1) Vi (g >5f(t+ 1)---]

07 =[ui pg -~ vi vy -] (37a)
00 = [1dy o2 Vor Yoz Yor Yoz 0] (37D)

Lemma 2 A sufficient convergence condition of H-
XCLOE is that

- (38)

be a strictly positive real transfer function.

Proof: Set Hy =1+ C’S‘S* — AFS* —q 70" "‘BORO, and
Hj ntn’

define 70;g such that W Zk+1 & Vi (q).

Since 5" (¢~ up(0) = 5" (a~yl0) and 5%~ yur(t) =

—q ”R*( By(t), by using (13) one has y(t + 1) =

OI((q 1))yf( + ].) + W())Uf(t —+ ].) + -

Cila_)S"(a”!)
A5 D
(25) one obtainse(t + 1) = H(g™*

1
with H(q™ ') = %m, and one can directly use

the result of subsection 4.1. O

e(t+1). Combining this expression with

The expression (38) shows that H-XCLOE is again a
generalization of the classical X-CLOE where A} = 1

and S* = S*.

4.4 Inclusion of excitation signals

The excitation is an additional signal either to the sys-
tem input or to the reference. In case of an input system
excitation r,(t), or a reference excitation r,(t), one has
respectively

S* (g~ ha(t) = = "R* (¢ )i(t) + S* (¢ )ru(t)
(39a)

S* (g ha(t) = —¢ "R*(q¢")i(t) + ¢ "R* (¢ ")r.(¢)
(39h)

And the predicted output expression of the H-CLOE
algorithm with excitation signals is:

gt +1) = Zuka (@9 (t+ 1)+
k=1

D U Vi)t (t 4 1) + g (E) +rep () (40)
k=1

) (00— 0)" 6(t,0) + e(t + 1)



where 1, £(t), 7,¢(t) satisfy the relations

A(g NS (¢ rup(t) = a B (g S (g7 ru(t)
(41a)

A(g S (g s (8) = ¢ B (g R (g e (D)
(41b)

The expression of the (a-posteriori) predicted output:
Gt +1) = 0(t + 1)p(t,0) + rus(t) + (1) is not of the
form required by the pseudo-linear regression if r, (t) +
rrr(t) # 0. Defining the modified measured output
y(t + 1) = y(t + 1) - Tuf(t) - rrf(t)a we get

t+1) =gt +1) — 0T ()o(t,0) (42)

which has the usual expression and is called the a-priori

prediction error. The a-posteriori prediction error £(t+1)
O(t+1)

e (see [10], p. 101).

This substitution applies mutatis mutandis for the H-

XCLOE algorithm.

is given by e(t + 1) =

5 Limit models in the frequency domain

The stationary condition of the parameter adaptation
algorithm is (see [12], p. 222):

E[e(t + 1)o(t.0)] = 0 (43)

The regressor ¢(t, ) depends on the estimated parame-
ters. As shown in [20], Condition (43) does not imply in
general the minimization of E [¢%(¢,6)]. This is the ma-
jor difference with prediction error methods (PEM) that
aim directly at minimizing this latter expression. For a
full order model, the signal (generally non measurable)
whose variance is effectively minimized if Condition (43)
is satisfied is what we call the equivalent prediction error
(see [20]) denoted by eg(t + 1) such that

0* = ArgminE [e%(t,0)] (44)

The signal t — E [¢3,(t,0)] is ergodic, thus the map-
ping 0 — E [e%(t,0)] is a strictly convex and coercive
function independent of ¢, and therefore the minimum
of this function exists and is achieved for a unique value
0* of 6. As shown in [20] this equivalent prediction error
is related to the prediction error £(t). Let Q(q~1,0) be
a transfer function operator, ratio of two polynomials in
g~ ! with constant term equal to 1, that satisfies

o 0L i )

For the output error model (in closed-loop) one has (see
[20])

ep(t+1,0) = Qg7 ,0)e(t +1)
+(1-9Q(q71,0)Syplg~ ot +1)  (46)

and for the ARMAX model

ep(t+1,0) = Qg™ ,0)(t +1)
+(1=9(¢g7,0))e(t +1) (47)

Define the sensitivity function operator Sy,0(g~*) such

that AR D)
Supo(4™") AS(q*l)S*(q*lo)zq*‘;*”;s(q*l)R*(q*
let T,.0(g~') be the transfer function operator from
the excitation signal to the system input. One has
Turo = Sypo in case of an additive excitation to the sys-
tem input, and Ty, = —Sypo in case of an excitation
on the reference. In the following, ®,. is the excitation
power spectrum density (PSD) (of r, or 7. depending
on the location of this excitation), and @, the PSD of
{e(t)}. The two following results hold:

of and

Proposition 5 The limit model of the H-CLOE algo-
rithm is given by

] Ae)S(e) |*

Ap(eiw)s(eiw?
G(e™) | Turo (€)@ (w)dw  (48)

0" = Argmin/

—T

><|G0(€w) -

Proof: One has to calculate Q(¢~*,0). For the H-CLOE
algorithm, one verifies easily that:
_1 - A*( —I)S*( 71)_"_ 757&3*( 71)R*( 71)

Q(q 79) - ‘ qA;(q_ql)S*(q_l)q d . O’n the

other hand, the H-CLOE predictor expression is exactly

the same as that of the classical CLOE algorithm (see

[10], p. 308):

e(t) = Syp (Go — G) [Syporu(t) — Suporr(t)] + Sypov(t),
A" HS*(a )

A*(q=1)8*(¢=)+q=="B (¢ )R*(¢7 1)~

By combining with (46), one obtains the expression of

the equivalent prediction error

ep(t) = ﬁ;g* (Go — G) [Syporu(t) — Supor+(1)] +

Sypov(t), hence the equation (48), since d’(A) = d°(Ap),

and d°(S) = d°(S). O

where Sy, (g~ h =

Proposition 6 The limit model of the H-XCLOE algo-



rithms is given by
A(elw)s(elw)

+m
0* = Arng?l/_ﬂ W
[1Go (™) = G(e™)*|Turo (™) @ (w) +

Wa(e) ) ey Pe. )] a0

Proof: One wverifies that: C*(q~1)S*(q *1)% =

Ay 1)S (7 )o(0), thus: Qg ™, 6) = THAT).
On the other hand, the prediction error of the classical
X-CLOE algorithm is

£(t) = &= [(Go — G) (Syporult) —
Sueo W) e(t )] + e(t). By combining with (47),

Sup(]rr (t)) +

075,
EE(t) - f\;g: [(GO G) (SyPOTU(t) - SupOTr(t))]“r
W (WoSypo — WSyp) e(t) + e(t), and the

result in the frequency domain follows. O

6 Effect of the basis poles on the limit models:
The function y

There exists a bijective and strictly increasing function
B:] — 7, 7] =] — n,m, n,7| such that Gy(e™) = e~8w)
forallw €]—m, x|, [13], ([8] chap. 9). Putting wy := B(w),
w is called the Hambo frequency and the mapping T —
| = npm,npm] + A = wy is ny-valued. The derivative of
this function plays a major role, owing to the property
(see [8], chap. 9)

B (w) =V (e™)Vi(e™™) (50)
The function 8’ is a particular expression of the repro-
ducing kernel of the Hilbert space associated with the
orthogonal transfer functions basis (see [8], chap.2).

The Hambo operator transform of Go(z) is de-
noted Go(A). The Hambo operator transform of

G(z) = %, denoted as G()), is given by the ex-

pression G(\) = A~1(A\)B(\), where A()), and B(\) are
polynomial matrices in A\, and are the Hambo operator
transforms of A(z)/A,(z) and B(z)/Ap(2)) respectively,
, see proposition 8 below.

In the following, it is assumed that {r(¢)} and {v(¢)}
have rational spectra, and that the power spectrum
density (PSD) of {eg(t)}, denoted as @, (w), is rational
too. Additionally, the PSD of {e(t)} is denoted as ®.(w).

Proposition 7 Under the assumption that {r(t)} is in-
dependent of {v(t)}, one has

0" = Argmin/ U, (wy)dwy (51)

—7Lp7T

where
e For H-CLOE

‘I’eE(wx) | Ae “’*)II 15 (™) S~ (e™)|[3

- [|Go(e™) = (™M) |13 Turo ()13 ¥ 4 (wn)
(52)

e For H-XCLOE

Uey(wr) = A5 (e2) S~ () |3

+(IGoe) = GBI a3, () + -

11800 ()8 (€)W (€)= W (e [3We (w1))

with U, (wy) = @T(w)ﬁ‘ B=1(wy)
w= A

_1
@e(w)ﬁ,(w) )

and where (~) is the Hambo operator transform of

and U (wy) =

the transfer matriz in parentheses, with |()|2 =

Py s -
Proof: The proof is given in appendiz B. O

Equations (51), (52), (53) provides some intrinsic ex-
pressions, independent of the pole basis, showing how
the discrepancy between the true system and the model
is weighted in the Hambo frequency domain. These
equations are similar to those of native PLR closed-loop
algorithms (corresponding to equations (48) and (49)
in which all basis poles are set to 0 or A,(e™) = 1),
since [|S(e™*)S—(e™M)||3 ~ 1 at almost every fre-
quency (see Section 3 above). Instead of considering
the effect of the basis poles induced by the weighting
function |1/A4,(e’)|? that appears in the limit models
(48) and (49) of section 5, it is more convenient to anal-
yse the generic expressions (52), (53) with respect to
the frequency distortion from w to wy. The function g
characterizes this distortion, which is well known for the

Laguerre basis (see [14]). From (50), one shows easily
that [8] (p. 222), [13]

np—1

W= A e =2 (5
k=0

11— pre®|?

Since most identified systems are represented in Bode
diagrams with a logarithmic scale @ = log(w), one
should study the distortion from this logarithmic fre-
quency scale w to the Hambo frequency scale w)y. Let us
denote as x the function which expresses the dilatation
rate from the @ scale to wy scale. Note that

dwy = B (e”)dw (55)



This function y is given by

X@) = —wf @) = () (50)

1

where the term - is introduced for normalization.

Lemma 3 The following conservation principle holds:

log(m) ~
/ (€)di = 1 (57)

— 00

Proof: From (50) 8 (w) = VI (e™)Vi(e™™), and because
of the orthonormality of Vi(e*) the result is obtained
immediately, see [8], p. 89. O

Theorem 1 Consider x(w) = %wﬁ}c(w) and define the
k-th basis pole from its natural frequency wor and its
damping &, as follows: py = pre'* with p, = e~ SkWok

and o, = \/1 — Ewoi,. Assume that £ > 1 — 422 . One
ok
has the following results:

(1) If cosh(&pwor) — /1 — Efwor < 5, Xk has a unique

mazimum on [0, w|. Additionally if:

cosh(Ewop)+cos(y/1 — Efwor)—msin(y/1 — Efwor) >

0, xx has a local minimum on 10, [.

(2) Ifpr is real (& = 1), and if =="=% < pp < 1, x
has a unigue mazimum on [0, 7], and a local mini-
mum on 0, w[. Ifp,, < T=¥1—== V2772_4, Xk 48 an increasing
function on [0, 7], and has its mazimum at w = .

Proof: Given in appendiz C. O

This result is illustrated in Fig. 1 below, in case (2) with
n, = 1.

Corollary 1 Let wyq. the frequency for which xi(w) is
mazimum. If wor, — 0, one has:

Wmaz = Wok + 0 (|wok|) (58)
Proof: Provided in appendixz D. O

The frequencies in the @ scale for which the dilatation
rate (function x) is maximum are over-weighted in the
minimization problem, and a better model fit around
these frequencies can be expected, for given excitation
and noise spectra. On the contrary an area in the @
domain with small values of y will be under-weighted.
Thus it can be inferred that the function x plays the
role of a heuristic indicator of the pole basis effect on the
model adjustment in the frequency domain, and this is
confirmed in section 7. Figure 1 displays the frequency
distortion rate x = x(w,po) corresponding to Laguerre
bases for many values of the Laguerre poles. One can
observe the conservation principle of Lemma 3, and the

frequency of the maximum equal roughly to the fre-
quency of the pole (for low frequency poles). Figure 2
shows three examples of x, for various basis poles cor-
responding to 1) one pole basis pg = 0.99, 2) two poles
basis with pg = 0.9, p; = 0.999, 3) three poles basis with
po = 0.9,p1 = 0.99, po = 0.999.

Frequency distorsion rate Khi.  for Laguerre bases
T T T

ool
08| = ==p,=05
07 f

06 pu=0.999

05

Khi

0.4

03

02

0.1

omega (rad/s)

Fig. 1. Frequency distortion rate x for Laguerre bases

Frequency distortion rate Khi - for multi-pole bases

One basis pole pu=0.99
- — —Two basis poles pn=0.9‘ p|=0.999

Three basis poles pn=0.9< D‘=U.994
p2=D,999

102
omega (rad/s)

Fig. 2. Frequency distortion rate x for multi-poles bases

7 Simulation results

7.1 Comparison of CLOE and H-CLOE for a simple
system

The aim of this first simulation is to compare H-CLOE
to CLOE and AF-CLOE ( an adaptive filtered version
of CLOE, see [10], p. 299-300) for the identification of a
simple multi-scale system having two resonating modes
at frequencies 1072 rad/s and 0.26 rad/s (sample fre-
quency 1s). The poles of this system are 0.9575+0.0097i
and 0.8318 4+ 0.22114, its static gain is 1,and it has three
zeros [0.9712;0.9696; 1.3578]. The controller is a gain
equal to 1. The system is excited by a wide spectrum
PRBS (added on the input), and is disturbed by a white
noise. In closed-loop, the signal/noise (variance) ratio



is equal to 12 dB. The sample number is N = 10%.
When identified with CLOE (Fig. 3 (top)), the result-
ing models are correct only in high frequency, whereas
the low frequency mode is never captured (over 20 real-
izations): This is the typical drawback of native CLOE
family schemes (see [20]). This could be imputed to the
fact that the (only sufficient) convergence condition is
not satisfied here. However, the same simulation carried
out without any stochastic disturbance with X-CLOE
(which has no convergence condition in a deterministic
context) leads to similar identified models. If the AF-
CLOE is employed (which aims at relaxing the conver-
gence condition of CLOE), the performances are not
better (Fig. 3 (middle)). On the contrary, if one uses H-
CLOE, with a two poles basis in order to encompass the
frequencies of interest of this system (the poles frequen-
cies are set respectively to 0.03 rad/s and 0.3 rad/s,
corresponding to p = [0.97;0.74]), one can observe in
(Fig. 3 (bottom)) that the identified models are hardly
distinguishable from the true system. The pole selection
results from an initial guess, and the algorithm conver-
gence depends on it.

Bode Diagram

-+ True System
o —CLOE
Z gl e Mmmara
@
5 20"
]
=
40 . i
10° 107 10"
Frequency (radis)
Bode Diagram
20 —r T : e
True System
g o= —AFCLOE |
@ H Tl
o
2
5 20
o
= B
40 o i
10° 10° 10" 10°
Frequency (radis)
Bode Diagram
20 T
True System
g S S LN |
o N
o H
2
& 20
[}
=
40 ; Rt AR ; [
107 107 107" 10"

Frequency (radls)

Fig. 3. Identification with CLOE (top) and AF-CLOE (mid-
dle), and with H-CLOE (bottom), 20 realizations
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7.2 Use of a double integrator in the controller, and bias
management

The purpose of this second set of simulations is to show
that the algorithms proposed in this paper are able to
include a double integrator, and to provide reduced or-
der models in a prescribed frequency range, according
to the poles of the orthonormal basis. Moreover, these
simulations show the interest of the function y as an in-
dicator of the basis poles effect on the bias distribution.
The academic system to be identified has an order equal
to 12, with modes frequencies lying from 1.25.1073 rad /s
to 1.26 rad /s (three decades), the sampling period being
equal to 1s. The poles, zeros of this system are displayed
in Table 1 (the static gain being equal to 1):

Poles Zeros
Frequency Damping Frequency Damping
(rad/s) (rad/s)

1.25.10~3 0.25 1073 1
1.25.10~3 0.25 2.02.10~2 0.03
2.24.102 0.03 2.02.10~2 0.03
2.24.10 2 0.03 1.68.10 "1 0.098
1.88.10~ 1 0.01 1.68.10 "1 0.098
1.88.10~ 1 0.01 5.42.1071 -0.431
8.32.1071 0.04 5.42.1071 -0.431
8.32.1071 0.04 6.51.1071 0.23
8.66.1071 0.86 6.51.1071 0.23
8.66.10~ 1 0.86 6.54.10~1 0.61

1.26 0.5 6.54.10" 1 0.61

1.26 0.5

Table 1

Poles and zeros of the true system

This system is controlled with a three order R-S
R(2) PR CE0)
S(2) Cl‘[le(zfpc(z))
ze(l),pe(l), I = {1,2,3} are the controller zeros and
poles given in table 2, and one has k., = 1073. The
controller includes a double integrator, and for this rea-
son the classical CLOE or X-CLOE schemes cannot be
employed, since their regressors diverge. A white noise
is added to the system output (signal/noise -variance-
ratio of 10 dB). The system input is excited with a
17 registers PRBS (2!7 — 1 samples). Four simulations
are carried out with different system orders and vari-
ous basis poles configurations. In all these simulations,
as recommended for the identification of stationary
systems in [10], p. 69, the forgetting factor A; has an
initial value strictly inferior to 1 and tends exponen-
tially towards 1 during the simulation: That leads to an
increased convergence rate of the algorithm.

controller such that where

Poles Zeros
Frequency Damping Frequency Damping
(rad/s) (rad/s)
0 1 1.0.10~1 1
0 1 1.0.10~1
1.0.10~2 1 3.14 0
Table 2

Poles and zeros of the controller



Simulation 1: The overall system is identified by choos-
ing a 12th order model (n, = 12), and the basis poles are
set in order that the function x is roughly constant over
almost three decades. Their values are 0.5,0.95,0.995.
Figure 4 provides a comparison of the true system ver-
sus the estimated one on a Bode diagram (magnitude
and phase) and the bottom graph displays the function
x- We notice immediately that the estimated model co-
incides with the true system.

% IR —— N
el S
ERIE R Identified model| T -
= T 4 NS I‘\ J——
S 40f rue system ~ad
] L | | | o
2
10 10°? 10?2 10! 10°
Frequency (w) rad/s
I, v‘
~ 0 ~. 1 )
P [
& 200 | e Identified model e
1 A
E 400 | = = = True sysem "--..,_M‘ |
| | | | | -
0 10° 10°? 10! 10°
Frequency (w) rad/s
5
2oar
e mm—— e
201 awl'.— -------------------------- _
— "
£ - _..—-"'
¥ = . . I .
10 10°? 10?2 10! 10°

Frequency (w) rad/s

Fig. 4. Identification with a 12th order model and three basis
poles equal to 0.5,0.95,0.995, respectively.

Simulation 2: A 3rd order model is chosen, with a single
basis poles equal to p = 0.997, such that the frequency
for which y is maximum is roughly equal to 0.003 rad/s.
Figure 5 shows that the first modes of the system are
perfectly captured, while the high frequency modes are
sheerly ignored.

Simulation 3: A single basis pole is employed, equal
to 0.5. The function x has its largest value within one
decade below the Nyquist frequency. The model order
is equal to 6, and Figure 6 shows clearly that the sys-
tem modes situated in the decade below this Nyquist
frequency are the only ones that are properly identified.

Simulation 4: The purpose of this identification is
now to obtain a reduced order model valid locally
around 0.02 rad/s. For this purpose we choose a func-
tion x having a narrow peak around this frequency.
This is obtained by selecting a basis including 3 poles
0.98,0.9968 + 0.01971%,0.9968 — 0.01971¢ respectively.
The use of complex poles at a frequency equal to 0.02
rad/s and a relatively small damping (0.15) allows for
this narrow peak. The model order is equal to 3. Ow-
ing to the function y aspect, we can expect a good fit
around 0.02 rad/s: This is exactly what can be observed
in Figure 7.
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Fig. 5. Identification with a 3th order model and a single
basis poles equal to 0.997.
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Fig. 6. Identification with a 6th order model and one basis
pole equal to 0.5.

These simulations show the tuning effect of the basis
poles on the bias distribution: by the use of a predictor
established on a generalized basis of orthogonal transfer
functions, the bias distribution can be managed, which is
not the case when using a direct identification procedure
in a closed-loop context, as mentioned in [12], p. 436.
Moreover, these results confirm that H-XCLOE can cope
with an unstable controller, contrary to the classical X-
CLOE scheme.
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Fig. 7. Identification with a 3th order model and three basis
poles equal to 0.9968+0.01971i, 0.9968-0.01971i and 0.98.
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9 Appendix

9.1 Appendiz A: Some algebra to solve the Bézout equa-
tion using the Hambo transform

Owing to the expressions of A, in (19), and S as defined
in Section 3, there exists a unique solution to the Bézout
equation (23), where d°(Ay) = ng, and d°(By) < ng—1.
This is the solution considered in the sequel. In case
of fast sampling or a high model/controller order, the
resolution of equation (23) may become difficult due to
an ill-conditioning of the associated Sylvester system.
This is the reason why it is strongly recommended to
solve it with the Hambo operator. At first, consider the
commutative ring R of polynomials in z with real co-
efficients. The set of polynomials S, = {AF : k € N},
isa multlphcatlve subset of R, and the set of fractions

RS, ! = Ak : L eR, AI~C 68 } is, like R, a principal
ideal domain. Therefore (23) can be written
A S By R S
— — = 59
Ay Ay Ay ALY A (59)

’

where A; = (Ap)* is such that dO(A;) > d°(S), and
(59) is again a Bézout equation over RS, L. Consider
Ap(X,€), S(N), By (A, k), R(A), S(A), the Hambo opera-

Ay B
tor transforms of respectively SIS

A, a7 A a7 ar and
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let € and & the coeflicients vectors of /if and B + respec-

tively. Define RS to be the set of those H which are
the image of a proper and stable transfer function H of
RS, !, by the Hambo transform 7.

Proposition 8 The mapping 7 : H — H
RS;! —Z LRS!

is a ring tsomorphism,and its codomain is a ring of poly-
nomial matrices.

Proof:

At first the mapping F is a homomorphzsm For any

transfer function Hl,HQ one has H1 + Hy = H1 + Hg
(from (12)), and HiH, = HyH, (from (11)). More-
over, by its very definition € is surjective. Additionally
we show in the sequel that its kernel is 0: The relation

H()\) = 0 implies necessarily

r H (z)Va(ze) Vi (1) 21) _
; VI (z1) V(1) 21) =0

for aninfinite number of values of zy.. Since H has a finite
number of zeros if it is nonzero, H = 0 implies H = 0.
Thus F€ is injective, and therefore this homomorphism is
bijective , its codomain is a ring of polynomial matrices,
owing to remarks of section 12.5.1 in [8].

Therefore (59) is equivalent to

A; (N ESN) + Br(AmR(A) =8(A)  (60)

If ‘5:, and

p

P
common divisors of R and S, if any, belong to S,, (59)
has a solution, and (60) has a solution too, £ and 7 being
the unknown terms.

//, are coprime in RS, 1 ie. if the only

9.2 Appendix B: Proof of Proposition 7

Let H.,_(e™) be the stable spectral factor of ®., (w).
Its Hambo signal transform, denoted as H., (e™*), is

Y] . o . \% (47’I:W)VT( iw) 7iw>\CT
Hep (€)= Hep () Pr iy o) =1 wx) e=on—1;

(owing to (10)). From equation (3.10) of [8] (chap.3), one

C, C. —iw iw
TFD7—2cos(on) V1(¢ W () wmp-1(wy) = In,-

Thus HeTE (e )Hep(e7™2) = @, (w)mbzﬂ‘l(wx) =
U, . (wy). Similarly, ¥,.(wy) = fITT(ei“’A)ﬁr(e_i‘”), and
., (wy) = HI(e“*)H,(e ™), where H,(e™*) and
H_ () are the Hambo signal transforms of the stable
spectral factors of ®,.(w) and ®.(w) respectively. Now

~ iw A eiw Vl e—iw VT eiw
one has A(e“*) Ap((e,;w)) Vl’lg(eq‘,w))vll(e(—iwg

gets

w=B"1(wy)



Therefore ‘ A(e™) = || A(e™*)||3, and simi-

Ap(@) | =p=1(wy)
lar relations hold for |Go(e™) — G(e™)|?, |Turo(e™)|?,

S, [Wo(e)2, [W ()2, |52 2. Thus, by
using equations of the limit model in the w frequency
domain (48) and (49), and by considering that from [19]
(section 5) E[e%(t)] = inpw fj:::
obtains the claimed results.

U, (wy)dwy, one

9.3 Appendix C: Proof of Theorem 1
One has

11— |pf 1 (1-p3)

Xh(w) = = —— PR 2 w

7T|1*ﬁk6“”\2 71+ p? — 2ppcos(w — o)

2
(1-p}) ot

— cos(w — o)) — wsin(w — o)

Oxr(w)
dw

1
us

20k (1+pi

2
5o — Ccos(w — ak)>

3X1c

The sign of M) depends upon the sign of

g(w) = 1;,02*' — cos(w — 0k) — wsin(w — o). One has
89( )

= —weos(w — op) = —wcos(w — /1 — Ewer),
B%Ef) < Qifand only ifw < Z+4/1 — Ewor, and ag(w) >
0 otherwise. Let @ be the frequency for which g(Zu is

minimum. One has ¢(©) = cos(§wor) —v/1 — EEwor — 2
This quantity is strictly negative if and only if

cosh(Exwor) — \/1 — EPwor, < g

Additionally g(0) = cosh(&wor) —cos(y/1 — Efwor) > 0
for any wer > 0, g(w) is a positive decreasing function for

(61)

w close to 0, and has aminimum at w = 5 ++/1 — §£wok
only if wer < W’ ie
2
T
G>1- (62)
4w?,

Now g(m) = cosh(&gwor) + cos(ok)
g(m) > 0 is equivalent to

cosh(Epwor)+cos(y/1 — Ewor) —msin(y/1 — Ewer) > 0

(63)
Therefore, if we assume that (62) and (61) are satisfied,
Xk has a unique maximum on [0, [. Furthermore if (63)
is satisfied i has a local minimum on |0, 7[. If condi-
tion (62) is satisfied and (61) is not, xy is an increasing
function on this interval and admits a unique maximum
at w = m. If the pole py is real, condition (63) is neces-
sarily fulfilled, and (61) reduces to: 1 + pZ — mpj, < 0.

Since we consider only stable poles, this is equivalent to
e > 71'—\/71'2—4'

—msin(oy), therefore
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9.4  Appendiz D: Proof of Corollary 1

According to Theorem 1, wy,q, is the smallest frequency
such that g(w) = 0. This frequency is such that

h(wok, w) = cosh(Exwor) — cos (w —+/1— §£w0k> cee
- — wcos (w —\/1- §£w0k> = 0. Let us consider wyy,

as the function variable and w as a parameter. One has

h(wok,w) = — (cos(w)cos (mka) + sin(w)sin (\/@wok))
—w (sin(w)cos (1 /1— {iwok) — cos(w)sin (, /1— §iwok)) el

+cosh(€wer). A first order Taylor-Young approximation
yields

h(wok, w) = 1—cos(w) + sin(w)/1 — Ewer —wsin(w) +
weos(w) /1 — Exwor, + 0(Wor)-

This quantity can be null only if 1 —cos(w)—wsin(w) = 0,
implying w = 0. If we perform a second order Taylor-
Young expansion near 0, we get
o) = 1 g (1) (1 0ga)

wy/1— Elwor, —w (w — /11— §iwok) +o0 (H(wok,w) ||2)
—14 fi;’ik 14 (1—52i)w3 + %2 — /T = Ewor, — w? +
o/ T= G +0 (ks 2wor) )

= 3 (w? = w?,) + o (|l(wok, Qwor)) ||?). Consequently,
h(wok, w) = o(||(wor, w) ||?) if and only if w? = w?, .The
relation h(wor,w) = 0 entails an implicit function
Qwer), and one has: h(wek, Qwor)) =

(wor))l ) Hence the result.

Eiw?,k _
+ 2

Wmazx =

o (Il (wor, 2
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